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Abstract

Solar-grade silicon production has a pivotal role in the photovoltaic industry, especially

in the manufacturing of solar panels. It represents approximately 20% of the total solar cell

manufacturing cost. Consequently, reducing the production cost of solar-grade silicon is a

primary factor in enhancing the solar manufacturing process. In particular, fluidized-bed

reactors (FBR) for silane pyrolysis appear as a promising technology for solar-grade silicon

production, representing a more energy-efficient process with more operational benefits than

conventional technologies. However, controlling the FBR system is a challenging task due

to the complex gas-solid interactions. Limited research has been conducted on developing

control strategies for enhancing silicon production in FBR systems. This work develops a

predictive modeling framework for silicon production in FBRs that can be used for real-time

optimization and control purposes. The proposed model characterizes the particle size distri-

bution of the product and the powder loss. Two different flow regime modeling approaches

are considered to describe the silane pyrolysis reaction and characterize the deposition rate

that contributes to particle growth. A discrete population balance equation is used to esti-

mate the particle size distribution as a function of the deposition rate. The proposed model

is compared against comprehensive models reported in the literature, showing satisfactory

results. A nonlinear model predictive control is then utilized to regulate the system at the

desired operating conditions. Detailed open-loop and closed-loop simulation studies demon-

strate the successful integration of nonlinear MPC and the proposed predictive modeling

approach.
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Chapter 1

Introduction

In 2022, the global photovoltaic industry reached the terawatt era, with a cumulative in-

stalled capacity of 1.185 GW7. Crystal silicon cells represent more than 95% of this capacity8.

Solar-grade silicon, a high-purity polysilicon, is an essential component in the photovoltaic

supply chain, representing approximately 20% of the total solar cell manufacturing cost.

Consequently, reducing the production cost of solar-grade silicon is a crucial factor in this

industry 9. The 
uidized bed reactor (FBR) for silane pyrolysis represents a promising ap-

proach to achieve cost reduction, compared to the conventional Siemens process3. FBR

systems are more energy-e�cient and provide higher operational bene�ts, which make them

a more e�cient platform for solar-grade silicon production. The production e�ciency using

this technology has been supported by various experiments and computational studies10.

Previous research studies have established reaction mechanisms and developed reaction rate

expressions for silane pyrolysis in 
uidized bed reactors11;12.

Furthermore, several studies have been aligned to evaluate the FBR's performance and

�ne-tune its operation for e�cient production of solar-grade silicon13{16 . The dynamics in-

volved in polysilicon production in FBR systems are characterized by the production scale,

growth rate, and the co-presence of a dispersed phase within a continuous phase. These

processes involve complex physico-chemical phenomena, including particle nucleation, coag-
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ulation, growth, and breakage, as the two phases coexist, in
uencing the spatial distribution

of properties such as size, shape, molecular weight, and porosity17.

In the particulate process, the distribution of properties occurs across both external

(space and time) and internal (particle size) coordinates18. The population balance equation

(PBE) governs the evolution of these properties along the external coordinates. However,

when combined with the mass balance equation of the continuous phase, it results in a

set of partial integro-di�erential equations that are challenging to solve. Several numerical

methods have been developed for solving this set of equations, including moment trans-

formation19, discretization approaches20, orthogonal collocation21, and method of weighted

residuals18. Discretization methods have been proposed for predicting particulate systems

such as crystallization and emulsion polymerization22{24 . White et al. 20 presented a particu-

late phase model combining mass and population balances over discrete intervals of particle

sizes. The proposed model was applied to produce solar-grade silicon, demonstrating a re-

duced computational time compared to other existing methods. Controlling FBR systems

involves challenges due to the complex gas-solid interactions involved in the process. Several

modeling approaches have been developed to address these issues. Two models for silane

pyrolysis in FBR systems have been initially proposed11: one employing an ideal well-mixed

reactor (CSTR) to capture the 
uidized reactor's behavior under speci�c conditions, and the

other based on more comprehensive 
uidized-bubbling bed model25, which better represents

the system physics. The model predictions for silane pyrolysis in FBR systems have been

compared against experimental data26. A numerical model for reactions in the 
uidized

bed grid zone for chemical vapor deposition of polycrystalline silicon was also proposed27.

These studies present detailed insights into the silane decomposition reaction mechanisms

and diverse modeling approaches for FBR systems. However, some models are limited to

monodisperse distributions of seed particles that grow at the same rate. A comprehensive

multiphase gas-solid dynamic model that incorporates the population balance equation, hy-

drodynamics, and silane decomposition rate was developed to predict the batch growth of
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a monodisperse distribution of silicon particles in a submerged spouted bed reactor28. De-

spite these advances in several modeling approaches, few studies have focused on devising

control strategies for silane pyrolysis in FBR systems. White et al.20 proposed a simpli-

�ed model that can be easily tuned using experimental data, facilitating control purposes.

This model incorporates feedback control theory into steady-state simulations to regulate

the mass hold-up in the reactor and average product size.

Several multiphase gas-solid simulation studies have used computational 
uid dynamics

tools to analyze FBR system dynamics and enhance model reliability. These studies have

contributed to developing multi-scale modeling approaches integrating data like void frac-

tion, drop pressure, and temperature pro�les into deterministic models. Prior research has

primarily used traditional control strategies due to the complexity of the models29{31 . While

other works have demonstrated the feasibility of more advanced control approaches3;24;32.

Du et al.33 proposed a multi-scale model framework for silicon production in FBR systems,

which could be integrated with a control system. Nevertheless, these studies have solely

discussed control strategies for regulating mass hold-up and particle size distribution, over-

looking the objective of minimizing powder loss to enhance process yield. Advanced control

strategies, such as model predictive control (MPC), appear promising in addressing this

challenge.

This study is focused on developing a predictive modeling framework for particulate

polysilicon reactor systems for process control and real-time decision-making applications.

Reduced-order models are proposed for ideal and non-ideal mixed-
ow conditions. These

models are then employed as the basis for MPC designs, aiming to precisely regulate particle

size distributions and minimize powder loss. The ultimate goal is to enhance the operational

e�ciency of FBR systems and concurrently reduce production costs associated with solar-

grade silicon. The developed reduced-order models encompass a comprehensive integration

of reaction mechanisms, population balance, and mass balances for the various components

involved in the reaction medium to predict the silane decomposition and particle growth.
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Several simulations are performed to evaluate the performance of MPC incorporated with

the proposed model.
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Chapter 2

Photovoltaic Manufacturing Process

Silicon-based modules are the dominant technology in the photovoltaic industry, accounting

for 95% of the installed capacity8. The purity of silicon used in the manufacturing process

is a pivotal factor in ensuring the e�ciency of the solar cells. The supply chain of the

photovoltaic industry is shown in Fig 2.1

Figure 2.1 : Silicon photovoltaic manufacturing process

The manufacturing process starts with producing metallurgical-grade silicon (Mg-Si) with

the carbothermic reduction of silicates in electric furnaces34. In this initial step, large

amounts of energy are used to break the silicon-oxygen bonds in the silicates (SiO2) via

endothermic reaction with carbon to produce metallurgic grade silicon, achieving around

98.5% level of purity35. Then, this metallurgical grade silicon is re�ned to obtain polycrys-

talline silicon, which is high-purity silicon (99.9999999%), often called 9Ns or solar-grade

silicon (Sg-Si). Generally, this step is performed via chemical conversion of the metallur-

gical silicon to gaseous Si-based compounds and vapor deposition of these gaseous species

5



onto solid silicon rods. Subsequently, these silicon rods are melted and recrystallized to

produce monocrystalline or polycrystalline silicon wafers, depending on the requirements

of the selected process. These silicon wafers are chemically doped, coated, and treated to

make the solar cells. Finally, these solar cells are assembled into panels integrated with

micro-electronic components and frameworks established by the photovoltaic companies to

elaborate the solar modules.

Producing solar-grade silicon from metallurgic-grade silicon involves a high energy con-

sumption and capital-intensive process with limited yield10. Solar-grade silicon is a critical

material in the photovoltaic supply chain, and it represents approximately 20% of the total

solar cell production cost35. Therefore, several improvements and technologies have been

developed to enhance polysilicon production and minimize the production costs associated

with solar-grade feedstock.

2.1 Solar-grade Silicon Production

Solar-grade silicon or polysilicon requires the conversion of Mg-Si to intermediate gaseous

Si species, which are puri�ed and then reduced or thermally decomposed into high-purity

silicon34;35. Hence, several technologies have been explored based on the intermediate gaseous

Si compounds employed in polysilicon production. Fig 2.2 provides an overview of the

conventional process and the technology under development.

The silicon production is primarily based on the chemical vapor deposition (CVD) pro-

cess. A variety of gases and compounds have been tested for silicon production, but monosi-

lane SiH4 (silane) and trichlorosilane SiHCl3 (TCS) are the most frequently employed36. In

particular, the Siemens process is still the mainstream of solar-grade silicon production. It

represents around 90% of the global polysilicon production4.
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Figure 2.2 : Reaction pathways for solar-grade silicon production using intermediate Si-based
compounds1

2.2 Siemens Process

The Siemens process mainly involves the production of trichlorosilane (SiHCl3 or TCS) as

an intermediate species. In general, the Siemens process can be divided into four key steps:

the production of TCS from metallurgic-grade silicon, the puri�cation of TCS, the thermal

decomposition or reduction of TCS into solid polysilicon, and the recycling of byproducts

and recovery of remaining TCS10.

The �rst step is the hydrochlorination of the metallurgic grade in a 
uidized bed reactor

to produce trichlorosilane (TCS) at a temperature within the range of 300 to 350°C:

Si(s) + 3 HCl(g) ��! SiHCl3(g) + H 2(g)
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This reaction implies several reaction mechanisms and possible side reactions. However,

around 90% of the overall yield is converted into TCS10. The generated TCS gas is puri�ed

through multiple distillation columns to remove most of the impurities generated by the

side reactions. The puri�ed TCS is fed into a jar bell-shaped reactor containing heated seed

silicon rods. Fig 2.3 illustrates a schematic description of the bell-shaped reactor used in this

process. The rods are heated by electrical resistance to a temperature between 1100-1150°C,

which is the temperature where the TCS starts to decompose into solid Si and deposits on

the silicon rods:

2 HSiCl3(g) ��! Si(s) + 2 HCl(g) + SiCl 4(g)

Figure 2.3 : Jar bell reactor used in Siemens process.

Silicon deposits onto the rods via a chemical vapor deposition process. The seed Si rods

increase in diameter to the desired size and are removed from the reactor. It is also necessary
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to maintain a signi�cant temperature di�erence between the surface for deposition and the

reactor wall to increase the yield of the overall process37. TCS is either thermally decomposed

or reduced by hydrogen (both can co-occur38) to produce Si with other byproducts such as

HCl, SiH2Cl2, SiCl4,SiCl2 and H2
10;39. These remaining gases are recovered and separated

through distillation. The recovered H2 and TCS are fed back into the bell jar reactor, while

the SiCl4 needs to be eliminated and can be utilized to produce SiO2, which is further used

in the manufacture of metallurgic grade silicon4.

