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CHAPTER I
INTRODUCTION

A life support system is a system for creating, maintaining, and con-
trolling an enviromment so as to permit personnel to functiaﬁ efficiently.
The control of temperature is perhaps the most important role of the life
support system, This report contains the results of the investigation
on the optimum temperature control of life support systems by means of
the modern control theory.

The need for providing an automatic control system to an air-conditioning
system has long been recognized [19, 28]. It is also a well known fact
that use of automatic control is necessary for the life support system
of a space cabin or submariﬁe or underground shelter [29, 30]. It appears
that analysis and synthesis of the control systems for the air-conditioning
and life support systems have so far been carried out by the classical
approach [19, 28, 29, 30]. This approach is essentially a trial and error
procedure or a disturbance-response (or input-output) approach. Extensive
use is made of the transform methods such as the Laplace transform (s-domain)},
Fourier transform (w-domain), and z-transform (discrete time-domain)., Even
though mathematics is extensively used, the classical approaqh is essentially
an empirical one [27].

| In recen; years, an approach to the analysis and synthesis of a control
system, which is distinctly different from the classical one, has been
developed. This modern approach is generally called the modern (optimal)
control theory [2, 8, 21, 22, 24, 25, 27]. It is based on the state-space

characterization of a system, The state space is the abstract space whose



coordinates are the state properties of the system or the variables which
define the characteristics of the system [27]. This approach involves
mainly maximization or minimization of an objective function (functional)
which is a function of state and control variables which are in turn
functions of time and/or distance coordinate. The objective function is
specified, constraints are imposed on the state and decision variables,
and an optimal control policy is determined by extremizing the objectivé
function by means of mathematical techniques such as the calculus of
variations, maximum prinéiple, and dynamic programming [2, 9, 24], This
modern approach is entirely theoretical in the sense that no trial and
error procedure is involved in "adjusting the controller".

There are reasons to believe that the classical approach suffices
in the analyses and syntheses of the control systems for a majority of
air-conditioning and life support systems because usually the requirements
are not extremely critical and specifications are not very -tight. It is,
therefore, justifiable that most of the comtrol and dynamic investigations
be based on the classical approach. There is, however, a certain in-
centive in applying the modern approach to analysis and synthesis of
automatic environmental control systems in spacecrafts, submarines, under-
ground civil defense shelters and certain medical facilities. In these
systems, very strigent requirements in the response time, control effort,
etc are imposed; For example, the control system of a space-craft must
have an extremely small response time and furthermore, the amount of
energy-rEquifed for the control must be very small because of the weight

limitation imposed on the space-craft.



Modern control theory has been applied to life support systems in
{10, 11, 12, 13, 14, 15]. In [11], the mathematical models representing
several different systems have been derived., In [12], modern control
tileory has been applied to minimum time problems, where the heat dis-
turbance is considered to have an impulse form, The resultant control
is of bang-bang type. The maximum principle has been advantageously
applied to evaluate the number of switching points of the bang-bang
control policy via the switching function and adjoint vector. Bellman [3]
has proved that the number of switching points is one less than the
dimension of the problem., In [13] the optimal control of a system with
equality state variable constraints imposed at the end of the control
period is considered., The problems of controlling a system with con-
straints imposed on the state variable have been dealt with in [14]., In
[15] some aspects of sensitivity analysis have been discussed,

The system considered in this report consists of a confined space.
subjected to a heat disturbance and a heat exchanger. In chapter 2, the
performance equations which represent the dynamic characteristics of the
system for a step function heat disturbance are derived. The model is
simulated on a digital computer, In chapter 3, Pontryagin's maximum
principle is applied to establish the optimal policy for this system
when the objective function ié to minimize the sum of integrated deviation
of the state of the system from the desired one and the integrated effort
required to maintain the system in the desired state over a specified
control period. The optimal control in this case is of continuous type.
In chapter 4, the maximum principle is applied to obtain optimum control

policy when the heat disturbance has an impulse form. The objective



function to be minimized in this case is the integrated effort required
to bring the system back from the deviated state to the desired one in

the shortest time., The optimal control is again of continuous type.



