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PARAMETER ESTIMATION WHEN QUTLIERS MAY
BE PRESENT IN NORMAL DATA
OUTLIER (out'-1i-r)

a) "...an observation which appears to be inconsistent with the
remainder...", Barnett and Lewis (1978).

b) "...that which 1ies outside or at a distance from the center or
main body...", American College Dictionary (1947).

c) "“...a result which is widely different from the others...", Lyon
(1970).

d) "...an extreme; a value which seems either too large or too small
as compared to the rest of the observations...", Gumbel (1960).

e) E...o?servations judged to be too wide of the truth...", Bernoulli
1777).

f) "...a reading that stands unexpectedly far from most of the other
readings...", Anscombe (1968).

1. Literature Review

Throughout the literature which deals with "remote" observations in
data, one common factor is apparent: there 1ack$ a cohesive or specific
definition of what an outlier actually is. The above attempts at a
" definition span 200 years, yet each must rely upon a comparison between
some "suspicious looking" value and the bulk of the observations.

When one or more of a series of values which supposedly estimate the
same quantity appears to differ markedly from the others in the data set,
it is natural to suspect this value as an cutlier; that is, as a value
which is not actually a member of the population of interest. The initial
scrutiny of such a value is largely subjective and, in fact, requires
judgement on the part of the experimenter after the data have been taken.

As a result, no statistical tests of any kind can be made before the



experiment has been completed because no particular observation is
anticipated to be an outlier. In order to test for outliers, practical
situations are represented in terms of a null probability distribution

or model decided upon either by past experience (using the concept of
Bayesian prior distributions) or by the nature of the data (univariate,
multivariate, time series). Then, the sample data are usually analyzed
to test the appropriateness of the hypothesized distribution and to make
inferences about the parameters of interest. Barnettand Lewis (1978) ex-
press a general form of these ideas asa "working hypothesis" and a "mixture®
alternative”: all observations arise from the distribution, F, versus
the alternative that outliers reflect the small chance, 5, of arising
from a distribution, G. F and G may be different, fully specified dis-
tributions or distinct parametric families of the same distribution. In
more succinct terms, H: F versus Hy: (1-8)F + &G.

In the case where F is normal, say N(u,cz), the distribution G
could also be normal but with a different mean or variance, such as
N(u+A,az) or N(u,Ccz). If the assumption that F is normal is sound,

_ then the first mixture alternative of two normal distributions with equal
variances and different means, often called the slippage alternative,
could easily occur in practical applications. For example, the heights
of males and females are assumed to be normally distributed and have
approximately equal variances. If separate 1ists or records of the
heights are being kept, it is possible that an observation may be mis-
recorded, resulting in the hypotheses previously described.

The detection and accommodation of outliers in data is a potential
problem for any one involved in research. Almost all tests for outliers
are based on the population variance 02 or some estimate of 02. Thus,

estimation of 02 is of vital importance in determining which, if any, of



the observations may be outliers and how many outliers there may be.
Yet, how can the variance be estimated if outliers are present in the
data, thereby distorting any estimate that could possibly be ecbtained
from the sample?

This paper addresses that question when the dataare assumed to be
from a normally distributed population and the slippage alternative is
hypothesized. A procedure for simultaneous estimation of the variance
and slippage parameters is examined using a computer software package,
SAS. In addition, the procedure incorporates a method which helps
determine the number of outliers present in the data. Lastly, the out-
liers themselves can then be identified using the information acquired.
Appropriate action can then be taken by a researcher before any final
statistical inferences are made.

When analyzing data which possibly contain outliers, -two major
schools of thought currently exist: the first is concerned with the
actual detection of outlying observations, and, the second is concerned
with what to do with outliers identified as such. Regarding the second
aspect, the course of action taken depends upon the objective in mind.
For example, when the objective of an experiment is to estimate a para-
meter, say, the mean, the general preference is to discard the outliers
and proceed to analyze the remaining data. Rejection in this case seems
appropriate in that the mean is sensitive to extremes, and outliers, by
their very nature, can severely distort estimates or tests of.parameters
such that final calculations are not representative of the population.

