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Abstract

Tropical geometry offers a piecewise-linear framework that translates algebraic and com-
binatorial structures into polyhedral geometry. In this dissertation, we explore applications
of tropical and polyhedral methods to the analysis of spin systems, particularly the Ising
model on graphs.

Each spin configuration of a graph with n vertices corresponds to a vertex of the n-
cube, and the energy associated to these configurations defines a Laurent polynomial whose
Newton polytope encodes all interaction and external field parameters. We show that the
tropicalization of this polynomial captures the loci in parameter space where multiple spin
configurations minimize the system’s energy—so-called degeneracy loci. These loci are de-
scribed by tropical hypersurfaces, whose combinatorial types are determined by faces of the
secondary polytope of the n-cube.

Through this connection, vertex-state interactions naturally parameterize regular subdi-
visions of the cube, and ground-state degeneracies are encoded by the dual secondary fan.
We further construct new polytope Jr, whose vertices reflect both spin states and interaction
parities, and provide a facet classification for graphs built from trees and cycles. This polyhe-
dral perspective reveals a natural moduli space for studying phase transitions, optimization,

and combinatorial symmetries in discrete physical systems.
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Chapter 1

Background

1.1 Tropical Geometry

1.1.1 Introduction

Tropical geometry is a combinatorial shadow of classical geometry, wherein non-linear struc-
tures are replaced with piecewise-linear structures. Tropical geometry connects the fields of
algebraic geometry, polyhedral geometry, and linear programming in interesting and novel
ways. But before delving into applications of tropical geometry, we will need to introduce
some background material. There are two main conventions that are used in tropical ge-
ometry: min-plus and max-plus. We use either convention where useful, but will generally

default to min-plus for the introductory section and max-plus for later sections.

1.1.2 Valuations

Let k be a field. A valuation on k is a function val : & — R U{oo} such that
1. val(a) =00 & a=0
2. val(a - b) = val(a) + val(b)

3. val(a + b) > min(val(a), val(b))



4. If val(a) # val(b), then val(a + b) = min(val(a), val(b)).

The image of a valuation forms an additive group called the value group of val, denoted I'y,;
throughout this work, we will assume that our valuations have a value group as a subgroup
of the extended real numbers R U{oco} ( or RU{—o0} in the case of — val). Valuations can
be thought of as a generalization of logarithms and were historically used in three settings:

the trivial valuation, the p-adic valuation, and the Puiseux valuation.

Example 1.1. The trivial valuation valy : k& — {0, 00} is defined as

0 zeck”
valy(z) =

oo x=0.

In this case, I'ya, = {0,00}. O

Example 1.2. The p-adic valuation val, : Q — Z is given by

max{n € Z | p" divides z} = € Q"
val,(x) =

00 xr=0
So for example, if p = 2, then

V312(12) = V312(4) + Va12(3) =24+0=2
valy(16/4) = val(16) + val(4™ ') =4 —2=2

valy(11) = val(3 + 8) = min(val(3), val(8)) =0

So the p-adic valuation measures how divisible a rational number is by p. The value group

for the p-adic valuation is I'yy, = ZU{oo}. O

Example 1.3. The Puiseaux series valuation val : C{{t}} — R. Here C{{t}} denotes the

field of Puiseaux series which contains all formal power series of the form > a,t™" where



a, € C* and m,, € Q Vn > ng € Z. The valuation on C{{t}} is defined as

min{m, |n >ne} x(t) € C{{t}}"
val(z(t)) =

00 z(t) =0

So for example,

val <2t—1 + Zt”) -1

n>0

val (Z t”) =3
n>3

In other words, the Puiseaux valuation measures the degree of vanishing at ¢t = 0. The value

group for this valuation is Q U{oo}. O

1.1.3 Tropicalization

To motivate the study of tropical semirings, it may be helpful to consider the following
application of valuations.
With % still a field with valuation val, the ring of Laurent polynomials k[z*] =

klz7 23", ..., 2] contains polynomials of the form

flz) = Z "

ueESCZL™

where z" denotes the monomial x}* - z3? - - -zt for any given n-tuple u = (uy, ug, ..., uy,)
from a fixed and finite set of points S C Z", and every coefficient a, € k* is nonzero. A
Laurent polynomial carves out a curve in the algebraic torus 7" = (k*)" through its zero
locus, or, hypersurface V(f) = {x € k" | f(z) = 0}, so a natural question to ask is how a
valuation behaves on a zero locus. The following observation was due to Kapranov.

Suppose k is an algebraically closed field with nontrivial valuation val : £k — R. If



z € V(f) C (k*)" for any nonzero Laurent polynomial f € k[zi',..., 2], then f(z) = 0

and the first three properties of valuations gives the following

oo = val(f(x)) = val ( Z aux“>

ueSCZ™

> rglelgl(val(aux )

- Igleigl(val(au) + val(z"))

= ggg(val(au) +u - val(x)).

Next, note that the contrapositive of the fourth property of valuations says that if val(a +
b) # min(val(a), val(b)), then val(a) = val(b). So, the inequality above states that at least
two of the terms val(a,) + u - val(z) must achieve the minimum at w = val(z) € R".
Therefore, a valuation can be seen as measuring the failure of linearity in the function
min,eg(val(a,) + v - w). This motivates the following definitions.

For a Laurent polynomial f(z) = > _¢czn @ux", its tropicalization trop(f) is the
piecewise-linear concave function

trop(f)(w) = meisn(val(au) +u-w) forweR"

When instead given a hypersurface V(f) C (k*)", its tropicalization trop(V(f)) is the set
trop(V(f)) = {w € R" | the minimum occurs at least twice in trop(f)(w)}

which is the set of points where trop(f) is not linear. The linear functions in trop(f) that

achieve the minimum at any given point w € R" lift to an initial form of f at w

in, (f) = Z a t=veledg" € (R/m)[ay, ..., x,)

uEN" s.t.
trop(f)(w)=
trop(awz™ ) (u)



where R = {z € k| val(z) > 0} and m = {z € k | val(z) > 0}. That is, the initial form of f

at a given point w € R" is a polynomial with valuation-zero terms.

Theorem 1.1 (Kapranov’s Theorem[10]). Let k be an algebraically closed field with non-
trivial valuation val : k — R. For any fived nonzero Laurent polynomial f(x) = . aua® €
klzF ... 2t where S C Z" is finite and a, # 0 for allu € S. Then, the following sets are

equivalent:

1. the tropical hypersurface trop(V(f)) C R"
2. the set cl({val(z) | x € V(f)}), where val is applied coordinatewise

3. the set {w € R" | iny,(f) is not a monomial}

Furthermore, if f is irreducible and w € trop(V(f))NI'",,, then the fiber {xz € V(f) | val(x) =

val’

w} is Zariski dense in V(f) C (k*)".

Example 1.4. To see the connections between the three sets described in Kapranov’s The-

orem, consider the Laurent polynomial f € k[z{!, z3'] defined as

flz)=x9 — a1 —

— 1 . :U(O»l) + (_1) . x(lro) + <_t) . x(ovo)

with coefficients in & = C{{t}}. Here we have S = {uy,uq,us} = {(0,1),(1,0),(0,0)}
and a,, = 1, ay,, = —1, a,, = —t. The zero-locus of f in the algebraic torus is V(f) =
{(z1, 21 +1t) | 21 € k*} C (k%)%

For the first viewpoint, consider

trop(f)(w) = migl (val(a,) +u - w)
ue
= min (0 4+ way, 0+ wy, 1)
If the minimum is achieved by at least two of the linear functions in trop(f) at any given
w € R, then there are three cases: wy, = w; < 1, wy = 1 < wy, and w; = 1 < ws.
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x+1

(1,1) X1

1+x,
X2

w € trop(V(f)) C R?
X2 + X1

Figure 1.1: A tropical hypersurface and a complex of initial forms of f.

This results in the three half-open rays intersecting at (1,1) € R* {(wi,w;) | wy < 1},
{(w1,1) | wy > 1}, and {(1,ws) | wy > 1}, respectively.

For the second viewpoint, consider applying val to V(f) = {(z1,21 +¢t) | 1 € k*}
pointwise; so we will consider points of the form (val(x;), val(x;+t)). For any given nonzero
Puiseaux series z; € k*, there are three possibilities: val(xy) < 1, val(zy) > 1, or val(z;) = 1.

In case one, the lowest degree term of x; is less than one, so adding t does not affect that
term; thus val(z +t) < 1. In case two, we have the opposite case; the term of lowest degree
in x; is greater than one, so the lowest-degree term in xy 4t is ¢; so val(z +¢) = 1. Lastly, in
case three, the degree of vanishing of x; is one, so adding ¢ may or may not cancel the term
of degree one. If adding ¢ cancels terms in x, then the term with the lowest degree will have
a strictly higher degree. But if adding ¢ does not cancel terms in x;, then the lowest-degree
term still has degree one. Considering both of these subcases, we get val(x; +¢) > 1. (Note
that, in this example, taking the closure of the union of the three rays adds no additional
points.)

For the third point of view, consider the complement R?\ trop(V(f)) composed of three



open regions: Ry = {(wy,wsy) | wi,wy > 1}, Ry = {(wy,ws) | we < wy and wy < 1}, and
R; = {(wy,wy) | wy > wy and wy < 1}. Over each of these three regions, we have the

following monomial initial forms of f

in,(f) =1, forw € Ry,
in,(f) = a9, for w € Ry,

in,(f) =, for w € Rj.

If we instead look at the overlap of the closed regions, we get non-monomial initial forms:

ing(f) = 1+ x5, for w € cl(Ry) N cl(Ry),
ing(f) = o + 1, for w € cl(Ry) N cl(Rs),
ing(f) =z, + 1, forw € cl(R3) Necl(Ry)

il’lw(f) =142+ X, for w € Cl(Rl) N CI(RQ) N Cl(Rg)

We can see that the three different viewpoints coincide in 1.1. Although interesting, in
practice one computes tropical hypersurfaces more efficiently through the use of duality,
which will be introduced later. For now, notice that a tropical hypersurface can include more
information than just the set trop(V(f)); the regions Ry, Ry, R3 together with trop(V(f))

form a tropical complex X,.,. [

For hypersurfaces, we have V(trop(f)) = trop(V(f)), but in the more general setting, for
any given generating set [ = (f1, fa,..., fx) C k[z7,...,2%!] and zero-locus X = V(I) C

(k*)™, we have

trop(X) = trop(V(1)) = () trop(V(f)) < ﬂtmp(V(fi))-

Where the inclusion above comes from the fact that a tropical variety—a set of the form

trop(X), where X is a subvariety of an algebraic torus—is not necessarily a finite intersection



1,1) (1,1)

trop(V(f1)) trop(V(f2)) trop(V(f1)) N trop(V(f2))

Figure 1.2: Two tropical hypersurfaces generally intersect as a tropical prevariety.

of tropical hypersurfaces; the latter is called a tropical prevariety. The following example

illustrates how the tropicalization map does not distribute across intersections.

Example 1.5. Consider the Laurent polynomials fi(z) = 23 —x; —t and fo(x) = 29 — 224
We have V(f1) = {(z1,21 +1t) | z1 € k*} asin 1.4, and V(f2) = {(x1,221) | 21 € k*}. Then,
with I = (f1, f2) and X = V(I) = V(f1)NV(f2) = {(t,2t)}, we have trop(X) = cl(val(X)) =
{(1,1)}. However, we have trop(V(f1)) as in 1.4 and trop(V(f2)) = {(w1,w;) | w1 € R}.

If we instead compute the tropicalizations first, then take intersections, we get a strictly

larger set

trop(X) = () trop(V(f)) = {(1, 1)} & ﬂtrop(V(fi)) = {(wy, wr) [wy < 1}

fel



1.1.4 Tropical Semiring

1.2 Polyhedral Geometry

1.2.1 Introduction

In order to get a deeper appreciation of tropical geometry, we need to introduce some con-
cepts from polyhedral geometry. Polyhedral geometry has many connections to seemingly
unrelated fields, such as convex optimization and tropical geometry. In this section, we

mainly follow the conventions set by Ziegler’s text [15].

1.2.2 Polytopes

A set of points X C R" is convex if it is closed under all line segments: if Ax+ (1—\)y € X
for all z,y € X and A € [0, 1]. If we have an arbitrary set X, we may consider the smallest
convex set containing X, this is called the convex hull of X and is denoted conv(X).
Note that this description of conv(X) also coincides with the intersection of all convex sets
containing X:

conv(X) = ﬂ U.

XCU
U convex

In the more common case where X is a finite set of points, say X = {z1,...,z,}, the

convex hull can be written as

P =conv(X) = {Z)‘m | A €[0,1]Vi=1,...,r, and Z)‘i = 1}.
i=1 =1

In this case, we say that P = conv(X) is a polytope. Each sum of the form ) _;_, \;z; with
A € [0,1] and Y7, \; = 1 is called a convex combination. Similarly to convex hulls,

a cone over a set X is the positive hull of X; ie, the set of all positive combinations of



Cy

conv(P U Q) C3=-C

C; = cone(ey, e1 +e3)

& C, = cone(ey, e; +e3)

Figure 1.3: (L) The union of convex sets may not be convex, but the convex hull of the
union is. The intersection of convexr sets is conver. (R) Three cones in R?.

elements in X. When X is finite, the cone over X can be written as

C' = cone(X) = {Z)\m ‘ i >0Vi:1,...,r}.

=1

In this case, we say that C' = cone(X) is a polyhedral cone.

In this discussion, we mainly stick to the finite case for X; so “cones” should be assumed
to be polyhedral cones unless otherwise specified. Furthermore, a polytope is always convex
and bounded, while (polyhedral) cones are always convex and unbounded.

Every polytope P and polyhedral cone C'is a collection of faces F' of P, denoted F' < P.
Each face is defined by a linear functional w € (R™)Y and we describe this relationship as

the face of P relative to w:
face,(P) ={z € P|w(z —y) <0Vy € P}

The faces of a cone are defined identically; with P replaced by C in the above definition.

10



There are two main ways to represent a polytope; either as its V-representation (for
vertex-representation) or its H-representation (for hyperplane-representation). For the V-
representation, we view the polytope as the convex hull of its vertices. However, for the H-
representation, we view the polytope as the (bounded) intersection of its supporting closed
half-spaces. These two representations coincide for any polytope [15]-so the word polytope
is reserved for a bounded intersection of closed half-spaces, while polyhedra will refer to
either a (polyhedral) cone or a (possibly unbounded) intersection of half-spaces.

