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Abstract

As sizes, lengths, or shapes of a system grow large or shrink to zero, a system will
approach limiting forms As the parameter is allowed to grow or shrink, the system could
resemble a simpler system. The sufficient conditions for when the equations of motion will
morph from the original system to a target system will be presented. The ball and arc equations
of motion morph to those of the ball and beam
equations of motion for the rotapendulumpendubaotand twelink robot manipulatowill
morph to the equations of motion of the inverted pendulum cart.

The effect of aparameter growing large or shrinkitmzerohas on the controller for the
original system will not be fullynvestigate in this work. A case for when controller morphing
might be possible will be examined. A controller for the rotary pendulum will morph to a
controller that stabilizes the inverted pendulum cart. Next, a controller for the pendubot will be
morphed that does not stabilize thienensionlesgverted pendulum cart. Lastly, a controller
for a fully actuated twdink robot manipulator will be morphed to a stabilizing controller for a

fully actuated inverted pendulum cart.
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Abstract

As sizes, lengths, or shapes of a system grow large or shrink to zero, a system will
approach limiting forms. As the parameter is allowed to grow or shrink, the system could
resemble a simpler system. Thefwignt conditions for when the equations of motion will
morph from the original system to a target system will be presented. The ball and arc equations
of motion morph to those of the ball and beam
equations bmotion for the rotary pendulum, pendubot, and-timé& robot manipulator will
morph to the equations of motion of the inverted pendulum cart.

The effect of a parameter growing large or shrinking to zero has on the controller for the
original system wilnot be fully investigate in this work. A case for when controller morphing
might be possible will be examined. A controller for the rotary pendulum will morph to a
controller that stabilizes the inverted pendulum cart. Next, a controller for thelquendil be
morphed that does not stabilize the dimensionless inverted pendulum cart. Lastly, a controller
for a fully actuated twdink robot manipulator will be morphed to a stabilizing controller for a

fully actuated inverted pendulum cart.
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Chapter1-l nt roducti on

1.1 Research Question

A ball on an arc, as the radius of the arc is allowed to gritkowt bound, will locally
resemble a ball on a straigiie segment, once the radius is large enoughsizes, lengths, or
shapes of a system change, the system will approach limiting forms. When these limiting forms
are reached, the original mechanical system will morph isgcand or target systeriiVhat are
the conditions for when a systemb6bs equations
equations of motion?

The ability to morph from a higher complexity system to a simpler one could aid in
controller development. Aecessary but not sufficient test of the more complex system
dynamics is to check that the more complex system morphs correctly into the simpler one.
Should the dynamics and controller of two systems morph, there is no need for a new controller
to bedesgned it has already been don&/hen will a controller designed for the original system
morph to a controller that works for the simpler system?

This work will present the sufficient conditions for morphing the equations of mation
willinvestigate mo phi ng a control | er t ha®$everabexdmplesed on t

will be presented evaluating both equations of motion morphing and controller marphing

1.2 Previous Work

1.21 General
Underactuated mechanical systems (UMS) are systgtin more degres of freedom
than actuators which usually have nonlinear dynam#sme @amplesof such systemmclude

gantry cranes, the inverted pendulum cart, unicyclesraoiets withgimbaled thrustersThere



are many ways tdesign acontroler for these systemsOne wayis through lineariing the
system andhen the controller can be fadimising pole placement, LQR, gain scheduling, and
other weltknown methods. Energy baseshtrol techniques, such as Controlled Lagrangians
[7] and[8], the Lambda Metho{b], andinterconnection Damping Assignment Pa#ty Based
Control (IDA-PBC)[20], design a controlleio replace the original systewith an
asymptotically stable ondn [20], it was showrthatControlledLagrangians and the Lambda
Method were subsets of a generalgadure. The DPect Lyapunov Approach (DLAR9], also
uses the control law to replace the original system with an asymptotically stable one where the
new system isw@omatcally Lagrangian without having to impose additional constraints. In
[30], it wasshown that by setting part of the IBRBC control law to zero, DLA and IDRBC
produce the same control lawhe survey papdt6] lists these methodmnd others in greater

detail andcontains the equations of motion for some of the more common systems.

1.22 Dimensionless Parameters

Many times, a simulation of a real or assumed system might appear in a publication, but
there is no mechanism to compare one system to another. One system might be harder to
control owing to inherent dynamics asdme controllers may or may not be better choices to
stabilize a given system. Converting a system to dimensionless form, would provide insight into
the effect of parameter changes on nonlinear terms. A control law based on these dimensionless
equations ould be tuned for the dimensionless ratios and then utilized for different scaled
models.

For findingdimensionless parametetie method that appears most in literature is the

BuckinghamPi Theoren{11], [23], [6], and[21]. In[11], a gainscheduling ontroller is



designed for a dimensionless gantry systéine dimensionless parameterg[irl] have
similarity to those used herdReferencd23] uses a dimensionless parameter to design a rate
limiter for a first order systemDimensionless parameteneautilized to reduce model
uncertainty in the bicycle modgl [6]. In [21], the dimensionless framewodk a bicycle model
is investigatedo determine thémpact of tire size on the model with the aim of dasngaller
scalemodeltesting. Referencf®], points out that the Buckingha#fdi theorem does not mention
what to do with complex poles.

Some papers appéag in the literature do not explicitly use Buckinghd&hTheorem to
arrive at their dimensionless equatioms [25], a spring mass systemrendered dimensionless
to classifythe stableequilibrium for the systemThe effect of emergency lanbange
maneuvers is examined [i&7] using a dimensionless equation for the minimum resultant vehicle
force and an optimal state feedback control.[2]ncertain conditions are identified for when
two systems can be governed by the same control law dependent on their time cons&ants.
system dynamics are rendered dimensionless by manipulating the equations to be independent of
the choice of units ifil0]. Referencd10] shows that the dimensionless paramebdéthe
passive dynamics of a quadruped ralevieded intrinsic propertiediat were not observable on
the original systenfSo that a comparison between systems is possible, the process used to obtain

dimensionless equations|[ib5] and[32] will be utilized in this work.

1.23 Morphing
The literature containsomeexamples tat utilize morphing. A general dimesionless
approach is takeim [27] when looking at switching converters. The author88f consider

topological equivalence to examine the stability of different nonlinearpienedic systemsin



[17], a diffeomaphism is presented that convertsanstraight linereference path to a straight
line path in the transformed domain to simplify motion control for a mobile rd®iatilarly,
[18] utilizes a feedback equivalence transformatioruftmanned aerial vehiddo map curved

paths to straight lies, simplifying the controller

1.3 Organization of the Dissertation

In chapter 2, the process for rendering a system dimensionless widdsntedThe
dimensionless parameters that will be identified can be utilized for comparing systems,
controllers, and the effect of different parameters on the output. Theuoftlegent conditions
for whenthe equation of motionsf the original systerwill morph into those of a seconidrget
system as a length, size, or shape is chaafjgte original systerns presented

In chapter 3, the morphing of the equations of motion of the ball and arc to the ball and
beam will be examinedThe derivecequations will be subjected wifferent sets oassunptions
to compare theesultingequations of motion to those in the literatwsienilar to[15]. For the
ball and beam, a math error was discovered in the equations of motion that are used extensively
in the literature.

Thesuccessfumorphing of the equations of motion aamdontroller of the rotary
pendulum to the inverted pendulum cart willgresentedn chapter 4The controlles from [19]
for the rotary pendulum and inverted pendulum aalitbe utilized becaus§l9] presents
sufficient information to simulate and replicate results.

The more complex pendubot system will be examined and morphed to the inverted

pendulum cart in chapter 3.he controller fronf24] will be utilized to provide result replication



and this particular IDAPBC controller will not successfully morph to control the dimensionless
inverted pendulum cart.

Chapter 6will examine a fully actuated twitink robot manipulator to demonstrate that
the sufficientconditions for morphing equations of motion wdok a fully actuated system. The
equations of motion and a controller for the #ivik robot manipulator will be morphed to a
fully actuated inverted pendulum caifthe controller comes froff28] which hassufficient
information to allow for simulations to heerformed

Finally, chaptef7 will presentonclusions andiscusduture work in this area.



Chapter2-Pr ocess Overview

As lengths, sizes, or shapes of a systeangethis can cause thejuations of motion of
asystem to become unwieldy especially if a length or radius becomes large. Converting
equations of motion and controllers to dimensionless parameters can alleviate thi®issele.
the systemobs | growgsufficientlslargeas shrinks to zeso hthesystem would
start to resemble a simpler system.

First inthis chapter will be a review of the derivation of equation of motion for a general
underactuated mechanical system. Then a process for rendering these equations of motion to
dimensionlass form will be presented. Lastly, a theoryvidrena more complex system will
morph to a simpler system will be present@this chapter has been previously published see

reference [32].

2.1 Equations of Motion

Knowing the potential energy and kinetieeggy of a rigid body mechanicgystem and
utilizing L a,gheagonajonosmoton araderivedn Kinetic enefgys made
up of the mass matrityi(q) ¥ ™" and the generalized velocities¥ ", of the mechanical

system and is

T =%qT M (a)a. (21)

The mass matriXM(q), is a function othe generalized positiongN ", due to the dependence
of mass moments of inertia on the configuration of the mechanical system. The potential energy,
V(q), of a mechanical system is a function of positions and relative positionsrobtiikes of

bodymass centers in conservative fields such as gravitational (a function of mass center



locations) or strain energy (a function of relative positions of bodies connected by massless
springs). The Lagrangiabh, is the difference between kinetic and potdrrgergy,L = T1 V(q).

The motion equations are then determined by
dauL 0 p
agﬁﬁ 9_;1 0 (2.2

whereQ is an n-vector ofgeneralizedorces acting on the rigid bodiesandincludes applied
and frictional forces and torques. The operatio(2d) yieldsn equations.This formulation
applies to both fully actuated and underatdl systems.

Now that the equations of motion for the system have been detiinedguation can be
converted talimensionles$orm. The first step is to identifthe units and common terms for
each equationThen divide and simplify each equation byualiciously-chosercommonterm
with an eye towards the length or shape changirgs process results gimensionless
parametersvhich are ratics of common units, mass, length, tire&;. These dimensionless
parameterslemonstrate the impact changirgygmeters could have on the system dynamics.

The morphing of a mechanical systemolves changing dimensioasd shapes so that
the original system changes into a second or target system. Each system has different equations
of motion, and usually, diérent generalized coordinates and velocities. One result of the
morphing is that equations of motion of the original system change into those of the target
system. If the equations of motion morph, then so does the Lagrangian. The morphing of the
Lagrargian requires the kinetic energy of the original system to morph into the kinetic energy of
the target system and the potential energy of the original system to morph into the potential
energy of the target system. The kinetic energy morphing requiresatematrix of the

original system to morph intithe mass matrix of the target systeamdthe generalized



coordinates and velocities of the original systenstohange into the generalized coordinates
and velocities of the target system.

Therefore, the conditions necessary for the successful morphing of a mechanical system

are:

1) The successful morphing of the generalized coordinates and velocities of the original
system to the target system.

2) The morphing of the original mass matrix as a function of the original generalized
coordinatego the mass matrix of the target system where dependency is now on the
target systerd generalized coordinates.

3) The originalpotental energy expressed in terms of the original syéteaneralized
coordinates morphs into the potential energy of the target system expressed in terms
of the target systeingeneralized coordinates.

The satisfaction of these three coordinasescessar for the dynamics of the original system to

morph into the dynamics of the target system. Since the equations of motions for either system
depends only on the generalized coordinates and velocities, the mass matrix, and the potential
energy, then the saessful morphing of these quantities constitutes necessary conditions for the

successful morphing of the motion equations.

2.2 Control Law

While the morphing of equations of motion is relatively straight forward, what happens to
a controller as theriginal system morphs into the target systeAre there sufficient conditions
for when a controller will morph? These questions will not be entirely answered here but the

analysis will demonstrate where controller morphing might be possible. In theladfrigid



body mechanical systems, if the control law utilizes the mechanical energies, controller
morphing might be possible.
Controllers based on IDRBC, [20], for underactuated systerstart with the
Hamiltonian H(qg, p), of the mechanical systewherep is the generalized momenta defined as
the mass matrix times the generalized velocities. The Hamiltonian is the sum of the kinetic and

potential energies. The motion equations then are

p=-Pi(ap G(9u (2.3)

wheren g denotes the gradient with respecttandGm(g) ¥ ™™Mis a map from theninputs d u

to the various degrees of freedom whare n because of underactuatiomhe Hamiltonian is

pM*(dp VHQg. (2.4)

N =

H(q. p) =

Note (2.2) and (2.4) produce the same equations wh&gq)u is the same as the generalized

forcesQ. The IDAPBC control lanproceduresolves for a new Hamiltonian

1 )
Hy(a.p) 5P M () p Vu(H. (2.5)
whereMg(q) is the new positive definite symmetric mass madingVq(q) is the newpotential

energy function. In deriving the new Hamiltonian, the generalized coordinates, velocities and

momenta of the mechanical system have not changed. The control law takes the form

u E‘es(c]a p) l'ldi é-q1 p) (26)
whereuedq, p) is the energy shaping input providing the changelynamicsandugi(q, p) is the
damping injection input makindné system passive through the generalized inputs. The control

law results in the new motion equation

p= Mi(a)M*(a) Ply(ap) (&(ap G(JKG(I HEap D



whereJx(g,p) ¥  ™"is a skew symmetric matrix akd N ™Mis a positive definite, symmetric
matrix of viscous damping coefficients. The skew symmetric maifggp) is termed as energy
conserving since it vanishes from the product of the system input and output making no
contribution t o oreheegy Fhg maineconitsutiop a thesmatdd(qtp)yis
that the designer chooses the elements afnidieix to aid in the process of fimd) the new mass

matrixMq(q). The damping injection input stems from the maktpand is

us (a0 p)= KG (9 M,(an. 2.8)
To find the new mass matrMq(q) and potential energyd(q), (2.3) is set equal t¢2.7) andthen

(2.8) cancels the term involvingy resulting in
G,(a)u(a p=RH(a P -MM'(d B(an FMI(Jr (2.9)
To eliminate the input fror(2.9), (2.9) is multiplied by the left annihilatoGm' ()8 ™"where

Gm (g) Gm(q) = 0. Substituting for the Hamiltoniah$(q, p) andHq(q, p) in (2.9) yields two

equations
Gr(a){By(FM*(d) B 23(a A MN(J p-M(JM(J HPMI(J Y 0(@10
and
Gy, (a) &PV (0) - My(q) M*(q) Bv(q) gGC (21D

eachof which is apartial differential equatio(PDE). Equation(2.10) determinedq(q) and

(2.12) providesVy(g). The energy shaping input then is

(e 9)=(GH(d Gl 9) " L9 V(3 ML) () o
DM@ e due M (P L g

(Gh(a)Ga(9) " G(9 21
- M, (a)M*(a) 538”92‘ p'M.*(a) p :

—_—) =) ———)
|-O:0
e ol e
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The above covers the methods of Controlled Lagrangians, the Lambda MethtigAand
PBC. For the DLA[30] shows that requiring the term in brace$2ri0) to vanish produces a
new mass matrpand the energy shaping input for the kioethergy also vanishes. Th@il0)
-(2.12) also applies tohe DLA.

For(2.10)-(2.12), the solution tq2.10) depends oM(qg) andJx(q,p) while the solution of
(2.11) depends ov(q), M(q) andJ2(q,p). The matrixJ2(q,p) is arbitrary for IDAPBC, as noted

by [20], whereas for Controlled Lagrangiaitsdepends om(g) andMq(q) through

M, (a)M '1(Q){g'3 (M (@)M*(q) p) Tﬁ' HM (9)M,(q) p)} M *(q) M, (q). (2.13

For Controlled Lagrangian®)q4(q) andJx(qg,p) show a dependenom the kinetic energy of the
mechanical system. While morphing the equation of motid@.8f is clear, the influence of
morphing orM4(q) andJ2(q,p) is not. Equatiorf2.2) only requires differentiation whereas
solving forMq(q) andJ2(q,p) requires solving PDEs. The influence these derived valuesomave

the control law as it is morphed from the original system to the target system is uncertain.

2.3 Conclusions

Il n summary, equations of motion can be
potential energy function/ilizing (2.2). As a size, length, or shape changes a system will
morph to a target system if thecessary conditions for morphing are met:

1) Thegeneralized coordinatesdvelocitiesof the original system morph to those of

the target system.

2) Themass matriof the original system morphs to the mass matrix of the target

system dependent on the target systemds

11
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3) Thepotential energy functioaf the original systermorphs tahat of thetarget
systeme x pressed in terms of the target syste
Upon solving for the equations of motion, one can render them dimensionless to aid in
comparison or ease of modifying the charast@s of a physical system. The effect this
morphing has on controllers has not been fully realized yet and a general theory is still in
development.

In the case of a system utilizing a control based on the Controlled Lagrangian method
controller morpmg is possible When the equation of motion morph from the original to a target
systemthenM(q) andV(q) morph. The controllewy, utilizesM(q), Md(q), V(q), Va(q) and
J2(q,p), wheredz(q,p) is dependent oWl (g) andMy(q), andVa(g) depends oM (q) andMq(Q) as
well asV(q). If it can be shown that Mq(q) successfully morphs for the original system to that
of t he t aMdogewhereqyseawe mést arget systemds gener al
controlleru would succedslly morph from the original system to the target system.

Chapters 3 through 5 will present underactuated systems whose equations of motion meet
the necessary conditions for morphing to a somesgingtler target system. Chaptewill also
present a aatroller which successfully morphs and then presentlations to compare the
systems. Chapter 5 will present a controller which upon being morphed does not successfully
stabilize the target systemChapter 6 will present a fully actuated system whose equations of

motion and a controller successfully morph. Lastly Chapter 7 will present conclusions.

12



Chapter3-Bal | and Arc to Ball an

Now that thesufficient condition for equation of motion to morpas been presesd,
three sets of systems will be investigafElde first example supporting theufficient conditions
is morphing the ball and arc system to the ball and beaterasy Control of theall and arc has
not been investigated to the same exiehe literatire as the examples in the subsequent
chaptes, therefore this chapter will only be examining equations of motion. The ball and beam
systems and ball and arc systems that appear in the literature are subjected to many different
assumptions, some incorreand a full set of equations of motion with few assumptions is not
readily available. In this chapter the equations of motion will be derived utilizing both Newton
Euler and Lagrangiakuler derivations and tihhecompared to often used equations of motron
the literature.

In the first section of this chapter, the ball and beam will be analyzed and equations of
motion will be derived. Next, these equations of motion will be compared to models existing in
the literature. Then, the equations of motion Wwélrendered dimensionless.

In the second section, the ball and arc system will be studied and equations of motion will
be derived and then compared to difiten-citedequations of motion. Lastly, the equations of
motion will be rendered dimensionless.

Then the equations of motion for the ball and arc system will be morphed to those of the
ball and beam. Lastly, conclusions will be presented about these two sy3teensontents of
this chapter have been publishedASME Journal of Dynamic Systems, Meaments, and

Control see reference [15].
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Figure 3.1: Ball and Beam with Offset

3.1 Ball and Beam Analysis

The ball and beam first appeared, to the a
[12]. In that work, the ball was modeled as a point mass and the beam rotated about its mass
center. Amoftencitedbal | and beam paper that[l3,omn o6t hav
incorrect equations of motion. [d4], the ball again is not ao;t mass and the beam rotates
about a point offset from the center of mass, but they use an incorrect kinematic analysis to
derive their equations of motion. In this section, the equations of motion for the ball and beam
will be derived similar tg15], where the ball is not a point mass and the beam rotates about a
point offset from the beam by a distarde The distancéseammeasures the length from the
rotation point tahe center of mass of the beasishows irthe free body diagram &figure 32.
Then the equations of motion will be rendered dimensionless. Lastly, the equations of motion

will be compared to those [&2], [13], and[4].

14



Figure 3.2: Ball and Beam Free Body Diagram

3.1.1Equations of Motion
3.1.1.1 NewtorEuler Derivation
Figure 32 shows a free body diagram of the ball and be&owmnming the forces on the
ballinthexdi r ecti on, Newtonds second | aw shows
F, - mgsin(qg) = (3.1.1)
and doing the same in tiyalirection produces
-mgcos(g) +N =iy (3.1.2)

Summing the moments about a line passing through the ball center parallel to the z axis, which

has a positive, right hand direction out of the plane of Fig@e 3.Eul er 6 s equati on

RFi = JeGs. (31.3)

15



Summing the moments acting on the besbout the point of rotation using the same positive

direction used fo(3.1.3) and adding3.1.3) shows that

fes- Nr FH gml_sin(§ J g RF, J.= (3.1.4)

beam *

Referring to the ball and beam in Figur@3. t he ball 6s center | ocat

relative to theX-Y frame origin are

x, =rcog(q) {R, H)sir( ¢ (315)
and
y. =rsin(g) AR, H)coq ¢ (3.1.6)
The ballods centerheX¥framearet y components in t
X, =tcosq) T si g ¢fR, H cof )¢ (317)
and
J =tsin(g) *cof § oR, Hsif ) g (318)

The ball 6s c e n tXYrfrang dsdoand byrdifferentiatim(g.1.7pand(31.8) with

respect to time to obtain

% =tcos(q) -2 si{ § a-cof )G w-sih) 4R H)(+ sin) ? ocdg) ) (3.1.9)
and

y.=tsin(g) ¥ cof § o sif ) § gicok ) {R;gH)(rcds) ? gsfy) ) (3.1.10)
Let x andy represent the ball center coordinates inthgframe. Referring the ball kinematics to

thex-y coordinaé system, the velocity and acceleration components of the ball center become
x=xcos(q) #.sif § & (R H}F (3.1.11)

x=%cos(q) ¥, sin( § ¥ r’g(R H)+ (3112
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y= %sin(q) ¥cof{ g r= (3.1.13
and
y= %Xsin(g) ¥%cod § Z gr +f{R- H) % (3.1.14)
The angular velocity and acceleration of the ball stem from the time derivatives of the

ball orientation angle given by

r
= g— (3.1.15)
R)
to get
G, =6- - (3.1.16)
B RO i
and
Go=g- L. (3.1.17)
R,

In [4], the authors list the orientation angle of the ball, here giveB.byl5), as just/R,
neglecting to add, the rotation of the beam. When the beam rotategltand the ball does
not rotate, the kinematic equation[#] would have the angular position of the ball as zero when
it should be, fron{3.1.15), "/4. The time derivative of the kinematic analysi§dj
— 1 XY, also shows that the angular velocity of the beam is not included in the angular
velocity of the ball.