Yet, while the analysis of anomalous data should be considered
carefully, the rejection of data on inadequate grounds (reasons other
than obvious measurement or erratic errors) may make that which is

remaining appear too optimistic. Total elimination of outliers has



recently become less justified for several reasons. Perhaps the outlier
is a genuine reflection of the basic impropriety of the null model.
Examination of an outlier may encourage the formulation of a new, more
appropriate model which accounts for "tail" values, such as a t or log-
normal underlying distribution as opposed to a normal distribution.
Then, as Kelleher (1974) points out, "...use of methods such as thase
for rejection of an outlier impose conditional effects that invalidate
the random sample assumption." The sample has indeed been censored if
observations have been discarded. Lastly, perhaps the direction in
which the outliers lie contains additional information or insight that
should be retained in some form, such as the appearance of a different
species in a sample which was believed to be homogeneous.

Both general and model specific techniques for hypothesis testing
or parameter estimation exist and are relevant to the arguments just
described. A primary objéctive in most procedures is to induce robust-
ness into the estimation process so as to insure implicit protection
from the outliers. Hopefully, the variability induced by the highest
or lowest sample values can be controlled. Then the resulting test
statistic or estimator is not highly sensitive to the effect of outlying
observations. Such estimators then retain many desirable statistical
properties over a large range of possible distributional forms. For
example, a general method called Trimming simply omits a prescribed pro-
portion of the ordered upper and lower values in the sample; Winsorization
replaces rejected outliers by the value of the nearest retained neighbor;
Jacknifing serves to reduce bias in estimators by considering all possible
sample combinations of the estimator excluding the number of suspected

outliers. Another technique keeps the outlier in its original form,



~but assigns it a Tower weight, or assigns lower weights to all extreme
values.

In those cases where a hypothesized distribution and alternative
are explicitly stated, estimation procedures and test statistics are
designed to suit the nature of those distributions. Consider the hypo-
theses discussed earlier: H: N(u,cz) versus H_: N(u+1,02). In
other words, all n observations are from a normal population with common
mean and variance against the alternative that some of those n observa-
tions, say k], are from a normal population with the same variance but a
different mean. Thus, k1 is the number of outliers present in the sample,
and, by the "definitions" of outlier, k] should be less than or equal to
n/2. wheﬁ k1 outliers are present, "'kT elements remain from the popula-
tion of interest. There are several well known statistics for testing
that k] of the n sampie dbservations are from a different normal population.
In 1950, Grubbs proposed two statistics for testing whether the largest
and two largest observations are outliers. Both tests require that the
observations first be ordered, x(])...x(n), after which the ratio of a

reduced sample corrected sum of squares to the full sample corrected sum

of squares is taken:
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Note that the reduced sample merely eliminates the suspected outliers
from its mean and from its total number of observations. Tietjen and
Moore (1972) extended Grubbs' result to test whether k] largest observa-

tions are outliers. Their statistic is given by

-k _ 2 n-k1
121 )~ N b
L, = where x, = ——j—
k n k n-k
] z (X - ')2 1 1
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where again the observations are or#ered x(1),...,x(n). In addition,
they considered the situation in which some of the k1 suspected observa-
tions are larger and some are smaller than the bulk of the remaining

values and proposed the statistic

n-kK _
iza(z(i) "%k

n -
AU

where z(1y....,2(y are first ranked in descending order of [xi-il.

The above test statistics can be used to accept or reject H0 based
.on tabulated critical values or percentage points obtained by actual
integration of ;he null distribution of the test statistic or by using
Monte Carlo procedures. Small values of the Lk] statistic, for example,
lead to the rejection of Ho implying that the k] values are indeed out-
liers.