If the linear functional w corresponds to an inward-pointing normal vector for the poly-
hedra P, then the faces of P relative to w have another representation

face,(P) = {x € P | w(z) = gglng(y)}

and the polyhedra can be represented as the region P = {x € P | Ax > b} where
A = [wp]p<p is a matrix whose columns consist of inward-pointing normals and b =
[minyep wr(y)]F<p. In practice, the choice of whether to use the ‘min’ or ‘max’ notation for
face,, (P) is used will only result in whether to include a negative sign; it will be clear from
context which of the two choices we will make in each example. With this representation,
the faces of P can be written as F' = {x € P | A’z = V'} where A’z < V' is some linear
subsystem of Az < b.
If instead w corresponds to an outward-pointing normal for P, then

face,, (P) = {x € P | w(z) = maxw(y)}

yeP

and P = {x € P | Az < b} where A = [wp]p<p is a matrix whose columns consist of

outward-pointing normals and b = [maxyep wr(y)]f<p-

11



()] 1 +éo

0 2eq

P = conv(0, 2¢,, e; +ey, €)) b= max,cp w(x)

Figure 1.4: (L) A convex hull P of vertices in R*. (R) A linear functional determines
a face of P. (Shown in blue.)

Figure 1.5: Fuaces of a polytope P relative to different w € (R?)V.

A fan Y is a collection of cones such that

1. For any cone C' € ¥, if F < (', then F € ..

2. For all cones C,C5 € 23, we have C1 N Cy <X C7 and C; N Cy = Ch.

If we allow a fan ¥ to contain more than just cones, we obtain a polyhedral complex

33, which is a collection of polyhedra, such that

1. For any polyhedra P € ¥, if F' < P, then F' € .

12



I
Cz C1 i Cl
I

|
C;
|
- = - — — — -
- —
ConNCy £C3 Cs CiNGCi £G4

Figure 1.6: A collection of 3 cones that do not form a fan.

2. For all polyhedra P, P, € X, we have either PN P, =0 or PN P, <X P, P,.

If a face F' is maximal with respect to the partial ordering < on 3, then F' is called a
facet. A facet of a facet is called a ridge; in Figure 1.7, these are the black 1-dimensional
line segments and rays. In Figure 1.7 the facets are the two-dimensional cells. The support
of a complex X is the union of its elements; this is denoted by supp(X) := (Jp.y P. Each of

the three complexes in Figure 1.7 has a support equal to R?.

Figure 1.7: (L) A polyhedral fan ¥y with 8 cones. (M) A polyhedral complex 3o with
3 cones, 3 polyhedra (diagonal lines), and 0 polytopes. (R) A polyhedral complex Y3 with
3 cones, 6 polyhedra (diagonal lines), and 1 polytope. Note: Only the facets are listed.

13



1.2.3 Subdivisions

In this section, we introduce subdivisions and relate them to Laurent polynomials. We follow
the constructions from GKZ [8].

Given a finite set A € R*"! we obtain a polytope Q = conv(A); if A consists of the
vertices of ), then we say that the pair (@, A) is a marked polytope. Given a marked
polytope @ € R*! with dim(Q) = k — 1, a subdivision of (Q, A) is a collection of marked

polytopes S = {(Q;, 4;) | i € I, Q; = conv(A;)} such that

1. Each A; C A and dim(Q;) =k — 1
2. Qz N Qj j Qi)Qj and Az N (Qz N Q]> = Aj N (Qz N Q]) for all Z,j & I

3. Uier @i =@

A particularly special subcase of subdivisions is that of triangulations. Given a marked
polytope (@, A), a triangulation of (Q), A) is a subdivision such that each @; is a simplex
and the A; are (still) vertices of @);. So, for example, if S is a subdivision of (@, A) where

there is some ¢ € I such that A; contains interior points, then S is not a triangulation.

A Q S, S,

Figure 1.8: A marked polytope (Q, A) with two subdivisions Sy, Ss, where Sy is not
a triangulation, but Sy is. The faces Q); = conv(A;) are the distinctly-colored simplices.
The subdivisions are implied to be sets containing each of the shaded polytopes together
with their vertices, along with Q).

Next, we require a way to generate subdivisions by computing with linear functions; this

leads us to the topic of regular/coherent subdivisions. In GKZ [8], these are historically
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referred to as coherent subdivisions, but are now also frequently called regular sub-
divisions—the terms are interchangeable. The following shows how to produce a regular
subdivision Sy, relative to a fixed linear function v : R*! - R.

Given a marked polytope (Q,A), with @ = conv(A) ¢ R*!, dim(Q) = k — 1, and a
linear functional ¢ : R¥' — R, we lift Q to R*D*! by adjoining an additional coordinate
to each of the vertices in A and then use the k-tuples as the vertices for the boundary of a

(unbounded) polyhedra; more precisely

Qy = conv{(a, P(a)) € R" |y <h(a),a € ACR" ' yc R}

Next, we take the upper hull, or, upper boundary of the polyhedron @), by realizing
the boundary as the graph Gy of the function gy(z) := max( e, (y). With the upper

hull constructed, we can then define the faces of the subdivision Sy as the domains of

linearity of g, which are the subsets Q; C R¥™! such that gy|q, is linear. The domains
of linearity also coincide with the projections of facets F' = Gy C R* to 7(F) < RF!
where 7 : R¥ — R¥7! is the projection map onto the first k — 1 coordinates. And we define
the vertices a € A; C A as those such that a € AN Q; and gy(a) = ¢¥(a). The resulting
subdivision Sy, = {(Qs, 4;) | Q; = conv(4;), ¢ € I} is called a regular subdivision induced
by . If 1 is chosen sufficiently generically, then S, is a triangulation [8].

Not all subdivisions are regular; a famous example is given by a projection of a capped

pyramid in R? to R?.

1.2.4 Duality

Recall that given a R-vector space V, its dual space is the R-vector space of linear func-
tionals ¢ : V' — R, denoted V" := hom(V,R). The map ¢ : V' — V" is given by ¢(¢) = ¢y
for any ¢ € V and ¢y (u) = (¢, z) for all x € V. If V is finite-dimensional, then the Riesz

Representation Theorem gives an isomorphism between V' and VV. What this means in
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Q c R? Sy
(0,2) (2,2)
Q
an| QX
Qs
0,0) (2,0)

Figure 1.9: A regular subdivision induced by a (nonlinear) convez function ¥ (z,y) =
—3l(@,y) — (1,1)|le, + 1 produces a triangulation Sy.

1

Figure 1.10: (L) A subdivision S of a polytope that is not reqular. (M) A non-generic
choice of 1y results in this subdivision. (R) Translating the inner vertices results in a
polytope with regular subdivision Sy, for generic 1.

particular is that there is a natural correspondence between points and linear functions on
R*, which we can apply to polyhedra.

Given a polyhedra P, its faces F' < P have the description

face,(P) = {x € P | w(z) = minw(y)}

yeP
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and we define the inner normal fan of P as the fan

Fi = {cone{w e (RN | face,(P) = F}|F =P}

= {cone {w € (R?)" | w|p = minw|p} | F < P}

which consists of inner normal cones N} := cone {w € (R?)" | w|r = minw|p} to the
faces F' < P generated by inward-pointing normal vectors w € (R%)Y. It should be noted
that the polytope P and its corresponding normal fan Fp can be drawn in the same plane
via the isomorphism R? & (]Rd)v, but one should always keep in mind that P ¢ R? and

Fp C (R")V reside in different spaces, which can then be identified via this isomorphism.

v
P c R? ¥} c (R?)
NG) Ci /
_— = s
Cis
C23
Figure 1.11: The outer normal fan to a simplex.
We similarly define the outer normal fan of P as
Fl=—F}
= {cone {—w € (RY)" | —w|r = —minw|p} | F < P}
= {cone {—w € (RY)" | —w|r = max(—w|p)} | F < P}
and the outer normal cones as N} = —N: where Fj5 and N} denote the inner normal

fan and inner normal cone; if the construction type is irrelevant or clear from context, we
will omit the arrows. Therefore, in practice, the use of outer normals or inner normals is

entirely up to personal preference, as the two are isomorphic via the map C' +— —C.

17



Next, we briefly describe the process for associating a dual complex to a polyhedral
complex ¥ composed of polyhedra P € ¥. Each polyhedra has an associated dual fan Fp
as described above, so all that is required is a way to glue the fans together to form a dual
polyhedral complex. Suppose that P, Q) € ¥ share a facet R < PN (. Then in the dual
space, Fp and Fp will share generators w € Fpr but with opposite sign. Since P and )
are assumed to be (convex) polyhedra, this generator is unique, so we may glue Fp and Fq
by identifying w € Fp and —w € Fy. Proceeding in this manner for all facets P € X, we
obtain a polyhedral complex called the dual complex of ¥, denoted Fx. Note that this
construction does not indicate where the coordinates for the vertices of Fp are, but instead

gives a complex that is combinatorially equivalent.

F;<PCR? N} c (R Fl c (R?)

.
N

NL A NI, 1\
F Fy &_)_ e< > &_)}.

NI
Fs Y

Figure 1.12: The dual complex to a subdivision of a polytope formed by taking dual
(outer) fans to facets via N'(—), then gluing the generators with opposing signs via g(—).

1.2.5 Tropical Hypersurfaces

An important application of this in Tropical Geometry is the duality between a tropical

hypersurface and regular subdivisions of Newton polytopes. For a Laurent polynomial
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[ € k[#F] represented as

f@) = Y o

ueSCzZ”

over an algebraically-closed valued field &, where the vectors u are taken from a finite set of
points S C Z", and every coefficient a, € k* is nonzero, the Newton polytope of f is the

convex polytope

Newt(f) := conv{u | u € A} CR"

and the 1-lifted Newton polytope is the (dim Newt(f)+ 1)-dimensional polytope created

by appending an extra coordinate consisting of function values
m¢(f) .= conv{(u,¥(a,)) |u € A, a, € k*} C R".

It can be checked that 1\/123\\;% C @y, where @, is the GKZ analogue [8] construction of
regular subdivisions, and that the lower faces of both coincide; so projecting the lower faces
of either polytope back to R" induces a 1-regular subdivision S, on the marked polytope
(Newt(f),.A). If ¢ = val, then the weights are the valuations of the coefficients a, € S, so
we may obtain a val-induced regular subdivision of of the Newton polytope of f, Sya, by the
process described earlier in Section 1.2.3. Following the duality procedure from Section 77,
we may obtain a dual complex ¥ of S,,. This construction is summarized by the following

theorem.

Theorem 1.2. [10] Let f € k[Z*] be a Laurent polynomial. The tropical hypersurface
trop(V(f)) is the support of a pure I'yy-rational polyhedra complex of dimension n — 1 in
R™. It is the (n — 1)-skeleton of the polyhedral complez 2 dual to the val-regular subdivision
of the Newton polytope of f =3 . 4 au,x" given by the weights val(a,) on the lattice points
in Newt(f).

So, what this means is that we can effectively compute a tropical variety through duality,

without having to solve each pairwise system of linear equations in trop(f). This polyhedral
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geometry approach is what we will use in applications of tropical geometry.

1.2.6 Secondary Polytopes & Lafforgue Polytopes

Next, we describe a few operations we can apply to our study of polyhedra.

Given two subsets A, B C R", their Minkowski sum is defined as the set

A+B={a+beR"|a€ A, be B}.

If A and B are polyhedra, then A + B is also a polyhedra; in fact, if A = conv{w;};; and

B = conv{v;} 12 are polytopes, then

A+ B = conv{u; +v; | i € [my], j € [ma]}.

In fact, all polyhedra can be decomposed as a Minkowski sum of a polytope and cone
(possibly C' = {0}) [15]. Visually, a Minkowski sum can be viewed as ‘smearing’ the first

factor by the second factor (or vice-versa).[15].

Figure 1.13: FEvery polyhedron may be decomposed as a Minkowski sum of a polytope
and a cone.

When given two polyhedral complexes Y1, ¥y C R"™ with a common support, their com-
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mon refinement is the collection of polyhedra

ElAZQ::{lePQ|P1621,P2622}.

When given two dual fans Fp, Fg for some polytopes P, ) C R", it can be shown that [15]

fp.,.@ = fp /\J—"Q.

Furthermore, Minkowski sums behave well under Newton polytopes; for Laurent polynomials

f.g € k[zE, ... xt], we have

rYm

Newt(f - g) = Newt(f) + Newt(g).

It can be easily seen that the refinement defines a partial ordering on the set of regular
subdivisions of a polytope, where »; < ¥, if and only if ¥; A 3y = ¥5. So for a marked
polytope (@, .A) where () = conv(.A) and A is the set of vertices of @), the maximal elements
of the poset under refinement are the triangulations of (), while the minimal element is
@—potentially with fewer vertices in the case of interior points. This poset may then be
identified with a certain polytope, called the secondary polytope > (.A); the details of this

construction will be explained shortly.

A Z(R)

Figure 1.14: A secondary polytope of a square with central vertex results in a triangle.
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But first, we recall the construction of the fiber polytopes from Billera and Sturmfels[4].
The fiber polytope is closely related to the secondary polytope, monotone path polytope,
and other constructions. For our purposes, we require fiber polytopes in order to compute
secondary polytopes, so we will include some background here. Fiber polytopes can be
viewed as a generalization of previous work by Gelfand, Kapranov, and Zelevinsky|[8] and
provide a unifying framework for the study of polyhedra.

Suppose that P C R™ and @ C R? are polytopes with P = conv. Ap = conv{py, ..., Dm}
and ) = conv. Ag = conv{qi,...,¢n} where Ap, Ag are possibly multisets. Also, suppose
that 7 : R" — R? is an affine map with w(p;) = Vi = 1,...,m. A projection of
polytopes is an affine projection 7 : R™ — R? such that m(P) = @; in this case, we may
define a projection bundle B := 7! assigning a point # € P to the polytope B, = 7~ !(z).
The set I'(B) consists of all sections v : @ — R" with v(z) € B,. The Minkowski integral

[ B C R of the polytope bundle B is defined as

/B:/Ql’b’xdx:{/Q’y(x)dm\”yef([)’)}

and can be thought of as the continuous analogue of a Minkowski sum of polytopes. With
this, we can then define the fiber polytope of P over () as the normalized Minkowski

integral over the projection bundle B = 7~!, denoted by

2PQ) = Voll(Q) /5

However, this description is too computationally difficult to use, as a Minkowski integral is
essentially an infinite Minkowski sum. The following result implies that a finite Minkowski
sum of polyhedra is sufficient to calculate the dual fan to a polyhedra resulting from a

Minkowski integral.

Theorem 1.3. [4] Let B be a piecewise-linear polytope bundle. Then the Minkowski integral

[ B CR" is then a (convex) polytope. Furthermore, there exists some finite subset of points
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not necessarily vertices) {x1,...,x,} C Q such that Frg = Fp, +...5, ; or rather, that
Y /B o1+ By,

the polyhedra fB and B, + - -+ B,,, have the same dual fans.

The fiber polytope X (P, Q) has dimension dim(P) — dim(Q)) and its face poset is isomor-

phic to the poset of coherent subdivisions of () ordered under refinement.

Example 1.6. There are a few accessible examples using this description of fiber polytopes,

though more will come later with a discrete representation.

1. If P = (@ and 7 is the identity map, then

1
X(PQ)= ol(Q) /Qxdx =9

results in the centroid of Q).

2. If 7 : R™™ — R? is the projection onto the last d coordinates, then Z(P x Q,Q) =

7 !(xq) results in the centroid fiber of z¢, so is just a translation of P.