Substituting intd3.1.3) for the angular acceleraticof the ball in terms ofandi by
using(3.1.17) including the accelerations fro(8.1.12) and(3.1.14), substituting~s from (3.1.1),

andN from (3.1.2), the equation of motion for the ball becomes

1§

SRR +H 4)§ &R ‘]?R:+'-'-r MR  mgRin( )g 0.  (3.1.18)
¢

- Q
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Dividing the last result bfR, shows the ball agption is

gén(F% +H) %Rf % ﬂgeJ—+ T dmé/ mgiA( )g O, (3.1.19
¢ + C =

a step done to eventually provide a symmetric mass matrix. Substitutin(@.h) usingN

from (3.1.2), Fs from (3.1.1), together wit(3.2.17), t he beamds dynamic equa

(R*H M+ 4o mi)g aé-H Qe 2 & 2

(3.1.20
+rmgcos(g) {H R) mgsin( ()' 9N b SN ) st 0.=
The dynamic equations of motion take the form of
M@G+C(q9aq+3q © (3.1.21)

whereM(q) ¥ ™"is a symmetric, positive definite matrix of inertial and mass tewhsren is
the number of degrees of freedo@(qg, )N ™"is a matrix of Coriolis and centripetal
acceleration coefficient§(q) ¥ "is a vector of gravitational forces and torques, "is a
vector of actuations, argt " are the generalized coordinates. Time derivativegpobvide
the generalized velocities and accelerations, denotadhad A respectively. Usin¢3.1.19)

and(3.1.20) the matrices fo(3.1.21) are

dRHH) ML Aoy mE (MR |
M (a)=¢ ; S t (3.1.22)

> -(H Js ‘

¢ (HRImy "R
C(q,Q)=grmr- . (3.1.23

emg 0 ¢

& (R, H)mgsin(g) +mgcog § gm .y sif g
G(g)=¢ 3.1.24
[9=¢ mgsin(q) P

and
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&es &
U=¢g > | (3.1.25)
ev 1
3.1.1.2 Lagrangian Formulation
The kinetic energy for the ball and beam is
_1 PR R R P
7= deull” %35 & 3 X W (3.1.26)

wherewandware specified ir{3.1.11) and(3.1.13), respectively, and usin@.1.16), the kinetic

energy becomes

1 w1 r1.r? 1 .
T=2J.4 +J J “Hy— — mr s
beanq 2 B& B‘% 2 B'% 2 I’T(R H

2 (3.1.27)
+1mr2cj2 &m'&az m R H Lime &t
2 2 2
The gravitational potential energy is
V =mgrsin(q) +mgd B Hco{ ¢ B gl.,cof )g (3.1.28)

Utilizing L=TT V and (2.2), the ball positiorequation is

_%‘% m(R H) ﬁqj 4‘]% m-+r %nr'é mgin( )g O. (3.1.29
The beam position equation is
2 - éJB 0
(JB+m(|% +H)"  mf %'gam)q gﬁ | H o (3150

+2mrig 4mgrcoq ¢ mgsir( )J§R H g lwn S ) ¢ o

Equationq3.1.29) and(3.1.30) are the same 48.1.19) and(3.1.20), respectively.
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3.1.2 Comparison to Models in Literature

To compare the equations of motion of equat®h.29) and(3.1.30) to those 6[12], the
bal | 0 sl radiusRs, and affseH, are set taero, the center of mass of the beam is moved
to the rotation point, and the ball equation is divided through by the mass of the. Gdlen

(3.1.29) and(3.1.30) become
i-rg” gsin( § 6 (3.1.31)
and
(mr2+Jbeam)éj 2mri g mgrcoy )g gt (3.1.32

which match the equations of motion fr¢i2]. The mass matrix presented 18], has a ball of
massm and radiug, rolling on a beam rotating about a point in line with the center of mass of

the ball is

{
: (3.1.33
l

This matrix is using the inertia and radius of the ball together with the roll without slip
condition but the offliagonal terms are zero. In an attempt of simplifying the massaadtri
(3.1.22), three different assumptions are examinEalst, assume a slider, moving on a
frictionless beam surface, replaces the ball, whadeisR,, equal to half the slider thickness, is

not zero, and the offsetis -R,. This assumption changes the kinematicgdf.5)-(3.1.8) to

x, =rcog(q), (3.1.34)
y, =rsin(q), (3.1.35)
%, =tcos(q) «sin § , (3.1.36)

and
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y. =rsin(g) *co{ ¢ .

(3.1.37)
Since the slider cannot rotaf8,1.16) becomes
.= g (3.1.39
Then the kinetic energy ¢8.1.26) becomes
1 > 1o 1 o, .
7= dheull” 35 & 3 % W) (3.1.39)
leading to a mass matrix of
M (g) = &8 ¥ Joeam M7 O (3140)
é 0 m

which does nomatch themass matrix D[13]. Next, assume the ball rotates with radRgsrolls
without slip, and the offséd is -Ry, then usind3.1.34)-(3.1.37) and(3.1.16), (3.1.26) becomes

1 L 1 S SR U R AP
T:EJbeangz EJBZ; Jsﬁ _ZJBE —Zn{i y): (3.1.41)

The corresponding mass matrix is

ngeam+ J, Hmr Js
: R,
M(a)=¢ , (3.1.42)
e Js Js
e - % -|fn
8 R,

which is not the same as|[ib3]. Lastly, solvg3.1.22) for the value oH that causes the off

diagonal terms to be zero. Settiddo

H= JotmR (3.1.43)
mR

results in a mass matrix of
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mR (3.1.44)

which also does not match that[@8]. There is not a set of assumptions that yields the same

equations of motion as those presenteld 8.

3.1.3 Dimensionless Equations of Motion
Now to transform the ball and beam equations f(8rh22)-(3.1.25) into dimensionless
equations, divide the beam (first) equatiomti? and ball (second) equation byR,. By

canceling like coefficients, the terms {&1.21) become

= 2 2 o ~
S 00 M dup A g H B
ma=g"r BB B omR e Rl g
¢ AJ 4 B8 Bo1. gRe,
p S S) (0] L
g cMR R - mi H
er r r q g. .
Ep P P q
C(a9) 4= gR“rR’. i gr_ i (3.1.46)
__q O
§R AN
ég a +H) . r I . 0%
2% B i) oL oof y Do s o
G(q):gR’Q R R mis } (3.1.47)
é gsin(q) ¥
e R, ¢
and
€lgg
U:Eml{ t (3.1.48)
g0 |
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Table 3.1 shows the dimensionless paraméiertswill be utilized for this chaptetUtilizing
Table 3.1 and multiplying both equationsdyo change the time scale to unitless tige,

(3.1.45)-(3.1.48) become

s 2 2 .o
M(q)aigee(H) A ke kel ko @ik (3.L.49)
é -k Ak k, 1+ [}
erf rg e
i) a3 ¢ J & A1
er co -(1 Si ¢
G(a)=¢ L9 (1% ki) sit )q{ (3.1.51)
& sin(q) X
and
0=§“ ; (3.152)
80
2 2
. . adq d -
Whereqlz—q, ql-lW, f|=d—£,and/’|—|d—

Table 3.1: Dimensionless Ball and Beam and Ball and Arc Parameters

Dimensionless 5
Ky ks ks Ks Ks k7 r g Iy
Parameter
Ba” and rnB Jbeam JB Ibeam i L & g2 I{B
Beam m mF%Z mF%Z R, R, R, g me
Ball and mo | Jae Jg l. | H | R | (R+R)Y | R | & ¢
Arc m | Mg | mR | R R | R R, g | MR
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3.2 Ball and Arc

h

Figure 3.3: Ball and Arc

The ball and arc first appeallehbhthatpapert he au
the ball is modeled having a naero adius rolling along a circular beam which was rotating
about apoint that was not the center of mass. This paper has the same kinematic error for the
bal |l 6s r ot §] iThe badl and andgd] rmodeded the ball as a point mass and
constraind the center of mass of the arc to the rotation poine B&il and arc model in Figure
3.2, consists of a ball of massand radiud, rolling without slip along an arc of radiéswith
massm.. The arc rotates about a poothat is a distanceddfrom t he arcdés edge a
distance ofarc from the center of mass of the arc. In this section, the equations of rfarttbe
ball and arc of Figure.3 will be derived using both Newtdfuler and Eulet.agrangian

analyses. Then the equations of motwoih be made dimensionless.
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Figure 3.4: Ball and Arc Free Body Diagram

3.2.1 Equations of Motion

3.2.1.1 NewtorEuler Derivation

Forthe balland arcinFiguB4, t he bal | 6s X-¥frameeoriginisel at i ve
x=(R #R)sin(r 4 (R Hsin( ) @21
and
Y. =(R #R)cos(f 4 (R Hrcog )g (322)
IntheX-Yf r ame, the ball s center velocity compone
% =(R +R)cos(f (" F'}d R Heog )’ (323)
and
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Vo= {R R)sin(f §( 7)o R+Hsin( ). (3.2.4)

In theX-Yf r a me , the ball s center acceleration is

% =(R +|%)(cos(f c)'( ) f") gsiq J( 67.)2)‘

(3.2.5)
+(R -H)(cos(q) q sin( )dz)q
and
o= AR R){eodr o Yot B
+(R -H)(sin(q) g eog )dz)q
Summing the forcesinti¢di r ect i on, Newtonds second | aw shc
Focos(f- ¢ N sir( £-) gm (3.2.7)
and, similarly in they direction, produces
-mg -Fsin(f -4 Ncog £ )-gniy= (3.2.8)

For a line passing through the ball, parallel tozhe&is which has a positive, right hand @tien

out of the plane, summing the moments showninFigg4end wusi ng Eul er s equ
-RF =0 (3.2.9)
The angular velocity of the batsa, stems from calculating the velocity of the ball and

the velocity of the contact point. To do this, first the analysis finelpdsition vector from the

origin to the contact point using

Fi0 =Tso e (3.2.10
where
e sin(q)
ryo=(R -H)g- cos(q) (3.2.11)
&
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and

2Rsin(f— g
rys = gRcos(f - & (3212
&

whereryw denotes the relative position vector to paintith respect to pointv. Next, the unit

. . r . .
radial vectore is € =ﬁ , where|| 1< [I= R and the unit tangent vecteris g = k &. The
d/s

velocity of the contact point ig, = q(k) %, and the velocity of the ball ig. = Xi +j .

Finally, —sais

G = Ao Vo) g (3213
R,
The opeation of(3.2.13) produces
. f(R+ .
Gen = ( R) 1 (3.2.149)
R,
The time derivative 0§3.2.14) shows
. f(R+ .
G = % g (3219

Integratingwith respect to tim¢3.2.14), the orientation angle of the ball becomes

f(R+R)
= —— 3.2.16
q R . ( )

Substituting the accelerations frd®2.5) and(3.2.6) into (3.2.7) and(3.2.8), along with

F; from (3.2.7), N from (3.2.8), and—sa from (3.2.15) into (3.2.9), the equation of motion for

the ball becomes
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aRr 00

(-mR -RRm -] (+R H Rovg(r)) qég %RmiRﬂnBﬁ 19@
-(RM(R-Hpsin(r)) g gsin )} @m 0=

(3.2.17)

Multiplying the last result byR + Ro)/R, produces a symmetric mass matrix, where the ball
equation is
a
(R+R)ze-mR -Rm
¢

-((R +R) n{ R -Hsin

Summing the moments acting on the arc about the fixed point of rotation using the same positive

(R fowor) & ( Ref cai2

; ¢
)G (R B sin( f)gno. =

P |

(3.2.18)

—

directionused fo(3299and wusing Eul erd6s equation shows th
- (R -H) Nsin() iFf(R (R Hcog I)) gl sif )9 enf+d. (3219
UsingFs from (3.2.7), N from (3.2.8), and addindg3.2.9) to (3.2.19) shows the arc equation of

motion is

(-2(R R)(R H) neog7) & (2R 2HR 2RR R +) m

o

& J :
(R R)Eem% Rmﬁf ( R -oog(f) ¢ (3.2.20)

H(2(R R)m{ R Asin(r)) 7 o R B R e ) F 7
+g(R+R) msin(f 9 d( R B m J msin( )g out=

From(3.2.18) and(3.2.20), the matrices fo(3.1.21) are

eM1 M 2
(3.2.21)

[oe]

M(q)=e ,a J
éM2 (R 8
> ( +F%)gem =

I NeHe!

where
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Mi= 2m(R R)(R Hco{f) J# (2R 2HR 2RR R H m,.

& 3,8 (3.2.22)
M2= {R R)z M{ R Hco{f) mR mRI—i o*
c =
plus
C(q,q):g:f_(R_ H)sirl( Jm(R+R) (R Hsin( )fr(] f)( R 3+f (3223
& 4(R -H)sin( Jm(R ) 0 ;
_&(R+Rmsin(f -¢ (R B m mh)sin( )ge
G(q)—g “mg(R +Rsin(f t (3.2.24)
and
0:2’3 ; (3.2.25)

3.2.1.2 Lagrangian Formulation

The kinetic energy of the ball aadlc is

1 o1 1. )
T=20 £ 4 sm(%X %) (3.2.26)

With ax andw from (3.2.3) and(3.2.4), respectively, andea from (3.2.14), the kinetic energy

becomes
omgR (2 WR+B)( R -Heod ) 7§ R g Ry +
T= %gmg(f Y amry( Y kn mB R J® 4 (3227

2

%-ZRH 2R W)’ 23 md R 2R ) R
The potential energy is

V=mg((R+R)cos(f -4 (R Hcog )y mw, cob) (3229

Then using2.2), the ball position equation is
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(Reft a
¢ R

- %Ol

- (R +Fg)aem|3 +Rm—Ri- ( R M- m)s(f)
C

(R R)M{(R Hsin(r) G (R B an( 7)o =

and the arc position equation is

(3.2.29)

(-2(R R)(R H neogr) & (2R 2HR 2RR R ) m J

-(R ﬂ)gem% *Rmﬁ;* ( R Hi-oos(7) gf (3.2.30)
+(2(R R)n( R HSi”( ) f R B R pisin( ) 7
+g(R +R) nsin(f g(-( R B m, er)sm( )g  ent=

Equation(3.2.29) and(3.2.30) are the same 48.2.18) and(3.2.20), respectively.

3.2.2Comparison to Models in Literature
For the ball and arc in this paper to ntatihose 0f26], change the ball to a point mass,
m wi t h t h elgabdaddild® settd zere,aridimave the point of rotation to the arc

center of mass by settihgc to zero. Then the kinetic energy(8f2.26) becomes
T=10.4 £m(% %) (3.2.31)
2 2
and the equations for the veltes 0f(3.2.3) and(3.2.4) become
% =Rcos(f - §( ) R Hycof ) (3232

and

o= Rsin(f Y( 7} R H)sin( ) . (3.2.33)

For the potential energy, Ikfc = 0 and ther{3.2.28) becomes

V =mgy (3.2.39)

wherey=Rcos(f - § (R H)cog§ )¢ Then the matrices ¢B.2.21)-(3.2.25) become
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e M1 -Rm( R { R -Hcog))

M@=€ el R{ R Hcos7)) & m (3239
where
Mi= 2Rm(R Hco{f) ¥ (R (ReH}n (3.2.36)
c(a q):ng( R H)si.n(f) f -Rrfi R -Hisin( )f" 7} | (3237
& Rm( R - H)sin(7) ¢ 0
_égRnsin(F- ¢ + R -H nsin( )g
G(Q)-g Rgsin( - §m , (3.2.39)
and
"_%d'BA
U_So (3.2.39)

which, when put int@¢3.1.21) and solved foij, produce the same generalized accelerations as in

[26].

3.2.3Dimensionless Equations of Motion
For the ball and arc system &2.21)-(3.2.25), divide the arc (first) equation bgR,?
and the ball (second) equation fm=(R+R,). Then the terms fdB.1.21) become
eM1 M2 & g

M(a)d=E . & 3, ®R+R), (3.2.40)
eM2 A+—8 & f
¢ mR ¥ R

where
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_ ,(R*R)(R-H Ju 32 2HR 2R . H 0 J
M1l= 2 R co{f) ﬁ =g & B+1_4§?C—T R .
A (R-H) R L9, 0 (3241
M2= %( R oodr) B 1eee
plus
%(R%H)(Réa)sin” (R l_)SIn( )( _f‘) g,] P ‘
C(ag)a=g (R 1) &mg)f_t (3.2.42)
¢ -q sin( } 0 8§ R [
e b
gga F{’Jrl:\))sm(f ] (R-H m, alf; §|n( )qg
G(Q)=2F%9 i ¢ B MR- B (32.43)
é %sin(f ] t
and
€lgy &
O=¢gmR (3.2.44)
e 0 |

With the parameter definitions in Table 3.1 and multiplying both equation% 8:2.40)-

(3.2.44) become

eM1 M2 g eql i

M(q)qi:ig'v|2 1+k,) 'Efkg )i (3.2.45)
where
Mi= 20k k)(k Jeodr) K+ XK+ Ak K AR
M2= {( k kcoff) k+1 k) ,+ -
plus
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& ks)(k, +)sin -k, k) si r)e [ ‘
g( m)(@g&( J(a (e s )¢ )§k7fl)fif -

gk, +1)sin(Ff - ¢ (k, ks kk)sin )q:

G(q)= 3.2.48
() g _sin(f - [ (3248)
and

U:gN (3.2.49

0

e

where gi dg q‘“dzq fi dr andf'-'dzf

=—,qi3—,fi=—, 34—

Tt de?’ ' dt dt?

3.3 Morphing

To show that aR gets large the ball and arc morphs into the ball and beam, first note that

asRgrowst becomes small. To check the sufficient conditions necessary for morphing the

equations of motion for the ball and arc to ball and beam first approxi’::i'ﬂs(té) °
cog(f)° 1 —; #, thenadding and subtracting.+k,)7* in M1, and simplifying(3.2.45)-

(3.2.49) produces

eM1 M 2 ] eQI i

M(Q)QiflgMz 1rk) Y )7 (3.3.2)
where
Mi=k, {1 k) ki (k- k 4 ki) (k %7,
(33.2)
M2= (kB k) S(k k),
ik K)(k 4) F (K K)( ¥ e g
C(q:CII)q-Ig gilk, k) 7 0 Qk, +1)77 (33.3)
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fho+]fcof § {1k ki) sif g
Gl(qg)=¢z 3 - 3.34
D7 Acof g ool B 539
& ¢ ¢ 2 = t
and
,,_@‘Ng
u_go t (3.3.5)

To convert the second generalized coordinate arc length, first it must be noted that
(R+Ro)t =T, then from Table 3.L =r/Ro = (k7+ 1)t. Similarly,} Njkz+ 1} Nj a mjdky+
1:NjNj. RY DAs t he anmchfnapp'roach e and grows but the produdtt becomes
the constant valug, then kz+ 1} Y kY J, and kz+ 1)} Nj kr Wj; sulting in(3.3.1)-

(3.3.5) becoming

LGl k) Kot (k1 k) @i
M(Q)QHS k4 k) A (3.36)
c(a ql)qﬂgrq'lr“ Or' ﬁ'g (33.7)

ercog( §- (14, kk) sir( )gs
G(q)= & 3.
(a) ¢ sing) [ (3.3.8)
and

U= gg E (33.9)

AsRYD f or t he JabYaldeah ¥ medanchetYdpeam then(3.3.6)-(3.3.9)
exactly match those ¢8.1.49)-(3.1.52). Since(3.3.6), (3.3.8), and the generalized coordinates
and velocitieof the ball and beam matches thos€3of.49), (3.1.51), and the generalized

coordinates and velocities of the ball and betdn® sufficient conditions for morphing are met.
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3.4 Conclusion

In this chapter,ite equations of motion were derived for both the ball and beam and ball
and arc systems with few assuiops. Then the equations of motion were compared to existing
models in the literatur@he comparison revealed several errors occurring in other previous
dynamic analyseskinally, with the conditions for morphing theory being met, the equations of

motion for the ball and arc system successfully morph to those of the ball and beam.
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Chapter4-Rot ary Peoduhuenrrted Pendul

The next example supporting thefficient conditions fomorphingis morphingthe
rotary pendulum to the inverted pendulum camtthis chapter, it will be shown that the
equations of motion, as well as a controller, for the rotary pendulursuwangssfully morpko
theequations of motion and a controller for theerted pendulum cart.

The equations for the inverted pendulumt ead rotary pendulum caniill be derived
and rendered dimensionlesimilar to[32]. Next, a controllefrom [19] will be presentedor
both systemand converted to dimensionless folmastly, simulations will be performed
demonstrating that the procexfsconverting to dimensionless quantitigas successful.

Thenthe radius of the arm of the rotary pendulum will be allowed to grow without bound
to show that the equations of motion aaahtroller for the rotary pendulum cart morph to the
respective quantities for the inverted pendulum cart. Then simulations \péri@medo
showcase the successful morphing. Lastly, conclusion about the rotary pendulum morphing will

be presentedThis chapter has been previously published see reference [32].

4.1 Inverted Pendulum Cart Analysis
The inverted pendulum cart is aften-usedexample in theontrolliterature. The
inverted pendulum cart of Figudel from[32], is modeled with a carff snassmc to which a
pendulum of massy and lengtH is attached. The pendulum is modeled as a point mass at the
end of a long slendemasslessod. In this section, the equations of motion for the inverted
pendulum cart will be derived using Eulesigrange and then the equations will be made
dimensionless. Next, a controller frg®] will be presented and rendered dimensionless.

Lastly, simulations will be performed of the original system and the dimensionless system. This
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controller was chosen bec®j19] also haa controller for the rotary pendulum. [i9],
simulation results are presented and that will be asadcheck that the equations of motion,
dimensionless system, and ultimately the morphed system of this work matchxsbisg),

accepted results.

