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INRTRODUCTION

The purpose of this report is to fill in more details of Palais' paper
""Morse theory on Hilbert manifolds".

Palais generalized the Morse theory on finite dimensional manifolds (due
to M. Morse) to a general Hilbert manifold modelled on a separable Hilbert
space. (So, we can define a Riemannian metric.) To do this he needed condi-

tion (C).

(C) 1If S is any subset of M on which f is bounded but on which
|Ivf" is not bounded away from zero then there is a critical

point of f adherent to S.

Using this condition he defined the so-called Morse function and from this he
got the Morse theory of Hilbert manifolds. As a corollary, we have the follow-

ing interesting result.

k+2 k+2

If M is a complete Riemannian manifold of class C (k=21), fisacC
Morse function, and if f is bounded below, then M is of the homotopy type of a
CW complex.

As an application, he applied the Morse theory to {)(v;p,q) the loop space
of a complete finite dimensional Riemannian manifold V. With the action inte-
gral J he derived the Morse theory of geodesics.

We are assuming most of the basic results in differential calculus in

Lang's book Introduction to Differentiable Manifolds and we shall not prove or

even gquote them.



1. REGULAR AND CRITICAL POINIS OF FUNCTIONS

1,1. Definition. Let M be a Cl-manifold, f:Ma+Ra cl-function. if

p € M then p is said to be a regular point of f if dfP # 0 and a critical point
of £ if dfp =0. If ce R and f-l(c) contains only regular points of f then

f-l(c) is a regular level of f and c is & regular value,

If f-l(c) contains at least one critical point of f then f-l(c) is called

a critical level and ¢ is a critical value.

1.2, Lemma. Let @ be a ck-isomorphism of an open set V in a Banach space
E onto an open set V' in Banach space E' (k 2 2). Let £ : V' 4 R be of class
2 _ . _ 2
C  and let g = f° ¢ : V- R. Then if dgp =0, d gp(vl,ve)

2

= QD(P) (chp (V ydp (VE))

Proof. By the chain rule we get
(D dgx d§$(x)° dyx and by a straightforward calculation, we have
2 _ 42 2
(2 d gx(vl’va) =d ﬁm(x)(dnx(vl)’d$x(vep) + dfm(x)(d mx(vl;vz))-
Let x = p, then (1) gives dﬁp(p) = 0 (since dmp is a linear isomorphism)

and (2) becomes

2

2 -
d Sp(vl svg) =d fcp(p) (d?p(vl) !dcpp(ve))'

Q.E.D.
1.3. Proposition. 1f f is a Cg—funCtion on a Ce-manifold M, p a critical
point of £, then there is a uniquely determined continuous, symmetric, bilinear

form H(f)P on Hp called the Hessian of f at p. With the following property:

1f ¢ is any chart at p, then

H(f)(VW)-d(f°:p) )

tp(p)

where Wp is the tangent vector using chart om.



Proof. Define H(f)p(v,w) = d2(£ ° ’Wp) where v,w € Mp’ © is a

-1
-
® )cp(p)( @
chart of p. We only need to prove that this is well-defined (i.e. independent

of the chart chosen).

Let  be another chart at p. Without loss of generality, we may assume

that @ and | are defined on a neighborhood U of p. let 8 = fo mfl, &5
=f o *'1 and § = § ° ¢'1. Then & is Ck-isomorphism and g, is 02.

Also since p is a critical point

- -1 _
dp:p(p) - dfp * dwcp(p) s

af

dg = . °
1o (p) P 1CI-‘»(p)

Thus by the lemma and the definition of tangent vector (see L[17)

2 2
CB1npy Vo = 8oy ) (9203 V0090 ()%

- -1 -1
= By (Y 0 P D) ° P Dy (p)

2
d 823(9)(v@’wﬁ)'

Q.E.D.
1.4. Definition. Let B be a bounded, symmetric bilinear form on a Banach

*
gpace E. Then B is non-degenerate if the linear map T : E + E defined by

T(v) (w) B(v,w) for (v,w) ¢ E X E is a linear isomorphism of E onto E*. Other-
wise B is called degenerate.

1.5, Definition. The index of B is defined to be the supremum of the
dimensions of subspaces F of E on which B i1s negative definite. The coindex
is defined to be the index of -B.

1.6. Definition. If f is a Cz—function on a Ca-manifold M and p is a

critical point of f, we define p to be degenerate or non-degenerate accordingly

as the Hessian of f at p is degenerate or non-degenerate. The index and coin-




déx‘gg f at p are defined respectively as the index and coindex of the Hessian
of £ at p.
k+2 .
1.7. lemma. Let f be a C -real valued function defined in a nejghbor-

hood V on a Hilbert space H. Then there is a Ck-map AV LB(H,H) such that
def(x)(u,v) = <A(X)u,v> = A(X)v,u>

i.,e. A(x) is self~adjoint,

Proof. Let L(H,H) be the Banach space of continuous linear maps of H in-
to itself, LB(H,H) the closed subspace of those A such that <Au,v> = <Av,u>
for u,ve V.

