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incremental time

interpolated optimal profit at state x(k)
optimal profit at state .x and time t
profit function

total number of control increments
total number of time increments
total number of time increments at within
a block

set of admissible controls

set of possible states

bounds on control variables

iv



B pT bounds on state variables

AX fixed increment in state variable
at fixed increment in time
AT interval in independent variable time

covered by a block

AZ fixed increment in control variable



1. INTRODUCTION

Dynamic programming is a useful tool in optimizing
multistage optimization problems. The method of dynamic
programming is based on the mathematical notion of recursion.
The main characteristics of optimization problems to which it
can be applied is that several decisions have to be made to
optimize the overall performance of a system. Furthermore,
the system consists of several stages and the decision made
at the later stage do not affect the performance of the earlier
stages.

For a multistage process, the optimal overall policy
cannot be arrived at by considering the effect of each decision
at each stage separately. In other words, it is not true that
the overall optimum is the same optimum obtained by optimizing
each individual stage. It might, for example be that a bit of
sacrifice in the first stage may place us in a much stronger
position in the second stage and thus a higher total profit is
obtained, This will be achieved if the method of dynamic pro-
gramming is used,

The subject owes much of its development to Bellman
and his associates at the Rand Corporation. The concept oOn
which dynamic programming []-5] is based is the principle of
optimality which states:

"An optimal policy has the property that, whatever
the initial state and initial decision are, the
remaining decisions must constitute an optimal

policy with respect to the state resulting from
the first decision™.



This concept is a new and versatile mathematical tool
for the treatment of many practical and novel problems.
Becausc of the simplicity and the versatility of the principle
of optimality, the method of dynamic progremming can be used
to handle those caées for which the tranformation at each
stage is too complex to be expressed analytically or involves
non~-differentable functions. A continuous process can also
be treated by breaking it into a large number of infintesimal
stages.

Dynamic programming works best when the number of
state variables is not too large. The resaon is that the
number of fast memory storage locations required for compu-
tation increases exponentially with the increase in the number
of state variables. In general 2" such locations are
required, where n is the number of state varisbles and N
equals the number of intervals into which each state variable
is divided. The average number of fast memory locations
evaileble on a modern computer is 50,000, Thus if there are
three state variables, 200,000 locations would be required
which far exceed the limit. This extremly large fast memory
requirement has been called by Bellman as the "curse of
dimensionality". This requirement limits the use of dynamic
progrexming to relatively simple cases. Various schemes have
been suggested to overcome this dimensionality difficulty.
However, most of these schemes trade computer time for

computer memory. As such they are not fully satisfactory.



Recently a computationel scheme called state increment
dynamic programming {8,9] has been developed which consider-
ably reduces memory requirements without increasing the
computatién time. The purpose of this report is to apply
this procedure to industrial management systems in the pro-
duction planning area. In the problems considered, both the
conventional and the new methods are used. The results
obtained in both cases are compared. The advantages as well

as the disadvantages are highlighted.



2. CONVENTIONAL DYNAMIC PROGRAMMING

As moentioned carlier, the corner-stone of dynemic
prograxming is the principle of optimality( 2-4]. The
mathematicel transliteration of this principle yisld the
necessary functional equations. Any process to be considered
can be either a discrete multistage process or a continuous
process. The derivations of the functional eguations are

briefly reviewed in the following.

MULTISTAGE PROCESSLES

A typicel multistage process is shown in Fig. 1.
Vector x represents a set of state variables. Vector z
represents a set of control veriables. The stages are num-
bered in a backward fashion for convenience. By applying
control z at stage n, the incoming state x . is trans-
formed into the outgoing state x,. This tranformation is
expressed as

X, = Tn ( Xne122n ) 3 neN Nely s owsosd (1)
Asgociated with each stage there is a return and this

return is expressed as gn(§n+l’§n)' The sum of all the stage
returns is called the return function S. Our objective is To
find a set of permissible values Z;, Z,s+-eves Zy oo that the

return function is meximized ( or minimized ).