Y J mp,i
 AJ— m,
Q Q >
«— X _— X

Figure 4.1: Inverted Pendulum Cart

4.1.1 Equations of Motion

Thekinetic energy for the inverted pendulum cart of Figiifleis
1 22 1 . * .
T=2mlg E(nl m) X mtos § (4.1.1)
while the gravitational potential energy is

V =m, glcos@) (4.1.2)

Utilizing (2.2), the cart position equation is

(m +m,) % +m kos(q) g m Isin )g* g 7 (4.1.3)

and pendulum position equation is
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m,Icos(q) %+ m,F g-m,Igsin )g @ (4.1.4)

For the iverted pendulum cart, where the pendulum is modeled as a point mass, the matrices of

(3.1.21) are
_ém+m  miosg) ¢
M (@) = 415
O gnicods) mE | o
. _€ -mlsin(q) g
C(q,0)=¢ P { (4.16)
Y 0 (
e 0 [4
G(g) =¢ . ( 4.1.7
(o & mlgsin(qg) ¢ (4.17)
and
L"J=§'8° : (4.1.8)
60 |

4.1.2 Dimensionless Equations of Motion
To trangorm (4.1.3) and(4.1.4) into dimensionless equations, digi@#.1.3) by myl and

(4.1.4) by myl? to cancel units of mass and length from the equations, resulting in

(m+m) % s Vg7 gl
Tp_|+(:os(q) g-sif )g q-rTﬂ (4.1.9)

and
X - g .
cos(q)|—+ q-- si{ )g ® (4.1.10)

Then, multiplying(4.1.9) and(4.1.10) by /g, having units of secoRdtransforms timet, to
unitless timegp. Using the parametefsom Table4.1, the dimensionless equations of motion

for the cartand pendulunare
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(k+1)ri o § g i )7 g7 4.1.10)

and
cos(q) r+ g-sir( ) g® (4.1.12)
dg . d%g _d? . o
wheregj=—=, —,andr . The resulting mass matrix is
gi at qulz de g
ek +1 codq)
M()=¢ S§ ) 4 (4.1.13
&o(q) l

Table 4.1: Dimensionless Inverted Pendulum Cart and Rotary Pendulum Parameters

Dimensionless )
k1 ko r g N
Parameter
Inverted g2
|
Pendulum T - X - be
m, I g mpl
Cart
Rotary m 1 fR 1 7 &
Pendulum m, R [ g m,IR

4.1.3 Controller

The controller, designed [19] for the inverted pendulum cart, is

k lsin( )g “ar cof )) E%?X Bu,

Lipc = 4114
(R ws( ) (4119
/
whereU= myl2, b= myl, = mp+ me, D = -mygl, @ andUare unitless constaniand
u, =c/ (X +pcos(q X (4.1.15)

With ¢ > 0is a constantvith units of secondy

39



a b’cos e
XQ /
and
p=28, X1 04 (4.1.17)
/g X =

wheres-is a unitless constant.

Now that an energpased controller for the rotary pendulgart has been identified,

the controller willbe rendered dimensionless basedjgior the rotary pendulurfrom Table

4.1.

4.1.4 Dimensionless Controllers

Utilizing the definition of(l, defined in Table.1, and dividing byml converts the

controller of(4.1.14) to a dimensionless controlleMaking this substitution and simplifying

yields
,_N:Zé(sin( ) 2¢Oy cof ))¢By DyET Byl g @119
& /- (kd)cod( )g
whereay = 1 + kg, Dn = -1/,
ax o
Uyy = ¢/ +pycos( 9 g (4.1.19)
dN Néﬁ_ N A
18 cog @) ¢
B, =—cd i (4.1.20)
Xc L -
and
o=k <1 20 (4.1.22)
/N C X =



Lastly, multiply (4.1.18) by 2% and utilizing the definition foy from Table4.1, obtains the
dimensionlessontrol law of

_(kSin( C)( izq' COE( ))Q'BN ﬁ e ’BNU&N) N
fn= Iv- ( k4)cod( )g

(4.1.22)

wher rij= d_r and
dt

ug =gc {( irtpycos( ) g)i (4.1.23

4.1.5 Simulation

Simulations of the inverted pendulueguations of motiowf (4.1.3) and(4.1.4) with the
controller of(4.1.14) were performedising as control parameters: 0.015,s = 20, U= 0.00001
ands= -0.02 wherec has units of seconds s, 3; andUare unitlessandinitial conditions ofx =
3, w= 0,wherex hasunits of meters and=  ~—-=@,,where theangles are measuredradians
radians are dimensionAlso simulations with the sanwontrol parameters and initial conditions
for the dimensionlesequations of motiondescribed by(4.1.11) and (4.1.12) using the
dimensionles<ontroller of (4.1.22) were executed Figure 4.2a showscart positionx and }
responses of these two simulatiomkile Figure4.2b compares the pendulum anglend dy
responses The axis scales ifigure 4.2, for the dimensionless quantitiesandt are modified

according to Tabld.1 so the responses are the same aszeandt.
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Position Response of the Cart for the Full vs Dimensionless Systems 0 6Theta Responses for Full vs Dimensionless Equations of Motion
4.5 T T T T T T T . T T T T T T T

M 0
- ==yl 05 - = =0y|
0.4
E
P 0.3
(7]
$ —_
5 ® 02
g o
2 0.1
E g
< o}
E
x 0.1
-0.2 [
0 . . . . ! 03 . . . . . . .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time(s) and time(dimensionless)*y time(s) and time(dimensionless)*y

Figure 4.2: Simulation Results for the Inverted Pendulum Cart

4.2 Rotary PendulumAnalysis
For the rotary pendulum of Figu#e3, the pendulum is modeled as a massless rod of
lengthl with a point masay,, and the arm is a point mass, located a distand® from the
rotation point. In this section, the equations of motion will be derived and then rendered
dimensionless. The controller for the rotary pendulum ffp®hwill be presented and then
made dnensionless. Next simulations will be presented of the original and dimensionless

systems.

4.2.1 Equations of Motion

The kineticenergy for the rotary pendulum of Figure 4.3 fr[38] is
1,5, 1 . o1 _ .2
T=2mfg 4E(mp m) R7  m IRos( )g f—zq%pzlslnz( ) (4.2.1)

while the gravitational potential energy is

V =m, glcog(q) . (4.2.2)
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Figure 4.3: Rotary Pendulum Cart

The position equation for the arm,founds i ng Lagr aand(2®), &8 equati on

((mp+mﬂ) R +na?sin2(q)) f IR0y )g

- ) (4.2.3)
2m I’sin(g)cog ¢ £ mIRsif ) g=¢q,
and the ball position equation is
m,l’g+mRcos( § £mFsin ) go§ ) g malsif) ¢ (4.2.4)
The matrices 0f3.1.21) for this system are
M(q):g(m"+ m) R +misin’(g) m IRoq § f (425)
¢  mlReoy(q) mE
Cag=gmsniaeed 9 a-miRsil ) g fsit ) c) £,
& mI’sin(g)coq § f 0 ;
e 0 ¢
G(0) =€ migsin(g) ¢ (4.2.7)
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and

(4.2.8)

4.2.2 Dimensionless Equations of Motion
To transform(4.2.3) and(4.2.4) into dimensionless equations, divi@e2.3) by mlR and

(4.2.4) by ml2. Then, the dimensionlesexaequation is

m, +”L R €
MRy § 1855 2 Bootd) s
(4.2.9)
+z° Ssm() cof § T Bt ) v
¢R [ m, IR
and the dimensionless pendulum equation is
&R- 5 13" _Q é 3
g +cos( ‘)’aq— fg- Rge s@ ) go§ ) ge %(1 { (4.2.10)

Letting R/It =}, which also holds for the first and second derivatives, and multip(i2®)

and(4.2.10) by 2, transforms timgt, to unitlesstime, 6. With Table4.1, the dimensionless

equations of motion for the rotapgndulum are
(1+k 4Gsin’(q)) £ ieof )g gad sif ) as) g rSi)( ) g, (4211

and

giicos( § r+4; i ) gog )( g)° rsih) (42.12)

4.2.3 Controller

The full control law from[19] is
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Frp=U (4.2.13)

whereu; converts the system through partial feedback linearization to cancel out the nonlinear
terms andlyrp stabilizesheresultingsystem. To convert the equations of motion so that the
parameters morph into recognizable quantities, first dé&fgremul2, brp = MR, ap=(My+Mma)R?,

andDyp = -mygl. Note,ap and Y, are unitless constangmd
u= a,sin(gco{ g 7 sd( ) (4.2.14)

Next, the stabilizing controller is

H p Br er Dr j f
krp QSII’]( )4 rpa2+@rp COS( )) _qppb% Brpudrp _rp rpEIS Cbé )
qup = 2 > (4215)
b, ( §+1)cos( )
a,- ;
P
wherecy, > 0is a constantvith units of secondy
F,=a,sin( gco{ )g° (4.2.16)
BT S (4.2.17)
pfp / grp 26 'E L.
p (; -
1& b ¢
B, =g —;coé( g ¢ (4.2.19)
P g p =
and
Ugrp = G/ rp( +p, cog( )q) (4.2.19)

wheresy, is a unitlessonstant.
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4.2.4 Dimensionless Controllers
To transform the controller @#.2.13) to a dimensionless controller, divi§g2.13) by
mulR and simplify using the definitions &f andk.. Utilizing the dimensionless ar a meN er s o

= (1+k1) andDrpn = -1/2%, the dimensionless controller is

o=y Ry (4.2.20)
where
- AR- 5 5. (
Uy =K gesin(g) cof P /5 i ) T'%e : (4.2.21)
¢ ¢t = ¢ -
’ :/rpN k sin( )Q'ZﬂDrpN cog )) q
2PN [ on - ( K 41) cod( g
. iR & . (4.2.22)
/rpN%BrpN ﬁDrpN rzpﬁl% %BrpNudrpN _rpgld?a NCOS( ) E
+ i ;
(4 #)oos( )a
F,n =sin(qg) cog c)'gge]— fg (4.2.23)
(
udrpN rp rpN%l_ O+prpN COS( ) ¢ (4-2-24)
D = % X1 S (4.2.25)
roN /rpN Q p %ﬁ 'f
and
14 1 (
Bon -Xm? - cos(q) { (4.2.26)

Finally multiply (4.2.20) through by2? and using the definition gf from Table 41, the

dimensionless controller is
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tN :ulN -|u2rpN (4227)

where
F.x =sin(qg)co{ ¢ i7 (4.2.28)
Uy =k§( sin(g)coq ¢ ir gsif( ) c) (4.2.29)
Ll fsin( g Pgcod ) g
2rpN / _ §
o (£ Yeos( g (4.2.30)
+/rpN(BrpN 6 rzp(l +BrpNudrpN - gpkz2 I%NCOS( ))
(4 #)cos( g ’
and
Ugon =/ oo £ *+Pnec0S( )7 )i (4.2.31)

4.2.5 Simulation

The analysis produced simulations of the rotary pendulum equationstion of(4.2.3)
and(4.2.4) with the controller 0o{4.2.13) together with thelimensionlesgquations of motion of
(4.2.11) and(4.2.12) with the dimensionless controller @£.2.27) to validate the dimensionless
process was performed correctlifor both simulations, the control gains wepe= 0.015,8r =

25, = 0.00001, andrp, = -0.02 the same as used|[it0]. For the simulation using controller
(4.2.13), the initial conditions were = 1,%0= 2,d = 1, and—=2, where the anglesre measures
in radians, and for the controller @£.2.27)} = R/Il,} NE'Y F o, dy=1,anddwNi ¢ oFQ
Figure4.4 compares the responses of these two simulations Wwiggree4.4a compares the

rotay pendulum arm angleand} while Figure4.4b compares the pendulum angular position
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anddn. As done for Figured.2, the axis scaléor the dimensionless quarytit wasmodified

according torable 41 so the responsere the same size.

8Position of Arm Responses to Full vs Dimensionless Controllers

Theta Responses to Full vs Dimensionless Controllers
T T T T T T T
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Figure 4.4: Simulation Results for the Rotary Pendulum

4.3 Morphing

As the radius of the rotary pendulum arm is allowed to grow without balaritie

equations of motion and the controller of thearg pendulum becont@os of the inverted

pendulum cart?To check the sufficient conditions necessary for morpthiegequations of

motionfor the rotary pendulurto theinverted pendulum carfirst examine the generalized

coordinates.Thesecond coordatefor both systemseasures the angular displacement of the

pendulum. The first generalized coordinate for the rotary pendulum in the dimensionless system

ist R/l. As the radius of the pendulum arm base is allowed to grow without bognodvs small

to cover the same distance, théhbecomes straightline displacemenandt R/l morphs to the

} of the inverted pendulum ca&imilarly, the generalized velocities dfd rotary pendulum
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morph to those of the inverted pendulum cante mass matrix of the dimensionless rotary

pendulum cart is

(4.3.0)

andasR grows largek> goes to zershowing(4.3.1) matches the mass matrixtbe inverted
pendulum cart(4.1.13), providedk; is the same ratiof the cartmassto the rotary pendulum
mass Lasty, the potential energy of the dimensionless rotary pendulum diil) and
(4.2.12) is

V =cos(q) (4.3.2)
which is the ame aghe potential energy function of trdimensionless inverted pendulum cart.

Thereforethe sufficient conditions for morphing the rotary pendutiymamicsto that ofthe

inverted pendulum cart are met.

4.3.1 Equations of Motion and Controller
As the radius of the arm ofi¢ rotary pendulum growRbecomes largand therk. Y O.

This transforms equatiorfd.2.11) and(4.2.12) to

(1+k)ri wcoq § g si( ) @ g5 (4.33)
and
giticos( § r-sif ) g9 (4.3.4)
These equations match those of the dimensiomessted pendulum ca(é.1.11) and(4.1.12).

Next the conbller of (4.2.27) becomes

Iy =l oy (4.3.5)

49



where

U, =0, (4.3.6)
. :/rpN( ksin( ) Fgcod ) By, 28 Bl )) @
2N low- (& #)cod( )g
and
Uy =/ oo A Py COS )7 )i (4.3.9)

The dimensionless, morphed controlle(4B8.5) matches that of the dimensionless cart

controller of(4.1.22).

4.3.2. Simulations

A simulationof the controllerof (4.3.5) applied to the morpheequations of motionf
(4.3.3) and(4.3.4) was performed The simulations of the rotary pendulum cart and inverted
pendulum cart used the same constants exceptvibich was equal to 25 for the rotary
pendulum cart and 20 for the inverted pendulum cBine simulation usethe sameconstantsg,
9, U ands; as thoseised for the cart withitial conditions off =3/, N0, dv= ° / &kNjOa n d
andproducel theresultsof Figure4.5. Figure4.5a shows the cart position for the inverted
pendulum cartoFigured. 2a compared to the morphed5br ot ary
shows the pendulum angular positiorFajure4.2b compared to the morphed rotary pendulum.
For the morphed systemslafjure 4.5, dimensionless time wasultiplied byoto have units of
seconds for ease of comparison. The morphed cart pogitisas multiplied by the length of
the pendulum in Figuré.5a to scale the response to compare to the cart position of the inverted

pendulum cart.
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Cart Position Response for Inverted Pendulum Cart Pendulum Angle Response for Inverted Pendulum Cart
vs Morphed Rotary Pendulum vs Morphed Rotary Pendulum
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Figure 4.5: Morphed Rotary Pendulum Simulation Results

4.4 Conclusion
In this chapter, the equations of motion for the rotary pendulumveaeisuccessfully
morphed to match the equations of motion for the inverted pendulum cart. AEwer@y
basedcontroller for the rotary pendulum cart was successfully morphed to a controller for the
inverted pendulum cart. The process of morphing the@aitett did not cause the constants to be
the same as the inverted pendulum cart, jussyhabolic form. Thishaptetasshownone set

of systemavhich suppors the sufficient conditions for equations of motion to marph
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Chapter5-Pendubot

As a finalunderactuatedxample supporting the conditions of morphing, the Pendubot
will be investigated. First, the equations of motion will be derived and then the coordinates will
be modifiedto match those of the inverted pendulum cart. Next, the equations of motion will be
rendered dimensionlessid morphed to those of the inverted pendulum @&en a controller
will be presented that has simulated results in the literafline.controller will be rendered
dimensionless and thehe length of the first link will be allowd to grow large Lastly, the

equations of motion and controlifar the full and dimensionless systems willdsaulated.

5.1 Equations of Motion

The pendubot contains two links where the first link is subject to actuation. For the
system of Figure 5.1, the first link is of lendth with massm, subject to actuation, and its
rotational displacementy, is measuredounterclockwise from the negatiYeaxis. The second
link is pinned to the end of the first and has lerigthmassm, and its rotational displacement,

02, is measured counterclowise from a line extending out of the first link. In this section, the
equations of motion will be derived, rendered dimensionless, and then morphed to those of the

inverted pendulum cart.

5.1.1 Full Equations of Motion

For the pendubot of Figure 5the kinetic energy is
1 . 1 (5 . 1 . : 1.,. .
T=ou £m(X %) om(4 W S K 9 (5.11)

while the gravitational potential energy is
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X
m, = 2kg
L =2m
L,=1m
m, =lkg
L, =1m
L, =0.5m
g=981"2
2

Figure 5.1: Pendubot Diagram

V=mgy. +m gy.

The position and velocity for treenter ofmass othe first linkare
X = Lysin(a,),
Ve = Ay c08(0)
% = Ly cos() ¢,
and
Yie = Ly sin(a;) 6.
The position and velocity for the center of masthefsecond linlare
X = Lysin(qy) He sin(g, @),

Yoo = 4coqq) E,cofq o
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(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)



% = Lcos(q) ¢ H cotq &)(q @ (5.1.9)
and
Voo = Lusin(q) & Heosin(q a)(q . (5110
The position equation fdhe first link foundu s i ng Lagr a,@ei®s equati on
(2LomLcof @) +( & #2)m, €m K I, +

(Lom Lcos(q,)+ mE, +1,) 4, 2mLL,si o) 4o - (5.1.12)
m,LL,sin(a,) G+ of mL,sin( g +g)+( Lm + L ) sin §)=u

and t he spositiomeduationish k 6 s

(mL,Leog @)+ mi, +)q (+E.m

_ _ (5.1.12)
+m, L L,sin( g) ¢+ gm L, sif g+ ¢=0.
The matices of(3.1.21) for this systenare
M (q) =
2(2L02L1c09(q2)+ L3 +Li2) m, £m+ I, +, (Lcoga)+ L )m,l # Igli(S.l.lB)
é (Llcos(q2)+ ch)mzl-cz"' I2 thzmz +I2 L,j[
N _emLl,sin(g)a -mLL.sin(q)(q ¥
C(aq)=¢ . . 5.1.14
(@92 L1 sn(a) g 0 K G119
G(q):gg(n@ Lesin(q+q) £Lm 4,msn( q) : (5115
é gm L,sin( g+ &) t
and
eu
U=a 5.1.16
& | 5419
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5.1.2 Change of Coordinates

With an eye towards this system morphiaghe inverted pndulum cart, move the mass
center ofthe second linko the end of a very light rod. In doing thegtthe quantityL, equal to
Le andcall it Lz for simplicity, andsetl» to zero. Modifying the first coordinatéo measure the
angular displacement relative to thesitive vertical axis changesto” + U g Thento convert
the coordinatéo circumferential displacement in thlckwisedirection, factor out the quantity
-L1 from terms multipying the time derivatives afi. Then aftersimplifying, (5.1.13)-(5.1.16)

become

. ) ; {5117)
- as0s(a,) +-2 5 L, m g
¢ L "+ H
¢ mbsin(q)g - mLsin( @)( Ly { 9 Ly .
Claga=¢ L, . _ a . "¢ (5119
m,—=sin(q)(- Ldg) 0 § % o
&L §
G(q):gg(rw Lsin(dq +q) (m+ Ly aq) 5119
é - L,sin(dd, +,) gm, i
and
- au
U=g . 5.1.20
o | o2

In order for themass matrixo be symmetricdivide thefirst link equation byL1, then the

matrices are
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€, L 2 6 L2 | a L 0 2
R CORER T N LI . T 2 m, U
M ()= R 1LT 5 ' ' ¢ LT g ; % {5121
¢ -gosg) 2 : !
& 2 a,) AL Em, h:
e . a L o]
é -m-2sin(q)q  msin( g)elg ﬁ( Y9 a L, ¢
C(ada=¢ ¢ g ; ' § 5122
ém, =sin(q,)(- Ldy) 0 a -t
é v
e & L, . a L 8, 07
éggm =sin(dq+ q) wm -+ m ain( 99 g
G(q):é,cf;gnz L ( ) ¢ L = (a9 % (5.1.23)
&t -gm,L,sin(dq+ q) "
and
e u «
“1— € L
U= ; L (5.1.24)
e0 |

5.1.3 Dimensionless Equations of Main
To convert to dimensionless equations of mqtéimide thefirst link equation bympl>

andthe second linkequation bymyL,? to obtain

e L L2 | a 0o
&2 coqq,) + 1+2 %“ s o0ft) 2R L .
e b LoLm mb ¢ b D% 5,
é - a80s(q +_2'o 1 ue ! l]l'
& c (%) L+ gt
e a  La L 3%
e -psin(@)e  sna)gh e dd oL g,
€=25in(q,) e 46 0 g6
ng (2)9 L2 T uu
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é o o o ~ ~ o ~ o @
g4, .al,a L o, 0 alL,m 0 L, a
e—g_—sm —~ p—2d }ael_—"‘—c sing - =
éng 1 (E% ngi‘ Lz Ch 9&2 a C*-1 m, 9 1 Lzéﬁl 8{
G(a)=¢ s s s o (5.1.27)
e 9 . 2 L 0, O L
: - —Singga < g—0d , y
e % e qlo q-ZOO L
é L, (o} Ll(; L, + = U
and
e_u_
L’J:g mLL, t (5.1.28)
e 0 |

Multiplying (5.1.25)-(5.1.28) by Lo/g, transforms time to unitless time Utilizing the

dimensionless parameters from Tablg, the matrices for the equations of motasr§3.1.21)

become
Gk os(q)+14 Kk k (cedq) k)eri 5120
MO (oda) %) T
o _eksin(g) g sin(q)(ai- kr)ieri
C(a, ql)qﬂgkzsm(qz)” o ;| (5.1.30)
_&,sin(-kr +q,) (& kk)sh( -k jo
G(Q)—g sin{ ko +q,) i (5.1.31)
and
U:gg E (5.1.32)
da, dgf

wheregj = a9t andgj 3 e

|—+
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Table 5.1;: Dimensionless Pendubot Parameters

Dimensionless

ke k2 K ko r g’ ty
Parameter

m L, 1, Ly aq,L, L, gu
Pendubot — — — - —= -

m, L, m, 1 L L, g m,LL,

5.1.4 Morphed Equations of Motion

To check the sufficient conditions necessary for morphing the equations of motion for the
pendubot to the inverted pendulum cart, first examine the generalizedradesdi The first
generalized coordinate for the pendubot, in the dimensionless systenb,iik,. As the length
of the first link is allowed to grow without bourid; grows small to cover the same
circumferential distance, thal L, becomes a straighine displacement andigL1/L2 morphs
to} which matches that of the inverted pendulum cart. The second coordinate for the pendubot
measures the angular displacemerthefsecond link counterclockwise whereas the pendulum of
the inverted pendulum cart of chapter 4 is measured clockwise. For the second coordinate to
morph thengz will need tobe multiplied by-1 to have the same directionalitydf In a smilar
manne, the generalized velocities of thbendubomorph to those of the inverted pendulum cart.
The mass matrix of the dimensionlgeshdubois

_ Sk cofa)t 14 Kk (cofa) k)
g - (coda) +) 1

AsL;: grows largek. andksgo to zerg andks goes to ongthen the mass matrix cae b

M (a)

(5.1.33)

simplified to

_é, 1+k -(I)S(qz) .

