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0. INTRODUCTION

The last thirty years has seen the incorporation of mathematical
methods within operations research. The earliest operations research
studies are attributed to the British Military in the early part of
World War II (Trefethen, 1954), The formal work in operatioms
research began in the United States in the early 1940's, also with

regard to military problems.
| Within the area of operations research today are mathematical
problems which contain factors that cannot be predicted with certainty,
such as economic demand factors. The mathematical problems with
random variables within operations research now are classified according
to the functiocn to be optimized and computational techniques to solve
the formulations, Problems dealing witlh a linear function which is
to be optimized over a constrained set of variabies are widely used
as economic models, The best known and most widely used procedure
for solving linear programming problems is called the simplex method,
develcped by George Dantzig in 1947 (Hadley, 1962), The simplex
method is an algebraic iterative procedurz which exactly solves any
linear programming problem in a finite number of steps, or gives an
indication of zn unbounded solution.

- With further development of mathematical methods in operations
research various computational techniques were devised. Dynamic
programming is an approach to optimization which can be more generally
employed than a technique such as the simplex method which applies
only to linear objective functions. Dynamic programming is a term

which Bellman coined in the early 1950's for a recursive optimization



technique developed by Beliman and his associates at the RAND Corporation
(Hadley, 1964). The technique developed really refers to the types
of problems to which it can be applied. The application of dynamic
programming to Markovian processes is one area where considerable
work has been done (Howard, 1960). This use of dynamic programming
naturally concerns processes with random variables,

The purpose of this paper is to consider various optimization
problems which have random variates within their formulation and to

indicate some of the available solutions,



1. LINEAR PROGRAMMING

1.1 Problem Formulation

The general problém of linear programming, (LP), is to optimize a
linear function of variables constrained by linear relations (equalities
~ or inequalities). A distinction is made with regard to constraints.
Part or all of the variables are either nonnegative or nonpositive
and all other variables are completely arbitrary. Linear programs
are also divided into various types. Two general types are Integer
Programs where variables are defined over the integers, and those
programs which are defined over the reals., Of interest here will be
those (LP) programs where variables take on real values.

The following is an algebraic formulation of an (LP) problem
of the most general form: -

n
min (or max) z = I

=1 379

subject to (s.t.) the constraints:

n
(1) a,, x, >d_, i=1, ..., p

j£1 13 "3 =%
)

(i1) .. x, =d., i=ptl, 0oy m (1.1}
g 3

(ii1) xj >0, J=1, eess g

{iv} xj arbitrary, ©j =gqtl, ..., n,

where all cj, a,., and di have numerical values,

ij
The following notation will be used for (LP) problems (Simonnard,

1966) unless otherwise specified:



M={1, ..., m}: to be a set of constraint indices
N={1, ..., n}: to be a set of variable indices

M, CH

Nlc N

A

-~

(aij)’ where ieM, jeN: to be a coefficient matrix of

dimension m x n

?j : to be the jth column vector of é

a; * to be the ith row vector of é

f = (xj), jeN: to be a column vector of constants of n components
€= (cj), jeN: to be 2 row vectur of constants of n components

d = (di), ieM: to be a column vector of m components.

Then the general (LP) problem can be stated in matrix form as

min (max) z = ¢ X
(s.t.): a, f‘i di’ iaMl
ai X = di’ isM—Hl (1.2)
x-_l >0, jle

x, arbitrary, jEN—Nl .

Except for the dual problem the development of (LP) problems

is made under the constraint x, > 0 for every j, rather than under

h|
the constraints (iii) and (iv) in (1.1).

Therefore, the general (LP) problem becomes .



min (max} 2z = ¢ X
(s.t): Ax >4 (1.3)

X

jv
o
.