1
S(§N¢-1’EII"""52’ El) = éﬂgn(?f;n*ls En) (2)

Consider the stage n as the initial stage at which
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a control is to be applied. Define a function

fn(xn+l) = the value of the objective function for
the last n stages when the optimal
policy is followed and when the incoming
state at stage n is Eoel®

Then it follows from the principle of optimality that

fnlZn,y) = mex §eylxy g02,) + 5 (2))) (3)
—-n

This is the Ifunctional eguation giving a recursive
relationship between an n stage process and an (n-1) stage

process. A complete derivation of this equation can be found

in any text book on dynamic programming [1-4,7,1L].

CONTINUOUS PROCESSES

®
In the continuous case, the system is assumed to vary

continuously with respect to an independent variable t. In
the production planning problems to be discussed later, the
independent varieble is time. Changes in the system occur

according to a set of differential equations given by
dI_;/d‘b = £(§p Zs t) (}4-)
BEqn. (l4) can be reduced to the difference equation

x(t+at) = x(£) + £(x, 2z, t)at L8l

The return function J is given by the integral
b
J = _f kix, z, a8}ds (6)

%



where h = profit (or cost) function per unit time
s = dummny variable for integration
to, tfz initial and final time respectively

Our objective is to find the policy z(t) which maxzimizes
J, with the injitial condition being given as x(0) = ¢. For
simplicity, let us coﬁsider a one-dimensionel case. Clearly
when the optimum function J has been obtained, the integral
is a function only of the initial condition ¢ and the duration

of the process tf. Define

gle,t,) = the maximum value of J where the
starting state of the process is
¢ and the total duration is t..

By using the principle of optimalify it can be shown
that
glestp) = max [ hle,z(0))a+ gle + £(c,2(0))A ,5,-8)  (7)
z{0,A)
where, & is incremental time t. This is the desired
functional relationship. Similar equations can be obtained

for the multi-dimensional case [2-4,11].
COMPUTATIONAL PROCEDURE

To illustrate the procedure, the problem represented
by equations (4) to (7) will be considered. For simplicity,
the vectors x and z will be assumed one-dimensional. In
practical problems, the range of state and control variables

is either known or can be estimsted. For instance, if the



state variable x represents the inventory of a warehouse,
then x must range between zero and some finite value., Thus

we write

G5 ‘é.x=${3+
C¥"$gz=g c{f
The state variable x is quantized with an increment of

AX, the quantized values being expressed as

x=(3+jax, J =O,1,.cn-oa.--N (8)
where Nax = @f——@;

The set of all possible values of x is denoted by X.
Similarly the set of all possible values of z is denoted by Z.

ts quantized values are given by

Z=C><—+ jAZ’ j =0,1’-0000K (9)

-+ e
where Koz = =

The set Z can be represented as

4 = E 2(1), z(a),.....z(k),........,z(K)}

For a continuous process, the independent variable t is
guantized as
t =t +nat, i = 0] wa we e ol (10)

where Mat = tf - to

To initiate the computation, the value of optimal profit
at t = tf for all quantized state x€X is determined and

stored as a table on the fast memory of the computer, Next



a quantized state x€X at time t = tf-At is taken. By
applying each of the admissible controls z(k), the resulting
state x(k) and the profit G(k) over the interval At are

evaluated and can be written as

(k)

X

x + £(x, z{8) to-at) Bt (11)

o8 - p(x, 29, t =at) At (12)

The optimal profit at t = tf for each of the states x(k)
-is found as follows, The table of values of optimal profit for
all x&€X at time t = te is stored in the fast memory. However,
in general the state x(k) will not lie on one of the quantized
values at which the optimal profit is stored; rather it will
fall between two such wvalues. Linear interpolation based on
these two values usually gives sufficient accuracy.

Let I(x,t) denote the optimal profit at state x and time
t and let H(k) denote the interpoclated value of the optimal
profit at state x(k). Then

glk) 1 ¢ x(B) i 1 (13)

Adding eqns. (12) and (13) gives

G(k)+ H(k) = h(x,z(k),tf-At)At * I(X(k),tf) (14)

But this is exactly the guantity which is to be maximized

by the choice of z(k)

. This maximization can be achieved by the
use of a suitable search technique.