3. If @ = {q¢}, then X(P,Q) = P.

It was also shown that fiber polytopes are a generalization of secondary polytopes via

the following:

Theorem 1.4. The secondary polytope is a scaled fiber polytope;

2(Q) = B(Ag) = (d + 1)vol(Q) X(An—1, Q).

However, the Minkowski integral description is insufficient for computations. Fortu-
nately, Billera and Sturmfels showed that this Minkowski integral can be replaced by a finite
Minkowski sum of polytopes. With Theorems 1.4 and 1.3, we get the following (much nicer)

representation of secondary polytopes.
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Theorem 1.5. [/] Let P = conv(Ap) C R" and Q = conv(Ag) C R? with Ap =
{p1,--..pm} and Ag = {q1,...,qn} potentially containing repeated vertices. Furthermore,
let 7 : R* — R" be an affine map with 7(P) = Q and w(p;) = ¢ Vi = 1,...,m. For any
reqular subdivision S of P and face F € S of P, denote the vertex set indexed by F by V(F).
Then

Y(P,Q) = conv{®a € R" | T is a triangulation of Q}

where the vectors ®r are given by

1 vol(F)
b= S (S ) ew
d+1 FeT VOI(Q) pi €V (F)

There are a few special cases of fiber polytopes that are worth mentioning briefly as
particularly nice examples of fiber polytopes. In each example, the choice of P relative to )
essentially changes the combinatorics that the fiber polytope (P, ) measures with respect
to (). Note that in figures 1.15, 1.16 the regular subdivisions use the ‘min’ convention for

face, (F') and specify the proper face of F' where ¢ is minimized.

P3
n=2 IR2 P4
m=6 v
= P2 B =] R2
dp =2 b . 0=7(04) (R?)
P4 ¥
Py o
PS ........... <Tfanonooooooc
1
e n
d=1 R Ps -
Zl:=:61 —e . Q . - face_q}(B%) =ps
41 42 qs 4 de facew(gg%) =ps
qs
Figure 1.15:  The vertices of the fiber polytope S(P,Q) correspond to the only two
m-coherent subdivisions of Q. X(P,Q) has dimension dim(P) — dim(Q) = 1, resides in
R™ = R®, and has two vertices. So X(P,Q) is a line segment.
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Example 1.7. If dim(P) = dim(Q) + 1, then X(P, Q) is a line segment, since only two 7-
coherent subdivisions of ) correspond to the vertices of the fiber polytope. Let dg = dim(Q)
and embed P and @ into R and R9%, respectively, so that their embeddings are full-
dimensional. Without loss of generality, there is an induced projection map 7 : R%*! — Rde
onto the first dg coordinates with 7(i(P)) = i(Q). Label the last coordinate of each vertex
pi by s, so that the vertices of P are p; = (g4, %) € R ™ The vectors ¢ = (1, ..., %)
and — in (R™)Y result in the two regular subdivisions of (). This is illustrated in Figure

1.15 and is essentially a generalization of regular subdivisions. [

R® 4
n=3 Ps Ps B‘h =7 (q4) v
m=28 ) (]RS)
d = . i
p=3 -~ 7 P
)f'5_ | Pa s
’/ B p7 Ps
P1 P3 L
1 . i
nom
d=1 R face% (Bg,) =21
Z; =_8i Q face (By,) = s
- G 42 4a 6 G748 face, (Bg,) = %, )
43 qs
Figure 1.16:  The wvertices of the fiber polytope (P, Q) = X.(P) correspond to -
monotone paths on P; 3/6 paths are shown above. X(P,Q) has dimension dim(P) —
dim(Q) = 2, resides in R™ = R®, and consists of 6 vertices. So ¥.,(P) is a hezagon.

Example 1.8. If dim(Q) = 1, then dim(X(P,Q)) = dim(P) — 1 and the 7-coherent subdi-
visions of () correspond to monotone edge paths induced by linear functionals on (). Note
that Ap and Ag are both assumed to be multisets with m vertices, so Ag will contain many
repeats in this case; this can be avoided by adding additional parameters.

Assume that the vertices of P are indexed in nondecreasing order relative to m = v €
(R™)Y, so that v(p;) < v(pix1) for i = 1,...,m. Any linear functional ¢ € (R")" will then
induce a regular subdivision on = [¢1,¢n] by selecting the vertices of P in the direction

Y+ ary for some o € R via p;, = facey (77" (q;)) € V(P) for j = 1,...,m; the ordered list
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of vertices Vyy = (ps, ..., pi,,) may then have repeated entries removed and this results in a
v-monotone edge path Vw of length m < m.
As 1 ranges, the resulting v-monotone edge paths on P can be identified with vertices

of ¥(P,Q) = X,(P) and has the description
., (P) = conv{®, | V, is a y-monotone edge path of length 77}

where the vertices @, are computed by applying Theorem 1.5

m

<’7apz _pi-_1>
(I) - / ! ' —|— i ).
v Z 2<Vapm_p1> (pj ' pj)

j=1
This example is illustrated in Figure 1.16. [J

Lastly, we introduce the dual counterparts of secondary and fiber polytopes; the dual
fans will be of partially greater interest due to residing in functional spaces. The sec-
ondary fan of P is the dual fan of ¥(A), denoted Fx4). The secondary fan, in particular,
parametrizes the functions that induce regular subdivisions on ) of a certain type, with
the full-dimensional chambers representing the regular triangulations. This is in contrast
with how the secondary polytope represents the (more important) regular triangulations
with vertices (measure zero sets). Traversing the dual fan allows us to explore how regular

triangulations change with respect to a chosen path.

Example 1.9. Let A consist of the five corners of a pentagon, so that @) = conv(A) is a

pentagon. In coordinates, the vertices are

A = {ay, as, ag, as, as} = {(0,10), (—10,3), (—6,8), (6,8), (10, 3)}.

There are a total of 5 triangulations of @), each of which is regular (this can be confirmed

by drawing a picture). The five triangulations, with only their facets listed, with subscripts
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denoting vertices, are:

Sl = {Q1237 Ql34a Q145}
52 = {Q432, Q4217 Q451} S5 = {Q3127 Q351a Q345}
SS = {Q2517 Q2457 Q234} S4 = {Q5127 Q5237 Q534}

By applying Theorem 1.5, along with Theorem 1.4 (with d = 2,n = 5) we get

®s =3 i 1 (Vilo(ﬁ%;) (1 + €2+ e3) + %%;’)4)(@1 +es+eq) + %(el st es)
ST (Vils%;)(el rata)t %6(25)1)(64 Terten)+ %6(22;)1) e
Py j— 1 (Vigfg)ﬁ (€2 +e5+e1) + %6554)5)(62 +eq+es) + %%3;)

After computing the volumes (in this case, areas), we get the vertices

dg, = (0.32665971, 0.1031557, 0.22350401, 0.22350401, 0.1031557)

b, = (0.22449512, 0.22693529, 0.10492707, 0.32942219, 0.1024869)
dg, = (0.10577776, 0.33175752, 0.10337372, 0.22597976, 0.2283838)
b, = (0.22449512, 0.1024869, 0.32942219, 0.10492707, 0.22693529)

b = (0.10577776, 0.2283838, 0.22597976, 0.10337372, 0.33175752)

The secondary polytope is then (. A) = conv(®g,, Ps,, Ps,, Ps,, Ps,) and has dimension

dim(X(A)) = dim(A,) —dim(Q) =4 —2 = 2.

A 2-dimensional polytope with 5 vertices is a pentagon residing in R®, which can be embedded
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in R? as shown in Figure 1.17. The vertices, edges, and convex hull of ¥(A) correspond to
regular triangulations, regular (non-triangulated) subdivisions, and the trivial subdivision,
respectively.

Taking the dual fan of the projection of 3(A) results in the secondary fan Fy 4y with five
polyhedral sectors (one for each vertex) and spans (R?)¥. Each sector in Fs(4) parameterizes
the linear functionals v that induce a 1-regular subdivision Sy. Alternatively, taking the
dual fan of ¥(A) in the ambient space R® results in a dual fan with a 3-dimensional lineality
space. If we take a quotient by this lineality space, then we get the same 2-dimensional dual

fan ]:g(A).

Figure 1.17: The secondary polytope of the vertices of a hexagon.

[]

Theorem 1.4 was used to refine the secondary fan to a higher-dimensional class of fans
related to fiber polytopes, which are called Lafforgue fans, named after the toric varieties
associated with them. We will follow the definition in Proposition 2.3 of [6].

Let A4 € R be the unit simplex, then the Lafforgue polytope is the Minkowski sum
O(A) := %(A) + AA The normal fan of X(A) is then called the Lafforgue fan, denoted
Fora)- The Lafforgue fan is a refinement of the secondary fan, in that each cone in Fg4)

contains the dual functionals inducing certain coherent subdivisions, but now also stratifies

28



them by subsets of points where the minimum is achieved.

The Lafforge polytope is a codimension-one polytope in R* and enumerates the same
objects as the secondary polytope, while adding more information. In particular, vertices
now correspond to triangulations with a marked point of the original configuration (7', ;).

Furthermore, the Lafforgue fan is full-dimensional in (R*)Y with a one-dimensional lin-

eality space.

Example 1.10. Continuing with 1.9, we computed 3(A) as a pentagon; the secondary
polytope vertex structure simply says ‘there are five chambers in the dual fan, over which
triangulations of a certain type occur.” Conversely, the Lafforgue polytope tells you, for
every chamber in x4y, which of the five a;’s hit the wall first, which hits next, and how
those choices chain together as one traverses a path through the chambers. If we want to

compute the Lafforgue polytope explicitly, then we need to compute

Y(A) + Ay = conv{Pg,, Dg,, Pgs,, Pg,, Ps.} + conviey, eq, €3, 4, €5}
= conv{Pg, + ¢, | 1,7 € [5]}
= conv{®Pg, + €1, Pg, + €1, Pg, + €1, Pg, + €1, Ps, + €1,
g, + 2, P, + €2, Ps, + €2, P, + €2, P, + €2,
g, + €3, s, + €3, Pg, + €3, P, + €3, Psy + €3,
g, + €4, Ps, + €4, Pgy + €4, P, + €4, Psy + €4,

q)Sl + €5, q)SQ + €s, q)53 + €s, (1)54 + €5, qt)S5 + 65}
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In coordinates, the vertices for the convex hull are:

{(1.32665971, 0.1031557, 0.22350401, 0.22350401, 0.1031557),
(1.22449512, 0.22693529, 0.10492707, 0.32942219, 0.1024869),
(1.10577776, 0.33175752, 0.10337372, 0.22597976, 0.2283838),
(1.22449512, 0.1024869, 0.32942219, 0.10492707, 0.22693529),
(1.10577776, 0.2283838, 0.22597976, 0.10337372, 0.33175752),
(0.32665971, 1.1031557, 0.22350401, 0.22350401, 0.1031557),
(0.22449512, 1.22693529, 0.10492707, 0.32942219, 0.1024869),
(0.10577776, 1.33175752, 0.10337372, 0.22597976, 0.2283838),
(0.22449512, 1.1024869, 0.32942219, 0.10492707, 0.22693529),
(0.10577776, 1.2283838, 0.22597976, 0.10337372, 0.33175752),
(0.32665971, 0.1031557, 1.22350401, 0.22350401, 0.1031557),
(0.22449512, 0.22693529, 1.10492707, 0.32942219, 0.1024869),
(0.10577776, 0.33175752, 1.10337372, 0.22597976, 0.2283838),
(0.22449512, 0.1024869, 1.32942219, 0.10492707, 0.22693529),
(0.10577776, 0.2283838, 1.22597976, 0.10337372, 0.33175752),
(0.32665971, 0.1031557, 0.22350401, 1.22350401, 0.1031557),
(0.22449512, 0.22693529, 0.10492707, 1.32942219, 0.1024869),
(0.10577776, 0.33175752, 0.10337372, 1.22597976, 0.2283838),
(0.22449512, 0.1024869, 0.32942219, 1.10492707, 0.22693529),
(0.10577776, 0.2283838, 0.22597976, 1.10337372, 0.33175752),

(0.32665971, 0.1031557, 0.22350401, 0.22350401, 1.1031557),
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(0.22449512, 0.22693529, 0.10492707, 0.32942219, 1.1024869),
(0.10577776, 0.33175752, 0.10337372, 0.22597976, 1.2283838),
(0.22449512, 0.1024869, 0.32942219, 0.10492707, 1.22693529),

(0.10577776, 0.2283838, 0.22597976, 0.10337372, 1.33175752)}

In this case, ©(A) is 3-dimensional in R® and has a total of 25 = 5 -5 vertices—each
triangulation of A was refined into 5 marked triangulations (7, a;) for a; € A. ©(A) also
has a total of 246 3-dimensional facets. Dually, the Lafforgue fan is a 5-dimensional fan in
(R°)Y with a 1-dimensional lineality space.

We also see that there are 25 4+ 246 — 2 = 269 edges on the Lafforgue polytope. Edges
of ©(A) encode labelled flips, telling not only which diagonal in the coherent subdivision
changes but also which vertex lies on the lower side of every height function that realises the
flip, and the edges record how such flips commute. In other words, Fg(4) strictly refines the
secondary fan: cones that were previously identical split according to the subset of points at
which the lifted height attains its minimum, capturing the order in which different vertices
of A become coplanar under coherent subdivisions.

]
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Chapter 2

Applications to Ising Systems

2.1 Classical Ising Problems

The Ising Model, named after physicists Ernst Ising and Wilhelm Lenz, is a mathematical
model of ferromagnetism in statistical mechanics. The model consists of discrete variables
o1,...,04 that represent magnetic dipole moments of atomic spins that can be in one of two
states; o0; = 1 or 0; = —1. These spins are arranged in a graph (usually a one-, two-, or
three-dimensional lattice), allowing each spin to interact with its neighbors. In most models,
the interactions are limited to two-nearest-neighbor interactions, but more general models
allow for more interactions. Ising systems have a tendency to evolve to the lowest energy

state, but heat may prevent this from occurring.

2.1.1 Forward Ising Problem

The forward Ising problem refers to problems in which the graph has a predetermined con-
figuration, but the lowest energy state is unknown. The forward Ising problem is heavily
involved in designing adiabatic quantum optimization algorithms. More precisely, for the

forward Ising problem, we are given
e a lattice A with d states (vertices) o; carrying values in +1
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e a matrix J € R™ consisting of pairwise interactions (weighted edges) between states

ag; and 0j
e a vector h € R? consisting of external forces on states/vertices o;

And with these, we can construct the Hamiltonian function

HJh = E JZUj ij E Uz 7

1<j<d

and the energy function

E;n:=H *) = in H :
Ih 7n(07) Jain 7 (0)

The goals of the forward Ising problem are to compute the minimizer for the Hamiltonian,
this is called the ground state ¢*, along with the minimal value for the Hamiltonian
function, called the ground state energy E;; for the Hamiltonian H (o). It should be
noted that in the care where the interactions have the same value, J = 1, the Hamiltonian

becomes

Hyp(o) :=—J Z 00 — ZU’ i

1<j<d
which results in the classical Ising model of ferromagnetism (or antiferromagnetism when

J = —1). In this case, the ground state consists of spin states that are all aligned, o = £1.