Hawkins (1979), in reference to Tietjen and Moore's Ek, notes that
'...if a severe outlier is present, then it contaminates the mean x, and
so it is not sensible to rank the sample Z(i) in terms of |xi—§|.” He
then suggests a revision which incorporates a different ranking scheme

attributed tc Resner (1975). The ranks are based on taking successive

1) = maxlx -x | where xJ is the mean of observations not previously



ranked. When an independent estimator of 02 is available, say U, Hawkins
includes it in the statistic; in the event that no external information on

52 is available, U is set to 0. Thus, Hawkins suggests using the test

statistic
S, + U n-k
* _ Tk _ * - 2
Ek = <57 where Sk = 1_;(z“) - zk)
4 i,
and S = § (x; - X)
j=1 !

The aforementioned statistics are 1imited in several respects. First,
the choices of x(n) or X(n-]) are totally subjective in that they may "look
wrong." Yet, their choice is crucial for correctly identifying observations
as outliers. To address this problem, Tiku (1978) proposed ordering the
sample X(I)""’x(n) and calculating all gifferences on, say, the right
side of the median to test for outliers on the right side. He then takes
the ratio of each of these ordered differences to the difference in the
expected values of corresponding standardized ordered observations for a

sample of size n, That is, take

where Us.p is the expected value of the ith standardized ordered observa-
tion in a sample of size n. If the max(Di) = Dj, then the number of out-
liers to test for is j. Note that if no outliers are in the sample, the
Di's are expected to be equal. Since k1, the number of outliers to test
for, is now a random variable, Tiku had yet to study any associated effect
on Grubbs' and Tietjen and Moore's statistics.

Most existing literature dealing with outliers requires, or at least

prefers, a known or independently estimated mean or variance. If employing



the sample variance, which is highly susceptible to outlying values, it
must be done with caution. The only way the population variance can be
estimated using Grubbs' statistics is to eliminate the possible outlier(s)
and compute the sample variance based on the remaining observations.
Then, the problem of censored samples returns. There is a risk of under-
estimation of 02 due to the deletion of "respectable" extreme values in
the sample. In methods preferring an independent estimate of 02, such as
Hawkins', and no such estimate is available, what alternatives exist?
Barnettandlewis (1978) devote onlysix pages intheir textonoutliers instatis-
tical data to dispersion estimators, and they mention the lack of research in the
area of estimating 02 when outliers may be present. Hampel (1974) recom-
mends a quick, robust scale parameter estimator called the median deviation,
denoted Sp = median[xj-MI where M is the sample median. While the median
deviation provides reasonable protection against the influence of extreme
values, it has been shown to have relatively }ow efficiency for uncontamiﬁated
data, especially in the normal case. Dixon (1960) describes estimation of
02 based on the range of trimmed samples and he shows such estimates may
‘be efficient in the nﬁrmai case, but gives no consideration of their
robustness since no alternative model is hypothesized. There are also

general estimators of dispersion based on rank tests, order statistics,

and robust estimators of location in which Winsorization techniques described
earlier have been incorporated.

Specific proposals for use with normal distributions are made by

Huber (1972) and Guttman and Smith (1971). Huber redefines the estimation

of 02 for the random variable X in terms of the estimation of a location
parameter for Y=1og(x2). Thus, estimation is in the form of v = 109(52)

for which there exists a minimax maximum likelihood-type estimator.

Guttman and Smith examined dispersion estimators for normal data and the



slippage alternative based on samples subjected to some forms of trimming
| and Winsorization. They consider premium and protection measures devised
by Anscombe (1960) but only in the case when at most one outlier is

present and there are only three observations in the sample.

