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Figure 4.4 Schematic diagram of the computational modeling process 

 

An eight node isoparametic linear brick element (C3D8R:3D) with reduced integration 

was used to represent steel fiber reinforced cementitious composites, while a two node linear 

three dimensional truss element (T3D2) was used to model steel gripping rods. The Young’s 

moduli of 30 and 210 GPa were used for steel FRCC and steel, respectively. Poisson’s ratios of 

the steel FRCC and steel rods were equal to 0.2 and 0.3, respectively. Rods were embedded into 

a solid block.  

Figure 4.5 depicts a contour plot of the linear elastic vertical stress distribution under the 

external uniaxial tensile load. It can be seen from the figure that a uniform tensile stress field was 

ensured in the middle section of the specimen and that it was not affected by the loading 

arrangement. Moreover, results show that the stress is the greatest in the middle section of the 

specimen, causing that cracking occurs in that area. It should be noted, that in this FE 
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simulations specimens are made out of the perfectly homogenized material, which is not true it 

the real case scenario. 

 

 
Figure 4.5 Vertical stress distributions for the whole specimen (left) and with the view cut 

through the rods (right) (Units Pa) 
 

After taking into account all relevant recommendations from the literature, prerequisites, 

and results of the FE analyses an elongated dog-bone specimen was selected for testing. Its 

overall length was equal to 700 mm, out of which a transition spline was 450 mm long, and a 

prismatic mid-section was 75 mm wide. The width of the prismatic mid-section increased 

gradually to 150 mm at the end of the transition spline (Figure 4.6).  
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Figure 4.6 Model W150-R150-H700 specimen geometry (dimensions in mm) 

 

Prior to casting, four 16 mm 8.8 grade threaded rods were placed 100 mm within each 

end of the formwork (Figure 4.7). A level and alignment of the threaded rods were checked from 

the inside of the form and then locked in place using a nut on either side of the wall of the 

formwork. 

The specimens were cast horizontally in lubricated stainless steel molds using the 

procedure outlined in the earlier section. Also, the center portion of the mold was filled to 

approximately 90% of the height of the specimen, which was then followed by pouring of the 

ends. The material in dog-bone molds was externally vibrated using a shaking table.  
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Figure 4.7 Photos of the dog-bone molds and a detail of the gripping arrangement 

 

Furthermore, direct tension tests on these specially developed dog-bone specimens were 

performed in a 1MN Instron servo-hydraulic universal testing machine. As mentioned earlier, the 

dog-bone specimen was connected to the testing machine with four bolted threaded rods 

protruding from each end of the specimen. One end of the specimen was fixed while the other 

was fitted with a universal joint. In order to measure displacement, four displacement transducers 

(LVDTs or LSCTs) were attached along the North, South, East and West sides of the specimen 

in the loading direction. The gauges were mounted and centered on the specimen sides and had 

gauge lengths of 480 mm. A complete test setup is shown in Figure 4.8.  
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Figure 4.8 Direct tension test setup 

 

Prior to testing, the dog-bone specimens were lightly sprayed with water for the easier 

crack detection. The uniaxial tensile load was applied using a displacement control with the 

initial rate of 0.12 mm/min up to the inception of the first crack. After cracking, the displacement 

rate was gradually increased to 0.2, 0.5, 0.75, 1, 1.5, 2, 3, and 5 mm/min until the crack opened 

up to 1.5, 2, 2.5, 3, 4, 6, 9 mm, and until the end of the test, respectively. A data acquisition 

system was used to record the applied load. A deformation of a specimen was obtained by 

averaging the readings of the four transducers placed on each side of the specimen as indicated in 

the Figure 4.8. Three tests were repeated for each material mix.  
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Test results 

The test setup and procedures discussed earlier were implemented in order to completely 

capture the tensile behavior of UHPFRCC. Test results and observations from uniaxial direct 

tension tests are presented in this section. 

In general, a tensile behavior of a FRCC subjected to a direct uniaxial load can be 

presented in the form of a tensile axial stress-strain response prior to matrix cracking. Upon a 

major crack localization, a softening behavior initiates and a tensile response can be expressed in 

terms of a stress versus crack opening displacement. The experimental stress-strain responses 

obtained from direct tension tests are depicted in Figure 4.9 through Figure 4.13 a), while the 

post-crack tensile behavior is presented in Figure 4.9 through Figure 4.13 b). An axial stress was 

calculated by dividing the applied load by the cross sectional area of the narrowest cross-section 

of a specimen. A deformation of a specimen was obtained by averaging the readings of the four 

transducers. Moreover, abbreviations DB1, DB2, and DB3 in the figure legends denote the 

number of dog-bone specimen tested.  

Overall, it can be seen from Figure 4.9 through Figure 4.13 a) that the UHPFRCC dog-

bone specimens initially exhibited a linear behavior up to onset of a tensile cracking. Thus, the 

assumption was made that a deformation was distributed uniformly over the entire gauge length. 

Furthermore, the Hooke’s law was used to calculate a tensile modulus of elasticity, Et. The 

values of the Et are summarized in Table 4.4 through Table 4.9. They range between 37.6 and 

55.1 GPa depending on the volumetric fiber content and fiber type except for the mix M2-3S. 

These Et values are somewhat higher or lower, depending on the mix, than the values obtained 

from the uniaxial compression tests on cylinders. For mixes M1-2S and M4-2EH/S2, the values 

of the Young’s moduli obtained from uniaxial tension tests correspond relatively well to the 
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values obtained from the uniaxial compression tests. Moreover, the initial linear elastic behavior 

is delimited with the first cracking stress (yield stress), σt,f. Table 4.4 though Table 4.9 provide 

all yield stress values along with the corresponding yield strain, εt,f and the first cracking load 

values, Ff. Although only a limited number of experiments were performed the results indicate 

that the tensile stress at onset of cracking ranges from 4.68-8.52 MPa. This observation excludes 

the M2-3S data. It was observed during the testing that mixes M4-2EH/S2 (DB1 and DB2), and 

M5-2EH/S (DB2) exhibited a multiple cracking after yielding. This multiple cracking phase was 

followed by a major macro-crack localization.  

Figure 4.9 through Figure 4.13 b) present the UHPFRCC behavior after a peak stress is 

reached. Graphs depict a tensile axial stress versus crack opening displacement for each 

individual mix. Figure 4.14 summarizes responses of all mixes for easier comparisons. The 

square symbols plotted on the vertical axis denote a maximum tensile stress σt,p, with the 

averages for each mix given in Table 4.9. Moreover, a peak load, Fp, corresponding elongation, 

dp and strain, εt,p, for each dog-bone specimen are listed in Table 4.4 through Table 4.8. In the 

majority of the cases, the first cracking stress in dog-bone samples corresponded to the peak 

stress (M1-2S, M2-3S DB1, M3-1DEH, M5-2EH/S DB1). In all of the direct tension tests, where 

the first cracking stress in dog-bone samples corresponded to the peak stress, the UHPFRCC 

dog-bone specimens exhibited a strong acoustic indication of the abrupt formation of the first 

major crack. This sudden formation of a major crack corresponds to a discontinuity in the axial 

stress-crack opening displacement response (Figure 4.14 a), c) and e)). A further uninhibited 

crack propagation was subsequently impeded by engagement of the bridging fibers. Moreover, 

the in-plane and out-of-plane rotations of the uniaxial specimens at an average crack opening 

displacement equal to 1.5 mm in Table A.11. (Appendix A.2.) 
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a)                                                                                       b) 

Figure 4.9 Direct uniaxial tension test results for M1-2S 
 

 

Table 4.4 Direct uniaxial tension test results for M1-2S 

Specimen σt,f 
(MPa) 

Ff 
(kN) 

εt,f 
(x10-4) 

Et 
(GPa) 