The modi�ed Siemens process has been developed to increase e�ciency and economic

bene�t. It combines the generated SiCl4 with H 2 and metallurgic-grade silicon to produce

TCS during the hydrochlorination step40:

Si(s) + 3 SiCl4(g) + H 2(g) ��! 4 SiHCl3(g) + HCl(g)

Hence, the modi�ed Siemens process utilizes the generated SiCl4 and reduces the amount

of HCl in hydrochlorination process. However, this modi�cation requires that hydrochlorina-

tion occur at higher temperatures between 500-600°C10. Despite the Siemens process being

the dominant technology for polysilicon production, it presents considerable performance

limitations. The slow deposition rate and the batch nature of the process are some critical

limitations. Furthermore, the large amount of input energy and the thermal losses involved

in the system result in an energetically ine�cient process41. Moreover, the byproducts gen-

erated during the process need posterior treatment due to the chlorine content, which could

create corrosion issues in the equipment and pipelines.

2.3 Fluidized Bed Reactor

The silane (SiH4) decomposition represents the second most widely used commercial process

for silicon production39. The 
uidized-bed technology using silane represents a promising

alternative to the Siemens reactor because it provides operational bene�ts such as continuous

operation and excellent heat and mass transfer characteristics. A schematic representation

9



of the 
uidized bed reactor utilized in polysilicon production is illustrated in Fig 2.4. A

solid bed of seed silicon particles is preloaded to promote the chemical vapor deposition of

silicon. A mixture of silane and hydrogen is fed at the bottom of the reactor to achieve the


uidization of the silicon particles. The solid bed is heated to reach the reaction temperature

to thermally decompose the silane into solid silicon and hydrogen gas. The overall pyrolysis

reaction governs the silane decomposition in FBR systems:

SiH4(g) ��! Si(s) + 2 H2(g)

Figure 2.4 : Fluidized bed reactor.

The reaction is fast and complete if the reaction temperature is above 650°C. The solid

silicon deposits onto the surface of the Si seed particles, producing the growth of the parti-

cles. The reaction mechanism of silane pyrolysis involves a complex set of elementary steps

and side-reactions, and there is no agreement in the literature to the exact mechanisms4;10;11.

However, silane pyrolysis is usually divided into two primary reactions: heterogeneous and
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homogeneous decomposition. The heterogeneous decomposition occurs on the surface of the

seed particles, where silicon deposits on the surface of solid silicon as a crystalline solid via

chemical vapor deposition. Homogenous decomposition takes place away from the parti-

cle surface, forming a gaseous precursor that can nucleate and generate amorphous brown

powder. This powder is usually referred to as �nes and is considered undesirable during

the operation. This powder can be scavenged by existing silicon particles and subsequently

recrystallized to contribute to the particle growth42. However, it could also cause fouling

and unwanted deposition issues on the reactor wall. The unscavenged �nes are exhausted in

the gas phase, with the unreacted silane and hydrogen at the top exit, reducing the overall

yield. As the silicon particles grow in the reactor, the large particles are removed from the

bottom as the �nal product. In addition, new seed particles are incorporated to ensure the

mass hold-up and constant average particle size.

2.4 Comparison of Siemens Process and Fluidized Bed

Reactor Process

Each technology has operational bene�ts and limitations for the production of polysilicon.

The Siemens process is a mature technology in the photovoltaic industry, and several at-

tempts to increase its e�ciency have been explored1;43. However, with the increasing de-

mand for polysilicon production, the FBR technology represents a promising alternative to

achieve a signi�cant cost reduction36. Table 2.1 summarizes and compares several relevant

features between these technologies.

There are several features and signi�cant di�erences between these two technologies. The

FRB system provides operational bene�ts such as continuous operation and lower energy

consumption. In contrast, the Siemens process is a batch process that implies extensive time

and e�ort to remove the product and set up the system for an operation cycle. Furthermore,

the production of silicon using an FBR system requires 80-90% less electrical energy than
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Table 2.1 : Comparison of several factors between Siemens reactors and 
uidized-bed reactors
in the production of polysilicon6

Criteria Fluidized-bed process Siemens process
Potential for reduced Si cost Potential for reduced Si cost Limited future cost reduction likely
Operational mode Continuous operation Batch process
Product characteristics Flowable, spherical Si product Crushing step required to convert rods to chunk Si
Feed gas Noncorrosive feed gas Corrosive feed gas
Reaction completion Reaction goes to completion Limited equilibrium reaction producing HCl and SiCl4
Powder production Produces higher amounts of powderMinimal Si powder produced
Energy requirements 80{90% less energy required High electric power consumption
Cooling requirements Minimal cooling required (hot wall) Large cooling load to cool reactor walls (cold wall)
Technology status Developing technology Mature optimized technology
Operating temperature Reactor operates at 650{850 C High temperature reactor operates near 1150 C
By-product Chloride-free feed product Residual chloride in product from HSiCl3 feed
Reactor environment Violent 
uidized-bed environment Stable, �xed reactor environment

the Siemens process, signi�cantly reducing the production cost. The feed gas used in each

process is also signi�cantly di�erent. In FBR systems, silane pyrolisis can be carried out

at lower temperatures than TCS decomposition in the Siemens process. In addition, higher

deposition rates are obtained via silane pyrolysis in 
uidized-bed systems10. The presence

of chlorine compounds in the process could lead to operational problems. For instance, the

chlorine content in the byproducts and feed gas used in the Siemens process can lead to

corrosion issues in the equipment and pipelines.

On the other hand, the main drawback of using silane as a feed gas is that a dispro-

portionation plant is required to produce silane from trichlorosilane6. The �nal product

characteristics are also signi�cant factors for the downstream manufacturing process. In

particular, the spherical silicon particles are favored for handling the polysilicon in the sub-

sequent crystallization processing. In contrast, the polysilicon rods produced in the Siemens

process must be crushed into smaller particles to feed into the downstream processing. Fur-

thermore, the spherical granular product from a 
uidized bed reactor is uniquely suited as

feed for continuous crystal pullers in manufacturing monocrystalline silicon44. The continu-

ous 
ow between subsequent process units is a cost-reducing factor that could be enhanced

with the FBR technology.

Solar cell e�ciency highly depends on the purity of the silicon used in manufacturing.

Hence, despite the operational limitations, the Siemens process remains dominant due to
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the high purity that can be obtained in the �nal product. FBR technology usually does not

reach the same purity levels as the Siemens process due to the signi�cant inhomogeneity

associated with higher deposition rates45. Nevertheless, it can reach acceptable purity levels

by employing suitable temperature control and achieving a low amount of powder forma-

tion 46. Powder formation is one of the major de�ciencies of FBR technology. It reduces the

overall yield and produces undesired deposition on the reactor wall. The �nes formation can-

not be completely suppressed during operation, and a signi�cant fraction of this powder is

exhausted in the gas phase. Hence, minimizing the powder loss is crucial to establishing the

FBR system as a commercially viable process for polysilicon production. Several techniques

and operational conditions have been studied to reduce powder formation. Increasing the

residence time of the gas phase by reducing the average particle size and the feed gas 
ow

rate to increase the time for the silane gas to react onto the available surface provided by

the seed particles6. This reduction in the average particle size increases the available surface

area to promote the heterogeneous decomposition of silane onto the seed particles. This

reduction is obtained by adding new Si seed particles to the system, which also produces

that powder is more likely to be scavenged by the larger Si particles.

In contrast, reducing the feed gas 
ow rate causes a signi�cant reduction in the deposition

rate due to less silane available to react in the system. In addition, regulating the SiH4/H 2

mole ratio of the feed gas is an alternative to reducing the powder formation in actual

operation. The optimal feed gas concentration is within the range of 10-30% of silane in

hydrogen depending on the reactor geometry and operational conditions36. The hydrogen

works as carry gas and dilutes the concentration of silane, reducing the reaction rate and,

consequently, the powder formation. On the other hand, injecting HCl into the FBR system

also contributes to reducing the formation of the �nes due to HCl reacting with the silicon

particles to produce TCS and eliminates silicon powder as observed in the Siemens process

operation47.

13



FBR systems exhibit higher operational e�ciencies and are more energetically e�cient,

making them a more e�cient platform for solar-grade silicon production. However, the

Siemens process is still the dominant technology due to the challenges and limitations of

silane-based FBR operation. The 
uidized-bed technology remains under development, and

its theoretical potential has not been reached. Hence, optimizing the operation of FBR tech-

nology is necessary to establish it as a viable commercial alternative for more cost-e�ective

polysilicon production. Hence, analyzing the e�ect of several factors, such as temperature,

void fraction, pressure, 
ow rates, and particle size, is essential. Therefore, developing re-

liable models can provide helpful information to comprehend the e�ects of di�erent factors

on the underlying system physics.

2.5 Modeling Approaches for Fluidized Bed Reactors

Developing comprehensive and reliable models for 
uidized reactors is challenging due to

the intricate nature of gas-solid interactions. Filtvedt et al.36 provided a detailed review

of FBR modeling approaches and scale-up considerations. Furthermore, this work analyzes

the deposition mechanisms, �nes formations, and how microscale e�ects can be incorpo-

rated into the model development. In literature, two main classes of modeling approaches

have been used to describe the behavior of FBR systems. The �rst model category relies

on phenomenological-based models employing deterministic and analytical relationships for

studying chemical reactions in the 
uidization process. Prior research has investigated some

variations of two-phase models11 and bubbling-bed models25 to describe the silane-based

FBR system. However, due to the complex physicochemical phenomena involved in the

FBR operation, these modeling e�orts cannot accurately capture the reactor's dynamics us-

ing analytical solutions. The second model type is based on computational 
uid dynamic

(CFD) models to solve each phase's mass, momentum, and energy equations with phase

interaction terms and constitutive relationships6;10. Euler-Euler models and discrete ele-
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ment method-type models are the most representative modeling approaches in this category.

These models provide a high-resolution and comprehensive description of the physical phe-

nomena inherent in the FBR system. However, the high computational cost causes these

models cannot be solved in real-time for process control purposes. As a result, more recent

research has focused on developing multiscale modeling frameworks to combine the bene�ts

of both modeling categories. This modeling procedure aims to represent the system using

two or more submodules that describe the phenomena at di�erent scales3. Each submodule

represents a partial model that describes the phenomena at di�erent time or length scales.

These interconnected modules share information, which attempts to create a 
exible mod-

eling framework by linking two or more modules. This modeling technique is bene�cial for

systems that uni-scale models cannot represent due to the di�erent scales involved in the

system dynamics48. Despite accurate modeling and 
exibility bene�ts, integrating and pair-

ing the scales between submodules is challenging. A brief review of the modeling approaches

considered for representing silane-based FBR systems is presented in the following sections.

2.5.1 Fludized Bed Reactor Fundaments

An understanding of the 
uid dynamics during the 
uidization process is essential to study

FBR systems. Therefore, describing the phenomena and 
uid mechanics is necessary to

develop reliable models for 
uidized bed reactors. The hydrodynamics of a 
uidized bed are

determined essentially by the balance of forces between particles and gas velocity49. It is

possible to set the 
uidization regime by controlling the gas velocity. Fig 2.5 illustrates the

hydrodynamic behavior of the 
uidized-bed system at di�erent gas velocities.
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Figure 2.5 : Hydrodynamic behaviour of 
uidized bed2

The solid bed is supported by a perforated or porous distributor plate, while the gas 
ows

upwards through this bed. The distributor has a signi�cant e�ect on the 
ow pattern and

bubble formation. The �xed bed regime is characterized by a low gas velocity, maintaining

the bed static (Fig 2.5a). Then, as the gas velocity increases until a speci�c value, the

total drag on the particles will equal the weight of the bed, and the particles will start

to lift, increasing the porosity and barely 
uidizing (Fig 2.5b). This situation corresponds

to the minimum 
uidization regime, which is the starting point of the 
uidization regime.