Now every inequality a, x 3_di. or a; x < di can respectively be

replaced by the relations:

s _ s :
5 2w = Ay F LS (.4
or
] g
Gy EF gy agal (1.5

The subtraction or addition of a supplementary non-negative
variable, denoted as a slack variable, is given a coefficient zero
in the function to be optimized, termed the objective function.
Also, the standard form of an (LP) problem generally preferred is
the minimization of the objective function, This minimization can
be obtained from the following relation should the (LP) problem

be stated as the maximum of objective functiom:
minimum £(x) = - maximum {- £(x)] {1.6)

where f£(x) is the linear function to be optimized. Thus, the standard

form for an (LP) problem becomes:

min 2 = ¢ X
- W

(s.t.): Ax=4d (1.7)
x>0

as presented by Erdelyi (1968).



Certain terminology is necessary for further development of the
(LP) problem, Any set of x which satisfies f % 9 is termed a
"solution" to the (LP) problem. Any solution which satisfies x > 0
is termed a "feasible solution'., Any feasible solution which
optimizes {minimizes in our standard form) z = cx is called an
"optimal feasible solution" (Hadley, 1962),

The system of equations A x = 9 is taken to be nonredundant,
that is, p(A) = m<n, Since wm<n we have at least two solutions.
(LP) problems in the cases where m = n and there is & unique solutiom,
or ﬁhere there is nc solution at all are of no interest,

A "basisg" ? of the standard (LP) problem is a set of m linearly
independent fj vectors, Therefore, § is a nonsingular submatrix of
é with p(?) = m, The m xj's associated with § are termed "basic
variables," denoted in matrix form as fB, an m x 1 column vector, The
remaining n-m xj's not associated with the basis are denoted as

; : R
' shown in matrix form as x , an (n~m)} x 1 column

"secondary variables,’
vector, If B is a basis of the standard (LP) problem and xR is

set to 0, then there exists a unique solution to

Bt e d (1.8)

] -~

namely, ' -
I et

The "basic solution" associated with B is

™
1

'

ta,

(1.9)

L
1]

O
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A basic solution is termed "degererate" if there are not m

B ]
components of x . From the basic solution,

3 -

techniques have been developed which make changes of bases until

strictly positive x

the condition for a feasible solution is satisfied, namely
¥ > 0, and then to finally have an optimal feasible sclution. These
methods depend upon an initial basic sclution.

(LP) problems are N-dimensional Euclidean geometry problems.
The n independent variables of the standard (LP) problem are a set

of n elements (xl, Xps s xn) which generate the n-dimensional

Euclidean space. The subspace generated by the set of all points

n .
(xl, »ouiny xn) which satisfy jzl aij xj - di’ i=1], ..., m<nis
the solution space. Development of techniques can then either
follow arguments based upon finite Euclidean geometry or follcow the

notion of linear algebra and matrix theory.

The fundamental thecrem of linear programming can now be stated.

Theorem 1,1: Given an (LP) prcoblem in standard form (1.7),
(1) 4if it has at least one finite feasible solutiom, it has-at
least one basic feasible solution,
(11) 4if it has at least one finite optimal feasible solution, it

has at least one optimal basic feasible solutiom.

The proof can be either from n-dimensional geometry which appeals
to the theory of convex polyhedra (Simonnard, 1966) or by using linear

algebra and matrix theory. The proof given here is the latter method.



Proof of Theorem 1.1, (Simonnard, 1966):

(i) Llet Ax = d be the linear system in standard form (1.7);

~

A is m x n, Consider an arbitrary finite feasible solution, and further
suppose the variables have been ordered such that those which have
positive values are the first k (k<n), and the last (n-k) are all of

zero value, Let Al be the matrix formed by the k first columns of 4,

i.e, Al containg all the positive valued varisbles,

A = (ag, 255 ooy )

Then the finite feasible solution can be written

k
j=z=1 Xj fj = (}l

Two and only two cases are possible:
Case 1: p(Al) = k,
This requires k<m for a solution. The column vectors 215 ceen B

are therefore linearly independent, Let A(m) =

A s coeg @ )

1 %2 ~Cn

1
~
4]

