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INTRODUCTION

Whenever new ideas or concepts in mathematics have been intro-
duced there has been a subsequent rearrangement of the curricular con-
tent of mathematics, Much discussion and questioning began when geometry
was included in the elementary mathematics curriculum,

Brief contact with geometry, in the sense of working with cir-
cles, rectangles, and squares and contact with some of the basic con-
cepts in art work, had been experienced by elementary school children
prior to the inclusion of geometry in the mathematiecs curriculum, With
the inclusion of geometry in the mathematies curriculum the children were
able to ses it as a mathematical area, with properties, definitions, and
conditions to be dealt with in reference to all mathematical concepts,

According to Egsgard (5) a large number of our elementary teach=
ers looked back to geometry as a study of deductive proofs about proper-
ties of plane figures using the method established by Euclid more than
1500 years ago. They never really understood the principle of deductive
proof and, therefore, were afraid to even think of teaching geometry to
their students, '

Their fears have been alleviated, to some degree, for the
geometry of the elementary school deals primarily with observable planar
and spatial relationships, The world is full of these relationships,
Doesn't symmetry exist in many plant leaves? Weren't geometric shapes
used in the construction of the classroom? Children are able to see
and discover such concepts but basic geometric groundwork is a necessary
part of their discovery process,



"Introducing them Lthe children] to the idea of geometry as
being concerned with shape and size in the material world will help
them to realize and appreciate that mathematics is samething‘that plays
an important role in the world in which we live" (Egsgard, 5:478).

The study of geometry should also prepare them for better
adjustment to the abstractions which they must make when they deal
with geometry in high school,

In no way can we say that the task of the elementary teacher,
who is introducing the child to the world of mathematics, is an easy
one but it can be a very rewarding one,

Geometry is with us, it is important, and it can be fun for
both the student and the teacher, As Robinson said: "Geometry can
extend and enrich the study of arithmetic® (9:3),

Andre Revuz has stated some principles which he feels can serve
as landmarks to guide the teaching of geometry from situations to the-
ories, Several of these hold particular interest for the elesmentary
teacher, Revuz has first stated that geometry is not to be taught
separately but in connection with all parts of mathematics, He alse
stated that the teaching of geometry rmust begin in the kindergarten for
it is sure that children very easily and spontaneously build models of
spatial relationships at an early age, He also feels that it is impor-
tant to allow the children to undertake deduction when they are ready
for it, not at an age we define for them,

Elementary teachers have a responsibility to take note of
aspects of geometry which are being taught in the elementary schools,
Once the aspects of geometry being taught are determined, the elemen-

tary teachers must decide if these aspects are too general or not



3
extensive enough to help children get a complete picture of mathematies,
The total 'elementary mathematies program helping prepare the children
for situations they will meet throughout later years,

The available research should help teachers reach decisions
and conclusions about what is being tried at the various elementary
levels and provide them with methods for determining how students are
progressing in developing a geometric awareness, The teacher is then
provided with a place from which tec guide further development,

PURPOSE

The purpose of this study is threefold., 1, There will be iden-
tification of the geometric concepts of concern to those who ha.v;e cone-
ducted the research reviewed, 2, The conclusions the researchers have
reached and the methods and procedures they have used will be compared,
3. Based on the study of these reports general recommendations for
inclusion of certain geometric concepts at the elementary level will

be ma-deo

KINDERGARTEN AND FIRST GRADE STUDIES

Two studies concerned with kindergarten and first grade children
were available for review,

Starlin, dealing with first grade children was attempting to
identify "gifted® chi].di'an. meaning those having high inherent ability,
who could then serve as peser tutors., His m_ethod of identification was
the ability to identify seven geometric figures, not commonly presented

at this level.



4
Rea and Reys working with kindergarten children were interested
in glving teachers a base on which to build appropriate learning acti-
vities, The children's geometric capabilities regarding vocamkry,
shape matching, spatial relationships, and geometric reproductions as
identified on the Comprehensive Mathematies Inventory proved most inter-

esting,

Starlin's Stu
As previously mentioned Starlin (11) chose identification of

the pentagon, hexagon, octagon, diamond, trapezoid, parallelogram, and
ellipse because most first graders don't know the names, and the identi-
fication of these shapes 15 not usually a part of a first grade curri-

culum,

First grade subjects, Starlin's subjects were ten boys and ten
girls in the self contained class of Mrs, Starlin, during the 1967-1968
school year, It should be noted that because of the relationship existe

ing between the researcher and the teacher some bias may be present,

Procedure and findings, The study was undertaken using flash
cards of the pentagon, hexagon, octagon, diamond, trapezoid, éllipse,
and parallelogram, A Standard Behavior chart was used for charting the
frequency of the students! responses,

