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CHAPTER 1

INTRODUCTION

Many industrial and management problems involve maximization or
minimization of functions of several variables. The values of the
variables which give a maximum or minimum value of a function of several

variables are called the optimum values and are of vital importance in

™

Br@ctice. A wide variety of efficient search techniques has been de-
véloped for finding mathematically the maximum or minimum of such a
function, However, in order to use these methods, a.mathematical model
to express the functional relationship in terms of the variables is
required., Very often, for a practical problem, this relationship is
quite complex and it is not possible or feasible to build a rigorous
mathematical model for it., Such a relationship is sometimes cobtainable
only from actual experimentation.

A situation like this can best be handled by a powerful technique
known as a Response Surface Methodology (RSM), developed by Box and
Wilson [1,2,3,4,9]. 1In this technique, an optimum point is found by
experimentation, which in general is an iterative procedure. An experi-
mental iteration consists of a postulation of a mathematical model,
selection of an experimental design and analysis of data., Very possibly
the analysis of an initial set of data suggests the need for either
further experimentation or a modification of the current model or both.
Thus a cycle is initiated which is repeated as often as necessary to

reach a satisfactory conclusion.



In practice, however, experimentation is often costly and time-
consuming, RSM uses a sequential experimentation and requires a number
of experiments. Thus, on the whole, process of finding optimum values
of variables may involve excessive cost and time.

This process of whole experimentation, however, can be simulated
beforehand to minimize the number of required experiments and to provide
a guide-line for the actual experimentation. This simulation can be
carried out with the help of high-speed digital computers with much ease
and comparatively at much less cost., This helps in obtaining infor-
mation about the number of experiments to be carried out, and time and
money involved etec,

The purpose of this report is twofold, First is to develop a
computer program to obtain an optimum point which minimizes (maximizes)
a given function of multi-dimensional variables using Response Surface
Methodology., Second is to use the method in carrying out a computer
simulation of optimal control of the integrafed human thermal system,

This report first describes the response surface methodology. The
method consists of two phases, Starting from any point in the experi-
mental region, phase one brings the point within a "striking distance"
of the optimum point, while phase two further leads to the actual optimum
point. 1In doing so, in general, an efficient design of experiment is
needed, An efficient design of experiment not only minimizes the number
of experiments, but also provides the required information with maximum
precision.

A simple two-dimensional production scheduling problem is then

solved to illustrate the use of the method. This problem has been solved



by other methods such as the Hooke and Jeeves pattern search [7], se-
quential simplex pattern search [5], and conjugate gradient [8], The
results compare well with those by all the above methods.

The report thenhdeals with the optimization of the integrated
human thermal system. When the environment is too hot and it is not
feasible to cool the environment, the next best alternative is to cool
the man, This cooling can be done b; circulating coolant in the network
of tubes which are held in contact with the surface of skin, and con-
ducting heat away from the body. The cooling device is to maintain the
‘human body in a state of thermoneutrality by properly controlling its
operating variables (the coolant temperature and the coolant flow rates),
The operating efforts of controling the cooling devices should be min-
imized,

A study on modeling, simulation, and optimal control of aﬁ inte-
grated human thermal system has been carried out by Hsu [6]. The inte-
grated human thermal system is formulated by incorporating an éxternal
thermal regulation device into a human thermal systém. In Hsu's work [6]
a mathematical model representing the integréted System; and an optimal
control problem have been formulated. The well-developed linear pro-
gramming technique has been employed for obtaining the optimal control
variables of the cooling devices, Hsu's optimal control problem can be
solved experimentally at the KSU-ASHRAE test facility. In the present
study the optimal control problem is solved by numerical experimentation
(simulation) using the response .surface methodology. Mathematical models

developed in Hsu's work [6] are employed in the present work.
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CHAPTER 2
RESPONSE SURFACE METHODOLOGY

