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Abstract

Tropical geometry offers a piecewise-linear framework that translates algebraic and com-

binatorial structures into polyhedral geometry. In this dissertation, we explore applications

of tropical and polyhedral methods to the analysis of spin systems, particularly the Ising

model on graphs.

Each spin configuration of a graph with n vertices corresponds to a vertex of the n-

cube, and the energy associated to these configurations defines a Laurent polynomial whose

Newton polytope encodes all interaction and external field parameters. We show that the

tropicalization of this polynomial captures the loci in parameter space where multiple spin

configurations minimize the system’s energy—so-called degeneracy loci. These loci are de-

scribed by tropical hypersurfaces, whose combinatorial types are determined by faces of the

secondary polytope of the n-cube.

Through this connection, vertex-state interactions naturally parameterize regular subdi-

visions of the cube, and ground-state degeneracies are encoded by the dual secondary fan.

We further construct new polytope JΓ, whose vertices reflect both spin states and interaction

parities, and provide a facet classification for graphs built from trees and cycles. This polyhe-

dral perspective reveals a natural moduli space for studying phase transitions, optimization,

and combinatorial symmetries in discrete physical systems.
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Chapter 1

Background

1.1 Tropical Geometry

1.1.1 Introduction

Tropical geometry is a combinatorial shadow of classical geometry, wherein non-linear struc-

tures are replaced with piecewise-linear structures. Tropical geometry connects the fields of

algebraic geometry, polyhedral geometry, and linear programming in interesting and novel

ways. But before delving into applications of tropical geometry, we will need to introduce

some background material. There are two main conventions that are used in tropical ge-

ometry: min-plus and max-plus. We use either convention where useful, but will generally

default to min-plus for the introductory section and max-plus for later sections.

1.1.2 Valuations

Let k be a field. A valuation on k is a function val : k → R∪{∞} such that

1. val(a) = ∞ ⇔ a = 0

2. val(a · b) = val(a) + val(b)

3. val(a+ b) ≥ min(val(a), val(b))

1



4. If val(a) ̸= val(b), then val(a+ b) = min(val(a), val(b)).

The image of a valuation forms an additive group called the value group of val, denoted Γval;

throughout this work, we will assume that our valuations have a value group as a subgroup

of the extended real numbers R∪{∞} ( or R∪{−∞} in the case of − val). Valuations can

be thought of as a generalization of logarithms and were historically used in three settings:

the trivial valuation, the p-adic valuation, and the Puiseux valuation.

Example 1.1. The trivial valuation val0 : k → {0,∞} is defined as

val0(x) =


0 x ∈ k∗

∞ x = 0.

In this case, Γval0 = {0,∞}.

Example 1.2. The p-adic valuation valp : Q → Z is given by

valp(x) =


max{n ∈ Z | pn divides x} x ∈ Q∗

∞ x = 0

So for example, if p = 2, then

val2(12) = val2(4) + val2(3) = 2 + 0 = 2

val2(16/4) = val(16) + val(4−1) = 4− 2 = 2

val2(11) = val(3 + 8) = min(val(3), val(8)) = 0

So the p-adic valuation measures how divisible a rational number is by p. The value group

for the p-adic valuation is Γvalp = Z∪{∞}.

Example 1.3. The Puiseaux series valuation val : C{{t}} → R. Here C{{t}} denotes the

field of Puiseaux series which contains all formal power series of the form
∑∞

n=n0
ant

mn where

2



an ∈ C∗ and mn ∈ Q ∀n ≥ n0 ∈ Z. The valuation on C{{t}} is defined as

val(x(t)) =


min{mn | n ≥ n0} x(t) ∈ C{{t}}∗

∞ x(t) = 0

So for example,

val

(
2t−1 +

∑
n≥0

tn

)
= −1

val

(∑
n≥3

tn

)
= 3

In other words, the Puiseaux valuation measures the degree of vanishing at t = 0. The value

group for this valuation is Q∪{∞}.

1.1.3 Tropicalization

To motivate the study of tropical semirings, it may be helpful to consider the following

application of valuations.

With k still a field with valuation val, the ring of Laurent polynomials k[x±] =

k[x±1
1 , x±1

2 , . . . , x±1
n ] contains polynomials of the form

f(x) =
∑

u∈S⊂Zn
aux

u

where xu denotes the monomial xu11 · xu22 · · ·xunn for any given n-tuple u = (u1, u2, . . . , un)

from a fixed and finite set of points S ⊂ Zn, and every coefficient au ∈ k∗ is nonzero. A

Laurent polynomial carves out a curve in the algebraic torus T n = (k∗)n through its zero

locus, or, hypersurface V(f) = {x ∈ kn | f(x) = 0}, so a natural question to ask is how a

valuation behaves on a zero locus. The following observation was due to Kapranov.

Suppose k is an algebraically closed field with nontrivial valuation val : k → R. If

3



x ∈ V(f) ⊂ (k∗)n for any nonzero Laurent polynomial f ∈ k[x±1
1 , . . . , x±1

n ], then f(x) = 0

and the first three properties of valuations gives the following

∞ = val(f(x)) = val

( ∑
u∈S⊂Zn

aux
u

)

> min
u∈S

(val(aux
u))

= min
u∈S

(val(au) + val(xu))

= min
u∈S

(val(au) + u · val(x)).

Next, note that the contrapositive of the fourth property of valuations says that if val(a +

b) ̸= min(val(a), val(b)), then val(a) = val(b). So, the inequality above states that at least

two of the terms val(au) + u · val(x) must achieve the minimum at w = val(x) ∈ Rn.

Therefore, a valuation can be seen as measuring the failure of linearity in the function

minu∈S(val(au) + u · w). This motivates the following definitions.

For a Laurent polynomial f(x) =
∑

u∈S⊂Zn aux
u, its tropicalization trop(f) is the

piecewise-linear concave function

trop(f)(w) = min
u∈S

(val(au) + u · w) for w ∈ Rn.

When instead given a hypersurface V(f) ⊂ (k∗)n, its tropicalization trop(V(f)) is the set

trop(V(f)) = {w ∈ Rn | the minimum occurs at least twice in trop(f)(w)}

which is the set of points where trop(f) is not linear. The linear functions in trop(f) that

achieve the minimum at any given point w ∈ Rn lift to an initial form of f at w

inw(f) =
∑

u∈Nn s.t.
trop(f)(w)=
trop(auxu)(u)

aut− val(au)xu ∈ (R/m)[x1, . . . , xn]

4



where R = {x ∈ k | val(x) ≥ 0} and m = {x ∈ k | val(x) > 0}. That is, the initial form of f

at a given point w ∈ Rn is a polynomial with valuation-zero terms.

Theorem 1.1 (Kapranov’s Theorem[10]). Let k be an algebraically closed field with non-

trivial valuation val : k → R. For any fixed nonzero Laurent polynomial f(x) =
∑

u∈S aux
u ∈

k[x±1
1 , . . . , x±1

n ] where S ⊂ Zn is finite and au ̸= 0 for all u ∈ S. Then, the following sets are

equivalent:

1. the tropical hypersurface trop(V(f)) ⊂ Rn

2. the set cl ({val(x) | x ∈ V(f)}), where val is applied coordinatewise

3. the set {w ∈ Rn | inw(f) is not a monomial}

Furthermore, if f is irreducible and w ∈ trop(V(f))∩Γnval, then the fiber {x ∈ V(f) | val(x) =

w} is Zariski dense in V(f) ⊂ (k∗)n.

Example 1.4. To see the connections between the three sets described in Kapranov’s The-

orem, consider the Laurent polynomial f ∈ k[x±1
1 , x±1

2 ] defined as

f(x) = x2 − x1 − t

= 1 · x(0,1) + (−1) · x(1,0) + (−t) · x(0,0)

with coefficients in k = C{{t}}. Here we have S = {u1, u2, u3} = {(0, 1), (1, 0), (0, 0)}

and au1 = 1, au2 = −1, au3 = −t. The zero-locus of f in the algebraic torus is V(f) =

{(x1, x1 + t) | x1 ∈ k∗} ⊂ (k∗)2.

For the first viewpoint, consider

trop(f)(w) = min
u∈S

(val(au) + u · w)

= min (0 + w2, 0 + w1, 1)

If the minimum is achieved by at least two of the linear functions in trop(f) at any given

w ∈ R, then there are three cases: w2 = w1 ≤ 1, w2 = 1 ≤ w1, and w1 = 1 ≤ w2.

5



Figure 1.1: A tropical hypersurface and a complex of initial forms of f .

This results in the three half-open rays intersecting at (1, 1) ∈ R2: {(w1, w1) | w1 ≤ 1},

{(w1, 1) | w1 ≥ 1}, and {(1, w2) | w2 ≥ 1}, respectively.

For the second viewpoint, consider applying val to V(f) = {(x1, x1 + t) | x1 ∈ k∗}

pointwise; so we will consider points of the form (val(x1), val(x1+ t)). For any given nonzero

Puiseaux series x1 ∈ k∗, there are three possibilities: val(x1) < 1, val(x1) > 1, or val(x1) = 1.

In case one, the lowest degree term of x1 is less than one, so adding t does not affect that

term; thus val(x+ t) < 1. In case two, we have the opposite case; the term of lowest degree

in x1 is greater than one, so the lowest-degree term in x1+ t is t; so val(x+ t) = 1. Lastly, in

case three, the degree of vanishing of x1 is one, so adding t may or may not cancel the term

of degree one. If adding t cancels terms in x1, then the term with the lowest degree will have

a strictly higher degree. But if adding t does not cancel terms in x1, then the lowest-degree

term still has degree one. Considering both of these subcases, we get val(x1 + t) ≥ 1. (Note

that, in this example, taking the closure of the union of the three rays adds no additional

points.)

For the third point of view, consider the complement R2 \ trop(V(f)) composed of three

6



open regions: R1 = {(w1, w2) | w1, w2 > 1}, R2 = {(w1, w2) | w2 < w1 and w2 < 1}, and

R3 = {(w1, w2) | w1 > w2 and w1 < 1}. Over each of these three regions, we have the

following monomial initial forms of f

inw(f) = 1, for w ∈ R1,

inw(f) = x2, for w ∈ R2,

inw(f) = x1, for w ∈ R3.

If we instead look at the overlap of the closed regions, we get non-monomial initial forms:

inw(f) = 1 + x2, for w ∈ cl(R1) ∩ cl(R2),

inw(f) = x2 + x1, for w ∈ cl(R2) ∩ cl(R3),

inw(f) = x1 + 1, for w ∈ cl(R3) ∩ cl(R1)

inw(f) = 1 + x2 + x1, for w ∈ cl(R1) ∩ cl(R2) ∩ cl(R3)

We can see that the three different viewpoints coincide in 1.1. Although interesting, in

practice one computes tropical hypersurfaces more efficiently through the use of duality,

which will be introduced later. For now, notice that a tropical hypersurface can include more

information than just the set trop(V(f)); the regions R1, R2, R3 together with trop(V(f))

form a tropical complex Σtrop.

For hypersurfaces, we have V(trop(f)) = trop(V(f)), but in the more general setting, for

any given generating set I = (f1, f2, . . . , fk) ⊂ k[x±1
1 , . . . , x±1

n ] and zero-locus X = V(I) ⊂

(k∗)n, we have

trop(X) = trop(V(I)) =
⋂
f∈I

trop(V(f)) ⊆
k⋂
i=1

trop(V(fi)).

Where the inclusion above comes from the fact that a tropical variety–a set of the form

trop(X), where X is a subvariety of an algebraic torus–is not necessarily a finite intersection

7



Figure 1.2: Two tropical hypersurfaces generally intersect as a tropical prevariety.

of tropical hypersurfaces; the latter is called a tropical prevariety. The following example

illustrates how the tropicalization map does not distribute across intersections.

Example 1.5. Consider the Laurent polynomials f1(x) = x2 − x1 − t and f2(x) = x2 − 2x1.

We have V(f1) = {(x1, x1 + t) | x1 ∈ k∗} as in 1.4, and V(f2) = {(x1, 2x1) | x1 ∈ k∗}. Then,

with I = (f1, f2) and X = V(I) = V(f1)∩V(f2) = {(t, 2t)}, we have trop(X) = cl(val(X)) =

{(1, 1)}. However, we have trop(V(f1)) as in 1.4 and trop(V(f2)) = {(w1, w1) | w1 ∈ R}.

If we instead compute the tropicalizations first, then take intersections, we get a strictly

larger set

trop(X) =
⋂
f∈I

trop(V(f)) = {(1, 1)} ⊊
2⋂
i=1

trop(V(fi)) = {(w1, w1) | w1 ≤ 1}.

8



1.1.4 Tropical Semiring

1.2 Polyhedral Geometry

1.2.1 Introduction

In order to get a deeper appreciation of tropical geometry, we need to introduce some con-

cepts from polyhedral geometry. Polyhedral geometry has many connections to seemingly

unrelated fields, such as convex optimization and tropical geometry. In this section, we

mainly follow the conventions set by Ziegler’s text [15].

1.2.2 Polytopes

A set of points X ⊆ Rn is convex if it is closed under all line segments: if λx+(1−λ)y ∈ X

for all x, y ∈ X and λ ∈ [0, 1]. If we have an arbitrary set X, we may consider the smallest

convex set containing X, this is called the convex hull of X and is denoted conv(X).

Note that this description of conv(X) also coincides with the intersection of all convex sets

containing X:

conv(X) =
⋂
X⊆U

U convex

U.

In the more common case where X is a finite set of points, say X = {x1, . . . , xr}, the

convex hull can be written as

P = conv(X) =

{
r∑
i=1

λixi
∣∣ λi ∈ [0, 1]∀i = 1, . . . , r, and

r∑
i=1

λi = 1

}
.

In this case, we say that P = conv(X) is a polytope. Each sum of the form
∑r

i=1 λixi with

λi ∈ [0, 1] and
∑r

i=1 λi = 1 is called a convex combination. Similarly to convex hulls,

a cone over a set X is the positive hull of X; ie, the set of all positive combinations of

9



Figure 1.3: (L) The union of convex sets may not be convex, but the convex hull of the
union is. The intersection of convex sets is convex. (R) Three cones in R2.

elements in X. When X is finite, the cone over X can be written as

C = cone(X) =

{
r∑
i=1

λixi
∣∣ λi > 0∀i = 1, . . . , r

}
.

In this case, we say that C = cone(X) is a polyhedral cone.

In this discussion, we mainly stick to the finite case for X; so “cones” should be assumed

to be polyhedral cones unless otherwise specified. Furthermore, a polytope is always convex

and bounded, while (polyhedral) cones are always convex and unbounded.

Every polytope P and polyhedral cone C is a collection of faces F of P , denoted F ⪯ P .

Each face is defined by a linear functional w ∈ (Rn)∨ and we describe this relationship as

the face of P relative to w:

facew(P ) = {x ∈ P | w(x− y) ≤ 0 ∀y ∈ P}

The faces of a cone are defined identically; with P replaced by C in the above definition.
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There are two main ways to represent a polytope; either as its V-representation (for

vertex -representation) or its H-representation (for hyperplane-representation). For the V-

representation, we view the polytope as the convex hull of its vertices. However, for the H-

representation, we view the polytope as the (bounded) intersection of its supporting closed

half-spaces. These two representations coincide for any polytope [15]–so the word polytope

is reserved for a bounded intersection of closed half-spaces, while polyhedra will refer to

either a (polyhedral) cone or a (possibly unbounded) intersection of half-spaces.

If the linear functional w corresponds to an inward-pointing normal vector for the poly-

hedra P , then the faces of P relative to w have another representation

facew(P ) = {x ∈ P | w(x) = min
y∈P

w(y)}

and the polyhedra can be represented as the region P = {x ∈ P | Ax ≥ b} where

A = [wF ]F⪯P is a matrix whose columns consist of inward-pointing normals and b =

[miny∈P wF (y)]
T
F⪯P . In practice, the choice of whether to use the ‘min’ or ‘max’ notation for

facew(P ) is used will only result in whether to include a negative sign; it will be clear from

context which of the two choices we will make in each example. With this representation,

the faces of P can be written as F = {x ∈ P | A′x = b′} where A′x ≤ b′ is some linear

subsystem of Ax ≤ b.

If instead w corresponds to an outward-pointing normal for P , then

facew(P ) = {x ∈ P | w(x) = max
y∈P

w(y)}

and P = {x ∈ P | Ax ≤ b} where A = [wF ]F⪯P is a matrix whose columns consist of

outward-pointing normals and b = [maxy∈P wF (y)]
T
F⪯P .
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Figure 1.4: (L) A convex hull P of vertices in R2. (R) A linear functional determines
a face of P . (Shown in blue.)

Figure 1.5: Faces of a polytope P relative to different w ∈ (R2)∨.