Let Lis(H’H) be the subset of L(H,H) consisting of A mapping H isometri-
cally onto H. Then L _(H,H) is open in L(H,H) (see L[1]). Also A - 5 4w
C‘-diffeOmorphism of Lis(H’H) onto Lis(H’H)' (L[1]). We identify LQ(H,R), the
Banach space of continuous bilinear functionals on H, with L(H,H) (L[1]). Then
LE(H,R), the closed subspace of symmetric bilinear functionals, is mapped iso-
metrically onto LS(H,H).

Now d2f : Vo Lf(H,R) is a Ck-map; so by the above identification we have

a Ck—map A: V- LS(H,H) defined by
dgfx(u,v) = <A(x)u,v> = <u,Alx)v>.

Q.E.D.

1.8, lLemma. Let f be a Ck+2-rea1 valued function defined in a convex
neighborhood V of the origin 0 in a Hilbert space H. Suppose 0 is a non-de-
generate critical point of f and £(0) = 0. Then there exists a Ck;isomnrphism

@ at 0 such that

£@(x)) = <A(0)x,x> = d£(0) (x,%).



Proof. Since 0 is a non-degenerate critical point of £, A(0) is inver-
tible., Since A is Ck so for x sufficiently small, A(x) is invertible. Without
1oss of generality, we will assume that this neighborhood is V.

Define B : V » L(H,H) by B(x) = A(0) A(x). Then B is C* and B(x) is
close to the identity I if x is small. Hence C(x) = B(x)]'/2 is defined for
small x. Without loss of generality, we may assume that V is so small that

C : V- L(H,H) is Ck with C(x) invertible, Since A(0) and A(x) are self-ad-

joint and since

B(x) = A(x) LA(0)

A(D) A(x)B(x).
Thus

A(X)B(x) = A(0) = A(0)" = B (x)A(x).

Obviously, the above relation also holds for any polynomial in B(x), hence for

C(x) which is a limit of such polynomials. Thus
Cx) *A®)C(x) = AX)C(x)Z = A(X)B(x) = A(0)

or A(x) = Cl(x)*A(O)Cl(x) where Cl(x) = C(x)-l. Write §(x) = Cl(x)x; then § is

Ck in V and f(x) = <C1(x)*A(0)Cl(x)x,x> = <A0)y(x),¥(x)>. So it suffices to

show only that d¢0 maps H isometrically and hence, by the inverse function

theorem that y is Ck-isomorphism on a neighborhood of the origin. Since
[4(v + %) = y(v) - C;(Wx - d(Cl)v(v)x]
= Icl(v + x) (v + x) - Cl(v)v - Cl(v)x - d(Cl)v(v)xl

< ‘Cl(v + x)v - Cl(v)v - d(Cl)v(v)xl + {Cl(v + x)x| + |C1(v)x‘



+ 0 as |x! -+ 0,

d¢v = Ci(v) + d(Cl)v(v).

In particular, d¢0 = Cl(O) = C(O)-1 = B(O)-”2 = I, Thus @ = ¢-1 is Ck-iso-

morphism and
£@) = £(5 () = <A@ x4 (®)> = <A0)x,x>.

Q.E.D.

1.9. Morse Lemma. Let H be a Hilbert space, V a convex neighborhood of
the origin in H, £ : V+ R a Ck+2-function (k 2 1) having the origin as a non-
degenerate critical point and £(0) = 0. Then there is a neighborhood U of the

origin and a Ck-diffeomorphism ¢ : U=V with ©(0) = 0 and
2 2
fF@()) = |lex||” - || - x|

where P is an orthogonal projection in H.

Proof. Let A be as in 1.7. Let h be the characteristic function of

[0,2), Then P = h(A) is an orthogonal projection. Let g(}) = |k|-1/2.

Since A is invertible, zero is not in the spectrum of A; and since g is
continuous except at zero, T = g(A) is a non-singular self-adjoint operator

sgn(}) = h(A) - (1 - h(})) so AT® = P

which commutes with A, Now Xg(l)2

At x> = |lex||® - |l - Bx|°. so if

- (I - P). Then £(rTx) = <ATx,Tx>
we write o © T as ¢ we have the desired form. Q.E.D.

1.10. Corollary. The index of f at the origin is the dimension of the
range of (1 - P) and the coindex of f at the origin is the dimension of the
range of P,

Proof. Let W be the space on which 62f0 is negative definite.

If we Wand (1 - P)w =0, then by 1.8 and 1.9



defo(w,w) = f(p(w)) = npwua - |la - P)w[|2

“Pw"2 20 so0w=0.

Thus (I - P) is non-singular on W, hence
dim W < dim range (I - P).
On the other hand, we have
dim W = dim ([P + (I - P) W)
2 dim range (I - P).

So the index of f at 0 = dim range (I - P). Q.E,D.
It is easy to see that if p is any non-degenerate critical point of £,
then the Morse Lemma can be stated as:

1.11. Let f be a Ck+2

-real valued function (k 2 1)defined in a convex
neighborhood V of p in a Hilbert space H. BSuppose that p is & non-degenerate
critical point of f. Then there is an origin preserving Ck-isomorphism ¢ of a
neighborhood of the origin into H such that f£(p(v) + p) = £(p) + ”Pvll2
-l - P)v”2 where P is an orthogonal projection in H.

1.12, Corollary. A non-degenerate critical point of a Ck+2-function on
a Hilbert manifold is isolated.