2. Background of Study

Johnson, McGuire and Milliken (1978) proposed several estimators of
the population variance when outliers may be present in the data. Under
the hypotheses HO: N(u,cz) versus Ha: N(u+A,cz) and X5 Xps eens X
distributed independently, they gave an alternative formula for the sample
variance which appears to be free from any estimate of the mean. If kl’

the number of outliers, equals 0, then the uniformly minimum variance un-

n
biased estimator of 02 is given by 52 = 3 (xi - E)Z/(n-1). They noted
=1

that s2 could also be calculated by the formula
n n
2 bt )
'l'_'. J:
¥ 2n(n-1) (2.1)

"This alternative formula applies to outliers in the following context:

if an outlier were present, say xq, then the absolute differences involv-
ing xq,fxi-xq[ i#q, would usually be large in comparison to the absolute
differences not involving Xq- To modify the estimator in (2.1) so as to
eliminate the outlier xq, the uniform minimum variance unbiased estimator

of c2 would be given by

n n 2
by ghtut R

- 2{n-1)(n-2)
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where the indicator variable cij =0 if i=q or if j=q and Cij =]

otherwise.
More generally, let n-k] = kz be the number of observations in the

sample from N(u,cz). Suppose Xq 2eeeaXq ~ COMe from the population with
1 k
1

mean p. Let A = (q1, Gos +ees qk1) and B = (r], Fos +ees rkz). Then

. - 2 ; : 2 .
the uniformly minimum variance unbiased estimator of o is

n n 2
i;] -Z]cij(xi - Xj)
2[k (k Tj+k (k -1}

wherec1j=1 if i €A, j€Aori €B, j €B; and Cij =0 if i €A,
jE€EBori€B, j €A. In other words, the squared difference between

the two observations is included in the sum if both X3 and x; are from
the same population, and cij =0 if X; and xj are from different popula-
tions. Mpre realistically, those terms for which lxi'le are "abnormally"
large, say larger than some prespecified constant ¢, could be excluded

from the sum in hopes that a "good" estimator of 62 can be based on the

statistic
n o n
2
Z 21 ij* j) )
-_hq%h(n 1) (2.2)
where c 5 = 1 if %, X | < ¢ and cjj = 0 if |x5- xj] > B.

Although this estimator discards all distances between observations
greater than c, it does not totally discard the outlier(s) from QC nor
from the overall analysis. The aim is to obtain a robust estimate of the
population variance rather than to accept or reject Ho' One critical
problem here is the proper choice of c. Some of the authors' suggestions

are to use prior information, if available, or to exclude a certain
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percentage of the ordered differences from the sum. In their research,
Johnson, McGuire and Milliken chose several values of ¢ independent from
the data, and found that the optimal value based on Monte Carlo pro-
cedures for 1000 random samples of size 10 depended on A and 02. The
values of ¢ they selected were based on the distribution of (xi-xj) which
is N(O,Zoz) when both observations come from the same distribution. Thus,
the standard deviation of the differences between pairs of observations is
ov2. To study the properties of Qc’ they generated data with ¢ = 1 and
used values of ¢ equal to /2, 2V2, 3/2, and 4/2. For various combinations
of the number of outliers, k1, and the amount of slippage, A, Qc proved
to be Tess biased than the usual estimator s’ = _g (xi - E)zl(n-l).
Unfortunately, as might be expected, small va1ue;‘lf c tended to allow
underestimation of c? while large values tended to allow overestimation of
02.

Another area studied by Johnson,rMcGuire and Milliken was the

simultaneous estimation of both 02

and x. This was accomplished by
finding least squares estimators of these parameters in the nonlinear
model described by the 5 eguations

s = E(s) +cand O = E(Q) * e, c =72, 2/Z, (2.3)
3v2, and 4v2

These expected values are given in the following theorem.

Theorem: Suppose X,, Xos .05 X are indspendent normally distributed
random variables wilh a“common viriance o¢. Suppose that k; of the x;
come from a population with mean p+A and the remaining k2 = n-k1 of the
x; come from a population with mean u. Let Q. be defined by (2.3). Then
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2 2
_ a 2 2 _ _ _C -c /4g
E(QC) = StiT (k.I +k; - n)(l ZZC/ Va /; e )
A2
+2k1k2 '|+2—c'2- 1-Z£ﬂ-zﬂ
/2 o2
2 2
-(c-12) -(c+1)
A
- Hemde Y - (caa)e H
20/
where -x2
2 ={te ? g.
¢ o« vZn
The proof of this theorem is in the appendix. It can also be shown that
kik
2, _ 2 172 .2
E(s ) = 0 + n n".l A,

One relationship between E(Qc) and E(sz) concerns the limit of E(QC) as ¢

approaches infinity.