Example 2.1.

If for every pair of interactions J,,,, = 1 or J,,,, = —1 (i.e. if J represents ferromagnetic
or antiferromagnetic interactions) then the induced subdivision is determined by the sign of

the spin states. Uniformity of the couplings means

(JAlo)y =+ Y ooy

03,0, €E(T)
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The resulting val-coherent subdivision is then completely determined by the structure of the
Ising graph.
0

If J is assumed to be non-uniform, then we have the Ising spin glass model, which is
more interesting mathematically due to the presence of geometric frustration. Geometric
frustration occurs due to the presence of opposing interactions J;;, J;, between neighbors
0i,05,01 on I', each corresponding to a spin state with the same energy level; these corre-
spond to local minima of the Hamiltonian. In a spin glass, the interactions are a mixture of
ferromagnetic and antiferromagnetic bonds; these patterns of aligned and misaligned states
create frustrated interactions. The ground states for spin glass problems are more com-
plex, and often there are more than two ground states for any given Ising model configuration
as a consequence of geometric frustration. The ground states in a spin glass model tend to
be stuck within local minima surrounded by configurations with much higher energy states,
or free energy barriers, making the dynamics of iterative methods very challenging to
work with and the complexity of the forward Ising spin glass problem notably difficult. An
interesting characteristic of spin glass models is the presence of degenerate ground state
energy levels which are ground state energy levels £, that occur at multiple spin state

configurations.

2.1.2 Inverse Ising Problem

In contrast to the forward Ising problem, the inverse Ising problem involves working back-
wards from the spin states in order to determine the Ising graph parameters. More precisely,

we are given the following.

e a lattice A with d states (vertices) o; carrying values in +1
1)

e a set of m spin state configurations (vertex values) o, ... o™ € {£1}9 generated

from some distribution
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Compute the pairwise interactions J* € R%*? and external forces h* € R? corresponding to

the given spin state configurations {o@}m, C {£1}4

d

HU(J7 h) = - Z Jigjjij - Zazhz

i<j<d i=1

E(J,h) == Ho«(J*, ") = ger?irll}d H,(J, h).

Additional assumptions may also be made on the given parameters, just as in the forward
Ising problem. For example, in the spin glass model, we have the presence of geometric
frustration, which results in degenerate spin states, so in this case the set of spin states may
be assumed to be degenerate ground states. Due to geometric frustration, there are multiple

ground states that correspond to a minimal energy configuration.

2.2 An Tropical Perspective

We begin by recalling the field of Puiseaux series K = C{{t}} as the field consisting of all

formal power series of the form

x(t) = i a,t"™ € K

n=ng

where a,, € C* and m,, € Q Vn > ng € Z. Since C is algebraically closed, by a theorem of
Serre [14], K is algebraically closed, so Theorem 1.1 holds. The valuation val : C{{t}} — R

determines the order of vanishing

min{m,, | n >ne} x(t) e K*
val(z(t)) =

00 z(t) =0
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We then use the field of Puiseaux series as the coefficient field for the Laurent polynomials

K7+, 4] = K[, ... 25t v, ..., yt!] defined as

f(.ﬁl,’) = Z a(u,v)xuyv

(u,w)eSczite

where u € Z%, v € Z° are taken from a finite set S - 7, and a(uw) € K is a Puiseux series.

Then, there exist projection maps m, : ¢y — t/*) and Ty 2 th) such that the diagram

K[fi7 g‘i] L) K[g’i] &) h0m<Rtrop7 R)
lﬂ'm lev_;
K[#] —"® hom(Ryop, R) ——— R

commutes for every choice of parameters J € R®, h € R%.

For the sake of genericity, we consider Ising systems over a generic graph, though this
work can also be considered over lattices. Let I' be a simple weighted graph with #E(I") = e
edges and #V(T') = d vertices. Set A = {o®}2, = {£1}? € Z? to be the set of all binary
sequences of 1 with length d so that Q = conv(A) C R? is the d-cube. Note that there are
24 states o € A, each with d-coordinates o; specifying weights for each vertex in V(T').

Let J € R™? be the interaction matrix and let h € R? be the external force vector
from the Ising model. Since I' is a simple undirected graph, we may assume without loss
of generality that J can be embedded in the much lower dimensional space R¢. Define the

Ising polynomial of I" as the Laurent polynomial
E(Z,y) = Zf_ayﬂ(g)a 1(0) = (0i05) (4, 0yerr) € R
oceA

where each monomial in £ can be seen to represent a spin state configuration ¢ € A, and
each (o) is the edge parity vector of £(I'). The z7 terms represent the external forces for

the Ising system, while the y7(?) terms represent the state interactions of the Ising system.
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Define the image of £ under the projection maps as the pair of Laurent polynomials

£,(F) = m,(E(F,§)) = Y _t D77 e K[|
oceA

Enl) = Mo E(E, ) = 3ty ¢ K]
oceA

as the field polynomial and coupling polynomial, respectively. Note that under the
tropicalization map, both the interaction and the field polynomials are mapped to the field
energy F;(h) and coupling energy Fj(J) tropical functions which both evaluate to the
ground state energy E;; with respect to J € R and h € R?

tr0pya (€(2)) = min (= {J,7(0)) = {0, 7))

d
EJ(.I') = {;nel,,rétl — Z UiJjJij — Zall'l
(0i,05)€E(T) i=1

= E;(h) = min(H;,(h))

ceA

FEj;, = min(H
= Ljh {Tﬂelil( J,h,a)

= Eh(J) = IIlil’l(Hh’U(J))

ocA
d
Ep(y) = miny - Z 0i0;Yij — Z oih;
(04,05)€E(T) i=1

tr0py (€n(2)) = min (= (h, o)) = {7(0), )

where the middle equalities result from the evaluation maps.

By construction, the energy functions E;, F), are tropical functions, so they have a locus
of nonlinearity V(E;),V(E}y). These tropical varieties consist of points where multiple spin
states achieve the ground state energy, so we call these tropical varieties the degeneracy
loci of E(J,h). We also have the following conjecture.

The field and interaction polynomials determine the tropical varieties in different ambient

spaces, so R¢ is the J-space and R? is the h-space.
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Since each field polynomial £;(h) induces a val-coherent subdivision with respect to a
choice of J, the interaction matrix parameterizes the coherent subdivisions of the unit cube
Q = conv(A) = [—1,1]%. By Theorem 1.2, each coherent subdivision is dual to the tropical
hypersurface V(E;), so the field degeneracy locus V(E;) C R? has its combinatorial type
determined by the corresponding face F; < 3(A) of the secondary polytope ¥(A). But
since the regular triangulations correspond to (measure-zero) vertices, we want to enlarge
the moduli space for the field degeneracy locus by first projecting 3(.A) to R2d_d_1, then
taking the dual fan in order to obtain the secondary fan Fx(4). So we may now view the
collection of field degeneracy loci as naturally residing inside of the moduli space Fyx4).
Thus, specifying a choice for J fixes the combinatorial type of the degeneracy locus. This is

summarized in the following result.

Theorem 2.1. Let I' be a simple undirected weighted graph on d vertices and e edges with
J € R® representing the spin-state interactions and h € R? representing the external forces
on the spin-states. Let A = {£1}? C Z% be the set of vertices of the d-cube Q = conv(A).
Then the cones of the secondary fan Fsay parameterize the space of field degeneracy loci
in terms of the couplings J. This moduli space has dimension 2¢, with a lineality space of

dimension d + 1 and is dual to the val-induced coherent subdivision of the field polynomial

E.

Proof. The discussion above covers the parameterization of the space of field degeneracy
loci {V(E;) | J € R} =2 R%x R®. The only part that requires justification is the dimension
count. By Theorem 1.4, we can represent the secondary polytope as a fiber polytope ¥(A) =

(d+ 1) vol(Q)X(Aga_;, Q). By the discussion in Theorem 1.5 in [8], we have that

dim X(A) = dim(d + 1) vol(Q)X(Aga, Q)
= dim Z(Azd, Q)
= dim Ays — dim Q

=21 _1—-4d.
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Since the dual fan is complete, Fy4) is 2%-dimensional with (d + 1)-dimensional lineality

space. ]

J=] o® = (-1,1) o® =(1,1)
—J12

01 g2

® = (-1 - @ _q
A= {0(1),6(2)10(3)’0(4)} o =(-1,-1) @ =(1,-1)

Figure 2.1: The case when d =2 and I' = Py results in the following polyhedra Q).

Example 2.2. Let I' be the path graph on two vertices. Then o = (01, 02) C {£1}2, J € R,

h = (hy, hy) € R%. The coupling polynomial £; € K|[x] is

E,(2) = thn(o))xcr
occA

_ IO (1) IO (1) I (D) (1) (1) (1) (L)
= t"]x’lyfl + t‘]:z;*ly + t"]xy + thy’I
A choice of J completely determines the weights (J, (o)) and, consequently, the val-

coherent subdivision.

Tropicalizing £ ; gives the field energy function

Ey(h) = min(H,(J, h))

= min(—(h1 —l—hg—{— J), —(hl — hg - J), —(—hl - h2 + J), —(—hl +h2 - J))
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IRd (_1r 1, _D (11 er

-1,-1,)) (1,-1,-))
J<0 J=0 J]>0
] _I 0 0 “I I
_I I 0 0 ] _I

Z(A)

Figure 2.2: The val-induced subdivisions of Q for various choices of faces of ¥(A) are
pictured.

Example 2.3. Let I" be the 2-regular graph on three vertices. Then o = (01,09,03) C
{£1}3, J € R¥® h = (hy, hy, hs) € R®. The interaction polynomial £; has 2% monomials;
one for each vertex on the 3-cube.

Let I' be the 2-regular graph on three vertices. Then o = (01, 09, 03) € {£1}?, J € R**?,
h = (hi, ha, hs) € R®. The interaction polynomial £, has 2° monomials; one for each vertex

on the 3-cube.

E,(F) = 17 a?

geA

— t-"/J(l,l,l)x—(l,171) + t—'\/J(l,—l,l)x—(l,—l,l) + t-"/](—17—1,1)x—(—17—171)
+ t—'y_;(—l,l,l)l,—(—l,l,l) + t—'y(](l,l,—l)m—(l,l,—l) + t—'y(](l,—1,—1)1,—(1,—1,—1)

+ t_’y‘](_1’_1’_1)([—(_1’_1’_1) + t—'yJ(—l,l,—l)x—(—l,l,—l)
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IRd (_L 1, _D (11 er

-1,-1,)) (1,-1,-))

Tz(g{) e}

Figure 2.3: The val-induced subdivisions of Q for various choices of faces of Fxa) are
pictured.

J12

5] J2

J13 J23

03

Figure 2.4: The case when d = 3 and I' = C3 results in the following polyhedra ().

The tropicalization of £; gives

By (h) = min(H, (7, 1))

= min( —(Jlg + J23 -+ J13 —|- hl + hg + h3), —(Jlg — J23 —|- J13 — hl —|- h2 + hg),
—(Jio— Jaz — Jiz+h1 —ha+hg), —(Ji2— Jozg — Jiz+ hy + hy — h3),
— (J1g— Jaz — Jiz—h1 — ha + h3), —(=Ji2— Joz+ Ji3 — hi + hy — h3),

— (=Jia+ Jog — Jiz + hy — h24; hs), —(Jio+ Jog + J13 — hy — ha — h3) )




However, the secondary fan for the 3-vertex case has dim3(A) = 2% —3 —1 =4 and is
embedded in R®. So even the projection to R* cannot be drawn; only the resulting slices in
the h-space can be visualized since V(E;) C R®. A computer calculation shows that Y(.A)
has a total of 74 triangulations, of which all 74 are regular triangulations. Another lengthy
calculation can show that all but 6 of these can be generated by rotations of other regular
triangulations.

Taking the slice at J = 0 gives a degenerate subdivision (at a wall) of (@), .A) and the tropical

variety below.

r 18
Ji2 A= {G(t)}'

=1
5] )] !

J13 J2a

O3

Figure 2.5: The case when d = 2 and I' = Py results in the following polyhedra Q). A
degenerate tropical variety is pictured on the right.

2.2.1 Computational Analysis

On the topic of enumerating the number of regular triangulations # R of the n-cube, Billera,
Filliman, and Sturmfels [3] came up with an algorithm that computes #R by first computing
the secondary fan through gale transforms, then applying a hyperplane arrangement algo-
rithm from [7]; this approach has complexity O(n(#1(=4=2)) De Loera [5] then came up
with a breadth-first search enumeration algorithm, but this had complexity Q(#R) simply
due to it being a breadth-first search method. Maseda [11] approached it from a reverse-

search method that was adapted from an approach from [1, 2]; this resulted in a more
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efficient algorithm that was then improved on by [9] to get an algorithm with complexity
O (d?s*LP(n — d — 1, s) #R) and memory O(ds), where s is the upper bound of the number
of simplices of all dimensions contained in a regular triangulation and LP(n—d — 1, s) is the
time required to solve a linear programming problem in s strict inequalities and n —d — 1
variables.

The main idea used in [9] is that the vertices of the secondary polytope are connected
by edges which represent edge-flips, or, bistellar flips. In short, traversing edges on the
secondary polytope is almost equivalent to swapping edges; it is important to note that
although the flip graph can always be viewed as a subset of vertices and edges of 3(.A),
they are not isomorphic [5]. In dimension two, the graph of triangulations of every point
configuration is connected [5]. However, in dimensions 5 and higher, the statement is false.
The relevant counterexamples were constructed by Santos [12, 13]. In 5 dimensions, the point
configuration has 17 points in general position, and in 6 dimensions, the point configuration
has 324 points and its triangulation is an isolated vertex in the flip graph of the point

configuration. The situation in dimensions 3 and 4 is still unknown.

é...A..F_.Z_Z__g R? « 5(A) @ T
T AAND
Q) O 9 O

QCr: Q O <
Q SO O 9

Figure 2.6: The flip graph of a point configuration I g;,(A) can always be embedded in 2-
skeleton of the secondary polytope 3(A). The converse is false and the lowest-dimensional
counterexample currently known is 5-dimensional.

Possibly more concerning is the growth rate of the number of regular triangulations of the
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d-cube. Using the algorithm from [9], one can show that the 3-cube has 74 triangulations,
of which all are regular and can be grouped into 6 equivalence classes modulo rotational
symmetries of S, acting on the 3-cube. Similarly, the 4-cube has 92,487,256 triangulations,
of which 87,959,448 are regular and can be grouped into 235,277 modulo Sy equivalence
classes. Recall that the 3-cube and 4-cube correspond to Ising graphs on 3 and 4 vertices,
respectively, are the smallest non-trivial examples of this tropical approach. So, one would
first need to get a handle on how to utilize the Sy« symmetries to simplify computing the
secondary polytope/fan in order for this approach to remain somewhat feasible for small
Ising system.

