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CHAPTER I
FUGNLAMENTAL CONCEPTS IN TIME SERIES AND STOCHASTIC PROCESS

l.1 Introduction

A time series is a set of observations, discrete or continuous, generated
sequentially in time. They are observed and analyzed with respect to the
statistics of their relation in time., They may be simply or multiple.

An example of a simple, discrete time series is the closing price of IBM
on the New York Stock Exchange, tabulated daily. A simple continuous time
series would be daily temperature readings. An example of a multiple, discrete
time series is the closing price of a1l stocks on the New York Stoclk Exchange,
tabulated daily. A wmultiple, continuous time series might be an infinite
number of slightly different radar frequencies,

Many forecastiing and data analysis techniques are available, through the
exponential smoothing to the spectral analysis and general autoregressive
integrated moving average stochastic process method., The specific problem
under comsideration here is the application of the general autoregressive
integrated moving average stochastic method to simulate the G.N.P. (1939-1976),
Dow Jones Utility Index (8/28/72-12/18/72) and WHBlfer Sunspot Numbers (1770-
1860).

The technigque of parameter driven stochastic modeling has been developed
to represeut and ferecasting many practical time series, in a business situation,
in inventory centrol, in a sclentific phenomenon, in an industrial production
process.,

The general ARIMA process cf parametric stochastic wmodeling can include

most possible models. In practice, it is frequently true that an adequate
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representation of an actual time series can be obtained with a lower order

model. The order of the model is usually not greater than two.

1.2 The Concept of Stationarity

Let the sequence of observations Zj,Zp,.....,Zy be taken at the discrete
and equally spaced time intervals 1,2,.....,, then the joint distribution is

invariant with regard to a displacement in time, that is,

3 e . N (L HPRNRRN.. . (1.2.1)

where t is any point in time and k and m are any pair of positive integers.
The subscripts on the distribution function have been dropped since location
in time is no longer relevant. The property defined by Eq. (1.2.1) is known
as "stationarity".

If we let k = 0, then Eq. (1.2.1) becomes

P(ztj = P(zt ) m = il’ iz’-l-! (1.2.2)

+m

that is, the marginal distribution function for any twe observations are the

same, It follows directly that their expected values are the same
E(Zt) = E(Zt+m) (X.2.3)

and that their variances are the same

V(Z¢) = V(Zt+m) {1a2.5)
Similiarly, for k = 1 we have
P(Zt'zt+1) = P(Zt_}.m,zt_i_m_[_l) m= il' :tz'u--- (1.2-5)

which means that the covariance between Zt and Zt+1 and between zt+m and



Zt+m+1 must be the same. These covariances may be denoted simply by vi-since
their value depends only on the fact that the observation in gquestion are

separated by one period,

1.3 Autocorrelation

Another implication of statiomarity which has an important interpretation
in terms of the behavior of a time series derives from the fact that the auto-
covariance between any two observations depends only on the number of time

periods separating them. Recalling the definition of autecovariance, we have

Yj = C(zt,zf_-+j>
= E[(Z¢ = E2¢) (g4 = Elgyy)]

= E[(zt - u)(ztﬂ - ] (1-3-1)

which indicates that the covariance between observations Z4 and 24y is the
expected product of their derivations from the mean c¢f the precess. In other
words if a higher-than-average observation tends to be followed by another
higher-than-average cbservation j periods later, and likewise for lower-than-
average observation, the autocovariance between Z, and zt+j is positive. But
if a higher-than~-average observation tends to be followed by a lower-than-~
average observation j periods later and vice versa, then the autocovariance is
negative,

The fact that the autocovariance Yj seer: to determine the appearance of a
time series suggests that a statiomary process will display the same general
pattern of behavicr no matter when we cbserve it, The realization (2100"""
Z20p) Will not be exactly the same as (2400,.....2500), but its general appear-
ance will be very similar, Thus in a probabilistic sense history repeats

itself in stationary time series. It might seem appropriate then to characterize



a process simply by displaying the set of covariances Y(Q,Yise.. For purpose
of comparing different series, however, this is not entirely satisfactory