A fan Σ is a collection of cones such that

1. For any cone C ∈ Σ, if F ⪯ C, then F ∈ Σ.

2. For all cones C1, C2 ∈ Σ, we have C1 ∩ C2 ⪯ C1 and C1 ∩ C2 ⪯ C2.

If we allow a fan Σ to contain more than just cones, we obtain a polyhedral complex

Σ, which is a collection of polyhedra, such that

1. For any polyhedra P ∈ Σ, if F ⪯ P , then F ∈ Σ.

12



Figure 1.6: A collection of 3 cones that do not form a fan.

2. For all polyhedra P1, P2 ∈ Σ, we have either P1 ∩ P2 = ∅ or P1 ∩ P2 ⪯ P1, P2.

If a face F is maximal with respect to the partial ordering ⪯ on Σ, then F is called a

facet. A facet of a facet is called a ridge; in Figure 1.7, these are the black 1-dimensional

line segments and rays. In Figure 1.7 the facets are the two-dimensional cells. The support

of a complex Σ is the union of its elements; this is denoted by supp(Σ) :=
⋃
P∈Σ P . Each of

the three complexes in Figure 1.7 has a support equal to R2.

Figure 1.7: (L) A polyhedral fan Σ1 with 3 cones. (M) A polyhedral complex Σ2 with
3 cones, 3 polyhedra (diagonal lines), and 0 polytopes. (R) A polyhedral complex Σ3 with
3 cones, 6 polyhedra (diagonal lines), and 1 polytope. Note: Only the facets are listed.
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1.2.3 Subdivisions

In this section, we introduce subdivisions and relate them to Laurent polynomials. We follow

the constructions from GKZ [8].

Given a finite set A ⊂ Rk−1, we obtain a polytope Q = conv(A); if A consists of the

vertices of Q, then we say that the pair (Q,A) is a marked polytope. Given a marked

polytope Q ⊂ Rk−1 with dim(Q) = k− 1, a subdivision of (Q,A) is a collection of marked

polytopes S = {(Qi, Ai) | i ∈ I, Qi = conv(Ai)} such that

1. Each Ai ⊂ A and dim(Qi) = k − 1

2. Qi ∩Qj ⪯ Qi, Qj and Ai ∩ (Qi ∩Qj) = Aj ∩ (Qi ∩Qj) for all i, j ∈ I

3.
⋃
i∈I Qi = Q

A particularly special subcase of subdivisions is that of triangulations. Given a marked

polytope (Q,A), a triangulation of (Q,A) is a subdivision such that each Qi is a simplex

and the Ai are (still) vertices of Qi. So, for example, if S is a subdivision of (Q,A) where

there is some i ∈ I such that Ai contains interior points, then S is not a triangulation.

Figure 1.8: A marked polytope (Q,A) with two subdivisions S1, S2, where S1 is not
a triangulation, but S2 is. The faces Qi = conv(Ai) are the distinctly-colored simplices.
The subdivisions are implied to be sets containing each of the shaded polytopes together
with their vertices, along with Q.

Next, we require a way to generate subdivisions by computing with linear functions; this

leads us to the topic of regular/coherent subdivisions. In GKZ [8], these are historically
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referred to as coherent subdivisions, but are now also frequently called regular sub-

divisions—the terms are interchangeable. The following shows how to produce a regular

subdivision Sψ relative to a fixed linear function ψ : Rk−1 → R.

Given a marked polytope (Q,A), with Q = conv(A) ⊂ Rk−1, dim(Q) = k − 1, and a

linear functional ψ : Rk−1 → R, we lift Q to R(k−1)+1 by adjoining an additional coordinate

to each of the vertices in A and then use the k-tuples as the vertices for the boundary of a

(unbounded) polyhedra; more precisely

Qψ := conv{(a, ψ(a)) ∈ Rk | y ≤ ψ(a), a ∈ A ⊂ Rk−1, y ∈ R}.

Next, we take the upper hull, or, upper boundary of the polyhedron Qψ by realizing

the boundary as the graph Gψ of the function gψ(x) := max(x,y)∈Gψ(y). With the upper

hull constructed, we can then define the faces of the subdivision Sψ as the domains of

linearity of gψ, which are the subsets Qi ⊂ Rk−1 such that gψ|Qi is linear. The domains

of linearity also coincide with the projections of facets F ⪯ Gψ ⊂ Rk to π(F ) ⊂ Rk−1

where π : Rk → Rk−1 is the projection map onto the first k − 1 coordinates. And we define

the vertices a ∈ Ai ⊂ A as those such that a ∈ A ∩ Qi and gψ(a) = ψ(a). The resulting

subdivision Sψ = {(Qi, Ai) | Qi = conv(Ai), i ∈ I} is called a regular subdivision induced

by ψ. If ψ is chosen sufficiently generically, then Sψ is a triangulation [8].

Not all subdivisions are regular; a famous example is given by a projection of a capped

pyramid in R3 to R2.

1.2.4 Duality

Recall that given a R-vector space V , its dual space is the R-vector space of linear func-

tionals ψ : V → R, denoted V ∨ := hom(V,R). The map φ : V → V ∨ is given by φ(ψ) = φψ

for any ψ ∈ V and φψ(u) = ⟨ψ, x⟩ for all x ∈ V . If V is finite-dimensional, then the Riesz

Representation Theorem gives an isomorphism between V and V ∨. What this means in
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Figure 1.9: A regular subdivision induced by a (nonlinear) convex function ψ(x, y) =
−1

2
∥(x, y)− (1, 1)∥ℓ1 + 1 produces a triangulation Sψ.

Figure 1.10: (L) A subdivision S of a polytope that is not regular. (M) A non-generic
choice of ψ1 results in this subdivision. (R) Translating the inner vertices results in a
polytope with regular subdivision Sψ2 for generic ψ2.

particular is that there is a natural correspondence between points and linear functions on

Rk, which we can apply to polyhedra.

Given a polyhedra P , its faces F ⪯ P have the description

facew(P ) = {x ∈ P | w(x) = min
y∈P

w(y)}
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and we define the inner normal fan of P as the fan

F ↓
P =

{
cone

{
w ∈ (Rd)∨ | facew(P ) = F

}
| F ⪯ P

}
=
{
cone

{
w ∈ (Rd)∨ | w|F = minw|P

}
| F ⪯ P

}
which consists of inner normal cones N ↓

F := cone
{
w ∈ (Rd)∨ | w|F = minw|P

}
to the

faces F ⪯ P generated by inward-pointing normal vectors w ∈ (Rd)∨. It should be noted

that the polytope P and its corresponding normal fan FP can be drawn in the same plane

via the isomorphism Rd ∼= (Rd)∨, but one should always keep in mind that P ⊂ Rd and

FP ⊂ (Rd)∨ reside in different spaces, which can then be identified via this isomorphism.

Figure 1.11: The outer normal fan to a simplex.

We similarly define the outer normal fan of P as

F ↑
P = −F ↓

P

=
{
cone

{
−w ∈ (Rd)∨ | −w|F = −minw|P

}
| F ⪯ P

}
=
{
cone

{
−w ∈ (Rd)∨ | −w|F = max(−w|P )

}
| F ⪯ P

}
and the outer normal cones as N ↑

F = −N ↓
F where F ↓

P and N ↓
F denote the inner normal

fan and inner normal cone; if the construction type is irrelevant or clear from context, we

will omit the arrows. Therefore, in practice, the use of outer normals or inner normals is

entirely up to personal preference, as the two are isomorphic via the map C 7→ −C.
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Next, we briefly describe the process for associating a dual complex to a polyhedral

complex Σ composed of polyhedra P ∈ Σ. Each polyhedra has an associated dual fan FP

as described above, so all that is required is a way to glue the fans together to form a dual

polyhedral complex. Suppose that P,Q ∈ Σ share a facet R ⪯ P ∩ Q. Then in the dual

space, FP and FQ will share generators w ∈ FR but with opposite sign. Since P and Q

are assumed to be (convex) polyhedra, this generator is unique, so we may glue FP and FQ

by identifying w ∈ FP and −w ∈ FQ. Proceeding in this manner for all facets P ∈ Σ, we

obtain a polyhedral complex called the dual complex of Σ, denoted FΣ. Note that this

construction does not indicate where the coordinates for the vertices of FP are, but instead

gives a complex that is combinatorially equivalent.

Figure 1.12: The dual complex to a subdivision of a polytope formed by taking dual
(outer) fans to facets via N (−), then gluing the generators with opposing signs via g(−).

1.2.5 Tropical Hypersurfaces

An important application of this in Tropical Geometry is the duality between a tropical

hypersurface and regular subdivisions of Newton polytopes. For a Laurent polynomial
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f ∈ k[x⃗±] represented as

f(x) =
∑

u∈S⊂Zn
aux

u

over an algebraically-closed valued field k, where the vectors u are taken from a finite set of

points S ⊂ Zn, and every coefficient au ∈ k∗ is nonzero, the Newton polytope of f is the

convex polytope

Newt(f) := conv{u | u ∈ A} ⊂ Rn

and the ψ-lifted Newton polytope is the (dimNewt(f)+1)-dimensional polytope created

by appending an extra coordinate consisting of function values

Ñewtψ(f) := conv{(u, ψ(au)) | u ∈ A, au ∈ k∗} ⊂ Rn+1 .

It can be checked that Ñewtψ ⊂ Qψ, where Qψ is the GKZ analogue [8] construction of

regular subdivisions, and that the lower faces of both coincide; so projecting the lower faces

of either polytope back to Rn induces a ψ-regular subdivision Sψ on the marked polytope

(Newt(f),A). If ψ = val, then the weights are the valuations of the coefficients au ∈ S, so

we may obtain a val-induced regular subdivision of of the Newton polytope of f , Sval, by the

process described earlier in Section 1.2.3. Following the duality procedure from Section ??,

we may obtain a dual complex Σ of Sval. This construction is summarized by the following

theorem.

Theorem 1.2. [10] Let f ∈ k[x⃗±] be a Laurent polynomial. The tropical hypersurface

trop(V(f)) is the support of a pure Γval-rational polyhedra complex of dimension n − 1 in

Rn. It is the (n− 1)-skeleton of the polyhedral complex Σ dual to the val-regular subdivision

of the Newton polytope of f =
∑

u∈A aux
u given by the weights val(au) on the lattice points

in Newt(f).

So, what this means is that we can effectively compute a tropical variety through duality,

without having to solve each pairwise system of linear equations in trop(f). This polyhedral
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geometry approach is what we will use in applications of tropical geometry.

1.2.6 Secondary Polytopes & Lafforgue Polytopes

Next, we describe a few operations we can apply to our study of polyhedra.

Given two subsets A,B ⊂ Rn, their Minkowski sum is defined as the set

A+B = {a+ b ∈ Rn | a ∈ A, b ∈ B}.

If A and B are polyhedra, then A + B is also a polyhedra; in fact, if A = conv{ui}m1
i=1 and

B = conv{vj}m2
j=1 are polytopes, then

A+B = conv{ui + vj | i ∈ [m1], j ∈ [m2]}.

In fact, all polyhedra can be decomposed as a Minkowski sum of a polytope and cone

(possibly C = {0}) [15]. Visually, a Minkowski sum can be viewed as ‘smearing’ the first

factor by the second factor (or vice-versa).[15].

Figure 1.13: Every polyhedron may be decomposed as a Minkowski sum of a polytope
and a cone.

When given two polyhedral complexes Σ1,Σ2 ⊂ Rn with a common support, their com-
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mon refinement is the collection of polyhedra

Σ1 ∧ Σ2 := {P1 ∩ P2 | P1 ∈ Σ1, P2 ∈ Σ2}.

When given two dual fans FP ,FQ for some polytopes P,Q ⊂ Rn, it can be shown that [15]

FP+Q = FP ∧ FQ.

Furthermore, Minkowski sums behave well under Newton polytopes; for Laurent polynomials

f, g ∈ k[x±1 , . . . , x
±
m], we have

Newt(f · g) = Newt(f) + Newt(g).

It can be easily seen that the refinement defines a partial ordering on the set of regular

subdivisions of a polytope, where Σ1 ⪯ Σ2 if and only if Σ1 ∧ Σ2 = Σ2. So for a marked

polytope (Q,A) where Q = conv(A) and A is the set of vertices of Q, the maximal elements

of the poset under refinement are the triangulations of Q, while the minimal element is

Q–potentially with fewer vertices in the case of interior points. This poset may then be

identified with a certain polytope, called the secondary polytope Σ(A); the details of this

construction will be explained shortly.

Figure 1.14: A secondary polytope of a square with central vertex results in a triangle.

21



But first, we recall the construction of the fiber polytopes from Billera and Sturmfels[4].

The fiber polytope is closely related to the secondary polytope, monotone path polytope,

and other constructions. For our purposes, we require fiber polytopes in order to compute

secondary polytopes, so we will include some background here. Fiber polytopes can be

viewed as a generalization of previous work by Gelfand, Kapranov, and Zelevinsky[8] and

provide a unifying framework for the study of polyhedra.

Suppose that P ⊂ Rn and Q ⊂ Rd are polytopes with P = convAP = conv{p1, . . . , pm}

and Q = convAQ = conv{q1, . . . , qm} where AP ,AQ are possibly multisets. Also, suppose

that π : Rn → Rd is an affine map with π(pi) = qi ∀i = 1, . . . ,m. A projection of

polytopes is an affine projection π : Rn → Rd such that π(P ) = Q; in this case, we may

define a projection bundle B := π−1 assigning a point x ∈ P to the polytope Bx = π−1(x).

The set Γ(B) consists of all sections γ : Q→ Rn with γ(x) ∈ Bx. The Minkowski integral∫
B ⊂ Rn of the polytope bundle B is defined as

∫
B =

∫
Q

Bx dx =

{∫
Q

γ(x) dx | γ ∈ Γ(B)
}

and can be thought of as the continuous analogue of a Minkowski sum of polytopes. With

this, we can then define the fiber polytope of P over Q as the normalized Minkowski

integral over the projection bundle B = π−1, denoted by

Σ(P,Q) =
1

vol(Q)

∫
B.

However, this description is too computationally difficult to use, as a Minkowski integral is

essentially an infinite Minkowski sum. The following result implies that a finite Minkowski

sum of polyhedra is sufficient to calculate the dual fan to a polyhedra resulting from a

Minkowski integral.

Theorem 1.3. [4] Let B be a piecewise-linear polytope bundle. Then the Minkowski integral∫
B ⊂ Rn is then a (convex) polytope. Furthermore, there exists some finite subset of points

22



(not necessarily vertices) {x1, . . . , xm} ⊂ Q such that F∫
B = FBx1+···+Bxm ; or rather, that

the polyhedra
∫
B and Bx1 + · · ·+ Bxm have the same dual fans.

The fiber polytope Σ(P,Q) has dimension dim(P )−dim(Q) and its face poset is isomor-

phic to the poset of coherent subdivisions of Q ordered under refinement.

Example 1.6. There are a few accessible examples using this description of fiber polytopes,

though more will come later with a discrete representation.

1. If P = Q and π is the identity map, then

Σ(P,Q) =
1

vol(Q)

∫
Q

x dx = xQ

results in the centroid of Q.

2. If π : Rn+d → Rd is the projection onto the last d coordinates, then Σ(P × Q,Q) =

π−1(xQ) results in the centroid fiber of xQ, so is just a translation of P .

3. If Q = {q}, then Σ(P,Q) = P .

It was also shown that fiber polytopes are a generalization of secondary polytopes via

the following:

Theorem 1.4. The secondary polytope is a scaled fiber polytope;

Σ(Q) = Σ(AQ) = (d+ 1)vol(Q) Σ(∆n−1, Q).

However, the Minkowski integral description is insufficient for computations. Fortu-

nately, Billera and Sturmfels showed that this Minkowski integral can be replaced by a finite

Minkowski sum of polytopes. With Theorems 1.4 and 1.3, we get the following (much nicer)

representation of secondary polytopes.
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Theorem 1.5. [4] Let P = conv(AP ) ⊂ Rn and Q = conv(AQ) ⊂ Rd with AP =

{p1, . . . , pm} and AQ = {q1, . . . , qm} potentially containing repeated vertices. Furthermore,

let π : Rd → Rn be an affine map with π(P ) = Q and π(pi) = qi ∀i = 1, . . . ,m. For any

regular subdivision S of P and face F ∈ S of P , denote the vertex set indexed by F by V (F ).

Then

Σ(P,Q) = conv{Φ∆ ∈ Rn | T is a triangulation of Q}

where the vectors ΦT are given by

ΦT =
1

d+ 1

∑
F∈T

vol(F )

vol(Q)

∑
pi∈V (F )

pi

 ∈ Rn .

There are a few special cases of fiber polytopes that are worth mentioning briefly as

particularly nice examples of fiber polytopes. In each example, the choice of P relative to Q

essentially changes the combinatorics that the fiber polytope Σ(P,Q) measures with respect

to Q. Note that in figures 1.15, 1.16 the regular subdivisions use the ‘min’ convention for

faceψ(F ) and specify the proper face of F where ψ is minimized.