The above procedure is repeated for all values of x at
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t=t.- At, The value of optimal profit I(x, tf-At) are thus
obtained and stored in the fast memory. The values of the
optimal profit at t-'--tf are no longer required and are hence
printed out.

Next, the entire procedure is repeated for t = tf-Zat
for all the quantized values of x. In this case the optimal
profits at t = tf - At are used for interpolation. These steps
are then carried out untill the time t = to is reached, at the
end of which the optimal controls and optimal profits will have
been computed for all values of x and t. This complete set of
data gives the solution of the problem for all possible initial
values of x.

A simplified flowchart giving the steps involved in the

computational procedure appears in appendix A, Fig. 19.
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5. DIMENSIONALITY DIFFICULTIES

The number of fast memory locations needed in the
conventional dynamic programming is proportional to the
total number of discrete states. If there are n state
variables and N; quantization levels of the ith state
variable, then the total number N of all possible states

is given by

With three state variables and Ni= 100, N equals
1007 or 106. However, the modern computer has a fast memory
capacity of the order of 104 to 105. Therefore, a three-
dimensional problem cannot be solved routinely. Bellman
has coined this difficulty as "the curse of dimensionality"
L2-47.

Various techniques have been proposed to overcome this
difficulty. Essentially such techniques trade computer time
for computer memory. One simple technique is to simply
increase the increment size, This, however, often results in
discretization error; hence, it is seldom used. In the rest

of this section, various other techniques are briefly dis-

cussed.

POLYNOMIAL APPROXIMATION
In this technique the table of optimal return function

is correlated into'a polynomizl during computation. One
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way to do this is to approximate the optimal return function

fn(x) by a truncated power series of R+l coefficients. Thus

R
£, (x) = zk_-oak.xk

However, instead of a truncated power series, the use
of orthogonal polynomials such as, Legendre polynomial is
recommended, The later has several advantages over the
former. First, a truncated power series is accurate only
around the point of expansion and the accuracy decreased
rapidly on moving away from this point. Legendre poly-
nomials, however, give uniform accuracy. Second, the co-
efficients of Legendre polynomials are found by numerical
integration, whereas, numerical differentiation is used for
the power series. The later process is inaccurate, Third,
a simple reccurence relationship can be used for deter-
mining the Legendre polynomials,

Using this technique for a one-dimensional problen,
one needs to store only R+1 coefficients in the fast memory
instead of say, 100, storages needed in the conventional
approach, This difference is further enhanced in problems
of larger dimension.

The major drawback of this technique is, however, that
it has proven to be of value for a class of "well-behaved"
problems where the optimal return function can be correlated
accurately by a low order polynomial. For more complicated

problems, use of a sufficiently high order polynomial to
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get the required accuracy results in excessive computation

time.

LAGRANGIAN MULTIPLIERS

Lagrangian multipliers are used extensively in optimi-
zation problems with inequality constraints., By intro-
ducing & number of Lagrangian multipliers, it has been
shown [4-5,13] that a reduction in the number of state
variables can be achieved, However, as a result of this
exchange, one must search for these added multipliers. This
is essentially trading computer memory for computer time.
Furthermore, when a problem involves non-differentiable
functions, difficulties may arise in using Lagrangian multi-
pliers, This is particularly important since many practical
problems contain functions of discrete variables which are
not differentiable. Another disadvantage is that with the
introduction of these multipliers, global optimwn may not be

obtained.

RATIO OF STATE VARIABLES

In some processes the tranformation functions of the
state variables are of homogeneous nature and are linear with
respect to the state variables. Such properties simplify the
problem in that the ratio of two state variables may be used
as a new state variable, In this way a reduction in the num-

ber of state variables is achieved.
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QUASILINEARIZATION

Consider the problem of optimizing the function

h(x-l(tf), X2(tf),-..9lco’%n(.tf) (1)
over the control variable z(t), which are related to the

state variables X by non-linear differential equations
dx,/dt = f;(x, z), L o= T 380w wasll (2)
and with the initial conditions
J(i(O) = x:?., is= 1’2,-0-000M (3)

where, m <M, toét <tso and X and z are M-dimension-
al vectors. In addition, the following constraints must

be satisfied.