DB1 5.7 33.5 1.23 44.9 
DB2 9.0 54.4 1.86 47.7 

Mean 7.3 43.9 1.55 46.3 
 
 

 
a) b) 

Figure 4.10 Direct uniaxial tension test results for M2-3S  
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Table 4.5 Direct uniaxial tension test results for M2-3S 

Specimen σt,f 
(MPa) 

Ff 
(kN) 

εt,f 
(x10-4) 

σt,p 
(MPa) 

Fp 
(kN) 

dp 
(mm) 

εt,p 

(x10-4) 
Et 

(GPa) 
DB1 2.13 12.0 0.68 2.13 12.0 0.03 0.68 46.9 
DB2 1.67 9.4 5.80 1.79 10.1 0.37 7.74 3.0 
DB3 3.40 17.7 1.78 3.85 21.7 0.25 5.22 12.0 

Mean 2.40 13.0 2.75 2.59 14.6 0.22 4.55 20.6 
 
 

 
Figure 4.11 Direct uniaxial tension test results for M3-1DEH 

 

 

Table 4.6 Direct uniaxial tension test results for M3-1DEH 

Specimen σt,f 
(MPa) 

Ff 
(kN) 

εt,f 
(x10-4) 

Et 
(GPa) 

DB1 8.14 45.8 0.00 49.2 
DB2 3.03 17.0 0.45 69.7 
DB3 8.44 47.5 1.68 46.4 

Mean 6.53 36.8 1.23 55.1 
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Figure 4.12 Direct uniaxial tension test results for M4-2EH/S2 

 

 

Table 4.7 Direct uniaxial tension test results for M4-2EH/S2 

Specimen σt,f 
(MPa) 

Ff 
(kN) 

εt,f 
(x10-4) 

σt,p 
(MPa) 

Fp 
(kN) 

dp 
(mm) 

εt,p 

(x10-4) 
Et 

(GPa) 
DB1 8.66 48.7 1.88 8.80 49.5 0.42 14.7 45.7 
DB2 8.39 47.2 1.89 7.67** 43.14 0.54 18.9 44.3 

Mean 8.52 47.9 1.89 8.59 48.3 0.26 18.9 45.0 
** Stress corresponding to the end of multiple cracking stage (Lower than the first cracking stress) 

 
 

 
Figure 4.13 Direct uniaxial tension test results for M5-2EH/S 
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Table 4.8 Direct uniaxial tension test results for M5-2EH/S 

Specimen σt,f 
(MPa) 

Ff 
(kN) 

εt,f 
(x10-4) 

σt,p 
(MPa) 

Fp 
(kN) 

dp 
(mm) 

εt,p 

(x10-4) 
Et 

(GPa) 
DB1 7.69 43.56 2.22 7.69 43.6 0.11 2.2 42.2 
DB2 1.66 9.4 0.38 4.71 26.6 1.32 N/A 33.0 

Mean 4.68 26.5 1.30 6.20 35.1 0.71 2.2 37.6 
 
 

Table 4.9 Summary of direct tension test results 

Mix χf 
(%) 

Et 
(GPa) 

σt,f 
 (MPa) 

εt,f 
 (x10-4) 

σt,p 
(MPa) 

dp (mm) 

M1-2S 2.0 46.3 7.3 1.55 7.3 0.074 
M2-3S 3.0 20.6 2.59 4.55 2.59 0.22 

M3-1DEH 1.0 55.1 6.53 1.23 6.53 0.06 
M4-2EH/S2 2.0 45.0 8.52 1.90 8.59 0.26 
M5-2EH/S 2.0 37.6 4.68 1.30 6.2 0.71 
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a)                                                                              b) 

  
c)                                                                             d) 

 
e) 

Figure 4.14 Axial stress versus crack opening displacement response for a) M1-2S, b) M2-
3S, c) M3-1DEH, d) M4-2EH/S2, and e) M5-2EH/S  
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Two different types of the tensile behavior can be observed from the plots shown in 

Figure 4.9 through Figure 4.14. The first type of behavior is characterized by a gradual decrease 

of the axial stress with an increase in the crack opening displacement that occurs upon the major 

crack localization (M1-2S, M2-3S DB1, M3-1DEH, M5-2EH/S DB1). In this case, only one 

major crack was detected, which gradually propagated along the weakest cross-section along the 

surface.  

The second type of the post-peak behavior was detected only in the specimens containing 

hybrid fibers (M4-2EH/S2, M5-2EH/S DB2). After the yield stress was reached and the first 

crack was initiated, the engagement of fibers induced several cracks (Figure 4.15). This multiple 

cracking behavior, which occurred along the gauge length, can be noticed by the saw-tooth 

shaped tensile response between the yield stress and the peak stress. At the peak stress this 

multiple micro-cracks coalesce and localize into one dominant macro-crack, which cause 

material softening behavior.  
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Elongation (mm) 

a) 

 
b) 

Figure 4.15 Development of multiple cracks in the specimen DB1, mix M4-2EH/S2. 
Pictures were taken from two opposite sides of the specimen  
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As the crack opening displacement increased the load was gradually transferred to the 

fibers ultimately resulting in no contribution from the cementitious matrix. The mechanism 

responsible for residual load carrying capacity was bonding between the fibers and surrounding 

matrix. The final tensile failure of UHPFRCC occurred by the time at which the fibers started to 

debond from and to pull out of the cementitious matrix.  

Unfortunately, two mix designs, M2-3S and M3-1DEH, have not behaved the way it was 

expected. In the case of the M3-1DEH, a response after the initial tensile cracking could not be 

reliably observed and examined because the universal testing machine controller temporarily lost 

control of the dog-bone specimen during the brittle initiation of the first tensile crack. When 

control was recouped, the specimen had undergone some tensile fiber pullout across the crack, 

and the critical portion of the UHPFRCC tensile behavior just after tensile cracking had been 

bypassed (Figure 4.11 b). This uncontrolled behavior was probably due to a lack of sensitivity of 

the universal testing machine control system due to its larger-than-necessary load capacity. 

Furthermore, in the case of M2-3S, low axial yield and peak stresses are probably due to a high 

volumetric fiber content, due to which a distribution and orientation of fibers within the dog bone 

specimens were not sufficiently random. Poor fiber distribution and orientation were indicated 

by observing the failure surface (Figure 4.16).  



 

99 

           
Figure 4.16 Photographs of the M2-3S failure surface with the poor fiber distribution and 

orientation 
 

It can be seen from the uniaxial tension test results presented herein that the UHPFRCC 

dog-bone specimens exhibited high tensile yield, and peak stresses, along with ductile behavior, 

and increased fracture toughness. Other UHPFRCC enhancements were evident as well, such as 

strain hardening behavior accompanied with a multiple cracking.  

 

4.3.2. Prism bending test 

In order to evaluate a flexural behavior of UHPFRCC, four-point prism bending tests 

were performed on un-notched specimens. The ASTM C1609 Standard Test Method for Flexural 

Performance of Fiber-Reinforced Concrete (Using Beam with Third-Point Loading) [128] was 

followed. This method enables determination of the first crack, peak, and residual loads, and 

corresponding stresses. Moreover, determination of a specimen toughness based on the area 

under the load-mid-span deflection curve can also be performed based on this method. 
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For each mix design, the test was performed on up to the three un-notched beams having 

a 100 mm x 100 mm square cross section, a length of 550 mm and a span length of 456 mm. 

Prismatic specimens were tested using a closed loop, servo-controlled testing system. During a 

test, the applied load and the mid-span deflection of the prism were monitored and recorded. The 

mid-span deflection of a specimen was measured by the LVDTs, which were attached to the 

yoke on each side of the specimen at mid-span. A loading arrangement of four-point prism 

bending test is shown in Figure 4.17.  

