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INTRODUCTION

Torsion, which results essentially from the monolithic
character of concrete construction is generally considered as
a secondary effect in the design of reinforced concrete build-
ingss In some cases, such as balcony girders, the'torque may
contribute to the controlling stress in the member. However,
the behavior of reinforced concrete beams under pure torque or
torque combined with flexural moment is still not clearly under-
stood. Theoretical and experimental research is still being
undertaken in an attempt to understand this phenomena. Several
fheories,have been developed, and under certain circumstances,
these theories predict the true ultimate load in very good
agreement with test results.

In this report, lessig's theory and Hsu's theory are re-
viewed. Furthermore, these theories are compared with the
results of tests conduéted by Mason(12), using small scale
models loaded in pure torgue. Lessig's theory combines the
effect of torque, bending moment and transverse load. However,
his general equations can be applied to the pure torque case
by setting the bending moment and the transverse load egqual to

Zero.



REVIEW OF LITERATURE

In 1929, Rausch presented 2 method for prediectinm the
ultimate resistance of a reilnforced concrete rectanrular beamn
being loaded with torque. His method was later modified by
Andersen(1) and Cowan(2,3). The Andersen-Cowan theory starts
from plain concrete elements analysed by Saint-Venant's theory
as well as Prandtl's membrane analogy for both elastic and
plastic stress distribution. The stresses caused by twisting
moment are divided into a diagonal principal tensile force and
a diagonal brincipal compressive force. The maximum torque
that the beam can resist is the torque that would cause tensile
failure of the concrete. For larger torques, the excessive
principal tensile force is assumed to be taken by the steel
reinforcement. This theory was adopted in,the 1958 Australian
Code. Studying this code, it is found that most of the equations
were derived on the baées of elastic stress distribution,
However, some concepts of plastic redistribution of shear stress
were introduced.

A different theory concerning torque on reinforced concrete
beams was proposed by Lessig(4,5,6,7) in 1959. This was consider=-
ed to be a more reliable theory which explained some observed
phenomena prior to failure quite reasonably. The ultimate loads
predicted by using the equation derived by her were also in
fairly good agreement with test results, provided that the beam

failed through the yielding of the longitudinal and transverse
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reinforcement which intersects the failure surface. Her ctudy
included the effect of flexure and transverse force combined
with torque.

By 1962, the Portland Cement Association Laboratory hesan
some research on a torsional theory for rectangalar reinforced
concrete beams. By comparison of the results of the experimental
tests carried out by P:C.A. and results reported by others, Hsu
(8,9,10,11) pointed out that there are some discrepancies be-
tween Lessig's theory and observed phenomena. In 1948, he
suggested a theory in which a different surface of failure was
pronosed. Based on this failure surface, he derived an egquation
for rectangular beams under pure torsion.

Small scale model tests can be divided into two categories
in both design and research, the direct method and the indirect
method. In direct model analysis,; the behavior of structures
both in the elastic and inelastic ranges can be-investigated.

In indirect model analysis, only elastic behavior of prototype
structures can be examined. These techniques have been developed
over the past half cenfury, but the significant use of thenm as
tools in structural design and research has occurred only for

the past 10 to 15 years.

4n application of small scale model tests to prestressed
corcrete structure in the inelastic range was carried out by
Burton in 1964, In his report, he demonstrated that a mix of

Ottowa sand and plaster could have the required compressive
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étrenﬁh and demonstrate similar behavior to the concrete used
in prototype structures.

In a Master's thesis published in 1965, Cardenas compared
the experimental results he obtained, for rectangular reinforced
plaster medel beams subjected to combined bending and torque,
with Lessig's theory. .Armésunably good agreement between his
results and Lessig's theory was reported.