-
0]

be a nonsingular submatirx of A with rank m, There exists at least

(m)

one such matrix since p(A) = m, The m columns of A form a basis
of the m~dimensiocnal space R". The vector aj, j=1, «¢es, k can be

expressed as a linear function of the vectors 2 , 1 =1, ..., m,

-y
)
a = A. a ‘3 j =l. L ] k; A. #0-
= I 33
Therefore, a_ , 8 , easy @ s 8,, & s ssey; & also form
~%1 %2 “a(3-1) "0 %541 ~%m

a basis of R°. So 251 j # i' can be expressed as a linear function

of the new basis



3-1 3
a,y = Z Ao 3 + u, a, + Z Moo 3 5 3V =1, ..,k 3" £ 3
g 2] ij ~ul J - i=4+1 ij -ai

-
s

and one of the A!

Yy # 0, for a 5! and aj are linearly independent, 1f

A;'j' # 0 then a5 can replace a,  in the basis. So, another new

basis is formed for R.

Repeating the process will eventually replace the initial basis

of R , Biv 3y 0 eeey B, with the k vectors 29» 3ys sees B in the
1 2 m
new basis, i.e. (al, sesy 3, 8 s essy & ). The feasible solution

(k+1) ~%n
Kis sves Fpy Fpg = Q5 wsis x = 0 is a basic feasible solution. This

basic feasible solution is degenerate if k<m, If k=m the basic feasible

solution 1s nondegenerate,

Case 2: p(fl) < k.

When k>m this certainly is the case. The vectors 21y 89y crey 3

-

are then linearly dependent by

k
jzl Aj fj = 9, some Aj #0.

Suppose some A, > 0. Then choose r such that

3

P 3
-i-£=min [;-1] g Jells ssuakFs
r j,A.>0 Y]

3
k
Using E xj aj = d , the following relationship can be made:
=1 13-
k A k . x_ k
I(x-—lx)a=2xa-—r21a=d.
j=1 j AI’ r -j j=l j ~j )‘r jsl j '-j -~
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1, ..., k, which forms a new feasible

A
v o _ 3 :
So, let Xj xj lr X 3

solution of not more than (k-1) positive variables, since x; = 0,

If the vectors associated with these positive variaﬁles are still
1ineariy dependent, the operation is repeated, After at most p
operations where p < k - 1 since d # 0, the (k-p) vectors ass;ciated
with the positive variables are linearly independent. These (k-p)
linearly independent vectors revert us back to case 1. If (k-p) < m
then the basic feasible solution is degenerate, and if (k-p) = H the
basic feasible solution is nondegenerate, This completes the proof of

the part (i) Theorem 1,1,

(ii) Consider now an arbitrary but finite optimal feasible solution,

using the notation of the proof of part (i).

Case 1: p(él) = k. As shown in proof of Part (i) Case 1, the
feasible solution is 2 basic feasible solution regardless of being
degenerate or nondegenerate, Therefore, considering an arbitrary
optimal feasible solution under case 1 immediately gives the conclusion

that the optimal feasible solution is an optimal basic feasible solution.

Case 2: p(él) = £ < m<k. Then there exist at least one set of £
column vectors a, of él which are linearly independent, Let the
columm vectors a, be numbered such that the % linearly independent
vectors are the first columns of é ané therefore also of él'
The linear system of equations Ax = f can be reduced to a linear system

-~

containing Xpeh1? Fpa2? vo0r Xy equal to zero and considering
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Kpp1® Fgpnr o0 X 28 parameters, This linear system has a solution

in the variables Xis Xps eees Xy since the rank of the matrix
(al, Bpy eens al) of dimension m by % is 2. The solutions for x, of

dimension & by 1 in the reduced system can be written as

k-1

+ ) B,. X0 3=1, 2, ceey 2. (1.10)