Figure 1.15: The vertices of the fiber polytope Σ(P,Q) correspond to the only two
π-coherent subdivisions of Q. Σ(P,Q) has dimension dim(P ) − dim(Q) = 1, resides in
Rm = R6, and has two vertices. So Σ(P,Q) is a line segment.
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Example 1.7. If dim(P ) = dim(Q) + 1, then Σ(P,Q) is a line segment, since only two π-

coherent subdivisions of Q correspond to the vertices of the fiber polytope. Let dQ = dim(Q)

and embed P and Q into RdQ+1 and RdQ , respectively, so that their embeddings are full-

dimensional. Without loss of generality, there is an induced projection map π̃ : RdQ+1 → RdQ

onto the first dQ coordinates with π̃(i(P )) = i(Q). Label the last coordinate of each vertex

pi by ψi, so that the vertices of P are pi = (qdQ , ψi) ∈ RdQ+1 . The vectors ψ = (ψ1, . . . , ψn)

and −ψ in (Rn)∨ result in the two regular subdivisions of Q. This is illustrated in Figure

1.15 and is essentially a generalization of regular subdivisions.

Figure 1.16: The vertices of the fiber polytope Σ(P,Q) = Σγ(P ) correspond to γ-
monotone paths on P ; 3/6 paths are shown above. Σ(P,Q) has dimension dim(P ) −
dim(Q) = 2, resides in Rm = R8, and consists of 6 vertices. So Σγ(P ) is a hexagon.

Example 1.8. If dim(Q) = 1, then dim(Σ(P,Q)) = dim(P )− 1 and the π-coherent subdi-

visions of Q correspond to monotone edge paths induced by linear functionals on Q. Note

that AP and AQ are both assumed to be multisets with m vertices, so AQ will contain many

repeats in this case; this can be avoided by adding additional parameters.

Assume that the vertices of P are indexed in nondecreasing order relative to π ≡ γ ∈

(Rn)∨, so that γ(pi) ≤ γ(pi+1) for i = 1, . . . ,m. Any linear functional ψ ∈ (Rn)∨ will then

induce a regular subdivision on Q = [q1, qm] by selecting the vertices of P in the direction

ψ+αγ for some α ∈ R via pij = faceψ+αγ(π
−1(qj)) ∈ V (P ) for j = 1, . . . ,m; the ordered list
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of vertices Vψ = (pi1 , . . . , pim) may then have repeated entries removed and this results in a

γ-monotone edge path V̂ψ of length m̂ ≤ m.

As ψ ranges, the resulting γ-monotone edge paths on P can be identified with vertices

of Σ(P,Q) = Σγ(P ) and has the description

Σγ(P ) = conv{Φψ | V̂ψ is a γ-monotone edge path of length m̂}

where the vertices Φψ are computed by applying Theorem 1.5

Φψ =
m̂∑
j=1

〈
γ, pij − pij−1

〉
2 ⟨γ, pm − p1⟩

(pij−1
+ pij).

This example is illustrated in Figure 1.16.

Lastly, we introduce the dual counterparts of secondary and fiber polytopes; the dual

fans will be of partially greater interest due to residing in functional spaces. The sec-

ondary fan of P is the dual fan of Σ(A), denoted FΣ(A). The secondary fan, in particular,

parametrizes the functions that induce regular subdivisions on Q of a certain type, with

the full-dimensional chambers representing the regular triangulations. This is in contrast

with how the secondary polytope represents the (more important) regular triangulations

with vertices (measure zero sets). Traversing the dual fan allows us to explore how regular

triangulations change with respect to a chosen path.

Example 1.9. Let A consist of the five corners of a pentagon, so that Q = conv(A) is a

pentagon. In coordinates, the vertices are

A = {a1, a2, a3, a4, a5} = {(0, 10), (−10, 3), (−6, 8), (6, 8), (10, 3)}.

There are a total of 5 triangulations of Q, each of which is regular (this can be confirmed

by drawing a picture). The five triangulations, with only their facets listed, with subscripts
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denoting vertices, are:

S1 = {Q123, Q134, Q145}

S2 = {Q432, Q421, Q451} S5 = {Q312, Q351, Q345}

S3 = {Q251, Q245, Q234} S4 = {Q512, Q523, Q534}

By applying Theorem 1.5, along with Theorem 1.4 (with d = 2, n = 5) we get

ΦS1 =
1

2 + 1

(
vol(Q123)

vol(Q)
(e1 + e2 + e3) +

vol(Q134)

vol(Q)
(e1 + e3 + e4) +

vol(Q145)

vol(Q)
(e1 + e4 + e5)

)
ΦS2 =

1

2 + 1

(
vol(Q432)

vol(Q)
(e1 + e2 + e3) +

vol(Q421)

vol(Q)
(e4 + e2 + e1) +

vol(Q451)

vol(Q)
(e4 + e5 + e1)

)
ΦS3 =

1

2 + 1

(
vol(Q251)

vol(Q)
(e2 + e5 + e1) +

vol(Q245)

vol(Q)
(e2 + e4 + e5) +

vol(Q234)

vol(Q)
(e2 + e3 + e4)

)
ΦS4 =

1

2 + 1

(
vol(Q512)

vol(Q)
(e5 + e1 + e2) +

vol(Q523)

vol(Q)
(e5 + e2 + e3) +

vol(Q534)

vol(Q)
(e5 + e3 + e4)

)
ΦS5 =

1

2 + 1

(
vol(Q312)

vol(Q)
(e3 + e1 + e2) +

vol(Q351)

vol(Q)
(e3 + e5 + e1) +

vol(Q345)

vol(Q)
(e3 + e4 + e5)

)

After computing the volumes (in this case, areas), we get the vertices

ΦS1 = (0.32665971, 0.1031557, 0.22350401, 0.22350401, 0.1031557)

ΦS2 = (0.22449512, 0.22693529, 0.10492707, 0.32942219, 0.1024869)

ΦS3 = (0.10577776, 0.33175752, 0.10337372, 0.22597976, 0.2283838)

ΦS4 = (0.22449512, 0.1024869, 0.32942219, 0.10492707, 0.22693529)

ΦS5 = (0.10577776, 0.2283838, 0.22597976, 0.10337372, 0.33175752)

The secondary polytope is then Σ(A) = conv(ΦS1 , ΦS2 , ΦS3 , ΦS4 , ΦS5) and has dimension

dim(Σ(A)) = dim(∆4)− dim(Q) = 4− 2 = 2.

A 2-dimensional polytope with 5 vertices is a pentagon residing in R5, which can be embedded
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in R2 as shown in Figure 1.17. The vertices, edges, and convex hull of Σ(A) correspond to

regular triangulations, regular (non-triangulated) subdivisions, and the trivial subdivision,

respectively.

Taking the dual fan of the projection of Σ(A) results in the secondary fan FΣ(A) with five

polyhedral sectors (one for each vertex) and spans (R2)∨. Each sector in FΣ(A) parameterizes

the linear functionals ψ that induce a ψ-regular subdivision Sψ. Alternatively, taking the

dual fan of Σ(A) in the ambient space R5 results in a dual fan with a 3-dimensional lineality

space. If we take a quotient by this lineality space, then we get the same 2-dimensional dual

fan FΣ(A).

Figure 1.17: The secondary polytope of the vertices of a hexagon.

Theorem 1.4 was used to refine the secondary fan to a higher-dimensional class of fans

related to fiber polytopes, which are called Lafforgue fans, named after the toric varieties

associated with them. We will follow the definition in Proposition 2.3 of [6].

Let ∆A ⊂ RA be the unit simplex, then the Lafforgue polytope is the Minkowski sum

Θ(A) := Σ(A) + ∆A. The normal fan of Σ(A) is then called the Lafforgue fan, denoted

FΘ(A). The Lafforgue fan is a refinement of the secondary fan, in that each cone in FΘ(A)

contains the dual functionals inducing certain coherent subdivisions, but now also stratifies
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them by subsets of points where the minimum is achieved.

The Lafforge polytope is a codimension-one polytope in RA and enumerates the same

objects as the secondary polytope, while adding more information. In particular, vertices

now correspond to triangulations with a marked point of the original configuration (T, ai).

Furthermore, the Lafforgue fan is full-dimensional in (RA)∨ with a one-dimensional lin-

eality space.

Example 1.10. Continuing with 1.9, we computed Σ(A) as a pentagon; the secondary

polytope vertex structure simply says ‘there are five chambers in the dual fan, over which

triangulations of a certain type occur.’ Conversely, the Lafforgue polytope tells you, for

every chamber in FΣ(A), which of the five ai’s hit the wall first, which hits next, and how

those choices chain together as one traverses a path through the chambers. If we want to

compute the Lafforgue polytope explicitly, then we need to compute

Σ(A) + ∆4 = conv{ΦS1 , ΦS2 , ΦS3 , ΦS4 , ΦS5}+ conv{e1, e2, e3, e4, e5}

= conv{ΦSi + ej | i, j ∈ [5]}

= conv{ΦS1 + e1, ΦS2 + e1, ΦS3 + e1, ΦS4 + e1, ΦS5 + e1,

ΦS1 + e2, ΦS2 + e2, ΦS3 + e2, ΦS4 + e2, ΦS5 + e2,

ΦS1 + e3, ΦS2 + e3, ΦS3 + e3, ΦS4 + e3, ΦS5 + e3,

ΦS1 + e4, ΦS2 + e4, ΦS3 + e4, ΦS4 + e4, ΦS5 + e4,

ΦS1 + e5, ΦS2 + e5, ΦS3 + e5, ΦS4 + e5, ΦS5 + e5}
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In coordinates, the vertices for the convex hull are:

{(1.32665971, 0.1031557, 0.22350401, 0.22350401, 0.1031557),

(1.22449512, 0.22693529, 0.10492707, 0.32942219, 0.1024869),

(1.10577776, 0.33175752, 0.10337372, 0.22597976, 0.2283838),

(1.22449512, 0.1024869, 0.32942219, 0.10492707, 0.22693529),

(1.10577776, 0.2283838, 0.22597976, 0.10337372, 0.33175752),

(0.32665971, 1.1031557, 0.22350401, 0.22350401, 0.1031557),

(0.22449512, 1.22693529, 0.10492707, 0.32942219, 0.1024869),

(0.10577776, 1.33175752, 0.10337372, 0.22597976, 0.2283838),

(0.22449512, 1.1024869, 0.32942219, 0.10492707, 0.22693529),

(0.10577776, 1.2283838, 0.22597976, 0.10337372, 0.33175752),

(0.32665971, 0.1031557, 1.22350401, 0.22350401, 0.1031557),

(0.22449512, 0.22693529, 1.10492707, 0.32942219, 0.1024869),

(0.10577776, 0.33175752, 1.10337372, 0.22597976, 0.2283838),

(0.22449512, 0.1024869, 1.32942219, 0.10492707, 0.22693529),

(0.10577776, 0.2283838, 1.22597976, 0.10337372, 0.33175752),

(0.32665971, 0.1031557, 0.22350401, 1.22350401, 0.1031557),

(0.22449512, 0.22693529, 0.10492707, 1.32942219, 0.1024869),

(0.10577776, 0.33175752, 0.10337372, 1.22597976, 0.2283838),

(0.22449512, 0.1024869, 0.32942219, 1.10492707, 0.22693529),

(0.10577776, 0.2283838, 0.22597976, 1.10337372, 0.33175752),

(0.32665971, 0.1031557, 0.22350401, 0.22350401, 1.1031557),
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(0.22449512, 0.22693529, 0.10492707, 0.32942219, 1.1024869),

(0.10577776, 0.33175752, 0.10337372, 0.22597976, 1.2283838),

(0.22449512, 0.1024869, 0.32942219, 0.10492707, 1.22693529),

(0.10577776, 0.2283838, 0.22597976, 0.10337372, 1.33175752)}

In this case, Θ(A) is 3-dimensional in R5 and has a total of 25 = 5 · 5 vertices—each

triangulation of A was refined into 5 marked triangulations (T, ai) for ai ∈ A. Θ(A) also

has a total of 246 3-dimensional facets. Dually, the Lafforgue fan is a 5-dimensional fan in

(R5)∨ with a 1-dimensional lineality space.

We also see that there are 25 + 246 − 2 = 269 edges on the Lafforgue polytope. Edges

of Θ(A) encode labelled flips, telling not only which diagonal in the coherent subdivision

changes but also which vertex lies on the lower side of every height function that realises the

flip, and the edges record how such flips commute. In other words, FΘ(A) strictly refines the

secondary fan: cones that were previously identical split according to the subset of points at

which the lifted height attains its minimum, capturing the order in which different vertices

of A become coplanar under coherent subdivisions.
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Chapter 2

Applications to Ising Systems

2.1 Classical Ising Problems

The Ising Model, named after physicists Ernst Ising and Wilhelm Lenz, is a mathematical

model of ferromagnetism in statistical mechanics. The model consists of discrete variables

σ1, . . . , σd that represent magnetic dipole moments of atomic spins that can be in one of two

states; σi = 1 or σi = −1. These spins are arranged in a graph (usually a one-, two-, or

three-dimensional lattice), allowing each spin to interact with its neighbors. In most models,

the interactions are limited to two-nearest-neighbor interactions, but more general models

allow for more interactions. Ising systems have a tendency to evolve to the lowest energy

state, but heat may prevent this from occurring.

2.1.1 Forward Ising Problem

The forward Ising problem refers to problems in which the graph has a predetermined con-

figuration, but the lowest energy state is unknown. The forward Ising problem is heavily

involved in designing adiabatic quantum optimization algorithms. More precisely, for the

forward Ising problem, we are given

• a lattice Λ with d states (vertices) σi carrying values in ±1
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• a matrix J ∈ Rd×d consisting of pairwise interactions (weighted edges) between states

σi and σj

• a vector h ∈ Rd consisting of external forces on states/vertices σi

And with these, we can construct the Hamiltonian function

HJ,h(σ) := −
∑
i<j≤d

σiσjJij −
d∑
i=1

σihi

and the energy function

EJ,h := HJ,h(σ
∗) = min

σ∈{±1}d
HJ,h(σ).

The goals of the forward Ising problem are to compute the minimizer for the Hamiltonian,

this is called the ground state σ∗, along with the minimal value for the Hamiltonian

function, called the ground state energy EJ,h for the Hamiltonian HJ,h(σ). It should be

noted that in the care where the interactions have the same value, J = 1, the Hamiltonian

becomes

HJ,h(σ) := −J
∑
i<j≤d

σiσj −
d∑
i=1

σihi

which results in the classical Ising model of ferromagnetism (or antiferromagnetism when

J = −1). In this case, the ground state consists of spin states that are all aligned, σ = ±1.

Example 2.1.

If for every pair of interactions Jσiσj = 1 or Jσiσj = −1 (i.e. if J represents ferromagnetic

or antiferromagnetic interactions) then the induced subdivision is determined by the sign of

the spin states. Uniformity of the couplings means

⟨J, γ(σ)⟩ = ±
∑

σi,σj∈E(Γ)

σiσj.
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The resulting val-coherent subdivision is then completely determined by the structure of the

Ising graph.

If J is assumed to be non-uniform, then we have the Ising spin glass model, which is

more interesting mathematically due to the presence of geometric frustration. Geometric

frustration occurs due to the presence of opposing interactions Jij, Jjk between neighbors

σi, σj, σk on Γ, each corresponding to a spin state with the same energy level; these corre-

spond to local minima of the Hamiltonian. In a spin glass, the interactions are a mixture of

ferromagnetic and antiferromagnetic bonds; these patterns of aligned and misaligned states

create frustrated interactions. The ground states for spin glass problems are more com-

plex, and often there are more than two ground states for any given Ising model configuration

as a consequence of geometric frustration. The ground states in a spin glass model tend to

be stuck within local minima surrounded by configurations with much higher energy states,

or free energy barriers, making the dynamics of iterative methods very challenging to

work with and the complexity of the forward Ising spin glass problem notably difficult. An

interesting characteristic of spin glass models is the presence of degenerate ground state

energy levels which are ground state energy levels EJ,h that occur at multiple spin state

configurations.

2.1.2 Inverse Ising Problem

In contrast to the forward Ising problem, the inverse Ising problem involves working back-

wards from the spin states in order to determine the Ising graph parameters. More precisely,

we are given the following.

• a lattice Λ with d states (vertices) σi carrying values in ±1

• a set of m spin state configurations (vertex values) σ(1), . . . , σ(m) ∈ {±1}d generated

from some distribution
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Compute the pairwise interactions J∗ ∈ Rd×d and external forces h∗ ∈ Rd corresponding to

the given spin state configurations {σ(i)}mi=1 ⊂ {±1}d

Hσ(J, h) := −
∑
i<j≤d

σiσjJij −
d∑
i=1

σihi

E(J, h) := Hσ∗(J∗, h∗) = min
σ∈{±1}d

Hσ(J, h).

Additional assumptions may also be made on the given parameters, just as in the forward

Ising problem. For example, in the spin glass model, we have the presence of geometric

frustration, which results in degenerate spin states, so in this case the set of spin states may

be assumed to be degenerate ground states. Due to geometric frustration, there are multiple

ground states that correspond to a minimal energy configuration.