2.1 STATEMENT OF THE PROBLEM

If, in the k-dimensional space, a function S of k variables

K13 Koy seey Fp is given by

8 = ¢ (%75 X5 ooy %), (1)

then the problem is to find, in the minimum number of experimental iter-
ations, the point (xls’ Kys sees xks) within the experimental region

at which S is maximum or minimum,

2.2 DESCRIPTION OF THE METHOD

In this method, an optimum point is sought by sequential experi-
mentation, The iterative procedure of the experimentation is started
from any point chosen in the region under consideration. In the neigh-
borhood of this point enough experiments are perforﬁed. This enables
one to fit, by the method of least squares, a polynomial approximation
of sufficient order to provide a local representation of the surface.
This knowledge of the "local geography" of the region is used to proceed
to a further region at which higher order responses are expected. Further
experiments are performed in this region, and the whole process is re-
peated until no further gain is achieved [2].

The starting point is usually not near the optimum point. To start
with, therefore, a pol&nomial approximation of the first order is employed

to represent the local surface passing through this point. This provides



not only the simplicity but also the economy in experimentation in the
sense that comparatively less number of points are required to fit a
first degree curve. This assumption would be abandonded and a second
order approximation adopted only when the first order approximating
function had proved inadequate [2].

Based on the order of approximate function, the method can he
divided into two phases. Phase one employs a linear approximation whereas
phase two employs a quadratic one. Phase one, by linear approximation,
provides a rapid progress from the starting base point, which is usually
far from the optimum, to a point within "striking distance" of it [3],
while phase two, by a quadratic approximation of surface, leads the

further progress to the actual optimum point,

2,3. PHASE ONE
Phase one can be started from any point in the region of the k-

dimensional space. A suitable design of experiments is employed, trials
are carried out and data are obtained in order to know the local nature
of the surface. For most cases, the best design among the first order
designs is provided by Zk factorial design, where k denotes the number
of variables [see Appendix A]. A polynomial of the first degree is then
fitted to this data by the method of least squares. The surface is thus

represented locally by a plane
X (2)

where y is the value of function S, called response, at a point

(xl, Xps seey xk) in the space. A considerable advance "up (down) the



hill" can be made by following the calculated path of steepest ascent
{descent) which corresponds to altering each variable x5 in proportion
to its estimated first derivative Bi [3]. A search is carried out along
this direction starting from the base point at the centre of the design
till a point is reached where no further improvement is possible. How-
ever, since the calculated path is not likely to pass through or very
near the optimum, it is probable that still considerable further progress
can be made by another iteration. The provisional optimum point obtained
in the iteration becomes a base point for the following iteration and the
whole process is repeated. Eventually a point is reached which is near
the optimum, The surface contours near the optimum become non-linear,
Hence, at this point; the approximation of a surface as a plane does not
hold good any longer. Phase one ends at this stage. The region obtained
at the end of phase one is called "near-optimum" region.
The steps to be carried out in phase one can be summarized as
follows: i
1. Select a startiﬁg point (xl, Xps sees xk) in the experimental
region,
2. Construct a factorial design of Zk type with the starting point
as the base.
3. Evaluate the objective function S at the design points by
equation (1).

4, Fit a first degree curve



to the data at design points by the method of least squares.
This curve represents the equation of the plane passing
through the base point.

5, Determine tﬂe direction of steepest ascent (descent) from the

equation of the plane, The gradient in x, direction is pro-

i
portional to Bi-'

6. Proceed up (down) in the direction of steepest ascent (descent),
i,e,, vary each variable X in proportion to first order
derivative Bi'

7. Evaluate objective function S at the trial points till a point
is reached where no further improvement in the objective
function is possible,

8. Choose a base point of maximum (minimum) response from the
trials performed in step (7). Construct a new 2k'factoria1
design at this base point.

9. Repeat steps (3) through (7) till no further progress is possible
over an iteration. At this point an approximation of the first
degree of polynomial does not hold good and hence no further
progress is possible., This region is called a "near-stationary"

region and phase one ends at this stage.