 

 
Figure 4.17 Deflection measurement setup for four-point prism bending test 

 

The experimental data collected in the prism bending tests are presented in Figure 4.18 

and summarized in Table 4.10. Abbreviations B1, B2, and B3 in the legend of Figure 4.18 

denote the individual specimens. It can be seen from Figure 4.18 that the flexural response of the 

UHPFRCC consists of the three different phases. The first part is a linear elastic phase, which 

extends up to first cracking of the matrix. After the first crack occurs, a non-linear flexural 

hardening response takes place up to the peak load. This is followed by the second phase, during 

which a slight decrease in load-carrying capacity can be noticed. A saw tooth pattern visible in 

the second phase is an indication of cracks propagating and forming throughout the highly 
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                               a)                                                                                   b) 

 
                                              c)                                                                                   d) 

 
     e) 

Figure 4.18 Load versus mid-span deflection results from the four-point prism bending 
tests: a) M1-2S, b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, and e) M5-2EH/S 
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should be calculated at the mid-span deflection of L/150. The values of the toughness, residual 

load, Pr and stress, σr at the same deflection level (L/150) for all of the concrete mixes were 

obtained. They are presented in Table 4.10.  

 

Table 4.10 ASTM C1609 strength results 

Mix  χf 
(%) 

First Crack Peak Residual 
T# 

(kJ) Pf 

(kN) 
dfl,f 

(mm) 
σfl,f 

(MPa) 
Pp 

(kN) 
dfl,p 

(mm) 
σfl,p 

(MPa) 
Pr* 

(kN) 
σr** 

(MPa) 

M1-2S 2 31 0.57 14 45 1.63 20 36 16 115.5 
M2-3S 3 37 0.44 16 61 1.47 27 39 17 144.6 

M3-1DEH 1 23 0.25 10 28 1.54 12 22 9 72.6 
M4-2EH/S2 2 21 0.27 9 45 1.62 20 33 15 116.4 
M5-2EH/S 2 27 0.31 12 49 1.66 22 41 19 139.2 

* The load value corresponding to a deflection of L/150 (3.04 mm) 

** The stress value corresponding to a deflection of L/150 (3.04 mm) 

# Toughness of beam specimen at a net deflection of L/150 (3.04 mm) 

 

 
Figure 4.19 First crack stress to peak stress ratio versus volumetric fiber content for prism 

bending tests 
 

Figure 4.20 depicts the variation of experimentally obtained ASTM C1609 strength 

results with the volumetric fiber content. The larger the volumetric fiber content, the higher the 

values of the material toughness, first crack, peak, and residual loads are. Moreover, the mix M4-
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2EH/S2, which is denoted by the rhomboid symbol in Figure 4.20, has the highest water to 

binder ratio (w/b=0.19). This caused ASTM strength results to be lower than for the other mixes 

having equal volumetric fiber contents but less water added to the mix.  

 

  
                               a)                                                                                   b) 

 
                               c)                                                                                   d) 

Figure 4.20 ASTM C1609 strength results: a) first crack load, b) peak load, c) residual 
load, and d) toughness versus volumetric fiber content 

 

Two different failure modes are known to occur in the flexural performance tests. The 
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from the initial one. This failure mode was observed during all of the four-point prism tests 

(Figure 4.21). The second type is characterized by multiple cracks and/or by a significant 

bifurcating from the initial crack. The second failure mode was not observed in this study. 

 

 
Figure 4.21 Single dominant crack observed in prism bending test 

  



 

107 

Chapter 5 - Modeling of post-cracking behavior of 

UHPFRCC 

5.1. Introduction  

UHPFRCC is a specially tailored cement based composite with a compressive strength of 

150 MPa and higher ( [123], [124], [23], [5]). Moreover, this composite has a substantial post-

cracking tensile capacity due to presence of steel fibers. Thus, it can exhibit a pseudo-strain 

hardening under tension and undergo multiple cracking prior to a macro-crack localization as 

seen from the experimental results presented in Chapter 4.  

Although exhibiting such superior material properties, characterization of UHPFRCC 

tensile behavior is still a challenge. Furthermore, no agreement has been reached regarding a 

standard test setup and geometry of the specimen. Moreover, an additional reason why the 

UHPFRCC and FRCC in general have had a limited use in practice lies in a difficulty in 

establishing a post-cracking, tensile response of the FRCC, which is a fundamental property 

required for design of structural members manufactured from FRCC.  

A characteristic tensile response of FRCC is linear elastic prior to matrix cracking. Thus, 

it can be represented by a σ-ε relationship. If strain hardening is accompanied by a multiple 

micro-cracking, which occurs after the linear elastic stage, a tensile response of FRCC can still 

be represented by a stress-strain relationship if smeared cracking approach is used. Once multiple 

micro-cracks coalesce into a macro-crack a tensile response becomes highly non-local and it 

should be described in terms of stress versus crack opening displacement relationship.  

The σ-w relationship for UHPFRCC can be obtained directly from a direct tensile test 

without having to resort to inverse analysis methods, which was shown in Chapter 4. 
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Nevertheless, these direct tensile tests were arduous to perform, time-consuming, and they 

required sophisticated testing equipment.  

Consequently, four-point prism bending tests were performed as a simpler and quicker 

alternative to direct tension tests. During the prism bending tests applied load and a mid-span 

deflection were measured. In order to characterize a post-cracking behavior from the 

corresponding direct tension test an inverse analysis was performed on prism bending tests. 

Specifically, a σ-w relationship was obtained from load verses mid-span deflection data. 

Therefore, the aim of this Chapter is to conduct inverse analyses and determine whether the 

prism bending tests could be used to characterize tensile responses of UHPFRCC in the direct 

tension tests.  

To this end, the most recent types of inverse analysis methods for FRCC and UHPFRCC 

are used to predict the post-cracking responses observed in the direct tension tests. The predicted 

responses are subsequently compared to the experimentally observed responses, thus enabling an 

evaluation of performance of the employed models. These models that were used are: Amin’s 

full model (Amin-FM) [32], Amin’s simplified model (Amin-SM) [32], and Lopez’s model [7]. 

Amin’s full model [32] is an alternative model to the fib MC2010 [96], whereby the latter 

represents the most recent design guideline, which is contained in Eurocode 2 (European code 

for design of concrete structures) and other national guidelines. It was found in Amin [32] that 

fib MC2010 overestimates the residual tensile strength. Moreover, a simplified version of the 

Amin’s model is featured in the Draft Australian Bridge Code: Concrete [94]. It is noted that 

both Amin’s models were developed for FRCC. They are based on three-point prism bending 

test on notched specimens. Finally, the Lopez’s model [6] for inverse analysis is chosen because 
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it is the most recent model developed specifically for the UHPFRCC based on un-notched four-

point prism bending test, which was conducted in this study.  

 

5.2. Amin’s models 

5.2.1. Amin’s full model  

Amin-FM [32] is a physics based model, which offers a simple, but effective inverse 

analysis procedure to determine a σ-w relationship from prism bending test.  

The assumed post-cracking tensile σ-w relationship in a direct tension test is depicted in 

Figure 5.1. It can be seen that contribution of a plain cementitious matrix remains substantial 

immediately after a peak tensile stress σt,p is reached. As the matrix contribution starts to 

decrease exponentially fibers reach their maximum contribution, which corresponds to an 

insignificant contribution of a matrix. The point, where the fibers reach their full capacity, is 

denoted by wT in Figure 5.1.  

 

 
Figure 5.1 The tensile σ-w relationship for fiber reinforced concrete (adapted from [32]) 
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Therefore, at a given crack opening, a stress in the fiber reinforced cementitious 

composite σt(w) is additively decomposed into a stress in the un-reinforced matrix σc(w) and a 

stress carried by fibers σf(w). It is given by 

 ( ) ( ) ( )t c fw w wσ σ σ= +  5.1 

A stress in the un-reinforced cementitious composite for a given crack opening can be 

expressed as follows ([132], [5], [133]): 

,( ) cw
c t pw eσ σ −=       5.2 

where the coefficient c depends on the maximum aggregate size and volumetric fiber content, χf. 