2.2 An Tropical Perspective

We begin by recalling the field of Puiseaux series K = C{{t}} as the field consisting of all

formal power series of the form

x(t) =
∞∑

n=n0

ant
mn ∈ K

where an ∈ C∗ and mn ∈ Q ∀n ≥ n0 ∈ Z. Since C is algebraically closed, by a theorem of

Serre [14], K is algebraically closed, so Theorem 1.1 holds. The valuation val : C{{t}} → R

determines the order of vanishing

val(x(t)) =


min{mn | n ≥ n0} x(t) ∈ K∗

∞ x(t) = 0

.
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We then use the field of Puiseaux series as the coefficient field for the Laurent polynomials

K[x⃗±, y⃗±] := K[x±1
1 , . . . , x±1

d , y±1
1 , . . . , y±1

e ] defined as

f(x) =
∑

(u,v)∈S⊊Zd+e
a(u,v)x

uyv

where u ∈ Zd, v ∈ Ze are taken from a finite set S ⊊ Zd+e, and a(u,v) ∈ K is a Puiseux series.

Then, there exist projection maps πx : y
v⃗ 7→ t⟨J,v⟩ and πy : x

u⃗ 7→ t⟨h,u⟩ such that the diagram

K[x⃗±, y⃗±] K[y⃗±] hom(Rtrop,R)

K[x⃗±] hom(Rtrop,R) R

πy

πx

trop

evJ

trop evh

commutes for every choice of parameters J ∈ Re, h ∈ Rd.

For the sake of genericity, we consider Ising systems over a generic graph, though this

work can also be considered over lattices. Let Γ be a simple weighted graph with #E(Γ) = e

edges and #V (Γ) = d vertices. Set A = {σ(i)}2di=1 = {±1}d ⊂ Zd to be the set of all binary

sequences of ±1 with length d so that Q = conv(A) ⊂ Rd is the d-cube. Note that there are

2d states σ ∈ A, each with d-coordinates σi specifying weights for each vertex in V (Γ).

Let J ∈ Rd×d be the interaction matrix and let h ∈ Rd be the external force vector

from the Ising model. Since Γ is a simple undirected graph, we may assume without loss

of generality that J can be embedded in the much lower dimensional space Re. Define the

Ising polynomial of Γ as the Laurent polynomial

E(x⃗, y⃗) :=
∑
σ∈A

x−σy−γ(σ), γ(σ) := (σiσj)(σi,σj)∈E(Γ) ∈ Re

where each monomial in E can be seen to represent a spin state configuration σ ∈ A, and

each γ(σ) is the edge parity vector of E(Γ). The xσ terms represent the external forces for

the Ising system, while the yγ(σ) terms represent the state interactions of the Ising system.
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Define the image of E under the projection maps as the pair of Laurent polynomials

EJ(x⃗) := πy(E(x⃗, y⃗)) =
∑
σ∈A

t−⟨J,γ(σ)⟩x−σ ∈ K[x⃗±]

Eh(y⃗) := πx(E(x⃗, y⃗)) =
∑
σ∈A

t−⟨h,σ⟩y−γ(σ) ∈ K[y⃗±]

as the field polynomial and coupling polynomial, respectively. Note that under the

tropicalization map, both the interaction and the field polynomials are mapped to the field

energy EJ(h) and coupling energy Eh(J) tropical functions which both evaluate to the

ground state energy EJ,h with respect to J ∈ Re and h ∈ Rd

tropval(EJ(x)) = min
σ∈A

(−⟨J, γ(σ)⟩ − ⟨σ, x⃗⟩)

EJ(x) = min
σ∈A

−
∑

(σi,σj)∈E(Γ)

σiσjJij −
d∑
i=1

σixi


⇒ EJ(h) = min

σ∈A
(HJ,σ(h))

⇒ EJ,h = min
σ∈A

(HJ,h,σ)

⇒ Eh(J) = min
σ∈A

(Hh,σ(J))

Eh(y) = min
σ∈A

−
∑

(σi,σj)∈E(Γ)

σiσjyij −
d∑
i=1

σihi


tropval(Eh(x)) = min

σ∈A
(−⟨h, σ⟩)− ⟨γ(σ), y⃗⟩)

where the middle equalities result from the evaluation maps.

By construction, the energy functions EJ , Eh are tropical functions, so they have a locus

of nonlinearity V(EJ),V(Eh). These tropical varieties consist of points where multiple spin

states achieve the ground state energy, so we call these tropical varieties the degeneracy

loci of E(J, h). We also have the following conjecture.

The field and interaction polynomials determine the tropical varieties in different ambient

spaces, so Re is the J-space and Rd is the h-space.
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Since each field polynomial EJ(h) induces a val-coherent subdivision with respect to a

choice of J , the interaction matrix parameterizes the coherent subdivisions of the unit cube

Q = conv(A) = [−1, 1]d. By Theorem 1.2, each coherent subdivision is dual to the tropical

hypersurface V(EJ), so the field degeneracy locus V(EJ) ⊂ Rd has its combinatorial type

determined by the corresponding face FJ ⪯ Σ(A) of the secondary polytope Σ(A). But

since the regular triangulations correspond to (measure-zero) vertices, we want to enlarge

the moduli space for the field degeneracy locus by first projecting Σ(A) to R2d−d−1, then

taking the dual fan in order to obtain the secondary fan FΣ(A). So we may now view the

collection of field degeneracy loci as naturally residing inside of the moduli space FΣ(A).

Thus, specifying a choice for J fixes the combinatorial type of the degeneracy locus. This is

summarized in the following result.

Theorem 2.1. Let Γ be a simple undirected weighted graph on d vertices and e edges with

J ∈ Re representing the spin-state interactions and h ∈ Rd representing the external forces

on the spin-states. Let A = {±1}d ⊂ Zd be the set of vertices of the d-cube Q = conv(A).

Then the cones of the secondary fan FΣ(A) parameterize the space of field degeneracy loci

in terms of the couplings J . This moduli space has dimension 2d, with a lineality space of

dimension d + 1 and is dual to the val-induced coherent subdivision of the field polynomial

EJ .

Proof. The discussion above covers the parameterization of the space of field degeneracy

loci {V(EJ) | J ∈ Re} ∼= Rd×Re. The only part that requires justification is the dimension

count. By Theorem 1.4, we can represent the secondary polytope as a fiber polytope Σ(A) =

(d+ 1) vol(Q)Σ(∆2d−1, Q). By the discussion in Theorem 1.5 in [8], we have that

dimΣ(A) = dim(d+ 1) vol(Q)Σ(∆2d , Q)

= dimΣ(∆2d , Q)

= dim∆2d − dimQ

= 2d − 1− d.
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Since the dual fan is complete, FΣ(A) is 2d-dimensional with (d + 1)-dimensional lineality

space.

Figure 2.1: The case when d = 2 and Γ = P1 results in the following polyhedra Q.

Example 2.2. Let Γ be the path graph on two vertices. Then σ = (σ1, σ2) ⊂ {±1}2, J ∈ R1,

h = (h1, h2) ∈ R2. The coupling polynomial EJ ∈ K[x] is

EJ(x⃗) =
∑
σ∈A

t⟨J,γ(σ)⟩xσ

= t−J(1)(1)x−(1,1) + t−J(1)(−1)x−(1,−1) + t−J(−1)(−1)x−(−1,−1) + t−J(−1)(1)x−(−1,1)

= t−Jx−1y−1 + tJx−1y + t−Jxy + tJxy−1

A choice of J completely determines the weights ⟨J, γ(σ)⟩ and, consequently, the val-

coherent subdivision.

Tropicalizing EJ gives the field energy function

EJ(h) = min
σ∈A

(Hσ(J, h))

= min (−(h1 + h2 + J), −(h1 − h2 − J), −(−h1 − h2 + J), −(−h1 + h2 − J))

39



Figure 2.2: The val-induced subdivisions of Q for various choices of faces of Σ(A) are
pictured.

Example 2.3. Let Γ be the 2-regular graph on three vertices. Then σ = (σ1, σ2, σ3) ⊂

{±1}3, J ∈ R3×3, h = (h1, h2, h3) ∈ R3. The interaction polynomial EJ has 23 monomials;

one for each vertex on the 3-cube.

Let Γ be the 2-regular graph on three vertices. Then σ = (σ1, σ2, σ3) ∈ {±1}3, J ∈ R3×3,

h = (h1, h2, h3) ∈ R3. The interaction polynomial EJ has 23 monomials; one for each vertex

on the 3-cube.

EJ(x⃗) =
∑
σ∈A

tγJ (σ)xσ⃗

= t−γJ (1,1,1)x−(1,1,1) + t−γJ (1,−1,1)x−(1,−1,1) + t−γJ (−1,−1,1)x−(−1,−1,1)

+ t−γJ (−1,1,1)x−(−1,1,1) + t−γJ (1,1,−1)x−(1,1,−1) + t−γJ (1,−1,−1)x−(1,−1,−1)

+ t−γJ (−1,−1,−1)x−(−1,−1,−1) + t−γJ (−1,1,−1)x−(−1,1,−1)

40



Figure 2.3: The val-induced subdivisions of Q for various choices of faces of FΣ(A) are
pictured.

Figure 2.4: The case when d = 3 and Γ = C3 results in the following polyhedra Q.

The tropicalization of EJ gives

EJ(h) = min
σ∈A

(Hσ(J, h))

= min( −(J12 + J23 + J13 + h1 + h2 + h3), −(J12 − J23 + J13 − h1 + h2 + h3),

− (J12 − J23 − J13 + h1 − h2 + h3), −(J12 − J23 − J13 + h1 + h2 − h3),

− (J12 − J23 − J13 − h1 − h2 + h3), −(−J12 − J23 + J13 − h1 + h2 − h3),

− (−J12 + J23 − J13 + h1 − h2 − h3), −(J12 + J23 + J13 − h1 − h2 − h3) )
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However, the secondary fan for the 3-vertex case has dimΣ(A) = 23 − 3 − 1 = 4 and is

embedded in R8. So even the projection to R4 cannot be drawn; only the resulting slices in

the h-space can be visualized since V(EJ) ⊂ R3. A computer calculation shows that Σ(A)

has a total of 74 triangulations, of which all 74 are regular triangulations. Another lengthy

calculation can show that all but 6 of these can be generated by rotations of other regular

triangulations.

Taking the slice at J = 0 gives a degenerate subdivision (at a wall) of (Q,A) and the tropical

variety below.

Figure 2.5: The case when d = 2 and Γ = P1 results in the following polyhedra Q. A
degenerate tropical variety is pictured on the right.

2.2.1 Computational Analysis

On the topic of enumerating the number of regular triangulations #R of the n-cube, Billera,

Filliman, and Sturmfels [3] came up with an algorithm that computes #R by first computing

the secondary fan through gale transforms, then applying a hyperplane arrangement algo-

rithm from [7]; this approach has complexity O(n(d+1)(n−d−2)). De Loera [5] then came up

with a breadth-first search enumeration algorithm, but this had complexity Ω(#R) simply

due to it being a breadth-first search method. Maseda [11] approached it from a reverse-

search method that was adapted from an approach from [1, 2]; this resulted in a more
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efficient algorithm that was then improved on by [9] to get an algorithm with complexity

O (d2s2LP(n− d− 1, s)#R) and memory O(ds), where s is the upper bound of the number

of simplices of all dimensions contained in a regular triangulation and LP(n−d− 1, s) is the

time required to solve a linear programming problem in s strict inequalities and n − d − 1

variables.

The main idea used in [9] is that the vertices of the secondary polytope are connected

by edges which represent edge-flips, or, bistellar flips. In short, traversing edges on the

secondary polytope is almost equivalent to swapping edges; it is important to note that

although the flip graph can always be viewed as a subset of vertices and edges of Σ(A),

they are not isomorphic [5]. In dimension two, the graph of triangulations of every point

configuration is connected [5]. However, in dimensions 5 and higher, the statement is false.

The relevant counterexamples were constructed by Santos [12, 13]. In 5 dimensions, the point

configuration has 17 points in general position, and in 6 dimensions, the point configuration

has 324 points and its triangulation is an isolated vertex in the flip graph of the point

configuration. The situation in dimensions 3 and 4 is still unknown.

Figure 2.6: The flip graph of a point configuration Γflip(A) can always be embedded in 2-
skeleton of the secondary polytope Σ(A). The converse is false and the lowest-dimensional
counterexample currently known is 5-dimensional.

Possibly more concerning is the growth rate of the number of regular triangulations of the
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d-cube. Using the algorithm from [9], one can show that the 3-cube has 74 triangulations,

of which all are regular and can be grouped into 6 equivalence classes modulo rotational

symmetries of S4 acting on the 3-cube. Similarly, the 4-cube has 92,487,256 triangulations,

of which 87,959,448 are regular and can be grouped into 235,277 modulo S8 equivalence

classes. Recall that the 3-cube and 4-cube correspond to Ising graphs on 3 and 4 vertices,

respectively, are the smallest non-trivial examples of this tropical approach. So, one would

first need to get a handle on how to utilize the S2d symmetries to simplify computing the

secondary polytope/fan in order for this approach to remain somewhat feasible for small

Ising system.

These computational observations are what led us to explore alternative methods for

determining the coherent subdivisions of a point configuration.

2.2.2 Reducing Complexity via Fiber Polytopes

When a polytope Q ⊂ Rn is not acted on directly, but rather appears as the image of a

higher-dimensional polytope P
π−→ Q, the regular subdivisions of Q that can actually occur

are constrained: a height function ψ : P → R is coherent on Q only if it is constant

along every fibre π−1(q). Billera–Sturmfels capture precisely those fibre-wise coherent height

functions in the fiber polytope as previously defined

Σ(P,Q) =
1

vol(Q)

∫
q∈Q

π−1(q) dq ⊂ Rm,

whose vertices correspond bijectively to the π-coherent subdivisions of Q. Computing

Σ(P,Q) therefore only produces the triangulations that can be realised by lifting to P ,

so one never has to enumerate the exponentially larger secondary polytope of Q and discard

the incompatible subdivisions after the fact.
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Geometrically, the fiber fan FΣ(P,Q) sits inside the full secondary fan FΣ(Q) of Q as a

linear subspace. Intersecting FΣ(Q) with the subspace π∗((Rd)∨) ⊂ (RA)∨ consisting of those

weight vectors that are constant on each fiber of π. In this way the fiber fan cuts out ex-

actly the chambers of the secondary fan compatible with the face lattice structure of P ,

organising them into a much smaller and more tractable arrangement. From an compu-

tational perspective, one now works in a (dimP − dimQ)-dimensional space, rather than

an (| A | − 1)-dimensional space, so convex-hull and subdivision enumeration computations

become more feasible by several orders of magnitude.

This viewpoint motivates the J-cubes used for the Tropical Ising perspective; a suitable

polytope P = JΓ ⊂ RV(Γ) ⊕RE(Γ) should carry all spin and coupling information, while

Q = conv(A) records the spin states. If JΓ projects linearly onto the cube, then every choice

of interaction matrix J will yield a height function on JΓ, which will determine a point in

the fiber polytope Σ(JΓ, Q). Studying this much smaller polytope and its fan structure,

will provide us with a cleaner polyhedral description of all ground-state subdivisions that

the Hamiltonian can induce on Q. In subsequent sections we will analyse the face struc-

ture and symmetries of J-cubes to obtain explicit and computable models of Ising system

degeneracies.
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Chapter 3

A Second Approach

3.1 Constructing the J-Cube

Let Γ be a simple (undirected) graph with vertex set V(Γ) of size n and edge set E(Γ) of

size m. We denote by A = {±1}n the set of all states (i.e. assignments of ±1 to each of the

n vertices). Equivalently, A can be identified with the set of vertices of the standard n-cube

Q = conv
(
{±1}n

)
⊂ Rn.

We will construct a linear map φ : RA −→ RV(Γ) ⊕ RE(Γ), such that the images of the

basis vectors uσ (for σ ∈ A) form the vertices of a polytope

JΓ = conv
{
φ(uσ) = pσ | σ ∈ A

}
⊂ RV(Γ)⊕RE(Γ) .

We will also show why φ arises in a canonical way from the sign assignments, and how a

Zn2 -symmetry (sign-flip action) makes it sufficient to study the facets incident to one chosen

vertex (e.g. p−1).

To understand how φ fits into the bigger picture of quotient and inclusion maps, we can

represent the various spaces via two commutative diagrams (a primal diagram and a dual

diagram).
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Primal Diagram

RE(Γ) RV (Γ)+E(Γ)

R2n−n RA

R2n−n−m RV (Γ)

i∗
γ∗

φ

π

Dual Diagram

(RE(Γ))∨ (RV (Γ)+E(Γ))∨

(R2n−n)∨ (RA)∨

(R2n−n−m)∨ (RV (Γ))∨

i γ

π∗

Here, i∗, γ∗, π are quotient maps or injections, and φ is the top-right arrow in the primal

diagram. Dually, i, γ, π∗ are embeddings in (R·)∨. These diagrams affirm that φ is built out

of canonical sums involving vertex and edge contributions.