The bubbling regime arises when the gas velocity exceeds the minimum 
uidization value

(Fig 2.5(c)), leading to an increase in the expansion and void fraction of the solid bed. This

increment in the gas velocity generates instabilities in the 
ow, and the gas starts to bypass

the bed in the form of bubbles50. The di�erence between the velocity at which the bed begins

to expand and when the bubbles appear is very small and sometimes nonexistent2. A further

increase in the gas velocity will lead to a slug 
ow regime (Fig 2.5(d)), which is a chaotic

and unstable operation of the 
uidized bed. At extremely high velocities, the particles

are transported out of the reactor by a pneumatic transport regime, ideal for circulating

16




uidized beds2;51. The relationship between the gas velocity and the 
uidization regime

described previously is displayed in Fig 2.6.

Figure 2.6 : Gas velocity vs Drop pressure diagram2

The bed's 
uidization can also be characterized by the relationship between the gas

velocity (uo) and the pressure drop (�P). When the gas 
ows through the solid bed, it

experiences a drop in pressure due to the bed expansion. The region covered by 1� uo �

4 cm=scorresponds to the �xed bed regime, where the pressure drop increases linearly with

increasing gas velocity. This section can be described by the Ergun equation. The pressure

drop keeps growing until the total drag on the particles equals the weight of the bed, and

the particles will start to 
uidize. This equilibrium point is characterized by the minimum


uidization velocity ( umf ), and the pressure drop will not increase with an increase in velocity

beyond this point. The region 4� uo � 50 cm=s where the pressure drop remains constant

is de�ned as the bubbling region. Finally, the pressure drop decreases when the gas velocity

is above the terminal velocity (ut ), and it is when the pneumatic transport occurs. The

physical properties and characteristics of the particles have a signi�cant in
uence on the


uidization behavior. Geldart 52 categorized the 
uidization behavior based on the particle's

characteristics:
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ˆ Group A: The particles are easily 
uidized. They has a smooth and homogeneous


uidization behaviour after achieve the minimun 
uidization condition.In general, they

are small particles (30� dp � 150�m ) with low density ( � 1:4g=cm2).

ˆ Group B: The particles 
uidize well for relatively high gas 
ow velocities. The forma-

tion of bubbles appears at the beginning of the 
uidization (i.e., minimum 
uidization

velocity) and tends to grow. They are particles with a medium size (40� dp � 500�m )

and the density within (1:4 � 4g=cm2.

ˆ Group C: They are very small particles (dp � 40�m ) and cohesive, making 
uidization

di�cult due to the interparticle forces, and the particles are prone to form clusters or

agglomerations.

ˆ Group D: They are dense and large particles (dp > 500�m ). Fluidization is di�cult

and non-uniform. For this type of particle, a stable spouted bed can be ideally formed.

The average seed silicon particle used in the FBR system for polysilicon production is

Group B of the Geldart52's classi�cation39. In particular, the physical properties determine

the minimum 
uidization condition, essential for modeling 
uidized-bed systems4;52. The

minimum 
uidization velocity can be determined by the Ergun equation:

umf =
�

�d p�
150�

� 2 � 3
mf

1 � � mf

� = g(� c � � g)

(2.1)

where � mf is the void fraction at minimum 
uidization condition, � is the sphericity or

shape factor of the particles,� p is the particle density, � g is the gas density,dp is the particle

diameter, � is the viscosity of the gas andg corresponds to the gravity. The void fraction

at minimum 
uidization condition is given by 2:

� mf = 0:586� � 0:72

�
� 2

� g�d 3
p

� 0:029 �
� g

� c

� 0:021

(2.2)
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Considering factors such as the pressure drop, bed porosity and gas velocity is also nec-

essary to estimate essential parameters such a bubble diameter and velocity, which have

a signi�cant in
uence in the mass and heat transfer between the gas phase and the solid

phase25. Several correlations have been proposed in the literature to determine these pa-

rameters2;4.

2.5.2 Phenomenological based models

Several modeling attempts using deterministic models have been explored to describe the dy-

namic behavior of FBR systems for silane pyrolysis. Praturi et al.53 proposed an early model

deriving kinetic rate expression for 8 elementary reaction steps, including mass transport of

silane, hydrogen, homogenous and heterogenous decomposition of silane, homogenous nu-

cleation of silicon, heterogenous nuclear of silicon, and silicon crystal growth. Nevertheless,

these expressions were limited due to the lack of experimental data to achieve a complete

understanding of the reaction mechanism pathways. Then, Lai et al.11 presented both an

ideal well-mixed reactor (CSTR) model and a two-phase bubbling 
uidized-bed model25 to

describe the FBR system. This work also includes a population balance model to predict

the concentration and growth of the silicon �nes generated by the homogenous decomposi-

tion. These models were compared against experiments, showing that the two-phase model

achieved better agreement with the experimental data. The ideal well-mixed model estab-

lished an upper limit of silicon production by overestimating the deposition rate, while the


uidized-bed bubbling reactor (FBBR) model overpredicts the formation of �nes. They

also concluded that ensuring an excellent gas-solid contact reduces the formation of the �ne

during operation.

The two-phase model assumes that the FBR is divided into emulsion and bubble phases,

where mass and heat transfer are exchanged between these adjacent phases. The bubble

phase contains a minimal amount of solids, while the emulsion phase contains most of the

solids of the bed. The bubbles are not spherical; they have a hemispherical top and a pushed-
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in bottom. Each gas bubble has a wake that contains a signi�cant amount of solids, and

while it rises, it pulls up the wake with its solids behind it25. Small bubbles are formed

near the plate distributor at the bottom and grow while rising along the reactor. The initial

bubble diameter (db0) size formed at the surface of a perforated and porous gas distributor

plate is given by the following expressions:

ˆ Perforated plate distributor

db0 = 0:347
�
Ac

�
u0 � umf

Nd

�� 2=5

(2.3)

or

db0 =
1:3
g0:2

�
u0 � umf

Nor

� 2=5

(2.4)

ˆ Porous plate distributor

db0 = 0:00376 (� 0 � � mf )2 (2.5)

while the maximum bubble diameterdbm is given by:

dbm = 0:652 [A t (u0 � umf ))]2=5 (2.6)

where umf is the minimum 
uidization velocity of the bed, is the gravity term, u0 is the

super�cial gas velocity,Ac is the cross-sectional area of the reactor, andNor is the number

of ori�ces in the distributor. The relationship of the bubble diameter as a function of the

reactor height (h) can be de�ned by the following expression6:

db = 0:0085
h
1 + 27 (u0 � umf )1=3

i
(1 + 6:8h)1:2 (2.7)

Furthermore, Mori and Wen54 also developed an expression using data from several

studies covering bed diameters from 7 to 130 cm, minimum 
uidization velocities of 0.5 to
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20 cm/s, solid particle size within the range between 0.006 to 0.045 cm.

dbm � dh

dbm � db0
= e� 0:3 h

D t (2.8)

Where db is the bubble diameter at a speci�c distanceh in the reactor of diameterD t .

In addition, a correlation based on a statistical coalescence model is also reported in the

literature 2:

db = 0:853
�

3

r
1 + 0:272

u0 � ums

cm=s

� "

1 � 0:0684
�

h
cm

� 1:21
#

(2.9)

The bubble size predicted by this equation is similar to the predicted values by the

previous expression for larger and smaller diameter beds studied by Mori and Wen54.On the

other hand, the rise velocity of the bubbles (Urb) and the fraction occupied by bubbles (� )

are given by2:

Ubr = 0:71
p

gdb + u0 � umf : (2.10)

� =
u0 � umf

ub
(2.11)

These parameters are essential to establish the 
uidized-bed system's mass and energy

balance between the two phases. Several derivations have been developed based on the

two-phase assumption, and these models can be classi�ed into four main categories: the Pa-

tridge and Rowe model, the Kato-Wen model, the Kunii-Levenspiel model, and the modi�ed

Kunii-Levenspiel model. Caussat et al.12 tested these four models with experimental data,

concluding that the Kato-Wen model obtained the best agreement with the experimental

data. They considered that the formation of the �ne is mainly driven by the wall deposition

of several polymeric Si species rather than the homogenous decomposition of silane, which

disagreed with other studies11;14. However, this discrepancy could be generated by the con-

ditions used in the experiment. Caussat et al.26 used nitrogen as the carrying gas instead

of hydrogen, which could lead to di�erent results. Kojima et al.27 developed a simpli�ed
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two-phase model assuming that the bubble diameter is invariant along the reactor bed and

is considered an adjusting parameter. Huang et al.55 modi�ed the two-phase model by con-

sidering the emulsion phase as a combination of several interconnected well-mixed CSTR

reactors instead of one single ideally well-mixed reactor. This modi�cation was validated

with experimental data showing satisfactory results. Pi~na et al.28 developed a multiphase

gas-solid dynamic model for a spouted 
uidized-bed reactor using the two-phase modeling

approach proposed by Lai et al.11. They considered two adjacent regions, a spout zone

(jet-emulsion zone) at the bottom of the reactor followed by a 
uidized-bed region (bubble-

emulsion zone). The main contribution of this work is utilizing the method of characteristics

to discretize the population balance and predict the particle size distribution, while Lai

et al.11 employed the method of moments18 to describe the dynamics of �nes formation.

Furthermore, Pi~na et al.28 included a scavenging coe�cient and an agglomeration constant

as two adjustable parameters that must be determined by �tting experimental data for each

case and correlated as a function of SiH4 concentration. However, this model is limited to

monodisperse distributions of seed particles that grow at the same rate.

These studies present detailed insights into the silane decomposition reaction mecha-

nisms and diverse modeling approaches for FBR systems. However, few studies have focused

explicitly on developing models that can be used to devise control strategies for silane py-

rolysis in 
uidized systems. White et al.20 proposed a simpli�ed model that can be easily

tuned using experimental data, facilitating control purposes. They considered that both

the heterogeneous decomposition reaction and the scavenging mechanism could contribute

to the growth of silicon seed particles. Their work integrated feedback control theory into

steady-state simulations to maintain a constant mass hold-up in the reactor and average

product size. In addition, this study introduced a discrete representation of the population

balance equation for the silicon particles, streamlining the modeling task. The changes in

the particle size distribution are represented by discrete intervals based on average particle

mass and number of particles. The discretization scheme and the control strategy proposed
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in this work have been utilized in further studies3;35;56. Nevertheless, the control strategies

employed in these studies have focused solely on regulating mass hold-up and particle size

distribution, overlooking the critical objective of minimizing powder loss to improve process

yield.