since & difference in the dispersion of the processes, perhaps caused by dif-
ferent scale of measurement, would lead to very different autocovariance. For
example, if sales are measured in hundred of thousands instead of millions of
dollars, all second moments are increased by a factor of 100, Because variance
is a measure of dispersion, comparability is achieved if we standarized the
autocovariance by dividing them all by Yor that is, by transforming ther to
correlations. Such correlations are referred to as "autocorrelation". If we
denote the correlation between Z; and Zt+j by Pys then the set of autocorrela-

tions, often referred to collectively as the "autocorrelation function", is

given by
= Y0
Pg = T_U =1
=11
P ==
Yo
_ Tz (1.3.2)
pa = ?E

P S BSOEEDORESS

Estimates of the autocorrelations of any time series are readily computed
from & data sample, applying first the sample analog of Eq. (1.3.1) to obtain
estimates of the autocovariances. Denoting this estimate of Yj by Cj' we have

then from data Z13Z9seeses,Z7 the estimates

1 &= - -
cy = thl[(zt =2y 2] 3= 12, (1.3.3)

where Z denote the sample mean



ZetI Z (1.3.4)

Using relations Egq. (1.3.2), estimates of the autocorrelations Yy are given

then by

C,

Yj = _Ea:)._ j = 1,2,--.- (1'3’5)

A graph of the y. is referred to as the "sample correlogram’. The sample cor-

J
relogram serves much the sane function in time series analysis as does the
histograr in sampling problems; namely, it is not the final objective of the

analysis but rather provides the basis for choice of a model, suitable to the

data at hand.

l.4 Stochastic Process

A model which describes the probability structure of a sequence of observa-
tions is called a "stochastic process”. A time series of N successive observa-
tions Z' = (Z7,29,..4452y) is regarded as a sample realization, from an infinite
population of such samples, which could have been generated by the process. A
major objective of the population from those of statistical investigations is to
infer properties of the population from those of the sa!;rple. For example, to
make a forecast is to infer the probability distribution of a future observation
from the population, given a sample, Z, of past values. To do this we need ways
of describing stochastic processes and time series, and also need classes of
stochastic models which are capable of describing practically a given occurring
situation,

An important class of stochastic models for describing time series which

has received a great deal of attention, is the so called stationary models



which assume that the process remains in equilibrium about a constant mean

level, However, forecasting has been of particular importance in industry,

business and economics, whick many time series are represented as "non-

stationary" and, in particular, as having no natural mean.



CHAPTER II
STOCHASTIC MODELS AND THEIR FORECASTING

Now, we shall introduce some simple operators which we are going to use

them later on.

1) Backward shift operator B which is defined by DZ, = Zt—l; hence

BRZy = Z¢p
2) Forward shift operator F which is the inverse operation of B, and
is performed by T = B™' giving by FZ, = Zp4;; hence FRZ_ = Z,,
3) Backward difference operator V which can be written in terms of B,
since Vip = Z; ~ Eg ™ 2t - By = (1~ B)Zt
4) Summation operator S which is the inverse of the difference operator
=
V is given by V1z, = 82, = I Z
§=0
= e + 2, + Zgap t oeees

- 2
Zp + BZ + B2Z + ...

(1+B+B2+ ,.....)%

(-3,

2,1 Linear Stationary Model

A general linear stochastic model is described, which suppose a time
series to be a linear aggregation of random shocks. For practical representa-
tion, it is described to employ models which use parameters parsimoniously,
Parsimony may often be achieved by representation of the linear process in
terms of a small number of autoregressive and moving average terms. All the
models for stationary time series that we shall study belong to the general

class of discrete linear stochastic processes.



2.,1.1 Linear Stochastic Process. A stochastic process is a linear

discrete process if each observation Z, may be expressed in the form

Zp = u+ar tyga gyt Va2 F eeees (2.1.1)

where ¢ and wi are fixed parameters and time series ('""!at-llat’at+l""")
is a sequence of identically and independently distributed random disturbance

2

with mean zero and variance o7, often referred to as '"white noise". The pro-

cess is linear because the Zy are a linear combination of the current and past

disturbance.
The model in Eq. (2.1.1) implies that Qt = Z, - u can be written alter-

nately as a weighted sum of past values of the Z's, plus an added shock 8ps

that is
N % ™
Zt - 'lzt_l <+ 'ﬂzzt_z + sonwe T at
=
= 1 n (2-1.2)
julﬂjzt_j + a,

The alternative form Eq. (2.1.2) may be thought of as one where the current
deviation Z,, from the level u, is "regressed" on past deviations Z,_j, Z;-2,
eesss Of the process. The relationship between the 7 weights and ¢ weights

can be expressed by equation
n(B) = v"L(B) (2:1.3)