CHAPTER II
ENVIRONMENTAL CONTROL SYSTEMS - MODELING AND SIMULATION

The basic model of a environmental control system consisting of a
confined space subjected to step heat disturbance and of a heat exchanger
is developed., The performance equations which represent the dynamic
characteristics of the system and system components are derived. The
procedure for deriving the performance equations is féirly general and
can be extended to cases in which the heat disturbances have forms other
than the step function. The model is tested by carrying out a simulation
on a digital computer, The performance equations of a system in which
the flow of air in the confined space can be characterized by the 2 CST's-
in-series model are also derived. This model is also simulated.

2.1 MODELING

A control system usually consists of three elements: the feedback
element, the control element, and the system proper [7]. The feedback
element in a life support control system or an envirommental control
system may be composed of a thermostat, humidstat and pressure regulator,
or any combination of these, depending on the purpose of control. The
control element may include a heat exchanger, humidifier, dehumidifier,
Mwu,wn%kahwmﬁHMH,Mawcmﬁmﬁmofm%%d@mﬂu
on the objective of control. For instance, both the thermostat and
heat exchanger are often used to control the air temperature inside a
building. The system proper may be a confined space, e.g., an under-

ground shelter, a space vehicle, a space suit, a submarine or a building.



The system considered here is shown schematically in Fig. 1. The
confined space may be a typical office located in a multi-story building
or the cabin of a space ship. Air or oxygen or a mixture of oxygen
and nitrogen is circulated through the room or confined space via an
air duct by mechanical means, e.g., a blower or a fan. Control of air
temperature in the system is accomplished with a duct system. The thermo-
stat in the system adjusts the position of the control valve of the heat
exchanger in order to provide the desired temperature,

The performance equations of the system, which represent the dynamic
characteristics of the system and system components are derived,

2.1.1 The System Proper

The following three main assumptions are made concerning the system
proper:

i) Room or cabin air is well mixed, i.e., alr temperature within
the system proper is uniform throughout at any instant in time,

ii) The thermal capacitance of room walls, floors, ceiling, and
window is neglected, as well as that of any furniture within the system
proper,

iii) Heat loss through the walls and windows is negligible.

The performance equation of the system proper can be obtained by

using the heat balance. Thus referring to Fig. 2, we have

{heat in] - [heat out] = [heat accumulation] (1)
[heat in] = q; + 94, + 94 (2)
[heat out] = 91 + 92 (3)
[heat accumulation] = q (4)

s
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Fig. 1 The system, an air-conditioned room
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Fig. 2 The system proper: heat flow rates



where
9, = heat flow into the system proper by circulation air in Kcal/sec
9, = heat flow into the system proper by fresh air in Kcal/sec
a5 = heat flow out of the system proper by circulation air in
Keal/sec
99, = heat flow 6ut of the system proper by fresh air in Kcal/sec
94 = Step heat disturbance rate in Kcal/sec
q_ = rate of heat stored inside the system proper in Kcal/sec

Inserting equations (2), (3) and (4) into equation (1) gives
lag; + a49 + 4.0 = [ap; + 9,1 = g4 | (5)
Assuming perfect mixing, the expressions for 4515 9590 9012 and 99 a;e
4y = P G (g, - t)
=Qr Cp T, _ (6)7
9, =Qy P Cp (£, = t))

qo]_ = Ql P CP (tC ™ ta)

=Q Cp T ) (8)

qoz = Qz Y Cp(tc - ta)

=Q,p C T, | ‘ 9)