These computational observations are what led us to explore alternative methods for

determining the coherent subdivisions of a point configuration.

2.2.2 Reducing Complexity via Fiber Polytopes

When a polytope () C R™ is not acted on directly, but rather appears as the image of a
higher-dimensional polytope P = @, the regular subdivisions of @) that can actually occur
are constrained: a height function ¢ : P — R is coherent on () only if it is constant
along every fibre m7!(q). Billera-Sturmfels capture precisely those fibre-wise coherent height

functions in the fiber polytope as previously defined

1

N(P,Q) = m/qEQW_I(Q) dq C R™,

whose vertices correspond bijectively to the m-coherent subdivisions of ). Computing
Y(P,Q) therefore only produces the triangulations that can be realised by lifting to P,
so one never has to enumerate the exponentially larger secondary polytope of ) and discard

the incompatible subdivisions after the fact.
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Geometrically, the fiber fan Fxp) sits inside the full secondary fan Fy ) of @ as a
linear subspace. Intersecting Fsq) with the subspace 7*((R?)") C (R*)¥ consisting of those
weight vectors that are constant on each fiber of 7. In this way the fiber fan cuts out ex-
actly the chambers of the secondary fan compatible with the face lattice structure of P,
organising them into a much smaller and more tractable arrangement. From an compu-
tational perspective, one now works in a (dim P — dim ))-dimensional space, rather than
an (| A| — 1)-dimensional space, so convex-hull and subdivision enumeration computations
become more feasible by several orders of magnitude.

This viewpoint motivates the J-cubes used for the Tropical Ising perspective; a suitable
polytope P = Jr ¢ RV® g RED should carry all spin and coupling information, while
@ = conv(.A) records the spin states. If Jr projects linearly onto the cube, then every choice
of interaction matrix J will yield a height function on Jr, which will determine a point in
the fiber polytope ¥(Jr, Q). Studying this much smaller polytope and its fan structure,
will provide us with a cleaner polyhedral description of all ground-state subdivisions that
the Hamiltonian can induce on (). In subsequent sections we will analyse the face struc-
ture and symmetries of J-cubes to obtain explicit and computable models of Ising system

degeneracies.
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Chapter 3

A Second Approach

3.1 Constructing the J-Cube

Let I' be a simple (undirected) graph with vertex set V(I') of size n and edge set E(I") of
size m. We denote by A = {£1}" the set of all states (i.e. assignments of +1 to each of the
n vertices). Equivalently, A can be identified with the set of vertices of the standard n-cube
Q = conv({£1}") C R".

We will construct a linear map ¢ : R — RVD @ RE(F), such that the images of the

basis vectors u, (for o € A) form the vertices of a polytope
Jr = conv{p(u,) =p, |0 € A} C RV @ RED)

We will also show why ¢ arises in a canonical way from the sign assignments, and how a
Zh-symmetry (sign-flip action) makes it sufficient to study the facets incident to one chosen
vertex (e.g. p_1).

To understand how ¢ fits into the bigger picture of quotient and inclusion maps, we can
represent the various spaces via two commutative diagrams (a primal diagram and a dual

diagram).

46



Primal Diagram

RE(F ; RV +E(T)

S

R2” -n . ; RA

T/l

R2”—n m

Dual Diagram

\/ (RV(FHE(F))V
(RQ"—n
(RQ"—n—m)\/ (RV(F))\/

Here, v*,~v*, ™ are quotient maps or injections, and ¢ is the top-right arrow in the primal
diagram. Dually, i,v, 7* are embeddings in (R")Y. These diagrams affirm that ¢ is built out
of canonical sums involving vertex and edge contributions.

We now verify that ¢ is well-defined and faithful (injective in the necessary sense). The
essential step is to show that no nontrivial linear combination of vertex or edge basis elements

can vanish on all states.

Lemma 3.1. If for some a € RV, > wevry 0(V)ay = 0 for every choice of state o € A,

then a = 0.

Proof. Choose any vertex k € V(I'). Then for each state o € A, there exists another state

o’ € A such that

Then



so we have a; = 0. We may repeat this argument for each of the remaining v(i) € V(I') \k

to conclude a = 0. O

Lemma 3.2. If for some b € RE®), > tijyerm) o(0)a()bay = 0 for every choice of state
v e A, then b= 0.

Proof. Choose any edge cover of I' and fix a vertex k € V(I'). Consider its set of neighbors of
N(k) c V(I') on I'. Since I is a simple weighted graph, the induced subgraph I'( N (k)) of I is
a rooted tree. So we may then choose a state o(!) € A such that oV (k)o™ (5) = sign(b ;)
for all j € N (k). Define 0® € A by

oW(j) Ak

Then we get the following

0= ooy~ Y PPy

(4,)€E(T) (4,5)€E(T)

= Y (V@) ~ 0P @) by

(4,5)€E(T)

= Y V@G - D)0 D() by
(4,)EE(T)
1,j7#k

+ > | W(5) = @ (K)o (7)) by

(k,j)€E()

= > (W)W G) =V ()) by
(i)EE(T)
ik
b 0eNG) + o R0 () b

(k.3)€E))

Z QSlgn (k,5) b(kj)
(k,j)EE(T)

=2 ) |buy)

(k7))
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Thus, b j) = 0 for all edges (k,j) € E(I'). Repeating this argument as & ranges over the
edge cover of I' shows that b = 0. So ker~y = 0. O

Lemma 3.3. The map v : (R®M)Y = (RA)Y defined as

v(b) = Z Z o(i)o(§)bayg) | fo

oeHom(B(T),{£1}) \ (i,j)€B(T)
acting on the basis elements f; ;) € (REONY and f, € (RA)Y is an injective mapping.

Proof. Clearly v(0) = 0, so suppose 7y (Z(i,j)eE(F) b(i,j)f(@j)) = 0 for some nonzero b =

> ipyerm i fog € R¥D)Y. Then

Z Z o(i)o(j)buj) | fo =0

oceHom(V(T"),{£1}) \ (4,7)€E(T)

So for each o € Hom(V(I'),{£1}), we have

Y. oo =0.

(4,7)€E(T)

so by Lemma 3.2 b = 0. O

Lemma 3.4. Within (R*)Y, the images of v and 7 intersect trivially, i.e., im (y)Nim (7*) =
{0}. Therefore, there is a (non-conflicting) inclusion i : (R®M)Y — (R ™)V in the dual
diagram.

Proof.
RE(I‘))V

(
—

17
(RA)

Iﬂ*

(RV(F) )\/

(R2”—n)\/
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Let X =im(y) and Y = im ()", Clearly 0 € X NY, so take p € X NY to be nonzero.

Then we have

3 ST a(i)o(i)bay | fo = > owa, | £

o€Hom(V(D),{£1}) \ (i,j)€E() oc€Hom(V(D),{£1}) \veV(D)

for some a, b mapping to p,so for every o € Hom(V(T'), {£1}) = A, we have that

> o(i)o(ibegy — Y o(v)a, = 0.

(3,7)eE(T) veV(T)

For any o € A, define ¢’ = —o. Note that for all edges (i,j) € E(T'),

Adding the entries from f, and f,/, we get

0= Z o' (1)o"(7)bgi.j) — Z o'(v)a, + Z o(1)o(5)ba,j) — Z o(v)a,

(1,7)€E(T) veV(T) (i,)€E(T) veV(T)

= > 20(i)o(j)buy)

(i) €E(T)

Since this is independent of choice of o, for all states o € A

Z o(1)o(j)ba,j =0

(1,7)€E()

So by Lemma 3.2, b(; ;) = 0 for all (4, 7) € E(I"). Thus, for every o € Hom(V(I'), {1}) = A,

we have
0= Z o(i)o(4)bg.z) — Z o(v)a, = Z o(v)a,
(4,7)€E(T) veV(TD) veV(T)
so by Lemma 3.1, a, = 0 for all v € V(I'). Thus, p = 0. ]
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3.1.1 Definition and Naturality of ¢

On basis vectors u, € R*, define

plug) = Y o@u+ Y 0(i)o()ugu,).

veV(I) (3,5)€E()

Equivalently, the image has coordinates

[o(uo)ls = a(v),  [p(us)ly) = o(i) o(4).

The previous results establish that ¢ is faithful: it identifies different basis vectors wu, with
distinct images in RYD g RPM . No extra choices are made: we simply record, for each
vertex v, the sign o(v), and for each edge (i,7), the product o(i)o(j). By the previous
lemmas, this embedding is non-degenerate.

Diagrammatically, o factors as an inclusion from R* onto a subspace inside RO ¢ RED),
reflecting the direct sum decomposition in the dual diagram. This is what we mean by

naturality—the construction follows directly from the combinatorial structure of I'.

3.1.2 The Coupling Polytope Jr and its Zj-Action Symmetry

Define Jp := conv{p(u,) | o € A}. This is an (n-+m)-dimensional polytope in RV @ RFT),
with 2" vertices p, = ¢(u,).

The group {+1}" acts transitively on A by

(1-0)(v) =7(v)o(v).

Hence any vertex p, of Jr can be sent to any other p, by a suitable choice of 7. This
symmetry extends to Jp itself, permuting vertices and their incident facets.

Because 7 is an affine automorphism of Jr, the local facet structure at p, is the same as
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that at p,.,. Consequently, to classify all facets of Jr, it suffices to examine those facets that
meet (for instance) p_;. We will heavily rely on this principle in the upcoming section on
classifying the facets, so it should be assumed that the basepoint p_; is chosen.

In summary, we have shown that:

e The map ¢ is well-defined and injective because no nontrivial linear combination of

vertex- or edge-contributions can vanish on all sign assignments o € A.

e The image of ¢ is a polytope Jr in RV® ¢ RED) encoding both per-vertex signs and

per-edge products of signs.

e A natural (£1)"-action (sign-flips) acts transitively on vertices of Jp, allowing us to

focus on a single “base vertex” for facet analysis.

These core ideas underlie subsequent work on the classification of edge-induced and cycle-
induced facets, particularly how certain chordless cycles (or more complex 2-connected sub-

graphs) give rise to new facet families.

3.2 Classifying Facets of Jp

Fix 09 = —1 € A. Then for any other state ¢ € A, define the set S, C V(I') as the
set of vertices in V(I') where o differs in sign from —1, and define og € A as the state
corresponding to S,. Viewed as a weighted subgraph of I'; each choice of o € A induces the
sets S, and S¢ which are separated by boundary edges dS, C E(I'). In addition, define the
vertex of Jp that corresponds to this state in A as p,..

By the discussion in the previous section on transitive actions, it is sufficient to study

the facets of J, incident to p_y.

Lemma 3.5. If ¢p € (RV(F) @RE(F))V is an inward-facing linear functional on Jr, defining
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a face F < Jr incident to p_y then

> a,> > b VS, CV(I)

vESs e€0Ss

where S C E(T') denotes the set of edges e with one vertex e € S and the other vertex

er € V(D) \S.

Proof. For each o € A, we have p_; as a vertex of Jr. For each linear functional

Zavu—i—Zbu

veV(T ecE(T)

that defines a facet incident to p_j, for the associated vertex to S,, p,s, we have

Vr(pos) = D awtty (Pos) Z bew) (Pos)

veVv(T) e€E(T
= E avag E b O’S 60 gsg 61)
veV(D) ecE(D)
=2 =) - Zb+Zb+Zb
veS veS® ecE(T) ecE(T ecE(T
epES 60,6165 60,61€Sc
el €S5S¢

Similarly, for p_; we have

Yepr) = > Z beuy (P-1)

veV(T) e€E(T
:Z%—ﬂ Zb—ﬂeo—ﬂ(el)
veV(T) ecE(T
:—Zav—z% Zb+zb+ Zb
veS veES® ecE(T") ecE(T) ecE(T
eeloeeg'c ep,e1E€S eg,e1€SC

Since ¢ defines a facet, we have that ¥r(p,) > ¥r(p_1) for any vertex p, of Jr. Applying
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this inequality to p,, we get the following,

Vr(pes) > Ur(p-1) = 2 a,>2 Z be.

vES ecE(T
eoES
e1€S¢

O

So for any subset of vertices S, C V(I') corresponding to the state o € A, define the ray

in the direction of p, relative to p_; as

=> u— Y u € RVOQRAD.

vES e€dS

The local cone at 0gp = — 1, denoted cone(ug, | Yo € A) is the cone at p_; consisting of
points p,, induced by the sets S, with respect to —1, taken over all states of 4. The local

cone at —1 contains a translate of Jr.

Lemma 3.6. A vertex p, of Jr is connected to p_y by a ridge along F if and only if

Yr(us,) = 0 for each facet-defining linear functional Yr = 37 vy Gotty + 3 cpry betty

where F is incident to p_y.

Proof. If two points share a ridge on a facet F' of Jr, for all A € [0, 1],

Yr(p-1) = v(Ap_1 + (1 = N)po)

=AM D a—1)+ D be—1) |+ 1 -N | D ao(v +Zba

veV(T) ecE(T) veV(T) ecE(T
==A) ap A D b+ (1=N)D ay—(1=X) ) b
vES ecOSs veS e€dSs
A A+ A D b= (1=N)) Jay+ (1=K > b
veSse ecoSs vES® e€dSs
(1—2A) (Zav Zbe)—Zav—%Zbe
vESs e€0S, vese e€dSE
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if and only if Y o @y =D cog. De- O

We now explore the first classification of facets of Jpr. We begin in the tree case, so that
the only combinatorial structures are edges; this is due to the fact that if the defining set

Sy C V(I') for ¢ induces a disconnected subgraph I'[S,| = G; U G, then ¢ can be reduced

U)¢Gl+-¢GT

Lemma 3.7. For every edge e = (vg,v1) of a tree T, the following three functionals define

the only inward-facing normals to facets of Jr incident to p_q:

V0 V1
\% \
¢e+7 - uvo - U’Ul - Ue
_ _ .,V v .V
¢e + u'l)o + U’vl ue

Proof. Suppose 1 is the unique linear functional that defines a facet F' < Jr. We characterize
faces by the subsets S, whose corresponding rays lie in them. Specifically, for a functional

1, we consider

F) = {Sa C V(F)‘zﬂ(uso) = Z ay — Z be =0, I'[S,] is connected}

VES, e€dS

to be the maximal set of S,’s with respect to containment. Fix an edge ¢’ = (vg,v1) € E(I')
and consider FJ, under several cases.
Case 1: If ¢ is a bridge in T, and b, > 0. Suppose {vg,v1} C S, € FJ) Since € is a

bridge, removing it disconnects the graph into two components S, and S_ where:

S_:={v €S, | there is a path from vy to v not traversing €'}

S, :={v €S, | there is a path from v; to v not traversing €'}

The boundary edges split as 9S, = 05, \{e'} U IS_\{¢'} and the ray ug, then decomposes
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as:

Us = E Qyly — g beue

VES, e€dSs
= E Ayly — E botte + E Aplhy — E bolte + 2bor e
vES Y ecoS veS_ e€oS_

= (U'S+ + be/ue’) + (uS_ + be’ue’)

Since 1 defines a facet, 1(ug,) > 0 for all S,.Thus ¢ (ug,) > 0 and 9 (ug_) > 0. But then:

Y(us) = ¥(us, ) + ¥(us ) + 2bs >0

contradicting S, € Ful, Therefore, any S, containing both endpoints of €’ cannot be in Fi
Now consider any T, € Fé By the above argument, T, cannot contain both endpoints
of €’. Moreover, since 1 defines a facet of Jr, T,, must be in Fwe:r o as these are the only sets
giving rays in Jp that do not contain both endpoints of €’.
Thus Fé C F¢e,+ K Since Fwe,+ . is maximal among such collections of sets (as it defines a

facet), we must have Fy, = F¢E,+ R

Case 2: Next, suppose that ¢’ is a twig and vg is a leaf. Define
Cr :={S, Cc V(I') | I'[S,] is connected }

be the indices of cone rays incident to p_y in Jp. If a,, # be, then @D(u{vo}) = Gy, — ber > 0,
SO Gy, > ber. Then {vo} & F.
But note that for any S, € Cr \ {e'} we have 1, (us,) =0, thus Cr \ {¢'} C Fle;; By
maximality, Cr \ {€'} = Fy,, , and Fdl) =Fy, .
+- +-
Case 3: Lastly, suppose that ¢’ is a twig, vy is a leaf, and a,, = b < 0. Let S, € Cr

contain {vg, v;}. Removing a leaf leaves the subgraph connected, so S, \ {vo} € Cr. Then:

w<us\{€0}> > w(us\{eo}) + Ay + be’ - w(US) 2 O
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Therefore S, \ {vo} ¢ F}, but {vg} € F, so Rsgtp = Rsg e, .
In all cases, the functionals induced by e’ define facets of Jr incident to p_y, completing

the proof. n

So we have that if I' is a tree, then each edge induces three facets of Jr that are incident
to p_1. Moreover, these are the only facets that appear when I' is a tree. These facets
will be referred to as edge-facets, and when specificity isn’t required, we refer to one of the
facet-defining functions as simply 1., , without specifying a sign pattern.