Tim £(Q) = E(s%) .

- c
_Examining E(QC), it is seen that the two functions which are affected by
¢ approaching infinity are the Z and exponential functions. Briefly, the
expression Z measures the area under the normal distribution "curve"
from o to infinity. Thus, as « gets larger, the area being measured gets
smaller due to the shape of the curve in the tails. In this case, o is a
function of ¢, that is, o« = f(c); so, as c approaches infinity, the area in
the-tails Zf(c) goes to 0. Therefore, all terms in E(Qc) which involve

-f(c)

Zf(c) are eliminated. The negative exponential function e also

involves ¢. By the nature of the shape of this distribution, areas under
the curve decrease with increasing c. Hence, all terms in E(QC) involving

e'f(c) go to 0 as c approaches infinity.
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Thus, what remains of E(Qc) as c»» is the following:

2 2
E(Q.) = 7y (K5 + K5 = m)(1) + 2kyk,[(1 + Al

Letting k k1,
o 2 5, . kpkp®
ﬁ-(n—_ﬂ- (Zk - 2nk] +n° -n) + (an - 2k1) 202
2 2k1k2 2
= An=1T n{n-1) :
k]kzxz
n(n-1
= E(sg)

Thus, the nonlinear model (2.3) takes on the form

2
2.2, ke,
n(n-1) 2
and
QC = gc(dz,l) + e

where gc(cz,k) = E(Qc) and ¢ = V2, 2/2, 3/2, 4/2.

2

To obtain Teast squares estimates for ¢“ and A, the residual sum of

squares was minimized, that is, ;2 and 1 were obtained so that

-2
L -2 |2

R=35s o " wla-17 + cg/f QC = gc(d ¥k

was a minimum.
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Johnson, McGuire and Milliken used Monte Carlo sampling techniques
to obtain 1000 normally distributed random samples of size n=10 with
c2 = 1 for each of several cases; the samples generated contained combina-
tions of k] =1,2,3,5 outliers and » = 3,6,9,12 s1ippage values. Values
of Q. were found corresponding to ¢ = V2, 2/2, 3v/Z, 4/Z. Then, in mini-
mizing R, the authors used a combination of the Gauss-Newton method and
the method of steepest descent to estimate the parameters of the nonlinear
mode]l at which the minimum occurred.

In studying the resulting mean, variance, and mean square error of
02 and A for the various values of A and k1 in the simulation, it was found
that the estimates were nearly unbiased for all values of k] except when
the amouht of slippage was small, that is, when A = 3. The biased results
for small A could have been due to the fact that in this case 3 out of the
4 values of Qc obtained in the study were frequently the same, indicating
that the 3 largest values of c were probably too large with respect to the
small value of . A graphic representation would show the upper ta11 of
the N(u,c ) in H overlapping with the lower tail of the N(u+30,0 ) in H,
_from which the outlier came. Since the difference in the means of the two
populations was small, it seems reasonable that all differences between
observations in many of the samples were less than 2/2 standard deviations
apart. Therefore, for many samples, the values of QC were identical when

= 2/2, 3/2, and 4/Z due to the fact that c did not discriminate adequately.
This made it difficult to distinguish whether the sample had a larae
variance or a slight outlier. If smaller values of ¢ had been selected
for this situation, better estimates of c2 and A could possibly have been
obtained.

| Further investigation along these lines is the primary focus of this

paper. By choosing values of c which are data dependent, the absolute
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differences between observations in a given sample might be more equally

| partitioned. This would result in Qc's which are not identical and, hence,
more informative. As a result, when the squared residuals between the
observed and expected values of Qc are minimized, more precise estimates
of the parameters 02 and X should be possible.