P

The heat disturbance is assumed to be a step input form such as
= (@, +Qp) p C, Ty Upla) | (10)
where Uo(a) is the unit step function. The rate at which heat energy is

accumulated in the system proper can be expressed as



where

5

10

dt

[+]
% p da

lDC

dT

c —= (11)

vl P p da

specific heat of air in Kcal/Kg °c

air flow rate by circulation in m3/sec

flow rate of fresh air in m3/sec

room volume in m3

arbitrary and suitable reference temperature in %

" Q

room temperature in C

disturbance temperature in g

temperature of the circulation air into the system
o

proper in C

outside air temperature in °c

(t

t ) in %
c a
[s)
(ti - ta) in C
o
(t2 - ta? in C
o
(td - ta) in C
time in sec

air density in Kg/ma

The insertion of equations (6) through (11) into equation (5) yields

Yy

p

dT

C ) -

+Q e C T, + (@ + Q) »r C; Tq Ug(e)
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Ql' Qz, P, Cp’ Vl and Td are considered to be constants. The rate of
heat loss through walls and windows can be included in the d4g term,
The above equation can be simplified by dividing both sides of the

uation b + C_as
eq y (@ +Q)rp 5

dT

T —£+Tc=rT + r.T

13 1Ty * EpTy + Ty Ugla)

(12)

'1‘c = Tco at a =0

Note that o = 0 is the time just before the heat disturbance occurs and
o = d+ is the time just after the heat disturbance has occured. When
the heat disturbance has a form of a step function it is not necessary
to distinguish the state variables between time a = 0 and time a = 0+
because the values of the state are the same. However, in the case

of impulse heat disturbance the state variables are changed between
oa=0 and a = 0+ and it is important to specify the time e#actly.

Equation (12) can be rewritten in a dimensionless form as

1

s +x) = 1%, + rZKa + Uon(t)
(13)
X = latt=20
where

r Ql

1 Q1 + Q2

Q

T, = . 1l - rl
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e - i_ i a
2 TcO tcO - ta
. ta_ fa" %
s Tco tco -t
t ='%— = dimensionless time
1
R = T2 - t2 B ta
e TcO tcﬂ - ta

Ty = time constant of the system proper in sec which is equal
to the mean resident time of air in the system proper
. .
Q+Q
'I'co = room (system proper) temperature at a = 0

2,1.2. The Control Element

The heat exchanger which is the control element of the system under
consideration can perform its control function in various ways, for
example, by changing the temperature or flow rate of the heat tramsfer
medium, or changing both.

The performance equation of the control element of the system can

be obtained again-by employing the heat balance, which can be expressed as
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[heat in] - [heat out] = [heat accumulation] (14)
[heat in] = LY + 942

[heat out] = 901 + 902

[heat accumulation] = Uns

where

Qi1 = heat brought into the heat exchanger by circulation air
in Kcal/sec

949 = heat brought into the heat exchanger by cooling water
in Kcal/sec

Q01 = heat flow out of the heat exchanger with circulation
air in Kcal/sec -

902 = heat flow out of the heat exchanger with cooling water
in Kcal/sec |

Ios = rate of heat accumulation in the heat exchanger in
Kcal/sec

Inserting these definitions into equation (14) gives'

lapgy * 9pea) = la501 * 9po2! = e ' Wil
Assuming perfect mixiﬁg of both air and the heat transfer medium in .the
heat exchanger, ignoring the heat loss through the shell and neglecting

the thermal capacitance of the heat exchanger, the expressions for g {1°

Ui2® 901’ and 4., 3re as follows

pil = Ql P Cp (tc - ta)
(16)

=Qq e C T,

P
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Ini2 = Qw P pr (twc - ta)

(17)
= Qw p_ C T
w pw wcC
9no1 ~ Q1 P Cp (ti - ta)
(18)
= ql 3 Cp Ti
mo2 = % Py cpw (toh ~ ta)
. (19)
= Qw P pr Twh
The rate at which heat energy is stored in the heat exchanger can be
expressed as
dti
Uns v2 P Cp da
(20)
dT
_ i
= V2 p Cp v
where
C__ = specific heat of coolant in Kcal/Kg °c