Mason(12) examined the ultimate resistance of small scale
models of rectangular reinforced beams subjected to pure bending
and pure torque in 1967. The test results are good for pure
bendiné. But for pure torque, Lessig's theory overestimated
the test results. The same type of'discrepangy wés reported

in papers by Yudin in 1962 and Hsu in 1968(11).
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LESSIG'S THEORY FOR PURE TORQUE

In 1956, Lessig, through experimental observations,
defined two possible modes of failure for reinforced concrete
beams subjected to bending moment, transverse load and torsion,
These failure modes are dependent on the ratios between these
applied loads. If the beam is subjected to a large flexure
moment gccompanied by a small twisting moment, the beam fails
by the first mode, that is the neutral axis intersecis both
vertical sides of the beam (Fig. 1). On the other hand, if the
beam is subjected to a large torsional moment and a smal} bend-
ing moment, 1t fails by the second mode, that is the neutral
axis intersects both horizontal sides of the beam. (Fig. 2)

A complete theory to explain these failure modes was re-
ported in 1959. (4,5) In these papers, Lessig pointed out
that the position of. the compression zone, the angle between
- the neutral axis and beam axis, and the load-bearing capacity
depend on:

(1)e the magnitude of the forces acting in the beam at

the surface of failure.

(2). the steel and concrete properties.

(3). the width as well as the depth of the beam.

(4)., +the quantities of the longitudinal and transverse

reinforcement as well as the ratio between them.

In order to derive the equations, the following assump=-

tions nmust be made:



(1)

(2).

(3).

(&),

(5)e

when a spatial plastic hinge forms, all steel
intersecting the tension part of the failure sur-
face reaches its yield stress.

the tension in the concrete at the surface of fail-
ure is completely ignored.

the compressive stress in the concrete at the section
under study reaches its ultimate strength as in
flexure compression.

the quantity of transverse reinforcement is assumed
constant and uniformly distributed over the beam.
no external loads are applied within the length

where failure takes place.

Based on the above assumptions and the failure modes that

Lessig defined, the ultimate resistance of a beam can be found

by the use of equilibrium equations. For pure torque, which

is the case to be considered here, the failure mode would have

the neutral axis pass through both horizontal faces and

M
Q

0
0

(see Fige 3)« The moment equilibrium equétion about the neutral

axis is

in which

c : _ )
By = T -I. | - (1)

1 - length of the neutral axis.
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FI1G, 2 - SECOND [MODE OF FAILURE
DEFINED BY LESSIG

I, - moment about the neutral axis.

o)
Fy, 1s made up of four parts, designated as Iy, ¥Mp, H3, and
¥pe In order to make the derivation straight forward, each part
is discussed individually.
A)e Iy, (due to the compréssion in the concrete).
My, - fa * Sp |
wherein
f, = ultimate strength of concrete, can be approximated

as the compressive strength in flexure, 0.854.
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Sp - static moment of compression area about the neutral
axis, BC.
refering to Fig. 3¢
BC = 1, AD = / h? + c?
and R
X PP+ R

Sp = [adA * S = [px ¢ 4§« (
b= A k 2 1

In this integral, x is a function of §

( ) 3 x11"' + (xp-x37)E (2)
X + {(x - X — =
1 2 1 if h2 + cz 18

Introducing 1 ==Jh2,+ c2.

Substituting 1' into the expression for Sy,

X =

then
l 1’ 2
Sp = . ] [ x11°® + (xp-x1) §] d§
| 21'1 O ,
102 , 5
= (%7 + X1%x3 + x5)
61
thus  £o(n?x &%) . 5
My = , (x1-+ x1%3 + x3) (3)

61
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FIG. 3 = FREE BODY AND THE FAILURE SURFACE
DEFINED BY LESSIG

B).

point halfway between the two longitudinal bars. Putting

E=1'/ 2 into (2),

and

11" + (xp~x3)1'/2

D
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= (x) + x2)/2
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Mo (due to the longitudinal bars on the right side)

From assumption (1), the total tensile forces act at a

(&)



wherein
i‘y - tensile yielding stress of the longitudinal steel,
Ag - area of longitudinal steel on one side of the beam,
h' - the projection of BC(Fig. 3c) on a plane perpendi-
cular to the beam axis.
g)a N3 (due to the vertical stirrups).
Ave X1+, ©

&’13=fvy.'_ — (e+0) (b=b1 - =) — (5)

wherein
fvy - tensile yielding stress of the stirrup steel.
A;s - cross-sectional area of'one stirrup.

D). Fy (due to the horizontal stirrup of the beam).