In the following, we extend this classification by adding a single edge to a tree in order
to introduce a single chordless cycle. To begin, we classify the kernel of these cycle-facet

functionals.

Lemma 3.8. For every chordless cycle v = (e1,es,...,¢e5) of I' with length ¢, the following
¢ functionals
¢
Yoy, = uev,k — Zu;
ik

for k=1,...0 vanish precisely on the set
F :={S, C V() | '[S,] a path on v with at least one endpoint on e; and not crossing e}

Proof. Recall that the ray corresponding to S, C V() is:

us, = E Uy — E Ue,

VES, e€dSy

where S, consists of edges in 7 that have exactly one endpoint in S,.

Since v,, acts only on the edge components u., this reduces to:

L

ka (uSa) = Z 6‘31' - 5%
T2k
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where J., indicates whether e; € 9S,. We now analyze when ., vanishes.

1. If I'[S,] is a vertex path that includes an endpoint on e and does not cross ey, then
er € 0S, because it has exactly one endpoint in S,. Furthermore, no other edges e; # e;,

contribute to dS,, since they are internal to the path I'[S,]. Hence ¢, (us,) =1—1=0.

2. If S, does not satisfy the conditions of F,}k, then either: ey ¢ 0S,, or, other edges

e; # ey, contribute to dS,. In these cases 1., (ug,) = 2.

Therefore, 1., (ug,) = 0 if and only if S, € F! | i.e., T'[S,] is a path on v with at least

Vi

one endpoint on e, and does not cross e,. And for all other subsets S, ¥, (ug,) #0. O

Lemma 3.9. For every chordless cycle v = (e1,ea,...,¢e) of T with length €, the following

¢ functionals define inward-facing normals to a facet incident to p_q:
¢
R
7k
fork=1,...14.

Proof. Let v be the unique linear functional defining a facet F' < Jr, and let

F) = {SU c v(I) ‘ Y(us,) = Z ay — Z be =0, T'[S,] connected}

vESs e€0Ss

be the maximal set of S,’s whose rays ug, lie on F'.

Fix a chordless cycle v = (e1,...,e,) in I', and let V(v) = {vy,..., v} be the vertices of
7, indexed modulo (. We will show that if F}j O Fy, for some k = 1,...,/, then ¢ = 1,
for some k. Fix an edge e, = (vr_1,vx) of the cycle v and suppose that Fi contains Fﬂ}k as

defined in Lemma 3.8:

F, ={S, C V() | I'[S,] a path on v with at least one endpoint on e and not crossing e }.
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The facet-defining property of ¢ ensures that for any S, € lek C F}, we have ¢ (ug,) = 0.

First, we consider two specific vertex paths in lek:

Se; = {Vk_1,Vk_2, .., vir1}, with boundary edges {ex, e;}

Sey = {Vk, Vk11, - - -, }, with boundary edges {ey,e;}

If 4’s vertices are ordered ‘counterclockwise’, then S,, runs clockwise from vy_; along v\ eg,
while S,, runs counterclockwise from vy along v \ ex. Applying ¢ to their respective rays
gives:

a, = be, +b,, and ay = be, + be,.
> )

UGSo-l UESUQ

Next, note that the path Sy, U S,, € Fy, and has no boundary edges in ~. Hence

VESey USoq vESoq vESsy

Adding the two expressions for w(ugai, we get:

0=2bs, +2b,, = —be, =be.

3

Since 7 resulted from an arbitrary choice of vertex with 7 # k, we have that b., = —b,, for
all ¢ # k. As a consequence, we also have that b., = b, for all ¢, j # k.

Next, to show that all vertex coefficients for ¢ vanish, we pick an arbitrary vertex v;,
with ¢ #£ k — 2,k — 1,k and consider two overlapping counterclockwise paths that differ in

boundary edges and in their inclusion of v;:

Sy = {Vk, Vkt1, -+, 0im1, v} and Sy, = {Uk, Vg1, .-, Vim1}
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where the indices are again taken modulo ¢. Applying 1 yields

> ay=be, +be,, and Y a,=b, +b,

vESsy VESoy

Subtracting these equations, we get:

<Z CLU> N Z v | = <bek + b€i+1) o (bek + bei)

vES, veES,

— b,

T

Ay;_y = b5i+1

which simplifies to a,;, = 0 since ¢,7 + 1 # k — 1, k modulo ¢. Hence, we get that a,, = 0 for

alli £k—2k—1,k

Repeating this argument with two clockwise paths and ¢ # k — 1, k, k + 1,

Sal = {qu, V-2, -+, Vit1, Ui} and SO'Q = {kal, V-2, - - - 7Ui+1}

we get

> ay=be, +b, and Y a,=be +be.,

UESO'I ’UeSo'Q
which again simplifies to a,, = 0 as ¢ + 1 # k — 1,k modulo ¢. Combining both types of

paths, we get that a,, = 0 for all 7 # k — 1, k. Finally, note that ug, 1, %, .} € F! so

k7

@D(u{vk&}) = Quj_y — bek - b€k71 =0 = ay_,=0
Y(Ufny}) = Aoy —bep —bepy, =0 = a,, =0
Hence we have that R>o ¢ = R>g 1., . ]

So we have that edges induce facets on tree graphs, and chordless cycles induce facets on
cycle graphs, but it remains to see whether the edge facets persist in the transition from I'

a tree, to I' a chordless cycle.
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Moreover, each facet-defining dual functional ¢ = Zvev(r) Aply + ZeeE(F) b.u. can be
identified with a weighted subgraph I'(or) by assigning a,, b, to the vertex and edge weights,
respectively. Here we allow the edge and vertex weights to be zero, but still include the edges

and vertices with zero weight.

Example 3.1. Consider the graph I' = T, by 3.7, there are 3 - |E(T") | = 18 facets of Jr

incident to p_;. Indeed, computing the J-cube directly and embedding the coefficients of

each 1 as a subgraph of I', gives the following:

Similarly, if we consider the cycle graph I' = Cj, then by 3.9, there are len(C5) = 5 facets
of the J-cube that are incident to p_;. However, if we compute the facets of Jr directly, we

observe 5 + 3| E(T") | = 20 facets—the edge-facets seemingly carried over.

We will see that this phenomenon carries over into all graphs; in other words, edge-facets

seem to persist among J-cubes of more complex graphs. Naturally, adding more edges to a
cycle graph will affect the cycle structure, so we will also see that while edge-facets persist,

cycle-facets are more delicate, so can decompose if a chord is added.
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3.2.1 Local Classification of Facets

Lemma 3.7 classifies edge-induced facets by examining sets of vertices S, whose rays ug, lie
in a facet. In a tree, every edge naturally falls into one of the categories (bridge or twig), and
the lemma constructs three facet-defining functionals for each edge from these configurations.
Now, if we add a single edge to a tree to form a chordless cycle v, some edges may no longer
be bridges or twigs. Instead, they lie on the cycle.

The crux is to confirm that the presence of the cycle does not invalidate the original
construction of the three edge facets. The newly formed cycle adds more structure, but it
does not erase or merge the original edge-defined configurations. Instead, it provides a new

layer of facet structure on top.

Theorem 3.1. ForT' = TU{e'} a graph with a single chordless cycle v such that T is a tree,
the tree edges and cycle edges classify all of the facets of Jr incident to p_y. Additionally,
there are 3|E(I")| + €(v) of these facets.

Before tackling Theorem 3.1, we prove the following necessary lemma on edge-facet sta-

bility.

Lemma 3.10. Let I' be a generic graph on n vertices. Then the linear functionals of the
form 1., . define edge-facets for any Jp.
Moreover, the canonical projection Jk, — Jr sends edge-facets of Jg, to edge-facets of

Jr, so long as V(K,,) = V(I).

Proof. Fix an edge ¢ = (vy,v;) € E(I'). Then Jr ¢ RV @aRE®) . We will show that
dim(ker(ve ,)) = | V(') [+ |E(I') | — 1 for any sign pattern o, § € {1}. We will show that

B = span {{u, | v # v1,v2} U {ue | € # €'} U {ue — Buy,, ue — auy,}}

defines a basis for the kernel of 1., . Clearly, for any u. € Vi, with e # €', we have
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e, (auy, + Buy, + abuy) (ue) = 0.

Similarly, for any w, € Vi, with v # vy, ve, we have u) (u,, ) = w.’(u,,) = 0, so
Ve, (Quy, + Buy, +afuy) (u,) = 0.

Lastly, if & = 3, then o? = o and

e, (e — aBuy,) = (auy, + Buy, +aful) (ue — Buy,)
— af —af

=0.

Similarly, we also have

,lvbe’a,ﬁ (ue’ + aﬁuvg) = (CYU;/l + BUX2 + OZBU;//) (Ue/ — Oéﬁuw)

=0.

Thus the set

B={u, |v#v,v3} U{ue|e#e€} U{ug — Puy,, te — iy, }

is contained in the kernel of ¢ for any sign pattern. Note that this set is linearly inde-
pendent and maximal; if @/Je/aﬁ(x) = 0, then x € ue, but then that implies a8 = 0. Thus,
span(B) = ker(¢, ) is codimension 1.

Next, we will show that edge-facets descend to edge-facets. Let Vi := RVD a RED and
Vi, = RV g REUS),

Let 7 : Vi, — Vr be the canonical linear map sending u, — u, and u, — u, if e € E(I)
and u, — 0 otherwise. On the vertex set side 7 restricts to the identity on RV = RVn)

since K, and I' are assumed to have the same vertex set. We claim that 7 is a linear
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projection of polytopes. Indeed, for every vertex p, € Jg,,,

7(py) = Z o(v)u, + Z o(v1)o(ve)ue = ¢» € Jr.

veVv(TD) (v1,v2)=ecE()

Now, note that under the projection m,

m(ker(ve,, ) = span {{u, | v # vi,v2} U {u. | e # '} U {ue — By, ue — aty,}} C Vr

is a basis for the kernel of the pullback of ¢, and has dimension | V(T') [+ |E([') [ -1. O

This lemma shows us that edge-facets always exist and behave nicely under projections.

The same cannot be said about more generic facet types.

Theorem 3.2. For I' =T U{e'} a graph with a chordless cycle v such that T is a tree, the

tree edges and cycle edges classify all of the facets of Jr incident to p_y. Additionally, there
are 3|E(T")| + £(v) of these facets.

Proof. In the tree scenario, for each edge e = (vg, v1), lemma 3.7 constructs three functionals:

Veyy = Upy F U T U0, ey = uy —uy —ul, e, = —uy +uy — .

Each of these functionals corresponds to a facet constructed by considering subsets S, that
reflect different sign patterns at vy and v,. This classification ensures every edge induces these
three facets incident to p_q, with Fj}eﬂ characterizing the maximal sets of S, determining
each facet.

Now form I' by adding a single edge to a tree T', creating exactly one chordless cycle
v = (e1,...,er). By Lemma 3.7, each edge in I" induces three edge-facets F' < Jr.

The chordless cycle v yields new cycle facets due to Lemma 3.9, each corresponding to
functionals 1).,. These ¢(y) functionals define fresh facets in Jr, extending the fan with

exactly £() new rays (one per cycle edge).
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Note that the construction of Jr depends only on the vertices and edges of I' (not the
order in which we construct I'). Because a single-cycle graph has no additional chordless
cycles or substructures beyond those accounted for by the newly introduced edge, no further
facet-defining functionals arise.

Hence, we have the old rays from edges in T, plus three new rays for the new edge ¢,
plus £(y) rays for the cycle facets. Thus, the total is 3| E(I")| + ¢(v) facets of Jr incident to

the point p_j. O

So what we have is a classification of facets for graphs consisting of a single chordless
cycle v with tree graphs attached to y—in other words, a classification of facets of Jr for
hairy cycle graphs. Note that this theorem does not say that we can continue to inductively
add edges and maintain an accurate facet classification. A natural next step is to determine

how these types of polytopes behave when connected by an edge.

Theorem 3.3. For G, G5 hairy cycle graphs each containing a single chordless cycle, define
I' = G1 Uy Gy as the graph obtained by connecting the two graphs by an edge €¢'. The edges

in I' and cycle paths on vy, 7vs classify all of the facets of Jr, with there being a total of

3|E(Gy)| +len(y1) + 3|E(G3)| + len(vy) + 1

facets containing p_1 .

Using induction, we can extend this result to a more general statement about links of

graphs.

Theorem 3.4. For G1,...,Gy be hairy cycle graphs each containing a single chordless cycle,
define I' = Gy U, Ga Ue, -+ Ue,_, Gy, as the graph obtained by connecting the k graphs by

a sequence of k — 1 edges such that they do not form any loops. The edges in I' and cycle
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paths on v1, Y, ... Yk classify all of the facets of Jr, with there being a total of

Z 3| E(G)| 4 len(v;) + 3(k — 1)

facets containing p_q .