Qw = flow rate of coolant in m3/sec

o
= inlet temperature of coolant in C

we

twh = oputlet temperature of cooclant in %

V2 = volume of the heat exchanger occupied by air in m3
Py ™ density of coolant in Kg/m3

Insertion of equations (16) through (20) into equation (15) gives

(Ql p Cp Tc + Qw Ou pr Twc) - (Ql p Cp Ti ® Qw P pr Twh)

dT.
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or dividing by Q1 p Cp

dTi _'Qw‘}w pr (Twh B Twc)

1, —+ T, =T
2 da i c Ql P Cp

(21)

where Ty is the mean residence time of air in (the time constant with

respect to air fow of) the heat exchanger in sec, and is defined by
T = Vol

Note that QW Py pr (Twh

- Twc) is the amount of heat added or removed
from the system which can be controlled by adjusting either Qw’ when P
pr and (Twh - Twc) are constant, or (Twh - Twc) when Qw’ Py and pr are

constants or both Qw and (Twh - Iwc) when Py and pr are constant.

Defining a hypothetical temperature ‘1‘r as

T =qQ p_C_ (T

T w w pw = wh - Twc”Ql . cp

equation (21) can be written as

dT

i 3
e T e T, (22)

or in dimensionless form

Ta % '
SRR LIRS )
where

I -

KB - 2T (Trmax Trmin)
c0

S

Ky 2T (Trmax * Trmin)

c0
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= control variable

Tr
— =K 8 + K
TcO B Y

Note that 6 = 4+1 when T_ =T and 8 = -1lwhen T_ =T . Also T
r rmax r rmin ) T

is positive whenever heat is removed and negative whenever heat is added.
Equation (23) is the performance equation of the heat exchanger which is
shown schematically in Fig. 3.
2.1.3, The Feed-back Element - Thermostat

Here it is assumed that the sensing element measures the room temper—
ature instantaneously and that there is no accumulation of heat in the
element, or for simplicity, it will be assqmed that the sensing element
is the zero order element with its time constant, Tas equal to zero., A
detailed discussion of the response of the thermostat can be found in [7].
2,2, SIMULATION

With the model a simulation should now be carried out by means of a
digital computer or an analogue computer., The results should then be
compared to the known characteristics of the systemtor to experimentally
obtained data to determine the goodness of the model.
2,2,1, EXAMPIE 1, As a-simple case consider a system in which the tiﬁe
constant of the heat exchanger is negligibly smaller as compared with the

time constant of the system. For this system, equation (22) is simplified to



Fig. 3 Schematic diagram of the heat exchanger
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T. =T -1T (24)

Inserting equation (24) into equation (12) gives

dT
c
LT + r, Tc =-1 Tr + r, '1‘2 + Td Uo(u)
Tc = TcO at a=0 (25)

The steady state value of Tr before disturbance can be evaluated by in-
serting

ch
Tc = TCO’ Td = 0, and-E;— =0

into equation (25). Hence

T = "2 (Tz _ Tco) r. # 0
r0 Ty ! _ 1 :

The final desired value of Tc ig TcO' The steady state value of the
hypothetical temperature, which represents the capacity of the heat
exchanger, denoted by Trf’ can be obtained by letting

dr
Tc = TcU' e @ @

into equation (25). This gives rise to

1
Trf ='¥I [Td Uo{a) + rz(T2 - TCO)] (26)

Simulation of the model can be carried out when the form of T and the
numerical values of the parameters are known. In case Tr is the step

function, i.e., Tr remains constant after ¢ = 0, Tr can be adjusted to
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the value '1‘rf given by equation (26) to maintain the system in the desired

state,
* NUMERICAL EXAMPLE
It is assumed that the volume of the system proper (room or cabin),
Vl, is
Vl = 3m x 4m X 5m
= 60 m3