We now verify that φ is well-defined and faithful (injective in the necessary sense). The

essential step is to show that no nontrivial linear combination of vertex or edge basis elements

can vanish on all states.

Lemma 3.1. If for some a ∈ RV(Γ),
∑

v∈V(Γ) σ(v)av = 0 for every choice of state σ ∈ A,

then a = 0.

Proof. Choose any vertex k ∈ V(Γ). Then for each state σ ∈ A, there exists another state

σ′ ∈ A such that

σ′(v) =


σ′(k) v = k

σ(v) v ̸= k

Then

0 =
∑
v∈V(Γ)

σ(v)av −
∑
v∈V(Γ)

σ′(v)av = 2σ(k)ak
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so we have ak = 0. We may repeat this argument for each of the remaining v(i) ∈ V(Γ) \k

to conclude a = 0.

Lemma 3.2. If for some b ∈ RE(Γ),
∑

(i,j)∈E(Γ) σ(i)σ(j)b(i,j) = 0 for every choice of state

γ ∈ A, then b = 0.

Proof. Choose any edge cover of Γ and fix a vertex k ∈ V(Γ). Consider its set of neighbors of

N(k) ⊂ V(Γ) on Γ. Since Γ is a simple weighted graph, the induced subgraph Γ(N(k)) of Γ is

a rooted tree. So we may then choose a state σ(1) ∈ A such that σ(1)(k)σ(1)(j) = sign(b(k,j))

for all j ∈ N(k). Define σ(2) ∈ A by

σ(2)(j) :=


−σ(1)(k) j = k

σ(1)(j) j ̸= k

.

Then we get the following

0 =
∑

(i,j)∈E(Γ)

σ(1)(i)σ(1)(j)b(i,j) −
∑

(i,j)∈E(Γ)

σ(2)(i)σ(2)(j)b(i,j)

=
∑

(i,j)∈E(Γ)

(
σ(1)(i)σ(1)(j)− σ(2)(i)σ(2)(j)

)
b(i,j)

=
∑

(i,j)∈E(Γ)
i,j ̸=k

(
σ(1)(i)σ(1)(j)− σ(2)(i)σ(2)(j)

)
b(i,j)

+
∑

(k,j)∈E(Γ)

(
σ(1)(k)σ(1)(j)− σ(2)(k)σ(2)(j)

)
b(k,j)

=
∑

(i,j)∈E(Γ)
i,j ̸=k

(
σ(1)(i)σ(1)(j)− σ(1)(i)σ(1)(j)

)
b(i,j)

+
∑

(k,j)∈E(Γ))

(
σ(1)(k)σ(1)(j) + σ(1)(k)σ(1)(j)

)
b(k,j)

=
∑

(k,j)∈E(Γ)

2 sign(b(k,j))b(k,j)

= 2
∑

(k,j)∈E(Γ))

|b(k,j)|
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Thus, b(k,j) = 0 for all edges (k, j) ∈ E(Γ). Repeating this argument as k ranges over the

edge cover of Γ shows that b = 0. So ker γ = 0.

Lemma 3.3. The map γ : (RE(Γ))∨ → (RA)∨ defined as

γ(b) :=
∑

σ∈Hom(E(Γ),{±1})

 ∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j)

 fσ

acting on the basis elements f(i,j) ∈ (RE(Γ))∨ and fσ ∈ (RA)∨ is an injective mapping.

Proof. Clearly γ(0) = 0, so suppose γ
(∑

(i,j)∈E(Γ) b(i,j)f(i,j)

)
= 0 for some nonzero b =∑

(i,j)∈E(Γ) b(i,j)f(i,j) ∈ (RE(Γ))∨. Then

∑
σ∈Hom(V(Γ),{±1})

 ∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j)

 fσ = 0

So for each σ ∈ Hom(V(Γ), {±1}), we have

∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j) = 0.

so by Lemma 3.2 b = 0.

Lemma 3.4. Within (RA)∨, the images of γ and π∗ intersect trivially, i.e., im (γ)∩im (π∗) =

{0}. Therefore, there is a (non-conflicting) inclusion i : (RE(Γ))∨ → (R2n−n)∨ in the dual

diagram.

Proof.

(RE(Γ))∨

(R2n−n)∨ (RA)∨

(RV (Γ))∨

i∗ γ

π∗
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Let X = im (γ) and Y = im (π)∗. Clearly 0 ∈ X ∩ Y , so take p ∈ X ∩ Y to be nonzero.

Then we have

∑
σ∈Hom(V(Γ),{±1})

 ∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j)

 fσ =
∑

σ∈Hom(V(Γ),{±1})

 ∑
v∈V(Γ)

σ(v)av

 fσ

for some a, b mapping to p,so for every σ ∈ Hom(V(Γ), {±1}) ∼= A, we have that

∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j) −
∑
v∈V(Γ)

σ(v)av = 0.

For any σ ∈ A, define σ′ = −σ. Note that for all edges (i, j) ∈ E(Γ),

σ′(i)σ′(j) = (−σ(i))(−σ(j)) = σ(i)σ(j).

Adding the entries from fσ and fσ′ , we get

0 =
∑

(i,j)∈E(Γ)

σ′(i)σ′(j)b(i,j) −
∑
v∈V(Γ)

σ′(v)av +
∑

(i,j)∈E(Γ)

σ(i)σ(j)b(i,j) −
∑
v∈V(Γ)

σ(v)av

=
∑

(i,j)∈E(Γ)

2σ(i)σ(j)b(i,j)

Since this is independent of choice of σ, for all states σ ∈ A

∑
(i,j)∈E(Γ)

σ(i)σ(j)b(i,j) = 0

So by Lemma 3.2, b(i,j) = 0 for all (i, j) ∈ E(Γ). Thus, for every σ ∈ Hom(V(Γ), {±1}) ∼= A,

we have

0 =
∑

(i,j)∈E(Γ)

σ(i)σ(j)b(i,j) −
∑
v∈V(Γ)

σ(v)av =
∑
v∈V(Γ)

σ(v)av

so by Lemma 3.1, av = 0 for all v ∈ V(Γ). Thus, p = 0.
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3.1.1 Definition and Naturality of φ

On basis vectors uσ ∈ RA, define

φ(uσ) =
∑
v∈V(Γ)

σ(v)uv +
∑

(i,j)∈E(Γ)

σ(i)σ(j)u(i,j).

Equivalently, the image has coordinates

[φ(uσ)]v = σ(v), [φ(uσ)](i,j) = σ(i)σ(j).

The previous results establish that φ is faithful: it identifies different basis vectors uσ with

distinct images in RV(Γ) ⊕RE(Γ). No extra choices are made: we simply record, for each

vertex v, the sign σ(v), and for each edge (i, j), the product σ(i)σ(j). By the previous

lemmas, this embedding is non-degenerate.

Diagrammatically, φ factors as an inclusion from RA onto a subspace inside RV(Γ) ⊕RE(Γ),

reflecting the direct sum decomposition in the dual diagram. This is what we mean by

naturality—the construction follows directly from the combinatorial structure of Γ.

3.1.2 The Coupling Polytope JΓ and its Zn
2-Action Symmetry

Define JΓ := conv{φ(uσ) | σ ∈ A}. This is an (n+m)-dimensional polytope in RV(Γ) ⊕RE(Γ),

with 2n vertices pσ = φ(uσ).

The group {±1}n acts transitively on A by

(τ · σ)(v) = τ(v)σ(v).

Hence any vertex pσ of JΓ can be sent to any other pσ′ by a suitable choice of τ . This

symmetry extends to JΓ itself, permuting vertices and their incident facets.

Because τ is an affine automorphism of JΓ, the local facet structure at pσ is the same as
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that at pτ ·σ. Consequently, to classify all facets of JΓ, it suffices to examine those facets that

meet (for instance) p−1. We will heavily rely on this principle in the upcoming section on

classifying the facets, so it should be assumed that the basepoint p−1 is chosen.

In summary, we have shown that:

• The map φ is well-defined and injective because no nontrivial linear combination of

vertex- or edge-contributions can vanish on all sign assignments σ ∈ A.

• The image of φ is a polytope JΓ in RV(Γ) ⊕RE(Γ), encoding both per-vertex signs and

per-edge products of signs.

• A natural (±1)n-action (sign-flips) acts transitively on vertices of JΓ, allowing us to

focus on a single “base vertex” for facet analysis.

These core ideas underlie subsequent work on the classification of edge-induced and cycle-

induced facets, particularly how certain chordless cycles (or more complex 2-connected sub-

graphs) give rise to new facet families.

3.2 Classifying Facets of JΓ

Fix σ0 = −1 ∈ A. Then for any other state σ ∈ A, define the set Sσ ⊂ V(Γ) as the

set of vertices in V(Γ) where σ differs in sign from −1, and define σS ∈ A as the state

corresponding to Sσ. Viewed as a weighted subgraph of Γ, each choice of σ ∈ A induces the

sets Sσ and Scσ which are separated by boundary edges ∂Sσ ⊂ E(Γ). In addition, define the

vertex of JΓ that corresponds to this state in A as pσS .

By the discussion in the previous section on transitive actions, it is sufficient to study

the facets of Jγ incident to p−1.

Lemma 3.5. If ψF ∈ (RV(Γ) ⊕RE(Γ))∨ is an inward-facing linear functional on JΓ, defining
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a face F ⪯ JΓ incident to p−1 then

∑
v∈Sσ

av ≥
∑
e∈∂Sσ

be ∀Sσ ⊂ V(Γ)

where ∂S ⊂ E(Γ) denotes the set of edges e with one vertex e0 ∈ S and the other vertex

e1 ∈ V(Γ) \S.

Proof. For each σ ∈ A, we have p−1 as a vertex of JΓ. For each linear functional

ψF =
∑
v∈V(Γ)

avu
∨
v +

∑
e∈E(Γ)

beu
∨
e

that defines a facet incident to p−1, for the associated vertex to Sσ, pσS , we have

ψF (pσS) =
∑
v∈V(Γ)

avu
∨
v (pσS) +

∑
e∈E(Γ)

beu
∨
e (pσS)

=
∑
v∈V(Γ)

avσS(v) +
∑
e∈E(Γ)

beσS(e0)σS(e1)

=
∑
v∈S

av −
∑
v∈Sc

av −
∑
e∈E(Γ)
e0∈S
e1∈Sc

be +
∑
e∈E(Γ)
e0,e1∈S

be +
∑
e∈E(Γ)
e0,e1∈Sc

be

Similarly, for p−1 we have

ψF (p−1) =
∑
v∈V(Γ)

avu
∨
v (p−1) +

∑
e∈E(Γ)

beu
∨
e (p−1)

=
∑
v∈V(Γ)

av − 1(v) +
∑
e∈E(Γ)

be − 1(e0)− 1(e1)

= −
∑
v∈S

av −
∑
v∈Sc

av +
∑
e∈E(Γ)
e0∈S
e1∈Sc

be +
∑
e∈E(Γ)
e0,e1∈S

be +
∑
e∈E(Γ)
e0,e1∈Sc

be

Since ψF defines a facet, we have that ψF (pσ) ≥ ψF (p−1) for any vertex pσ of JΓ. Applying
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this inequality to pσS we get the following,

ψF (pσS) ≥ ψF (p−1) ⇒ 2
∑
v∈S

av ≥ 2
∑
e∈E(Γ)
e0∈S
e1∈Sc

be.

So for any subset of vertices Sσ ⊂ V(Γ) corresponding to the state σ ∈ A, define the ray

in the direction of pσS relative to p−1 as

uSσ :=
∑
v∈S

uv −
∑
e∈∂S

ue ∈ RV(Γ) ⊕RE(Γ) .

The local cone at σ0 = −1, denoted cone(uSσ | ∀σ ∈ A) is the cone at p−1 consisting of

points pσS induced by the sets Sσ with respect to −1, taken over all states of A. The local

cone at −1 contains a translate of JΓ.

Lemma 3.6. A vertex pσ of JΓ is connected to p−1 by a ridge along F if and only if

ψF (uSσ) = 0 for each facet-defining linear functional ψF =
∑

v∈V(Γ) avu
∨
v +

∑
e∈E(Γ) beu

∨
e

where F is incident to p−1.

Proof. If two points share a ridge on a facet F of JΓ, for all λ ∈ [0, 1],

ψF (p−1) = ψ(λp−1 + (1− λ)pσ)

= λ

 ∑
v∈V(Γ)

av − 1(v) +
∑
e∈E(Γ)

be − 1(e)

+ (1− λ)

 ∑
v∈V(Γ)

avσ(v) +
∑
e∈E(Γ)

beσ(e)


= −λ

∑
v∈S

av + λ
∑
e∈∂Sσ

be + (1− λ)
∑
v∈S

av − (1− λ)
∑
e∈∂Sσ

be

− λ
∑
v∈Sc

av + λ
∑
e∈∂Scσ

be − (1− λ)
∑
v∈Sc

av + (1− λ)
∑
e∈∂Scσ

be

= (1− 2λ)

(∑
v∈Sσ

av −
∑
e∈∂Sσ

be

)
−
∑
v∈Sc

av +
∑
e∈∂Scσ

be
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if and only if
∑

v∈Sσ av =
∑

e∈∂Sσ be.

We now explore the first classification of facets of JΓ. We begin in the tree case, so that

the only combinatorial structures are edges; this is due to the fact that if the defining set

Sσ ⊂ V(Γ) for ψ induces a disconnected subgraph Γ[Sσ] = G1 ∪G2, then ψ can be reduced

to ψG1 + ψG2 .

Lemma 3.7. For every edge e = (v0, v1) of a tree Γ, the following three functionals define

the only inward-facing normals to facets of JΓ incident to p−1:

ψe++ := u∨v0 + u∨v1 + u∨e

ψe+− := u∨v0 − u∨v1 − u∨e

ψe−+ := −u∨v0 + u∨v1 − u∨e

Proof. Suppose ψ is the unique linear functional that defines a facet F ⪯ JΓ. We characterize

faces by the subsets Sσ whose corresponding rays lie in them. Specifically, for a functional

ψ, we consider

F 1
ψ =

{
Sσ ⊂ V (Γ)

∣∣∣∣ψ(uSσ) = ∑
v∈Sσ

av −
∑
e∈∂S

be = 0, Γ[Sσ] is connected

}

to be the maximal set of Sσ’s with respect to containment. Fix an edge e′ = (v0, v1) ∈ E(Γ)

and consider F 1
ψ under several cases.

Case 1: If e′ is a bridge in Γ, and be′ > 0. Suppose {v0, v1} ⊂ Sσ ∈ F 1
ψ. Since e′ is a

bridge, removing it disconnects the graph into two components S+ and S− where:

S− := {v ∈ Sσ | there is a path from v0 to v not traversing e′}

S+ := {v ∈ Sσ | there is a path from v1 to v not traversing e′}

The boundary edges split as ∂Sσ = ∂S+ \{e′} ⊔ ∂S− \{e′} and the ray uSσ then decomposes
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as:

uS =
∑
v∈Sσ

avuv −
∑
e∈∂Sσ

beue

=
∑
v∈S+

avuv −
∑
e∈∂S+

beue +
∑
v∈S−

avuv −
∑
e∈∂S−

beue + 2be′ue′

= (uS+ + be′ue′) + (uS− + be′ue′)

Since ψ defines a facet, ψ(uSσ) ≥ 0 for all Sσ.Thus ψ(uS+) ≥ 0 and ψ(uS−) ≥ 0. But then:

ψ(uS) = ψ(uS+) + ψ(uS−) + 2be′ > 0

contradicting Sσ ∈ F 1
ψ. Therefore, any Sσ containing both endpoints of e′ cannot be in F 1

ψ.

Now consider any Tσ ∈ F 1
ψ. By the above argument, Tσ cannot contain both endpoints

of e′. Moreover, since ψ defines a facet of JΓ, Tσ must be in Fψe′++
, as these are the only sets

giving rays in JΓ that do not contain both endpoints of e′.

Thus F 1
ψ ⊆ Fψe′++

. Since Fψe′++
is maximal among such collections of sets (as it defines a

facet), we must have F 1
ψ = Fψe′++

.

Case 2: Next, suppose that e′ is a twig and v0 is a leaf. Define

CΓ := {Sσ ⊂ V(Γ) | Γ[Sσ] is connected}

be the indices of cone rays incident to p−1 in JΓ. If av0 ̸= be′ , then ψ(u{v0}) = av0 − be′ > 0,

so av0 > be′ . Then {v0} /∈ F 1
ψ.

But note that for any Sσ ∈ CΓ \ {e′} we have ψe′+−
(uSσ) = 0, thus CΓ \ {e′} ⊂ F 1

ψe′+−
. By

maximality, CΓ \ {e′} = Fψe′+−
, and F 1

ψ = Fψe′+−
.