X, = da
17 5

3

Note that uj is determined from the &-dimensional space where the

matrix (al, a R az) is nonsingular of order %; obtained frem the

2’

m by & matrix (al, 8oy =ens az) by setting a., = 0, i = 2+1, ..., m}

ij
j=1,2, ..., L. The reduced system Ax = d is a system of % equations

in £ unknowns., Therefore, x = A_l d and A © d is composed of elements
u‘j’ j = 1) ...,E.
The positive values of X5 i=1, 2, ..., k, in the optimal program

satisfy (1.10). By substituting (1.10) for Xs i=1,2, ...,2; and

zero for x,;, i = k+l, ..., n,in the objective function z = cx, or

i’
n
z= ] ec,x,, the relationship
21 J73
d
kil
z = q, + B, X
0 jo1 3 L+
is obtained as follows:
k

%
z = e, x, + c, X
jzl 373 gz 33

L k-2 k

) jzl oylag * BBy Rpeg) * j£2+1 3%
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2 kil k?l
= a, + c Bae Byrin } Gl Xpo.
0 j=1 h | i=1 ji i 121 i TR
2 k-2 k-2
<o+ 2 1 LT L oeprim
j=1 i=
kiz % kiz
=a, + c.B,.X + c X,
0 1=1 j=1 j i+ i=1 EHLTHL
kgﬂ %
=qa, + x { c.B,, +c_ ..)
0 121 L+ il jii 241
k-2
=a, + ilejx£+i # (1.11)

The objective function then takes on its optimal feasible solution when

the variables X, 4 assume the values for the optimal feasible soclution.

Examining (1,10), if the X, ., 2ssume a value 6x£+i’ new values of

x. result, The Gxi can always be chosen sufficiently small in order

h| +i

for the new x,.values to remain strictly positive since the initial

3

values of the X and of the xj are strictly positive. These new

values then are a new feasible solution along with the values
Xerl = Kpg = 0o T X, T 0. So, 8z from (1.11) has the sign of Bi or

of _Bi’ depending on 6x1+i being positive or negative. Since z is

optimal for 5x£+i =0, ¢+ = +1l, ..., k implies Bi =0, 1 =1, 2, ..0y k-2,
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the optimal feasible solution is z = Gy Thue, the new feasible |
solutibn is still an optimal feasible solution,

From the above argument the scheme is to decfease the variable
Xorq until it or one of the variables xj vanishes, which gives a new
optimal feasible solution with at most (k-1) non-zero variables. The
operations are then repeated until after p or less operations, the
(k-p) vectors associated with the (k-p) positive variables are linearly
independent so that the matrix formed by these vectors is of rank
(k-p). This will certainly occur for p < k-1 for d # 0. Thus, the
method reverts to Case 1 and an optimal feasible solution which is
degenerate if k-p < m, since again by hypothesis p(A) = m,

The proof of Theorem 1.1 being now complete solves from the
theoretical viewpcint the (LP) problem. The number. of bases and there-
fore the number of basic feasible solutions is finite, and from matrix
theory, it is known how to calculate these basic feasible solutioﬁs.

The maximal number of basic solutions is the number of square sub-
matrices‘of order k which can be extracted from él’ where fl is k by
n (suppressing the redundant (m-k) equations), and is given by (:}.

So it is sufficient to compute the value of z corresponding to each
basic feasible solution in order to deduce the optimal feasible soiution.
The geometrical approach to solving (LP) problems is so quickly

limited by the dimensions of the problem that there is little to be
gained by presentation here. Presented without proof is an n-dimensional
analogue to Theorem 1.1, |

If the set of feasible programs is bounded, i.e, (a convex polyhedron
K), there exists at least one extremal point of K whose coordinates

constitute an optimal feasible solution, 7



1.2 Simplex Method., Returning to the maximal number of basic feasible

solutions for a system of m nonredundant equations in n unknowns where
all submatrices of order m are nomsingular, it was noted that the total
number of basic feasible solutions is (:). Since (LP) problems caa
have a large number of equations and many unknowns, the exhaustion of
all basic feasible solutions in order to find the optimal feasible
solution becomes prohibitive, For example, as cited in Simonnard (1966)
a problem of ten equations in twenty unknowns wculd require solution
of 250,000 systems of ten equations in ten unknowns in order to exhaust
all possible basic feasible solutions. For this reason the "Simplex
Method" was developed by G, B, Dantzig to explore directly the set of
basic feasible solutions. Further, the computational experience with
the simplex method shows that for the usual problems where n>m, the
optimal feasible solution is attained with considerably less calculation
than (z). Another aspect of the simplex method is that initially where
nothing is known about the compatibility or redundancy of the equations
the method determines the feasibility of the problem, and if feasible,
finds an initial basic feasible solution., The method also shows
the absence of a finite optimal feasible solution,