The flow rate of air in the system proper, Q, is

(cross sectional area of the system)

Q

x (air velocity in the system)

(3m x 4m) (.1m/sec)
= 1,2 ﬁ3/sec
and flow rates of circulation and fresh air are
Q, = O.EQ = 0,96 mslsec
Q2 = 0.2Q = 0.24 m3/sec
The time conétant of the system proper, Tl,'is

Vi Y1 60

T = e— D

= 50 sec

Other numerical values employed are

= 24°c, T, = 36°C

Teo 2

: o
Trmin =0e

From equation (26) the steady-state heat removal capacity of the heat

exchanger, Trf’ for a given disturbance temperature Td’ can be calculated as

1 -
T.e= 0.8 [T, + 0.2 (36 - 24))
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or

Trf = 1.25Td + 3

The result is shown schematically in Fig. 4.

Similarly, it is possible to carry out the simulation using dimension-
less form of the performance equation. The performance equation for the
system can be obtained by combining equations (13) and (23) and setting

12 = 0 as

dxl 3
:Er-+ r, X; =T, Ka + o =T KBB - KY (27)

The initial conditions is
xl(O) =1 at t=20

The required control 6 can be obtained by setting

.dx1

It =L

=0 and xl

in equation (27). This gives

1

rl KB

8 =

[r2 (Ku - 1) - Ty KY + os}

Considering an example which corresponds to the example solved in dimensional
form and further assuming that the upper limit for Tr’ T , equal to

3000, the values of the constants Ka, KB’ and KY become

c 36
Ku TT T 24 1.5
c0
1
KB 2T [ rmax Trmin]
cO



0 5 10 15 20 25 30 35

Fig., 4 The required heat removal capacity of heat exchanger vs the
step heat disturbance at the steady-state condition
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1
=7 x 24 30 -0
= 0.625
1
K = [T +T_ . ]
Y ZTCO rmax rmin
1
“7Tx s 0F0
= 0.625

Substituting these numerical constants in equation (28) gives
s

The result is shown in Fig, 5. This result indicates that to maintain
the room temperature, X; = 1, during the step heat input disturbance
given by Ogs the control, 8, of a heat exchanger with constants KB and
KY' can be taken as given by equation (28).

Equation (27) can be integrated if thé functional form of control,
8, is known, When the control is constant equation (2?) can be integrated

as
x, = Ae + K (29)
where A is the integration constant and K is the particular solution

given by

‘- rzKu + Gs - rlKBB - r151

Ty

The constant A in equation (29) can be determined by using the initial

condition

22



23

=1,0 - i 1 L
0 0.2 0.4 0.6 0.8 1.0

g
s

Fig. 5 The required control vs the step heat disturbance at the steady-
state condition '
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A=1-K

Hence, the solution is

-r,t

x; = (1-Ke A S (29a)

The steady state value of x, can be obtained by substituting t = = in
equation (29a). This gives

xl -+ K as t >

Figure 6 shows the behaviour of Xy for different values of 6 and O

2.2.2 EXAMPLE 2, Consider a system in which the time constant of the
heat exchanger is not negligible, i.e., Ty # 0, The performance equations

for such a system have been derived as [equations (13) and (23)]:

dxl :

-d'-t— + Xl = rl 1{2 + '.L'z KCI + Us Uo(t) (13)
dx2

rra + X, = rX; - rKBB - rKT (23a)

with the boundary conditions

xl(O) =1 at t=20
l1-1r Ka
xz(D) = - at t=0
1
where
T
t =
2

The above equations can be simulated for different values of control ©,



Fig. 6 Result of simulation of example 1

25
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Thus eliminating x, from the two equations gives