{
M = ] 5.1.34
D7 cofa) 1 6139
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Now substitute ind for gz then, gj becomes- g, and(5.1.34) is

_e 1+k  cogq) «

M = 5.1.3
D7 cot) 1 ¢ (6139

For asymmetric mass matrjixnultiply the second row db.1.35) by -1, andthenthe resulting
mass matrixnatches the mass matrix of ttienensionlesgverted pedulum cart(4.1.13),
providedk; is the same ratio of mass Lastly, thegradient of thepotential energy of the

dimensionlespendubofrom (5.1.31) is

G(q) — E ZSin(' kzr -IOQ) (-E‘+ kgkl) Sh( 'kz ')g, (5.1.36)

- sin( k7 +q,) !

('D) ('D\

AsLigrows largekz andj goto zerq andthenintegrating(5.1.36) results in a potential energy
function thatwill morph tothe potential energy function of thdimensionless inverted pendulum
cart Therefore, the sufficient conditions for morphing gemdubotdynamics to that of the
inverted pendulum cart are met.

As the length of the first link.1, is allowed to growthe dimensionless paramet&ssvill
go to one, an#ts will go to zero. As th first length grows large in order eaintain the same
circumferential displacemenit gwill become smallthenusingg. equals d and multiplying the

bottom row by-1, (5.1.29)-(5.1.32) become

el+k codq)eeri i

M (a)ai = Codg) 1 i | (5.1.37)
\._€ dn(qg) Geri g
C(agg)g= & o & (5.1.38)
_e 0
G(q)= ¢ sin(q)™ (5.1.39)

and
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(5.1.40)

Putting these matrices in{8.1.21) yields equations of motion thatatch those of4.1.11) and

(4.1.12).

5.2 IDA-PBC Controller

5.2.1Full Controller

The IDA-PBC controller fronj24] will be applied to the pendubot equations of motion

since there arenough details to perform simulations. The full controller is given by

e el .
u= &v al 2 /2+’§ 2(|55Mdlp) M E
¢ ‘ (5.2.1)
pTMt-‘logdez' dspl gkv dzq:)z' d|4p1 ,
[2 d a é 0
whereky is a positive constanfThe desired mass matrix is
M, = gdl A, ¢ (5.2.2)
ed3 d4 L

whereD, =dd, €,d,, di=k {id> = d2 = K(C1-C2), da = K(C3€OS(]2)-C2), C1 = MyLc1® + mpla? + Iy,

C2 = MeLe2? + 12, €3 = MpLilca, €4 = muler + Mely, Cs = Meplez, andk is a positive constant
Utilizing the potential energy function of the pendubb(5.1.2), the mass matrix db6.1.13),

and the desired massainix, the desired potential energy functisrfound to be

= |9

V(. @) == g(coq +q) 3 529'( g 2¢ (p - g))+ (5.2.3)

wherek, is a positive constantThe derivatives oY andVq then are

bV =c,gsin(q) €gsin(q g), (5.2.4)
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PV, = %sm(q1 @) 2k(q 2q+(p -qy); (5.2.5)

and

By, = =Jsin(q. @) kfa 2a+(p -q)). (5.2.6)

Next, he generalized momentaps_ ep, K . The matrixJz is skew symmetriandJz(1,2)is
2 l

defined to beo"MqU, where U= gl , with
2

a, :c3sin(q2)( Fo+/ 2)/, (5.2.7)
e ,G(26- 2¢, f)codq,) € & of

a, =¢,sin(q,) k ~008 (q,) ¢ 55, , (5.2.8)
1_k(009(02)03(c1- 9)2+ G - ¢ 9‘)’ 529)

cos (q,) ¢ - 6G

and

_K(a(2a-26 f)eoda) ¢ ¢ cf 5210

(- cos(q)* +¢)

Lastly, the derivative op"Mq*p is

D,(p"M;'p) = s((a-a) n /) sin( (5.2.11)

(-coq(@)ef+& € 2 Fo Efk

5.2.2Dimensionless Controller

Next, toconvertthe pendubotontroler to have the second link modelasioint mass,

let L, andL> be equal antdb to bezera Forthefirst link to measurghe circumferential
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displacement from the verticglaxis,let g1 beequal to” TjLo/L:. Now torender the controller
of (5.2.1) dimensionlessafter invoking the substitutions abgoweultiply u by T 2?/(mpL2L1)
whichresults in thelimensionless controller

1

1
Iy = B F—— VP A —— ,(pEMp
" omLg ’ mLg *° 2 mlLg o PEME'P) (5212
1 1 a-8-dp dp @ 1 dép - d, p,
+/ —E?\/ —pTM 02—z N € kv 4 2 ]
*mbLg *¢ mLg ‘& D, tmkg’ & D

Simplifying the termsn (5.2.12) and factoring outrpL?, the cis becomen = kike?+1+Ks, Can =
k22, andcan = ko, and thedis becomelin = kin, dzn = dan = K(Cin - C2n), @anddan = K(CanCOS(EL) - Can),

where(i, = (/( mL1?). Then the desired mass matigx

ed, d, ¢
My =& L d2 { (5.2.13
3n 4n L
andthe determinatef the mass matriis
an :dlnd4n dzndBn' (5214)

Factoring outmpL; from ¢4 andcs leavesan = kikot+1 andcs, = k2. Next thederivative of the
potential energy function of the original systemth respect to the first variable qf can be

rewritten as
bV, =c,sin(kr) <,sin(q k1, (5.2.15)

and thederivatives of thelesired potential energy functiamne

BV, ==sin(q, kr) 2,(q Ark)  pa), (52.16)

and

D V4, %sin(qz kr) k(g 2+k3  pa), (5217

with kpn = ko/(meLag). The elements dil, are

62



a,, =03nsin(q2)( Eo+ Zn) (5.2.18)

and
- 2,- 26, £,)0s(0,) & & Gif
— k2 C3n( n n n 2 n n n n’ 5.2.19
a,, C3n5|n(q2) i COSZ(qz)ngn +C.C, ( )
where
. k(cos(a,) ¢ (Gin - sz GG G Gf o) (52.20)
COSZ(qZ)C3n - GG
and
- k(e (26,- 26, ) CZOS( a3 €, &, Qn-lz)_ (5221)
(_ COS(qZ) én + qn gn)
Finally, the generalized momentahich are defined gs, = M, A become
P = {2c, cofa,)*+ ¢, *g,)7i+( coga,)+ c,)a (52.22)
and
Pan = {c08(0p) + ) 7i+ koGl (5.2.23
Lastly, the derivative of"M4'p simplifiesas
2 .
n n- n n - n Sln @
B,(p M;'p) = (G~ ) By RS ) sin( ) — (5.2.24)
(_ COS(qZ)%nfn -Kén (+ 2(-\1n+ [l') Gn +én) k
Now (5.2.12) simplifies to
fo= - B, 4 VR ksl NPk o {PT0P),
(5.2.25)

. e- o C
_ kz p: M (—jlung d3n pln +d1n pZn l\ﬁkvn d% gn 'dZn Qn .
é dn u é [an L

wherekyn =9 K(meL+?).
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5.2.3Controller Morphing

As L. is allowed to growkg goes to ongk andks go to zergpand}; becomes small to
maintain the same circumferential displacem@ritencsn, can, Csn areequalto zero,cinandcan
areki +1. This makeslin =k § d2n = dzn = k(k1 +1), andda, = 0. The dimensionless control law

of (5.2.25) then becomes

= - Pan 5.2.26
tN 1En fﬁ 1V£? k m ( )

where
bV, sk #sin(0, (5.2.27)
BV, =2k (% £ ), (5:2.28)
Py = €0S(Q,) /i (5.2.29)

and

/= % (5.2.30)

Letgsib e e q uvaado. edua toid, (5.2.26) simplifies to

v = 2Kk,g +k,, (5.2.30)

cos(q) £
k(k+1)”
5.3 Simulations

After the morphed controllexwas derivegimulaions were performed. First tlsenulation of

theoriginal equations of motion ¢6.1.11) and(5.1.12) with the controller o{5.2.1) was

performedusing initial conditions ofp = 7°1.1,02=1.1, andg, = ¢, 9, with control gains of
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G =500k=0.0033k,=30,ky=20, anchsi=" , s i f@4].I Next, a sirulation was
executednthedimensionlesgquations of motionepresented b{b.1.29)-(5.1.32) with the
dimensionless controll€b.2.25). The dimensionless simulations had controller gaing; of
125,k = 0.0033 kpd = 1.5291 kva = 1.1288, and initial conditions ¢f=4.4,0.= 1.1, and

r =g, 9. Figure 5.2 compares the results of these two simulatiowalidate the

dimensionless process was performed corredtlyr both pbts in this figure, the time axifor

the dimensionlessimulationwass ¢ a | e dcorpargotime i seconds For Figire 5.2a, the
y-axisfor the rho valuesvas scaledby Lo/L; and then was addedo the linkoneposition to
compare it with the original link displacemerttastly, the morphed equations of motion
represented by the matrices(b6f1.37)-(5.1.40) were simulated using the morphed controller of
(5.2.31), utilizing initial conditions of =312, 2= ~ / 6/,=@,a9, tb match the initial
conditions of the dimensionless inverted pendulum cart system of section 4.1.5, and the same
controller gainsasthe dimensionless simulatiautilized. This simulation produced unstable

results.

12 Second Link Displacement for full vs dimensionless systems
. T T T T .

First Lin‘k Displace‘ment for fl;l" vs dimepsionless ‘systems

=

3.6 Jt { i 0.8 J
A““"M{”“ I |
BN “:U\‘ A ] £ 04 "
c \ A V\ANAANANAA A c
5 3{ 1 “Mi;"j\/\}\aw\/\m | g O_J Q{; ﬁ M"
§ ! A ?3 i | ; 'ﬂ ANANAAAAA s
*% " I °L‘t§“f*:w\ A

26 . -O-Z’I*lbb°

e
24 1 04 }4 “
22 B -0.6 *U.
2o 1(;0 260 3(IJO 4(;0 5(;0 600 -0'80 1(;0 2(;0 3(;0 4(;0 5(;0 600
Time(s) and Time(unitless)*~(s) Time(s) and Time(unitless)*~(s)
(@) (b)

Figure 5.2: Comparison of the Original and Dimensionless Pendubot Systems
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For this IDAPBC controller, why did the morphed control law witle morphed
equations of motion not produce stable results when the dimensionless system did produce stable
results? Looking at théimensionlespotential energy functioaf (5.2.28), once the first link is

allowed to grow large andl ggoes to zero the new potential energy function then morphs to
V, =k, (5.3.1)

which is positive for all values a@f. Using hedefinition of thed:s, letting the frst link grow

the dimensionless desired mass matrix becomes

_ & kf, k(k, +1)

MaZ&k+1) o

which is not a positive definite matrix. Thisase reason whgoing from the dimensionless

(5.3.2)

control lawof (5.2.25) to the morphed control la{s.2.26) all the terms involvindvq dropped
out. This controller presents the ques, if the desired mass matrix succefigfmorphs to a
positive definitematrix, will a simulation of the morphed controller with morphed equations

produce a stable result?

5.4 Conclusions

In this chapter, the equations of motion of the pendubotlédfihe sufficient conditions
for morphing to the inverted pendulum cart. An HPBC controllerfrom [24] was applied to
the pendubot and rendered dimensionless. Simulations of the dimensionless equations of motion
and controller were performed, demonstrating that the process of rendering a system
dimensionless did not alter the simulations resultse praess of morphing the controller did
not lead to stable simulation results for the morphed sysitdns. chapter has shown another

underactuatedystem which supports tisafficient conditions for equations of motion to marph
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Chapter6-Ful | vy ATcwou altiendk| Ma o p u

The examples that have been presented in the prior chapters have all lrantuated
systems. In this chapter, a fully actuated system will be investigated to illustrate that the
sufficient conditions for morphingquations of motions applies to fully actuated systems. A
controller will also be presented that will successgfuaflorph.

In [28], the author presents a tdiok planar robot manipulating an unknown load,
shown inFigure 6.1. This robot is fully actuated and as the length of the first link grows large
this system would resemble a fully actuated inverted pendulum Ta test thisdea,first the
equations of motion will be presented for the model in Figure 6.1n thieecontroller fron{28]
will be presented Next,the equations of motion and the control law willdmaverted to
dimensionless form, and then mbgal. Lastlysimulation results will be presented that verify
the process of rendering the system dimensionless does not alter the responseaccessful

morphingof the twelink manipulator to a fully actuated inverted pendulum.cart

6.1 Equationsof Motion

For the twalink robot manipulator of Figure 6.1, the kinetic energy is
1 . 1 (5 . 1 . : 1.,. .
T=ou £m(X %) om(4 W S K 9 (6.11)
while the gravitational potential energy is
V=magy, +m gy (6.12)

The global position and velocity for the center of mass of the first link, the liahatd to the

origin, are

% = Lycos(qy) , (6.1.3)
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v

U,

Figure 6.1: Two Link Robot Manipulator

Yio = Lusin(q,) ,
% = Lusin(a)
and
¥ = Lacos{a) 4.
Theglobalposition and velocity for the center of massha second linkare
X, = Licos(q) H, cogq, o)
Yoo = Lsin(q) #,sin(q, 6,),

%o = Lsin(a) & kosin(a o) ok
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(6.1.5)

(6.1.6)

(6.1.7)

(6.1.8)
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and

Yo = Lcos(q) ¢ H.,co8q &)(q (6.1.10)
The equatiorof motionfor the firstl i nk, found usi n@2disagrangeos
(2LomLcofq)+( 15 #Z)m, €m b 1, o+

(LomLcos( @)+ mE, +1,) % 2mLL,si( q) qg - (6.1.12)
mLL,sin(q,) G+ ol mL,co{ g +q) (+Lm § m cobq))=u,

and the second linis

(m L, Leof @)+ mi, +1) g (FE.m §%

_ (6.1.12)
+mLL,sin( q) ¢ +gm Lcos( g 49 =u,
The matrices 0f3.1.21) for this system are
" (q)zg(ztczgcos(qz)ﬂl #2,)m, Em+ 1+, (L100$q§+ L) mak "% 6113
8 (Llcos(q2)+|‘t2)rnZLc2 +|2 chm2+ |2 al
3 _&mbl,sin(a) g -mLL,sin(q)(q ¥
Clg Q) =¢ _ 6.1.14
397 mLL,sn(a) 0 .
o(q)=B(mlzcosar @) {hm 4. os( ) ¢ 6115
é gm, L,cos( q + ) i
and
el
U=g" § 6.1.16
G, | o119

Lastly, if the second link imnodified to be modeled ad@ng, masslessslender rod with a point
massa distance ok from the end of the first linkhenl, = 0andLe = L>. The matrices for

(3.1.21) thenbecome
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:gZLZLlcOiq2)+L21 +L22)m2 H'czlm1 If(LlcO$q9 L)"mzl-zf

M (q (6.1.17)
() § (Lcos(a,) + L) m,L, m, g

S _emblsin(g)g -mLLsin( g)(q )
Clg g =g . ( 6.1.18
(392¢ L Lsn(a) 0 t o
G(q)zgg(mz Leos(q+q) {Lm 4, os( g) f 6119

8 gm L,cos( g + ¢) (

and

L'ngJu1 { (6.1.20)

6.2 Controller

In [28], the first step in designing the controller is to recast the equations of motion into

the form
M(@)d+C(adga+d 9 A qghd 6.2.1)
whereY (q, ¢, ¢, for the twolink manipulator, is a 2x6 matriaf functions of thegeneralized

coordinates and its derivativasis acolumnvector of inertia parameters. Using equations

(6.1.11) and(6.1.12), Y (g, g ¢ anddi are

& ¢,+8 YL gcos(q) gcogq) gcos(q+q)

MCLE zgo g+a, Y2 0 0 gcos(q + @) (6.22)
Yi=coqq)( 24 +4) sifq)(q 299) (6.23)
Y2=coqq)q +sir(qg) (6.2.4)

and
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G=gim Aim % Lm o mLL mL, mbL mbg (6:25)
Then the control law is
U= X ,4 a)¢,ar,0 -u (6.2.6)
whereY (g, d v, 8 is a 2x6 matrix of nominal functions of the generalized coordinates,

velocities, and errors relative to a reference trajecterig a column vector of nominal inertia
parameters,z. is designed to achieve robustness to the maicgy of @ 1 Uo), andK is a

positive definite diagonal gain matrix. The new variables are defined as

v=¢ -o¢ (6.2.7)
a=\v, (6.2.8)
r=q ¢ (6.2.9)
and
d=q -of (6.2.10)

whereais a positive definite diagonal gain matrix agids a reference trajectoryzor the twe

link manipulator of Figure @,

¢, a+a, Yd gcos(q) gcogq) gcos(q+q) 6.2.11)

Y(q,q,v,@:go a+a Y2 0 0  gcog(q+q)
val=cofq)(2a +a) sifq)(qy ‘v ‘g9 (6212
Ya2=coq q) a +sif q) qy (6213
Ie-yi(YTri . if ‘(YTr)i‘ &, :J
- (Y7r),| ! (6.2.14)
i'yi YTr i i E
L ] e |
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ng(mz+ ) £im b
e L.+ D) (m, +mD)

0, _ghi(m+ [Lmz)(Lz +1p t (6.2.15)

e clrnl \

¢ L(m+on) |

§ (m+ Dn)(L, +L) ¢

andq = Uo7 0. Then after substituting andmiplifying, the control law is
a1((ﬂo)1 ( )) '(al a*2)(( UEL ) Y&( )

gcos(q)((d), (UzL)4) gcog q)(( . (Uz_);) (6.2.16)
geos(q @)((Go)*(w),) (LI w+ -

and

(a+a)((t), fw),) ¥2(( 9, (w)) oofq It J (u)y

6.2.1
-K(2,2)r, =,. 6219

6.3 Dimensionles$System

6.3.1 Equations of Motion

As the length of the first link growarge the first link @anbe maphed toa cart vith a
straightline displacemenmeasured relative to the positiy@xis. For this purposeagedefineq:
a s U f then the derivates ofq; are the derivatives af g Next convert the first coordinate
to measuring the circumferential displacement of the link by factoring:dubm terms

multiplying the derivatives ofi ¢ The matrices fof3.1.21) become
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5] >0 (Lilrnl-l- |1) 9
g;él—z COS(Q2)+L1 ": 912 T (L100$q2)+ Lz) mZLZUQ?dOELl ‘ (6.3.1)
é a L O l:l% qz t
¢ os(q,)+—2¢ 2 S
g aé(’;s( ) ngmsz Lm, ;0
| _g -mLsin(g)a  -mbLsin( ¢)((dql) +0q) Sl
C(q,q)q—%ﬁsin(q)(dqh) 0 €q ¢ (6.3.2)
§°L B
. . ) 5
G0, Loosye +dq +q, gm ) 0055%3 oy &
G(q)=¢€ ¢ ¢ ' ¢ T (6.3.3)
oo v g
é ¢ + a
and
. eu
U=g"' 6.3.4
g, ! 634

For a symmetric mass matrix, diviteefirst link equation, top row, bizi. After simplifying the

cosine functions in th& matrix, (6.3.1) through(6.3.4) are

2 0 I_21 +|1 0 g
ea@%cosmz)ﬂ% o L%) caba) % mé YL
M (a)G=g L_~ & t T”%d t(6.3.5)
e 42 2 : 2
¢ S@OS(qz) L oML amo g
| _g -mzfsin(qz)oe m—=2sin( g)((d'qL) +Lq) ’5’% Q
C(q q) a=¢ | 0 (6.3.6)
g, —=2sin(q,)(dq Ly) 0 VI
e L u
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e a |, a L, o o
& ggn —2sin(dq +q) a&m —# m gnl d9 &
G(q):é ?TELl ( )Q L, +( 9% (6.3.7)
& -gm Lsin(dq +q) {
and
ey ¢
_e l
_E;\L1 'i (6.3.8)
gu, |

To render the equations dimensionless, divide the first lin&tequbynl > and the second link
equation bympL2?. Fordimensionless coordinates the first coordinétg, 1, needs to be divided

by L>. The dimensionless matrices {81.21) then are

Ao 2 L2 +| [1,]
%ﬁcos(qzﬁ 1% OLLZJ co$q,) L gL, «
] - m 5 ‘
M(@)a=% 5 N b L 6L L (639
é cos(q,) +-=2 1 8d
8 (@) L EI
e L aL,adgl, 6 09
é - —2sin(q,)q, -sin( q,) Zaeci;1 o &% @agl,
h. 6 L e T
C(a,9) q—éL o L | (6310
?—28in(q2) 4L, g 0 g
8L1 c Lz - H
é 2 ~ o ~ 9 o d
é“,_g LZSI LzadElL1 0 2 gﬂaL m sinQL a,la 8{
° 0% § m 0 % 28
G(g)=¢ "¢ 6 CosmE © e 2 gan
é al, ad 6 O {
é _g in 2 ElLl Oﬂz 8 i
e 2 GG k2 T+ (
e u
é l
t’J:émleL2 ! (6.3.12)
é u,
EmL |



Multiplying by Lo/g = 9, transforms time to unitless timgand therusing thedimensionless

parameters from Tablg1, equation$6.3.9) - (6.3.12) become

&2k, cofq,)+ I+ Kk +k cofq) K, @i i

M (q)q o (6.3.13
(a)aizg cos(q,) +k, -
ek,sin(a,) g -sin(q)( ks i) @i ¢
C(ag)a=é, -, _ 06 { (6.3.14)
(49) 938y dn(q) 0 !
& k,sin(k,r 4a,) (A+ kk)sn(k ) «
G(g)=g 2 . W 6.3.1
() g - sin(k,7 +a,) i (6315
o=g" (6:3.16)
N2 L
Table 6.1: Dimensionless TweLink Manipulator Parameters
Dimensionless ,
k1 ka Ke Ko r g Iy o

Parameter
Two-Link m L,
Manipulator m, L, m,

—

L, | aqb | L, gy 9'u,
g

I
A
T

6.3.2 Controller
Supporting the coordinate change for ¢h¢o be measured relative to the positywaxis

Y (g ¢ v, @ becomes

e L,

L, Za+ .
Y(qua)=gfa1 Llai * va -gsin(k,r)  -gsin(k, A -gsin(k,r +q) (6.317)
B L, Ya2 0 0 -gsin(kr 4g)

g0 LA

where
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a L 0 . a L L
Yal=coqq)x22 3 +3 osi{q) Gy /Yy ‘gFy (6:3.189)
C L1 - ¢ I—1 Ll
and
L,
Ya2=coq g )-%@a +sif q)—27—2y (6.3.19)
{a) a ssifq) 7

To convertJto dimersionless form, as see in Tabld §6.2.16) is multiplied by 2%/(meLoL;) and

(6.2.17) by 2?/(mpL2?). Performing this operaticand simplifying slightlyobtains

((G0)1+(u2t ) g 4, g‘f’ ) ¥a((&0)a+(u2L)3)

Y me (;L1 9 mztle mLL,
-sin(kzr)g(u°)4+(u2L)“) 4_((u0)5+(u2L)5) gsin(k2 r q;l)(( 9 J(UZL)S) (6.3.20)
£ mL mL 9 m L
rEK(ll)\/E ‘S#N
emz|-1|-2
and
alL, a+a gﬁo)z+(2lsz)2) +Y62((u0)3+(52'-)3)
Q T ((mz)Lz( ))& ( ”;Q o
Ug)s T Uy )s) €K(2,2) [L, @
- sin(k, = = =)
slter )0 émﬁg 3
where
Ya&:cos(q)gezﬁq +3 Ssir( o)) cﬁg L, ¥ g4L=2i y (6.3.22
c L1 - c L1 I-1
Ya2 = cog q)Eq +sif{ q) 2rl% v (6.3.23)

The variables andv; are functions of unitless timendahas beenmultiplied by v "Q. Let

Kin andKzn be the ternsin brackets in(6.3.20) and(6.3.21). Examining(6.2.14), Bui has the
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same units as¥(r);, then to rendenz dimensionlessd; needs to be madémensionlessLet

(uy) = - Xuyy) , where
&y’ U
e
(UZLd)i :i( : ) i ;‘l
Hy'r) . !
% /ezu it ‘(YTr)i‘ et ;,

and; = (Qo)i 1 i, then(6.3.20) and(6.3.21) simplify to

(ﬁo) - Yl(UZLd) éL 6@) - Xuzm) (Go) - Y3(u2|_d)
1 1+ 2 . 2 2 \Fa 3 3
YT me AT L mLL,
_ sin(kzr)g:_(u")“ B Y4(u2Ld )4 _!_(u0)5- Ys(uzLd )5 8
C m,L, mL +
: (00) - Ye(uzLd)
- sin(k,r 6 6 kK, &
(kor o) L &
and
aL, + @0)2' YZ(UZLd)z +Y62(00)3- Y2(u2Ld)3
AT e m, L
- sin(k,r +q2)(u°)6_ %o (Uaa ) Kyt &,

(6.3.24)

(6.3.25)

(6.3.26)

Substitutingdo from (6.2.15) andd from (6.2.5) into (6.3.25) and(6.3.26) simplifies U, to

a(1+Kk H dm(1 (w,))) Y&l (dp dmdt d(z ( W)}

+(ka ) k(L @L) (1 dm)(1 (ua).) (uz),)
'Sin(sz)(kgki 1 dn}(l (*—hd)s))
'Sin(kzr ﬂz)kz(l (-}dn} d'Lz dﬁg dg(l ( 'ﬂl-a)e)) l”%_ 4‘\1 =

and(l; to
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(kea+a)((L +L) (1 em)(1 (wl),) (w),)
+Ya2d(1 {dm dmdL df)(1 ( u),)) (6.3.29)
-sin(k,r 4g)(1 (dm omdy dB)(1 (ys))) K § 4o

where

vald=cog g)( 2k a +a3) si{ q)( gy ¥ v gk (6.3.29)

Ya2d=coq q) a +si{ q)riky (6.3.30)

dLo=p k/L>, anddmy=cp /me.