For five days a one minute sample of each child!s responses was
recorded, Results at the end of five days showed Dru, one of the stu-
dents, two to four correct per minute; four others, one to two correct
per minute; and the other fifteen, zero to two correct per minute,

On the baslis of this Dru was identified as the first peer tutor,

Before the tutoring began Starlin tried to increase Dru's mean number



of correct responses per minute from three to thirty, This was to
demonstrate the feasibility of inecreasing the academic performance of
a gifted" student,

For seventeen days Dru's regular teacher spent five minutes a
day teaching her the figures she did not know, This consisted of
equating numbers with the prefixes, when possible, and drill, Occa-
sional praise was an integral part of these sessions and within the
first week her middle frequency reached thirty per minute,

Dru then began tutoring and she used the same techniques which
had been used with her, She spent fifteen minutes a day with her group
of four pupils and after five days all knew the seven figures,

As'an added incentive before these four new tutors began work
with their groups they were told that if everyone learned the seven
figures there would be an ice cream party. Eighteen days from Dru's
beginning work with her group every student knew the names of the figures,
They also improved in their frequency of correct responses per minute,

It was determined that the ice cream party did serve as a favor-
able stimulus for all.

Conclusions, Starlin concluded that on the basis of His results
it is feasible to teach geometric figures, at least the seven used, in
the first grade, More importantly, the results suggest that the feasi-
bility of introducing first graders to some of the curricular areas
traditionally presented at higher levels be explored, '

Rea and Reys Study

Rea and Reys felt that because of the influence of the world

today on people of all ages particularly young children, findings
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concerning the abilities of entering kindergarten children from sﬁudies
conducted over a year before their study were questionable (7).

They also noted that few instruments which will provide a base-
line of data for developing programs and materials for these children
have been produced,

After reviewing contemporary mathematics programs for kinder-
garten children, Rea and Reys decided to provide teachers with informa-
tion which they might use in planning appropriate learning activities
for these children,

Kindergarten subjects. Seven hundred and twenty-seven entering
kindergarten children, in metropolitan St., Louis, were used in the sam-
ple, They were selected from thirty kindergartens broadly representa-

tive of subpopulations found in modern urban areas,

Procedure and findings, Data were gathered through the use of
the Comprehensive Mathematics Inventory, experimental form, which was

administered during the first full week of school. The instrument is
divided into two parts and the total testing time 1s forty minutes, The
following were the outcomes of the geometry subtest,

The questions on the subtest were classified as shape matching,
vocabulary, and spatial relationships, or geometriec reproductions., For
reference the subtest has been included in Appendix A,

Matching shapes was found to be the easiest part of the test
for the children, with 97 percent answering the most difficult item
correctly,

Two kinds of questions were asked on the vocabulary section,
to label a geometric shape and to identify parts of a geometric shape,
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Although over 50 percent could correctly label a circle and a
square, only 23 percent could correctlyrlabel a triangle, rectangle,
and diamond. In identification of parts of the shapes 80 percent were
able to correctly identify lines, sides, and corners, The researchers
felt it noteworthy that there was a higher percentage on the second
question. .

Spatial relations questions were corfectly answered by over
half of the subjects. The researchers felt that problems encountered
in determining the number of sides or corners were inherent in counting
abilities, although it was noted that the side omitted by the child was
the one closest to him, '

In the final section at least 80 percent of the children were
ab1§ to draw paiallel and perpendicular lines after viewing pictures of
them, Thelr dexterity in drawing simple geometric figures was noted

to be adequate,

Conclusions, From these findings the researchers concluded
that children entering school definitely possess many intuitive notions
of geometry that are essential for further learning and that this would

be an appropriate area to begin planning learning activities for them,

Comparison of Starlin and Rea and Reys Studies

While Starlin's study was limited to rote work it did indicate
that first grade children sre capable of making associations of numere
ical concepts and properties of geometric figures,

Rea and Reys' study gave definite evidence that the study of
shapes and spatial relationships, vocabulary, and geometric reproduc=-

tion is possible at the kindergarten level, These findings might



provide a base on which to investigate Starlin's suggestion that a
study of other topics for use with first graders is necessary,