Proof. Without loss of generality, assume 0 is a non-degenerate critical
point and £(0) = 0. Then £(@(v)) = ||2v]|Z = |1 - P)v||®. Thus 8, gy O9)
= 2<Pv,w> - 2<(l = P)v,w>. Hence, if dﬁp(v) = 0, in particular put w = Pv in
the above formula. We have 0 = 2<Pv,Pv>, i.e. Pv = 0. On the other hand, if
we let w = (1 = P)v, then we have (1 = P)v =0, Sov =Pv + (1 - P)v = 0,

That is, the only critical point in the neighborhood (v) of 0 is just O itself.



Q.E.D.

1.13. cCanonical Form Theorem for a Regular Point. Let f be a Ck-real

valued function defined in a neighborhood U of the origin of a Banach space E
(k » 1), Suppose that the origin is a regular point of f and f vanishes there.
Then there is a non-zero linear functional g on E and an origin preserving Ck—
isomorphism ¢ of a neighborhood of the origin E into E such that £(p(v))
= 4(v).

Proof. Clearly g = dfo # 0.

Choose x € E such that £{x) = 1 and let W = 5-1(0). Then T : E +W X R by
T(v) = (v = 4(V)x,4(v)) is a linear isomorphism onto. Define § : U + W X R by
g(v) = (v - L(v)x,£(v)). Then y is Ck and d¢u(v) = (v = j(v)x,dfu(v)) and

dy. = T. By the inverse function theorem, is a Ck-isomor hism which obvious-
Yo ¥ P

ly preserves the origin. If v' = ¢-1Tv then (v' - Hv")x,£(v")) y(v') = T(v)
= (v = g(V)x,2(v)). Hence f(v') = f(w-lTv) = 4(v). Let g = ¢'1T. Q.E.D.

1,14, Let f be a Ck-real valued function on a Ck-manifold M(k>1). Let
a € R be a regular value of f and assume f-l(a) does not meet the boundary of
M. Then Ma ={xeM I f(x) < a} and f-l(a) are closed Ck-submanifolds of M
and 3”3 is the disjoint union of Ma N sM and f-l(a).

Proof. For each x ¢ F-l(a), choose a chart (U,{) at x in M. Without loss
of generality that we may assume a = 0 and §(x) = 0. Define T : $(U) - R by

£=f °yl, then T(0) = £ °y (0) = 0. Also dF,

By the canonical theorem, there is a Ck-isomorphism ¢ on a neighborhood v

-1
= o
df _° dy, #0.

of the origin and a linear functional £ : E -+ R such that f o e(v) = g(v) for
all v in v. Put § = w'l © ¢ : UV, Then ¢ is a Ck-isumorphism and £

- - - -1, - -1
=4 06, Hence £5(0) nU = £ ne tw) = 8141 0) n V). Since 4 (0)

is a half space in some Banach space, (f-l(O) nu, & -1 ) is a chart at
1£f “(0)



x e f'l(o), Thus f'l(O) is a closed Ck-submanifold with boundary. Q.E.D.
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II. THE STRONG TRANSVERSALITY THEOREM

2.1. Proposition. Let M be a Ck+1-manifold without boundary (k 2 1), X

a Ckkvector field on M and mt the maximum local one parameter group generated
by X, If f : M+ R is Ck define a real valued function Xf on M by Xf(p)
= df (X). If Xf =1, then £(® (P)) = £(p) + t.

Proof. Let h(t) = f@yt(p)) = f(op(t)). Then h'(t) = dfcp(t)(c'p(t))
= dfcrp(t) (Xcrp(t)) = Xf(p,(P)) = 1. Thus h(t) =t + £(p). Q.E.D.

2.2. Proposition, If Xf =1, £f(M) = (-¢,e) for some ¢ > 0, and mt(x) is
defined for |t + f(x)l <€, then W = f-l(ﬂ) is a closed Ck-submanifold of M and
the map F : W X (~e,c) + M defined by F(w,t) = wt(w) is a Ck-iscmnrphism of W
X (~€,e) onto M which for each c € (-€,¢€) maps W X {c] Ck-isomorphically onto
£ 1oy,

Proof. Since Xf = 1, f cannot have any critical values, Thus by the
smoothness theorem f'l(c) and W are closed C -submanifolds of M.

Fis 1l -1, Since if F(w,t)

F(w',t'), then

€= £(w) +t = £(@ (W)

£ (w')) = £(w') + ¢’ = ¢’

by the proposition 2.1. Thus t = t' and hence mt,(w'). Set t = 0, then we
have w = w'.

F is also onto. If m € M, then l-f(EO + f(m)‘ <€ B0 W= m_f(m)(uo is
defined, Thus f(w) = f(m) - f(m) = 0 so w ¢ W. Also note that F(w,f{(m))
= wf(uﬂom-f(m)(mo) ='¢f(mfp-f(m0(m) = m., This proves that F is onto, By an
easy calculation, we see F_l(m) = {m_f(m)(m),f(m)) which is obviously Ck. Thus
F is a ck#isomorphism. Also £(F(w,c)) = f@ﬁc(w)) = f{w}) + ¢ = ¢c. Thus F maps
W x {c]} Ck-isomorphically onto £ Y(c). Q.E.D.