2
dle dxl
dtz + (r + 1) TR (r -1 r) X = rr, K + ro_ - rry (KY +K36)
(30)
The solution of this equation is
Alt J\zt
x,(t) = Aje + Aje + K (31)

where A, and A, are constants of integration. A, and A, are roots of the

1 2

characteristic equation

A2+(r+1))\+(r-rlr)=0

and

+ - -
o 1-1:21(0l ros rrlKBB rl:-lls'.‘L
r-nr
) rzKﬂ + 05 - rlKBG - rle
ta

Note that ll and A?. are negative since 0 < ri < 1. The solution of X,

is obtained as

llt Azt
+ (1+12)A2e +K-1r Ka - 0‘8] (32)

l G
xz(t) = -;; [(l-H\l)Ale 2

The constants Al and A2 can be determined by applying the initial conditionms

to equations (31) and (32) as



1

= —=————= (0_ - A, +K),)
1 (g -2,) s "2 2

AZ =1- Al - K

The steady state of the system can be obtained by substituting t =

in equations (31) and (32). This gives

and

Figures 7 and 8 show the results of simulation of this example for two
different sets of parameters. The results of the limiting case of r = =,
i.e., when the time constant of the heat exchanger is negligible are

also shown in these Figures. The numerical values used in Fig. 7 are

T, = 0.8, r, f 0.2
Ku = 1,5, KB = 0,625
K = 0.625, 8 =1

Y

c =0,75

s

It should be noted that as r + «, i.e., Ty 0, the results are reduced
to the results of example 1. The graphs of Xy for r = 100 and r = = in
Fig. 7 are almost the same,

In Fig. 8 the following numerical values are used



1.1

0.5

2.0

-1-0

Fig. T Result of simulation of example 2, g_ = 0.75, K

2.0

28

=K = 0.625

Y



1.15

1.10

0 0.5 1.0 1.5 2.0
t
x2 > -0.TS5es t + =
-l.c 1 - 1 1
0 0.5 1.0 1.5 2.0
t
Fig. 8 Result of simulation of example 2, T = 0.825

=1l.2, K =K
Y

B

29



r, = 0.8, r, = 0.2
Ku =1.,5, KB = 0.825
K = 0,825, g =1

Y

o =1.2

s

From these figures the effect of the time constant of the heat exchanger
upon the system responses Xy and X,y is evident. When the time constant
of the heat exchanger is significantly large, which is equivalent to
emaller value of r, the temperature of the room, xl,-increases for a
short time and then decreases exponentially. The response of the heat
exchanger, Xy, decreases slower when the time constant of the heat

exchanger is significantly larger at the beginning. After t = 0.5 the

response of the heat exchanger becomes stable and decreases very slowly.

2.3. PERFORMANCE EQUATIONS FOR TWO COMPARTMENTS MODEL

Consider now the case in which flow of air in the room can be
characterized by two completely stirred compartments in series model
(2 CST's-in-series model), The following assumptions are made for the
system proper:

a) The room is divided into two well mixed compartments in series.
Volume of each pool is denoted by vll and V12’ and the temperature in
each pool is denoted by Tcl and Tc2'

b) Backflow of air from the second compartment to the first
compartment is negligible.

¢) Disturbances are equally distributed over the system.

30
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d) Fresh air comes into the room at a constant flow rate, while
exhaust air is released from the second compartment at a constant flow
rate.

The schematic diagram of the system is shown in Fig. 9. The per-
formance equations for each pool can be obtained by using the heat balance
around each compartment, Thus, for pool 1,

[heat in] - [heat out] = [heat accumulation]

or
[Q,T C_ +Q.T c+b( +Q,) T C‘U()]
QT3 P Gt QT e Gy T Q) Tg P G Bole
dT
cl
- [(Q; + @) Tclpcp]=VllpCp'a-&-" (33)

Dividing the equation by (Ql + QZ) p Cp gives

aT 5 T11
13 T T =TTy P Tyt W Ta Yo

(o) (34)