OZ&ézi(t)_@z;, is=s 1,2’001-..M (Ll')
te
j £f( z) dt <L (5)
tO

If the functional equations of conventional dynamic
programming are used, M variables are involved. However,
Bellman and Kalaba (3] have shown that if eqn, (2) were
linear, the above problem could be treated by dynamic
programming involving sequences of m variables. Since m is
equal to one or two for a number of significant problens,
there is a very important reduction in the dimensionality of
the problem. This is especially true in view of the fact

that egn. (2) can be linearized by the quasilinearization



procedure.
For a comprehensive and yet simple treatment of the
above-mentioned four techniques, the reader is referred to

Lee [10,11,13].
STATE INCREMENT DYNAMIC PROGRAMMING

This technique was recently developed by Larson {8,9].
It differs from the conventional dynamic programming in the
choice of the time interval over which control is applied.
Instead of using a fixed time interval, this technigue uses
the minimum time interval required for at least one of the
state variables to cliange by one increment. The next state,
therefore, lies within a small neighborhood of the point at
which control was applied., This fact is exploited to reduce
the fast memory locations requirement.

Since the main purpose of this report is to apply this
technique to industrial management systems, the next section

treats it in greater details.

15
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ly. STATE INCREMENT DYNAMIC PROGRAMMING

The state increment dynamic programming technique provides
a good method for reducing the fast memory requirements. The
reduction in the fast memory requirement is enormous, usually
several orders of magnitude. Furthermore, this method retains
ell the desirable properties of the conventional dynamic
programming. For exsmple, constraints of a wide variety
inecluding inequality constraints are handled with the same
eese as in conventional dynamic programming. The property
thet a2 solution is obtained for all possible initial conditions
is also retained. The total computing time is of the same
order of magnitude when compared with conventional dynamic
programming. One limitation of this method is that it can only
be applied to continuous processes.

The basic difference between this and the conventional
method lies in the choice of time interval over which control
is applied. In the conventional method, this interval is fixed.
In the new method, however, this interval is the minimum time
required for at least one of the state variables to change by
one increment. This is the motivation for calling this method
stete increment dynamic programming.

As a result of the above choice of time interval, the
next state will lie in the neighborhood of the given state.
Specifically,with n state variables, the next state will 1lie

on the surface of an n-dimensional hypercube centered at the
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given point and with length of 2axi along the ith co-ordinate,
where.bxi is the incremental size of the ith state variable.
This fact is exploited in reducing the fast memory require-
ments as follows. The entire state~time space X-t is parti-
tioned into several blocks. Each block covers only few
increments along each state but relatively long interval of
time. Optimal control is then computed for one block at a time
and not for the entire state space X as is done in the con-
ventional method. For a problem involwving three state variables
each with 100 quanyization levels, the conventional method

requires 1003 or 106

fast memory locations. In the new method,
if each block contains three quantized values for each state
variable, only 111 locations are needed. Clearly this is a

very significant reduction.

FORMULATION OF THE PROBLEM

The same problem treated in section 2 will be considered.

The system equations are non-linear differential equations

given by
E g (o2t (1)
dat
where, x = n-dimensional state vector

= g-dimensional control vector

It

Rewriting eqn. (1) as a difference equation

x (t +at) = x(t) + £ {x, 2, t)at (2)
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The return function J is given by

b

oy
dw b ow 5o ) 88 (3)

%

where h = profit ( or cost ) function

0]
]

dumiy variable for integration

initiel and final time respectively

5]
]

Define I(x, t) = meaximum profit fora process with initial

state X and initial time t.