2.3. Corollary. W = f-l(O) is Ck-iSOmorphic to f-l(c) for any ¢
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€ (=e,€).
. . k . k+1 . .
2.4, Definition. A C -vector field x on a ¢ -manifold without boundary

M (k 2 1) will be said to be Ck-stronglz transverse to a Ck-function f:MsR

on a closed interval [a,b] if for some & > 0 the following two conditions are
truetfor v = f-l{a -8, b +38).
(1) Xf is Ck and Xf # 0 on V.
| (2) If p e V and cp is the maximum solution curve of X with initial con-
dition p then Up(t) is defined and not in V for some positive t and
also for some negative t.
2.5. Lemma. Let X be a Ck-vector field on a Ck+1~manifold without boun-
dary M (k = 1) and be Ck-strongly transverse to a Ck-function f:MaRon
[a,b].

Lety=x/xf,v=,f,"1(a-a,b+a),g=f1v-a”" b-a

> and € = >

then the triple (V,g,Y) satisfies proposition 2,2,
Proof. Clearly, V is an open submanifold of M and Y£ = 1 on V. 1If o is

an integral curve of X, then

_ X@(8)) _ _o'(t
Y(o(t)) = ﬁé‘l(t)% ~ Xf(o(t))

Since Xf(o(t)) is a scalar function, this means on O(t), Y has the same direc-
tion as X. Since Yf =1 on V, the integral curves of Y are just the integral
curves of X reparametrized so that f(g{(t)) = £f(g(0) + t. By condition (2) of
2.4 we know that if ¢£ is the maximum local one parameter group generated by Y

on V, then ¢t(p) is defined on V. That is

a-8<£f(p) +t<b+ 8.

Then g(v) = (£, - 252 )(v) = (a-6,b+6) - 252 = a5 -2L0,
ath ) = (~€,€). Also for x e V, t + g(x) = t + £(x) - ath

b+8 - 35 =
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But a ~ 8 < f(p) + t <b + &. Thus, -e=a-6-a;b<t+g(p)=f(1=)+t
b
-2 Z 2 o3 = ; =¢; 1.6, e <t +g(p) <eor [t +g(p)| <e. Q.E.D.

2.6. Strong Transversality Theorem. Let f be a Ck-real valued function

on a Ck+1-manifold without boundary M (k > 1). If there exists a Ck-vector
field X on M which is Ck-strongly transverse to f on [a,b], then W = f-l(a) is
g closed Ck-submanifold of M; and for some 8 > 0 there is 2 Ck-isomorphism F of
WX (a-=-6, b+ &) onto an open submanifold of M such that F maps W X {c} Ck-
isometrically onto f-lic) for all c e {a - 6, b + 8).

Proof, Use the same notation as in 2.5. Then (V,g,Y) satisfies 2.2,

since & ; L € (=-€,€) is a regular value of g then g']'(a ; b) is a closed Ck-
submanifold of M. But g(x) = 2= B iff g(x) + 2 - D wa iff £(x) = a. S0

f-l(a) is a Ck-closed submanifold of M. By 2.2, there is a Ck-isomorphism G :
g'l(O) X (~e,e) onto V which maps g-l(O) x {c} Ck-isomorphically onto g-l(c).
E‘:‘E) = f-l(a) = |, and note that there

2
is a C"-isomnrphic function which maps the interval (-¢c,g) onto (-c,c) + 2 ; B

- -1
By 2.3 g 1(0) is Ck-iscmorphic tog (

which is equal to (a - 8§, b + 8). So we have a Ck-isomorphism F:Wx<(a-=-258,
b +8) + W. Q.E.D.

2,7. Corollary. There is a Ck—map H:MxT+M such that if we put
HS(P) = H(p,s) then

(1) Hs is a Ck-isomorphiSm of M onto itself for all s € I.

(2) Hs(mo =mif m ¢ f-l(a - 58/2, b + 8/2).

(3 Hy = identity.

@) B (E (wa) = £ (-a,b).

Proof, Let h : R + R be a Cfunction with strictly positive derivative
such that h(t) =t if t ¢ (a - 6/2, b + §/2) and h(a) = b. This is possible

by rotating a certain bell shaped function. Define HB as follows: Es(x) =x
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ifx ¢ £(a~6/2,b+8/2). H(Fw,0) = Fw,(L - )t + sh(t)) for x
= F(w,t) € f-l(a - &8, b+ 8). Then
(1) H_ is vell-defined. 1If x ¢ £ la-5,a-6/21cf(a-58,b+8)
then x = F(w,t) for some we Wand t ¢ (a - 6§, b + §), since W
X (a -8, b+8) is Ck-isomorphic to f-l(a - 8, b+ 8) under F by 2.6

and t in fact is equal to f(x) ¢ (a - 6§, a - §/2]. Thus Hs(x)

[}

HS(F(w,t)) = F(w,(1l - 8)t + sh(t)) = F(w,(1 - s)t + st) = F(w,t)
= x. Thus H_ is well-defined on f-l(a -5, a - §/2). Similarly we
can prove for f-l[b + &§/2, b + §).

(2) Hs is a Ck-isomorphism of M onto itself for all s € I.

(3) Ifm¢ f-l(a - §/2, b + §/2), then Hs(m) = m by the construction of
Hs.