Case 3: Lastly, suppose that e′ is a twig, v0 is a leaf, and av0 = be′ < 0. Let Sσ ∈ CΓ

contain {v0, v1}. Removing a leaf leaves the subgraph connected, so Sσ \ {v0} ∈ CΓ. Then:

ψ(uS\{e0}) > ψ(uS\{e0}) + av0 + be′ = ψ(uS) ≥ 0.
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Therefore Sσ \ {v0} /∈ F 1
ψ, but {v0} ∈ F 1

ψ, so R≥0 ψ = R≥0 ψe−+ .

In all cases, the functionals induced by e′ define facets of JΓ incident to p−1, completing

the proof.

So we have that if Γ is a tree, then each edge induces three facets of JΓ that are incident

to p−1. Moreover, these are the only facets that appear when Γ is a tree. These facets

will be referred to as edge-facets, and when specificity isn’t required, we refer to one of the

facet-defining functions as simply ψe±± , without specifying a sign pattern.

In the following, we extend this classification by adding a single edge to a tree in order

to introduce a single chordless cycle. To begin, we classify the kernel of these cycle-facet

functionals.

Lemma 3.8. For every chordless cycle γ = (e1, e2, . . . , eℓ) of Γ with length ℓ, the following

ℓ functionals

ψγk := u∨ek −
ℓ∑
i=1
i ̸=k

u∨ei

for k = 1, . . . ℓ vanish precisely on the set

F 1
γk

:= {Sσ ⊂ V (γ) | Γ[Sσ] a path on γ with at least one endpoint on ek and not crossing ek}

Proof. Recall that the ray corresponding to Sσ ⊂ V (γ) is:

uSσ =
∑
v∈Sσ

uv −
∑
e∈∂Sσ

ue,

where ∂Sσ consists of edges in γ that have exactly one endpoint in Sσ.

Since ψγk acts only on the edge components ue, this reduces to:

ψγk(uSσ) =
ℓ∑
i=1
i ̸=k

δei − δek
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where δei indicates whether ei ∈ ∂Sσ. We now analyze when ψγk vanishes.

1. If Γ[Sσ] is a vertex path that includes an endpoint on ek and does not cross ek, then

ek ∈ ∂Sσ because it has exactly one endpoint in Sσ. Furthermore, no other edges ei ̸= ek

contribute to ∂Sσ, since they are internal to the path Γ[Sσ]. Hence ψγk(uSσ) = 1−1 = 0.

2. If Sσ does not satisfy the conditions of F 1
γk
, then either: ek /∈ ∂Sσ, or, other edges

ei ̸= ek contribute to ∂Sσ. In these cases ψγk(uSσ) = 2.

Therefore, ψγk(uSσ) = 0 if and only if Sσ ∈ F 1
γk
, i.e., Γ[Sσ] is a path on γ with at least

one endpoint on ek and does not cross ek. And for all other subsets Sσ, ψγk(uSσ) ̸= 0.

Lemma 3.9. For every chordless cycle γ = (e1, e2, . . . , eℓ) of Γ with length ℓ, the following

ℓ functionals define inward-facing normals to a facet incident to p−1:

ψγk := u∨ek −
ℓ∑
i=1
i ̸=k

u∨ei

for k = 1, . . . ℓ.

Proof. Let ψ be the unique linear functional defining a facet F ⪯ JΓ, and let

F 1
ψ =

{
Sσ ⊂ V (Γ)

∣∣∣∣ ψ(uSσ) = ∑
v∈Sσ

av −
∑
e∈∂Sσ

be = 0, Γ[Sσ] connected

}

be the maximal set of Sσ’s whose rays uSσ lie on F .

Fix a chordless cycle γ = (e1, . . . , eℓ) in Γ, and let V (γ) = {v1, . . . , vℓ} be the vertices of

γ, indexed modulo ℓ. We will show that if F 1
ψ ⊇ Fψγk for some k = 1, . . . , ℓ, then ψ = ψγk

for some k. Fix an edge ek = (vk−1, vk) of the cycle γ and suppose that F 1
ψ contains F 1

γk
as

defined in Lemma 3.8:

F 1
γk

= {Sσ ⊂ V (γ) | Γ[Sσ] a path on γ with at least one endpoint on ek and not crossing ek}.
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The facet-defining property of ψ ensures that for any Sσ ∈ F 1
γk

⊂ F 1
ψ, we have ψ(uSσ) = 0.

First, we consider two specific vertex paths in F 1
γk
:

Sσ1 = {vk−1, vk−2, . . . , vi+1}, with boundary edges {ek, ei}

Sσ2 = {vk, vk+1, . . . , vi}, with boundary edges {ek, ei}

If γ’s vertices are ordered ‘counterclockwise’, then Sσ1 runs clockwise from vk−1 along γ \ ek,

while Sσ2 runs counterclockwise from vk along γ \ ek. Applying ψ to their respective rays

gives: ∑
v∈Sσ1

av = bek + bei and
∑
v∈Sσ2

av = bek + bei .

Next, note that the path Sσ1 ∪ Sσ2 ∈ Fψγk and has no boundary edges in γ. Hence

∑
v∈Sσ1∪Sσ2

av = 0 ⇒ −
∑
v∈Sσ2

av =
∑
v∈Sσ1

av.

Adding the two expressions for ψ(uSσi , we get:

0 = 2bek + 2bei ⇒ −bek = bei .

Since i resulted from an arbitrary choice of vertex with i ̸= k, we have that bei = −bek for

all i ̸= k. As a consequence, we also have that bei = bej for all i, j ̸= k.

Next, to show that all vertex coefficients for ψ vanish, we pick an arbitrary vertex vi,

with i ̸= k − 2, k − 1, k and consider two overlapping counterclockwise paths that differ in

boundary edges and in their inclusion of vi:

Sσ1 = {vk, vk+1, . . . , vi−1, vi} and Sσ2 = {vk, vk+1, . . . , vi−1}
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where the indices are again taken modulo ℓ. Applying ψ yields

∑
v∈Sσ1

av = bek + bei+1
and

∑
v∈Sσ2

av = bek + bei

Subtracting these equations, we get:

(∑
v∈Sσ

av

)
−

∑
v∈S′

σ

av

 = (bek + bei+1
)− (bek + bei)

avi−1
= bei+1

− bei

which simplifies to avi = 0 since i, i+ 1 ̸= k − 1, k modulo ℓ. Hence, we get that avi = 0 for

all i ̸= k − 2, k − 1, k.

Repeating this argument with two clockwise paths and i ̸= k − 1, k, k + 1,

Sσ1 = {vk−1, vk−2, . . . , vi+1, vi} and Sσ2 = {vk−1, vk−2, . . . , vi+1}

we get ∑
v∈Sσ1

av = bek + bei and
∑
v∈Sσ2

av = bek + bei+1

which again simplifies to avi = 0 as i + 1 ̸= k − 1, k modulo ℓ. Combining both types of

paths, we get that avi = 0 for all i ̸= k − 1, k. Finally, note that u{vk−1}, u{vk−1} ∈ F 1
γk
, so

ψ(u{vk−1}) = avk−1
− bek − bek−1

= 0 ⇒ avk−1
= 0

ψ(u{vk}) = avk − bek − bek+1
= 0 ⇒ avk = 0

Hence we have that R≥0 ψ = R≥0 ψγk .

So we have that edges induce facets on tree graphs, and chordless cycles induce facets on

cycle graphs, but it remains to see whether the edge facets persist in the transition from Γ

a tree, to Γ a chordless cycle.
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Moreover, each facet-defining dual functional ψF =
∑

v∈V(Γ) avuv +
∑

e∈E(Γ) beue can be

identified with a weighted subgraph Γ(σF ) by assigning av, be to the vertex and edge weights,

respectively. Here we allow the edge and vertex weights to be zero, but still include the edges

and vertices with zero weight.

Example 3.1. Consider the graph Γ = T5, by 3.7, there are 3 · |E(Γ) | = 18 facets of JΓ

incident to p−1. Indeed, computing the J-cube directly and embedding the coefficients of

each ψ as a subgraph of Γ, gives the following:

Similarly, if we consider the cycle graph Γ = C5, then by 3.9, there are len(C5) = 5 facets

of the J-cube that are incident to p−1. However, if we compute the facets of JΓ directly, we

observe 5 + 3|E(Γ) | = 20 facets—the edge-facets seemingly carried over.

We will see that this phenomenon carries over into all graphs; in other words, edge-facets

seem to persist among J-cubes of more complex graphs. Naturally, adding more edges to a

cycle graph will affect the cycle structure, so we will also see that while edge-facets persist,

cycle-facets are more delicate, so can decompose if a chord is added.
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3.2.1 Local Classification of Facets

Lemma 3.7 classifies edge-induced facets by examining sets of vertices Sσ whose rays uSσ lie

in a facet. In a tree, every edge naturally falls into one of the categories (bridge or twig), and

the lemma constructs three facet-defining functionals for each edge from these configurations.

Now, if we add a single edge to a tree to form a chordless cycle γ, some edges may no longer

be bridges or twigs. Instead, they lie on the cycle.

The crux is to confirm that the presence of the cycle does not invalidate the original

construction of the three edge facets. The newly formed cycle adds more structure, but it

does not erase or merge the original edge-defined configurations. Instead, it provides a new

layer of facet structure on top.

Theorem 3.1. For Γ = T ∪{e′} a graph with a single chordless cycle γ such that T is a tree,

the tree edges and cycle edges classify all of the facets of JΓ incident to p−1. Additionally,

there are 3|E(Γ)|+ ℓ(γ) of these facets.

Before tackling Theorem 3.1, we prove the following necessary lemma on edge-facet sta-

bility.

Lemma 3.10. Let Γ be a generic graph on n vertices. Then the linear functionals of the

form ψe±± define edge-facets for any JΓ.

Moreover, the canonical projection JKn ↠ JΓ sends edge-facets of JKn to edge-facets of

JΓ, so long as V(Kn) = V(Γ).

Proof. Fix an edge e′ = (v1, v2) ∈ E(Γ). Then JΓ ⊂ RV(Γ) ⊕RE(Γ). We will show that

dim(ker(ψe′α,β)) = |V(Γ) |+ |E(Γ) | − 1 for any sign pattern α, β ∈ {±1}. We will show that

B = span {{uv | v ̸= v1, v2} ∪ {ue | e ̸= e′} ∪ {ue′ − βuv1 , ue′ − αuv2}}

defines a basis for the kernel of ψe′±±
. Clearly, for any ue ∈ VKn with e ̸= e′, we have
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u∨e (u
′
e) = 0, so

ψe′α,β
(
αu∨v1 + βu∨v2 + αβu∨e′

)
(ue) = 0.

Similarly, for any uv ∈ VKn with v ̸= v1, v2, we have u∨v (uv1) = u∨v (uv2) = 0, so

ψe′α,β
(
αu∨v1 + βu∨v2 + αβu∨e′

)
(uv) = 0.

Lastly, if α = β, then α2 = α and

ψe′α,β(ue′ − αβuv1) =
(
αu∨v1 + βu∨v2 + αβu∨e′

)
(ue′ − βuv1)

= αβ − αβ

= 0.

Similarly, we also have

ψe′α,β(ue′ + αβuv2) =
(
αu∨v1 + βu∨v2 + αβu∨e′

)
(ue′ − αβuv2)

= 0.

Thus the set

B = {uv | v ̸= v1, v2} ∪ {ue | e ̸= e′} ∪ {ue′ − βuv1 , ue′ − αuv2}

is contained in the kernel of ψe′±±
for any sign pattern. Note that this set is linearly inde-

pendent and maximal; if ψe′α,β(x) = 0, then x ∈ ue′ , but then that implies αβ = 0. Thus,

span(B) = ker(ψe′±±
) is codimension 1.

Next, we will show that edge-facets descend to edge-facets. Let VΓ := RV(Γ) ⊕RE(Γ) and

VKn := RV(Kn) ⊕RE(Kn).

Let π : VKn → VΓ be the canonical linear map sending uv 7→ uv and ue 7→ ue if e ∈ E(Γ)

and ue 7→ 0 otherwise. On the vertex set side π restricts to the identity on RV(Γ) = RV(Kn),

since Kn and Γ are assumed to have the same vertex set. We claim that π is a linear
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projection of polytopes. Indeed, for every vertex pσ ∈ JKn ,

π(pσ) =
∑
v∈V(Γ)

σ(v)uv +
∑

(v1,v2)=e∈E(Γ)

σ(v1)σ(v2)ue = qσ ∈ JΓ.

Now, note that under the projection π,

π(ker(ψe′±±
)) = span {{uv | v ̸= v1, v2} ∪ {ue | e ̸= e′} ∪ {ue′ − βuv1 , ue′ − αuv2}} ⊂ VΓ

is a basis for the kernel of the pullback of ψe′±±
and has dimension |V(Γ) |+ |E(Γ) | − 1.

This lemma shows us that edge-facets always exist and behave nicely under projections.

The same cannot be said about more generic facet types.

Theorem 3.2. For Γ = T ∪ {e′} a graph with a chordless cycle γ such that T is a tree, the

tree edges and cycle edges classify all of the facets of JΓ incident to p−1. Additionally, there

are 3|E(Γ)|+ ℓ(γ) of these facets.

Proof. In the tree scenario, for each edge e = (v0, v1), lemma 3.7 constructs three functionals:

ψe++ := u∨v0 + u∨v1 + u∨e , ψe+− := u∨v0 − u∨v1 − u∨e , ψe−+ := −u∨v0 + u∨v1 − u∨e .

Each of these functionals corresponds to a facet constructed by considering subsets Sσ that

reflect different sign patterns at v0 and v1. This classification ensures every edge induces these

three facets incident to p−1, with F
1
ψe±±

characterizing the maximal sets of Sσ determining

each facet.

Now form Γ by adding a single edge to a tree T , creating exactly one chordless cycle

γ = (e1, . . . , eℓ). By Lemma 3.7, each edge in Γ induces three edge-facets F ⪯ JΓ.

The chordless cycle γ yields new cycle facets due to Lemma 3.9, each corresponding to

functionals ψγk . These ℓ(γ) functionals define fresh facets in JΓ, extending the fan with

exactly ℓ(γ) new rays (one per cycle edge).
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Note that the construction of JΓ depends only on the vertices and edges of Γ (not the

order in which we construct Γ). Because a single-cycle graph has no additional chordless

cycles or substructures beyond those accounted for by the newly introduced edge, no further

facet-defining functionals arise.

Hence, we have the old rays from edges in T , plus three new rays for the new edge e′,

plus ℓ(γ) rays for the cycle facets. Thus, the total is 3|E(Γ)|+ ℓ(γ) facets of JΓ incident to

the point p−1.

So what we have is a classification of facets for graphs consisting of a single chordless

cycle γ with tree graphs attached to γ—in other words, a classification of facets of JΓ for

hairy cycle graphs. Note that this theorem does not say that we can continue to inductively

add edges and maintain an accurate facet classification. A natural next step is to determine

how these types of polytopes behave when connected by an edge.

Theorem 3.3. For G1, G2 hairy cycle graphs each containing a single chordless cycle, define

Γ = G1 ∪e′ G2 as the graph obtained by connecting the two graphs by an edge e′. The edges

in Γ and cycle paths on γ1, γ2 classify all of the facets of JΓ, with there being a total of

3|E(G1)|+ len(γ1) + 3|E(G2)|+ len(γ2) + 1

facets containing p−1.

Using induction, we can extend this result to a more general statement about links of

graphs.

Theorem 3.4. For G1, . . . , Gk be hairy cycle graphs each containing a single chordless cycle,

define Γ = G1 ∪e1 G2 ∪e2 · · · ∪ek−1
Gk as the graph obtained by connecting the k graphs by

a sequence of k − 1 edges such that they do not form any loops. The edges in Γ and cycle
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paths on γ1, γ2, . . . γk classify all of the facets of JΓ, with there being a total of

k∑
i=1

3|E(Gi)|+ len(γi) + 3(k − 1)

facets containing p−1.

Example 3.2. Consider Γ = G1 ∪e′ G2 where G1 contains a C4 and G2 contains a C5, each

cycle also containing trees along the cycles, with a lone edge e′ connecting the two. In this

case, we have

3|E(G1)|+ len(C4) + 3|E(G2)|+ len(C3) + 3 · 1 = 64

facets in total. Twelve of them are shown below.

3.2.2 Global Classification of Facets

If we want to compute all of the facets of JΓ (not just those incident to the basepoint

p−1) then there are some minor considerations. We know that since the vertices of JΓ are

transitive under the group action τ ∈ (Z /2Z)n, for the facets that are not incident to the

basepoint, there is some τ such that the ‘missing’ facet-defining functional ψ∗ is generated

by one of the ψ(i)’s in our list; i.e., ψ∗ = ψ(i) ◦ τ−1 for some i = 1, . . . , 3|E(Γ)|+ ℓ(γ).

So from a combinatorial classification viewpoint, the ‘missing’ facet is already included

in the “(base) facet + sign-flip” dictionary we have, without having to explicitly enumerate
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all flips in practice.

So the brute-force approach of:

1. Classify the facets incident to

2. For each such facet, apply all sign-flips.

3. Collect the new facets at all other vertices.

is clearly exponential—and typically not the style of classification or algorithm that we want.