The relationship in Eq. (2.1.3) may be used to derive the 7 weights, knowing

the y weights, and vice versa,



Given a particular linear process, that is, particular values for the
parameters, how can we verify that the process is stationarv? First of all,
the mean and variance-covariance matrix must exist and be invariant with respect

to time. The mean of the process is simply given by
E(zt) = l-l + E{at + wlat"l + ....t) (2.1.&)

ow, it is attempting to evaluate the expectation of the infinite sum by taking
tie sur of expectations of individual terms as one would take the expectation of
a finite sum of random variables. This, however, is not a gemerally valid pro-
cedure; rather, it requires (from integral calculus) chat

(-4

Ewi=1(
i=0
where Yo =1 {2.1.5)

K = some finite number

-4

if condition on eq. (2.1.5) is satisfied, then the summation I vy is said to
i=0

converge and the mean of the process is E(Zt) = |

If we observed the evolution of the process over time, we could notice that it
fluctrated around the value p taking trips away from that value but always
returning to that neighborhood. Note that the mean of the process does not
depend on t, which satisfied one requirement of stationmarity.

The variance of the process is easily derived directly from its definition

as follows:
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Yo = ElZ, - E@2p)1?

EIat + I:Jlat_l + cca-o]z

= E[at2 ¥ ¢1Zat-12 4+ +eee.] + E (cross-product tern)

=02 I y§ (2.1.6)

The derivziion is meaningful only if the mean of the process exists and the
sum i§0¢iz cenverges, It is important to see why only the square terms con-
tribu;e to the final answer and expectation of the cross-product term is zero,
Sirnce the mean of any a,_; 1is zero, E(at_iz) is the variance of a,_j, namely
ﬁ%, and E(at-iat-j)' vhen i # j, is the covariance between a¢_y and Bt-j and
therefore zerc by the independence of the disturbances.

The covariance between Z, and, say, zt-j' is easily derived in a similer

fashion;

=2
fl

j = El2g = @Iz, 5 = E(Zeop)]

[

Eifag + ¥3a, 9 + «eu)(aps + Vid, 5.1 * -

E[(vsa,_% + (V1¥:,q8 _2) + ...)] + E(cross-product)
J7t=3 i+l 1

t=j

2 o
= Ua(\l’j + 11“'11) ov-)

. +
J+1

«
2
oy L

VeV s MY
g

[« 4

which is meaningful only if I ¢, ¥j44 exists. WNote that neither the variance
i=0
nor the covariances depends on t, again a requirement of stationarity.

An example will clarify the yoints made so far. Consider the process

Zt = L+ gy + Ga._1 + ¢23t_2 F ssense (2.1,8)

where ¢ is some fraction, that is, |w|<l. Eq. (2.1.8) satisfies the stationarity



i1

condition b wi = K, since wi = ¢i and
i=(

-4 1 1
T Y, = Lo" = 2o (2.1.9)
1=0 *  1=0 1=¢

The mean of the process then is u. The variance is readily shown to be

2
2 Oa

1-¢2

(2.1.10)

and similarly the autocovariances are

. 2o

T3 " Tl (2.1.11)

Now suppose |¢| is 1 or greater, say equal to 1 exactly, so that (letting

¥ = 0 for convenience)

zt = at + at_l <+ at-z + ssesavw (2.1.12)

Clearly, the process is nonstationary since the sum I vy = Q+1+1+....)
i=0

does not converge, and it is also clear that there is no point in attempting to
compute variances or autocovariances since i§0¢iwi+j = (l+1+1+...) also
does not converge.

We now consider a restriction applied to the 7 weights to ensure what is
called "invertibility", The invertibility condition is independent of the
stationarity condition and is applicable alsc to the nonstationary linear models

which will be discussed later on.