2.4 EXPLANATION OF PHASE ONE (THEORETICAL BACKGROUND)

In order to know the "local geography" of the region around any
point, information in the close neighborhood of the point is obtained,
this information being the resﬁonses at the points. A close neighborhood
around a point can be defined by a set of points lying on a hypersphere

with the center at the point and radius as a sufficiently small distance
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chosen at will., Then the direction at that point on which points of higher
(lower) response is given by joining the point to another point on the
hypersphere at which the response is maximum (minimum), This direction

is called the direction of steepest ascent (descent).

Thus, if 0 is the point at which the direction of steepest ascent
(descent) is required, and P is the point of maximum (minimum) response
among all the points lying on the hypersphere of center 0 and a suffic-
iently small radius r, then the line OP, joining points 0 and P gives
the required direction of steepest ascent,

It can be shown that the point P is one of the points at which the
hypersphere touches a response contour [1], In other words, if 0 is
assumed as the origin, then the co-ordinates of P are proportional to
the first order derivatives at P, assumed not all zero. [see Appendix B].

However, in general, the derivatives at P are unknown. But these
derivatives can be expressed by their Taylor's series expansion about

the origin.

39(P) _ 3¢(0) . _3 (22805
X 1

th X ox

N TON
t t 1 Xt

*2

2 2
b yrnt o [L OO, 2, b 29O, 2

9x 2 9x 2 2
t Bxl t sz
2 926(0)
+ s + BXt (ax]-axz xl xz] + LI t = l, 2, eway k (3)

or in the form



11

Lo

k
s ' ,
¢t(P) = [Dt{szo (t£1 D, xt) / s.}]cb (0) (4)

where ¢t and D, stand for derivatives with respect to variable x The

t.
term on the right hand side of equation (4) is obtained by expanding
the expression in the square bracket, operating on ¢ and evaluating at 0,

If only the first order terms are considered and the second and higher

order terms are neglected, then equation (4) can be written as
$.(P) = ¢.(0), tm Y Py gens K (5)

This is equivalent to saying that the surface contour ¢(0) passing
through 0 is a plane, The direction of steepest ascent (descent) is
then given by the first order derivatives at 0, ¢t(0).

Thus, in order to know the direction of steepest ascent (descent),
it is necessary to determine the equation of the plane and the values of
the first order derivatives at 0, This is achieved by obtaining an
equation by the method of least squares [see Appendix C]. ¢(0), the
surface passing through the point 0, then can be expressed by the re-

gression equation

k
y=By+ I By (6)
i=1

The B's in this equation represent the required first order derivatives
of the response function at the origin.

Equation (5) can now be written as

$ (P} = B, tw 1y 35 ausg B (N
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In the close neighborhood of 0, defined by a hypersphere of sufficiently
small radius r and center 0, the maximum (minimum) response will then be
obtained at the point whose co-ordinates are proportional to 8's. This
point lies on the difection of steepest ascent (descent).

By successive application of equation (7), it is possible to find
a point of higher (lower) response, as long as the surfaces at trial
points can be represented by equatioﬁ (6). A new equation is necessary
where this equation does not hold good to represent a surface at the
point under consideration.

When a point near optimum is reached, the non-linear response
surface around such a point can no longer be approximated by a first order

equation. Hence phase one ends at this stage.

2,5 PHASE TWO

Phase two starts from the point where phase one ends. Comparatively
more detailed experiments are required in this phase than in the pre-
vious one because of approximation of a surface by a higher degree (second
degree) polynomial,

The maximum (minimum) point attained at the end of phase one becomes
the base point for the first iteration of phase two, A suitable design
of experiment is chosen and a number of points around the base point
are selected. For most cases, among the second-order designs, composite
designs provide the best designs [see Appendix D]. Objective functions
are then evaluated at these experimental points and the following second
degree curve is fitted to theseVAata.

y =By + 1By x, + Zfsij X X ' (8)
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where y is the value of function S at a point (xl, Xy snes xk). This
represents a response surface passing through the base point.