Assume the angle between the cracks on both horizontal
faces of the beam and the beam axis are the same and let (see
Fig.3a)

7 (L -98)c

ctn a =
2b = (xy+x2)

then the lever arm of the total stirrup steel on the upper face

is ,
L ) ] h c
[— (b=x1) ctna | — - h ¢ —
{ 2 c l} i 8
thus A . b=-x7 h o
yﬁ = 1, E—-EE;— (b-x3) ctn o] [—— ctna — - hl}——
J = s 2 c 1

(6)
Similarly, the lever arm of the total stirrup steel on the

bottom face is



{[ 1 ( $ ] h } c
— (b=x ctn o/ = =~ h —_— and
2 2 o! a 1

Avs b-x2 h &
(b=x,) ctn a] [ ctno— - hl}ET (7)
c

b
My = £ [

Gombining equation(6) and equation(?7) yields

A, cf h(1-86) (b=x; )2+(b-x,)?
M = T —_— e —(l-0 . - h 8
Ty 1( 'L 2 (2= -x, )® 1l ()

Since My, My MB’ M), are all taken about the neutral axis,

MO=MJ_+M2+M3 +Mj+

and c fc(02+h2) (<2 2y
T o s 2 XT + XX, + X
ko fy AS (jbO'-'. 2 ) 3
' X, + X

.o f . A‘.—’E . -—-g——- (b - bl.;_ l 2 )
vy s 1 2
: ' " B 2

g h(l-a) (b=xq ) +(b=x2)

+ £, v & (1-0) [ : - > =hp ] (9)

y s 1 ’ 2 (2b-xl-x2)

In equation(9), the internalvmoment is a function of four
parameters = Xy, Xg, C and ® . For a certain value of ¢ and@ ,
a change in either Xq or xp will change the value of internal
resisting moments, Recognizing that the beam would fail in
such a étate that the location of the neutral axis corresponds

to the minimum internal moment, equation(9) is differentiated
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with respect to xl'and Xps This procedure yields the result

that x; = x,. As a consequence, equation{9) can be written:

£, (c? + n®)

Teg = — - x? + Ag £y (by=x) h
Ay h(1-6)
* fyy — c2{0(b-by~x) + (1-9_')[-—4--— - hl]} (10)
A, T
.0 (cP4n®)x = Age £ B o~ s vy L 2 2o (11)

Equation{ll) is obtained by differentiating equation(10)
with respect to x. This equation indicates the equilibrium of
the projections of all forces acting normal to the plane of the
compression zone. Solfing for x ylelds

L sy n g gy c?e/ s
f, (¢ + h?) (12)

Multiplying equation(ll) by x/2 and subtracting from equation(10),

Tege = ASG_ fy(bo— -32;—) h = fvyf"ﬁ Cz{e(b"'bl- %)
. : S :
h (1-8)
+ (1 = 0) [—1;_- - ny 7} (13)

If the following expressions are introduced,

fvy » AVS « %

fy. .AS e S

P=

z = b, - x/2 | (14)
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y = 6(b - by - %) + (1-9)[9—%—'91--111]

equation (13) can be simplified as

' z + pe?y/bh
= Ag*f,,*

The value of ¢ corresponding to the minimum value of beam
resistance can be obtained by differentiating equation (14)

partially with respect to ¢. The result is

¢ =4JZ258 7 Py (16)

In many cases, ¢ obtained from equation (16) is larger
than the actual values of ¢ measured in tests. This is because

of the effect of the concrete in tension. Lessig suggested that
Cmax S_ Zb + h
Due to the fact that the transverse reinforcement is not
uniformly distributed and the cross-sectional area of the
stirrups intersecting the surface of failure could be less than
that assumed in deriving the désign equations, a correction
should be applied to the value of y in equation (14) as follow-
ing,
s x h 2s bhy
y = (0 = g)b-by~ 7) + p(1-0~ —)(1-6~ —=) (17)
In order to simplify computation, a correction coefficient

of 0.7 to 0.8 is generally applied to p instead of using equation

(17). This coefficient takes into account the reduction in the



actual cross-sectional area of the stirrups that intersect the
surface of failure.

To compute the ultimate torgue in a test, the actual wvalue
of ¢ and & can be measured. However, there is no such infornma-
tion available when designing a heam. Thus an approximation
of & with sufficient accuracy for practical purposes was pro-

posed by Lessig based on her experience.
8 =h/ (2o + h) (18)

Eauation (18) is reasonably good for pure torsion, since
the cracks of concrete start before stress redistribution and
the principal tensile stresses at this stage always have an
angle of 45° to the beam axis.