To illustrate the basic idea of invertibility, consider again the model
A
be = (1 - 6B)a; (2.1.,13)

Expressing the a's in terms of the Z's, eq. (2.1.13) becomes
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a, = (1 - 6B) . A
1 n
= 1+ 68+ 0282 4+ ...+ ok 2 - o BkHL)-1Y
that is
LA - i Ky k+1
Zp = =62, - 0Z, - ...-0%  +a -ea 2100

and, if |6|<1, on letting k tend to infinity, we obtain the infinite series

2'\;
- e z = sesesn + at (2.1.15)

y a
Zt = - SZt__ t—2

1

The 7 weights of the model in the form of eq. (2.1.2), are Ty == 6. Whatever
the value of 6, eq. (2.1.13) defines a perfectly proper stationary process.
However if |6|>1, the current deviation Z in eq. (2.1.14) depends on %t-l’
%t-Z’ cssay %t-k’ with weights which increase as k increases. We avoid this
situation by requiring that |8|<l. We shall then say that the series is invert-
ible, We see that this condition is satisfied if the series

pipd
0

n(B) = (1 - 6B)"L =

B 1 R

3

coverage for all |B|<l, that is on or within the unit circle,
In summary, a linear process is "stationary" if ¢(B) converges on, or

within the unjt circle.

2,1,2 Autoregressive Model. A stochastic model which the current value of

the process is expressed as a finite, linear aggregate of previous values of the
n 4"
process and a shock a,. Let Zgy Z4 7, Zt__2 be values of a process, Z,, zt-l’

v
Zt-2 be deviations from u. t, t=1l, t=2 are equally spaced time intervals, Then

Z Z Z Z 2 6
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is referred to as an "auto-regressive process' of order p or AR(p).

If we define an autoregressive operator of order p by

¢(B) = 1 - ¢;B - ¢252 - seee = ¢pgp

then the model may be written ecomomically as

4
. T
¢(B)ut a,

The model contains p + 2 unknown parameters u, ¢1, $9s seey ¢p’ 02 which in
practice have to be estimate from data. The additional parameter Ui is the
variance of white noise process a,.

It is not difficult to see that the autoregressive model is a special
case of eq., (2.1.1). For example, we can eliminate Z,.; from right hand side

of eq. (2.1.16) by substituting

4"

Z ‘ + 6.2 7
t-l - let_z ¢2l—- + sese +

3 2 + a
“pt-p

t

fu
we can likewise substitute fur zt-2' and so on, to yield eventually an infinite

series in the a's. Symbolically, we have
¥
Q(B)Zt = a,

is equivalent to

n,
Zt = ¥(B)a,

with

w(B) = ¢~ ()

Autoregressive process can be stationary or non-stationary., For the pro-

cess to be stationary, the ¢'s must be chosen so that the weight ¥, Yo veee,
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in y¢(B) = ¢"l(B) form a convergent series., For illustration, consider AR(1)
model

(1 - ;)% = a,

may be written

-4

ny _ _ -1 - j
Z, = (1 - ¢;B)a, jfo¢lat_j

Hence

b = A - ¢, B = 1 ¢fp] (2.1.17)
j=0
we have seen in section 2,1,1 that for stationmarity, ¢(B) must converge for
|B|<1. From eq. (2.1.17) we see that this implies that parameter 61, of an
AR(1) process, must satisfy the condition I¢1|<l to ensure stationarity, no
restrictions are required on the parameters of AR process to ensure inverti-
bility.
An important recurrence relation for the autocorrelation function for a

stationary autoregressive process is found by multiplying throughout in

Y oe o 0T, o+ > 2
t = ¢12t-1 ¢2 t=2 . szt_p + at

N
by Z,_, to obtain

}'ﬁ' %'zb +§§f - . 2 7 +'z\' (2,1.18)
R L T T 7 P B g R e O S i

On taking expected values in eq. (2.1.16), we obtain the difference equation
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4"
Hote E[zt-kat] vanishes when k > 0, since zt_k can only involve the shocks a.