It may take a variety of forms such as spheroid, ellipsoid, hyper-
boid or paraboid. It is usually quite impossible to appreciate the nature
of the fitted surface by inspection%of the values of co-efficients Bi and
aij' The nature of system is, however, made readily apparent if conic
form is reduced to canonical form,

This consists essentially of shifting the origin to the center of
the curve and rotating the co—ordinate axes so that they correspond to
the axes of the conic [see Appendix E]. When reduced to a canonical

form, equation (8) appears as

Y - Ys =-Al Xi + 12 Xg + e.n +_ik Xﬁ
or
2 2
¥=¥ = 121 A Xy (9
where YS = value of f at the centre
li = co-efficients
Xi = principal axes of the conic

This canonical form does the same function for phase two as does
the direction of steepést ascent (descent) for phase one. Equation (9)
shows the loss (or gain) of response on moving from the centre point.
Thus if all li are negative (or positive), the centre point becomes the
maximum (minimum) point, Whereas if one or more A's arerpositive (neg-

ative), surface is elliptic hyperboloid and would possess a col instead
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of a true maximum (minimum) and if one or more A's are or approach to

zero, surface would become elliptic or hyperbolic cylinders and possess

a ridge.
The

follows:

steps to be carried out in this phase can be summarized as

Construct a suitable composite design around the point attained

at the end of phase one.

Evaluate objective function S at the design points.

Fit a second degree curve

y = BO + zBi x; + zzsij xij xj

to the data of step (2), by the method of least squares.

Reduce the above conical form to a canonical form

- 2
Y, = %

Observe the signs of all A's, If all are negative, the

stationary point of the curve represents the mipnimum point,

I1f some or all A's are positive or zero, no optimum point

exists.

2,6 COMPUTER PROGRAM

A FORTRAN computer program is developed for this method.

The user is required to provide the following values in the main

program -

K
SVAL

!

No, of variables

Starting values for variables



STEP Step sizes for variables

FSTEP

Final step sizes for variable.

In additional to this, a user has to provide a subroutine
OBJECT (S,X). The détailed instructions regarding the use of computer
program are included in the program itself. The logical flow chart is

given in Appendix F, and FORTRAN statements in Appendix G,

-

15
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CHAPTER 3
OPTIMAL PRODUCTION SCHEDULING PROBLEM

3.1 INTRODUCTION
To illustrate the response surface methodology, a two-dimensional
production scheduling problem [1,2,3] is considered here. The problem

and its solution are described in details.

3.2 PRODUCTION SCHEDULING AND INVENTORY CONTROL PROBLEM

To illustrate the method a simple production scheduling problem has
been considered. This problem is a multi-periods production scheduling
problem in which the objective is to minimize the operating cost for the
planning period. The total cost is composed of the production cost and
the inventory cost. The costs for changing the production level and for

carrying inventory are given by

C(xn - xn_l)2 = cost due to change in production level

from the {(n-1)th period to the n-th period,

2
D(E - In) = inventory cost at the n-th period,

where C, D and E are positive constants, and X, and In are the production
level and the inventory level at the n~th period respectively.
The problem is to find Xs B = 1, 2, ..., N which minimize the total

cost f defined by

3 2 2
£= 7 [C&x, - x )7+ DE-1I)7] (1)
n=1
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where

In = In—l + *n "~ Qn’ B =1y By wang N

provided that x., I, and Qn’ n=1, 2, ...., N are given. Xgs IO’ and

0* ~0
Q_ are the production at the initial period, the inventory at the initial
n
period, and the sales at the n-th period, respectively,
A two period system is considered in a numerical illustration. The

two decision variables Xy and X, have been determined so that the following

cost function is minimized.
£(x,,%,) = C(x,-x.)% + D(E-I.)% + C(x.~x,)2 + D(E-I,)2 (2)
1*72 170 71 271 2
where
I = In + x - Qn’ n=1, 2 (3)

The constants C, D, and E, the demand Qn’ n =1, 2, the initial production

level Xy and the initial inventory level IO’ are as follows:

c = 100, D = 20, E = 10,
Q = 30, I, = 12,
Q= 10,  x,=15.