2.5.3 Eulerian-Eulerian approach

Computational 
uid dynamics (CFD) simulations provide a valuable approach to under-

standing the complex gas-solid interactions in the 
uidized-bed reactor. Eulerian-Eulerian

modeling is one of the most used approaches for 
uidized systems due to its 
exibility to

handle large industrial-scale geometries6. This type of model generally considers both the

gas and the solid phases as a fully interpreting continuum, solving the momentum, mass, and

energy equations for both phases simultaneously35. The momentum conservation equations

for solid and gas phases are given by:

� g
@
@t

(� gvg) + � gr � (� gvgvg) = � � gr P + � g� gg � F (2.12)

� s
@
@t

(� svs) + � sr � (� svsvs) = � � sr P + � s� sg + F (2.13)

Where � s and � g are the volume fraction of the gas and solid phase, whilevsand vg denote

the solid and gas phases velocities, respectively. The termF corresponds to the interface

momentum transfer and the e�ects caused by the appearance or disappearance of chemical

species in either the gas or solid phase3. Moreover, the mass balance is de�ned as:

� g
@
@t

(ci ) + � gr � (vgci ) = r �
�

De� ;i
@ci
@x

�
+ Ri (2.14)

The reaction rate of speciei is denoted byRi , and ci is the concentration of speciei . The

term De� ;i is the e�ective di�usivity of the specie i . Then, the energy balance equations for
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solid and gas phases are de�ned as follows:

� s
@
@t

(� scpsTs) + � sr � (� scpsvsTs) = r � (ksr Ts) + Qs � 
 gs(Ts � Tg) (2.15)

� g
@
@t

(� gcpgTg) + � gr � (� gcpgvgTg) = r � (kgr Tg) + Qg + 
 gs(Ts � Tg) (2.16)

where cpi and kpi are the heat capacity and thermal conductivity of speciei , respectively.

The heat generated or consumed is represented by the termQi , while 
 gs corresponds to

the heat transfer coe�cient between the gas and solid phase. Benyahia et al.57 provide

a more detailed description of the governing equations and the transfer coe�cients used

in the calculations. Guenther et al.29 simulated an FBR system for silane pyrolysis using

the Multiphase Flow with Interphase eXchanges (MFIX) Software, which is an open-source

CFD code developed by the National Energy Technology Laboratory for simulating 
uidized

systems using Eulerian-Eulerian approach33. Cadoret et al.13 predicted the temporal and

spatial evolution of local void fractions, particles, and gas velocities and the chemical vapor

deposition of silicon from silane pyrolysis using MFIX. They performed 3-D simulations to

describe the silane decomposition process in more detail, showing a signi�cant improvement

compared to the 2-D simulations. Then, Reuge et al.30 performed multi
uid Eulerian simu-

lations utilizing MFIX and the same governing equations as Cadoret et al.13. However, their

work improved in describing the heat transfer mechanism in the solid bed and determining

which kinetic model is more appropriate for silane reaction. They concluded that there is a

strong interaction between the chemical reaction and the bed hydrodynamics.

2.5.4 Discrete Element Method

The Eulerian-Eulerian approach has some limitations in modeling 
ows with a distribution

of particle types and size because separate governing equations must be solved for each, in-

creasing the computational cost extensively6. Moreover, Eulerian-Eulerian continuum mod-
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els cannot capture the particle growth or size distribution unless integrated with population

balance models32;58. Hence, the discrete element method (DEM) is an alternative to model


uidized bed reactors, which considers each particle as a tracking element and solves the


uid 
ow around the particle with the no-slip condition 6;59. This type of model is also called

the Eulerian-Lagrangian model. The advantage of the DEM approach is that it tracks the

particles in the system, calculates the particle growth, and determines the size distribution

of the seed particles. As a result, the particle growth by the CVD process and scavenging

of �nes can be more accurately captured by a DEM model rather than an Eulerian-Eulerian

model. However, it is limited to a small number of particles and a small 
uid domain due

to the computational cost6.

The DEM model can be coupled with mass transfer, heat transfer, and chemical re-

actions60. This combination can predict hydrodynamics, concentration and temperature

pro�les in both phases, particle growth, and size distribution. Hence, coupling the discrete

element method with the Eulerian-Eulerian models represents a more comprehensive model-

ing strategy for FBR systems. Indeed, the combination of the DEM approach with Eulerian

models is usually called the CFD-DEM coupling method or particle-in-cell (PIC) method,

and it involves the bene�ts from both modeling perspectives. As the conventional DEM

approach, the CFD-DEM model utilizes a �xed Eulerian grid and Lagrangian particles, but

rather than solving the 
uid 
ow around each particle, it considers the average of the 
uid


ow over a spatial region containing several particles6.

A few studies considering this modeling approach to investigate silane decomposition in


uidized-bed systems have been reported in the literature. Parker31 simulated the silane

pyrolysis process in FBR using an experimental reactor set-up operated at the Jet Propul-

sion Laboratory (JPL) and using Barracuda, which is a software package utilized in the

Computational Particle Fluid Dynamics (CPFD) numerical method for multiphase CFD

calculations. A simpli�ed kinetic model for silane pyrolysis is adopted in this study, con-

sisting of the heterogeneous decomposition of silane onto Si particles and the homogeneous
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decomposition of silane into �nes. The predicted temperature gradient along the solid bed

by the proposed model was compared with the experimental measurements, showing a satis-

factory agreement. In addition, the e�ect of the distributor was also analyzed, determining

that the nozzle type inlet would create a more uniform gas distribution, which results in a

better performance in the bubbling bed. The simulation results were validated with exper-

imental data, showing consistency with the experimental results. Then, Chanlaor et al.59

proposed a CFD-DEM coupling model to investigate silicon production via silane pyrolysis

in a spouted bed reactor. Their study considered the same reaction pathways as Parker31's

work, but they di�er in the expression for the scavenging rate. Chanlaor et al.59 utilized a

deterministic expression that relates the scavenging factor coe�cient with the particle size

and bed voidage11. In contrast, Parker31 considered a constant scavenging factor coe�cient

value reported in previous experimental studies in the literature. The simulation results

of solid movements by the CFD-DEM model were compared with experimental data and

correlations, indicating a good agreement.

2.5.5 Multiscale Modeling Framework

Di�erent temporal and spatial scales are involved in the dynamics of the silane-based FBR

process. For instance, the silane decomposition is almost instantaneous and reaches com-

pletion over a few centimeters at the reactor's entrances56. The 
ow and mixing regimes

stabilize into steady-state conditions within a few seconds of operation. In addition, the

temperature can reach steady state conditions contingent upon the inlet conditions after a

few minutes3. In contrast, the dynamics of particle size growth are slow, with changes in the

particle size distribution taking over hours or days24. Hence, a multiscale modeling approach

must be a suitable option to represent the system's behavior by linking the microscale and

macroscale kinetics and transport e�ects. This approach improves the understanding of the

process and enables the development of high-�delity models by decomposing the system into

distinct modules and developing information communication among them.
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Balaji et al. 3 proposed a multiscale modeling framework for coupling the CFD solver

COMSOL Multiphysics and MATLAB. Fig 2.5 shows the modeling strategy and the inter-

connection between the modules. The CFD module solves the hydrodynamics using COM-

SOL, obtaining temperature, porosity, and concentration pro�les along the reactor. This

information is used in the CVD module to estimate the overall process yield, which is the

input to the population balance module. The PBM module describes the particle size dis-

tribution and computes the average particle size, which is imported into the CFD module

to start a new calculation. The population balance model (PBM) module is based on the

discretization scheme of the population balance equation proposed by White et al.20.

Figure 2.7 : Multiscale modeling framework3

Du et al.33 employed a similar modeling approach incorporating several modi�cations

in the reaction module. Their work adapted the two-phase 
uidized bed model developed

by Lai et al.11 to integrate information provided by the 
uid dynamic module implemented

in COMSOL. The model structure is illustrated in Fig 2.6. In this case, the CFD module
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computes the temperature distribution and the bed density as the solid volume fraction,

and these pro�les are the inputs for the reaction module to estimate the overall solid silicon

production. The overall granular yield or deposition rate determines the particle growth

rate, which is the critical parameter for the population balance to capture the dynamics of

the particle-size distribution.

Figure 2.8 : Multiscale model structure

The particle size distribution signi�cantly impacts the 
uidization behavior of the bed.

Therefore, the 
uid dynamic module periodically recomputes the hydrodynamics of the sys-

tems based on the new average particle size determined by the particle growth module. Liu

and Xiao32 proposed a coupled Eulerian-granular (CFD-PBM) model providing a compre-

hensive insight into the particle growth using 3-D simulation in the FBR process. Their

work combines an Eulerian-Eulerian two-
uid model combined with a population balance

model. The two-
uid model incorporates the kinetic theory of granular 
ow to solve the

conservation equations for the hydrodynamics, while the population balance is solved us-

ing the quadrature methods of moments (QMOM) to describe the silicon particle growth.

Gu et al.61 developed a similar CFD-PBM modeling approach employing a di�erent par-

ticle growth process considering the velocity di�erence between phases. In addition, their

work explored extensively the e�ect of several operational conditions in promoting silicon

deposition and reducing �ne formation.

28



Chapter 3

Model Development

3.1 Silane pyrolysis

The silane decomposition temperature for silane is about 420°C62. Nevertheless, the kinetic

energy of individual silicon atoms at this temperature is too low to form crystalline struc-

ture63. Therefore, the silane-based FBR systems usually operate at temperatures 650{800°C

to ensure a crystalline structure and complete release of bonded hydrogen36. In general,

silane decomposition in 
uidized-bed reactors involves three main processes: heterogeneous

decomposition, homogeneous decomposition, and scavenging. Fig 3.1 illustrates the pro-

cesses involved in the silane-based 
uidized bed reactor.

The heterogeneous decomposition is the preferred reaction, and it contributes directly

to the particle growth via chemical vapor deposition when it reacts on the surface of the

seed particles. The undesired reaction is the silane homogeneous decomposition because

it produces an amorphous silicon powder, which can be lost through the gas phase9. The

homogenous decomposition of silane occurs in the gas phase far away from the particle's

surface. Hence, this reaction pathway does not contribute directly to the growth of seed par-

ticles. A fraction of the generated powder is scavenged by existing silicon particles and then

recrystallized to contribute to the particle growth20. The scavenging mechanism removes a
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Figure 3.1 : Reaction mechanisms for silane pyrolysis4

fraction of the silicon powder by accretion, and the �ne particles chemically sinter onto the

larger silicon particles aided by the heterogenous reaction4. The remaining powder is ex-

hausted in the gas phase with unreacted silane and hydrogen, reducing the yield. Although

the reaction mechanism is not entirely understood, Lai et al.11 developed a comprehensive

model to describe silane pyrolysis in 
uidized bed reactors considering di�erent reaction

pathways involved in the particle growth. Fig 3.2 illustrates the reaction mechanisms in

converting silane into solid silicon.
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Figure 3.2 : Reaction pathways for conversion SiH4 to solid Si

The reaction scheme proposed by Lai et al.11 shows several mechanisms involved in

converting silane into silicon. Silane can react via heterogeneous decomposition onto the

surface of the existing Si seed particles (pathway 1) or on the formed Si �nes (pathway 2),

leading to chemical vapor deposition. The CVD process controls the growth rate of large

particles. The other primary reaction is the homogenous decomposition (pathway 3), which

produces an intermediate gaseous species instigating the nucleation of a new silicon phase

(�nes). Silicon vapor is assumed to be the gaseous intermediate. The concentration of silicon

vapor can be suppressed by di�usion and condensation on large particles (pathway 4) and

molecular bombardment of �nes (pathway 5)11. The nucleation of critical size Si nuclei

(pathway 6) occurs whenever the supersaturation is exceeded35. The formed Si nuclei can

coalesce (pathway 7) to create larger clusters of solid silicon (�nes powder). The powder

produced by the silicon vapor can be scavenged by larger Si particles and contributes to the

particle growth. Changes in the particle size distribution can be caused by attrition (pathway

9) of large particles. However, this e�ect is negligible based on evidence from experiments3;9.
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These reaction pathways are used in practice to represent the reaction mechanism to produce

silicon from silane. The expressions used to describe each pathway are discussed in the

following sections.