Example 3.2. Consider I' = G; U, G5 where G; contains a C; and G5 contains a (5, each
cycle also containing trees along the cycles, with a lone edge €’ connecting the two. In this
case, we have

facets in total. Twelve of them are shown below.

3.2.2 Global Classification of Facets

If we want to compute all of the facets of Jr (not just those incident to the basepoint
p—1) then there are some minor considerations. We know that since the vertices of Jr are
transitive under the group action 7 € (Z /27Z)", for the facets that are not incident to the
basepoint, there is some 7 such that the ‘missing’ facet-defining functional ¢* is generated
by one of the 1/)’s in our list; i.e., ¢¥* = @ o 771 for some i = 1,..., 3| E(T)| + £(7).

So from a combinatorial classification viewpoint, the ‘missing’ facet is already included

in the “(base) facet + sign-flip” dictionary we have, without having to explicitly enumerate
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all flips in practice.

So the brute-force approach of:

1. Classify the facets incident to

2. For each such facet, apply all sign-flips.

3. Collect the new facets at all other vertices.

is clearly exponential—and typically not the style of classification or algorithm that we want.
Instead, we will approach the previously classified facets separately and note that they

result from similar facets.

Lemma 3.11. For each edge e € E(I'), four edge-facets of Jr are defined by e 4+, e y—,
we,—-ﬁ ¢e,——-

Proof. Only the existence of the v, edge-facet is required here. To see that this does
define a facet of the J-cube, note that if equality is achieved by 1. __ on a set of vertices
Po € Sy, then ¢, = 1. o 7! achieves the minimum on the same set with opposite

parity p_, € S__. O

Lemma 3.12. For each chordless cycle v, there are 2"~ cycle-facets, whose coefficient

patterns are defined by frustration patterns on .

Proof. To see the connection to geometric frustration on +, recall the first definition of the

Hamiltonian from 2.1 is the negative of our working definition

Hy(J,h)= > awou+ Y beoe.

veV(T) ecE(T)

So when connecting the embedded sugraphs representing each of the cycle-facets, the positive
couplings represent edges where adjacent vertices disagree in spin, while negative couplings

are where adjacent nodes agree in their spin. Viewed in this way, we can attain these
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frustration configurations on a cycle by assigning consecutive blocks of an odd number of
edges to be frustrated (graphically, red paths of odd length separated by green paths of even
length).

So for any chordless cycle 7, there are

(len1(7)> N <1en3(7)> T (lelllezrvlgvz 1) _ glen(y)-1

many such configurations. O]
In summary, we have the following global facet classification.

Theorem 3.5. For I' a hairy cycle graph, Jr consists of only these 4| E(I')| 4 21

edge-facets and cycle-facets.

3.3 A Gluing Approach

3.3.1 A First Approach

Consider a polytope () C R"™ in the vector space W = R", and suppose there is an involution

v: R" — R" satisfying v? = id. We form two parallel slices of () in R"*! by setting

Qr=Q@1=A{(=1)]reQ}, Q- =v@a (1) ={Fk),-1)]zec}

so that @ is a copy of @ at the affine hyperplane z = 1 and @)_ is a copy of v(Q) at z = —1.

Taking the convex hull of these two sets then defines

Q, = conv(QJr U Q_) c Rt

A linear functional v on R™™! can be written as 1) = ¢y @ ¢, where ¥y lies in WV (the

68



dual space of R") and ¢ € R. For any point (z, z) in R” & R,

U((x,2)) = Yw(z) + cz.

When this is restricted to ), each point there has the form (z,1), so

V((z,1) = Yw(z) +ec.

Restricting ¢ to QQ_ yields

w((y(:v), —1)) = Yw (V(:v)) —c=v"Yw(x) —c,

where v* denotes the pullback under v; so we may focus soley on restricting to Q.

A face Fyy < @, is determined by minimizing ¢ on ),. The face F;, then consists of all
points in (), where ¢ attains this minimal value min,eq, ¥(y). It follows that if ¢/ achieves
its minimum exclusively on the top slice @), then the resulting face lies entirely in Q).
Alternatively, if the minimum is strictly lower on the bottom slice ()_, the face is contained
in @)_. In the event that i takes the same minimal value on both slices, one obtains a face
spanning both ), and )_.

To characterize this more concretely, suppose that there is a face F'y C () on which ¢y,
is constant and minimized; let ¢ = mingep, ¢w(x) stand for this boundary value. In Q,
the value of v is therefore ¢t + ¢, when restricted to this face.

There is also a face F C () where ¢y is also constant and minimized (equivalently, a

face of . where v*¢y, is constant and minimized). So let

¢ = min(vw)(y) = min (' v ) ()

be this boundary value. Then in )_, the value of 9 is ¢~ — ¢ on this face.
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Then we compare 2¢ with ¢~ — ¢*.

o If 2c < ¢™ —c*, then ¢ + ¢ < ¢ —cand Ywlg, < ¢Ywlo_, thus the minimum occurs

strictly in Q.

o If 2¢ > ¢~ —c*, then ¢ +¢ > ¢™ —cand Ywl|g, > Yw|g_, thus the minimum is strictly

in Q)_.

e Only when 2¢ = ¢~ — ¢*, hence ¢ + ¢ = ¢ — ¢ and Yw|g, = Ywl|g_, do the
points in both slices simultaneously realize the same minimum, causing the face F, :=
conv(F,, F_) < @Q,, induced by v, to be one of the newly generated faces in the convex

hull of the top and bottom faces. Note however, that this may not necessarily be a

facet of Q,.

In this way, one sees that when we extend vy to v, it slices through @), in precisely three

ways, depending on how its values compare at z = 1 and z = —1. These comparisons

directly determine whether the induced face lies entirely in one slice or straddles both. In

order to answer this question as to when extending 1y to ¥ induces a facet, let’s recall some

information.

Let A and B be two affine subsets in some ambient space. Consider conv(A U B), the

convex hull of AU B. Generically, one can find the dimension formula

dim(conv(A U B)) = dim Aff(A) + dim Aff(B) — dim (Aff(4) N Aff(B)) + 4,

where 0 = 0 or 1. Concretely:

If A and B lie in the same affine hyperplane, then § = 0. In that degenerate case,

conv(A U B) doesn’t gain an extra dimension because its convex hull remains in a single

hyperplane.

If A and B lie in nonparallel affine hyperplanes, and the intersection Aff(A)NAff(B) has

dimension at most dim(A) + dim(B) — 1, then 6 = 1. Intuitively, the line segment joining a
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point in A to a point in B adds an extra direction beyond any contained in either affine set
alone.
Connecting this back to our current setup above, since the faces F,, F_ lie in separate

slices, if F, indeed defines a facet of @),, then the pair of faces (Fy, F_) must satisfy

dim(Q,) = dim Aff(Fy) + dim Aff(F_).

This generic gluing strategy is how we will approach computing generic J-cubes of graphs
by expanding along an edge via ‘splitting’ a vertex. However, note that in this process we
went from R" to R™™ in a predictable manner, which suggests that we may be able to
perform these computations in R" instead. Indeed, we will make some adjustments in order
to apply this approach, but first we will illustrate the above constructions more concretely

with an example.

Example 3.3. Consider a graph I" with just one vertex (and no edges), viewed as a con-
traction of P,, the path graph on two vertices. Its state set {£1}! has exactly two vertices:
o0 =1or 0 = —1. In the usual J-cube construction, each state £1 maps into a point in
RY™ @ RPM) But since there are no edges and only one vertex, we effectively just get
two points spanning a line segment. Jr is the convex hull of those two points, so it is a 1D

segment conv(=(u,, + u,,)). In coordinates,

Q=Jr={zeR|A1,1)+(1—-N)(-1,-1),A€[0,1]}.

Note that we use the coordinates for the vertices vy, v9; the lone edge in P, contracts these two
vertices along the edge e to a single vertex v4.. The uncontracting map sends vy — ,, +u,_,
here denoted vy, v,. Hence our ‘glued’ polytope will reside in in R? after uncontracting.

Next, we define the involution v : R?> — R? as the linear map that changes sign on the
Uy,-coordinate

V(Uy,) = Uy, and v(Uy,) = —Uy,
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or in coordinates, v(z,y) = (z, —y).

We next move up one dimension, to R? & R = R?® with coordinates (x,y, z). Define

Ry =Qa1
=Jrdl
= conv (£ (ty, + Uy,)) ® 1

={(z,z,1) e R® |z € [-1,1]}.

placing a copy of the J-cube at the plane z = 1. Simultaneously, define

Q- :=v(Q) (1)
=v(Jr) ® (-1)
= conv(£(v(ty,) + v(uy,)) B (—1)
= conv(E(ty, — Uyy) + Ue)

={(z,—z,—-1) e R® | x € [-1,1]}.

Thus @, is a horizontal line segment at the upper z = 1 slice, running from (1,1,1)
to (—1,—1,1) and @_ is a vertical line segment at the lower z = —1 slice, running from
(1,—1,-1) to (—1,1,-1).

Viewing these two slices together in R3, we get four distinct corner points: (—1,0,1) and
(1,0,1) across the top slice, (0, —1,—1) and (0,1, —1) across the bottom slice.

Taking the convex hull of those four points yields a 3-dimensional polytope with four
vertices. One can check that they do not all lie in a single plane, so their convex hull is a

tetrahedron. Hence:

Q, = conv(Q4+ UQ_) = (a tetrahedron in R?).

Finally, recall that the J-cube of the path graph P, on two vertices (and one edge) is known
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to be a tetrahedron. Indeed, P, has state space {£1}? of four distinct vertices, and those
vertices map into R2GR = R? in such a way that their convex hull is a tetrahedron. The four
corner points we see above match the typical sign configurations o: {two vertices} — {%1}.

Thus, by starting with the one-vertex J-cube (a line segment) in the plane R? and applying
the involution v to produce two slices in R3, we exactly reconstruct the J-cube of P,. This
demonstrates how we can ‘glue’ two copies of a 1-dimensional J-cube into the 3-dimensional
J-cube of a larger graph, by ‘expanding’ P; along the edge e € F(F,).

Hence we have:

showing how we can start from the J-cube of P;, and produce the J-cube associated to P

by splitting a vertex into an edge. [

We summarize the gluing process in full generality below.
Given a graph I" which contracts along an edge ¢ = (vy,v_) to I' := I"/€/, with the

vertices of € contracting to the vertex vy, define the inclusion i : Jr — RV g REM by

/

Uyy > Uy, + Uy

LI= 8 Uy > Uy v #£ vy

Ue —> Ue e#e
\

Under this embedding, we ‘expand’ the vertex vy to the vertices it originated from, and we

obtain a copy of Jr in a one-higher dimension space

Q:=i(Jr) C W = RV gRED.

Next, we define the involution v : RVT) g REO 5 RVET) g RPD) on this space by flipping

the sign on the vertex v_, along with a subset of its neighboring edges S_ C# 9{v_}, chosen
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in advance: )

Uy H Uy v#E U
Uy > —U_y
Up H> Ue e¢ S

Ue > —Ue eeS_

\

Intuitively, the choice of S_ determines which edges were incident to v_ prior to contracting
along ¢ on I"". The choice of S_ will determine the expanded graph we obtain, and there
is no clear notion of independence of S_; for example, a star graph with n leaves can be
expanded into several nonisomorphic graphs, by splitting the root vertex in (72‘) different
ways, resulting in a total of | % | isomorphism classes of graphs. We'll revisit this question in
later work.

Next, we embed the J-cube of the contracted graph I' in the ambient space for its expan-

sion along €', or I''. Thus we obtain two isomorphic copies of Jr at the slices corresponding

to o(e') = £1:

Q,=Q®1 c WaR c RVT) gRFD
+

Q. =v(@Qa&(-1) c WaR c RVT) gRE)

Finally, we take the convex hull of the two slices to obtain the J-cube for the uncontracted
graph I
Q, = conv(QUu(Q)) = Jp C Vv = RV g R

Now, given any linear functional vy, € WV with representation

Yy = Z a,u, + Z bty + Gy, (uy, +u, )
veV(T) eel
vFEV_ vy

we extend it to a functional ¢ = ¥y @ bs € V¥ by defining the edge constant b in the
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following manner:

=5 (8g).

Recall that this choice of constant resulted from the requirement ‘2¢ = ¢~ — ¢*’, from our
more generic discussion.

Extending ¢ in this manner, if the functional iy, defines a pair of faces (F_, F) =<
(Q_, Q) of Q in the usual manner, then v defines a face F), := conv(F_ U F) < @, which

is not fully contained in either W & 1 or W & (—1).

Example 3.4. Revisiting the setup from Example 3.3, recall that we have the following

bounds on the dimensions for the facets of Jr:

dim(Q,) — 1 = dim Aff(F}) 4+ dim Aff(F_) — dim (Aff(Fy) NAff(FL)) + 1
2 =dim Aff(F}) + dim Aff(F_) — 0+ 1

1 = dim Aff(Fy) + dim Aff(FL)

One can readily see that the only pairs of faces (F, F_) that satisfy this are a line segment

and a point in Q),. We summarize the facet structure of (), below, in terms of pairs of faces

(Fy, Fo):
P, F dim Aff(F,, F.)
Uy, + Uy + U conv (£ (ty, — Uy_) — Uer) (0,1)
— Uy, — Uy + Uer conv(=£(ty, — Uy ) — Uer) (0,1)
conv(E(ty, + Uy, ) + Ue) Uy — Uy_ — Ugs (1,0)
conv(£(wy, + Uy, ) + te) Uy, + Uy — Uer (1,0)

The linear functions that induce each of these facets are listed below:
Next, we’'ll verify the construction by computing ¢ from ¢y € QV.

O
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~F, =0, dim Aff(F,, F_
P +
| (0]
uy, +u, +ud (0,1)
—u,, tuy —u) (1,0)
wy, — Uy — Uy (1,0)
by Vb 5 (min v*Yy — min Yy ) Y
Uy, T Uy | Uy — Uy 20— (=2)) = 1 Uy, + Uy + (1)uy
—uy, — U | Uy, Fuy 3(0-(=2) = —uy, —uy_+ (Luy
u), — U Uy, + Uy 2(-2-0) = —1 Uy, —uy_ + (=1uy
—uy, +uy | —uy), — ) (—2-0)=-1 —uy, +uy +(=1)uy,

In this example, computing the edge coefficient b, is time-consuming, so we provide a

reduction.