Using equation (3) and the values given above, we have

2 2 2 2
f(xl,xz) = 100(xl—15) + 20(28—x1) + 100(x2—xl) + 20(38~xl—x2)

(4)
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3.3 SOLUTION BY RESPONSE SURFACE METHODOLOGY

To illustrate the procedure, contour lines for equal values of the
total cost given by equation (4) are shown in Fig. 1. Also presented in
the figure are the steps of the response surface methodology described in
the preceeding chapter, Details of the output of solution from computer
are presented in Appendix H.

The starting base point is (5,10) with a 22 factorial design. The
step size for the factorial design is (2,2) and the final step size is
(0.1,0.1). The objective function S is evaluated at these design points
as well as the center point (base point)., The co-ordinates of the points

and the functional value at these points are

Point Co-ordinates Objective
No. (xl, x2) Function S
1 (3, 8) 43,980
2 (3, 12) 45,580
3 (7, 8 25,900
4 (7, 12) 24,940
5 (5, 10) , 33,660

From these data a first degree curve is fitted as

y = 58,212 - 4,840 % + 80 x

This represents the equétiou of a response surface (a plane) passing

5
through x~ (5, 10). The gradient-components of steepest descent-in the
direction of x; and x, are in proportion of -4,840 to 80. The negative

sign of the coefficient of X shows a decrease in y with increase in X
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whereas the positive sign of the coefficient of Xy shows an increase in y
with increase in Xy The step sizeiof the searching in the direction

of the steepest descent is then (+2,000, -0,033). The step size is in
the same proportion of +4,840 to -80, the reversal of signs is due to
minimization, The next trial point is x6 (7,00, 9.97) and its functional
value is 24,948, The trial point x6 (7.00, 9.,97) is better than the base
point x5 (5, 10). The searching is, therefore, continued in the same
direction with the same step size of searching. The new trial point
becomes x7 (9.0, 9.93). The procedure is continued till a point is found
where no further improvement is possible. The results of the procedure

are summarized below.

Point No, Co-ordinates Objective Function Remarks
(x5 x,)

5 ( 5.00, 10.00) 33,660,00 Base point
6 ( 7.00, 9.97) 24,948,00 Successful
7 ( 9.00, 9.,93) 18,177;53 ~ Successful
8 (11.00, 9.90) 13,348, 44 Successful
9 (13.00, 9.87) 10,460,777 Successful
10 (15.00, 9.83) 9,514,50 Successful
11 (17.00, 9.80) 10,509. 66 Failed,

The functional value at point xll (17.00, 9.80) is no better than
that at the previous trial point xlo (15.00, 9.83), hence experiment 1
ends providing xlo (15.00, 9.83) as a new base point for the next experi-

ment,
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In the second experiment, again a 22 factorial design is constructed
around the base point, xlo (15.00, 9.83). Functional values (data) are
evaluated at these design points as well as at the base point (trial
numbers 12 through lé). An equation of the plane fitted to these data

is

y = 26,207 - 13,54 X - 1,559.60 Xy

From the coefficients of tbe variables, the searching step size is de-
terﬁined as (0.017, 2,00). It is in proportion of.13.54 to 1559.60,
Searching in the steepest descent direction is carried out using this
searching step size, (.017, 2,00). Trials 17, 18 and 19 show improvement
in the functional value, whereas trial 20 yields no improvement., Then
experiment 2 ends and the trial point xlg (15.05, 15,83) becomes the

base point for experiment 3. Again, a 22 factorial design is constructed
around the base point xlg (15.05, 15.83), The objective functions are
evaluated, an equation of a plane is fitted to the data and the step