3.2 Reaction Model

Silane undergoes thermal decomposition through two reaction mechanisms. The �rst involves

homogenous decomposition into a gaseous intermediate, which is subsequently scavenged by

seed silicon particles. The rate of homogeneous decomposition of silane is expressed by

rhom = 2 � 1013 exp
�

� 26000
T

�
CSiH4 (3.1)

The homogeneous decomposition generates an intermediate, promoting the nucleation of

a new silicon phase (�nes). Silicon vapor is assumed to be the gaseous intermediate. The

silicon nucleation rate is described by the classical theory of homogeneous nucleation64

rHN = NA
� c

�

�
2�̂m

�

� 1=2

exp
�

� 4� r̂ 2�̂N A

3RT

�
c2

Si (3.2)

whereNA is Avogadro's number and� c is the condensation coe�cient. The critical radius

nuclei r̂ is determined by

r̂ =
2� Si

� pRT ln S
(3.3)

where S = PSi =P0
Si is the supersaturation ratio andP0

Si is the silicon vapor pressure at

equilibrium, determined by the following equation when the temperature is below 1685K 65:

log(P0
Si ) = 7 :5341� 2:3399� 104=T (3.4)

The speci�c surface energy (^� ) of condensed-phase silicon nuclei is approximated based
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on the surface tension at the melting temperature (� m ) 66.

�̂ = � m

�
7500� T
7500� Tm

� 1:2

(3.5)

The concentration of silicon vapor is suppressed by di�usion and condensation on large

particles and by molecular bombardment of powders. The rate of molecular di�usion of

silicon vapor onto larger particles is expressed by67

rdl =
2Dg

dp
(CSi � C0

Si ) (3.6)

whereDg is the molecular gas di�usion coe�cient calculated by

Dg =
kB T

3��d pf
(3.7)

with kB is the Boltzmann constant, � is the viscosity of the gas phase, anddpf is the

diameter of �ne particles. The rate of molecular bombardment of silicon vapor on powder is

also determined by

rdf =
�

RT
2M si

� 1=2

(CSi � C0
Si ) (3.8)

A fraction of the �nes generated due to silicon molecule nucleation are captured by larger

particles, contributing to overall particle growth. The rate at which �nes are scavenged can

be estimated using the following expression,

Rsc = kscCf (3.9)

whereCf denotes the concentration of �nes generated by nucleation andksc is the scavenging

factor coe�cient. The appropriate value for ksc must be determined by comparing model

predictions and experimental data32.The proportionality constant ksc [m3=s] is within the

range 0� ksc � Vg
20. However, Lai et al.11 proposed an expression to relate the scavenging
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factor with the particle diameter (dp) and the single large-particle collection coe�cient (E).

ksc = Eumf
3(1 � � g)

2dp� g
(3.10)

whereumf and � g are the minimum 
uidization velocity and the bed void fraction, respec-

tively. The single large-particle collection coe�cient represents the overall capture e�ciency

from interception, impaction, and di�usion. In the FBR system, the predominant particle

capture mechanism is di�usion59. Therefore, this coe�cient can be related to the Peclet

number (Pe) in terms of the mass transfer di�usion11.

E = 2Pe� 2
3

Pe =
dpumf

Dg

(3.11)

The second thermal decomposition reaction pathway involves the heterogeneous decom-

position of silane occurring either on the surface of the pre-existing seed silicon particles or

onto the �nes generated, ultimately resulting in chemical vapor deposition11.

rhet =
5:14� 109

6(1 � � b)=dp
exp

� � 19530
T

�
CSiH4 (3.12)

Where � b is the void fraction of the bed anddp is the particle size. The previous reaction

rate equation is expressed in terms of the volume of the solid bed. However, it can be

converted in terms of the surface area of particles considering the experimental conditions

of the study11;68:

rhet = 2:79� 108 exp
� � 19530

T

�
CSiH4 (3.13)

Therefore, the overall decomposition rate of silane is expressed by:

Rtotal = rhet (A tl + A tf ) + rhom Vg (3.14)
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whereVg denotes the gas phase volume, calculated as the di�erence between the total reactor

volume (V) and the volume occupied by the solid phase (Vs). The volume of the solid phase

is determined by the density of solid silicon, with an assumption of negligible porosity in

the solid particles, whereVs = M solid =� and M solid and � represent the amount of solid

silicon and its density, respectively. Subsequently,A tl denotes the available surface area of

the larger particles (seed particles), whileA tf represents the available surface area of �ne

particles (powder). The surface area of seed particles (A tl ) is assessed using the population

balance equation, as elaborated in the subsequent section. Conversely, for the surface area

of �nes (A tf ), an approximation is made by considering the average diameter (dpf ) of �ne

particles found in the literature33. The increase in silicon particle size within the reactor is

facilitated through direct chemical vapor deposition onto the surface of seed particles and the

incorporation of �nes generated during the reaction. Consequently, the overall deposition

rate (Y) on seed particles is a combination of the heterogeneous decomposition rate (rhet ),

the molecular di�usion rate of silicon vapor (rdl ), and the scavenging rate (Rsc).

Y = A tl (rhet + rdl ) + Rsc (3.15)

A portion of the �nes produced remains unscavenged by the larger particles. This residual

powder is transported out of the reactor alongside hydrogen and silane in the gas phase,

increasing the yield loss. The proportion of unrecovered �nes, often referred to as powder

loss, can be assessed by considering it as a function of both the total deposition rate and the

reaction rate of silane.

Ff = 1 �
Y

Rtotal
(3.16)
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3.3 Flow regime and mass balances

3.3.1 Well-mixed 
ow regime

The 
uid dynamics and gas-solid interactions within the 
uidized reactor present inher-

ent complexities. Nonetheless, under certain operational conditions, the system's behavior

can be reasonably approximated as that of an ideally well-mixed reactor (CSTR). This ap-

proximation becomes feasible in 
uidized beds only when bubble formation is e�ectively

suppressed while ensuring good solid-gas mixing11;20. Assuming well-mixed conditions for

both the solid and gas phases within the reactor, the mass balances for the gas phase are

expressed as follows

dMSiH4

dt
= F in C in

SiH4
� F out Cout

SiH4
� (rhom Vg + rhet (A tl + A tf ))

dMH2

dt
= F in C in

H2
� F out Cout

H2
+ 2( rhom Vg + rhet (A tl + A tf ))

dMSi

dt
= ( rhom � rhn )Vg � rdl (A tl + A tf )

dM f

dt
= rhn Vg � Rsc � F out Cout

f + rhetA tf

(3.17)

This particle growth system involves several distinct time scales. The silane decomposition

reaction is almost instantaneous and reaches completion over a few centimeters at the reac-

tor's entrance26. The 
ow and mixing regimes stabilize into steady-state conditions within

a few seconds of operation. Additionally, contingent upon the inlet conditions, the tempera-

ture can attain a steady state after a few minutes3. In contrast, particle size growth proceeds

at a markedly slower pace, with changes in the particle size distribution taking place over

days24|consequently, Eqs. 3.17 can be solved under pseudo-steady state conditions.

3.3.2 Plug 
ow regime

The assumption of an ideal mixed-
ow reactor can only be applied to describe system dynam-

ics under particular conditions. However, experiments indicate that the process yield may
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exhibit variability based on the prevailing process conditions, from concentration gradients

within the 
uid phase, or inconsistent operational parameters3;24. Notably, the existing equa-

tions within the CSTR framework fail to account for the gas phase concentration gradients

across the reactor. To o�er a more encompassing representation of the system's dynamics,

the gas phase is proposed to be modeled as a plug-
ow reactor under pseudo-steady state

conditions. This adjustment aims to capture the nuanced dynamics of the gas phase within

the reactor, which are essential for a comprehensive understanding of the system

dMSiH4

dx
= � rhom Vg � rhet (A tl + A tf )

dMH2

dx
= � 2

�
rhom Vg + rhet (A tl + A tf )

�

dMSi

dx
= ( rhom � rhn )Vg � rdl (A tl + A tf )

dM f

dx
= rhn Vg � Rsc + ( rdl + rhet )A tf

(3.18)

In this case, both the silane decomposition rate and total deposition rate depend on the

reactor height (h). Integrating these parameters into the discrete population balance scheme

requires the calculation of their respective average values, as expressed by:

Rtotal =
1
h

Z �
rhet (x)(A tl + A tf ) + rhom (x)Vg

�
dx

Y =
1
h

Z �
A tl

�
rhet (x) + rdl (x)

�
+ Rsc(x)

�
dx

(3.19)

3.4 Population balance equation

The dynamics implied in the production of polysilicon in FBR systems are characterized by

the production scale, growth rate, and the co-presence of a dispersed phase within a continu-

ous phase. These processes involve complex physico-chemical phenomena, including particle

nucleation, coagulation, growth, and breakage, as the two phases coexist, in
uencing the

spatial distribution of properties such as size, shape, molecular weight, and porosity17. In

particulate processes, the distribution of properties takes place across both external (space
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and time) and internal (particle size) coordinates18. Hulburt and Katz 69 used a statistical

mechanics theory to develop a continuous phase space description of the particulate sys-

tem behavior. As a result, they proposed the population balance equation to explain the

evolution of particles in phase space. The population balance equation (PBE) describes the

"conservation of probability" (i.e., the number density of particles) in the phase space20. The

evolution of these properties along the external coordinates is described by the population

balance equation:
@n
@t

+ r � (~vn) � B + D = 0 (3.20)

wheren represents the particle distribution function, and the termr � (~vn) corresponds to

the change of particles along the external and internal coordinate axes. The birth or death

of particles due to agglomeration or attrition is represented byB and D terms, respectively.

However, in combination with the mass balance equation of the continuous phase, it results in

a set of partial integro-di�erential equations that are challenging to solve. Several numerical

methods have been proposed for solving this set of equations, including moment transfor-

mation19, discretization approaches20, orthogonal collocation21, and method of weighted

residuals18. Discretization methods have been proposed for predicting particulate systems

such as crystallization and emulsion polymerization17;22;23.

Typically, the solution methods initially simplify the population balance equation to

obtain a tractable approximation of the general equation that can be solved for a given initial

and boundary conditions. In particular, White et al.20 developed a novel system of ordinary

di�erential and algebraic equations to approximate the population balance equation. The

proposed approach uses the particle mass and number balances over discrete intervals. The

discretization approach is illustrated in Fig. 3.3. Hence, the discrete population balance

tracks the particle movement through discrete size intervals to simulate changes in the size

distribution 9. This discrete representation of the population balance equation ensures the

preservation of conservation laws along discretization levels, reducing the computational

costs without additional discretization20. Notably, this approach converges to the classical
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population balance equation when the number of discrete intervals approaches in�nity9;20.

Figure 3.3 : Discrete size interval network.

The analysis assumes that particles are distributed across K discrete intervals (classes).

Each class is usually known as a class, characterized by an average number of moles (or

mass) per particle. Consequently, each class contains a speci�c number of particles denoted

as N i , with an average massmi . The correlation between the overall mass of the particles

and the amount of particles within each interval is expressed as

M i = mi N i 8i = 1; 2; : : : ; K (3.21)

Thereby, the total available surface area of the particles in a class is de�ned as

A i = ai N i (3.22)

where ai represents the surface area of a particle within the size classi . Experimental

measurements have reported that the shape of silicon particles closely approximates a sphere.