For a mortar and aggregate sizes smaller than 10 mm, c is given by the following expression 

[134]: 

30 / (1 100 )fc χ= +       5.3 

Furthermore, a stress carried by fibers σf(w) can be expressed as [32]:  

( ) ( )f ww w fσ ζ=       5.4 

where fw is a tensile stress carried by fibers in the corresponding prism bending test, and ( )wζ is 

an elliptical transition function given by [135]:  

2( )1  if 
( )

1                         if 

T
T

T

T

w w w w
w w

w w

ζ
 −

− <
= 
 <

     5.5 

The transition function is used to describe a progressive engagement of fibers after the onset of 

macro-cracking [135].  

Moreover, it is assumed that the un-cracked matrix has no contribution towards the 

average tensile stress fw carried by the beam, which is in turn assumed to undergo a rigid body 
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motion depicted in Figure 5.2. The parameters dn, and dr denoted in Figure 5.2 stand for the 

depths from extreme compressive, and tensile fiber to the neutral axis, respectively. The distance 

between the centroids of the tensile, and compressive stress blocks is so-called a lever arm and is 

denoted by z, while the distance between the centroids of the tensile stress blocks and the neutral 

axis is denoted with dr
*. A resulting tensile stress carried by fibers fw is then given by: 

 1 2
2w

k k Paf
D b

=   5.6 

where D and b are depth and width or the prism respectively, and a is one-third of a span length 

in the case of a four-point bending test. The coefficient k1 depends on the ratio between a depth 

of the neutral axis and depth of the prism, while the coefficient k2 takes into account the 

influence of the notch in the case of the notched prism specimens. In this study 1 2 1k k ≈  because 

un-notched specimens were used. The reader is referred Amin [32], Amin et al. [135] for further 

details. 

 

 
Figure 5.2 Stress distribution at the cracked section of FRCC prism in bending (adapted 

from [32]) 
 

Moreover, it is because four-point prism bending tests were carried out on un-notched 

specimens that load versus mid-span deflections were measured. In order to obtain a 
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corresponding CMOD values a simple conversion from a mid-span displacement to CMOD was 

performed. It is based on rigid body rotations of the two prism halves centered about the crack 

tip, and the assumption that failure occurs along a single crack [9]. The relationship between the 

CMOD and the mid-span deflection, δ is given by: 

4DCMOD
L
δ

=      5.7 

Based on the above assumptions, a crack opening displacement from a direct tension test is 

assumed to be equal to one-half of the CMOD.  

The experimental results of direct tensile tests and four-point prism bending tests are 

presented in Chapter 4. It is important to note that the tensile behavior of FRCC specimen is 

sensitive to the orientation of fibers within the matrix. In addition, a presence of boundaries 

(walls of the casting mold) restricts fibers from being freely orientated within the matrix ([134], 

[20], [136]). This is a so-called boundary or wall effect. Therefore, prior to comparing the direct 

tensile test data with the results obtained from the inverse analysis, the former need to be 

modified to account for the orientation effect. In the other words, the orientation factor kt 

converts the actual experimental results to those equivalent to the three-dimensional fiber 

distribution and orientation, which are free from the wall effects. For example, if tensile 

specimens were obtained by coring out of a larger section, such as a slab, the boundary effect 

would be negligible, thus resulting in kt being equal to one. The orientation factor for the 

specimen with the square cross section and tested in the direct tension is given by Lee et al. [136] 

as follows: 

10.5 1
0.94 0.6 /t

f

k
l b

= ≤ ≤
+

      5.8 
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Moreover, the same correction applies to the prism bending test results except that the 

orientation factor kb is now different. It is adopted from Ng et al. [134] and is given by:  

1
3.1 0.6 /b

f

k
l b

π
= ≤

+
       5.9 

Finally, applying the inverse analysis technique (Eqs. 5.1- 5.6) to the results of the four-

point prism bending tests produces σ-w results depicted in Figure 5.3. In order to evaluate the 

performance of the Amin-FM model, predicted σ-w results are compared with the experimentally 

obtained uniaxial tension data (denoted with DB1, DB2 or DB3 in Figure 5.3), whereby the latter 

have been modified by accounting r for the wall effect.  
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a)                                                                             b) 

 
c)                                                                             d) 

 
e) 

Figure 5.3 Predictions of Amin-FM compared with the experimental data from uniaxial 
tests: a) M1-S2, b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, and e) M5-2EH/S 
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It can be seen that in the case of mixes M1-S2, M4-2EH/S2, and M5-2EH/S the proposed 

model fits the experimental data very well whereby the best prediction was obtained for M4-

2EH/S2. Predictions are slightly non-conservative. In the case of the remaining two mixes, 

Amin-FM significantly over estimates the σ-w behavior. This is due to a significant discrepancy 

between the prism bending and direct tension tests, thus resulting in unsatisfactory 

experimentally observed responses in direct tension tests for these two mixes. Further 

evaluations of performance of all models are presented at the end of this Chapter, after the 

predictions of each individual model have been presented. 

 

5.2.2. Amin’s simplified model  

Although the full Amin’s model provides worthy results, it needs to be simplified for 

design purposes (Amin-SM). Therefore, Amin [32] developed a simplified version of the post-

cracking residual tensile strength (σ-w relationship) of FRCC (Amin-SM). The model is featured 

in the Draft Australian Bridge Code: Concrete [94]. 

In the development of the simple model, the philosophy for predicting the tensile residual 

stress is adopted from the fib MC2010 [96]. The fib MC2010 model is defined by two reference 

values fFts and fFtu, which are the post-cracking strengths corresponding to crack openings 

significant for serviceability limit state (SLS) and ultimate limit state (ULS), respectively. A 

limit state is a condition of a structure beyond which it no longer fulfills the relevant design 

criteria [137]. Moreover, SLS is characterized by CMOD of 0.5 mm, while the ULS corresponds 

to the CMOD of 2.5 mm. Crack mouth opening displacements corresponding to SLS and ULS 

are depicted in Figure 5.4, and denoted with CMOD1 and CMOD3 respectively. 
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Figure 5.4 Definition of the key points on the applied load versus CMOD curve (adapted 

from [30]) 
 

As previously discussed, Amin-FM model assumes that the contribution of the un-

cracked cementitious composite to the tensile stress in a prism is negligible, which is not the case 

at the CMOD1 (0.5 mm). In addition, results from Amin [32] showed, that the contribution of the 

concrete at the CMOD1 is approximately 14%. Therefore, in the derivation of the simple model, 

new points corresponding to CMODs of 1.5 and 3.5 mm were adopted. They are denoted as 

CMOD2 and CMOD4 in Figure 5.4. This new first sampling point CMOD2 should be sufficiently 

far away from the initial cracking, so that the contribution of the un-cracked cementitious 

composite to the tensile stress remains relatively small. CMOD4 is moved to 3.5 mm so that it is 

sufficiently distanced from CMOD2 in order to provide a reasonable model for the σ-w 

relationship.  

Finally, considering Eqs. 5.1-5.6 with a linear constitutive law interpolating between 

points CMOD2 and CMOD4, and an un-notched specimen results in the following equation for 

σ(w): 



 

117 

 
2

4 2
1( ) ( ) 0

3 3 4
R

t R R
f ww f fσ  = + − − ≥ 

 
 5.10 

, 2

3 j
R j

F a
f

bD
=    j =2,4 (no summation)      5.11 

where fRj are residual flexural tensile strengths at CMODj.  

The obtained residual tensile strengths at CMOD2 and CMOD4 from the prism bending 

tests for all five mixes are summarized in Table 5.1.  