4) HO(F(w,t)) = F(w,t) by definition.

&) H (£ (-mad) = B (£ (-, @ = 6/2]) U £l ((a - 6/2, a])]
= 1 (£ (-, @ = 8/2]) U B £ (8 - 6/2, a])]

(-2, a = 6/2] U Hl[f-l((a - 8/2, a)l.

Claim that H (£ (a - 6/2, a]) = £ '(a - 8/2, b].

If x € f-l((a - §/2, al]), then x ¢ f-l(f(x)) by the Ck-isomorphism F of
theorem 2.6 that x = F(w,£(x)) for some w e W = £ (a). Hence Hj (%)
= B, (F(w,£(x))) = F(w,;h(£(x))). But F maps W x [h(£(x))} c*-isomorphically to
£ 1(h(£(x))) or £ ° F maps W x {h(£(x))} onto h(£(x)). Thus £(H,(x))
= h(f(x)). Hence as x varies in f'l(a - &8/2, a], £(x) varies in (a - §/2, a)
but as h is strictly increasing hf(x) varies in (h(a - 6/2),h(a)] = (a - 8/2,

b] (by definition of h). Therefore

H (£ a - 8/2, a]) = £ ((h(a - 8/2),h(2) D)



Hence

= £ a - 8/2, bl

Hl(f-l(-n,a]) = f'l(--,b]. Q.E.D.

14



15

I1I. RIEMANNIAN MANIFOLD

3.1. Definition. If M is a Ck+1-manifold and for each p e M MP is a
separable Hilbert space, then we say that M is a Ck+1-Hilbert manifold (k > 0).
For each p € M, denote < , > to be an admissible inner product in Mp’ i.e. a
positive definite symmetric, bilinear form on Mp such that the norm “v“p
= <v,v>1/2 defines the topology of MP.

Let (D(p),P) be a chart in M with image in a Hilbert space (H, < , >).
Define & : D) + L2 (H) by <CP(x)u,v> = <dp_ (u),dp. (v)>, where H- (H) is

8,p x x X s,p
the space of positive definite symmetric operators on H.

If (D(}),}) is another chart in M modelled omn H, then let U = D(®) N D(¥),

ft=0p° w-l : §(U) + (V). Then dfw(x) = dpx o dq;%x) or d¢;1 - d$;1 ° dft(x)
for x € U. Then
< u,v> = @i,y 0> = <ol e (0) 001 (d8 0 (0>

_ KD
<dm(x)dfﬁ(x)(u),dfw(x)(v)> = <ﬂfw(x)G(x)df¢(x)(u),v>
kief 6V 1s &,

k

*
for all u,v € H, thus Gw(x) = dfw(x)d?x)df¢(x)' Hence G¥ is C
Thus it makes sense to say that & is Ck if ¢ is. We call x @+ <, > . a c -

Riemannian structure for M and M is a Ck+1-Riemannian manifold.

3.2, Lemma. If M is a connected Ck-Banach manifold x,vy € M then there is
a ck-path o : [a,b] » M such that o(a) = x and g(b) =vy.

Proof. Define a relation x ~ y if such a ¢ exists. Then it is easy to
see that ~ is an equivalence relation.

To see the transitivity, let
c: [a,b] + M

T : [c,d] 4 M
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be two Ck-paths with g(b) = v(c). Without loss of generality assume a = 0,
b=c=1/2,d=1. Let¢ : R -+ R be a non-decreasing c®-function with (o)

=0 and op(t) = 1/2 if 1/4 <t < 3/4, and (1) = 1, Define y : [0,] + M by

y(t) = o(p(t)) 0 <t s 3/4

T(p (L)) 1/4 st <1,

Thus g(0) ~ T(1). Q.E.D.

Claim. The equivalence class of each point ¢qx is open. Since if@® : U
+ V is a chart at x, then every point y € U can be joined to x by a straight
line so X ~ y, Thus M can have only one equivalence class, that is, M is Ck-
path connected,

3.3. Definition. If 0 : [a,b] 2 M is a Cl-map then define the length

L(g) of o by
L(0) = ,];b loce) || at.
For x,y € M, define
p(x,y) = inf {L(0) : 0 is a Cl-path joining x and y}.

This is well-defined by lemma 3.2. 1t is easy to see that p thus defined is a
pseudo metric, To see p is a compatible metric we need the following lemma.
3.4. Lemma. Let H be a Hilbert space, f : [a,b] 2 H a Cl-map. Then
J;b e ey || ae = [[£b) - £¢a) |].
Proof. Assume f(a) # f(b). Let g(t)(£f(b) - £(a)) be the orthogonal pro-
jection of £(t) - £(a) on the one-dimensional space spanned by f(b) - f(a).
Then g : [a,b] 4+ R is Cl. g(a) = 0, g(b) =1 and £(t) - £(a) = g(t) (£(b)

- £(a)) + h(t) where h(t) is in orthogonal complement of f(b) - f(c) and is Cl.
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Then £'(t) = g'(t)(£(b) - £(a)) + h'(t) where h'(t) + (f(b) - f(a)). This is

obvious since (h(t), £(b) - £(a)) = 0. So
e @ |2 = Iz - g@ [ - e @ [F + [l

> l£®) - £ |17 - [g' ) |5

S0 J;b e oy || ae = |l£w) - £ - J;b lg'(t) | dt = ||£(b) - £(a)||. Since

b ' b
I le'@®] ac 2 7 g'(t)de = g(b) - g(a) = 1. QE.D.
3.5. Theorem. p is a metric and is compatible with the original metric.
Proof. Let x,y € chart D(p). Let g : [a,b] 4+ M be a Cl-'map joining x and

y, i.e. 0(a) = x, o(b) =y, x #y. Thus £f =@ ° 0 is a Cl-map : [a,b] 2 H.