Transfer of the findings to all kindergarten and first grade
children may prove difficult, Rea and Reys did lidentify and attempt
to some degree to randomize their subjects but they also qualified
their findings by saying ". . ., these findings should not be indiscrim-
inatingly applied to a particular school district, school, or class-
room" (7:390), Starlin, however, made no mention of student background
or assessment,

Of sdded interest is the fact that Rea and Reys used no type
of instruction before the test was given. This would imply that child-
ren bring with them a wealth of information which if properly directed
will assist them in their fulfillment of a quest for knowledge,

It was also noted that Starlin used extraneous rewards while
Rea and Reys employed none.

The methods used in both studles were clearly identified and
provide us with a basis for knowing how their conclusions were made,
One shortcoming in the procedure of Rea and Reys was in not stating if
the test was administered on a one to one basis or in groups, There
was also no mention made of the validity and reliability of the instru-
ment,

The recording and interpretation of data was a weakness in
both studies, It was perhaps the intent of the researchers, however,
to present the data, so that it would be fully understoocd by the people
who would be primarily interested in thelr findings, these being kine
dergarten and first grade teachers, who may not have & firm baegground

in the interpretation of statistical informatien,



If attention was given to possible existing extraneous vari-
ables in either study no mention was made,

FOURTH, FIFTH, AND SIXTH GRADE STUDIES

While there were no studies available for review dealing with
seco£d and third grade exclusively there were three available which
dealt with fourth, fifth, and sixth grade students,

Weaver was concerned with identifying levels of geometric
understanding by using an instrument which he had developed, His pre-
mise was that the instrument would be sensitive to the identification
of the different levels of understanding centering about the ability
to classify plane geometric figures in terms of non-disjoint categories
on the basis of common characteristics or properties (13:322), The
categories he used were: polygon, quadrilateral, rectangle, simple
closed curve, square, and triangle, Each of the twelve figures used
was identified according to the categories listed by a yes, no, or not
sure answer, The latter was inecluded as an indication of relative
unfamiliarity with a particular classification of geometric figures.
An example from the inventory Weaver used and all of the figures used
can be found in Appendix B,

D'Augustine sought to investigate some factors which might
serve as predictors of predetermined levels of success with respect to
selected topics in geometry and point set topology when taught through
a programmed text which he had developed,

The third study, that of Demmark and Karlin, dealt exclusively

with the feasibility of teaching geometric construction at this level,
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Their st;udy was limited to only one fifth grade class but their find

ings do suggest that more extensive work is indeed feasible,

Weaver Prelimin Stu

To explore the feasibility of developing his inventory, ﬁeaver
worked with samples of fourth, fifth, and sixth grade children; ele=-
mentary education majors in preservice training programs; and elementary
school teachers in ineservice education programs, In a description of
his pilot study Weaver chose to report the results from three groups
of in-service teachers,

Group A was con_posad almost exclusively of elementary teachers,
All were registered in a university course in informal geometry., The
inventory was administered about midway through their course, all items
on the inventory having been introduced and discussed,

Group B was predominantly elementary teachers from the same
suburban school system participating in a year'!s in-service program led
by a mathematics educator from a nearby university., The inventory was
administered approximately four months after the group had had an orien=-
tation session on geometry and they had made progress in updating their
mathematies program,

Group C was also primarily elementary teachers participating in
a year'!s ineservice program, The inventory was administered near the
end of the program before a limited amount of work with informal geometry
was introduced, They were also involved in the early stages of updating
their mathematics program,

The hypothesis stated was: Opportunity to learn was a highly
crucial factor in determining level of group performance on the inven-
tory.
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Weaver (13) surmised on the basis of the groups that A dafin;-
itely had the greatest opportunity to learn with the most systematic
experience, while B had a greater opportunity than C in terms of planned
study and exposure to geometric ideas through textbooks used in ele-
mentary school classrooms.