6.4 Morphing

To satisfy the sufficient conditions necessary for the equations of motion of tHmkwo
manipulator to morph to a fyllactuated inverted pendulum cdhte generalized coordinates
must morphnto those of the inverted pendulum cafthe second generalized coordinate for
both systemsneasureshe angular displacemeinta counterclockwise directiasf the second
link (pendulum) with respect to the verticalhe first generalized coordinate for the
dimensionles$wo-link manipulatoris i d-1/L>. To maintain the same circumferential
displacement als; grows largel gbecomes small, thain .1 becomes a straigttine
displacement and d-1/L> morphs tahe} of the fully actuated inverted pendulum cart.
Similarly, the generalized velocities of ttveo-link manipulatormorph to those of thilly

actuatednverted pendulum cart. The mass matrix of the dimensiohhesink manipulators

u

()= ecoda) 14 KK g coba)
S oofa)rk Y

(6.4.1)

and ad.; grows largek> andks goes to zerdko goes to oneshowing(6.4.1) matches the mass

matrix of the inverted pendulum caf4,1.13), providedk; is the sameatio of the cart mass to
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thetwo-link manipulatormass Lastly, thegradient of theotential energy of the dimensionless

two-link manipulatoris (6.3.15) which after lettingk> go to zero would result in

e O
G =4
(=€ Gin(a,),

(6.4.2)
the sameradient of thgotential energy function of the dimensionlégd$y actuatednverted
pendulum cart. Therefore, the sufficient conditions for morphingwbdink manipulator
dynamics to that of thilly actuatednverted pendulum cart are met.

After lettingL1 grow large k> andks go to zeroke go to oneand} go to zerothe

matrices foithe equations of motioaf (3.1.21) become

_el+k  cogq,) ¢

M (q) = 6.4.3
D o) 1 4 649
C(q qi)=@0 - sin(c,) o ‘ (6.4.4)
& 0 (
e O £
G(q)=¢ . ) 6.4.5
9= sin(a,)2, (649)
and
.~ ey
g=S'n & 6.4.6
&t (649

Equationg6.4.3)-(6.4.6) are the same as the equations of motion for an inverted pendulum cart

thatis fully actuated.The controllaws of(6.3.27) and(6.3.28) simply to

(cos(a)a,- sir(a) qu)( 1€ dm oL e)(1( w),))

(6.4.7)
+a,(1 4 dm(1 (u,))) 1K, £, =

and
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(L L) (2 4am) (1 fu),) (),)
+cog(q,) 3 (1{drr} m dL, )(1 (94), )) (6.4.8)
-sin(q,)(1 €dm, dmdy @)1 (u,)))) KT fas

To check that the morphed control law produces a stable resgonstions were performed.

6.5 Simulations

After the equations of motion and controller had been rendered dimensionless and
morphed, simulations were performed. The controller matkcasdawere defined to be
diagonal matrices with ones on the diagonals and zeros fdiagfonal termsindUy = 1. The
unknown load parameteweredefinedasql2=0.125ma n dm =2kg. For Figure 6.2, the
initial conditions ofg. = (1.1-" /,# )=0, d= 0, and—= 0 were usedor the twolink
manipulator comprised @6.1.17)-(6.1.20) with (6.2.6). The dimensionless equations of motion
of (6.3.13)-(6.3.16) with the controllers 0f6.3.27) and(6.3.28), had initial conditions of =
(.27 /2N, " =0,d=0, and—= 0. For both systems, and the morphed system, the desired
trajectory wasgy® = [0;0], bothlinks stabilizedstraight upanda = [0;0]. To easily compare the
plotsin Figure 6.2the x-axisfor the dimensionless system was multiplietlby have units of
seconds.Figure 6.2 demonstrates that converting to dimensionless form did not change the
response of the systeamd was performetd validate that the dimensionless process was
performed correctly The simulation of the morphed system is showrRigure 6.3. Figure 6.3
uses initial conditions of = (1.2-" /,2 ¥ 0, d =0, and—= 0, the samelesired trajectory, the
morphed control law of6.4.7) and (6.4.8) applied to the system 6.4.3)-(6.4.6). Similar to
Figure 6.2, thex-axis was scaled byto have units of second3.o improve the response for the

morphed system, the controller matriteanda-could be modified.
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Figure 6.2: Original vs Dimensionless TweLink Manipulator Simulations

Morphed Link1 response

angular position(rad)

0 10 20 30 40 50 60 70 80 90
time(unitless)*y(s)

100

(a)

0.2

-0.4

-0.6

-0.8

0.6

04

02

Morphed Link2 response

20 30 40 50 60 70 80 90
time(unitless)*y(s)

100

(b)

Figure 6.3: Morphed Two-Link Manipulator Simulation

6.6 Conclusions

The twalink manipulator of Figure 6.1, is an exa@pf a fully actuated mechanical

system. The equations of motion for the #ivd manipulator met the sufficient conditions for
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morphingto a fully actuated inverted pendulum cafthe control law presented in section 6.2,
after being converted to dimsinnless form morphed to a stable controller, as demonstrated by
Figure 6.3showing that this approach could work for fully actuated systems.

A realworld applicatiorthat could benefit from the morphing of the tliok robot
manipulator would be an ovead crane or a Segway. As the radius of the first link grows large,
with some potential control gains modifications and coordinates chahgessultingcontrol

law could be to be applied to stabilite crane or Segway.
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Chapter7-Concl usi ons

7.1 Summary

The sufficient conditions for when equations of motion will morph as size, lergth

shapes grow large or shrink to zero was presented. The sufficient conditions are:

1) The successful morphing of the generalized coordinates and velocities afjithalo
system to the target system.

2) The morphing of the original mass matrix as a function of the original generalized
coordinates to the mass matrix of the target system where dependency is now on the
target systembs generalized coordinates.

3) Theorigind potential energy expressed in term
coordinates morphs into the potential energy of the target system expressed in terms
of the target systembs generalized coordi

These sufficient conditions were applieddod met by three systems that were underactuated
and one fully actuated system.

To aid in morphing, dimensionless parameters were utilized. To accomplish this, each
equations of motion was divided by a term comprising the common units of that equation. F
each system, the choice of dimensionless parameters for the original system was chosen with the
end goal of matching the dimensionless target system. Then the process was applied to a chosen
controller.

In chapter 4, a controller utilizing the thed of Controlled Lagrangians wauccessfully

morphed from the rotary pendulum to the inverted pendulum Chidpter 6 hada robust,
sliding-mode controller successfully momaiifrom the twaolink robot manipulator to a fully

actuated inverted pendulumrcaThe IDA-PBC controller presentad chapter SwhereJd2(q,p)
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was arbitrarily chosen, once morphed, did not produce a stable controller for the morphed

equations of motion for the pendubot.

7.2 Future Work

Theprocess of converting to a dimensiosleystem may seem ad hoc in the examples
presented earlier in this work, to remedy thgeaeralprocesdor rendering a system
dimensionless should be formalized.

The further investigation of morphing equations of motion and contradlersededor
systems that are underactuated to a greater extent than the systems presented here, or have more
degrees of freedom than the systems used here.

Controller morphing needs more investigation and two major questions that result from
the preceding analysis ar&nder what circumstances will a control law morph and produce
desirable results? What effect does the morphing process have-energybased controller?

For energybased controllergnesufficient conditioncould be thathe new(desired)
mass matx of the original systermorphs to one that is positive definite in the target system.
Another sufficient condition could be that the new potential energy function for the original
system morphs to one that is positive definite in the neighborhood désned equilibrium.

Are there other sufficient conditions for enefiggsed controller to morph?

To increase the applicability of the morphing process, the process for morphing from a
simple to more complex system should be investigated for the equatiotaion and control
laws.As well as the scaling for when the length or radius is considered large enough for the

system to morph.
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AppendixA-Bal |

and

This Appendix is organized in three major parts. These are:

A.1 Derivations of Equations of Motion using NewtBnler

Beam

A.2 Derivations oEquations of Motion using Lagrangi&tuler

A.3 Comparison of the Equations of Motion to those in the literature

A.1 Derivations of Equations of Motion using NewtorEuler

Ball and beam offset NE methodnw

:> restart

:} with| Lineardlgebra) -

Beam equations:

[> €03 = Jjy g0 — (~N7+ tgp+ FpH+ gy ]
Ball Equations:

> egd = F,— m-g-sin(6)-m ddx:

|> eg5:==-m-g-cos(6) + N-m-ddy:

beam

[> eq6:= R, -FyJp-ddty

Kinematics ’

> X = :'-cos(e} — [Ro + H) -S{n(e} :

B dx_ = a:.f'-cos(e) - r-sin(e) -dg — (Ro —+ H) -cos(e) -dfi -
> T, = a--sin(e) + [R0+H)-c05(8) :

> dF, = (f.f'-sin(e] + r-cos(e] -d8 — (R, + H) -s{n(e} a8

> ddv = sr}::pfyﬁ'(dc&'c-cos(e} + da'};-sin(e}_,'rr'r'g‘}

> ddv= sr}?:pfyﬁ'(dcf};-cos(e) — da.'Xc-sin(e)._'frr'g‘}

> ddy = ddsi— 29

o

Start substituting
can solve eq3 for N and eq4 for Ff

[> Fo= sr;:.f've( eg4, F,.)

(> N= solvel eqs, N)

Eimph'fy eq3d and eq6

> expand|eg3)
“'rbemn
jB ddr N
——R R, mgsin(8) + mR; dd6 — R ddrm
o

sin(8) — Jpdiify + R, Fy) -

ddx = (-H— R,)ddo—rdé" + ddr

ddy = (-H—R,) a6 + 2 dr de + ride

88

F,i= —mrdd — Hmdde+ mgsin(8) — m R, dds + ddrm

Ni=-Hmde — 11;'“'20(1515'2 + mgcos(8) + 2drmde + mrdde

> ddX, == ddr-cos(8) — 2 dirsin(8) -6 — r-cos(8) -8’ — rsin(8) 6 + (R, + H) sin(8) 8" — (R, + H)cos(8) -ddo:

> ddY, = ddrsin(8) +2- dr-cos(8) 6 — rsin(8) 8" +1-cos(8) 448 — (R, + H) cos(8) aF — (R, + H) sin(8) o

dde+ rmegcos(8) + 2rdrmds+m 2 dde— Tgpt H mdde— Hmgsin(8) + 2Hm R, ddg — Hddrm — gmpl,, . sin( 8) + Jp dd

o

@

&)

@



> egb
R, (—m' rdét — Hmddé + mgsin(§) —mR, ddé+ dd.f'm) —J [d{fﬁ — i—m]
o
[> variables == [ dd8, de d. db] -
> Egy = collect(eg6, variables)
Jp
Egyy= (R, (~Hm —R,m) — Jp)ddo+ | R,m+ R_B] ddr—rmR, e + R, mgsin(8)
o

Eg
> Egy = coHecf[ expand[ RMH ],vm‘fabies]
o
J;
Egy o= [ -Hm— R m— R_B] dde +

J-B f 2 .
m~+ —= | ddr— mrdé” + mgsin( §)
o

R

E‘»ubstitute this into eq3 to get beam equation
> By = collect{ eq3, variables)

Eqym ™ (Jbem+ it — (—H}u - Rom) H+J;—R, [—H}u - Rom)) dadd +

J,
-Hm— R m— R_B] dalr + ((—Han—Rom) r+mrH
o

+ R, m r') A& + 2rdrmds— Hmgsin(8) + rm gcos(8) — Romgsin{e] - gmﬂ.-"bmmsin{ﬂ] — T
E}roup terms for M. C and G matrices
coegﬁ?'( Egy s ddﬂ] coeﬂ( Egyo s a’.:fr]

> M:= simplify size’
coegf}"[Eqm,P ddﬂ] coeﬁ[EqM,P ddr]

) N 2 o) JB
(F° +2HR, + 7 + Ry m+ Ty +Jp -Hm—R,m— —=
@
M=
J;g J
—H}?I—RO}?I— e m—+ -
o o

1 1
el coef[ Egp s dﬁ] el coeﬁ"[ Egy s a’f]
> C=

coqu"(EgM” a’f;'!l] -af coeﬁ{ﬁ'qbap a‘.f']

rdem  rmde
-rmdd 0

coe_ﬁt Egbsm.rr g] g

> G=
coelf{ By 8) 2
_ (-Hmsin(8) + rmcos(§) — R, msin(8) —my .f'bemsin[ﬁ]) g
m gsin( §)
N e (Eseanr 55) T35
0
T
Fo | 8
0
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A.2 Derivations of Equations ofMotion using Lagrangian-Euler

Ball and beam offset lagranganw

|:> restart :
|:> with( Lineardlgebra) :

¥ Lagrangian Derivation

Kinetic Energy
> Ti= L WA % (%) (d@)* + >m-(a + &)
T _,rwm;daz 4 “’roje: L ((fa32+ aﬁ:}
> X —icos(e R +H (6):
= g cos(@) ( ) g — [RO-FH)'COS(G) e
= sm( R +H cos(e}:

)+
_> d}c = dr- sm(e) +r cos( ) -de — (RQ+H]-5in
(> b= s;fm_p."'yj'.'((ﬂ(;-cos(e} + d};-sin(e],'fr;fg‘]

(e)-a‘e:

d = [—H—Ro)dﬁ+dr
B dy = smwfyj','(d};-cos(e) - dXC-s{n(e],'fr'J’g‘]
dv = rdo
> do=do—
RG‘
> expand(T)
1 2 . bl
T e J, de J, dedr J, 2 o P 2 1 m s R
wm: + 09 - BR T+ H‘}:dﬁr +Hmd9]Ro+—”“?deh + 5 = — Hdrmdf — drmddR, +_m n
o 2R, < < < <
> simplifi( T 'size')
J, [dﬁl ar )’
el . i . : 7 - N ‘:
Jyomd® P ), m((H +2HR, +*+R}) 6" —2dr (R, + H) do+ dr*)
2 2 2
Potential Energy
|:> Ti=m-gr sm(e) + m-g-(RO +H] -cos(e) +mggly, cos(e) :
Lagrange
> L= expand(T — V)
7 7 7 2 2
g e J, dg” J, db dr J,a 2 2 g mdé R »
L= 2T - - = + ==+ Hma% | gmdgr + 2299 ° _ Hdrmdé— drmdsR_ + 22
2 2 R, 2R 2 o 2 2 o 2
o

—mgrsin(8) —mgcos(8) R, — mgcos(8) H—myel,, . cos(8)
diff(difi(L.q_dot).t)-diff(L.q)=Qi

— mrds + m gsin( )

@

90

(> el = diff{L.dr):
|> el = subs({6=8(1).r=r(s)}.el):
| > el = subs({d6=diff(6(1). 1). dr=diff(r(1). 1) }. el) :
=-> e2 = difflel t) :
|> e2 = subs( {diff | 8(¢). ¢, 1) = ddb, diff(r(t), 1, t) = da}, e2) :
| > 2 = subs({6(1) =8, r(t) =r}. e2) :
(> variables = | ddg, ddr, 8, dr] -
> Egy = collectsimplifi(e2 — diff | L, r).'trig). variables)
(-mHR,—mR, —J,R )dds  (mR.+J,)dar
Egpay = ; ;
R R,

(L)

(12)

(1.3)

(L4)

1.5

(1.6)

wn



| > ef = diff (L. db) :

> ed= subs({8=0(t).r=r(1)}. e3) :

|> e3:= subs( {do=diff(8(1). 1), dr=diff (r(1). 1) }. e3) :
> ed = difflei. 1) :

v
R

= subs( {diff(8(1), 1. 1) = dd8, diff(r(1), 1, 1) = ddr}, e4)

= subs({diff(8(1). ) = d8. diff(r(t). 1) = dr}, e4)

ed = subs({8(r) =8, 7(t) =1}, ed) :

Eqypm = coffecr(simp?yj','(eéf — diff (L, 8) — 'g'frig‘), vm‘iabfes)
(}J:Ri + 2H}JIR§ + ((HJ‘ + :'3'] m+J o+ JD) RO) fatels)

“V ]
R

v

v

(—H}JJRO — }J:Ri — .fﬂ) ddr

Eqbemn = Ro + Ro
~R g (Hm+mR, + 1) sin(8) + mgrcos(8) R, —1R,
R
a

g}roup terms for M, Cand G malkices
coef( EqQy,ms ddﬁ') coef( Eqy,ms dd}‘)

> M= simplify
coeff| (EQM,P da’ﬂ) coeff| (Equ@ dd}‘)

|

(FP +2HR, + 77+ Ry m+Jy + Jy

RO
M= . .
-HmR, —mR_ —J, mR_+.Jy
7
Ro i
! Eq, . db| = Eq, . dr Eq, . d&|-db
3 €O | Egyng 8| - 0G| Elyygyy @ |+ O | By A |-
> C=
PANS
cog_ﬁ'{Eqba” dﬂz) Rels] cog_ﬁ'{Eqba” dr ) -
mrdr mrdd
€= )
-mrdd 0
coelf (Eqypy £) €
> G=
CO@ﬁ(£€m;p g) £
(R (HmAmR + 1, ) sin(8) + mrcos(8) RO) g
&= Ro
m gsin(8)
S Fa —coef(Eqbem# 'r} T
0
T
F =
0

A.3 Comparison of the Equations of Motion to those in the literature

¥ Comparison to Models in Literature

To start let the offset be equal to the radius of the ball
[> H=-R,:

> X
|: reos(8)
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+ 2mrdodr

N
—HmRo - mR; - Jb

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

@21



rsin(8)

= ax

drcos(8) — rsin(8) 46
> ar,

drsin(8) + rcos(8) g8
[> do— ds-
> T

me;ndal + _,rﬂjel + m(:;de;+(fr1]
_> sfm_pfyﬁ'(d}ff + de }
e

> ¥
mgrsin(8) + }J:Bg.?bgmncos(e)
> L= expand|T — V)
T des T de 2 16 >
L= + + a5 4 am — mgrsin(8) —};':B_gfb?m”cos{e]

2 2 2 2
diff(diff(L.q_dot).t)-diff(L.q=Qi

| > el = diff(L dr):

> el = subs({8=8(1). r=r(r)}. el) :

> el= subs( {do=diff(8(1). t). dr=diff(r(r). 1) }. eI ) -
> el = difflel t):

1> e2 = subs( {diff(8(1). 1.7) = dde, diff(r(1). 1. 1) = der}. e2)
|> e2 = subs({6(t) =8, r(t) =r}.e2) :
(> vewiables = | dd ddv. d.dr] :

> Egqy = collect(simplifi{e2 — diff (L. r).trig). variables)

Eqy 1= deirm —m rdg + mgsin(8)

| > e = diff (L. db) :

|> ed= subs({8=8(1). r=r(r)}. €3) :

|> e = subs( {d6=diff( 8(1). t). dr=dliff(r(t). 1) }. €3) :

| > e = diff(e3. 1) :

> ed = subs( {diff( 8(1). 1. ) = dd, diff(r(z). 1. 1) = ddr}, e4) -

> ed = subs( {diff( 8(1). ) = d6, diff(r(t). t) = dr}. e4) -

> ed = subs({8(#) =8 r(t) =1}, e4) :

> Egym = coﬂecr(simpfyj'.'(eef —diff(L.8) — 'r,'ﬁ'ig‘), vm‘iab;’es)