If the principal tensile stresses in torsion are constant
over the entire cross-section and equal to the ultimate tensile
strengfh of the concrete, the twisting momentvthat produces the

formation of cracks is determined by the plasticity equation

b2
T = £y —(3h - b) (19)

Starting from equation (18), and letting z/y = 1/6, the
value of ¢ in equation (16) can be calculated. Substituting
this value into equation (12), the ultimate torque T as well
as values of z and y can be obtained by using equations (14)
and (15). For a more accurate solution, a second computation

can be carried out by putting the value of z and y that are

14
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thug obtained into equation (16) and repeating the same
procedures as before.

It is necessary to point out that the design equations
derived in this section are on the basis of some assumptions.
Thus, these equations are vazlid only when failure starts with
vielding of the reinforcement. And at the present stage, to
the best of our knowledge, the ultimate load-bearing capacity
of a reinforced concrete beam that fails through the failure
of the concrete is still unknown. Lessig suggested (6) an
empirical equation for calculating the ultimate torsional

moment in case that the beam is over-reinforced.
M =k o fo°+ 2 + h (20)

The coefficient k in equation (20) must be obtained from
experimental data. A value of 0.07 is considered to be on
the safe side.

However, it is preferred to have beams which are not over-
reinforced. Theoretically there exists a ratio of transverse
to longitudinal steel which guarantees that the steel in both
directions will reach the yield stress. before there is inad-
'ﬁissible deformation or objectional cracking during the stress
redistribution in the steel. For a beam loaded in pure torsion,
the optimum value of p(in equation 14) under which yielding
of reinforcement occurs simultaneously in all tension bars

crossing the crack was given by Lessig as 1.0. Empirical data,



however, confirm: that any value between 0.5 and 1.5 is

applicable without producing complications in practical design.
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H3U'S THEORY FOR PURE TORQUE

A series of 53 beams loaded in pure torsion was tested by
Hsu, beginning in 1962. After study of these test results and
the results reported by.others, Hsu pointed out (11) that
Lessig's theory overestimates the torsional resistance of a
beam and that her theory does not agree with the following
observed phenomenas:

1). The horizontal stirrups usually have small tensile
stresses when the failure madﬂnism forms. Occasionally, these
horizontal legs are in compression. Lessig assumed that they
were in tension and that they all reach the yield point.

2 Vi Diagonal cracks on the wider face of the beam extend
pernendicular to the corner into the shorter face. The angle
of the cracks on the shorter faces is freguently much less
than 45 degrees.

3). The dowel acfion which exists in the longitudinal
steel was not consideréd in Lessig's theory. This action was
confirmed, by Hsu, by ﬁeasuring the bending stresses from
diametrically opposite sides of a longitudinal corner bar.

Ly, At ultimate torque, the cracks at the corners and on
the shorter faces are wider than those at the center of the
wider faces, This indicates that the neutral axis about which
the free body rotates is different from what Lessig assumed,

In 1968, Hsﬁ presented a new approach to the analysis of
a reinforced concrete beam subjected to Ttorsion. His theory

involves the assumption of a new surface of failure which is
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compatible with his experimental observations. To study Hsu's
theory, both the behavior of plain concrete beams and reinforced

concrete beams nust be considered.

I. Plain Concrete Rectangular Beams

According torHsu'g paper (9), the surface of failure for
a plain concrete rectangular beam as found in tests is shown
in Fig. 4, Instead of a spiral form, the crack starts from the
middle of one wider face and extends into the two shorter faces
almost perpendicualr to the corner then turns gradually toward
45 degrees as it approaches the opposite wider face. The cracks
on the wider faces are at approximately 45 degrees to the
edges of the face and the failure surface is approximately =2
plane. Furthermore, fhe concrete near the face where the cracks
begin seems to fail in tension but the concrete near the other
face seems to be in compression. These observations indicate
that a concrete beam sﬁbjected to pure torsion fails by bending
action on a plane which is normal +to both the wider faces and
inclined at an angle of ¢ to the beam axis. (See Fig. 5)

The equilibrium equation about the neutral axis can be set
up as

Mg = Typ ° cos @ (21)