 

Table 5.1 Residual flexural tensile strengths at CMOD2 and CMOD4 

Mix fR2 (MPa) fR4 (MPa) 
M1-S2 18.78 12.55 
M2-3S 23.61 12.52 

M3-1DEH 9.42 7.69 
M4-2EH/S2 18.74 10.84 
M5-2EH/S 20.62 14.79 

 

Inserting these values in the Eq. 5.10 gives the post-cracking σ-w predictions depicted in 

Figure 5.5. Experimental direct tensile data corrected for the wall effects are also included in 

Figure 5.5.A very good agreement between the experimental data and predictions of the 

simplified model is observed, especially for mix M4-2EH/S2. Again, the exceptions are mixes 

M2-3S and M3-1DEH for the same reasons mentioned before in case of Amin’s full model.  
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a)                                                                       b) 

 
c)                                                                       d) 

 
e) 

Figure 5.5 Predictions of the Amin-FM compared with the experimental data from uniaxial 
tests: a) M1-S2, b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, and e) M5-2EH/S 
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In summary, although both Amin’s models [32] have been developed for the post-

cracking modeling of the stress–crack opening displacement responses of a steel fiber reinforced 

concrete, the results obtained in this study indicate that the models predict the post-cracking 

behavior of UHPFRCC specimens with a high accuracy as well. It should be noted that a limited 

number of prism bending and direct tension tests were performed. However, the available results 

presented herein give a good insight into the performance of Amin’s models for post-cracking 

behavior of UHPFRCC. For more substantial conclusions more experimental data is needed.  

 

5.3. Lopez’s model  

More recently, Lopez et al. [7] proposed a new and simplified inverse analysis developed 

specifically for the UHPFRCC based on un-notched four-point prism bending test. Moreover, the 

method showed a potential not only for using a four-point prism bending testing as an alternative 

to uniaxial testing, but also for characterizing both, a strain hardening and strain softening 

responses of UHPFRCC. Because of these encouraging initial results, it was decided to apply 

this method to experimental data obtained in this study. 

The analytical model is based on a linear elastic constitutive σ-ε relationship in uniaxial 

compression and a quadri-linear one in tension. Both constitutive laws, for compression and 

tension are depicted in Figure 5.6 a), b) and c). Moreover, it can be seen from Figure 5.6  a) and 

b) that a total of six parameters is needed to fully define the compressive and tensile laws. They 

include Young’s modulus E, first cracking tensile strength σt,f; ultimate tensile strength σt,p and 

its corresponding strain εt,p; strain at the intersection of the softening lines εt,d and the maximum 

strain εt,max, which corresponds to zero stress. The unloading modulus, E* is also included.  
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a)                                                        b) 

 
c)                                                           d) 

Figure 5.6 σ-ε relationship in a) uniaxial compression, b) and c) uniaxial tension, d) σ-w 
relationship for the post-cracking response in tension (adapted from [7]) 

 

In order to perform the inverse analysis and determine a uniaxial tensile σ-ε relationship, 

the five key points need to be extracted from an experimental flexural stress-mid-span deflection 

curve. These points are illustrated in Figure 5.7 and are determined as follows:  

I. The intersection of the prism bending response curve and a straight line 

that passes through the origin having slope equal to 75% of initial secant stiffness (σ75, 

δ75); 
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II. The intersection of the prism response curve and a straight line that passes 

s through the origin having slope equal to 40% of initial secant stiffness (σ40, δ40); 

III. A crack localization point corresponding to 97% of the maximum flexural 

strength on the loading branch of prism bending test results (σloc, δloc); 

IV. The point where flexural stress equals to 80% of the stress at crack 

localization point located on the post-peak softening branch of a prism bending response 

curve (σ80u, δ80u); and, 

V. The point where flexural stress equals to 30% of the stress at crack 

localization point located on the post peak softening branch of a prism bending response 

curve (σ30u, δ30u).  

For the detailed justification and validation of key point selection, the reader is referred to 

[7]. 

 

 
Figure 5.7 Schematic illustration of the proposed five key points from the prism bending 

test (adapted from [7]) 
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Moreover, a statistical analysis of theoretical flexural stress versus mid-span deflection 

analytical curves was conducted. This provided a relationship between flexural and tensile 

behaviors. The resulting simplified inverse analysis equations for the prismatic beams with 

L/D=4.5 are given as follows: 

 0.21

75 75
,

401.59t f
σ σσ

σ
 

=  
 

  5.12 

,
,

75

6.65 9.40t f loc
t p E

σ δε
δ

 
= − 

 
     5.13 

0.17
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2.24 1.55 t ploc
t p t f

t f

εσσ σ
σ ε

−
  

= −      
    5.14 

0.38 0.89
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2.17 t f t p t pt du
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loc t f t f t fE
σ σ εεδε

δ ε σ ε
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      

=                    
  5.16 

The proposed equations define a complete quadri-linear σ-ε relationship in uniaxial 

tension. This relationship holds only if a multiple micro-cracking is observed in a prism bending 

test. However, if only a single macro-crack occurs, the ascending branch of the tensile response 

needs to be characterized by the σ-w relationship (Figure 5.6 c) and d)). Applying the fictitious 

crack modeling approach by [99] the σ-w relationship can be obtained as follows: 

0 ,t u avw sε=       5.17 

,
0 , , *

2
( )

3 3
t u

d t u t d

f Lw w
E

ε ε= + − −     5.18 
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 ,
max 0 ,max , *( )

3
t u

t t d

f Lw w
E

ε ε= + − −  5.19 

where wo, wd, wmax are initial, intersectional, and maximum crack opening displacements (Figure 

5.6 d), respectively, while sav, is an average crack spacing. If no data is available for sav, and E*, 

values of wo and E* should be assumed to be zero and infinity, respectively. 

Finally, based on the previously presented Lopez’s model, the five key parameters are 

determined from the four-point prism bending test results obtained in this study. The results are 

summarized in Table 5.2 for all five mixes.  

 

Table 5.2 Input parameters for the Lopez’s model obtained from the four-point prism 
bending test results 

Mix σ75 
(MPa) 

δ75  
(mm) 

σ40 
(MPa) 

σloc 
(MPa) 

δloc 
 (mm) 

δ80u  
(mm) 

δ30u  
(mm) 

M1-S2 16.13 0.48 21.78 22.70 1.42 3.36 7.40 
M2-3S 19.65 0.48 25.37 24.90 0.90 2.40 5.91 

M3-1DEH 7.66 0.37 10.64 10.46 0.90 4.20 11.10 
M4-2EH/S2 13.99 0.42 19.83 19.30 0.96 2.73 6.54 
M5-2EH/S 13.52 0.39 20.28 20.48 1.20 3.66 8.13 

 

After determination of the key parameters from the prism bending tests, and after 

performing the inverse analysis (Eqs. 5.12-5.19) output parameters were obtained. They are 

summarized in Table 5.3.  

 

Table 5.3 Predicted uniaxial tensile parameters 

Mix σt,f  
(MPa) 

σt,p  
(MPa) 

εt,p  
(-) 

wd  
(mm) 

wmax 
(mm) 

M1-S2 8.35 9.11 0.0020 1.62 4.13 
M2-3S 11.71 12.43 0.0014 0.97 3.05 

M3-1DEH 4.49 4.87 0.0023 3.01 8.53 
M4-2EH/S2 8.18 9.38 0.0021 1.51 4.29 
M5-2EH/S 7.81 9.55 0.0038 2.66 2.66 
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Finally, Figure 5.8 depicts the predicted simplified strain hardening σ-ε response up to the 

ultimate tensile strength. The results are also compared with the corresponding uniaxial test data. 