By lemma 3.4 we have

lo) =@ || = |l = o®) - ¢ o oa) |

lew - @l < £° le = o' @]l a

b 1
J; ”dpo-(t) °© 0 (t) ” dt

b
< §° llawy ey Il flo'cor | a

a

<M j:’ o' ce) || at

te[a,
< 1M |loty) - o) |-

wh M= < ®. Clearly M >0, Th h L
ere supbJ |Idp0(t)l| = early us we have L(g)

(*) Therefore p(x,y) = 1/M ”w(Y) - m(x)ﬂ > 0.

Therefore p is a metric.

If x and y are not in the same chart, we just consider each of the open
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charts which cover the path from x to y and argue as above.

b - w
2L o) + g ()

On the other hand, let x,y € D(p). Define g(t) =
: (a,b] + H. Then obviously g is ct.

let g =@®p * g, then g is a Cl—path joining x and y.

Also do = dm-l ° dg.

by, b ,
P(x,y) = J; llo* || ae < £ llaw, (o I ls' &) || at

su' f° flg' @l ae
a

-1
where M' = sup I|d$g(t)[| < @

le' ey ) = |- &L+ 2O ) - =L o) - w0 1.

So

() p(x,y) s oty - w00 |

Combining (*) and (**) we get that p is a compatible metric. Q.E.D.
3.6. Definition. If M is a Ck+1-Riemannian manifold then the metric p

defined above on each component of M is called the Riemannian metric of M.

If each component of M is a complete metric space in this metric then M is
called a complete Ck+1-Riemannian manifold.
3.7. Definition. If o is a Cl-map of an open interval (a,b) into a Rie-

mannian manifold M we define the length of g, L(g) to be

Lim JLb llo' vy || ae.
B-b

Note. L(0) may be infinite.

3.8. Proposition. If M is a C' -Riemannian manifold and 0 : (a,b) +M
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is a Cl-curve of finite length, then the range of o is a totally bounded sub-
set of M, hence has compact closure if M is complete.

Proof, If L(0) < e, then given ¢ > 0 there exist a and b such that

Iblhlﬁ)“dt+e-<Lw).
a

For this ¢ and a,b choose thy =ac< t1 < t2 < 4es < tn <b-= tn+1 so that

E,
I e || ae <e.

31
Hence o((a,b)) is contained in the finite union of e-balls about the G(ti)
i=1,2, ..., n. Q.E.D.

k . k+1
3.9. Proposition. Let x be a C -vector field on a complete C =Rie-

mannian manifold M (k 2 1) and 0 : (a,b) -+ M be a maximum solution curve of X.

If b <= then

I® lIxeecen || dt = =,
0

hence in particular ||X(0(t))[| is unbounded on [0,b). Similarly, if a > -m,

then

IO Iz || at = =,

a

hence ||X(0(t))l| is unbounded on (a,0].

Proof. If J’b ||(a(t)) || were finite, then by 3.8 we have
0
b ' b
I “U (v) “ dt = J; ”X(o’(t)) “ dt < .
0

Hence g(t) would have a limit point as t -+ b contradicting [L1l, Theorem 4,

p. 65). Q.E.D.
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3.10. Definition. Let £ : M » R be a Ck+1-real valued function on a
Ck+1-R1Emannian manifold M. Given p € M, dfp is a continuous linear function-
al on MP, hence there is a unique vector vfp € Mp such that dfp(v) = <.v,vfp>p
for all v ¢ MP. pr is called the gradient of f at p and Vf : p vfp is
called the gradient of f.

3.11. Proposition. ¥f is a Ck-vector field in M.

Proof. Let @ : D(®) + H be a chart and H be a Hilbert space with inner
product < , >. Let T be the canonical identification of H* with H, i.e. if £
€ M*, v € H, then £(v) = <v,Tf>. Since T is a linear isomorphism it is c®.
Define g = £ ¢ m-l. Then g € Ck+1 and dg : U >+ H* € Ck. Thus T ¢ dg = ) 1is

c¥. Now by definition of G¥
P x)dp (VE),v> = <VE_,dp (V)
X)Wk V> P WV >k
= af_© dp_ (v)
X X

= dt¢(x)(v) = <Id%$(x),v>.

So dp_(VE ) = @) @) . Thus x + dp _(9£) is a c¥-map of D(®) into H.
By the definition of Ck-structure on T(M), vf is a Ck-vector field on H.

Q.E.D.
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IV. CONDITION (C)

In this section, we assume that M is a Ck+2-Riemannian manifold (k = 1)

without boundary.