Eqypm ™= mgreos(8) — myp gy sin(8) + (m i+ Ty + Troem
coeﬁ[Eqbem da'ﬂ] coeﬁ[Eqbgm ddr]
coeﬁ(EqM,P ddﬂ] coeﬁ[EqM,P dd}‘]

N
M= l}?IFP_FJb_FJmen 0 ]

dl
1] m

) dde + 2mrdfdr — T

> M= simplify

Eepem above but roll without slip

dr
> 4@ = db R

o

> expand(T)

=> sr’:npffﬁ'(dxf + de }

2 det +

92

(2.2)

(2.3)

(2.4)
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(2.6

@7

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)



>

v
mgrsin(9) +mpgl; cos(8)

beam

(> L= expand(T— V)

dgt  Jdet  Jydedr  Ldt L 20d atm
L— + - 5
2 2 R, 2R; 2 2

T

—mgrsin(8) —mpgl, . cos(8)

diff(diff{L.q_dot).t)-diff(L.q)=Qi

|> el = diff(L dr):
> el= subs({8=8(r). r=71(t)}. el) :
|> el = subs({do=diff(8(1). 1). dr=diff (r(1). 1) }. el -
| > e2 = difflel 1) :
> e2= subs({diff(8(1). 1. 1) = dde diff(r(1). 1. £) = ddr}. e2) -
| > e2 = subs({8(f) =8.r(r)=rLe2):
> variables = [ dd6. ddr, d6, dr]
> Egyn = collect(simplifi{e2 — diff | L. r).'trig’). variables)
J, dd6 (mRJ‘ + f-) ddr ,
Eg, ,i=-— + L —mrdd + mgsin(8)
ball Ro R;
[> 3= diff(L.db) -
| > e3 = subs({8=6(1).r=r{1)}. e3)
> 3= subs({do=diff(8(1), 1), dr=diff (7(1). 1) }. €3) :
| > ed = diffle3. 1) :
|> ed= subs({diff(8(1). 1. 1) = dd8 diff(r(1). 1. 1) = ddr}, e4)
|> o4 = subs({diff{8(1). 1) = db, diff (ri1). 1) = dr}. e4) -
| > ed = subs({8(r) =8.r(r) =7} &) :
> Eqpm ™= cof!ecr(simpfﬂﬁ'(eéf —dif(L.8) — 'r,'mfg‘), vm‘fab}es)
N T, ddr -mpgl, sin(6)R_+mgrcos(8) R — 1R
Eqy, o= (m17 + 7, + j&mn) dde— 2 + 2mrdedr + —2— e (0%, = (0%, g
(]
coeff| [Eqbe anF ddﬂ] coeff| [Eqbe anF dd}']
> M= simplify
coeﬁ'[f.'qm,? a’dﬁ'] coeﬁ'[f.'qm,? dai'r]
. J;
”“r+“'rb+“'rbemn "R
o
M= )
Iy mR +.J
R, Rﬁ
Eepez:t above but with M(1,2)=0
T [m-RO-RO + fb] :
L mR,
1 1 1
> Ti= ?fm”-ds? + (%) (de)? + ?-m-(afxz +47)
) drmR_+ded,)’ 4 A
4 7 dﬁ—ﬂ] m —[ Ol = D) + < dg
r S N e R, 4 m R,
2 2 2
=> X = r-cos(e) - (&, +H) -sin(a) :
=> dx, = a’r-cos(e) - r-s{n(e) -df — (Ro + H] -cos(e) -df:
=> ¥, = }‘-sin(s) + (R, +H) -cos(e) :
=> dr, = a’r-sin(e) + r-cos(e) -6 — (Ro + H] -sin(e) -df:
>

dx = sim_p!gj.-(di;-cos(ﬁ) + a’l’c-sin(ej,'ﬁ'fg‘)
drmR_+ d6.J,
@ }FfRO -
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(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)



B dy = simpfyj'(a"l’c-cos(e) - df'(;-sin(e},'ﬁ'fg‘)
i dv = rdo @21
> dd = df— ar :

L ]
;> expand|T) :
> simplify( T, 'size')

Rl[a')‘d61+air:‘]ml+{dﬂ“[f +J, )R)‘+df‘3‘1)}::+dﬂlﬁ
o feam o & &

(2.22)
2}F!R;
Potentizl Energy
|:> V= m-g-r-sin(e) + m-g-[Ro + H) -cos(e) + mg-g-fbem-costej :
Lagrange
> L= epand(T— V)
" 2 b .
g dg  Jdi  Ja" 52 g g, 2 g gcos(8) J,
L= 22 + 2 + = + & AL <l —mgrsin(8) + ———— —m,gl,__ cos(8 (2.23)
2 2 2R§ 2 2}F1R§ 2 {} Ro B S "beam {]
AL q_dot))-Giff(L.9=Qi
> el = diff (L. a‘r)
> el = subs({8=8(1),r=r(t)}. el) :
> el = subs({db dﬁ[e Jt).ar=diff(r(1).1) ). el) :
| > e2 = diff{el,t):
|> e2= srfbs({dﬁ[e ] = dd8, diff (r(7). 1, a"df} el }
> e2 = subs({6(¢ L () =7} e2)
> variables == [dd@,daﬁ,dﬂ, ar]:
> Eg,.n= collect(simplifi{e2 — diff (L. r).trig'). variables)
{Rim + fﬁ,) delr R
Eqppi= ————— —mrdé + mgsin(§) (2.24)
R
@
> 3= diff(L. do) -
| > e3 = subs({8=8(1).r=7(1)}, e3) :
| > 23 = subs( {d6=diff(8(1).1). dr=diff 7(1). 1) }. £3) -
|> ed = diffle3. 1) :
|> ed = subs({diff(8(1). 1. t) = dde, diff(r(r). 1. 1) = ddr}. e4) -
|> ed = subs({diff(8(1), t) = d8 diff(rit). 1) = dr}. e4) :
|> ed = subs({8(r) =8, 7(r) =7}, e4) -
> Eqy, = coﬁfecr(srmpfyﬁ.(eﬁf diff(L,8) — 't,'ﬁ'ig‘),vm‘iabfes)
[a [_”“: 4 Jheam. +i]m;§+ﬁ]a‘de R (R J,) sin(8) + o (6) R2—tR?
= 5 -gm o Mp — Jp | S0 -+ m~ grcosl — TR m
Eqy,,, ¢ 2 ER— c +2mrdsd + o (Bo lbean™s — %) N 20 (225
R,m R,om
coeff| (Eqbe ant dd@] coeff| (Eqbe anr dd}']
> M=
coeff| [ Eg;» ddﬂ] coef| {Eqm,} da}]
2 I, I,
m7 beam b 2 o)
2[ 2 - +? }?IR;-FJ;
. 0
M= Rom (2.26)
ol
Rom+Jy
D o
B
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AppendixB-Bal | and Arc

This Appendix is organized in three major parts. These are:
B.1 Derivations of Equations of Motion using Newt&uler
B.2 Derivations of Equations of Motion using Lagrangiuler

B.3 Derivation of the Dimensionless Equations of Motion

B.1 Derivations of Equations of Motion using NewtorEuler

ball and arc NE methodmw

:> restart
:> with| Lineardlgebra) -
Ball Equations:
> egl = gvaf(gapam’(Ff cos(o —-8)+ .‘»"-sin(o = 8)- m-dd)):

> eg3 = eval{ expend( -mr-g — Ef sin(6 — 8) + Necos(6 — ) - m i) ) :
[> eqd =R Ff-J, ddd -

Arc equations:

[> eql = eval( expand(J,,, -ddé — (- (R — H)-N'sin(0) + t+ gm, L, sin(8) + FFR -Ff (R — H) cos(0)))) :
Kinematics

> xi= (R+R,)sin(0— 0) + (R — H) sin(8) -

> o= d{'ﬁ(.\; o} -dp + d;jﬁ(.\; 6) -4
> ddc = simplify( simplifi{ diff | v, o) -dp + diff [, 8) -db + diffi v, dp) -ddp + diff (b, d6) - dddirig').size')
b

ddx:= ~(dp— d6)” (R + R, ) sin( 0 — 8) + (ddp — dld6) (R + R,) cos(0— 8) — (-d& sin(8) + ddcos(8) ) (H— R)
> y=(R+R)) -cos(p— 6) — (R — H) -cos(e} :

|> dv = diff (3 0) dp+ diff (1. 8) -db-
> ddy = simplify( simplif diff(dv. o) -dp + diff (dv. 8) -d6 + diffiav. dp) -ddp + diff (v, d) - ddd'irig') size')
ddy = - (dp— dg)* (R+R,) cos(0 — 8) — (ddp — dd6) (R + R, sin(0 — 8) — (6" cos(8) + ddesin(8)) (B — R)

> rdo = rso + rds:

51'11(8)
> rso= (R—H)- ~cos(8)
L 0
I Rsin(p—6)
> rds = | R-cos(p— 6)

0

> normrds i= R :

e (2],

normrds

0
> d\'a, = CrossProduct| -dg-| 0 __:'do}
-1
1 0
> dvy=dc| 0 [+dr| 1
0 0
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> et = CrossProdiict 0 |er

cos(o - 8}
et:=| -sin(o —8) 3
0

. (k)
> #dd:=-simplify| DotProduct —r - er||:

(a"l;c—a"l:d]l {d\' —d\'a, 5 .
R,, -ef =+ Ra -erz,ﬁ ig’

doR + doR, — d6R,

> dd = —simplify

dd = - B J— “@
> dda = simplifi( simplif diff(d4. o) -dp + diff (d4. 8) -d + diff (d4. dp) -ddp + diff(d4, d8) -ddarrig’) size')
(R+R,)dds
ddd=-—— % 4 s ©)

[
Start substituting
solve eq3 for N and eq2 for Ff
| > Ff= simplifi/(solve(eq?. Ff).size') :
| > N = simplifi(solve(eg3, N),'size') :
simplify eql and eqd
> Egqy = simplifi(simplifi{ expand| eval( eg4) ).rrig’) size') :
(> variables == [ dde. de. de dp] -
> Eqy.n+= coﬂec.r( simphyﬁ.'( Equ,}'sf:e'], vm‘iab;’es)
{—}?IRg - mRRi —5R, - Rg (H—R)m cos{o}) dde (mRRi + }uRg + R+ JbRO) ddp
Eqyn= X, + z

+ R, (H— R) msin(0) a6’ ()

Rimgcos(o} sin(#) — sin( ) Rg cos(8) mg
+
[> Eq,, = simplifi(simplifi{ epand(eg] — egd).mig).size) :
> Eg, = coffecr[Equ vm‘iabﬁes]

(2mR, (R+R,) (H—R) cos(0) + mR, +2mRE, + (2B — 2RH~+H') m+J, +J,) R ) ddo

— are
Egy, = = @)

o

[EmRG (R+R) [—%H+ %R] cos(¢) —mRz—En.rRRi+ (—lea:—fb) RO—JbR] ddp

+ —Edlﬁ(H—R)m(R

R

(]

+R,)sin(0) d6—2m (R+R,) [—%H+ %R] sin(6) a5

-mR, (R + RO) gsin(8) cos(9) + geos(8) mR, (R + RO) sin( o) — Rog([H— Riym+1_m } sin(8) — R,

are a
+
R’D
i gy (R+R),)
> = — x
o
3 A A . A 3 .
1 (—mR —mRR.—J,R — R (H— R)mcos(0) ) dds (}MRR"+};':R + J, R+ J R_|ddp . a4
EqbaH::R_ ° LA OR 2 ) + 2 2 R ¢ L 0) +RO(H—R)msm{o}a9“ (8)
o o o

R

o

Bl o) a0 Beelns |

g}roup terms for M, C and G matrices

coelf (Eq,. )-8
> G = simplify| simplify Jtrig' |, 'size’
Cogﬁ[Eqba;; g] g
oo =((m [R + Ro:] cos(0) + (H—R)m+ Famma) sin(8) — cos(8) sin(¢) m [R + Rﬂ}) g ©

(R+R,)gm(-sin(0) cos(8) + cos(o) sin(8))
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MI = sr’mpa"g}fi'(sr}npfyj.'[ coeff| [Eqa} - dd@],'fr'?g‘],'sr’:g']
Mi=2m(R+R,)) (H—R)cos(0) + (2B + (2R, — 2H) R+ Ry + H' ) m+ J, +J,
M2 = s;fmp.f'yfi'(srmphﬁ'( coeff| (Eqam ad' lﬁ],'f?'r’g‘],'sr':e']
(R+R,) (mRo (H—R)cos(0) +J, + mRR, + Rim)
R

o

M2 = -

M= s;fmpfgﬁ'{snu pfﬂﬁ.'[ cogff] (Eq.mr} ddEl] ,'F;r';fg‘},'s;f:e']
R+R) (}JIRO (H—R)cos() +J, +mRR, + Rﬁ}u)
R

o

_Lﬁ:=—[

Mg = s;f}r:pfyfi'(s;fmpfyﬁ.'[ cogﬁ[Eq.mr? ddlﬁ) ,'fr';fg‘},'s;f:e')
{Rim + “’Tb) [R + RO)J

M= 5
R

M M2
M3 ME
NI Y , S LR DA

Cl = sr};up."yfi'[srmpa’yﬁ.'[ 5 cog}?’[Equ a‘El] + cogﬁ{Eqam a‘a") Reic) fr'rg‘],sr:e]
Cl:=-dp(H—R)m(R+R,)sin( 0)

M=

C2 = sfmpfgﬁ-[sr’mpfﬂj.'[ % coeff| [Egram a‘b] + coeﬁ{Egam s ) -d@,'fr'?g‘],'sr’:e']

€2:=m (R +R,) sin( o) (dp— d) (H— R)
3= sr‘;a:pfgfi{sr’mphﬁ'( cogﬁr{Egba I a8t ) -d@,'fr'r’g‘),'.sr’:e')

C3:=(H—R)m(R+R,) sin(¢) 46
4= sfmp."'j_')fi{s;fmp@ﬁ'( cogﬁ{Egba# a‘lf;') -d@'fr';fg‘),'.s;f:e')
c4:=0

ol c2
3 4

B.2 Derivations of Equations of Motion using LagrangiarEuler

ball and arc lagrangemw

;> restart :
| > with| Lineardlgsbra) :
Kinetic Energy

1 2 .2 1 ) N 1 .
> T= e)pam’[?-m-(m:+aj1-:) + 5T A +srmp.fyfi'[ ?_;TD((IA(IA)]] :

2

> x, = (R+R,)sin(»—6) + (R— H) sin(8)

> d = [R+Ro]-COS[¢— 8) (ds — a8) + (R—H)-cos(@)-(f@:
> ¥ = (R+R,)cos(p—8) — (R-H)-cos(8) -

> dy,==-(R+R,)sin(p — 6)(do— db) + (R-H) sin(6) de:
> rdo = rso + rds

sin(e)

> rso = (R—H]- -cos(8)

0
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R-sin( ¢ — 6)
> rds = | R-cos{p— 6)
0

=> normrds = abs(sim_pfyﬁ'( sqrt(}‘ds% + mis% + misg’] ]] :
Simpfyj.'(rds% + }‘ds'% + }‘ds% ]
> normrds = :
L R
ras .
=> = [ normrds ] ’
> = CrossProduct| -d6-| 0 |.rdo|:
-1
1 0
> v o=di | 0| +d |1
0 1]
0
> et = CrossProduct| -| 0 |, er
1
o [vc_vd]l (%) L
> dd = -simplify z, e + %, -ety,'size
‘ ((ds— dé) R, + Rdp) (sin(6— 6)° + cos( 6 — 8)°)
dd = -

RG

B simplifi( simplifil expemd| eval(T) ), 'trig'),'size’)
! (-2mRdo(dp— db) (R +R,) (H — R) cos(0) + m (dp— db)* R, + 2 Rm (dp— d6) R, + (( (B — 2HR +2R*) m + J,

2

S

+ Jye) d6" = 245 (B m + J;) d6+ a8 (Rom + J,) ) RS + 2Rl J (d — dlb) R, + J, R* i’

arc

Potential Energy

|:> V= mgy,+ ma-g-fmc-cos(e} :

Lagrange

|:> L= expand(T — V) :

diff{diff{L.q_dot).t)-diff(L.q)=Qi

| > dLdphi = diff (L. d3) :

| > dLdphi == subs({6=6(), 9 = 0(1) }, dlaphi) -

> el = subs( [dﬁ'= dfﬁ( 8(1), f),d¢=a&ﬁ[¢(f),f), ] dzduhf) :

(> drdphich = diffiel.t) :

| > e2 = subs( {diff(o(1). t.t) = ddo. diff (8(1). t) = do. diff(8(1). t. t) = dd6, dif( 6(1). t) = db ), dLdphid) -
|> e2 = subs({s(t) = p8(r) =8}, e2) :

(> variables = [dde dds, 8. dp] :

> Eqyn= collect( simplifi( simplifi{ e2 — diff (L. 0).trig’).size'). variables)

(—}J!Ri (H—R)cos(g) — }FIRi - R}JIRﬁ - JbRO) (R+R,) dds {Rmki + mRi +RJ, + beO:] (R+R,)ddp

Eg, .= + +m(H
ball Rﬁ Ri

(—sin(o cos(8) g}::Rﬁ + sin(8) cos( o) gm}ti) (R+R))
&

— R) sin(o) (R + R,) dé” +

[> dLdtheta = diff(L. db) -

| > dLdtheta = subs({6=6(2), = o(t) }. dldtheta) -
|> &3 = subs[ [de=dy?’( Bi1), f],d¢=a‘1ﬁ[¢(f},f}, ] dIa‘rhera) :

(> didthetad: = diff{e3. 1) -

[> e4 = subs({diff( (1) . 1) = dds. @iff(6(1). ) = do. @iff(8(1). t.t) = dd6. i (8(1). t) = d6 }, dLakhetadt) -
;> ed = subs( {o(t) = 0.8(t) = 8}, e4) :
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> Eg, = co;’.iecr[simp.’rﬁ{simﬁyﬁ'[#_él — aiff( L, 6).'trig').size'), variables)

—2;;;(R+Ro) [—zﬂ —+ %] sin[o}dlf;’

-+

-m(R+R) sin(8) gR, cos(0) + mcos(8) g (R+R,)R, sin(0) — ((H—=R)m~+m,]

&aoarc

r (2m(R+R,) (H—R) R cos(0) + mR, +2RmR, + ((H' —2HR +2R") m + J, + J, ) R ) ddb
Gore = R
o
5 H R 3 5 3 3 )
[_m {R+Ro) [—2— + - R cos(¢) —mR, —2RmR; + (—R"H:—Jb) R — JR|ddp
+
R
o

—2mdp(H—R) (R+R,)sin(0) do

) gR, sin(e)

R

o

E}roup terms for M, C and G matrices

(R+R,)gm (sin(8) cos(0) — sin( o) cos(6))

Mi = simp.’ﬂj','[simpfﬂﬁ'( coeff| [Eqwc, dd 3] ,'frig‘],'si:e']

Mi=2m(R+R)) (H—R)cos(0) + (28 + (-2H+2R )R+ H + &) m+J,+

M2 = simpfﬂj','[simpfgj'[ coeff| [Equ ah'{}] ,'ﬁ'ig‘],'si:e']

M =-

coelf(£q,,.2) 8
> G = simplify| simplify Jtrig’ | size’
COG_}?[:EQ'M;P g] £
-((m [R + RG:] cos(¢) + (H—R)m+ m, l’am) sin(8) — sin( o) cos(8) m (R + Rﬂ)) g
G =

are

[R + RO) {mRo (H—R)cos(0) + RmR_ + mRi + J"b)

R

o

M3 = simpf{jj?[simph‘}j’.'[ coeff| [Eqba” ddﬂ],'ﬁ'fg‘],'si:g']

[R + RO) {mRo (H—R)cos(0) + RmR + mRi + J'b)

M=~
R

o

Mg = simpfﬂﬁ-[simpfﬂj’,'[ coeff| [Eqba” dd@],'ﬁ'fg‘],'si:g']
5

{mRi + Jb) (R + RO)

Mi = _
R

MI M2

M3 A
1

Cl = sfmp?ﬂﬁ'[sfmpfﬂﬁ'[ 5 coeff| [Equ a’ﬂ] + coe_ﬁ‘(Equ d& ) -(fﬁ!'frig‘],'si:e']

Cl=-mdp(H—R) (R+R,)sin(o)

M=

- coeff| (Equ d{a] + cog_ﬁ{Equ dz_:‘)?' ) -d_@'ﬁ'ig‘],'si:e']
: coeﬁ[Equ dl?] + coeﬁ(Equ a’rbz} -df_ﬁ,'frig‘],'si:e']
C2=m(R+R,) sin( o) (dp — d8) (H— R)

3= gm;phyj'(smgphyﬁ'(coe_ﬁ"(.’fqba;} dﬂz) -dg'rig’ ),'Si:e')
C3:=m(H—R)(R+R,) sin( o) a8

4= simp?ﬂﬁ{simpfﬂj.{coeﬁ‘(Eqba‘rp d@z ] -d@,'ﬁ'ig‘],'si:e']

C2 = sfmp?ﬂj,{simpfﬂj’,'[

L
B
C2:= simp.i'yﬁ'[simpfyﬁ'[ %

Cd=10
clroc2
c3 4

-mds(H—R) (R+R,) sin(¢) m (R+R,) sin(o) (dp— d8) (H— R)

=
m(H—R) (R+R,)sin(0) do 0

Eompar{ng to [23]
=> }mr== 0:J=10:R, =0:
> %= Rsin(¢ — 8) + I-sin(8) :
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>

B

>
>
>
[>
>
>
>
>

A%

v "V Ll

v

A%

v

v

Eg

>

>

>

Ti=

arc

} ¥, = Rcos($—8) — I-cos(8) :
> dx, == R-cos(p— 6) -(dp— db) + I-cos(ﬂ) -de

d, = Rcos( ¢ — 8) (dp— db) + Icos( &) db

dy, = -Rsin( ¢ — 8) (dp — d6) + I-sin(8) 6

1 2 2 2. 2 ——
E(H’J‘(R (do—E) cos{f‘n—ﬁ] + 2RId6cos(8) (dop— dB) cos( o — 8) + R* (dp— d6) " sin( o — 8)” — 2R [ dbsin(8) (do
) 2 3 ) 7, dé*
— d8) sin( 6 — 8) + P d6* (cos(8)* + sin(8)7))) + =
Vi=mgy,:

:> L= expand(T— V) :
diff(diff(L.q_dot).1)-diff{L.q)=Qi

dLdphi = diff(L. dp) -
dLdphi = subs( {6 = 6(1),
el = subs( [d@ = d{fj"(e
dLphick = difflel. 1) -
1).t.t) = ddo. diff{ (). t) = do. diff(8(1). . t) = dd6. diff( 6(t). 1) = d6 }. dLdphidk) :

a2 = subs( {dif o

o2 = subs( {o(t) =

0, 6(1)

dy, = -Rsin( ¢ — 8) (dp— d6) + Isin(8) db

> T= sr'mpfijfv[ %-rﬂ'-(fix2 + aﬁ.;‘] + L-Jm-dﬂ?‘,'sr':e']