It can be seen that the Lope’s model predicts the first cracking stress very well, with the 

exception of M2-3S and M3-1DEH. Moreover, a strain hardening behavior was experimentally 

observed only in the case of M2-3S (DB2 and DB3), M4-2EH/S2, and M5-2EH/S (DB-2). In the 

case of M2-3S (DB2 and DB3) (Figure 5.8 b), and M5-2EH/S (DB-2) (Figure 5.8 e) the Lopez’s 

model follows the general trend of strain hardening, but the stresses obtained experimentally are 

much lower than the predicted ones. In the case of M4-2EH/S2 (Figure 5.8 d), the Lopez’s model 

correlates with experimental data very well.  
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a)                                                                            b) 

 
c)                                                                            d) 

 
e) 

Figure 5.8 Predictions of σ-ε relationship based on Lopez’s model compared with the 
experimental data from uniaxial tests: a) M1-S2, b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, 

and e) M5-2EH/S  
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Figure 5.9 compares experimentally obtained uniaxial tensile data with the σ-w 

relationship predicted by the inverse analysis. Overall, Lopez’s model shows a good agreement 

with the uniaxial test results. Magnitudes of predicted stresses are slightly higher than indicated 

by the experimental data in the first part of the descending branch of the σ-w curve, right after 

the peak tensile stress is reached. However, after the inflexion in the curve, Lopez’s model 

becomes slightly conservative for tests M1-2S, and M4-2EH/S2.   
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a)                                                                            b) 

 
c)                                                                            d) 

 
e) 

Figure 5.9 Predictions of Lopez’s model compared with the experimental data: a) M1-S2, 
b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, and e) M5-2EH/S 
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5.4. Comparison and conclusion 

In general, all three models showed a very good agreement with the experimentally 

obtained uniaxial tensile data of UHPFRCC, especially for the experiments where direct tension 

and prism bending exhibit similar behaviors. This suggests that the four-point prism bending test 

combined with an inverse analysis is a viable alternative for characterization of tensile behavior 

to a uniaxial tension test.  

Predictions of uniaxial tensile stresses at crack opening displacements of 0.5 mm, 1.5 mm 

and 2. 5 mm, which were obtained from the three different inverse analyses along with the 

experimental data, are presented in Table 5.4 through Table 5.6. It is noted that too high values 

of a coefficient of variation (COV) are obtained based on all five mixes. This is due to significant 

discrepancies between uniaxial tension and prism bending results for mixes M2-3S, and M3-

1DEH.  

 
Table 5.4 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 

experimental data for all five mixes at the w=0.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 4.98 6.81 1.37 6.18 1.24 7.23 1.45 
M2-3S 1.87 8.84 4.72 8.52 4.55 8.17 4.37 

M3-1DEH 1.09 3.29 3.02 3.26 2.99 4.33 3.98 
M4-2EH/S2 6.29 6.94 1.10 6.50 1.03 7.31 1.16 
M5-2EH/S 4.99 7.39 1.48 6.63 1.33 8.35 1.67 

Mean     2.34   2.23   2.53 
COV    0.65  0.68  0.60 

Standard 
deviation     1.53   1.52   1.52 
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Table 5.5 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 
experimental data for all five mixes at the w=1.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 3.75 4.73 1.26 4.80 1.28 3.48 0.93 
M2-3S 1.06 5.14 4.84 4.90 4.61 3.09 2.91 

M3-1DEH 1.06 2.71 2.56 2.66 2.51 3.25 3.07 
M4-2EH/S2 3.85 4.31 1.12 4.25 1.10 3.16 0.82 
M5-2EH/S 3.43 5.44 1.59 5.63 1.64 5.96 1.74 

Mean     2.27   2.23   1.89 
COV    0.68  0.65  0.56 

Standard 
deviation     1.54   1.44   1.06 

 

Table 5.6 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 
experimental data for all five mixes at the w=2.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 2.24 2.65 1.18 2.85 1.27 1.97 0.88 
M2-3S 0.59 1.45 2.44 2.65 4.47 1.10 1.85 

M3-1DEH 0.37 2.14 5.81 2.08 5.67 2.17 5.91 
M4-2EH/S2 3.05 1.68 0.55 2.35 0.77 2.01 0.66 
M5-2EH/S 3.02 3.49 1.16 3.30 1.09 3.56 1.18 

Mean     2.23   2.65   2.10 
COV    0.95  0.85  1.04 

Standard 
deviation     2.12   2.25   2.18 

 

In general, direct tension and prism bending tests results show a good agreement in 

performance with each other except for mix M2-3S, and M3-1DEH. Furthermore, according to 

slightly modified French Association for Civil Engineering recommendations on Ultra-High 

Performance Fibre-Reinforced Concrete [12] mixes M2-3S, and M3-1DEH do not satisfy criteria 

for UHPFRCC. The only modification is related to the minimum volumetric fiber content equal 

or larger than 2% while modified French Association for Civil Engineering recommendations on 
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Ultra-High Performance Fibre-Reinforced Concrete [12] require strictly larger than 2%. 

Specifically mix M3-1DEH fails to meet the recommendations due to a too low volumetric fiber 

content and mix M2-3S fails due to a too low uniaxial tensile strength. Consequently, these two 

mixes are removed from further analysis. Therefore, Table 5.7, Table 5.8, and Table 5.9 compare 

experimentally obtained uniaxial tensile stresses with the predicted stresses at the crack opening 

displacement of 0.5 mm, 1.5 mm, and 2.5 mm, respectively. In this case, the values of the mean 

and the coefficient of the variation of the predicted to experimental values ratio show improved 

values.  

In the case of Amin’s full model, at w = 0.5 mm the mean of the predicted to 

experimental values ratios is 1.20 with COV of 0.13. At w = 1.5 mm the mean of the predicted to 

experimental values ratios is 1.34 with a COV = 0.21. Furthermore, at w=2.5 mm values of the 

mean of the predicted to experimental values ratios, and COVs are 1.04 and 0.24 respectively.  

Furthermore, in the case of the simplified version of Amin’s model, at w = 0.5 mm the 

mean of the predicted to experimental values ratios is 1.32 with a COV of 0.21. At w = 1.5 mm 

the mean of the predicted to experimental values ratios is 1.32 with a COV = 0.18. At w=2.5 mm 

values of the mean of the predicted to experimental ratios, and COVs are 0.96 and 0.37 

respectively.  

Lastly, when Lopez’s model was applied, at w = 0.5 mm the mean of the predicted to 

experimental values ratios is 1.43 with a COV of 0.18. At w = 1.5 mm the mean of the predicted 

to experimental values ratios is 1.16 with a COV = 0.43. At w=2.5 mm values of the mean of the 

predicted to experimental values ratios, and COVs are 0.91 and 0.29 respectively. 
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Table 5.7 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 
experimental data, disregarding the mixes M2-3S, and M3-1DEH, at the w=0.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 4.98 6.81 1.37 6.18 1.24 7.23 1.45 
M4-2EH/S2 6.29 6.94 1.10 6.50 1.03 7.31 1.16 
M5-2EH/S 4.99 7.39 1.48 6.63 1.33 8.35 1.67 

Mean     1.32   1.20   1.43 
COV    0.15  0.13  0.18 

Standard 
deviation     0.19   0.15   0.26 

 
 

Table 5.8 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 
experimental data, disregarding the mixes M2-3S, and M3-1DEH, at the w=1.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 3.75 4.73 1.26 4.80 1.28 3.48 0.93 
M4-2EH/S2 3.85 4.31 1.12 4.25 1.10 3.16 0.82 
M5-2EH/S 3.43 5.44 1.59 5.63 1.64 5.96 1.74 

Mean     1.32   1.34   1.16 
COV    0.18  0.21  0.43 

Standard 
deviation     0.24   0.28   0.50 

 
 

Table 5.9 Comparisons of the Amin-SM, Amin-FM and Lopez’s models with the 
experimental data, disregarding the mixes M2-3S, and M3-1DEH, at the w=2.5 mm 

Mix 
Exp.  Amin-SM 

(2015) 
Amin-FM 

(2015) 
Lopez et al. 