Lemma 3.13. If ¥y attains its minimum on F =< Q, and v*iyw attains its minimum on

F* <X Q where FNF* £ (), then the coefficient for u), can be simply computed as a local sum

at v4

b:/ =

PEFYNE, xy,

min —ay, uy, (

Zbu

ecS_

Indeed, suppose we have p € F N F* # (), then

2by = rznel(g v'hw (z) — rznel(g Yy ()
= v"w(p) — Yw(p)

— Z avu+2bu + ay, v+—av

veV(T

Zbu

ecE(T ecE(T
U;év+,v_ eﬁéS, eES,
— Z a,u, +Zbu + Ay Uy, + Ay Uy +Zbu (p)
veV(T) ecE(T") ecE(T
VFEVL, U e¢S_ eGS,

=2 a,u + Y b |(p)
ecE(T)
eeS_
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Thus, in this situation where 1y defines two adjacent faces F*, F' of (), we obtain the

reduction
_ . - v . v
bo = min | —awuy (p) EZS: e (p)
= min T — bou.
pei—1(F)ni—L(F*)<Jp U, (P) e; ()
O

So in this manner, if we know the facet structure on Jr, then we can attain the facet
structure on Jrv. This begs the question though, is is possible to perform our calculations
solely within the dual space of an initial J-cube, rather than in its imbedding as Q7 This is
what we answer now. The key idea is to express the iterative step abstractly, entirely within

the original space R™, via cones and normal fans, mirroring ideas from toric geometry.

3.3.2 Refinement of Edge Expansion

Given a graph I', we have a polytope Jr C R™ whose combinatorial structure is encoded
by its normal fan N (Jr). Each cone in the normal fan corresponds bijectively to a face of
Jr, with the dimension of a face equal to the codimension of the corresponding cone. The
iterative step from I" to I is then described purely combinatorially by modifying the normal
fan of Jr.

We start with a given graph I' and a distinguished vertex vy. To proceed inductively,
we consider a new graph I obtained from I' by splitting the vertex v, into v, and v_ and
add exactly one edge €/ = (vy,v_). This inductive step takes place abstractly through the
geometry of cones in N (Jp) = (R™)V:

The cones in N (Jr) are defined as:

Cr={¢Y € (R™) : 9| is minimized},
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for each face F' < Jp. Each such cone is dual to a face in the usual manner.

The involution v, acting on the base space R™, arises from the process of splitting vy
with a labeling of edges. It is given explicitly by flipping the sign of the coordinate associated
to edges in a subset S_ C E(I') adjacent to v+ and by flipping and scaling the coordinate
associated to the vertex vy. Recall that the graph I obtained by this process is dependent
on the choice of labeling S_.

The involution v on R™ induces a dual action v* on the dual space (R™)Y. This dual
action naturally carries cones in the normal fan of Jr to new cones, possibly permuting or
pairing them up. Specifically:

Given a cone Cy, C N (Jr) defined by a functional ¢, the involution produces a new cone:

Cey = v"(Cy) S N(Jr).

For example, in the case where we are adding a leaf to a graph by expanding a vertex v
along a leaf edge €', we will have the edge labeling S_ = (); as there are no edges ‘beyond’
vx. So in this trivial case, the involution merely reflects the coordinate w,, .

Thus, we have pairs of cones (Cy, Cy»y), reflecting the geometric involution. Each pair
of cones corresponds to pairs of faces (Fy, F,«y) in the original polytope Jr.

At this stage, we have not yet increased the dimension, as everything occurs within the
space R™ and (R™)Y. The dimension count of faces and cones is captured neatly by standard
duality:

If dim F}, = d, the corresponding cone Cy C (R™)Y has codimension d. The involution
doesn’t alter the dimension, by merely flipping or reflecting coordinates and potentially
permuting cones and their associated faces.

To proceed towards a geometric construction (the J-cube inductive step), we recall a
dimension formula that connects the faces corresponding to pairs of cones under the involu-

tion. Given two cones Cy and Cl»y, which correspond to faces Fy, and F«y, define a glued
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cone abstractly as:

Cy ey = span(Cy, Cry),

which, under an appropriate embedding, corresponds to a face in the higher-dimensional
J-cube Jp.

The key dimension identity at the abstract level is the sum:

dim(Fy,p) = dim(Af(F,)) + dim(Af(F, ),

where Fy, ,«, = Jr is the face obtained in the next step of the inductive construction.
This dimension formula reflects how the involution links and glues the faces, creating a
new face whose dimension is precisely the sum of dimensions from the upper-lower faces.
To translate this abstract construction to the familiar geometric process from before, we
now perform explicit embeddings:

First, the vertex-splitting step is realized by embedding:

i R™ = Ry e uy, U,

with identity on all other coordinates. This step geometrically realizes the abstract imbed-
ding 7 as a splitting of the vertex coordinate vy, while separating the edges in S_ from v
(and those in E(I") \S_ from v_).

Second, the addition of the new edge €’ introduces another coordinate which mirrors the

additional edge that connects v, to v_:

RIS R Qe Qel, V(Q) = Y(Q) e (-1),

by assigning coordinates u, = 41 to the new edge coordinate €', resulting in the upper-

and-lower slices @ @ 1, V/(Q) ® (—1). The pair of functionals 1, v*y) € N(Jr) under the
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pushforwards become

v=9p+ aviu;/i = Ty =p+ Ay (uz\;/+ + u;/,)

VY = v+ by uy, = VY =0 4 by (u), —uy) )

U+ vy v

Define the perpendicular shift of i*vy as

1/] = SO _I_ avi (ui\)/+ + u’l\ilf) + b'U:t (u’l\1/+ - ui\)/f)

=+ (A, + bvi)uq\;/Jr + (@oy — boyJu,

Note that i) € (R™1)¥ projects to ¢ and lies in a perpendicular translate of i(Jp) = Q C
R™1, on which w, — u,_ is zero. Pushing ¢ forward to (R™+2)V = N(Jpv), we obtain

U = 2 + (avjE + bvi)ux_~_ + (a’Ui - bvi)’u;/_ + bz/u;/,

where the real coefficient b}, is computed as

=g (g o) - i)
> : . % _ v
Z omin | e, (p) > beu! (p)

eeS_

where equality holds if and only if p € Fy N Fy«y # 0.

The previously paired cones (Cy,Cy+;) now correspond to the upper and lower faces
(Fy, F_) C Jp. The abstract dimension formula translates directly to the geometric embed-
ding:

dim(Fy ) = dim(Af(F})) + dim(AfE(FL)),

reflecting precisely how these cones (faces) combine in the embedded geometry. The connec-

tion to the earlier inductive constructions is now clear:

80



Abstractly, in the lower-dimensional space R™, we chose a pairing of cones via involution,
resulting in a dimension count encoded in the normal fans. Concretely, once the involution
and pairing of cones are established, we can explicitly embed into higher-dimensional spaces,
concretely realizing the cone-theoretic pairing as the faces of a higher-dimensional J-cube
Jrr as before.

Next, we note that in the reverse process—edge-contraction—contracting edges of a sim-
ple graph may result in multi-edges or loops. The following result shows that these edges

may be ‘pruned’ without affecting the facet structure of the J-cube.

Theorem 3.6. Let I' be a simple graph and let I be a non-simple graph with V(I') = V(I")
and E(T') € E(I") maximal. That is, I' can be viewed as a mazimal copy of T with only

loops and multiedges removed. Then Jpr = Jp.

Proof. Note that if two vertices vy, vy are connected by multiple edges e; = (v, v2), with

i=1,...,mult(e;), then for any o € A,

o(er) = o(vi)o(ve) = o(e;)

for any i and o € A. Thus, we have (P )u., = (Po)u.

Similarly, if e = (v,v) is a loop in I, then for any o € A, we have o(e) = o(v)? = 1.
Thus, (py)., = 1 if e is a loop.

So in essence, the vertices of Jr are constant in the u.-coordinates when e is a loop or
has nontrivial multiplicity, and we can remove these extra directions without reducing the

dimension of Jr. So for any ¢, € vert(Jr) and p, € vert(Jr ), we have

mult(e)
P = E ( )uv + § Ue + E U<€> E :
veV(I) ecE(TY) e=(v1,v2)EE(I) i=1
ea loop at v e not a loop ei=(v1,v2)
vertex lifts edge lifts
Qo = E uv + E U'e + pa
veV(I) ceB(I)
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Thus, Jr and Jp are affinely isomorphic.

3.4 Computing the Fiber Fan

Recall the following diagram from earlier

ET) ___ RV o REMD

/"T/"

RQ" -n . ; RA

]/l "

RZ"—n m

All arrows are affine, surjective maps of polytopes. Lemma 2.3 of [4] therefore gives

S(Jr, Q) = »(2(A4.Q)) = ¢ (2(Q)).

In other words, the fiber polytope is a projection of the secondary polytope. Dually, the fiber
fan carves out a linear subspace of the secondary fan over which the 7 j-coherent subdivisions
are realized by a Hamiltonian.

A weight vector w € (R4)* lifts the n-cube to {(o,w(0)) : 0 € A} € R*@R. The lower
convex hull defines a coherent subdivision of @); varying w sweeps the whole secondary fan of
Q. But (RA)* has 2" coordinates, and a generic weight vector yields a full 6-tetrahedra trian-
gulation of the 3-cube, 384 for the 4-cube, and astronomically many in higher dimension—an
intractable search space.

When I is of the form “cycle+trees” (or, more generally, when every 2-connected block

of I is a single chordless cycle) we showed in Section 3 that every facet normal is one of
o 4|E(I')| edge-normals v 4 = auy, + buy, + abuy, where a,b = %1
o 2/ cycle-normals ¥,y = Y,y ul, — > igr Uz, where T C P(E(y)) contains disjoint,
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odd-length edge paths.

That is, the entire normal fan A (Jr) is spanned by only

AED)|+ ) 2
chordless cycles
primitive vectors in (R*)*. Working in this subfan collapses the exponential search to some-
thing linear in the size of I'.

In general, an arbitrary functional ¢ will induce a coherent lifting of ) into a higher-
dimensional polyhedra. Constructing the lower convex hull of the lifted points and projecting
back down yields a well-defined regular (coherent) subdivision of the cube Q.

Applying techniques from Section 1.2.5, we vertically lift vertices o € @) to height hy (o)
and project the lower convex hull of this lifted configuration back down to ) in order to pro-
duce a regular (coherent) subdivision whose combinatorial structure is dictated explicitly by
the facet-defining linear functional . The resulting subdivision structure is straightforward
to compute and enumerate explicitly.

1. Pick a facet normal ¢ = Z ay Uy + Z be u of Jp.

veV eel

2. Induce a height on the cube: for each vertex o € {£1}" set hy(o) = ¥ (¢(0)) =

Z ay0y + Z be 0,00,

veV(T) e=(v;,v;)€E(T)
3. Lift Q to {(o,hy(c))} € R"*! and take the lower hull—these can be computed in
higher dimensions by the process described in Chapter 5 of [5]. The maximal cells

then project back down to R™ to obtain a coherent subdivision Sy.

4. The set of all A - with A > 0 that induce the same subdivision are one-dimensional

cone. Its ray Rsq ¢ is a generator of the secondary fan NV (X(Q)).

5. Repeating for every facet normal of Jr lists all rays of the secondary fan. Higher-dimensional

cones arise as common refinements.
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In practice we need only compare which heights coincide—two vertices ending up at the

same value means the edge between them is not broken.

3.4.1 Why So Few Coherent Triangulations Appear

For the 3—cycle example we listed the 15 facet—normals of the J-cube and found only six
distinct cones of the secondary fan that correspond to full triangulations of the cube @ =
[—1,1]3>—not the 74 regular triangulations we expected. This was a consequence of the 7 ;-
coherent subdivisions residing in the fiber fan X(Jr, ) which resides as a linear subspace of
Q).

In fact, this can be seen from a more basic example, as the Hamiltonian structure imposes

fairly strict conditions on the valuations that are allowed.

Example 3.5. Concretely, for the 3-cycle one has
HU(J, O) = J120'10'2 + J230'20'3 + J13O'10'3.

If Jio = Jog = Ji3 the eight energies H, ¢ (J,0) occur in only three distinct values (vertices of
@), so no functional with that choice of edge coefficients can produce a generic triangulation.

]

3.4.2 Regular triangulations vs. Hamiltonian degeneracy
Denote the zero-field Hamiltonian as
H,(J,0) = Z Je o(v;)o(vy).
e=(v;,v;)€E(T)

The even part of hy, is literally the valuation o ~— (b,y(c)) of the monomial tHs(/0)zo  If
two spin configurations o, ¢’ have the same energy then E(c) = E(0’). Hence degeneracies

of the Hamiltonian collapse heights in the lifting construction, forcing coarse subdivisions
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which exclude these valuations from appearing in the moduli space.

For a general graph with n vertices and m edges

e The dimension of the Ising weight space dim W = n-+m rather than the full dim(R*)Y =

2™ parameter space
e codimension in secondary fan 2"~ — n — e linear relations w(o) + w(—0o) = const.

e expected number of cones grows polynomially in n (empirically O(n?)) instead of ex-

ponentially.

Hence the fiber-polytope method stays practical even when n is large, which is much
better than what direct enumeration of all 2" weight vectors could handle—graphs with
m + n > 15 were approaching computational limits on a test computer with the direct
enumeration approach.

The spin-glass symmetry and the edge-product constraints force Ising valuation function-
als to live in a low-dimensional subspace of the full height space. Geometrically this means
that the secondary fan of the cube, when intersected with that subspace, contains only a
handful of maximal cones; algebraically it reflects the degeneracy pattern of the zero-field
Hamiltonian.

For the 3-cycle this yields exactly six coherent triangulations—precisely the vertices of
the fiber polytope X(Jg,, @). The same mechanism explains the sparcity of regular triangu-
lations for arbitrary graphs I': every ground-state symmetry translates into linear relations
among heights and collapses whole regions of the secondary fan, leaving a computationally

manageable family of cones.

3.4.3 Connection to Tropical Varieties

This explicit subdivision construction reconnects directly to the tropical geometry framework

introduced earlier in the dissertation. Recall the interaction polynomial £ ; associated to the
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Ising model on our graph I'; with the functionals ¥ € F., we may obtain

Enp(T) =Y _ t"Da% € Koy, ... 2],
oceA
with Newton polytope @) = conv(A) and weights generated by hy. Tropicalizing this poly-
nomial yields:

trop(£)(w) = min(hy (o) +w - o),

oeA

whose zero locus defines a tropical variety V (trop(€,)) ¢ RV®.

This tropical variety is dual to the coherent subdivision induced by the heights hy (o).
Each functional ¢ selects a particular combinatorial type of tropical hypersurface associated
with a specific energy degeneracy locus from the original Ising Hamiltonian setup. Thus, the
facets of the J-cube provide a direct bridge back to the degenerate ground states of I' that
originally motivated this work.

Due to the explicit classification of facet normals for Jr, the normal fan N (Jr) is com-
pletely described by a finite, known set of cones, which may subsequently be used to describe
the secondary fan 3(@Q). Each of these cones corresponds exactly to one of the coherent sub-
divisions described above. Instead of exponentially many possible subdivisions, we explicitly
enumerate a finite set of cones, substantially simplifying computations and making the enu-
meration feasible even for larger cases.

This approach avoids the computational explosion inherent in direct subdivision enumer-
ation, while also explicitly reconnecting the construction to the tropical geometry framework
motivating this dissertation. The key simplifications come from the explicit facet classifi-
cation of the polytope Jr for classified graphs I', ensuring that the computation remains
manageable even as the number of vertices of I' grows. It remains to be seen whether this

classification can be expanded to higher-connectivity graphs.
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