Hence, the surface area of a particle with diameterl is calculated by the following expression

ai = 4�
�

l
2

� 2

(3.23)
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Particle growth is initiated through deposition onto the particles and a scavenging pro-

cess, prompting their transition from one size interval to the subsequent size category. Con-

sequently, the mass balance for each size interval is articulated as follows

dM i

dt
= f i � 1 + f i + r i + qi (3.24)

The conservation equation for the quantity of particles within each class is expressed as

dNi

dt
=

qi

mi
�

f i

mi
+

f i � 1

mi
(3.25)

where qi = qin
i � qout

i represents the total external 
ow of particles. It is de�ned as the

di�erence between the rate of addition of seed particlesqin
i within the classi and the particle

withdrawal 
ow qout
i from each class.

The rate of mass transfer from the gas phase to the solid phase within each class is

expressed as

r i = Y
A iP
i A i

8i = 1; 2; : : : ; K (3.26)

The key parameter connecting the rate of silane decomposition to particle growth in the

population balance is the total deposition rateY. The deposition rate in each class is

proportional to the available surface area of the silicon particles in the class. Molar 
ows

of particles occur between consecutive particle size classes. The molar 
ow entering the

size interval i is denoted asf i � 1, whereasf i represents the molar 
ow existing in the class.

Notably, this study does not consider the e�ects of agglomeration and attrition. White et

al.20 developed an expression linking molar 
ows between neighboring classes,

f i = r i
mi +1

mi +1 � mi
(3.27)

Nevertheless, the �nal class K requires additional considerations. According to the mass

balance illustrated in Eq. 3.27, this concluding class should not involve particle 
ow to the
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subsequent class. Consequently, the mass balance and number balance for class K are de�ned

as
dM i

dt
= f i � 1 + r i + qi ;

dNi

dt
=

qi

mi
+

f i � 1

mi + 1
(3.28)

The �nal class K has no mass transfer from the 
uid phase to the solid particles. The

total mass is the cumulative sum of all masses across all classes

M total =
KX

i =1

M i (3.29)

The comprehensive mass balance equation for the solid phase is expressed as follows

dM total

dt
= Y + S � P (3.30)

where S is the seed addition rate,Y is the total deposition rate, and P is the product

withdrawal rate. Sustaining a consistent level in the solid bed is crucial for ensuring the

stable operation of the reactor. A constant bed hold-up implies that the bed has a constant

pressure drop, which indicates stable 
uidization. This goal can be achieved by controlling

the total mass hold-up of silicon particles within the reactor. The regulation of the total

mass hold-up is facilitated by manipulating the 
ow of product withdrawal. Therefore, a

passivity-based inventory control strategy for the silicon mass hold-up24 can be de�ned as

dM total

dt
= K m (M total � M � ) (3.31)

whereK m is a proportional gain constant andM � is the desired mass hold-up. Consequently,

the expression for product withdrawal can be formulated as

P = S + Y + K m (M total � M � ) (3.32)

The proposed control strategy e�ectively regulates the mass hold-up in the system, tak-
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ing into account the product withdrawal rate. The average particle size is determined by

employing the weighted average approach, derived from the particle size distribution,

dp =
1

P
i wi =dpi

(3.33)

wherewi represents the fraction (weight) ofi -th interval in the distribution, and dpi denotes

the particle diameter.
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Chapter 4

Model Predictive Control

Model predictive control (MPC) is an advanced control technique implemented extensively

in the industry 70;71 and studied in academia72{74 . It is based on a real-time optimization

problem of a mathematical model of the system. Moreover, MPC is one of the few control

strategies able to manage systems with constraints determining an optimal control for a

speci�c performance index75. In particular, this control technique is a suitable option for

the control design of highly complex multivariable processes71;76;77. MPC relies on a system

model to predict future system dynamics by incorporating it into the optimization process,

determining the optimal sequence of control actions. Hence, MPC determines the control law

through a model-based optimization problem, avoiding the tedious formulation of explicit

implied in conventional control techniques71. The anticipating behavior and capacity to

handle constraints make MPC a valuable and useful control strategy for real systems.

4.1 Theory

Model predictive control is an advanced control strategy capable of predicting future process

states to estimate optimal control actions within the constraints of the process76{78 . It is

based on a repeated real-time optimization of a mathematical system model74. Fig 4.1 shows

a simpli�ed block diagram of a control loop using an MPC controller. Initially, the controller
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receives or estimates the current state of the actual system (y). Then, based on the system

model, the MPC predicts the future system behavior considering the optimal sequence of

manipulated variables (u) obtained by solving a constrained optimization problem to achieve

a desired state or reference (r ).

Figure 4.1 : Block diagram of MPC-based control loop

The objective of MPC is to minimize a prede�ned cost function while satisfying con-

straints such as system dynamics71. This is one of the few control strategies that directly

considers constraints. Fig 4.2 presents a schematic view of the MPC operation. The cost

function is formulated so the system outputy tracks a given reference. At each time step,

the controller computes the best control actionsu that minimize the cost function over a

speci�c time horizon5. Only the �rst computed control input action is implemented in the

actual system. Then, a new measure from the state is sampled, and the calculations of pre-

dictions and optimizations are repeated from a new current state. Hence, these prediction

and optimization tasks are repeated at each time instance, shifting the prediction horizon

forward. This is the reason why MPC is usually also called receding horizon control.

The combination of prediction and optimization is the key di�erence from conventional

control methods, which used precomputed control laws79. Furthermore, MPC presents other

advantages compared to traditional control approaches. For instance, it can manage multiple

inputs and outputs, an essential characteristic of complex systems. Moreover, it can handle

system constraints, ensuring the system states and control actions remain within acceptable
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Figure 4.2 : Receding horizon concept of MPC5

bounds. Consequently, MPC has been widely used in several industrial applications.

4.2 Mathematical Formulation

MPC consists of three integral components: an objective function, a process model, and a

dynamic optimizer. Leveraging the process model, MPC predicts the system's state response

by considering the inherent physical phenomena. Subsequently, real-time optimization comes

into play, determining the optimal control action by resolving the following dynamic opti-

mization problem:

min
u

J
�
x(t); u(t)

�
=

Z t+ Tp

t
F

�
x(� ); u(� )

�
d� (4.1)

subject to the nonlinear process model

_x(t) = f
�
x(t); u(t)

�
; x(0) = x0 (4.2)
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and input and state constraints

u(� ) 2 U 8� 2 [t; t + Tc]

x(� ) 2 X 8 � 2 [t; t + Tp]

C(x; u; t ) = 0

D(x; u; t ) � 0

(4.3)

where

U := f u 2 Rm j umin � u � umaxg

X := f x 2 Rn j xmin � x � xmaxg
(4.4)

where x(t) 2 Rn and u(t) 2 Rm represent the state and input vectors, respectively. The

vectorsumax and umin denote the upper and lower bounds for the manipulated inputs, while

xmax and xmin specify the upper and lower bounds for the state vector.Tp and Tc rep-

resent the prediction and control horizons, respectively, whereTc � Tp. The functions C

and D encompass nonlinear vector functions that correspond to the equality and inequality

constraints inherent in the system. The cost functionJ under consideration is quadratic,

F
�
x(� ); u(� )

�
= ( x � xs)T Q(x � xs) + ( u � us)T R(u � us) (4.5)

wherexs and us represent the desired reference vector values (targets) for the system state

and manipulated inputs, respectively. These reference values may be constant or time-

varying. The positive de�nite weight matrices Q 2 Rn� n and R 2 Rm� m are adjusted

to impose penalties on the errors in state regulation and manipulated variables within the

objective function80. The system model utilized to predict the response is initialized based

on the actual system state, which can be either directly measured or estimated. Solving the

optimization problem yields the optimal sequence of control actionsu� (�; x(t)) : [t; t + Tp] ! U

over the prediction horizon [t; t + Tp]. Then, the computed vector of manipulated variables

during the prediction horizon is applied, with only the �rst control input of the sequence
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being implemented at timet. Subsequently, the optimization process recommences for the

next sampling period.

4.3 Robust Model Predictive Control

MPC predicts the system's state response by considering the inherent physical phenomena.

Since these models are used to predict the system's behavior, an error is usually associated

with non-linearities or estimations. Therefore, the controller must deal with uncertainties

representing model inaccuracy, disturbances, or estimation errors81. The MPC scheme that

explicitly considers the uncertainties to calculate the optimization problem is called Robust

MPC (RMPC). The main attribute of RMPC is stabilizing the system to the desired target

regardless of uncertainties. Hence, this scheme guarantees a satisfactory performance even

in the presence of model mismatch or additive disturbances.

Di�erent strategies to design robust MPC controllers have been developed. The feedback

min-max approach is a well-known strategy incorporating robustness to the MPC controller

to manage uncertain systems by considering the worst-case scenario82;83. Hence, in the

context of the min-max approach, the optimization problem is solved by minimizing the

maximum possible value of the cost function (worst-case scenario), considering all possible

realizations of uncertainties within a speci�ed set. It prepares for the most adverse e�ects

of uncertainties or disturbances on system performance. Therefore, the system remains

stable and performs optimally even under adverse conditions. This approach is bene�cial in

situations where the system is subject to uncertainties and is required to guarantee a certain

level of performance, even in the worst-case scenario. Subsequently, determining the optimal

control action is based on solving a dynamic optimization problem de�ned as follows84:

min
u

J
�
x(t); u(t)

�
= min

u

Z t+ Tp

t
max
w2W

F
�
x(� ); u(� )

�
d� (4.6)
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subject to the nonlinear process model

_x(t) = f
�
x(t); u(t); w(t)

�
; x(0) = x0 (4.7)

and input and state constraints

u(� ) 2 U 8� 2 [t; t + Tc]

x(� ) 2 X 8 � 2 [t; t + Tp]

C(x; u; t; w) = 0

D(x; u; t; w) � 0

(4.8)

where

U := f u 2 Rm j umin � u � umaxg

X := f x 2 Rn j xmin � x � xmaxg

W := f w 2 Rp j wmin � w � wmaxg

(4.9)

where x(t) 2 Rn represent the system state,u(t) 2 Rm is the input control action, and

w(t) 2 Rp corresponds to the uncertainty or disturbance. The vectorsumax and umin denote

the upper and lower bounds for the manipulated inputs,xmax and xmin specify the upper and

lower bounds for the state vector,wmax and wmin specify the upper and lower bounds for the

uncertainty. The robust MPC aims to minimize the worst-case cost, considering all possible

disturbance sequences within a speci�ed set over the prediction horizonTp. The functionsC

and D encompass nonlinear vector functions that correspond to the equality and inequality

constraints inherent in the system.

The min-max problem seeks to �nd a sequence of control inputs that minimizes the max-

imum possible cost, thus ensuring robustness against the worst-case disturbances. Solving

the RMPC using the min-max approach can be computationally expensive due to the need

to consider all possible disturbance sequences. However, it provides a conservative control

approach to ensure a suitable performance even for the worst-case scenario during operation.
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Chapter 5

Results and Discussion

5.1 Well-mixed regime and Plug-
ow regime

This section discusses the results obtained using the ideal well-mixed conditions and the

plug-
ow regime. Table 5.1 outlines the simulation parameters employed in this study.

In our investigation, we utilized 20 size intervals. The average particle size within each

interval is documented in a prior study9. The associated initial bed distribution and seed

size distribution are depicted in Fig. 5.1.