Instead, we will approach the previously classified facets separately and note that they

result from similar facets.

Lemma 3.11. For each edge e ∈ E(Γ), four edge-facets of JΓ are defined by ψe,++, ψe,+−,

ψe,−+, ψe,−−.

Proof. Only the existence of the ψe,++ edge-facet is required here. To see that this does

define a facet of the J-cube, note that if equality is achieved by ψe,−− on a set of vertices

pσ ∈ S++, then ψe,−− = ψe,++ ◦ τ−1 achieves the minimum on the same set with opposite

parity p−σ ∈ S−−.

Lemma 3.12. For each chordless cycle γ, there are 2len(γ)−1 cycle-facets, whose coefficient

patterns are defined by frustration patterns on γ.

Proof. To see the connection to geometric frustration on γ, recall the first definition of the

Hamiltonian from 2.1 is the negative of our working definition

Hσ(J, h) =
∑
v∈V(Γ)

avσv +
∑
e∈E(Γ)

beσe.

So when connecting the embedded sugraphs representing each of the cycle-facets, the positive

couplings represent edges where adjacent vertices disagree in spin, while negative couplings

are where adjacent nodes agree in their spin. Viewed in this way, we can attain these
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frustration configurations on a cycle by assigning consecutive blocks of an odd number of

edges to be frustrated (graphically, red paths of odd length separated by green paths of even

length).

So for any chordless cycle γ, there are

(
len(γ)

1

)
+

(
len(γ)

3

)
+ · · ·+

(
len(γ)

len(γ)− 1

)
= 2len(γ)−1

many such configurations.

In summary, we have the following global facet classification.

Theorem 3.5. For Γ a hairy cycle graph, JΓ consists of only these 4|E(Γ) | + 2len(γ)−1

edge-facets and cycle-facets.

3.3 A Gluing Approach

3.3.1 A First Approach

Consider a polytope Q ⊂ Rn in the vector spaceW = Rn, and suppose there is an involution

ν : Rn → Rn satisfying ν2 = id. We form two parallel slices of Q in Rn+1 by setting

Q+ := Q⊕ 1 = {(x, 1) | x ∈ Q}, Q− := ν(Q)⊕ (−1) = {(ν(x),−1) | x ∈ Q},

so that Q+ is a copy of Q at the affine hyperplane z = 1 and Q− is a copy of ν(Q) at z = −1.

Taking the convex hull of these two sets then defines

Qν = conv
(
Q+ ∪Q−

)
⊂ Rn+1.

A linear functional ψ on Rn+1 can be written as ψ = ψW ⊕ c, where ψW lies in W∨ (the
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dual space of Rn) and c ∈ R. For any point (x, z) in Rn ⊕ R,

ψ((x, z)) = ψW (x) + cz.

When this is restricted to Q+, each point there has the form (x, 1), so

ψ
(
(x, 1)

)
= ψW (x) + c.

Restricting ψ to Q− yields

ψ
(
(ν(x),−1)

)
= ψW

(
ν(x)

)
− c = ν∗ψW (x)− c,

where ν∗ denotes the pullback under ν; so we may focus soley on restricting to Q+.

A face Fψ ⪯ Qν is determined by minimizing ψ on Qν . The face Fψ then consists of all

points in Qν where ψ attains this minimal value miny∈Qν ψ(y). It follows that if ψ achieves

its minimum exclusively on the top slice Q+, then the resulting face lies entirely in Q+.

Alternatively, if the minimum is strictly lower on the bottom slice Q−, the face is contained

in Q−. In the event that ψ takes the same minimal value on both slices, one obtains a face

spanning both Q+ and Q−.

To characterize this more concretely, suppose that there is a face F+ ⊆ Q+ on which ψW

is constant and minimized; let c+ = minx∈F+ ψW (x) stand for this boundary value. In Q+,

the value of ψ is therefore c+ + c, when restricted to this face.

There is also a face F− ⊆ Q− where ψW is also constant and minimized (equivalently, a

face of Q+ where ν∗ψW is constant and minimized). So let

c− = min
y∈F−

(ψW )(y) = min
y∈F+

(ν∗ψW )(y)

be this boundary value. Then in Q−, the value of ψ is c− − c on this face.
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Then we compare 2c with c− − c+.

• If 2c < c− − c+, then c+ + c < c− − c and ψW |Q+ < ψW |Q− , thus the minimum occurs

strictly in Q+.

• If 2c > c−−c+, then c++c > c−−c and ψW |Q+ > ψW |Q− , thus the minimum is strictly

in Q−.

• Only when 2c = c− − c+, hence c+ + c = c− − c and ψW |Q+ = ψW |Q− , do the

points in both slices simultaneously realize the same minimum, causing the face Fψ :=

conv(F+, F−) ⪯ Qν , induced by ψ, to be one of the newly generated faces in the convex

hull of the top and bottom faces. Note however, that this may not necessarily be a

facet of Qν .

In this way, one sees that when we extend ψW to ψ, it slices through Qν in precisely three

ways, depending on how its values compare at z = 1 and z = −1. These comparisons

directly determine whether the induced face lies entirely in one slice or straddles both. In

order to answer this question as to when extending ψW to ψ induces a facet, let’s recall some

information.

Let A and B be two affine subsets in some ambient space. Consider conv(A ∪ B), the

convex hull of A ∪B. Generically, one can find the dimension formula

dim
(
conv(A ∪B)

)
= dimAff(A) + dimAff(B) − dim (Aff(A) ∩ Aff(B) ) + δ,

where δ = 0 or 1. Concretely:

If A and B lie in the same affine hyperplane, then δ = 0. In that degenerate case,

conv(A ∪ B) doesn’t gain an extra dimension because its convex hull remains in a single

hyperplane.

If A and B lie in nonparallel affine hyperplanes, and the intersection Aff(A)∩Aff(B) has

dimension at most dim(A) + dim(B)− 1, then δ = 1. Intuitively, the line segment joining a
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point in A to a point in B adds an extra direction beyond any contained in either affine set

alone.

Connecting this back to our current setup above, since the faces F+, F− lie in separate

slices, if Fψ indeed defines a facet of Qν , then the pair of faces (F+, F−) must satisfy

dim
(
Qν

)
= dimAff(F+) + dimAff(F−).

This generic gluing strategy is how we will approach computing generic J-cubes of graphs

by expanding along an edge via ‘splitting’ a vertex. However, note that in this process we

went from Rn to Rn+1 in a predictable manner, which suggests that we may be able to

perform these computations in Rn instead. Indeed, we will make some adjustments in order

to apply this approach, but first we will illustrate the above constructions more concretely

with an example.

Example 3.3. Consider a graph Γ with just one vertex (and no edges), viewed as a con-

traction of P2, the path graph on two vertices. Its state set {±1}1 has exactly two vertices:

σ = 1 or σ = −1. In the usual J-cube construction, each state ±1 maps into a point in

RV (Γ) ⊕ RE(Γ). But since there are no edges and only one vertex, we effectively just get

two points spanning a line segment. JΓ is the convex hull of those two points, so it is a 1D

segment conv(±(uv1 + uv2)). In coordinates,

Q := JΓ = {x ∈ R | λ(1, 1) + (1− λ)(−1,−1), λ ∈ [0, 1]}.

Note that we use the coordinates for the vertices v1, v2; the lone edge in P2 contracts these two

vertices along the edge e to a single vertex v±. The uncontracting map sends v± 7→ uv++uv− ,

here denoted v1, v2. Hence our ‘glued’ polytope will reside in in R3 after uncontracting.

Next, we define the involution ν : R2 → R2 as the linear map that changes sign on the

uv2-coordinate

ν(uv1) = uv1 and ν(uv2) = −uv2
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or in coordinates, ν(x, y) = (x,−y).

We next move up one dimension, to R2 ⊕ R = R3 with coordinates (x, y, z). Define

Q+ := Q⊕ 1

= JΓ ⊕ 1

= conv(±(uv1 + uv2))⊕ 1

= {(x, x, 1) ∈ R3 | x ∈ [−1, 1]}.

placing a copy of the J-cube at the plane z = 1. Simultaneously, define

Q− := ν(Q)⊕ (−1)

= ν(JΓ)⊕ (−1)

= conv(±(ν(uv1) + ν(uv2))⊕ (−1)

= conv(±(uv1 − uv2) + ue)

= {(x,−x,−1) ∈ R3 | x ∈ [−1, 1]}.

Thus Q+ is a horizontal line segment at the upper z = 1 slice, running from (1, 1, 1)

to (−1,−1, 1) and Q− is a vertical line segment at the lower z = −1 slice, running from

(1,−1,−1) to (−1, 1,−1).

Viewing these two slices together in R3, we get four distinct corner points: (−1, 0, 1) and

(1, 0, 1) across the top slice, (0,−1,−1) and (0, 1,−1) across the bottom slice.

Taking the convex hull of those four points yields a 3-dimensional polytope with four

vertices. One can check that they do not all lie in a single plane, so their convex hull is a

tetrahedron. Hence:

Qν = conv
(
Q+ ∪Q−

)
= (a tetrahedron in R3).

Finally, recall that the J-cube of the path graph P2 on two vertices (and one edge) is known
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to be a tetrahedron. Indeed, P2 has state space {±1}2 of four distinct vertices, and those

vertices map into R2⊕R ∼= R3 in such a way that their convex hull is a tetrahedron. The four

corner points we see above match the typical sign configurations σ : {two vertices} → {±1}.

Thus, by starting with the one-vertex J-cube (a line segment) in the plane R2 and applying

the involution ν to produce two slices in R3, we exactly reconstruct the J-cube of P2. This

demonstrates how we can ‘glue’ two copies of a 1-dimensional J-cube into the 3-dimensional

J-cube of a larger graph, by ‘expanding’ P1 along the edge e ∈ E(P2).

Hence we have:

JP1
∼= JΓ/e

glue−−→
ν

Qν = JP2 = JΓ,

showing how we can start from the J-cube of P1, and produce the J-cube associated to P2

by splitting a vertex into an edge.

We summarize the gluing process in full generality below.

Given a graph Γ′ which contracts along an edge e′ = (v+, v−) to Γ := Γ′/e′, with the

vertices of e′ contracting to the vertex v±, define the inclusion i : JΓ → RV(Γ′) ⊕RE(Γ) by

i :=


uv± 7→ uv+ + uv−

uv 7→ uv v ̸= v±

ue 7→ ue e ̸= e′

Under this embedding, we ‘expand’ the vertex v± to the vertices it originated from, and we

obtain a copy of JΓ in a one-higher dimension space

Q := i(JΓ) ⊂ W := RV(Γ′) ⊕RE(Γ) .

Next, we define the involution ν : RV(Γ′) ⊕RE(Γ) → RV(Γ′) ⊕RE(Γ) on this space by flipping

the sign on the vertex v−, along with a subset of its neighboring edges S− ⊂≠ ∂{v−}, chosen
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in advance:

ν :=



uv 7→ uv v ̸= v−

uv− 7→ −u−v

ue 7→ ue e /∈ S−

ue 7→ −ue e ∈ S−

Intuitively, the choice of S− determines which edges were incident to v− prior to contracting

along e′ on Γ′. The choice of S− will determine the expanded graph we obtain, and there

is no clear notion of independence of S−; for example, a star graph with n leaves can be

expanded into several nonisomorphic graphs, by splitting the root vertex in
(
n
2

)
different

ways, resulting in a total of ⌊n
2
⌋ isomorphism classes of graphs. We’ll revisit this question in

later work.

Next, we embed the J-cube of the contracted graph Γ in the ambient space for its expan-

sion along e′, or Γ′. Thus we obtain two isomorphic copies of JΓ at the slices corresponding

to σ(e′) = ±1:

Q+ = Q⊕ 1 ⊂ W ⊕ R ⊂ RV(Γ′) ⊕RE(Γ′)

Q− := ν(Q)⊕ (−1) ⊂ W ⊕ R ⊂ RV(Γ′) ⊕RE(Γ′)

Finally, we take the convex hull of the two slices to obtain the J-cube for the uncontracted

graph Γ′

Qν := conv(Q ∪ ν(Q)) = JΓ′ ⊂ VΓ′ := RV(Γ′) ⊕RE(Γ′) .

Now, given any linear functional ψW ∈ W∨ with representation

ψW =
∑
v∈V(Γ)
v ̸=v−,v+

avu
∨
v +

∑
e∈Γ

beu
∨
e + av±(u

∨
v+

+ u∨v−)

we extend it to a functional ψ = ψW ⊕ be′ ∈ V ∨
Γ′ by defining the edge constant be′ in the
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following manner:

be′ :=
1

2

(
min
x∈Q−

ψW (x)− min
x∈Q+

ψW (x)

)
=

1

2

(
min
x∈Q

ν∗ψW (x)−min
x∈Q

ψW (x)

)
:=

1

2
(∆Q) .

Recall that this choice of constant resulted from the requirement ‘2c = c− − c+’, from our

more generic discussion.

Extending ψ in this manner, if the functional ψW defines a pair of faces (F−, F+) ⪯

(Q−, Q+) of Q in the usual manner, then ψ defines a face Fν := conv(F− ∪ F+) ⪯ Qν which

is not fully contained in either W ⊕ 1 or W ⊕ (−1).

Example 3.4. Revisiting the setup from Example 3.3, recall that we have the following

bounds on the dimensions for the facets of JΓ:

dim
(
Qν

)
− 1 = dimAff(F+) + dimAff(F−)− dim (Aff(F+) ∩ Aff(F−) ) + 1

2 = dimAff(F+) + dimAff(F−)− 0 + 1

1 = dimAff(F+) + dimAff(F−)

One can readily see that the only pairs of faces (F+, F−) that satisfy this are a line segment

and a point in Qν . We summarize the facet structure of Qν below, in terms of pairs of faces

(F+, F−):

F+ F− dimAff(F+, F−)
uv+ + uv− + ue′ conv(±(uv+ − uv−)− ue′) (0, 1)
−uv+ − uv− + ue′ conv(±(uv+ − uv−)− ue′) (0, 1)

conv(±(uv+ + uv+) + ue′) uv+ − uv− − ue′ (1, 0)
conv(±(uv+ + uv+) + ue′) −uv+ + uv− − ue′ (1, 0)

The linear functions that induce each of these facets are listed below:

Next, we’ll verify the construction by computing ψ from ψW ∈ Q∨.
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ψ ∼ Fψ ⪯ Qν dimAff(F+, F−)
−u∨v+ − u∨v− + u∨e′ (0, 1)

u∨v+ + u∨v− + u∨e′ (0, 1)

−u∨v+ + u∨v− − u∨e′ (1, 0)

u∨v+ − u∨v− − u∨e′ (1, 0)

ψW ν∗ψW
1
2
(min ν∗ψW −minψW ) ψ

u∨v+ + u∨v− u∨v+ − u∨v−
1
2
(0− (−2)) = 1 u∨v+ + u∨v− + (1)u∨v′e

−u∨v+ − u∨v− −u∨v+ + u∨v−
1
2
(0− (−2)) = 1 −u∨v+ − u∨v− + (1)u∨v′e

u∨v+ − u∨v− u∨v+ + u∨v−
1
2
(−2− 0) = −1 u∨v+ − u∨v− + (−1)u∨v′e

−u∨v+ + u∨v− −u∨v+ − u∨v−
1
2
(−2− 0) = −1 −u∨v+ + u∨v− + (−1)u∨v′e

In this example, computing the edge coefficient be′ is time-consuming, so we provide a

reduction.

Lemma 3.13. If ψW attains its minimum on F ⪯ Q, and ν∗ψW attains its minimum on

F ∗ ⪯ Q where F ∩F ∗ ̸= ∅, then the coefficient for u∨e′ can be simply computed as a local sum

at v±

b∗e′ = min
p∈Fψ∩Fν∗ψ

−av±u∨v±(p)−
∑
e∈S−

beu
∨
e (p)

 .

Indeed, suppose we have p ∈ F ∩ F ∗ ̸= ∅, then

2be′ = min
x∈Q

ν∗ψW (x)−min
x∈Q

ψW (x)

= ν∗ψW (p)− ψW (p)

=

 ∑
v∈V(Γ)
v ̸=v+,v−

avu
∨
v +

∑
e∈E(Γ)
e/∈S−

beu
∨
e + av+u

∨
v+

− av−u
∨
v− −

∑
e∈E(Γ)
e∈S−

beu
∨
e

 (p)

−

 ∑
v∈V(Γ)
v ̸=v+,v−

avu
∨
v +

∑
e∈E(Γ)
e/∈S−

beu
∨
e + av+u

∨
v+

+ av−u
∨
v− +

∑
e∈E(Γ)
e∈S−

beu
∨
e

 (p)

= −2

av−u∨v− +
∑
e∈E(Γ)
e∈S−

beu
∨
e

 (p)
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Thus, in this situation where ψW defines two adjacent faces F ∗, F of Q, we obtain the

reduction

be′ = min
p∈F∩F ∗⪯Q

−av±u∨v−(p)−
∑
e∈S−

beu
∨
e (p)


= min

p∈i−1(F )∩i−1(F ∗)⪯JΓ

−av±u∨v±(p)−
∑
e∈S−

beu
∨
e (p)

 .