Before presentation of the simplex method certain notation will
be given, Consider a general (LP) problem. As previously given it
is always possibie to put the problem in standard form (1.7). The
initial conditions of p(é) = m<n which is necessary and sufficiént
for a consistent system with an infinite number of solutions can no
longer be assumed as a given condition when solving practical problems,
As will be shown it is always possible to avoid calculating the rank

of A and (A, d) by artifically creating an initial basic program,

14
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When considering a basis B of the standard (LP) problem, the
m column vectors of A constituting such a basis will keep the column-
index they originally had in A disregarding the order they are

arranged in B. The set of indices in the order of columms of B are

-~

given as I = {jl, T jm}. So,

B = (ajl, — ajm) = (as}, sel, IeN, N = {1, 2, ..., n}-.

The {n-m) other cclumns of A are denoted as R = (a,), jeJ = N-I.
The m basic variables associated with the columns as, form a column

vector with m elements zB = (xs), sel; the m associated elements of

c with the m basic variables are denoted as anm by 1 column vector

B
¢ = (cs), sel, the secondary variables constitute a column vector of

(a-m) elements xR = (x,), jeJ and the remaining (n-m) elements of ¢
~ ]

-~

form a row vector cR = (c.), jeJ.

b/

After rearranging the columns of A and the rows of x the system

-~

of linear equations can be written as

"R
X

B
B
o = 12, M)

xB B
Sctc:{B’ RJ[..R]= d' [.?R} i 0 »
i ~ x -

- -~

A particular value of z or of the vector x will be denoted as z or X,

-

respectively,

.3
1f {B, R]l}R]ﬂ d is written as BxB + RxR = d and pre-multiplied
-~ b ~x_ - o~ -~

-1 :
by B 7, the result is
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© =B LTd~BLRa (1.12)

A corresponding decomposition of the cbjective function gives

min z = cB xB + cR xR (1.13)

or substituting (1.12) into (1.13) gives

.

min z = cB(B-':L d B—lR xR) + cR xR

= cB B-l d - (cB B-]'R - cR) xR . (1.14)
For a basic solution, setting xR = 0 then
=814
z= cB' B—l da ,
and then (1,12) and (1.14) can be written as
% = §B - B—_l R (1.15)
z=3- (c BR - xR, (1.16) -
An equivalent expression of xB and z 1is
L. ] 7 (L
- - jed -
- B '
z=2z~- (c z xjyj - ): cjxj), (1.18)
- je3 I jeJ
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-1
where % R=Y = Eyl, Tos =ons yn_m] = (yij), ieI, jeld.

Cenoting

zj = cB gj, jed,

another expression for (1.18) becomes

z=1z - ( Z c y.X Z c
je3 ~ 4 37 jed
= E z (z - C )x (1.19)

T B M I

The fundamental theorems of the simplex method are now given.

Theorem 1.2: Given a basic feasible solution associated with a basis
B, if Zy = S 0 and Vi £ 0 for some keJ, then no finite optimal

feasible solution exists.

Proof: Since Vi & 0, it follows from (1,15) of which the starting
basis was xB = §B, another program is obtained by giving x 4 value
>0, Ek’ with the other secondary variables remaining zero. Therefore,
the value of x° must be altered to satisfy %'B = %B - Eka 3_%3, which

is no longer a basic solution since x # 0, The objective function

assumes a new value

¥ = = - =
z z (zk ck)xk
with the result that z+-« as §k++m.