=41}, dLa’phr]
) =dﬁ[¢ ] dephr‘) :

=6}.e2) :

variables = | dd6, ddp, d6, dp] -
Eqy = collect( simplifi( simplifi( €2 — diff (L. 0).'trig’) 'siz€’), variables)

Eqypi=-Rm(-lcos(¢) + R) ddé + RYmddy— Rm Isin(9) dé* — Rm (sin( ) cos(8) g — sin(8) cos(9) g)

dLdtheta = difflL.

de) -

dLdtheta = subs({6=6(1), 0= o(#) }, dldrhefa]
e3 = subs([a‘ﬁ diff| 6(1) r) do=diff{ ol?) ] dLa‘rhem):
dLdthetack = diff|e3, 1) -

o4 = subs( {diff{ o(z)
=4.68(1)

ed = subs( {8(1)

tt) =ddo. diff( 6(1). 1) = do diff( 6(1). 1. t) = dd6. diff 6(1). 1) = d6 }. dLdthetadt) -

=B},e4} :

Eg, = collect( simplifi( simplifi( e4 — diff (L, 6) mrig) 'size'). variables)

—_ {—ERJnfCOS(‘?} +

~+ mgRsin(4) cos(8) —

G = simplify

M=

d&) -dl?,'ﬁ'ig‘],'sf:e'] .

simpff}j{sfmp!{}jb(coeﬁ'(EqM I e ) -dﬂ,'ﬁ'ig‘),'si:g') . sim_pbyj'(sim_p!f}j{coeﬁ{fiqm? a’gsz ) -d@,'ﬁig‘),'si:e'}

simplify

(R2+P)m+ Jm,c) ddé+ (RmIcos( o) — 7 m) ddp + 2m RId6dpsin(¢) — mR1dg sin( ¢)

mgR cos( o) sin(6) + mglsin(6)

,'ﬁ'ig‘}'si:g']

((-Rcos(0) + 1) sin(8) + cos(8) sin(0) R) mg

m (cos( o) sin(8) — sin(o) cos(8) ) Rg

E%roup terms for M. C and G matrices

coglf(Eq,,. ) &
Cwﬁ(Eqba;} g] ‘£

sfmpfyj'.'[ sfmpf{;j.'( coeff| |: Egq,,. dd 9],'#?3‘],'3?:9‘] sfmpiyj'.'[ sfmpfyj'.'( coeff| |: Eq,,. dd{a],'ﬁfg‘],'sf:e']
sfmpi’rﬁ'( simphjﬁ'( coeff| [ Egqy . cle 6],'ﬁ'ig‘],'si:e'] sfmphﬁ'( simphyﬁ'( coeff| [ Eg; i ddl?],'f?'ig‘],'si:e']

-2miRcos(¢) + [R1+ .p“] m+J -Rm(-Icos(0) +R)
M=

-Rm(-lcos(0) +R) Rm

mRIdpsin(o) -sin(o) RIm (dp — df)
-mR1dgsin(¢) 0
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B.3 Derivation of the Dimensionless Equations of Motion

BA dimensionless.mw

;> restart .

| > with( Lineardlgebra) -

(R+R) (—mRz—RmRi—beo— (—R+H)R§mcos{o})dd6 . (R+R) (Rn.rRi+mRz+JbR+JbRo) ddp

> Eqyp= = = + (R
&, R,
a3 )
R~+R_)(sin(8) gR mcos(o) — cos(8) gR. msin(0
+R,) (-R+H)msin(0) d&” + (R+R,) (sin(6) eR, E} (8) g%, msinf0))
R
o
E _ (R+ RO) (—}::Ri— R}::Ré— J,R,—(-R +H)R§mcos(a])dd9 [R +Ro) (Rmkﬁ +}::Ri + R +JbRo) ddp 2 L
Dpal) = 2 + 2 +( @
o o

YR (R4 H)m (o) e (R+R)) (sin( 8) gkim cos(0) — cos(8) g}i‘im sin( -’J])

S

(2(-R+H)R,(R+R,)mcos(0) + mR. +2RmR. + ((H —2RH+ 2R ) m+ J, + J, ) R ) ddo

arc
RQ

> Eqan: =

[2 [%R— %H] R, (R+Ro]mcos(o} —}J:Ri—2RmRi+ (—}?IRl—fb) RO—JbR] ddp
4 2 2

= —2ds(-R+H) (R

[
+R ]msm o}d@—?[ ; R— —H] R+Ro]msin[o}d¢3

-sin(6) gR, (R+R ]mcos o) + cos(6 ]gRO(R+Ro]msin{o] —g((-R+H)m~+1,m ]Rosin(e]
+

o arc @
RQ
5 3 3 )
B (2(-R+H)R,(R+R,)mcos(0) + mR +2RmR. + ((H —2RH+28) m+ J,+ J, ) R,) ddo o
arc R,
[2 [% — ?ﬂ\| R, (R+R,) mcos( o) —mRi—ERmRi+ (—}?IRJ —fb) RO_JFE-,.R\| ddp

4 2 2 ) - 4 —2d¢(—R+H)(R+Ro)fa:5in{o}a'9

o
R H) . )
_2 [ >~ TJ (R+Ro)msm(o} dy’

-sin(8) gR, (R+R,)m cos( o) + cos(8) gR, (R+R,)m sin( o) — g((-R+Hym+1, m)R, sin(8)
R

o

E}roup terms for M, C and G matrices

coeff(Eq,,. £) €
> G = simplify| simplify Jtrig' |.size’
coeﬁ"[Eq-M# g] ‘g
o -((m(R+R,) cos(0) + (-R+ H)m + L Mz) sin(8) — sin(o) cos(8) m (R+ RO)) g ®

(R+R,)gm (sin(8) cos( o) — cos(8) sin(s))
> MI = simpfﬂfi'(sr’mpfﬂj’.'[ cogﬁ”(ng - ddﬂ],'fr'ig‘],'sr’:e']

MI=2m (R+R,) (-R + H) cos(0) + (2 2R+ +(- ?H+2}cﬂ)}c+ﬂJ +R§)m+; +, )
> M= sr’mpfﬂfi-[sr’mphﬁ'[ coqﬁ[Egam dd-ﬁ],'fr'?g‘],'sr’:e']
("”Ro (-R+ H)cos(o) + RmR, + }J:Ri + Jb) (R + RG)

M2=- 6}
> M3= sr’mpfgfi'(sr’mphﬁ'( coeff| (Egba I dd@],'f?'r‘g‘],'sr’:e']
VB (mRO (-R+ H)cos(o) + };mRO +mR; + J'b) (R+R) ©
o
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> M4 = sfmphyﬁ'[ Sifmpfyj,'[coeﬁ' [.E‘fqm,P ah’:?],'ﬁ'fg‘],'si:e']

> M=

M3 M2

Ml M2 }

NP Ry ) | . .
> (l= srm_p!yj'.'[srm_pfyj'[ 5 coelf( Eq,,. d8) + coeﬁ’(Eqmw dBZ] -dﬂ,'fr'rg‘],'sr:e']
Cl=-dp(-R+H) (R+R,)msin(0)

> (2= sfmp.?ﬂj','[simpfyj'[ % coeff| (Eqm - d:_?] + coeﬁ‘(Equ dg}z ) -d_@'ﬁ'fg‘],'si:e']

C2:= (R+R)m sin(o) (dp— @8) (-R + H)
> (3= simp.?ﬂj','(sfmpffﬁ'(coe_ﬁ'(Eqm,P e } -dﬂ,'ﬁ'ig‘),'si:e')

C3:= (-R+H)(R+R)msin(0) db
> (4= sim_pfyﬁ'(sfmphﬁ'(coeﬁ’(EqM,? abz } -d@,'ﬁ'ig‘],'si:e'}
C4=10

cl c2
c3 4

> C=

-dp(-R+H) (R+ R, )msin(0) (R+R,)msin(o) (dp—db) (-R + H)

(-R+H) (R+R,)msin(0) db 0
Eonversion to dimensionless
Eg,
> Eg = —2C:
are m Ri
I Edpan
> Egyop=

mR, (R+Ry)

o ! , coeff(Eq,,. £) £
> = 3] ify| i ity Jtrig' |.size’
simplify| simplify coeﬁ[EqM; g] " rig |.size
((m(R+R) cos(0) + (-R+ H)m+ 'Fa}\::ma) sin(8) — sin(0) cos(8) m (R+ RG)) g
Rim
&= (]
2 (sin(8) cos(¢) — cos(8) sin(0))
RO

> M= simpffﬁ.'( simpfyﬁ'(coeﬁ (‘Eqmv:’ dd B],'fr'ig‘],'si:e']

2 . 7
v 2m(R+R) (-R+H)cos(0) + (2R + (-2H+ 2R )R+ H + R m+ J; +,

are
a
mR
> M= simpfﬂj',-(simpfﬂj’,'[coeﬁ (Eqmc, a’d{}],'ﬁ'ig‘],'si:g']
{}HRO (-R+ H) cos(o) + RmR + mRi + Jb) (R + RG)

M2 =-
Ri m
> M3 = sfmpfﬂj','[sfmpfﬂj','[coef [Equ,? ddﬂ],'ﬁr'fg‘],'sf:e']

Ve -mR (-R+ H) cos(o) — RmR, — mRi —Jy

mRi
> Md = simpfﬂj','(simpfﬂﬁ,'[coeﬂ (EqbafP dd&],'fr'ig‘],'si:e']

A (}?IRﬁ + Jb) (R + RO)

3
mRO
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M|
M OM# |
> Cl= smxpfyj[srmpfyj,[ coeﬁ Eg,,. dd +coe_ﬁ(£q dﬂl) -d&'f!'ig‘],'si:g']

ds(-R+H) (R+R,)sin(0)

> M=

Cl=- - (as)
B,
_> C2:= simpffﬁ'[simpff]ﬁ'[ % coeff( Eq,,. db) + coeﬁ(Eqm,c, (ffffj'] -dl?,'fi"fg’],'ﬁ:g']
(-R+H)(R+R) sin( o) (ds — d6)
C2= ; (19
7,
=> C3 = sfmpfﬂj,'(sfmpfﬂj',-(coe_ﬁ‘(.&'qbaﬁ g ] -dﬁ,'fr'fg‘],'sf:e']
o3 LR H}l sin(¢) 48 20)
=> 4 = simpfyj,'(Sifmpfyj','(coeﬁ'(EqM” dr_f:z ) -dl_ik,'ﬁ'ifg‘),'si:e')
i c4:=10 1)
I cl C2
> (= :
3 4
Eubstituteindimmsiu‘nless parameters
2 (k=) (B +1)cos(o) + B +28 2k K+ 2k +1+R+E -((-F+k)cos(o)+ b+ 1+ k)
M=
g —((—Ft_,+5t6)-cos(o)+.7t.+1+?§] 1+
| ds (& — &) (& + 1)sin(6) (& + &)sin(o) (s — o)
e (= + &) sin( 0) 0
o (;q + 1)-5{11(0— e]+(;;. — k= 5‘“1'*"“5) -sin(e)
| -sin(o — 8)
> Fi= W ]:
| 0
>
> M= gxwmf[ simp?yj','[mbs[ [cos[o} =1- % -02, sin(o) = 0], *Ml: 1],'5?:@']]
;‘Lﬂ==—ol.-i'ﬁ.%.+Ol.%—ol.§+ol§.+.%+%+.'§+2%+1 22)
> M2 = sm:p.’yj',[mbs[ [cos[o} = 1——-02 51n( ) ] M 2]]
Mz==w_e§—kﬁ—1 23)
_:> M3 = srfbs[ [cos[o} = 1—%-02, sin(o) = o], Mz:z]
I M=1+F (24)
> Cl= m;mmf[st{bs[ [cos{o] = l—L-o2 51n( ) ] ¢ 1]]
Cl=-dpoks ke +dpo i — dpoig+dpok, @
> 2= e:n.;mmf[mbs[ [cos[o) = 1—% -02, 5in(o) = 0], Cl:z]]
C2= dpoky— dpok, — 0dbiy + odoF, 26)
> CF:= e:n.;mmf[ srfbs[ [cos[o] =1- %-02, sin(o) = 0], CZ: 1]]
C3 = odoky — odok, @
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. . _ 1 2 . _
G2 = sm:pfyj','[subs[ [cos[o) = I—E-O B sm(o) = 0], Gz: ID
G2 =-sin(-8+ o)
M= srfbs[ [fi,_,z-o?':|'-3?"= 02=0,0=0], x‘lrﬂ)
M=o +RB+k+k+2k+1

M2 = srabs[ [02 =0.0= {}], M2)

M=tk —
M3 = srabs[ [o2 =0,0 =0], ;‘LuB:]
M= 1+ at_1

Cl= mbs[ [a’{?o R% =p-dp.o=0, 02={}], Ci’)

Cl=pdp
€2 1= subs( [ok} d8=p-d 6=0,06" :0], 0_9)

C?=pdo
€3 1= subs( [oft} dB=pdi 6=0,6 =0], 03]

C3 = —pdb

Gl = simpfyﬁ'[mbs[ [02 =0,0= 0], :.'impfyﬁ'(s:{bs( { et ocos(8)=pcos(8) } expand( Gl) ),'ﬁ'ig‘) ),'si:e')
Gl = {_"ﬁ = — 1) sin(8) + p cos(8)

G2 = sfm_pfyﬁ'[mbs[ [at, B=p, 02 =06= {}]= G.?),'ﬁfg‘)
G2 = sin(8)
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AppendixC-I nverted Pendulum Car't

This Appendix isorganized in foumajor parts. These are:
C.1 Derivations of Equations of Motion and Controller
C.2 Simulink file and MATLAB code for the simulation of the Full System
C.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
C.4 MATLAB code to produce the pléor Chapter 4

C.1 Derivations of Equations of Motion and Controller
IPC.mw

|:> restart :
|:> with( Lineardlgebra) -

Y Equations of Motion
Kinetic Energy

1 1 .2 ) .
|:> T:= ?-mp-?‘-dﬁ" + -(mc+mp) Reiy +n.rP ! cos(e} d-de:

1
2
Potential Energy

|:> V= m, g.i'cos 8]
Lagrange

[> L= expand(T— V) :
diff(diff(L.q_dot).t)-diff{L.q)=Qi

> el = difL. dv)
| el = dom, + (Ixmp + mp Tcos( 8] dg (1.1)
> el = subs({8=0(t), x=x(1)}, el)
I el :=dem_+ :fxmp + n, Tcos(8(r)) 4o (1.2)
> el = subs( {do=diff(6(1). 1), dr=diff{x(1). t )} 1)
d d d
el = [Em t |m + [?.‘L(f)J }er+}:rp€c05(8(f)] [ & 8[?]}| 1.3
> &2 = diffiel1)
& ) & ) d ) & )
7= - | — 1 —_—
a2 [ pp .\[r)x m, + [ e (r)} ", mpimn(e(r)] [ & 8(r)}| + }:l:p.i'cos(e(r)] [ pp e(r)J (1.4)
> e2 = subs({diff(8(1). 1. t) = ddd, diff(x(1). 1. t) = ddx}. e2)
o . . d ) )
e2 1= debem_ + el n,— mp.?sm( 8(1)) [ vy 8(?)J| + }J:P.?cos(e(r]] dde 1.5
> 22 = subs({diff(8(1). 1) = dB. diff(x(1). 1) = ). e2)
e2 :=ddxm, + dd.\'mp —m, Tsin(8(r)) agt + m, Tcos(8(1)) ddb (1.6)
> 2= subs({6(f) =8, x(r) =x}. &2)
I e2 = ddvm, + dd.\'mp —m, Tsin(8) a6~ + m, Icos(8) dds (L.7)
| > variables = [dd, debx, d, dx] :
> Eq .= fo.?fen(snupfyﬁ'( e2 — diff (L. x) — 'EIPC'N'Tg'}._ vm'!’a-";l.?e.s}
Eq, =, Tcos(8) dds + (m, + }up) e — m, Tsin(8) g — TUpe (1.8)
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23 = diff(L. d8)

e3 =m, P de + mpiccs(e) i
e3 == subs({8=0(1).x=x(t)}. &3)
ei:= mp.’ldﬂ + }::P.?cos[e(r')] dx
e3 = subs( {df=diff(8(1). t). dv=diff(x(1). 1) }. €3)
e :=mp.’L1 [% B(F)] + mp?cos[@(r’)] [%v(r)]
ed == diff{e3. 1)
94::}::?.?‘1‘[ :; 8(?’)] —mp.?sin(e[r)) [%8{?’]] [%.‘r[r)] +mp3c05(8(r)) [ :_; .‘((r’]]
ed == subs( {diff(8(1). 1. t) = dd6, diff(x(z). 1. ) = dddx}, e4)
o4 ::}J:P.?lddﬂ— }J:P.?sin(e[r)) [% 8(?')] [
e4 = subs( {diff(8(1). 1) = db, diff(x(1). 1) = dc}. e4)
ed =, P dde — "y Isin(8(1)) dodx + "y Tcos(8(1)) defx

e|a

.r[r')] + }sz.?cos(e(r)) delc

e4 == subs({08(1) =8,.x(t) =x}, e4)
ed:= mp.’lddﬂ - mp.i'sin{e] dbck +m, 1 cos(8) dd

Egyy = collect(simplify(e4 — diff (L. 8).trig ). variables)
Eqy 0= My P dds + s Tcos(8) ddx — }J:Pg.? sin(8)
coef( chmr ddx] Coeﬁ [charf ddﬂ]
coell( Eqy,p dex)  coelf(Eqy,; dd6)

. m+ o, o, Icos(8)
e 2
", Tcos(8) m, F

o coeﬁ'{chdelz} -dx cogﬁ'(chmrdﬂz} R}
coe_ﬁ{Eqba‘,} 05,2) -dx coeﬁ{Eqba” dﬂ]
. 0 —mpl’sin(e)(fﬂ
] 0
o coelf (g, €) 8
. Cmﬁ[‘ﬂ"m,r} 8] 8
0
- —mpg.’sin(e]
re 0l (B gpe Tpc) Tpe
coef | gy ppe) e
Foo| IPC
0
x
=4
x
g:= 8
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(1.9)

(1.10)

(L11)

(1.12)

(1.13)

(1.14)

(L15)

(1.16)

(L17)

(1.18)

(L.19)

(1.20)

(1.21)



¥ Dimensionless Equations of Motion

divide cart equation by mp*1 and pendulum equation by mp*1"2
chﬂ?'f
> Eqno;mcm = ]
L P
Eg
> Egnormy,, = ;i‘;: :
L "p
Y coeff]| (Eqnor'm are ddr) coeff| (Eqnorm cart dai'ﬂ)
M=
coeff| [ Egnormg,;. ddr) coeff| ( Egnormy, ., dd S]
n, +m
1 cos( 8)
M= £ 2.1
cos(8) .
I
s e coe_ﬁ'{Eqno?mcmr dx‘z) -ax coeﬁ{Eqno?mcmr dﬂz) -df
W=
coeﬁ'{Eqmrm balf (ﬁ)’) -alx coeﬁ(.’_‘fqmrmm,} dﬂ)
0 -sin(8) db
Cn:= (2.2)
1] 1]
coeﬁ"[Eqm??ﬂcmr g] g
> Gn=
coeﬁ(Eqnor?ﬂ bal? g} g
0
Gn:= _ sin[e]_g (2.3)
I
. R coeff{ Eqnorm, gy Tpc) Tppc
i —
coeﬁ(Eqnormba‘,} TJPC) Tpe
s
Fn:= mp.? (2.4)
0
x
> gni= i
5]
Y coeff| (Eqno?m cart ddr] -1 coeff| (Eqno?m cart dd@]
Mt =
coeﬁ'( Egnormy . dd\r) -1 coeﬁ'( Egnormy ;. da’ﬂ)
m,_ +m
——Z cos(8)
Miz:= ny (2.5)
cos(8) 1
Ehange of variables:
Jimp1-2=kl, mc/mp=k6, g/l=1/gamma"2 multiply both equations by gamma"2 create rho'(1) and 6'(x)
q(original=[x;6] q(nn)=[rho;0] q(normalized)=[rho'(x), 8'(1)] have to change sin(t) to sin(1)
Tpe/mp/l=tn
k. +1 cos(8)
> M= % :
cos(8) 1
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4

0
> G :
" | —sin(e)
]
> Fn=
L T
5|

Pendulum"

K-ﬁ-sin(e)-(ot-dﬂl + d-cos(e)) -

B-a-d-[mc + mp} x

o

i

0 -sin(8) do

¥ Controller from "A Normal Form For Energy Shaping: Application to the Furuta

4

+ B'”a‘.-‘::]

o —

B (1c+1)-(cos(8) )’ J
(mc+mP}

« P sin(8) (o:d8 + deos(8)) —

-

Bad{mc +m ) X
4[3:?_

+ B“a?::

> = c(m o+ }JIP] (m +p-c05(8} -dﬂ)

o ﬁl-(cos(e))l]

> B L [a [}J:€+}er]

| B (,.[=1

> N (mc + mp] + t ]]

> simplifi Tsize')

[o:— [32 cos(8)

o —

Uy =C (mc

P:=

2

m, + mp

ad[n:c + }?Ip): x

pl p
B (1 + 1) cos(8)”
m, +}HP

- mp} (e + pcos(8) o)

2 2
_ fcos(8)
m, +m

S

(1)
B[“ C )

m, =+ mp

At

2 (6 2
cosl
o Frcos(8)”
m, -+ mp

¢ (m, +m,) (v + pcosi8) 48)

kP sin(8) (0:d8” + deos(6)) —

¢p’

-+

g

Dimensionless Controller
r 5
=> o= mp-?“.
_> p= JJJP-F:

(> #1= (mc + mp] :

(> di=-m_gl:
K d My g

o —

GJ(K+ 1) cc:Js(S}2

, =+ mp
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(32)

(3.3)

(3.4)
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7 4
s 1
> 4T
L H
> P
hY
m 1 [K+ E"—l
y g
- (4.1)
mc+}:rp
=> Pp = F-Pd.:
-1
(57
> Pi= ¢t
L Ay
> B
R
| mt P cos(8)”
m - L
3 mc+m
£ 4.2)
9
r 5
=> Bn = }JJP.’L“-BG;:
R
— cos(8)”
s
N R
L 9
> Ufiss
i ¢ (mg =+ my) (dc + pcos(8) d8) (4.3)
> un = }arp-f-:{dd
wn =, Ty, (4.4)

> = c-la,-(p + P, cos(8) d@) :
[K-sin(e) (a‘ﬂ“+a‘d cos(e)) B, add "a‘ 2 [%] +Ba"”da‘]

(K+1] cos } J

> m=m_-I
r

[K-sin(e) (aﬂ”+ad cos( )) Byedy (}

- LD ) ]

> ol = simplify

inultiply by gamma”2

) o [K-sin(e)-(dﬂz—cos(e)) +Bd'e"(;"d) (p .
> = simplify = Jsize' |
1_(K+u(m4qy]

;'Ld
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C.2 Simulink file and MATLAB code for the simulation of the Full System

wdot_x

x

—| - I—b- xdot
u 4 ¥ .‘-l > ;— L
focn E
Statas » theta
]
thetadot_theta
» thetadot
function y = fen(u)
%% Main Vectors
X =u(); % feedback array
theta = u(2);
xdot =u(3);
tdot = u(4);
%% Generalized quantities
o} = [x theta]’; % Generalized coordinates
gdot = [xdot tdot]’; % Generalized velocities
%%Physical parameter values
Mc = .44, % kg - cart mass
Mp =.14; % kg - pendulum mass
g =9.81, % m/s"2 - gravity
I =0.215; % m - pendulumlen gth
alpha = Mp*I"2;
beta = Mp*;
gamma = Mc+Mp;
d = - Mp*g*l;
%% Linear model parameters
c =0.015; %0.001;
kappa = 20; %50;
epsilon = 0.00001;
rho = -0.02; %71;
%psi =0;
%% The G,M,C, P and KD matrices
G = [0; d*sin(theta)]; %gravity terms
mass =[gamma, beta*cos(theta); beta*cos(theta), alpha]; %mass matrix
C =10, - beta*sin(theta)*tdot; 0, O]; %Centripetal and coriolis
matrix
%inclined plane
% G = - sin(psi)*(Mp+Mc)*g; - Mp*I*g*sin(theta)]; %gravity terms
% mass = [Mc+Mp, Mp*I*cos( - theta+psi); Mp*l*cos( - theta+psi),
Mp*I"2];%mass matrix
% C =10, - Mp*lI*sin( - theta+psi)*tdot; 0, 0]; %Centripetal and
corioli s matrix
%% Evaluate the control law
B = 1/rho*(alpha - beta”2/gamma*(cos(theta))*2);
p = (kappa+t(rho - 1)/rho)*(beta/gamma);
ud = c*gamma*(xdot+p*cos(theta)*tdot);
tau = (kappa*beta*sin(theta)*(alpha*tdot"2+d*cos(theta )) -B*...

epsilon*d*gamma”2*x/beta”2+B*ud)/
(alpha - beta"2/gamma*(kappa+1)*(cos(theta))"2)
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%inclined plane

% tau = (kappa*Mp*I*( - Mp*I"2*sin( - theta+psi)*tdot"2 - cos( - thetat...