Table 5.1 : Well-mixed regime vs Plug-
ow regime: Initial Conditions.
Parameter Value Symbol
Reactor height 7 m h
Reactor diameter 0.5 m D
Inlet gas velocity 0.55 m/s vin

Inlet Concentration - Silane 6.5 mol/m3 C in
SiH4

Inlet Concentration - Hydrogen 1.6 mol/m3 C in
H2

Inlet Concentration - Silicon Powder 0.001 mol/m3 C in
Si

Scavenging factor 0.03 m3/s ksc

Fine diameter 0.3 � 10� 6m df

Seed addition rate 0.001 mol/s S
Initial Solid bed 350 kg M
Mass hold-up 450 kg M �

Reactor Temperature 850 K T
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Figure 5.1 : Particle size distributions used for the simulations.

5.1.1 Open-loop simulations

Fig. 5.2 illustrates the open-loop particle growth dynamics, showing the evolution of the

key process properties over time. The simulation results indicate that the particle growth

dynamics reach steady state conditions after 125 hours. Fig. 5.2a displays the average

particle sizes predicted by both modeling approaches. While minimal di�erences exist in the

steady-state values obtained from both models, a notable disparity emerges in the transient

region. The mismatch is associated with the di�erent deposition rates calculated in each

modeling approach. The well-mixed 
ow regime approach reaches steady-state conditions

faster due to a higher initial deposition rate. In contrast, the plug 
ow regime approach yields

a lower deposition rate due to incorporating concentration gradients in the calculations.

The evolution of the particle size distribution due to the particle growth reduces the

available surface area for chemical vapor deposition onto the seed particles. A signi�cant

reduction in the available surface area of seed particles is observed in Fig. 5.2b. This re-

duction in surface area diminishes the e�ectiveness of chemical vapor deposition generated

from the heterogeneous decomposition of silane and the molecular di�usion of silicon vapor
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Figure 5.2 : Well-mixed regime vs. Plug-
ow regime: (a) average particle size, (b) available
surface area, (c) total deposition rate, and (d) powder loss.

to facilitate particle growth. Thereby, there is a substantial reduction in the overall depo-

sition rate predicted by both models (Fig. 5.2c). However, there is a signi�cant di�erence

in the deposition rate predicted by each model. The well-mixed regime approach initially

estimates a higher deposition rate than the plug 
ow regime approach. This initial response

is due to the assumption of a uniform composition through the reactor, where the well-mixed

condition induces a complete silane reaction in the gas-solid interphase. However, after a

few hours, the well-mixed approach predicted a prominent drop in the deposition rate.

In contrast, the deposition rate predicted by the plug-
ow regime approach shows a slight

reduction over time. In both cases, this reduction is caused by reducing the available area

of the seed particles due to particle growth. However, the generation of �nes is a signi�cant
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factor related to the deposition rate. Due to the ideal-mixed condition, the well-mixed regime

approach estimates a higher �nes production. Consequently, it also predicts a higher powder

loss, as shown in Fig 5.2d. As a result, less silane is decomposed into silicon via heterogeneous

decomposition, which diminishes the deposition rate. Moreover, this behavior is more visible

when both models reach steady-state conditions.

Figure 5.2d showcases the predicted powder loss for each modeling approach. Both

models estimate a powder loss exceeding 40% of the generated powder under steady-state

conditions. However, the well-mixed 
ow approach predicts a higher power loss. Minimizing

powder loss is imperative to enhance the process yield. Several factors contribute to increased

powder loss, including elevated temperatures, which promote �ne formation due to the higher

activation energy of the homogeneous decomposition reaction compared to the heterogeneous

mechanism. The scavenging factor also signi�cantly in
uences powder loss and deposition

rate. For these simulations, a constant scavenging factor is considered based on experimental

measurements20;56. However, this factor can change during the operation due to the variation

of the particle size distribution and minimum 
uidization conditions. Additionally, higher

inlet gas velocities can carry more �ne particles in the gas phase at the top of the FBR

system. Consequently, operating at high temperatures or increased inlet gas velocities leads

to a diminished process yield.

Generally, at low temperatures and low gas 
ow rates (near the minimum 
uidization

velocity), the predictions of these two models align closely. However, achieving the ideal well-

mixed condition, especially at minimum 
uidization conditions, is challenging in practice.

Furthermore, the well-mixed 
ow regime modeling approach oversimpli�es the system by

neglecting concentration and temperature gradients in its calculations. In contrast, the plug


ow regime approach o�ers a more accurate system representation, making it suitable for

control and decision-making.
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5.1.2 Closed-loop Simulations

The prediction and control horizons are set toNp = Nc = 10 sampling, with a sampling

time of � = 5 hours for each MPC iteration. Therefore, the prediction horizon for solving

the optimal control problem at each sampling instance is determined asTp = Tc = 50 hours.

It is assumed that all states are accessible at the designated sampling times. The control

objective is stabilizing the system at the steady-state condition detailed in Table 5.2.

Table 5.2 : Case Study 1 and Case Study 2: Steady State Values.
Parameter Value Symbol
Mass hold-up 450 kg xSS

1

Average Particle size 2.10 mm xSS
2

Seed addition rate 0.001 mol/s uSS
1

Inlet gas velocity 0.55 m/s uSS
2

The interior-point optimization algorithm (IPOPT) is employed to address the nonlinear

constrained dynamic optimization problem at each sampling time85;86. Given the noncon-

vex nature of the optimization problem, the assurance of a global minimum value is not

guaranteed. A substantial number of iterations and function evaluations are considered to

mitigate this, ensuring that the optimization process does not conclude prematurely before

converging to the optimal solution. Weight matrices are utilized to balance the importance

of each state and input variable in the cost function. However, in this context, mass holdup

and particle size distribution are deemed equally signi�cant, as are the manipulated inputs.

Consequently, identity matrices are chosen for weight matricesQ and R. The controlled

variables encompass the product's mass holdup and particle size distribution, crucial for

ensuring the system's proper operation. Maintaining a constant mass holdup is essential for

stable 
uidization within the reactor. However, the non-self-regulating nature of the mass

holdup dynamic necessitates constraints to avoid convergence to di�erent steady states or

instability when determining associated 
ow rates. Eq. 3.32 is integrated into the MPC

controller as a nonlinear constraint to regulate the product withdrawal rate.

The second controlled variable is the particle size distribution of the product. The
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physico-chemical and mechanical properties of particulate system products hinge strongly on

the characteristics of the corresponding particle size distribution17. Manipulating the par-

ticle size distribution is thus fundamental for controlling product quality. The product size

distribution depends on the seed added to the reactor and the ratio between the seed mass

and the total mass. Hence, the seed addition rate can be used as a manipulated variable.

The seed addition rate in
uences the product size distribution, while the inlet gas velocity

regulates the deposition rate by controlling the amount of silane in the reactor.

Additionally, these manipulations can be considered to minimize power loss in the FBR

system. Consequently, the seed addition rate and the inlet gas 
ow rate are manipulated

inputs for the MPC controller, constrained within � 50% of their steady-state values outlined

in Table 5.2. For the closed-loop simulations, two case studies are considered for the MPC

implementation. The �rst scenario assumes the implementation of nominal MPC without a

mismatch between the process model and the actual system. The second scenario illustrates

the implementation of robust MPC when there is a mismatch between the process model

and the actual system.

5.1.3 Case Study 1

It considers no mismatch between the process model used in the nominal MPC for the

calculations and the actual system where the control actions determined in the optimization

problem are implemented. The plug 
ow regime approach is considered in both the process

model and the actual system. Hence, no uncertainties or disturbances are considered in this

case. Fig. 5.3 illustrates the closed-loop simulation employing the plug 
ow regime model

approach. State variables and inputs are presented in normalized deviation form. Figs. 5.3a

and 5.3b depict the seed addition rate and the inlet gas velocity gradually converging to

their steady-state values. After 50 hours, the control actions reach a steady-state condition,

remaining constant.

Fig. 5.3c presents the dynamic response of the mass holdup, revealing a faster dynamic
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Figure 5.3 : Case Study 1 - Closed-loop system dynamics: (a) seed addition rate, (b) inlet
gas velocity, (c) mass holdup, (d) average particle size.

response compared to the average particle size illustrated in Fig. 5.3d. A slight overshoot is

observed before the system attains its steady-state value. This overshooting behavior results

from the control strategy outlined in Eq. 3.32, integrated with MPC. Turning attention to

Fig. 5.3d, the transient response in the particle size distribution is evident, requiring a more

extended period to achieve a steady-state condition. The sluggish evolution of the average

particle size can be attributed to the gradual dynamics inherent in the particle growth

process. In summary, both state variables exhibit convergence with smooth trajectories,

indicating the successful stabilization of the system at their respective steady-state values.
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5.1.4 Case Study 2

The second case study considers a mismatch between the process model and the actual

system. This case presents a more realistic situation for the robust MPC implementation,

where the process model provides a simpli�ed representation of the actual system. In this

case, the well-mixed 
ow regime approach is employed as the process model for the controller

calculations, and the plug 
ow regime approach is considered as the actual system. Hence,

in this case, the controller must consider uncertainties or disturbances associated with the

process model. Based on the open-loop simulation illustrated in Fig 5.4, these uncertainties

could be related to the discrepancy in the deposition rate predicted by each model. In this

case, the RMPC considers an uncertainty within the range� 0:2 for the deposition rate

calculated by the well-mixed 
ow regime approach. Fig. 5.4 shows the closed-loop response

of the system considering the mismatch in the RMPC calculations.

The seed addition rate and inlet gas velocity are shown in Fig 5.4a and Fig 5.4b, re-

spectively. In this case, the controller reaches the steady-state value for the seed addition

and inlet gas velocity following smoother and more gradual trajectories, even considering

the mismatch between both models. In addition, the controller can reach the steady-state

value for manipulated input slightly faster than in the previous case study. The control

actions reach a steady-state condition before 50 hours. This result can be caused by con-

sidering a simpler model in the RMPC calculations, which also shows faster dynamics and

reaches the steady-state conditions in less time. These process model features could reduce

the optimization complexity, allowing the controller to converge faster to the optimal point.

The transient response of the mass holdup is presented in Fig. 5.4, which describes a

similar dynamic response compared to the previous case study. Focusing on Fig. 5.4d, the

particle size distribution reaches the steady-state condition slightly faster than the results

obtained in Fig. 5.4d. Generally, both state variables demonstrate an equivalent behavior

to the results obtained in case study 1. Therefore, these results indicate that the RMPC

controller can stabilize the system to their steady-state values, even considering the mismatch
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Figure 5.4 : Case Study 2 - Closed-loop system dynamics: (a) seed addition rate, (b) inlet
gas velocity, (c) mass holdup, (d) average particle size.

between the process model and the actual system. However, the discrepancy between these

models can be more considerable under di�erent parameters and operational conditions.

5.2 Modi�ed plug-
ow regime

The modeling approaches discussed in the previous section are simpli�ed representations of

the FBR system. In particular, they considered a constant scavenging factor (ksc) and a

homogenous distribution of the reactor temperature. These are coarse assumptions that can

oversimplify the description of the actual system. Therefore, a modi�ed plug-
ow regime
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is considered to obtain a more comprehensive model. Hence, an energy balance for the

gas phase reactor was incorporated in the model, and the scavenging factor is periodically

estimated using Eq 3.10 under system conditions.