This equation can be simplified through the use of the
concept of the modulus of rupture, f,, which is defined as the
value of f calculated by using the flexure equation f=M-y/I,

when 1 is the maximum bending moment in a beam loaded to rupture.
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Using the flexure equation anéd the above definition of the
modulus of rupture we obtain
0
b“ h
Mg = —— s cSC ¢« Ty (22)
wherein, M, - moment about the neutral axis.
Tup - ultimate torque applied to the plain concrete
rectangular beam.
¢ - angle between the assumed fallure surface and the
beam axis.
f. = modulus of rupture of concrete.

combining equation (21) and (22) yields

b? h \
Tup = _Ef__ « fro v (sec ¢ csc d) (23)

Eguation (23) yields the torsional resistance of a bean
which varies as a function of the parameter ¢ . The value of ¢
corresponding to the minumum strength of the beam can be found
by differentiating this equation with respect to ¢ and setting
the differentiated equation equal to zero., This yields the
result, ¢ = 45°,

Consequently,

Tup

]

2 « h v £,/ 3 (24)

The value of f,. in equation (24) is obtained by a flexure
test. It should be reduced, according to Mohr's theory, in
case that perpendicular compression exists. Since perpendicu-

lar compression doés net exist in the flexure test but always



FIG. 4 - FAILURE SURFACE OF 10x15-in. BEAM(Al)
IN HSU'S TESTS -

FAILURE PLANE
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exists in torsion, Hsu applied a reduction factor equal to 0.85
to f.. This factor was obtained from experimen tal data.

Thus, equation (24) is written in the form

Top = 2 « h o« (0.85 £.)/3. ' (25)

A comparison of the results calculated using equation (25)
and the test results is shown in Table I-1l, Appendix I. It
can be seen that the values obtained by this equation are
reasonably close, within- 6 percent, to the test results.

For practical purposes, it is more advantageous to use the
tensile dr compressive strength of concrete rather than the
modulus of rupture. If the relationship between them can be
found, equation (25) can be transformed into a more suitable
form for design purposes. To establish sugh a relationship,

the tensile strength of concrete, fy, is considered first,

Let fr = K .. ft-

Here K is a coefficient which is influenced by many factors.

But of all these factors, the size of the beam and the tensile
strength of the concrete will predominate in determining the
magnitude of this coefficient. The influences of these two fac-
tors are'found from the test results and reported by Hsu (9).

For beams having depths larger than 4 inches, the value of

K is as follows:
7.17 10

L R (26)*
3T 12
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and equation (25) becomes
T, = 2 (b2 + 10) » h 3./ T2 - (26)

For beams having depths between 2 inches and 4 inches, a2 differ-

ent value was obtained.

?ol? 2.“‘ .

K = . (2?)'
e o WE

Typ = 49 3./69 + n 3/ 12 | (27)

The relationship between tensile strength, fi» and com=-
pressive strength, f',, depends on age, water-cement ratio,
mix proportion, moisture conﬁent. etc. But generally, it can

be expressed as
ft =5 Jf'c (28)

Using this expression, equations (26) and (27) are transformed

into a form based on f'y. Egquation (26) yields

7,, = 6 (b2 +10) h 3870 (29)

p

and equation (27) yields
T =14.3 3/35 h 3 £
Equations (29) and (30) are equations for calculating the
ultimate resistance of a plain concrete rectangular beam. A

comparison of the values calculated from equation (29) and
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experimental results was made by Hsu in his paper (9). EHEquation
(29) appears to be acceptable., Egaution (30) is to be used
primarily for model tests. However, Hsu did not check the va-

lidity of this equation.

II. Reinforced Concrete Rectangular Beams

For a reinforced concrete rectangular beam subjected to
pure torgue, the behavior before the concrete cracks is quite
different from the behavior after the concrete cracks. It has
been shown in experiments (10) that before cracking, the beam
will behave just like a plain concrete beam. However, there
are some stresses in the steel prior to cracking, and the torque
which causes cracking will increase as the amdunt of steel

reinforcement increases. The relationship is

in which, Toy = the quantity of torgque when beam cracking was
first seen on the concrete surface.
Dy - the percentage of total steel by volume in the
concrete beam.
Typ — the ultimate resistance of a plain concrete
rectangular beam of the same size.
A8 soon as the cuﬁcrete cracks; the angle of twist of the
beam will continue to increase under a constant torque until

a new state of equilibrium is generated, and the stresses in

the reinforcement increase suddenly during this stage. This