So in this manner, if we know the facet structure on JΓ, then we can attain the facet

structure on JΓ′ . This begs the question though, is is possible to perform our calculations

solely within the dual space of an initial J-cube, rather than in its imbedding as Q? This is

what we answer now. The key idea is to express the iterative step abstractly, entirely within

the original space Rm, via cones and normal fans, mirroring ideas from toric geometry.

3.3.2 Refinement of Edge Expansion

Given a graph Γ, we have a polytope JΓ ⊂ Rm whose combinatorial structure is encoded

by its normal fan N (JΓ). Each cone in the normal fan corresponds bijectively to a face of

JΓ, with the dimension of a face equal to the codimension of the corresponding cone. The

iterative step from Γ to Γ′ is then described purely combinatorially by modifying the normal

fan of JΓ.

We start with a given graph Γ and a distinguished vertex v±. To proceed inductively,

we consider a new graph Γ′ obtained from Γ by splitting the vertex v± into v+ and v− and

add exactly one edge e′ = (v+, v−). This inductive step takes place abstractly through the

geometry of cones in N (JΓ) ∼= (Rm)∨:

The cones in N (JΓ) are defined as:

CF = {ψ ∈ (Rm)∨ : ψ|F is minimized},
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for each face F ⪯ JΓ. Each such cone is dual to a face in the usual manner.

The involution ν, acting on the base space Rm, arises from the process of splitting v±

with a labeling of edges. It is given explicitly by flipping the sign of the coordinate associated

to edges in a subset S− ⊆ E(Γ) adjacent to v± and by flipping and scaling the coordinate

associated to the vertex v±. Recall that the graph Γ′ obtained by this process is dependent

on the choice of labeling S−.

The involution ν on Rm induces a dual action ν∗ on the dual space (Rm)∨. This dual

action naturally carries cones in the normal fan of JΓ to new cones, possibly permuting or

pairing them up. Specifically:

Given a cone Cψ ⊆ N (JΓ) defined by a functional ψ, the involution produces a new cone:

Cν∗ψ := ν∗(Cψ) ⊆ N (JΓ).

For example, in the case where we are adding a leaf to a graph by expanding a vertex v±

along a leaf edge e′, we will have the edge labeling S− = ∅; as there are no edges ‘beyond’

v±. So in this trivial case, the involution merely reflects the coordinate uv± .

Thus, we have pairs of cones (Cψ, Cν∗ψ), reflecting the geometric involution. Each pair

of cones corresponds to pairs of faces (Fψ, Fν∗ψ) in the original polytope JΓ.

At this stage, we have not yet increased the dimension, as everything occurs within the

space Rm and (Rm)∨. The dimension count of faces and cones is captured neatly by standard

duality:

If dimFψ = d, the corresponding cone Cψ ⊆ (Rm)∨ has codimension d. The involution

doesn’t alter the dimension, by merely flipping or reflecting coordinates and potentially

permuting cones and their associated faces.

To proceed towards a geometric construction (the J-cube inductive step), we recall a

dimension formula that connects the faces corresponding to pairs of cones under the involu-

tion. Given two cones Cψ and Cν∗ψ, which correspond to faces Fψ and Fν∗ψ, define a glued

78



cone abstractly as:

Cψ,ν∗ψ := span(Cψ, Cν∗ψ),

which, under an appropriate embedding, corresponds to a face in the higher-dimensional

J-cube JΓ′ .

The key dimension identity at the abstract level is the sum:

dim(Fψ,ν∗ψ) = dim(Aff(Fψ)) + dim(Aff(Fν∗ψ)),

where Fψ,ν∗ψ ⪯ JΓ′ is the face obtained in the next step of the inductive construction.

This dimension formula reflects how the involution links and glues the faces, creating a

new face whose dimension is precisely the sum of dimensions from the upper-lower faces.

To translate this abstract construction to the familiar geometric process from before, we

now perform explicit embeddings:

First, the vertex-splitting step is realized by embedding:

i : Rm → Rm+1, uv± 7→ uv+ + uv− ,

with identity on all other coordinates. This step geometrically realizes the abstract imbed-

ding i as a splitting of the vertex coordinate v±, while separating the edges in S− from v+

(and those in E(Γ) \S− from v−).

Second, the addition of the new edge e′ introduces another coordinate which mirrors the

additional edge that connects v+ to v−:

j : Rm+1 → Rm+2, Q 7→ Q⊕ 1, ν ′(Q) 7→ ν ′(Q)⊕ (−1),

by assigning coordinates ue′ = ±1 to the new edge coordinate e′, resulting in the upper-

and-lower slices Q ⊕ 1, ν ′(Q) ⊕ (−1). The pair of functionals ψ, ν∗ψ ∈ N (JΓ) under the
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pushforwards become

ψ = φ+ av±u
∨
v± 7→ i∗ψ = φ+ av±(u

∨
v+

+ u∨v−)

ν∗ψ = ν∗φ+ bv±u
∨
v± 7→ ν ′∗i∗ψ = ν ′∗φ+ bv±(u

∨
v+

− u∨v−)

Define the perpendicular shift of i∗ψ as

ψ̃ := φ+ av±(u
∨
v+

+ u∨v−) + bv±(u
∨
v+

− u∨v−)

= φ+ (av± + bv±)u
∨
v+

+ (av± − bv±)u
∨
v− .

Note that ψ̃ ∈ (Rm+1)∨ projects to ψ and lies in a perpendicular translate of i(JΓ) = Q ⊂

Rm+1, on which u∨v+ − u∨v− is zero. Pushing ψ̃ forward to (Rm+2)∨ = N (JΓ′), we obtain

Ψ = φ+ (av± + bv±)u
∨
v+

+ (av± − bv±)u
∨
v− + b∗e′u

∨
e′

where the real coefficient b∗e′ is computed as

b∗e′ :=
1

2

(
min
p∈JΓ

ν∗ψ(p)−min
p∈JΓ

ψ(p)

)

≥ min
p∈Fψ∩Fν∗ψ

−av±u∨v±(p)−
∑
e∈S−

beu
∨
e (p)


where equality holds if and only if p ∈ Fψ ∩ Fν∗ψ ̸= ∅.

The previously paired cones (Cψ, Cν∗ψ) now correspond to the upper and lower faces

(F+, F−) ⊆ JΓ′ . The abstract dimension formula translates directly to the geometric embed-

ding:

dim(Fψ,ν∗ψ) = dim(Aff(F+)) + dim(Aff(F−)),

reflecting precisely how these cones (faces) combine in the embedded geometry. The connec-

tion to the earlier inductive constructions is now clear:
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Abstractly, in the lower-dimensional space Rm, we chose a pairing of cones via involution,

resulting in a dimension count encoded in the normal fans. Concretely, once the involution

and pairing of cones are established, we can explicitly embed into higher-dimensional spaces,

concretely realizing the cone-theoretic pairing as the faces of a higher-dimensional J-cube

JΓ′ as before.

Next, we note that in the reverse process—edge-contraction—contracting edges of a sim-

ple graph may result in multi-edges or loops. The following result shows that these edges

may be ‘pruned’ without affecting the facet structure of the J-cube.

Theorem 3.6. Let Γ be a simple graph and let Γ′ be a non-simple graph with V(Γ) = V(Γ′)

and E(Γ) ⊊ E(Γ′) maximal. That is, Γ can be viewed as a maximal copy of Γ′ with only

loops and multiedges removed. Then JΓ′ ∼= JΓ.

Proof. Note that if two vertices v1, v2 are connected by multiple edges ei = (v1, v2), with

i = 1, . . . ,mult(e1), then for any σ ∈ A,

σ(e1) = σ(v1)σ(v2) = σ(ei)

for any i and σ ∈ A. Thus, we have (pσ)ue1 = (pσ)uei .

Similarly, if e = (v, v) is a loop in Γ′, then for any σ ∈ A, we have σ(e) = σ(v)2 = 1.

Thus, (pσ)ue = 1 if e is a loop.

So in essence, the vertices of JΓ′ are constant in the ue-coordinates when e is a loop or

has nontrivial multiplicity, and we can remove these extra directions without reducing the

dimension of JΓ′ . So for any qσ ∈ vert(JΓ) and pσ ∈ vert(JΓ′), we have

pσ =
∑

v∈V(Γ′)

σ(v)uv +
∑

e∈E(Γ′)
e a loop at v

ue

︸ ︷︷ ︸
vertex lifts

+
∑

e=(v1,v2)∈E(Γ′)
e not a loop

σ(e)

 mult(e)∑
i=1

ei=(v1,v2)

uei


︸ ︷︷ ︸

edge lifts

qσ =
∑
v∈V(Γ)

σ(v)uv +
∑
e∈E(Γ)

σ(e)ue + p̃σ
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Thus, JΓ and JΓ′ are affinely isomorphic.

3.4 Computing the Fiber Fan

Recall the following diagram from earlier

RE(Γ) RV(Γ) ⊕RE(Γ)

R2n−n RA

R2n−n−m RV (Γ)

i∗
γ∗

φ

π πJ

All arrows are affine, surjective maps of polytopes. Lemma 2.3 of [4] therefore gives

Σ(JΓ, Q) = φ
(
Σ(∆A, Q)

)
= φ (Σ(Q)) .

In other words, the fiber polytope is a projection of the secondary polytope. Dually, the fiber

fan carves out a linear subspace of the secondary fan over which the πJ -coherent subdivisions

are realized by a Hamiltonian.

A weight vector ω ∈ (RA)∗ lifts the n-cube to {(σ, ω(σ)) : σ ∈ A} ⊂ RA⊕R. The lower

convex hull defines a coherent subdivision of Q; varying ω sweeps the whole secondary fan of

Q. But (RA)∗ has 2n coordinates, and a generic weight vector yields a full 6-tetrahedra trian-

gulation of the 3-cube, 384 for the 4-cube, and astronomically many in higher dimension—an

intractable search space.

When Γ is of the form “cycle+trees” (or, more generally, when every 2-connected block

of Γ is a single chordless cycle) we showed in Section 3 that every facet normal is one of

• 4|E(Γ)| edge-normals ψe,±± = a u∗vi + b u∗vj + ab u∗e, where a, b = ±1

• 2ℓ(γ)−1 cycle-normals ψγ,k =
∑

i∈I u
∗
ei
−
∑

i/∈I u
∗
ei
, where I ⊂ P(E(γ)) contains disjoint,
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odd-length edge paths.

That is, the entire normal fan N (JΓ) is spanned by only

4|E(Γ)|+
∑

chordless cycles γ

2len(γ)−1

primitive vectors in (RA)∗. Working in this subfan collapses the exponential search to some-

thing linear in the size of Γ.

In general, an arbitrary functional ψ will induce a coherent lifting of Q into a higher-

dimensional polyhedra. Constructing the lower convex hull of the lifted points and projecting

back down yields a well-defined regular (coherent) subdivision of the cube Q.

Applying techniques from Section 1.2.5, we vertically lift vertices σ ∈ Q to height hψ(σ)

and project the lower convex hull of this lifted configuration back down to Q in order to pro-

duce a regular (coherent) subdivision whose combinatorial structure is dictated explicitly by

the facet-defining linear functional ψ. The resulting subdivision structure is straightforward

to compute and enumerate explicitly.

1. Pick a facet normal ψ =
∑
v∈V

av u
∗
v +

∑
e∈E

be u
∗
e of JΓ.

2. Induce a height on the cube: for each vertex σ ∈ {±1}n set hψ(σ) = ψ (φ(σ)) =∑
v∈V(Γ)

avσv +
∑

e=(vi,vj)∈E(Γ)

be σviσvj .

3. Lift Q to {(σ, hψ(σ))} ⊂ Rn+1 and take the lower hull—these can be computed in

higher dimensions by the process described in Chapter 5 of [5]. The maximal cells

then project back down to Rn to obtain a coherent subdivision Sψ.

4. The set of all λ · ψ with λ > 0 that induce the same subdivision are one–dimensional

cone. Its ray R>0 ψ is a generator of the secondary fan N (Σ(Q)).

5. Repeating for every facet normal of JΓ lists all rays of the secondary fan. Higher-dimensional

cones arise as common refinements.
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In practice we need only compare which heights coincide—two vertices ending up at the

same value means the edge between them is not broken.

3.4.1 Why So Few Coherent Triangulations Appear

For the 3–cycle example we listed the 15 facet–normals of the J-cube and found only six

distinct cones of the secondary fan that correspond to full triangulations of the cube Q =

[−1, 1]3—not the 74 regular triangulations we expected. This was a consequence of the πJ -

coherent subdivisions residing in the fiber fan Σ(JΓ, Q) which resides as a linear subspace of

Σ(Q).

In fact, this can be seen from a more basic example, as the Hamiltonian structure imposes

fairly strict conditions on the valuations that are allowed.

Example 3.5. Concretely, for the 3-cycle one has

Hσ(J, 0) = J12σ1σ2 + J23σ2σ3 + J13σ1σ3.

If J12 = J23 = J13 the eight energies Hσ(i)(J, 0) occur in only three distinct values (vertices of

Q), so no functional with that choice of edge coefficients can produce a generic triangulation.

3.4.2 Regular triangulations vs. Hamiltonian degeneracy

Denote the zero-field Hamiltonian as

Hσ(J, 0) =
∑

e=(vi,vj)∈E(Γ)

Je σ(vi)σ(vj).

The even part of hψ is literally the valuation σ 7→ ⟨b, γ(σ)⟩ of the monomial tHσ(J,0)xσ. If

two spin configurations σ, σ′ have the same energy then E(σ) = E(σ′). Hence degeneracies

of the Hamiltonian collapse heights in the lifting construction, forcing coarse subdivisions
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which exclude these valuations from appearing in the moduli space.

For a general graph with n vertices and m edges

• The dimension of the Ising weight space dimW = n+m rather than the full dim(RA)∨ =

2n parameter space

• codimension in secondary fan 2n−1 − n− e linear relations w(σ) + w(−σ) = const.

• expected number of cones grows polynomially in n (empirically O(n2)) instead of ex-

ponentially.

Hence the fiber-polytope method stays practical even when n is large, which is much

better than what direct enumeration of all 2n weight vectors could handle—graphs with

m + n ≥ 15 were approaching computational limits on a test computer with the direct

enumeration approach.

The spin-glass symmetry and the edge-product constraints force Ising valuation function-

als to live in a low-dimensional subspace of the full height space. Geometrically this means

that the secondary fan of the cube, when intersected with that subspace, contains only a

handful of maximal cones; algebraically it reflects the degeneracy pattern of the zero-field

Hamiltonian.

For the 3-cycle this yields exactly six coherent triangulations—precisely the vertices of

the fiber polytope Σ(JC3 , Q). The same mechanism explains the sparcity of regular triangu-

lations for arbitrary graphs Γ: every ground-state symmetry translates into linear relations

among heights and collapses whole regions of the secondary fan, leaving a computationally

manageable family of cones.

3.4.3 Connection to Tropical Varieties

This explicit subdivision construction reconnects directly to the tropical geometry framework

introduced earlier in the dissertation. Recall the interaction polynomial EJ associated to the
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Ising model on our graph Γ; with the functionals ψ ∈ FJΓ , we may obtain

Eπ∗ψ(x⃗) =
∑
σ∈A

thψ(σ)xσ⃗ ∈ K[x1, . . . , xn],

with Newton polytope Q = conv(A) and weights generated by hψ. Tropicalizing this poly-

nomial yields:

trop(EJ)(w) = min
σ∈A

(hψ(σ) + w · σ),

whose zero locus defines a tropical variety V (trop(EJ)) ⊂ RV(Γ).

This tropical variety is dual to the coherent subdivision induced by the heights hψ(σ).

Each functional ψ selects a particular combinatorial type of tropical hypersurface associated

with a specific energy degeneracy locus from the original Ising Hamiltonian setup. Thus, the

facets of the J-cube provide a direct bridge back to the degenerate ground states of Γ that

originally motivated this work.

Due to the explicit classification of facet normals for JΓ, the normal fan N (JΓ) is com-

pletely described by a finite, known set of cones, which may subsequently be used to describe

the secondary fan Σ(Q). Each of these cones corresponds exactly to one of the coherent sub-

divisions described above. Instead of exponentially many possible subdivisions, we explicitly

enumerate a finite set of cones, substantially simplifying computations and making the enu-

meration feasible even for larger cases.

This approach avoids the computational explosion inherent in direct subdivision enumer-

ation, while also explicitly reconnecting the construction to the tropical geometry framework

motivating this dissertation. The key simplifications come from the explicit facet classifi-

cation of the polytope JΓ for classified graphs Γ, ensuring that the computation remains

manageable even as the number of vertices of Γ grows. It remains to be seen whether this

classification can be expanded to higher-connectivity graphs.
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