4.,1. Definition. A Ck+2-function f : M 3R is called a Ck+2-ﬂorse func-

tion if all the critical points are non-degenerate and it also satisfies the

following condition (C):

(C) 1If S is any subset of M on which f is bounded but on which
“vf” is not bounded away from zero then there is a critical
point of f adherent to S, that is, belongs to S the closure of

S'

4.2. Remarks.
(1) If M is compact, then condition (C) is always satisfied. In fact (C)
is satisfied if f is proper.
(2) Condition (C) only gives a critical point in E, there may not exist
a sequence in S converging to that point. For example, let M = R,
f a constant function, S the set of integers. Then obviously, S has
no limit point.
(3) But if § is such that for every x in §, "fol| # 0, then by condition
{C) we can find a critical point y € S and a sequence in S conver-
ging to y.
4,3. Proposition. If a and b are two real numbers then there are at most
a finite number of critical points of a CE-Morse function f satisfying a < £(p)
< b. Hence the critical values of f are isolated and there at most a finite
number of critical points of f on any critical'level.

Proof, Suppose {pn} is a sequence of distinct critical points of f satis-



fying a <« f(pn) < b. 8Since critical points are isolated we can choose for each
n a regular point q, such that p(pn,qn) < 1/n. Since vf is continuous, we may
agssume that ”qun - vfpn" < 1l/n and a < f(qn) < b. Since vfpn = 0, so we have
0 < "qun" <1/n and a < £(q_ ) <b. By condition (C), there is a subsequence
of [qn} converging to a critical point q of f. Hence the corresponding sub-
sequence of [pn} will also converge to p. But this contradicts the fact that
the critical points of f are isolated. Q.E.D.

4.4, Lemma, Let M be a CE-complete Riemannian manifold and let ¢ : (&,B)
+ M be a maximum solution curve of vf. Then either %ig f(ag(t)) = = or else
B = w and o(t) has no critical point of f as a limit point as t -+ B. Similarly
either %3g f(0(t)) = == or else @ = = and o(t) has a critical point of f as a
limit point as t » Q.

Proof. Let g(t) = f(o(t)). Then g'(t) = dfc(t)(c'(t)) =4d )(Vf

o(t)’
= “vfc(t)“2 =2 0. So g is monotone increasing, hence has a limit point B as

fc(t

t =+ B.
Suppose B < w. Then since B 2 g(t) = g(0) + J‘t g'(s)ds = g(0)
0
12 ds < . If B < ®, then by

t , 2
+ ,](; lvg gy I° ds, 1t follows that J;B 19254 |

1/2

B 1/2 B 2
Schwartz inequality J; HVfG(s) H ds <8 ( J(; “Vfo(s) ” ds) < e« which

would contradict proposition 3.9. Hence B = ® and the fact that

t%u "vfc(s)“2 ds < e will imply that HVfc(s)“ cannot be bounded away from

zero for 0 < s <w. If ||[vE|| = 0 for all except a finite set, then the lemma
is obvious. So we assume S is an infinite set on which “vf“ # 0 and va“ is
not bounded away from zero, then since £(o(0)) < £f(0(s)) B for 0 < s < = s0
by condition (C) o(t) has a critical point of f as limit point as t + 8. Q.E.D.
4.5, Proposition. If M is complete and f has no critical values in the

closed interval [a,b] then Vf is Ck+1-strongly transverse to f on [a,b], hence
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by corollary 2.7 (4), M = {(xeM | £(x) < a} and M o= {xeM l f(x) < b} are
=i somorphic.

Proof. Since critical points of f are isolated, there is a § > 0 such
that £ has no critical values in [a - &, b + §]. Let V = f-l(a -6, b+ 9).
Then (VE)f = ”vf”2 > 0 and c** in v. Let peVand let g : (@,p) -+ M be the
maximal integral curve of vf with initial condition p. We want to show for
some tl, t2 such that O < t2 <0 < t1 < B that U(tl) and o(te) are not in V,
i.e. f(o(tl)) <a- 58, and f(o(te}) >b + 8. Suppose for example that f£(o(t))
<b+5b8 for 0 <t <pB. Then by lemma 4.4 o(t) would have a critical point Po
as limit point as t -+ B.

Since f is continuous and f£(o(t)) is monotone we have a - & < f(p)

= f(c(0)) =< f(po) = tig f(o(t)) =b + 6. So we get f(po) is a critical value

in [a - &, b + 8], which is a contradiction. Q.E.D.



V. HANDLES

Let H be a separable Hilbert space, Dk the closed unit ball of dimension

k (0 £k £ «). By the smoothness theorem for regular levels, Dk is a closed

c®-submanifold of H. Also the boundary ank of Dk is Sk-1

L

the unit sphere in H.

We call Dk x D a handle of index k and coindex §.

5.1. Definition, Let M be a C -Hilbert manifold and N a closed submani-
fold of M. Let f be a homeomorphism of Dk X D£ onto a closed subset h of M.

We say that M arises from N by a ¢ -attachment of a handle of type (k,f) if

(1) M=NU h,

2 f | Sk-1 X DL is a Cr-isomorphism onto h 1 3N.

) ]

(3) ¢ | Dk ¥ D” is a Cr-isomorphism onto M \ N.