J
up to time t-k, which are uncorrelated with a,. On dividing through in

eq. (2.1.19) by Yge it is seen that the autocorrelation function satisfies the

same form of difference equation

Pr = ¢ka_1 + ¢2°k~2 + oeee. F ¢ppk-p k>0 (2.1.20)

If we substitute k=1, 2, ..., p in eq. (2.,1.20), we obtain a set of linear

equations for ¢1, ¢2, R ¢p in terms of P1s Pos eens pp, that is
Gl = &1 + ¢291 + se BB ae + ¢PDP_1
pz ¢lpl =+ ¢2 + wvesas T ¢ppp_2
L . * L 3 LI B O - (2-1021)

- L L] - -

pp - ¢lpp_l + ¢29P-2 + (E R NN N + ¢p
These are usually called the Yule-Walker equations [20], [21]. We obtain Yule-

7alker estimates of the parameters by replacing the thecretical autocorrelation

Pk by the estimated autocorrelations Yie® If we write

F P r -
¢2 Dz pl 1 pl see pp_z
= L] = L] P = » - L]
¢ L3 pp » P L] L] [ ] LN R ]
¢ e p 1 Pp=2 Pp=3 ==+ 1
t.pJ L.p.J l.p- P P J

the solution of eq. (2.1.21) for the parameters in terms of autocorrelations

may be written

= P- (201022
¢ B )
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when k = 0 in eq., (2.1.18), we have

. 2
= : + ases : +
YO ¢lY—l + ‘Pz'f_z + @.PY_p G,
. 2 s , 2
On dividing throughout by Yo = Oz and substituting Y = Yoo the variance Uz

may be written

B of (2.1.23)
1 - pl¢1 - p2¢2 = eseeens ™ Pp¢p

In general, the autocorrelation function of a stationary autoregressive process
gqill consist of a mixture of damped exponentials and damped sine waves,
Initially, we may not know which order of autoregressive process to fit
to an observed time series. The partial autocorrelation function denote by ¢y,
is a device which exploits the fact that whereas an AR(p) process has an auto=-
correlation function which is infinite in extent, it can by its very nature be
described in terms of p non-zero functions of the autocorrelation. Denote by
¢k., the jth coefficient in an autoregressive process of order k, so that ¢y

J
is the last coefficieat. Egq. (2.1.20}, ¢y satisfies the set of equations

p. = +

seawae + + . T = 1 2 — k 2.1.24
J ¢kipj...l ¢k(k_1)pj_k_1 ¢kkp]-k J ' “ ’ ( )

leading to the Yule-Walker equation (2.1.21) which may be written

~ ' ~ - -

65 t  f Pye2 k2 Pa

- . N . . = . (2.1.25)
p . pk— [¢] - sene 1 ¢ P
Lk 1 2 k=3 J L Lk-d
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Solving these equations for k=1, 2, 3, ...., successively, we obtain

¢11 = P1
1 pl
Py 2 by = ci
1 Py 1l - pi
Py 1
1 D ¢
1 1
o1 1 o, (2.1.26)

P2 1 i

S B
L T

Pa N 1

In general, for Pryer the determinant in the numerator has the same elements
as that in the demominator, but with the last column replaced by py. The quan-
tity ¢yi» regarded as a function of the lag k, is called the partial autocorrela-
tion function. For an autoregressive process of order p the partial autocorrela=-
tion function Lo will be non-zerc for k less than or equal to p and zere for k
greater than p. In other words, the partial autocorrelation function of a pth
order autoregressive process has a cutoff after lag p.

We now discuss one of the two particularly important autoregressive pro-

cesses, namely the first-order autoregressive (lMarkov) process

a, i)
Zp = 612,y T 3y

= p
at + ¢lat_l + ¢lat"2 e (RN RN (2.1-27)
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witere ¢y must satisfy the condition -1 < ¢q < 1l for the process to be statiomary
Pr = 1Pk S B

which, with fg = 1, has the sclution
o = 9% k>0

As shown in Figure 2,1, the autocorrelation function decays expomnentially to
zero when ¢; is positive, but decays exponentially to zero and oscillates in

sign when ¢, is negative, it will be noted that

Pp =%
The variance of the process is

of

NN

- % (2.1.28)
1"91¢'1 1-¢i

\ /\/Ju\/\’\ 2/
V L

<

4"

Y W
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Theoretical Autocorrelation Functiomns

Fipure 2.1. Realizations from first-order autoregressive processes and

their corresponding theoretical autocorrelation functions
For AR(2) process, to achieve the stationarity, the roots of
2
¢(B) = 1 - ¢;B -~ 9,87 =0

must lie outside the unit circle, which implies that the parameters ¢, and ¢2

must lie in the triangular region

9y + 6, <1
@2"¢1<1

-1 « ¢, < 1

Substituting p = 2 in Eq. (2.1.21), the Yule~-Walker equations are

Py = %1 * e9Py
which,

1) when solved for ¢l and @2, give
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_ P1(1~p2)
“1 l-py

2
P2=P]1
¢, = 2
Py
Chart B,2 in Appendix B allows values él and ¢, to be read off for amy

given values of p, andrﬁz.