In addition to parameter estimation, it seems feasible that, if
uncertainty regarding the number of outliers in the sample exists, then
consideration and comparison of the several possibilities for k] could
lead to a correct conclusion about the actual number of outliers present
in the data. An examination of the residual sum of squares for each
assumed value of k1 should determine which one best "fits" the model,
indicating the number of outliers in the sample. Finally, this acquired
information about the parameters and the number of outliers will aid in
discerning which specific observations, if any, are the outliers.

There are several influential factors for considerétion when
determining values of c. First, as the sample size increases, the gap
between the data and possible outliers will often be filled by new obser-
vations in the tail of the normal distribution. Thus, the optimal value

-of ¢ should decrease as the sample size increases in order to reflect the
higher concentration of observations and hence, the smaller distances
between these observations and any possibie outliers. Hence, n should
somehow be incorporated into the denominator of the function determining
¢ in order that c be smaller for larger samples. The range of the sample
will also be affected by the outlier, since it is expected to be an extreme
value. Thus, for a given sample size, a larger range may indicate a larger
value of c'wou1d be desirable. It is easier to detect an outlier when A is
large than when A is small, and the range will vary accordingly. The choice

of ¢ should make use of this information. Finally, since a sample may have
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a wide range but still be fairly evenly dispersed, some rough indication

of variability is necessary. In addition to the median deviation pre-
viously described, Hampel (1974) studied the robustness of the median

itself in terms of an influence function; in other words, he examined the
degree to which a "contaminant" influences or effects the magnitude of the
estimator. He found that the influence of an extreme value or values on

the median was bounded such that it shifted very little, especially in
contrast to the mean which a large contaminant could shift beyond any bound.
Hence, the median could provide dispersion information in order to better
determine values for c. For the simulations described in this paper, va]ues.
of ¢ were determined by two methods which are described in the next section.
It seemed necessary that c¢ should not eiclude too many "respectable" dis-
tances between observations, while at the same time it should discriminate
enough such that distances "too wide of the truth" Eouid be discarded. In
as much that simultaneous estimation of 02 and A was desired, values of Qc
corresponding to dffferent c's were used in a nonlinear estimation procedure

to obtain least squares estimates of the parameters of interest.

3. The Simulation

In a simulation study, 25 independent samples of size n=20 were
generated from a standard normal distribution. This created a data set of
samples containing no outliers. From this data set, one observation was
randomly discarded from each sample and replaced with an observation chosen
at random from a N(4,1) distribution to produce a data set of 25 samples
each containing 1 outlier. In a similar manner, 2 observations were
randomly selected and discarded from the original uncontaminated samples

and replaced with 2 observations chosen at random from a N(4,1) population,
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thus creating the next data set of 25 samples with 2 outliers. The procedure
| was repeated for 3 and 10 outliers with n=20 also. Hence, each of the 25
original "outlier free" samples had 4 corresponding versions with 1, 2, 3
and 10 outliers.

The first step was to obtain values of ¢ that would minimize the number
of redundant values of QC and, yet provide information about the dispersion
of observations within each sample, especially in the tails. The first of
the two methods employed combined characteristics of the normal distribution

and the robustness of the median by basing ¢ on the function

n
-z](xi = M)2
fafls

n

where M is the sample median. Although f itself is sensitive to extreme
values, the primary objective at this point was to adequately partition the
distances between samp1e=observation; by comparing them to ¢ and "storing"
the sum of squared sequential differences in the appropriate Qc;s. Further-
more, in using 1 = 4, the outliers were not extremely far from the bulk of
.the remaining observations. Therefore, f was expected to be small enough
so that any resulting value of c would sufficiently partition the data. 1In
practical applications, the most concern arises when outliers are not salient,
that is, when they come from a population relatively "close" to the popula-
tion of interest. Admittedly, however, this function for determining c
would be inappropriate for observations lying 6, 9, and 12 standard devia-
tions away from the remainder, for even one squared distance from the robust
median at that magnitude could very likely make f impracticably large.

Once f was determined for a sample, Qc was found for values of ¢ = f,

2f, 3f, 4f, 100f. This was repeated for each of the 25 samples containing