Theorem 1.3: Given a basic feasible solution associated with a basis

B, if for kelJ, zk—ck?o, and if ysk>0 for at least one scI, then a new
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basic feasible sclution may be obtained ty substituting B' for B by

ezchanging a, for & h being defined by

-~

"

- e )
= = min { J s sel
& Yak >0 h’sk

ysk

and is @ new basic pregram giving z a new value E'_g z.

Proof: If the secondary variable X is given the value Ek and the
other secondary variables are zero, the new values of the basic variables

are

x, > 0, sel, keJ,

vz _ o
xs xs Ysk k

From the condition for determining Ek’ x

n? the variable which is to

leave the basis, it is readily seen that Eﬁ = 0 as follows:

-, - %
T

= -y —.—.—-=0'
*» " ™n hk Yhk
Therefore, the variable column vectors of A, acs scl and s # h, associated
with the variables {i;}, sel and s # h and the column vector a, associated
with Ek variable form a new basis B',

The preceding operations then give a new basic feasible solution in

which all variables not associated with B' are zero. The new value of

z is
z' =z - (z - ck)§k_§ z .,

Thecrem 1,4: Given a basic feasible solution associated with a basis

B, a necessary and sufficient condition for this basic feasible solution -
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to be optimal is that z'_j - cj < 0 for every jed,

This follows from (1.19) where z would be the optimal solution to the
objective function since any new value z would be greater than or at
the least equal to z.

When the basis is changed, zj - c, > 0 is usually satisfied for

h]

a subset of J, J Therefore, it is most helpful to chose k so as to

l.
maximize the absolute change in z. Since this change is

*h
w fa e ) e
k “x yhk
with
x x
;k = fﬂﬂ = min fﬁi& , (1.20)
Yhk s/y5k>0 Yk

the maximum (absolute value) of the change in z for keJl is desired,
In the use of the simplex algorithm a simplex criterion is employed:

k is chosen so that

- = max [z, - ¢,] . (1.21)
T % e 37

This does not produce the maximal variation but is simple and in

practice works well., Equation (1.21) is known as the entry criterion,
The simplex algorithm can now be stated:

(1) Determine an initial basic feasible solution xB. Let I be the

-~

index set of columns of A associated with xB, and J =N - I,

Compute B and Y =2 R = vy 3e3.

-~ -~

(2) Compute and test zj = ¢y jeJ, where z
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(i) if zj - cj

is optimal;

< 0 for every jeJ, the feasible solution

(i1) if 25 -

a finite minimal feasible solution does not exist;

>0, and if ¥4 < 0 for at least one jed,

(iii) if zg = > 0, and if vy 1_0, then choose k from the
entry criterion, (1.21), and determine h from the exit
criterion, (1.20),

(3) Let p be the column order of a, in the basis B.

Compute:
. Vel Tk2 Yup-1 1 Tkptl Vi
(1) % = e o =SSy ey ’}7 s ~ s-":"y_"'
-P Yk Txp e Tk Tip kp

(1) J

To = (o210 S0 vees 8p1s Voo Spugs er Sl

where e: - [O, O, se ey 0, 1, 0, son g 0}’ i.e., 1 is the

ith element in the vector.

(iii) (B')'1 = Jp p~1

(iv) = = (B") d
(v Y' = (B")

So the preceding formulae give the change of basis, the new basis, and
the new basic feasible solution., The primes can then be deleted and
the process repeated from (2).

The example to follow and the above development of the simplex

method come from Simonnard (1966) and Erdelyi (1968).