2) When solved for Py and py in terms of Py and po, for a stationary AR(2)

process, must lie in the region

-l<p1<1
—]_(‘Jz(l

p2 < i(py + 1)

Y
2,1.3 oving Average Model. If we made Z, linearly dependent on a

finite number q of previous a's, Thus

£Y]

is called 2 "moving average process or order q" or simply MA(qg).

If we defined a2 "moving average operator of order q" by

B(B) = 1 i elB - 82B2 ™ sese - Bqu
then the model may be written economically as
0
Zt = (B)at
It contains q + 2 unknown parameters i, 91 - Bq, ci, which in practice have

to be estimated from the data., The parameters B eees Bq must ensure the
invertibility of the MA(q) process, no restrictions are needed on the para-

meters of the moving average process to ensure stationarity.
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The autocorrelation function for a MA(gq) process is

' k=1, 2, sue3q

w i 2 2 2
Py ( LA ET e aq (2.1.30)

H
L0 k>gq

From eq., (2,1.29) we see that the autocorrelation function of a MA(gq) process
is zero, beyond the order q, of the process. In other words, the autocorrela-
tion function of a MA{(q) has cut-off at lag q.

For Ma(l), 8, must lie in the ramge -1 < 6, < 1 for the process to be

1
invertible. However, the process is of course stationary for all values of 67.
Table B.l in Appendix B allows for 6; to be read off over the whole range of

pessible values -.5 < py < ,5. For MA(2), it 1is stationary for all values of

61 and 8,. However, it is invertible only if the roots of the characteristic

equation

2
1—613—823=0

lie outsiZe the unit circle, that is

92"'31<1

-1<8, <1

These are parallel to the conditions required for statiomarity of an AR(2)

process. Using eq. (2.1.30), the autocorrelation function is



22

Dl = ﬁel(l _ 82)
1+ 6,7 + 02
~69
52 =
1+ 612 + e%
P = 0 k>3

Thus the autocorrelation function has a cut-off at lag 2.
It follows that the first two autocorrelations of an invertible MA(2) pro-

cess must lie with the area bound by segment eof curves

I

]
.
wn

92"'91"'
p2 = pl = =D

2
P

4p2(l - 292)

Chart B.2 in Appendix B allows 8, and 82 to be read off over the whole range

of Pl and Pye

2,1.4 Mixed Autoregressive-Moving Average Process. To achieve greater

flexibility in fitting of actual time series, it is sometimes advantageocus to
include both autoregressive and moving average term in model, This leads to

the mixed autoregressive-moving average model

n Y Y
zt - ¢lﬁt_l F ese + ¢pzt_p L g at = elat_l = ses = eqat-q (2.1.31)
or

¢(B)Z, = 8(B)a,

where ¢(B) and 8(B) are polynomials of degree p and q, in B, This is referred

to as an ARMA(p,q) process.
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It is obvicus that moving average terms on the right of eq. (2.1.31) will
not affect the argument of Section 2.1.2, which establishes condition for
stationarity of an autoregressive process, Thus, ¢{B)Et = g(B)ay will define
a stationary process, provided that the ¢(2) = 0 has all its roots lying outside
the unit circle. Similarly, the roots of 8(B) = 0 must lie outside the unit
circle if the process is to be invertible,

The autocorrelation function of ARMA process may be derived by a method
similar to that used for the AR process in Section 2,1.,2. On multiplying the
throughout by Et-k in eg. (2.1.,31) and computing the expectation, we see that

the autocovariance function satisfies the difference equation

q
{2,1,32)
where Yzalk) = 0 when k > 0
Tza(k) £ 0 when k < 0
We see that eq. (2.1,32) implies
and hence

Thus, for the ARMA(p,q) process, there will be q autocorrelations
Pgs Pg=ls =3 Py whose values depend directly, through eq. (2.1.32), on the
choice of the g moving average parameters 6, as used as on the p autoregressive

parameters ¢. Also, the p values Pqs Pg=ls *+* Pgptl provide the necessary