L
Then I(x, t) = max J; h(x(s),z(s),s) ds (L)
z(s)ez
tesst, L

By the principle of optimality [L]

I(x,t) = max {h(;,g_,tmt + I(x + f(g,g,t)bt,ta-At)]
z€Z :

(5)
Eqn. (5) gives the necessary reccurence relation.
COMPUTATIONAL PROCEDURE
As in Section 2, the range of vector x and its quanti-
zation levels are taken to be
3 <@ 2 (6)
ﬁiézi——PL iﬂl’ ,-u-o--n |

a.nd xi = P‘b.‘- jiAIi ji = O,l,oqac-l,Ni
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whero NiAxi = g- P_'.,

5

The control vector z could be similarly quantized but it
is sufficient to assume that the set of all admissible control

variables is given by
Z =E_§(l), 5(2),......., E(K)} (7)

Next the entire state time space X-t is partitioned into
several vlocks. Each block covers Wy increments along the X3
exis and AT along the t axis. Each block is indexed by its

maximun velue of X and t; thus

B ( Jys Jpseeseresdpm) = E;E,t} (8)
such that
(ji—l)wiaxis xié-_ jjwiax,
(m-1)AT & & -t &m T
where ji = 1’2""""Ji
> N (O ., . |
Tywsa%; =fi- G Bs Ay By e mi al
and HaT = tf - 'l:o

The velue of w; is small, usually between 1 and 5.

For a two-dimensional problem, the blocks are three-
dimensional rectangular solids. In Fig. 2 , a few blocks for a
hypothetical two-dimensional model are illustrated.

WVithin the block, the time interval AT is further divided

into smaller intervals at. The wvealue of at is of the order used
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Fig. 2. Blocks for two-dimensional problen, B(xl,xa,t).
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in the conventional method. The quentized value of time t is

thus given by
t:to‘t(m-l)AT"'sAt, SﬂO’l,l---a,S (9)

where SAt =AT
The value of S is usually between 5 and 15.
To compute the optimal control at a given x and t, each of

the admissible control g(k)e Z is applied. For each such

LY

(k)

control, the minimum time interval ¢ required to change at

least one of the state variebles by one increment is given by

W L S ] (10)

(k)
i=1,2,..,0 f1(Zs 2775 €)

The corresponding next state is computed as

§(k) =x +f(x E(k), t )St(k) (11)

It is noted that although the increment A Xy is fixed, the

rate of change f ( x, 2z, t ) cen vary over a wide range and

£ (k)

therefore, & can take on any continuous valus.

The optimel profit at this state and time I( g(k),t+5t(k))
is computed by interpolation using the previously computed
values at quantized states and at times t+at and t+2at. If a
control g(k) is such that none of the state variables change,

(k) = X and t(k) is set equal to at.

then x
Next, the profit for each control over the interval St(k)
is found by evaluating h ( x, gsk) t ). The optimal profit at

x end t are then calculated from the prineciple of optimality.



I(x,6) =  mex th, 2K t)St(k)+I(§(k),t+$t(k)}}
Kal;25.043K
(12)

The value 5(k) which gives the meximum profit is clearly
the optimal control at state x and time %.

The computation of optimal profit for a one-dimensional
problen at X = T7ax and t= 19at is illustreted in Fig. 3. For
simplicity 1t is assumed that there are five admissible controls
given by

2. [, 52 3 W), (50

The next state for each of the above contrals is given by

¥ . 5 ( 198t + § (k) )

7ax + &Ax = 8bx, k=1,2
L,5
3

]
[

78 - & X = 66X, k
TOX,
(3)

i
0

(k)

Since control z is such that the next state x does
not change at alil, x(k) is set eguel to x.

The optimal profit at each of the next states is computed
using interpolation in time based on values at the existing
states. The known values at the grid points are shown by small
circles in the figure. Two linear interpolation formulas, one

for x = 8ax snd the other for x = 6ax are defined as

;
I(Bax,t) = I, + -25—8L ( ¢ - 208t ) (13)

t

- 1
s _c2 . el ( ¢ - 204t ) (14)

I(éAx,t) = I

cl