Tcl = TclO_ at a=0

where 1., is the time constant of pool 1 and is defined by

11

v
11
S & S (35)
179, +4q,

Similarly, for pool 2 we have

.V . )
12

dT

_ cl
- [@Q + QZ) Ty P cp] =Viy P cp o



Vi V12 q
=g
l VI ds l Vl ds
e e S S [ ittt T
I 1 |
] i :
| | ,
|
T i 1 T
Ql | ] T If_ 1
I cl | c2 |
| 1 |
! 1 -
i 1 '
e s i e i sl
]tl l*r'
QZ’T2 QZ ’Tc2

Fig. 9 Schematic representation of the 2 CST's-in series model
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Again dividing by (Ql + Qz) p Cp yields

aTeo 12
2% e " Tat T Ta Yol 8
Tcz = Tc20 at a =0
where T12 is the time constant of the second pool and is defined as
v

. 12
T 2 e = . (37)

12 Ql + Q2 .

For the heat exchanger the following equation has been derived as

equation (21)

d’I‘i

23 TTT Tt _ (38)

i c2 r

Equations (34), (36) and (38) can be written in dimensionless form as

Fr t T1p %12 = T1p X110+ 9 Upl®) (40)

dx

2 -
-EE— + rx2 = rx12 - aSB - a6 (41)

with the initial conditions
xll(O)-= x12(0) =1 at t=0

1l -~ r2K ‘
x,(0) = —_— at t=0 (41)

L
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where
. Tcl K = T2
5 -
11 TclO " TclO
T
c2 1
X.n = s K, = (T -T 1
12 TclO B 2Tc10 rmax rmin
T
i 1
X = ’ K = [T + T ]
2 Tclo 2Tclo rmax rmin
811 = T1%310 a2y, = T11%%,
T
1
8. = rK ’ r = eem—
5 B 11 T11
T
a, =1k, r,, = —
6 12 T10
r =t ; el
L
Ty 1 Q+Q
I - Ml . Q,
- ]
1 Ql + Q2 2 Ql + Q2
v
2 a
T, = 7= t =—
2 Ql Tl
o] = Td
5 Tao

2.4 SIMULATION OF THE 2 CST'S-IN-SERIES MODEL
The performance equations (39), (40) and (41) can be used to simulate

the 2 CST's-in-series model, Thus if the time constant of the heat
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exchanger is negligibly small, the performance equations of the system

become

dxll
& T T*in T 11“12 - - 2K+ ag, + o Uyt (42)
b +r..%X.. =T, % .+ 0U(E) (43)
at T12%12 = T12%11 7 %570
with the initial conditions
= x = ] at t=20 (44)

i G T T

Now eliminating X11 from equations (42) and (43) gives rise to the

following differential equation.

fffl2_+ (ryq + Ti,) Eflg + (r..r,. T )x
o2 1t @ 11512 ~ 211712
ay, 1, + 0 (xy tr,5) = 27y K8 = 2y Tk, (45)

Solution of equation (45) can be obtained if the functional form of the
control variable 6 and the numerical values of the parameters are known.

In case 8 is a step function, equation (45) can be integrated as

llt ?\211
Xip = Ae + Aze + K (46)

where Al and Az are roots of the characteristic equation

2
AT+ (r11 + rlz)k + r11r12 - allrl2 =0
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and Al and A. are constants of integration. K is the particular solution

2
of the differential equation and given by

31Tt 0T * T T AnTioRed T AnTioly

T11F12 T %1112

K

From equation (42) the solution of X, can be written as

1 llt lzt
= ;I; [(r12 +_l1)Ale + (rl2 + lz)Aze + r12K - cs] (47)

*11

The constants in equations (46) and (47) can be determined by applying

the initial conditions which yield

A1 +.A2 +K=1
(r12+11)A1 + (r12+)\2).A2 + rliK -0, =Ty
Thus the solution of these simultaneous equations yields

=712 —_12K ~ B
i S W=

2 1

and

Ay=1-K=-4

The steady state values of the responses can be obtained by letting t > =

in equations (46) and (47). Thus,

and