Using the formula D = Rx.ay/m, the mean difference between
corresponding item ranks was comput';ed. It was found that for B and C,
D =1,42; for A and C, U = 3,17; and for A and B, D = 3,25, Thus B and
C agree more closely in rank order of mean rights, For the mean mumber
of right responses on each chss:l.f’ication.. calculated using U = Rx-RyIG,
it was found that for Band C, U = 0,67; for A and C, D = 1,67; and for
A and B, D = 1,33, Again finding that B and C agree more closely, The
percentage norms for total scores of seventy, seventy-one, or seventy-
two, this being the highest possible, were 57 percent for A, 32 percent
for B, and 5 percent for C. |

Thus it was concluded that difference in opportunity to learn
was directly related to difference in performance on the inventory and
the hypothesis was retained,

The principle significance of the inventory is not in measuring
achievement, per se, rather its principle significance is felt to be
more disgnostic in nature in connection with the identification of
degrees or levels of understanding for groups or classes and for indivi-
duals,

Weaver's Study
Eight months later Weaver (14%) conducted a study involving

fourth, fifth, and sixth grade students, He sought to discover if his

inventory was sensitive to differences in the understanding of pupils
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who have had relatively much instruection in non-metric geometry and
those who have had 1ittle instruction. He also hoped to discover if
pupil performance on the inventory was in any way related to grade

level,

Weaver subjects, For his study he selected two districts and

from each drew three classes of a conventlonal and three classes of a
contemporary program, The districts and the classes were selected to
provide diversity rather than homogeneity within a total sample, The
diversity was further reflected in that the three conventionals in
District A had specialist teachers, The conventional classes all had
1little instruction in non-metric geometry while the contemporary classes

had much,

Procedure and findings, The inventory was administered by

each teacher following a standardized set of instructions, during the
seven to ten weeks prior to the close of the school year,

Tables illustrating the response mean rights follow (14:687-
688).

One should note that for the contemporary program in District A
the fifth grade mean falls well below the fourth while the sixth grade
mean reaches very close to the ceiling of the test,

The conventionals in District B show no corresponding trend to
the same group in A, while the contemporaries show a steady decrease
in mean rights, again n’o.t correlating to the same group in A,

For the contemporary programs in both districts there is a
markedly higher mean rights at each grade lével than for the conven-

tional programs,



TABLE I

RESPONSE MEAN RIGHTS BY GRADE, DISTRICT, AND
PROGRAM FOR TOTAL INVENTORY

13

District Program Grade N Mean Right
A Conventional L AN 35.2
A Conventional 5 27 36.6
A Conventional 6 19 37.5
A Contemporary 4 27 56,3
A Contemporary 5 33 44,9
A Contemporary 6 29 66,1
B Conventional b4 33 36,6
B Conventional 5 29 42,6
B Conventional 6 30 33.9
B Contemporary b 31 63.4
B Contemporary 5 33 58.9
B Contemporary 6 17 55.2

i
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Conclusions. The inventory indicates that subjects exposed to
a contemporary program do score higher than those exposed to a conven=
tional program, This #nppurts the hypothesis from the prel:\ﬁinary
study, that opportunity to learn does affect performance on the inven-
tory., No clear trend between grade level and level of geometric under-
standing was evidenced,

| Weaver has also concluded that this investigation has emphasized
the .importance of questions or hypotheses in connection with research
in mathematiecs education,

This led him to a conjecture regarding the single factor most
eritical in accounting for observed difference in mean rights, His
follow up statement about this conjecture was most unique and will be
given further attention in the comparison of the three studies in this

section,

D'Augustine!s Studies

As stated earlier D'Augustine used a programmed text which he
had developed, The text itself developed the concepts of points and
sets of points, and by a logical sequential structure the properties
of lines, line segments, collinearity, and broken lines evolved, From
these it was hoped the properties of simple .closed curves, convexity
and non-convexity, boundedness, and interior and exterior would be
developed, By extension of these properties the properties of various
polygons could be established,

In his pilot study D'Augustine (2) used a sample of thirteen
boys and thirteen girls randomly assigned to a sixth grade class,
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They spent one hour for five consecutive days using the text
developed by the researcher, At the end of this period a test was admin-
istered and on the basis of scores students were classified as to pre-
determined levels of success, Nine showed excellent success, eight
moderate success, and nine limited success,

An analysis of the test items showed these topics to be highly
teachable: interior, exterior, and boundary points; congruency; simple
closed curves; properties and definition of a triangle; collinearity;
countable and uncountable sets of points; properties of lines and line
segments; and properties of broken lines,

The researcher felt that the programmed unit proved to be a
highly efficient experimental tool but it did have a limitation in that
each student did not receive a wide variety of instructional techniques
to assist in his mastery of the concepts explored (2:412),