The energy balance for the gas phase is given by:

dT
dV

=
rA � HRx � UA(T � Tr )

(
P

i Fi CPi )
(5.1)

whererA is the reaction rate expression. In particular, this term is represented by the overall

reaction rate (Eq 3.14). Then, � HRx is the reaction enthalpy,U is the overall heat transfer

coe�cient, and A is the heat exchange area per unit volume of the reactor (A = D=4).

Finally, Tr and T correspond to the reactor wall and gas phase temperatures, respectively.

In particular, it assumed that the temperature of the solid phase is the same as the gas

phase. This is a reasonable assumption supported by prior research56;87.

The energy balance is incorporated into the model to capture the temperature gradient

in the FBR system. However, this modi�cation also adds a new variable, which is the reactor

wall temperature. This variable can be used as a manipulated input to control the system

during the desired operation. Therefore, some simulations for studying the dynamics of

the modi�ed plug-
ow model at di�erent reactor wall temperatures are considered. The

parameters used in the open-loop simulations are summarized in Table 5.3.

5.2.1 Open-loop simulations

The dynamic behavior of the FBR system evaluated at di�erent reactor wall temperatures

is presented in Fig 5.5. In general, the reactor temperature has a signi�cant e�ect on the

particle growth dynamics. Fig5.5a illustrates the average particle size predicted by the model,

showing di�erent results, especially in the transient region. At a low temperature of 800K,

slower particle growth is observed, indicating that the deposition rate is favored at high

temperatures. However, there is no signi�cant di�erence between the dynamics obtained
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Table 5.3 : Modi�ed plug-
ow reactor: Initial Conditions.
Parameter Value Symbol
Reactor height 6 m h
Reactor diameter 0.3 m D
Inlet gas velocity 0.55 m/s vin

Inlet Concentration - Silane 6.5 mol/m3 C in
SiH4

Inlet Concentration - Hydrogen 26 mol/m3 C in
H2

Inlet Concentration - Silicon Powder 0.001 mol/m3 C in
Si

Reaction Enthalpy 2000 J/mol � H
Fine diameter 0.3 � 10� 6m df

Seed addition rate 0.001 mol/s S
Initial Solid bed 350 kg M
Mass hold-up 450 kg M �

Reaction Enthalpy 2000 J/mol � H
Overall heat transfer coe�cient 150W=m2K U
Inlet gas Temperature 500 K T

at 900 K and 950 K. The fastest particle growth is obtained at 850 K, obtaining a larger

average particle size in the transient region. However, there is no signi�cant di�erence in

steady state conditions. This result is observed due the average particle size is controlled

by the mass holdup and seed addition rate used in the FBR system. However, the transient

region is governed by the deposition rate obtained from the silane pyrolysis. The evolution of

the available surface area is displayed in Fig 5.5b. The increment in the average particle size

cause a signi�cant reduction in the available surface area. This reduction leads to a decrement

in the contribution of the CVD process and molecular di�usion of Si vapor in the deposition

rate. In addition, in contrast to the results obtained in the previous section (Fig 5.2), the

modi�ed plug-
ow regime model shows slower particle growth dynamics, reaching steady

state conditions after 150 hours. Furthermore, the average particle size at steady state

predicted by the modi�ed plug-
ow model (1.9 mm) is slightly smaller compared to the

simpli�ed version (2.10 mm).

Fig 5.5c presents the deposition rate obtained at di�erent reactor temperatures. In

general, a depletion of the deposition rate during the operation is observed as being caused by

59



Figure 5.5 : Open-loop system dynamics: (a) average particle size, (b) available surface
area, (c) total deposition rate, (d) free �nes.

the reduction of the available surface area. The lowest deposition rate value is obtained at 800

K, which produces the slower dynamic shown in Fig 5.5a. Conversely, the highest deposition

rate is achieved at 850 K, generating the fast dynamics in the particle growth. However, at

higher temperatures than 850 K, it is observed that the deposition rate decreases, leading

to slower particle growth. This reduction is caused by the homogeneous decomposition

pathway favored at high temperatures, which produces more powder and interferes with the

CVD mechanism. This e�ect is more evident when analyzing the powder loss in Fig 5.5d.

It presents the fraction of powder loss over time, indicating an increment in the �ne loss as

the reactor temperature increases. Therefore, the desired performance can be obtained by
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controlling the reactor temperature to reduce the power loss.

Fig5.6 depicts the dynamic of the modi�ed plug-
ow model in the spatial coordinates.

Fig 5.6a shows the temperature pro�le of the gas phase obtained at di�erent reactor wall

temperatures. In every case, The temperature of the gas phase reaches the reactor wall

temperature after a distance of 2m in the reactor height. However, there is a peak in the

temperature pro�le, which is more noticeable at higher temperatures. It is produced by the

exothermic e�ect of the silane pyrolysis, which is more signi�cant because the e�ect of the

homogeneous decomposition is more favored at these conditions. In contrast, this e�ect is

insigni�cant at lower temperatures (800 K), where the silane pyrolysis mainly occurs via

heterogeneous reaction.

The silane concentration in the gas phase is presented in Fig 5.6b, showing a higher

and faster conversion at high temperatures. At reactor temperatures above 850 K, the

silane conversion mainly occurs at the entrance of the reactor. Moreover, silane conversion is

almost complete before reaching a reactor distance of 2 m at reactor wall temperatures higher

than 850 K. This di�erence is caused by the in
uence of the homogeneous decomposition at

high temperatures. Conversely, a signi�cant amount of unreacted silane is observed at 800

K, indicating that silane pyrolysis is promoted at high temperatures. This e�ect is more

evident in the concentration pro�les of the intermediate Si vapor species in Fig 5.6c. In

particular, it is assumed that Si vapor is only produced by homogeneous decomposition of

silane. Hence, the concentration of this chemical species is expected to increase as the reactor

wall temperature increases because the homogeneous decomposition reaction is favored at

high temperatures. However, there is a low concentration of Si vapor during FBR operation.

The concentration of this chemical specie is mainly suppressed by two pathways. First, it is

consumed to form silicon nuclei, which leads to powder formation. Second, the Si vapor can

di�use and condense onto large Si particles and �nes. In addition, the concentration of silicon

�nes is illustrated in Fig 5.6d, indicating that the highest concentration of �nes is obtained

at the highest temperature (950 K). This result con�rms that homogeneous decomposition is
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Figure 5.6 : Spatial coordinates dynamics: (a) Gas temperature, (b) SiH4 concentration, (c)
Si vapor concentration, (d) Si powder concentration.

more important at higher temperatures. Furthermore, there is a slight reduction in the �ne

concentration pro�les for 900 K and 950 K. This reduction is associated with the fraction of

the scavenged powder by the larger particles. The scavenging e�ect is more pronounced at

higher �ne concentrations because it is proportional to the amount of powder in the reactor.

The evolution of the mass and number of particles in each discrete interval is presented

in Fig 5.7. The change in the mass distribution and the number of particles at 850 K is

considered in this case. In Fig 5.7a, it is observed that initially, the particle mass distribution

is mainly accumulated in the middle region of the classes following a normal distribution.
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Every discrete class has a mass increment at the initial hours of operation. Then, after a

few hours, the silicon particles gradually move from smaller particle size classes to larger

intervals, increasing the mass holdup inside the system. After 100 hours, the total mass

holdup in the FBR system mostly accumulates in the discrete class 20, which is the largest

size class. This accumulation in the last class is caused by not 
owing to a subsequent

particle size interval, resulting in no further particle growth beyond this point.

Figure 5.7 : Dynamic behavior in each discrete interval at 850 K: (a) Mass distribution, (b)
Number of particles

The number of particles per class is shown in Fig 5.7b. Despite the mass distribution

being mainly condensed in the middle classes, the smaller classes from 1 to 5 contain a

larger fraction of the total particles than the middle classes. This extensive presence of small

particles provides a large available surface area for the chemical vapor deposition of solid

silicon. After a few hours, the number of small particles decreases rapidly, moving to the

next size classes due to the particle growth. Despite the signi�cant di�erence in the mass

and the number of particles in each class, it is important to mention that in the population

balance model used in this study, the e�ect of attrition or breakage is not considered. As
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a result, particles have no transition from large particle size classes to smaller particle size

classes. Consequently, the movement of particles is strictly forward from the small particle

size class to the subsequent size class. This result is observed in both the mass and the

number of particle distributions. However, the seed addition rate feeds new particles to the

system continuously, maintaining a constant mass holdup and number of particles.

5.2.2 Closed-loop Simulations

The prediction and control horizons are set toNp = Nc = 10 sampling, with a sampling time

of � = 5 hours for each MPC iteration. Therefore, the prediction horizon for solving the

optimal control problem at each sampling instance is determined asTp = Tc = 50 hours. It

is assumed that all states can be measured at every sampling time. Table 5.5 contains the

desired steady-state conditions for stabilizing the system.

Table 5.4 : Case Study 3: Steady State Values.
Parameter Value Symbol
Mass hold-up 450 kg xSS

1

Average Particle size 1.90 mm xSS
2

Seed addition rate 0.001 mol/s uSS
1

Inlet gas velocity 0.55 m/s uSS
2

Reactor wall temperature 850 K uSS
3

Similar to the previous case studies discussed in section 5.1.3 and section 5.1.4, the

IPOPT algorithm is used to address the nonlinear constrained dynamic optimization problem

at each sampling time86. Furthermore, the mass holdup and particle size distribution are

considered equally signi�cant, as are the manipulated inputs. Therefore, identity matrices

are selected for weight matricesQ and R. The mass holdup and the average particle size

are the controlled variables that are essential to ensure a stable 
uidization condition in the

system operation. The main di�erence from the previous case study is incorporating the

reactor wall temperature as another manipulated input in the MPC controller, increasing

the degrees of freedom for MPC calculations. As a result, the seed addition rate, inlet
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gas velocity, and reactor wall temperature are the manipulation input variables. These

manipulated inputs are constrained within� 50% of their steady state values for solving the

optimization problem. Based on the non-self-regulating dynamics of the solid phase, Eq. 3.32

is considered a nonlinear constraint to regulate the product removal rate.

5.2.3 Case Study 3

In this case, no model mismatch or external disturbances are considered in the nominal MPC

calculations. The modi�ed plug-
ow model is used as the process model and the actual

system. Fig 5.8 shows the closed-loop simulations using the modi�ed plug-
ow model.

The inputs and state variables are presented in the normalized deviation form. Similar to

the previous cases of study, Fig 5.8a and Fig 5.8b depict the seed addition rate and inlet gas

velocity gradually converging to their steady-state values. Both input variables converge to

their steady state values relatively fast. In fact, after the �rst iteration, the MPC controller

can almost achieve the steady-state value for both manipulated variables. In particular, the

observed deviation is bounded within the� 10% range from the steady-state value in both

cases. There are some oscillations around the steady-state value. However, there is not a

signi�cant deviation from the steady-state value. These oscillations can be associated with

the numerical errors and tolerance used in the optimizer. After 100 hours, it is observed that

both manipulated variables reach a relative constant value. The deviation observed in both

variables after this point is less than 0:2% with respect to their steady-state value.

Fig 5.8c shows the reactor wall temperature employed by the MPC controller during the

closed-loop simulation. Like the other manipulated variables, the reactor wall temperature

gradually converges to a steady-state value. After 100 hours, the reactor wall temperature

converges to the desired steady-state condition and remains constant. Incorporating the

reactor wall temperature as a manipulated variable increases the degree of freedom for the

MPC controller in the optimization problem. With a greater degree of freedom, the controller

has more options to manipulate the process variables, improving the responsiveness and
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