(2016) 
σt (MPa) 

-A- 
σt (MPa) 

-B- B/A σt (MPa) 
-C- C/A σt (MPa) 

-D- D/A 

M1-S2 2.24 2.65 1.18 2.85 1.27 1.97 0.88 
M4-2EH/S2 3.05 1.68 0.55 2.35 0.77 2.01 0.66 
M5-2EH/S 3.02 3.49 1.16 3.30 1.09 3.56 1.18 

Mean     0.96   1.04   0.91 
COV    0.37  0.24  0.29 

Standard 
deviation     0.36   0.25   0.26 
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Figure 5.10 compares predictions of Amin-SM, and Lopez’s models with experimental 

data. These specific models are selected because they are both intended for design purposes. It 

can be seen that both models coincide with the experimental data very well, whereby the Amin-

SM has a slightly better performance overall. Moreover, it is noted that neither of Amin’s models 

are restricted to UHPFRCC only. On the other hand, Lopez’s model can capture a complete 

tensile behavior, including a strain-hardening phase. Amin’s models on the other hand are 

intended only for the softening behavior or stress-crack opening displacement response.   
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a)                                                              b) 

 
c)                                                              d) 

 
e) 

Figure 5.10 Comparison of two design models (Amin-SM and Lopez’s) with the 
experimental data from uniaxial tests: a) M1-S2, b) M2-3S, c) M3-1DEH, d) M4-2EH/S2, 

and e) M5-2EH/S  
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Chapter 6 - Summary, conclusions, and future research  

6.1. Summary and conclusions 

Fiber reinforced cementitious composites are advanced materials that offer new 

opportunities for civil infrastructure preservation and future development. Nonetheless, a lack of 

research and industry confidence has resulted in a slow uptake and application of these resilient 

and sustainable materials in elements other than non-critical members. Thus, the main motivation 

for this research was to provide more detailed evaluation of fiber effects on the full-fledged 

response of these materials including the inception of strain localization in HPFRCC as well as 

the complete tensile behavior of UHPFRCC.  

In Chapter 3 the diagnostic strain localization analysis was performed in order to quantify 

effects of fibers on failure precursors in HPFRCC. To this end, a combined numerical/analytical 

model that can capture a stress-strain response prior to a macro crack localization was developed 

and implemented. Although the experimental data were available for four different volumetric 

fiber contents (0%, 1%, 1.5%, and 2%), the data for only three fiber contents (0%, 1%, and 2%) 

were used during calibration of the selected constitutive models. Predictions of a homogeneous 

stress-strain response were successfully validated against the experimental data for HPFRCC.  

Furthermore, the strain localization diagnostics provided quantitative assessments of the 

effects of fibers on the OSL, and orientation and mode of the accompanying deformation bands. 

Results showed that presence of fibers delayed the onset of strain localization in all uniaxial 

tests. In particular, the inception of strain localization coincided closely with the onset of 

yielding in the plain and reinforced cementitious composites in UT tests. Nevertheless, the onset 

of yielding in HPFRCC was delayed as compared to that in the plain mortar. In UC tests, the 
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predicted OSL in the plain mortar and HPFRCCs coincided closely with peak stresses, which 

were increased by about 25% in HPFRCCs compared to the plain mortar. 

While ductility and peak stresses increased in all tests on HPFRCC, mechanisms through 

which fibers affected the stress-strain responses in plane stress UT and UC tests differed. Results 

of the diagnostic strain localization analysis indicate that a significant increase in ductility was 

achieved in UT tests on HPFRCC as compared to a non-reinforced cementitious composite. 

Furthermore, the analysis indicates that this was most likely accomplished through a distributed 

cracking that delayed a macro crack localization and increased the peak load, which is in 

agreement with experimental findings. In UC tests, increased toughness was achieved through a 

delayed OSL and more significant strain hardening. Therefore, addition of fibers affected the 

compressive stress-strain response similarly to an increase in a confining pressure. 

Results also showed that an increase in the volumetric fiber content made deformation 

bands in UC tests flatter and more contractant while fibers affected neither the critical 

localization angle nor the mode of deformation bands in the UT tests. Thus, deformation bands 

remained perpendicular to the principal stress direction in UT tests. Furthermore, they were all 

pure dilation bands, thus resembling the crack mode I in fracture mechanics. 

In Chapter 4 the experimental program was devised and performed to characterize 

primarily the post cracking characteristics of UHPFRCC. The experiments were carried out on 

five different mixes whereby water to binder ratio, type of fibers, and volumetric fiber content 

were the testing variables. The purpose of the material characterization was determination of 

compressive and tensile properties of UHPFRCC through tests performed in this study.. 

Experiments conducted on the UHPFRCC specimens include uniaxial compression tests, direct 

tension tests, and indirect four-point prism bending tests.  
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It was found from uniaxial compression tests that increase in the volumetric fiber content 

slightly increased the compressive strength of the specimens. Specifically, the compressive 

strengths varied between 143 and 177 MPa, while the value of the Young’s modulus was 

consistent, around 44 GPa. 

Tensile test methods gave an indication of the tensile cracking strength of UHPFRCC. A 

direct tension test provided realistic and more detailed information about the UHPFRCC 

behavior under a tensile load. The direct tension tests were performed on the specially designed 

dog-bone specimens. The FE analyses were conducted during the specimen design process to 

evaluate the effects of different specimen geometries and loading arrangements on the uniformity 

of a tensile stress field over a large area that should be unaffected by the loading arrangement 

and specimen shape. After taking into account all recommendations, prerequisites and FE results, 

the elongated dog-bone specimen with the overall length of 700 mm, width of 75 mm, and the 

mid prismatic part of the specimen that increased gradually to 150 mm at the end of the 

transition spline was selected. The values of the Young’s moduli obtained from direct tension 

tests on UHPFRCC ranged between 37.6 and 55.1 GPa depending on the volumetric fiber 

content and fiber type. These values are somewhat higher or lower than those obtained from 

uniaxial compression tests depending on the mix tested. The tensile cracking stress of 

UHPFRCC ranged between approximately 5 to 9 MPa. Two different post-cracking behaviors 

were observed in direct tension tests, softening and strain hardening accompanied with multiple 

cracking.  

On the other hand, results from the prism bending tests were less scattered than the ones 

obtained from direct tension tests. Specifically, the results indicate that flexural strength depends 

strongly on the volumetric fiber content and water to binder ratio. More precisely, higher values 
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of the material toughness, first crack, peak, and residual loads are obtained for higher volumetric 

fiber contents. Moreover, the mix M4-2EH/S2 had the highest water to binder ratio (w/c=0.19), 

thus causing the ASTM strength results to be lower than for the other mixes having equal 

volumetric fiber contents but less water added to the mix.  

In Chapter 5, modeling of the post-cracking response of UHPFRCC in UT was conducted 

in order to determine whether a prism bending test could be used as an alternative to a standard 

direct test. To this end, the three most recent inverse analysis models were used: 1) Amin’s full 

model, 2) Amin’s simplified model, and 3) Lopez’s model. Reported values of COVs indicate 

that the corresponding predictions correlate well with the experimental data from the uniaxial 

tension tests. This indicates that the inverse problem solutions of four-point prism bending tests 

could be used as a viable alternative to uniaxial testing when determining the post-cracking σ-w 

relationship of UHPFRCC. This is very helpful for practitioners, and to all of those who need to 

conduct on-site quality control in a construction project. On the other hand, a direct tension test 

is still the most appropriate characterization method for researchers and material engineers, 

especially when more detailed investigations of material behavior of UHPFRCC is needed. 