5.2. Remark. We actually have NN h = 3N h., For if x ¢ N h, then

since h = f(Dk X Dz) we have f-l(x) € Dk X DL. Now if ful(x) € Dk X DL, then

by (3) of definition 5.1 x = £(£ L(x)) would be in M \ N i.e. x ¢ N. This can-

not happen since x € NN h, Thus f'l(x) x 8571 « 0%, so f(f-l(x)) = x
¢ £s¥ x pY, i.e. x € h N 3N. Q.E.D.
5.3. Definition., Suppose N = Nb, N,y oo NS =M is a sequence of Cr-

manifolds such that N arises from Ni by a cT-attachment fi of a handle of

i+l
type (ki,zi). If the images of the fi are disjoint, then we shall say that M
arises from N by disjoint Cr-attachments (fl, ey fs) of handles of type
((kl,jl), § (ks,bs)).

5.4, Lemma. Let } : R R be a c®~function which is monotone non-increas-
ing and satisfying 3(x) = 1 if x = 1/2; 3(x) >0 if x <1 and }(x) =0 if x 2 1.
For 0 £ s €1 let g(s) be the unique solution of A (0)/(l + o) = %-(1 - g} in

the interval [0,1]. Then g is strictly monotone increasing, continuous c® in

[0,1) and g(0) = 1/2, o(l) = 1. Moreover if € > 0 and u2 - v2 > -¢ and u2
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2

- v2 - 3¢/2 k(u2/e) < = then u2 < eo( 2)-

€ +u
Proof. Clearly 3(g)/(l1 + g) is strictly monotonically decreasing if 0

<0 <1, By definition of ), 3(0)/(L +¢0) =1 if 0 =0 and A(0)/(L +0) =0
if 0 = 1. Thus o exists and is continuous and monotone., By inspection we see
that if s = 0, then o(0) = 1/2 is a solution. Thus by the uniqueness of the
solution, o(0) = 1/2. Similarly og(1l) = 1.

The derivative of A (0)/(1 + o) is

[_:}_ggL], _ I+ a)A' (o) = A(Q)
1+o0 (1 +c)2

80 (A(g)/(L +0))' =0 iff 2,"(©) = A(0)/(1 + 0). But A(0)/(1 +0) = %-(1 - 8)
20 V0 <s <1 whereas },'(0) 0 Vo. So 3(0)/(1 +0) = \'"(0) is only possible
at s = 1. Thus A(0)/(l + o) has a non-vanishing derivative in [0,1). It fol-

lows from the inverse function theorem that ¢ is € in [0,1).

Now consider the function f(u,v) = u2 - e0( v2 2) defined in the region
€ +u

u2 - v2 > =€, u2 - v2 - 3¢/2 1(u2/e) < -e¢. Take partial derivative of f with

respect to u:

v v2
2u + 2ueg'( 2) 55
€ +u (¢ +u)

h
]

v2 v2
2ull + eg'( 2) 5 5
€ +u (u + &)

]

Since g is monotonic increasing, g' = 0. So fu =0 iff u = 0. For v fixed,

u =0 is the only critical point of f. Also it is easy to see that f has a
minimum at u = 0. Since f is monotonic increasing with v fixed, f must assume
ite maximum on the boundary. On the boundary curve u2 - v2 = -¢ we have

v 2

5 = 1 so f(u,v) = u” - e. 1If (u,v) is not also on the other boundary
€ +u
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curve, i.e. u2 - v2 - 3e/2 A(uele) < = or =3¢/2 A(uele) < -u2 + v2 -¢ =0, s0
k(uale) > 0. Hence u2 < € so f(u,v) < 0. On the other hand if (u,v) is on the

boundary u2 - v2 - 3e/2 k(uzle) = -¢ we have

2

v 3

2
=1 - a(u~/e).
& Bout 2(1 + us/e)

Now on this boundary uele 2 1/2 for otherwise uzle < 1/2 implies x(uzle) =1,

Hence then 5 < 1 -3/2(1L +1/2) =1-1=0, Then (u,v) cannot be on the

€ +u

boundary curve u2 - v2 = ~-g, Clearly, u2/e <1 so u2/e = g(p) for some p =p
in (0,17,

By definition of o(p)

2

ve o .3 A00) _, -
L2 1T E2Troy Tt mR

0, i,e. f vanishes on this

hence f(u,v) = 0" eo( v 5) = eo(p) - eo(p)
€ +u

boundary.

Thus f < 0 everywhere on the boundary of the region and hence also is in
the interior. Q.E.D.

5.5. Theorem, Let B be the ball of radius 2¢ about the origin in a Hil-

bert space H. Define £ : B - R by f(v) = HPV“2 - "Qv"2 where P is an ortho=-

b

gonal projection on a subspace H” of dimension 4 and Q = (1 - P) is a projec-

tion on a2 subspace Hk of dimension k. Llet g(v) = f(v) = 3e/2 x(”Pv"EIe) where
2 : R4 R is as in the above lemma, Then M = {x € B [ g(x) < -¢} arises from

N={xeB | f(x) < -} by a C®-attachment F of a handle h of type (k,2).

2

Proof., Let Dk, DL be the unit discs in Hk and H” respectively. Let h be

the set {x € B | £(x) 2 ~¢ and g(x) < -}, SoM =NUh and NN h < 3N. De-

&

fine F : Dk X D” - H by