1.3. Example of the Simplex Method.

’x \|
1
minimize z = ¢x = [-3 3 1] X,

-

w
R—

X

34 11151
s.t.: Ax= |8 2 0O xz <d-=
~ 21 1|
3
*
el EA L
G

In standard form after introducing slack variables the (LP) problem

becomes:

G |
2
min z = cx = [-3 3100 0}|*3
= x,
X5
*6
(x,
)
[3 4-110 o] «| [0
s.t.: (82001073 =30
21100 1|x, 8
5
"6}

21
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A basic feasible solution with which to start is x' = [0 0 O 10 30 8],

100
The initial B is then [0 1 0| which is also B-l. Next, the calculation
- 001 - ’

g 34-1
of Y=B8B R gives Y={82 0 |. Then
- T T T 211
z=c¥=[000]Y=1(000] = (2, z, 2]
c =% < 1“2 3

since the coefficients of the secondary variables are zero in the
objective function. To apply the entry criterion each zj - cj is

determined:

z, —¢c, =0 = (=3) =3

z, - ¢c, =0~ (3) =-3
2, - c,=0- (-1) = 1,

which implies, by (1.21) since Yj.ﬁ 0 for each z, ~ e > 0, that x; enters

3

the basis. For the exit criterion, (1.20),

o

e o)
Yh1  s=(4,5,6) Vsl
ysl>0
5
Yk is Va1 from ¥1 < g since X enters the basis ?; so that
4 310 75 30 6
3 8

“?
£
[

“
L
=t

d
)]
-t



Therefore, El = 10/3 and X, leaves the basis, To calculate the new
column vector associated with xl in the basis the column order of

a, in ? is seen to be 1, so computing

. [_}___Z@,.Lyﬂ‘.
Vi Y11 Vi)

gives vi = [1/3 - 8/3 ~ 2/3]

The new value of Jl is

1/3 0 ©
-2/3 0 1
T _1 —l - = 2
So (B") " = J, B = Jl and the first iteration is complete, The second

iteration wbuld procéed in like manner and it becomes evident that some
kind of tableau would facilitate presentation of the iterations. The
simplex tableau for the example is given in Table 1,1 to illustrate as
representative of the structure of a tableau. The optimal basic feasible
solution is %' =.E£§-§-§ 0 0 0) and the minimum value of the abjective
function is z = - 58/5, It has been noted that the simplex algorithm
requires a knowledge of an initial basic feasible solution. Where there
is no knowledge concerming an initial basic feasible solution the

rank of the matriceé é and (%, E) should be found, which could

quite easily be lengthy. Methods by which an initial basic feasible

sclution can be found are known which avoid determining the rank of

the matrix. One method consists of artifically creating an initial



24

TABLE 1.1

Simplex Tableau

cB xB -3 Bﬁl Yk x3/ysk “x %k
Starting Solution 0 X, 10 1 0 O 3 10/3 1

0| x5 | 30 0 1 0 8 30/8

0 [ x4 8 6 0 1 2 8/2
First Iteration -3 Xy 10/311/3 0 O -1/3 ——

0 Xg 10/3 |-8/3 1 O 8/3 10/8

0] x6 4/3 1-2/3 0 1 5/3 4/5 2
Second Iteration -3 X, 18/5 | 1/5 0 1/5

0 Xg 6/5 [~8/5 1 -8/5 <0

-1 | x5 | 4/5|-2/5 0 3/5 )

basic feasible solution. This method is known as "The Method of Penalties"
(Simonnard, 1966; Hadley, 1962) or the "-M technique" (Gue & Thomas,

1968). Another method is known as the "Two-Phase Method” (Simonnard,

1966; Hadley, 1962) where phase I determines if any feasible solutions
exist, and if so calculates a feasible solution. Phase II improves the
feasible solution obtained in the first phase to the optimal feasible
solution. The two-phase method was developed to overcome difficulties
inherent to the method of penalties which is round off error and |

accuracy of the optimal solution.
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The (LP) problem has been defined and the development of the
simplex algorithm has been presented as a method of solving the problem.
There are a number of further considerations of (LP) problems which
could be developed, but defining the problem so that later consideration
of % as a matrix confaining random variables aij is all that is necessary

here, Therefore, dynamic programming will now be developed.
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2, DYNAMIC PROGRAMMING

2.1, Technigque Formulation.