In summary, there is no single material solution to all current and future infrastructure 

problems, but advanced materials can help. Specifically, UHPFRC has a strong potential to help 

the revitalization of infrastructure, and in the building of new infrastructure that is sustainable, 

resilient and long-lasting. However, adoption of UHPFRC in the U.S. has been slow in 

comparison to Europe and Asia, notably Australia, China, France, Germany, Iran, and Japan. 

This dissertation is a contribution to a concerted effort that is required to accelerate the usage of 

HPFRCC and UHPFRCC in the U.S. construction industry. 
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6.2. Recommendations for the future research  

There is a strong need to establish a consensus in regard to test specimens and material 

characterization methods to be applied in conjunction with material level physical testing of FRCCs. 

The direct tension test results on the newly designed dog-bone specimens showed very good 

results in that they developed multiple cracking in the mid-section of the specimens without any 

cracks being observed close to gripping sections. However, experimental results that would 

include a larger variety of different mixes are needed for a more complete validation of the 

inverse analysis models presented herein. Moreover, Amin’s models are based on the assumption 

of development of a single major crack in prism bending tests. This may not cover all scenarios, 

especially not those exhibiting a pronounced deflection hardening during which multiple 

cracking may take place. Should the additional testing exhibit this type of behavior Amin’s 

models would likely require further modifications.  

In order to develop a more complete and improved plasticity models for HPFRCC and 

especially UHPFRCC, it would be necessary to devise and conduct a complete experimental 

characterization of HPFRCC and UHPFRCC. The testing program should include a series of 

triaxial compression tests at different confining stress levels, UC, UT, and prism bending tests. In 

addition, to evaluate effects of fiber distribution and fiber orientation it is highly recommended 

that X-ray imaging be an integral part of the experimental program. 

A full-fledged experimental program described above would enable a more thorough 

material characterization, based on which new design methods and physics based regularized 

computational models for HPFRCC and UHPFRCC could be developed, thus advancing the use 

of HPFRCC and UHPFRCC in the engineering practice. 
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Appendix A - Experimental data – material characterization 

 A.1. Raw compressive strength data 

A.1.1. M1-2S 

Table A. 1 Compressive strength results M1-2S 

Specimen No. 1 2 3 
D1 (mm) 99.8 100.1 99.8 
D2 (mm) 99.6 99.8 100.0 
D3 (mm) 99.4 100.0 100.0 

Davg (mm) 99.6 100.0 99.9 
Area (mm2) 7793.4 7846.7 7843.5 
Height (mm) 196.4 197.1 200.0 

Mass (g) 3678.0 3711.0 3693.0 
Max Load (kN) 1325.0 1320.0 1325.0 
Density (kg/m3) 2403 2400 2354 
Strength (MPa) 170.0 168.2 168.9 

Mean Compressive 
Strength (MPa) 169.1 
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Figure A.1 Compressive stress-strain curve M1-2S 

 
 

Table A. 2 Young’s modulus results M1-2S 

Specimen  Young’s modulus, 
E (GPa) 

4 44.5 
5 43.6 
6 42.7 

Mean  43.6 
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A.1.2. M2-3S 

Table A.3 Compressive strength results M2-3S 

Specimen No. C1 C2 C3 
Davg (mm) 99.6 99.9 99.5 

Area (mm2) 7791.3 7838.3 7775.6 
Height (mm) 201.6 196.5 199.5 

Mass (g) 3856.8 3763.2 3804.8 
Max Load (kN) 1418.2 1382.5 1356.9 
Density (kg/m3) 2455 2443 2453 
Strength (MPa) 182.0 176.4 174.5 

Mean Compressive 
Strength (MPa) 177.6 

 
 

  

 
Figure A.2 Compressive stress-strain curve M2-3S 
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Table A.4 Young’s modulus results M2-3S 

Specimen  Young’s modulus, 
E (GPa) 

4 45.1 
5 45.3 
6 46.3 

Mean 45.6 
 

A.1.3. M3-1DEH 

Table A.5 Compressive strength results M3-1DEH 

Specimen No. C1 C2 C3 
Davg (mm) 100 100.5 100.3 

Area (mm2) 7854.0 7932.7 7901.2 
Height (mm) 198.9 196.9 199.3 

Mass (g) 3656.2 3704.2 3711 
Max Load (kN) 1058.7 1182.0 1143.1 
Density (kg/m3) 2340 2372 2357 
Strength (MPa) 134.8 149.0 144.7 

Mean Compressive 
Strength (MPa) 

142.8 
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Figure A.3 Compressive stress-strain curve M3-1DEH 

 
 

Table A.6 Young’s modulus results M3-1DEH 

Specimen  Young’s modulus, 
E (GPa) 

4 45.5 
5 43.8 
6 42.5 

Mean  43.9 
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A.1.4. M4-2EH/S2 

Table A.7 Compressive strength results M4-2EH/S2 

Specimen No. C1 C2 C3 
Davg (mm) 99.87 99.77 100.07 

Area (mm2) 7833.6 7817.9 7864.9 
Height (mm) 195.7 197.1 198.9 

Mass (g) 3609 3623 3667 
Max Load (kN) 1210 1220 1225 
Density (kg/m3) 2354 2351 2344 
Strength (MPa) 154.5 156.1 155.8 

Mean Compressive 
Strength (MPa) 155.4 

 

  

 
Figure A.4 Compressive stress-strain curve M4-2EH/S2 
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Table A.8 Young’s modulus results M4-2EH/S2 

Specimen  Young’s modulus, 
E (GPa) 

4 41.5 
5 42.0 
6 42.7 

Mean  42.1 
 

A.1.5. M5-2EH/S 

Table A.9 Compressive strength results M5-2EH/S 

Specimen No. C1 C2 C3 
Davg (mm) 99.6 99.5 99.4 

Area (mm2) 7791.3 7775.6 7760.0 
Height (mm) 199.8 199.2 198.6 

Mass (g) 3720 3719 3691 
Max Load (kN) 1345.0 1320.0 1280.0 
Density (kg/m3) 2389.7 2401.0 2395.0 
Strength (MPa) 172.6 169.8 164.9 

Mean Compressive 
Strength (MPa) 

169.1 
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Figure A.5 Compressive stress-strain curve M5-2EH/S 

 

 

Table A. 10 Young’s modulus results M5-2EH/S 

Specimen  Young’s modulus, 
E (GPa) 

4 42.7 
5 40.7 
6 44.7 

Mean 42.7 
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 A.2. LSCT and LVDT readings from uniaxial tests at w = 1.5mm 

Table A.11 LSCT and LVDT readings from uniaxial tests at w = 1.5mm 

Mix Specimen 
No.  

North South East West Out-of-plane 
rotations* 

(rad) 

In-plane 
rotations** 

(rad) 
LSCT-7 LSCT-8 LVDT-1 LVDT-2 

(mm) (mm) (mm) (mm) 

M1-2S DB1 0.00 3.52 1.57 1.60 -0.03357 -0.00017 
DB2 0.76 2.44 1.30 1.84 -0.01602 -0.00300 

M2-3S 
DB1 1.51 1.55 1.54 - -0.00036 - 
DB2 1.02 2.81 1.79 - -0.01709 - 
DB3 1.76 1.77 1.71 - -0.00010 - 

M3-
1DEH 

DB1 2.09 1.06 - - 0.00977 - 
DB2 1.17 1.81 1.75 1.35 -0.00609 0.00222 
DB3 - - - - - - 

M4-
2EH/S2 

DB1 4.71 0.62 2.37 2.58 0.03889 -0.00117 
DB2 1.30 3.86 2.00 3.13 -0.02441 -0.00627 

M5-
2EH/S 

DB1 - - 0.32 2.89 - -0.01428 
DB2 - - 3.08 2.96 - 0.00065 

* The horizontal distance between LVDT-1 and LVDT-2 is 180 mm    
** The horizontal distance between LSCT-7 and LSCT-8 is 105 mm    

 
 