size for search is calculated. The trial point x26-(l7.05, 16,10) yields
better results, but the next trial point x27 (19.05, 16,37) fails, The
x26 may become a base point for the next experiment, however, one of the
factorial design points XZA (17.05, 17.83) is found-to yield better re-
sults than the point x26. Hence x24 becomes a base point for experiment
4 where trials 28 through 32 determine the equation of the plane passing
through the base point, x24 = x32 (17.05, 17.83). The step size for
search is calculated as (2.00, -0.207). The first trial point x33
(19.05, 17.63), howevef, does not yield a better functional value than

that at the base point x32. This is an indication that the searching
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step size is too large, hence the new searching step size becomes
(1.00, -0.104), With this step size, the next trial point.x34 (18,05,
17.73) yields a better result than that at the base point., With the
failure of the following trial point, x35 (19.05, 17.63), eventually
x34 becomes a new base point for the following experiment. Experiment 5
starts with x34 = x40 (18.05, 17.73) as the base point. The step size
for the factorial design is kept unaltered as (2,2); however, the step
size for searching is a half of the original step size. This gives the
searching step size as (-1.000, 0,813). The first trial point x41 (17.05,
18.54) does not yield a better result than the base point x34 = x40 (18.05,
17.73), indicating that the step size for searching is too large. Thé
new searching step size, therefore, becomes (-0.500, 0.407). This yields
a better point x42 (17.55, 18.14) which eventually becomes the base point
for experiment 6, Experiment 6 further reduces the searching step size
from (0.5, 0.5) to (0.25, 0.25) and experiment 7 from (0.25, 0,25) to
(0.125, 0.125), This size combined with the direction of steepest descent
makes searching step size as (0.125, -0,039) in the following experiment 8,
In the first trial, no better point than the base X64 of the experiment
is found. Reducing the step size to a half would have made its value
0.0625 which is less than 0.1, the final step size. At this stage, the
locally best point is x64 (17.75, 18.21) with a functional value of
2961,85. Phase one ends providing this point x64 (17,75, 18.21) as the
base point for phase tw-o.

For phase two, a central composite design with o = 2 is chosen.
This requires a total of 9 points including the base point. The objective

functions are evaluated at these points, x66 through x745 A second degree
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curve fitted to these data is
y = 68,624 - 5,724 x) - 1,612 X,

2 2
+ 241 x| - 158 X%, + 122 x2

This represents a second degree curve (one of the curves from family of
conics such as circle, ellipse, parabola or hyperbola) around the base
point x70 (17.75, 18.21). The center of this curve is at x75 €17.79,
18.16) with functional value of 2961,03. This is better than the base
point. The base point for experiment 2 is then taken as the above center
point, x75. A central composite design with ﬁ = 2 is again constructed
around this base pqint. Objective functions are evaluated at these points
x76 through x84 and a second degree curve fitted. The equation of the

curve is

y = 102,144 - 7,648 x, - 3.472 X,

i

+ 271 x2

1= 108 x

' 3
1%y T+ 152 x,. -

The center of this curve is found as XSS (17.80, 18,18) with a functional
value of 2960.89, which is better than the base point xBO = x75. The
third experiment is performed with this center, x85 (17.80, 18.18) as

the base. A central composite design with o = 2 is constructed around
this base point. Objective functions are evaluated and a second degree
curve fitted. The center of this curve is found as x95 (17.79, 18,16)
with functional value as 2961,04 which is no better than the base point
x85 = x90 (17.80, 18,18). This failure ends the phase two.

The sclution can be summarized as
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Starting point ( 5,00, 10.00)

Optimal point (17.80, 18,18)

Optimal value 2960.89

No, of functionai
} = 95

value evaluated

Table 1 shows and compares the optimal results of two-dimensional pro-
duction scheduling problem obtained by Hooke and Jeeve's pattern search
method [2], the sequential pattern search method [1], and the method of
conjugate gradients [3]. The optimal values of the production rates

differ slightly, although the minimum costs are almost identical.
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Fig. 1 Response Surface Methodology Applied to Production Scheduling
Problem Involving Two Decision Variables (continued).
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Response Surface Methodology Applied to Production Scheduling

Problem Involving Two Decision Variables

Fig. 1.