Feeling the very definite need for further study of this topic,
D'Augustine undertook an extensive research project in this area two
years later, He was attempting to discover factors which relate to a
student's achievement with geometric topics and at what grade levels
certain topics are learned with a high degree of efficiency in terms of
time and expended effort, "

D!'Augustine subjects. The study consisted of all fifth and
sixth grade students from Leonard Wesson Elementary School and all
seventh grade students :from Richards Junior High, both located in
Tallahassee, Florida, In tﬁis report only the findings for the fifth
and sixth grade students are being considered,

Three cells or groups were formed at each grade level, with

thirty students placed in each cell using a table of random numbers,
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Procedure and findings. The students had pursued a standard

curriculum for their grade and pretests gave no evidence of their familw
jarity with the topics to be studied, |

The group in one of the three cells, designated control, received
a pretest and posttest but no instruction in the topics of geometry and
topolegy. Another group, randomly designated group T, received thirty
minute daily sessions in the programmed text, while the group, randomly
designated F, received fifty minute daily sessions,

The programmed text was basically the one developed in the pre-
liminary study previously described, The researcher did note that there
were sequences of development beginning with the concept of path, fol-
lowed by investigation of properties of geometrical figures and culmin-
ating in the study of properties of squares, rectangles, and parallelo-
grams, The emphasis being to cause the students to discover what pro-
perties are necessary to receive a sﬁeciﬁc class name,

This implies that during the tweo year lapse between studies
attention was given to a refinement of the text,

A linear hypothesls model program was used to test these hypo-
theses: There are no significant differences in the mean levels of
achievement on the criterion posttest attributable to differences in
working time; sex; or grade levels after mean criterion posttests have
been adjusted to Mental Age, Chronological Age, Reading Ability, and
Arithmetic Ability,

Several combinations of the covariates is possible but as far
as the population studied was concerned only Reading Ability and Arith-
metic Ability had significant effects upon various experimental mean
posttest scores, Mental Age and Chronological Age had no significant
effect,
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On the basis of the data obtained none of the hypotheses relat-
ing to treatments could be rejected,

An analysis of the mean completion time represented the first
non=linear setl of means found in the study, The sixth grade thirty
minute group was most efficient in terms of completion time while the
fifty minute fifth grade cell proved to be least efficient,

The hypothesis tested was: There are no significant differences
in the mean levels of completion time for any experimental cell,

The results of the Analysis of Variance caused rejection at
almost every level of comparison, The only difference not significant
at the ,05 level for the groups being considered here was for the thirty
minute fifth grade group and the fifty minute sixth grade group,

Conclusions. The researcher felt that the shorter working
periods proved most effective at each grade level and if covariate aﬁjust-
ment is allowed the programmed text proved to be most efficient at the
sixth grade level (3:197).

On the basis of this study it was shown that Reading Ability and
Arithmetic Ability do serve as factors relating te a student's achieve-
ment with certain geometrical and topological topics and in terms of
time and expended effort it appears that there is a higher degree of
efficiency for short periods of instruetion,

Denmark and Karlin's Study

In seeking an answer to their guery sbout teaching geometric
construction to intermediate grade children Demmark and Karlin (4) were

investigating the children's intellectual maturity for learning the
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geometric concepts and the presence of the necessary muscular skills

required to perform certain constructions,

Denmark and Karlin subjects. Their population consisted of
one fifth grade class from the University School of Florida State

University, There were fourteen boys and fourteen girls randomly
assigned with no attempt made to group,

They followed a course standard in most Florida schools, btut
it is important to note that on the basis of th§ California Test Bureau
Test administered at the beginning of the year the mean I.Q, was found
to be 126, with the mean Reading Ability at the 7.4 level, Language
Ability at the 6.5 level, and Arithmetic Ability at the 6.6 level,

Procedure and findings, The class used two worktexts developed

by Hawley and Suppes, These contain instructibn in some of the basic
Euclidean constructions with compass and straightedge,

Each student was allowed to work at hls own rate in class meet-
ings of approximately fifty minutes, Anecdotal records were kept by
twelve undergraduate students who were assigned two to three students
grouped by the teacher on a homogeneous basis according to ability and
Mental Age to date,

On the average the students required several weeks to complete
both books., As a book was completed a specifically written criterion
test was administered,

The first test contained questions requiring the students to
construct an equivalent triangle with given base and fixed vertex; con-
struct clircles with radii less than, greater than, or equal to a given

distance; bisect angles and line segments; compare size of angles and