Dynamic programming (DP) refers to a computational method rather
than a particular form of a nonlinear programming procblem, The development
of (BP) will follow that of Newmhauser (1966). (DP) originatad as a
result of studying certain forms of sequential decision problems arising
from inventory theory. Developed by Bellman in the early 1950"s who
coined the name of the computation technique, dynamic programming reduces
a problem of n decisions to n problems of one decision each.

The following notation and terminology will be used:

(i) D= (dl d, sas dn): variables which are termed the inde-

2
pendent or decision variables;

(i) Y = (yl Yo ees yp): parameters which affect the objective
function but are uncontrollsble;

(iii) R: Dependent variables which are functions of the decision
variables and parameters, i.e. R = R(D,Y), and is termed
the return function,

(iv) 5: The region of feasibility or comstraint set generally

represented by

2;(D) }o, i=1, ..., o

|vula

As with the (LP?) problem, any D satisfying the constraints is a
feasible solution, Any optimal solution (D*) is defined as a feasible

solution yielding the greatest possible returm, i.e.
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R(Y) = R(D*, ¥) > R(D, Y), DeS
= max R(D, Y), DeS.
D ,

Basically, (DP) is a transformation from a sequential or multistage
decision process containing many interdependent variables which con-
verts the process into a series of single-stage problems with only a
few variables., The transformation is based on Bellman's "Principle
of Optimality” which Nemhauser (1966) states:

"an optimal set of decisions has the property that whatever the

first decision is, the remaining decisions must be optimal with

respect to the outcome which results from the first decision.”
Bellman's work is generally acknowledged as the foundation of dynamic
programming, From this general approach to (DP) a specific development
is now given.

Consider a system which can be described by a state vector Eo
and the system is to be changed so that it cén be described by a state
vector §H different from §o‘ So the transformation from §o to §H is
desired, or XN = TN (Xb). If there is known a transformation tN which
will change the state of the system XN~1 to X, then it can be rgpresented

a8 X = tN(xN-l)' The systems can be represented as flow diagram;.

XN = 'I‘N (Xo) can be represented as

Xo T, XN

> N > ' (2-1)

A (202)
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If the system is XN = tN(XN_l) then to solve the criginal problem
X, = TN(XO) a transformation is needed to change the system from
Xo to xN—l' If TN-l is such a transformation then the original

problem (2,1) can be represented as

Xo T XN*l tN XN

> | "N-1 >

>

So the equivalence is established by

Xy = Ty (5 = Ty(X),
It is'apparent that the decomposition of (2.1) may possibly continue
if appropriate transformations can be found. Thus, the final result
may be obtained by decomposing (2.1), a problem of N state variables
into N subproblems of one state variable each:

1o By = (%)

2o Xy = 1 Bye2)

- - L] - . - L] L] L] . - (2.3)

Bl Bopq = tn+l(xn>

N-nt+l., Xn = tn(xn—l)

“. Xl L tl(xo)c

The flow diagram for (2,3} is

X X X . X X
[s] t 1 4 %_n—l 5 tn s S tn+1 n+l % ‘XN-Z 5 tN—l 5 tN

v
‘..d




Note, however, that the multistage transformations started with the
final state Xq and proceeded to the initial state Xo through the
& 5

transformations t ., £y ;s «eer t This is known as "backward"

1
recursion, To avoid confusion there is a change of notation so that
- the transformation indices agree with the order of performing the

required transformation, This is done simply by renumbering the
transformations in reverse order, Thus XO becomes the final state and

XH become the initial state, The N subproblems then become

1- XU = tl(xl)
2. X tz(Xz)
(2.4)
R, X _, =t (Xn)
otl, X =t nJhl(xl_ﬁl)
Moo Xy = 5
with a corresponding flow diagram
X X X ( X X
xN) tNXN—l)) ol € 71 "o £ n—ljf%{}.)t °_,.

The N state variable system has been replaced by an equivalent system

containing N one state problems,

Methods for finding the transformations

for the decomposition of the original system and conditions under which
the decomposition can be performed will be stated. Before these con-
siderations, however, a more general form of problems suited to dynamic

programming is presented,

If Equations (2.3) have more than one solution,