% psi)*Mp*g*I*sin(theta))+(Mp* "2 - Mpn2*In2*cos( - theta+psi)2/...

% (Mc+Mp))*epsilon*g*(Mc+Mp)"2*(x+(kappa+(rho - 1)/rho)*Mp*I*( -
% sin( - theta+psi)+sin(psi))/(Mc+Mp))/(rho*Mp*1)+(Mp*I"2 - Mp"2*...
% ["2*cos( - theta+psi)*2/(Mc+Mp))*c*(Mc+Mp)*(xdot+(ka ppat(rho - ...
% 1)/rho)*Mp*I*cos( - theta+psi)*tdot/(Mc+Mp))/rho)/(Mp*...

% "2 - Mp”2*"2*(kappatl)*cos( - theta+psi)*2/(Mc+Mp)) - ..

% (Mc+Mp)*g*sin(psi);

%% Evaluate the Dynamic

gdotdot = inv(mass)*([tau;0] - C*qdot - G);

xdotdot = gdotdot(1);

ddtheta = qdotdot(2);

%% M File output

y = [xdot;tdot;xdotdot;ddthetal;
%% End of

C.3 Simulink file and MATLAB code for the simulation of the Dimensionless

ho
System g
' ]
. rhodot_rho rhodot
. . 4.| I3 =
fica
- States p thetad
]
! thetadot_thata
p thetaddot

function y = fen(u)
%% Main Vectors

X = u(l); % feedback array

theta = u(2);

xdot =u(3);

tdot =u(4);

%% Generalized quantities

o} = [x theta]’; % Generalized coordinates
gdot = [xdot tdot]’; % Generalized velocities
%%Physical parameter values

Mc = .44, % kg - cart mass
Mp =.14; % kg - pendulum mass
g =9.81, % m/s"2 - gravity

I =0.215; % m - pendulum length
k1 = Mc/Mp;

dn = -1;

%d =gll;

gn = 1+k1;

%% Linear model parameters

c =0.015;

kappa = 20;

epsilon  =0.00001;

rho = -0.02;

%% The G,M,C, P and KD matrices
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G = [0; dn*sin(theta)];

mass = [gn, cos(theta); cos(theta),1];

C =10, - sin(theta)*tdot; 0, 0];

%% Evaluate the control law

Bn = 1/rho*(1 - (cos(theta))*2/gn);

pn = (kappa +(rho - 1)/rho)/gn;

udn = sqgrt(l/g)*c*gn*(xdot+pn*cos(theta)*tdot);

tau = (kappa*sin(theta)*(tdot"2+dn*cos(theta)) - Bn*epsilon*
dn*gn”~2*x+Bn*udn)*gn/(gn - (kappa+1)*(cos(theta))"2);

%% Evaluate the Dynamic

gdotdot = inv( mass)*([tau;0] - C*qdot - G);

xdotdot = gdotdot(1);

ddtheta = qdotdot(2);

%% M File output

y = [xdot;tdot;xdotdot;ddthetal;
%% End of

C.4 MATLAB code to produce the plotfor Chapter 4

[=0.215;

0=9.8;

figure(1);

plot(x.time,x.signals.values, ' - k' ,rho.time*sqrt(l/g),I*rho.signals.values,
k', 'LineWidth" 1)

grid on

legend( X' ,'\rho" )
titte(  'Position Response of the Cart for the Full vs Dimensionless Systems'

xlabel( 'time(s) and time(dimensionless)* \ gamma’);

ylabel ('x(m), \ rho(dimensionless)*I(m)’ );

figure(2);

plot(theta.time,theta.signals.values, " - k' ,thetad.time*sqrt(l/g),
thetad.signals.values, '-- k', 'LineWidth' ,1);

grid on

legend( '\theta'" ,'\theta {N} )

title(  'Theta Responses for Full vs Dimensionless Equations o f Motion'  );
xlabel( 'time(s) and time(dimensionless)* \ gamma’);

ylabel( ‘'angle (rad)' )
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AppendixD-Rot ary Pendul um

This Appendix is organized six major parts. These are:
D.1 Derivations of Equations of Motion and Controller
D.2 Simulink file and MATLAB code for the simulation of the Full System
D.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
D.4 Simulink file and MATLAB code for the simulation of the Morphed System
D.5 MATLAB code to produc¢he dimensionless pldor Chapter 4
D.6 MATLAB code to produc¢he maphed plot for Chapter 4

D.1 Derivations of Equations of Motion and Controller

RP.mw

[} restart
|:> withi LinearAlgebra) :

A 4

Rotary Pendulum

¥ Lagrangian derivation point mass for arc point mass for pendulum

> Ti= %-mp-z’z-dez + %-(ma + n.lp]-Rz-d(i)E + isip-f-R-cos(e)-d¢'d6+ %-mp-ﬁ-(sm(e)):
-dqbz :

Potential Energy

[} V= ii.lp-g-?-cos(e) :

Lagrange

[> L= expand(T — V) :

diff(diff(L.q_dot),t)-diff(L.q)=Qi

> el = diff (L, dp) :

el == subs({0=0(1), 0=0(1) }. el) :

| > el = subs({d6=diff(0(1), t), do=diff (d(7). 1) }, el) :

> el = diff (el t) :

| > e2 = subs({diff(6(2). t. t) = dd6. diff (¢(?). . t) = ddp}. e2) :

)

vV Vv

| > e2= subs({diff(8(2), t) = d6, diff(o(t). t) = dp}. e2) :

| > e2= subs({0(7) =0, ¢(1) = ¢}, e2) :

| > variables := [dd®, ddg, db, dp] :

> Eq,, = coffect‘(s.r’mpfiﬁf(e,? — diff (L, ¢) — t,'ﬁ'ig'), 1'm'.f'abfe.5')

2 2 2 2 2
Eq = mpr cos(8) dde + (—:ﬂnpi’“ cos(8)” + m,R"+ R m, + mpi"] ddp (1.1.1)

arm ”

+2 mp.-’zsin[e) dg cos(8) d6 — m, IR sin(9) de* — 1
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(> e3:= diff(L. d6) :

| > ed = sub.s( {B= o(1), ¢=¢>[f]}, e.?) :

| > ed:= subs({do=diff(8(¢). t), do=diff (¢(7). t) }, e3) :

| > ed = diff (e3, 1) :

| > ed = subs( {diff(0(1), t, t) = dd6, diff (¢(1), t, t) = ddp}, e4) :
| > ed = subs( {diff(6(¢), t) = d6, diff (¢(1), t) = do}, e4) :

| > ed = sub.s( {B[.f] =0, (1) = qb}, 94) :

> Eqy = coifecz‘(s.fnwfy}(ﬂ - dgg?(L, B),'h’ig'), va}'.fabfe.s)

Eqy = m, P dde + m, IR cos(8) ddp — m, P sin(0) d¢2 cos(8) — m, g Isin(0)

coe_?ﬁ”( Eq,..» ddqb) coeﬁ’( Eq,. dde}

> M=
coeﬁ”(Eqbaﬁ, ddqi)) cogﬁ”( Eq, i dd@)
2 2 2 2 2
e -mpf‘cos(e) +m R +R mp+mpi’" mpIR cos(8)

m_ 1R cos(8) m_ P
P P

. mpfzsin(ﬁ)z + (ma+mp}-R2 mp-Z-R cos(9)

m_-I'R cos(8) m_ P
B P P
> C

l-d|.—~

= Hco@ﬁr(Eqm-mn dqb?] -dp + %-co@ﬁ[Eqm.m, dqb],coeﬁ”[ﬁqmm, de)z] .de +
.coeﬁr[Eqarm, dﬂ] }
[CO%ﬁﬂ(ng’aﬁ“ d¢2) . coeff (Eqy, . d0) H

q

m_I sin(0) cos(8) d8 -m_I[Rsin(8) do+ m fsm(e) dpcos(9)
c=| ? P P

-r?rpfzsin(e) dpcos(9) 0
coeff(Eq,,,, €) 8
> Gi=
coeff (Edyyp 8)°8
0
B —r?{ogfsin[e)
coeﬁr(Eqmlm, 1:) T
> Fi=-
cogﬁ(EqbdF 1:) T
T
F =
0
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delep
dde

dp
do

| > #ri=ul Hu2:

> dg = s ddg = :

T
0
eq = H (mp P sin[ﬁ!)2 + (ma + mp] Rz] ddg + m, IR cos(8) dde 1.1.7)

+ mp?z sin(8) dpcos(0) d6 + (—mpr sin(0) do + n.lp?z sin(0) d¢cos[8)) d6 — t}

2 3, y) )
{mpi" dde + mpr cos(0) ddg — mp?‘ sin(©) d” cos(0) — mpgism(ﬁ)”

¥ controller for rotary pendulum
;> #ri=ul +u2:
2
> #mp-’=mp-f‘ :
> #dip= —mp-g-!:
> #srp-‘:(ma + mp) R*:
> #brp-‘zmp-f-R:
> Falpha = arp-sin(0) -cos(8) -d¢2 :

by (cos(0))” };S;;g-] :

> Brp = S.’;H.Tpfi;ﬁ’[L'
p

] arp — o
> prp = simplify| | €+ (p—1) J[ bip ],'sr’ze'} :
p STD

> udrp = sm:pfg_‘i-'(c-s;p- (qu +pr'p-cos(€|) -dﬂ),'s.r’ze') :

Brp-e drp-sipe-
K-br'p-sm(e)-(m'p-dﬂz+dr‘p-cos(9)) it PF’SFP i + Brp udrp

brp”
bip® (k+ 1)-cos(8)’

[mp_ D (K )cos( ) N

K-b:p-Fa{vha-cos(e)

sTp
- . = Jsize'
[ [ brp™- (k + l)-cos(e)- N
arp —
SIp
> ul = m'p-sm(e)z-ddgb+ arp-sin(0) -cos(8) -dp-do :

> u2 = simplify

:> urp = simplify(ul + u2.'size') :
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¥ Dimensionless equations

1= — .
> egh= :?prR |
) eq,
> eql = —
i i??pf‘
A coeff(eql, ddp) coeff(eql, dda)
> ME= 1 oeffleq2. ddg) coeff(eq2. deb)
m, I3 sin[@)2 + (ma + 3.r.=p] R cos(6)
m_IR
Md = p (1.3.1)
R cos(9) )
/
[ (i?i‘a+??i‘p) R / ) 9
TT—F? sin| @ |) ~ cos(8)
> Md:= p
%'COS[@J 1
e (1+%) + % (sin(8)) * cos(6)
i cos(0) 1
cogﬁ”[eq], d¢2]-d¢+ %-cogﬁ"[eq}, dqb] cogﬁ”[eq}, d@zj-dﬂ—l— %-coeﬁ“[eqf, d@]
> Cd = “ =
coqﬁ‘(eq.?, d¢2] -dip coeffeq2, db)
Isin(0) cos(8) do ~sin(8) do+ 1sin(0) do cos(8)
Cd:= R R (1.3.2)
-sin(0) cos(0) do 0
> cd=
[R%) s ) cos( [%J -sin(8) d6 + [R;] : sin(0) [%dqb]cos(e)
I 2
-[?) “sin(0) cos(0 ( q{)J (%J 0
kz-sm(e) cos(8) d0 -sin(0) do kg in(8) cos(O )d¢
> Ccd=| } :
-sin(8) cos(@ )k dy 0
| coeff(eql, g)-g
Gd =
g [ coeff(eq2. g) g
0
Gd:=| sin(0)g (1.3.3)
/
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4 0
> Gd:=
-sin(0)
coefflegl, T) T
P i C )
coeff(egq2, 1) T
T
Fd:=| m,IR (1.3.4)
0
i 2
"c-'\{
> Fd:= i??pIR
0

Dimensionless controller
B 2

> #mp:a?ip-f“.

> #mpn:=mp-22-mpd:

> #arpd=1.:
> #drp= —mp-g-i:

> #drpn.:—mp-g-f-drp:
> #drpdi=—1:
2,
> #srp:(ma + 3?3p}-R :
> #sipn -’:rir:'p-R2 sprd
> #s;pd-':(kﬁ + 1) :
> #brp-:mp-f-R:
> #brp?'i.:i??p-Z-R-brpd
> #bipd=1.:
> #Falpha=arp-sin(0)-cos(9) -d¢2 :
2
> #Faﬂw‘sa;i-':mp-fz- (%J -Falphad -

2

> #Falphad:=sin(0)-cos(8)dy’ :

R (( br'pz'(cos(e))z }1'3;';2'}1

> #Bip -':s.r'mphﬁ-'[ ﬁ [m'p - op

> #Brpn =m, P -Brpd :

p sipd

K+ (p— 1) }( brp ],'s.fze'} :

> #prp:i=simplify
o1y r=simplify o po
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> #udfp-’=sﬁuphﬁ«‘(c-s;p- (dqb + pr'p-cos(e) -dﬂ),'srze') :
> Hudrpn -’=i:-'3p-f-R-udi'pd:
> #Hudrpd:= (c-srpd- (dl,v + prpd- cos( 8) -dﬂ) ) :

pr-a-dip-srpz-tp

lc-sin(e)-(f:rrp-a'ﬂ2 + di'p-cos(e)) — - + Brp udip
> Hulrp:=simplify 5 ?}i
[ [ brp‘-(K+ l)-cos(e)‘ ”
frp sTp

K-brp-Faﬂvha-cos(e)

[mp_ [ bip™- (k+ 1)-::05(0) N

sIp

Jsize' | :

> #ulrpn -'=mp-f-R-u2rpd:
1

(k+1)-cos(6)’ N

srpd

> w2rpd = ((K-sin(e) . (d62 + drpd-cos(e)) — Brpd-e-drpd-

1 —

stpd* - + Brpd udrpd — K K Falphad-cos(6) ) )

> #rff-'=m'p-(sin(e)2-dd¢+ shl(e)-cos(e)-dqb-dﬂj :
> #r;}r?-’:mp-f-R-ki-u}d:

> wuld = kg- (sm(e)z-daﬁy+ sin(0) -cos(e)-dw-dﬂj :
morphing

> k=0:

> uld

0 (1.5.1)

:> dipd:=-1:
> ulrpd
K sin(0) (d62 — cos(e)} + Bipdasrpdz‘lp+ Brpd udrpd
(1 + 1) cos(6)’
srpd

1 —

118

(1.5.2)



D.2 Simulink file and MATLAB code for the simulation of the Full System

phi

Y

J
| phidot_phi ’—> phidot

u ‘ yg g ;_ hE

fen States » thetarp

O

thetadot_theta

thetarpdot

h

function y = fen(u)
%% Main Vectors

phi =u(l); % feedback array
theta = u(2);
phidot =u(3);

thetadot = u(4);
%% Generalized quantities

o} = [phi theta]’; % Generalized coordinates

gdot = [phidot thetadot]'; % Generalized veloc ities
%% Physical parameter values

Md =0.44; % kg - cart mass

Mp =0.14; % kg - pendulum mass
g =9.8; % m/s"2 - gravity

I =0.215; % m - pendulum length
R =1;

alpha = Mp*I"2;

beta = Mp*I*R;

gamma = (Mp+Md)*R"2;

D = - Mp*g*l;

%% Linear model parameters

kappa = 25;

psi = - 0.02;

c =0.015;

epsilon = 0.00001;
%% The G,M,C, P and KD matrices

G = [0; D*sin(theta)]; %gravity terms

mass = [gamma+alpha*(sin(theta))"2, beta*cos(theta);
beta*cos(theta), alpha J; %mass matrix

C = [alpha*cos(theta)*sin(theta)*thetadot,

alpha*cos(theta)*sin(theta)*phidot -
beta*sin(theta)*thetadot; v

- alpha*cos(theta)*sin(theta)*phidot, O]; %Centripetal and
coriolis matrix
%% Evaluate the control law

Falpha = alpha*sin(theta)*cos(theta)*phidot"2;

Fa = - alpha*sin(theta)*cos(theta)*phidot*thetadot;
p = (kappa+(psi - 1)/psi)*(beta/gamma);
ud = c*gamma*(phidot+p*cos(theta)*thetadot);
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B = (alpha - beta”"2*(cos(theta))*2/gamma)/psi;

u2 = (kappa*beta*sin(theta)*(alpha*thetadot"2+D*cos(theta)) -(B* ...
epsilon*D*gamma”2*phi)/beta”2+B*ud - kappa*beta*Falpha*cos(
theta))/(alpha - (beta”"2*(kappa+1)*(cos(theta))*2)/gamma);
qdd = inv(mass)*([u2;0] - C*qdot - G);
phidd = qdd(1);
ul = alpha*sin(theta)*2*phidd+Fa;
tau = u2+ul;
%% Evaluate the Dynamic
gdotdot = inv(mass)*([tau;0] - C*qdot - G);
ddphi = gdotdot(1);

ddtheta = qdotdot(2);

%% M File output

y = [phidot; thetadot;ddphi;ddtheta];
%% End of

D.3 Simulink file and MATLAB code for the simulation of the Dimensionless

System
» rhorp
]
| phidot_phi rhodotrp
I—’
- l -
N =
u ﬁ y States p thetarpd
J
thetadot_theta
p| thetarpddot
function y = fen(u)
%% Main Vectors
rho = u(l); % feedback array
theta = u(2);
rhodot = u(3);
thetadot = u(4);
%% Generalized quantities
o} = [rho theta]’; % Generalized coordinates
gdot = [rhodot thetadot]'; % Generalized velocities
%% Physical parameter values
Ma =0.44; % kg - cart mass
Mo =0.14; % kg - pendulum mass
g =9.81; % m/s"2 - gravity
I = 0.215; % m - pendulum length
R =1;
k6 = Ma/Mp;
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k4 =IIR;

gn = 1+k®6;

%% Linear model parameters
kappa = 25;

psi = -0.02;

c =0.015;

epsilon = 0.00001;
%% The G,M,C, P and KD matrices

G =0; - sin(theta)]; %gravity terms
mass = [1+k6+k4"2*(sin(theta))"2 cos(theta); cos(theta) 1]; %mass
matrix
C = [k4"2*cos(theta)*sin(theta)*thetadot
k4~2*cos(theta)*sin(theta)*rhodot - sin(theta)*thetadot; "
- k4"2*cos(theta)*sin(theta)*rhodot 0]; %Centripetal and

coriolis matrix
%% Evaluate the control law
Falpha = sin(theta)*cos(theta)*rhodot"2;

Fa = sin(th eta)*cos(theta)*rhodot*thetadot;

P = (kappa+(psi - 1)/psi)/gn;

ud = c*gn*(rhodot+p*cos(theta)*thetadot);

B =(1 - (cos(theta))*2/gn)/psi;

u2 = (kappa*sin(theta)*(thetadot"2 - cos(theta))+
B*epsilon*((1+k6)"2)*r ho+B*ud*sqrt(l/g) -

kappa*k4”2*Falpha*cos(theta))/
(1 - ((kappa+1)*(cos(theta))*2)/gn);

gdd = inv(mass)*([u2;0] - C*qdot - G);
rhodd = qdd();

ul = k4n2*(sin(theta)*2*rhodd - Fa);
tau = u2+ul ;

%% Evaluate the Dynamic

gdotdot = inv(mass)*([tau;0] - C*qdot - G);

ddrho = gdotdot(1);

ddtheta = qdotdot(2);

%% MFile output

y = [rhodot;thetadot;ddrho;ddthetal];
%% End of
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D.4 Simulink file and MATLAB code for the simulation of the Morphed

fcn

function y = fen(u)

%% Main Vectors

rho =u(l);

theta =u(2);

rhodot  =u(3);

thetadot = u(4);

%% Generalized quantities
o} = [rho theta]’;

gdot = [rhodot thetadot]';
%% Physical parameter values
Mc =0.44;

Mp =0.14;

k6 = Mc/Mp;

I =0.215;
R =1;

g =9.81;

k4 = IIR;

gn = 1+k®;

dn = -1;
%% Linear model parameters
kappa = 20;

psi = - 0.02;
c =0.015;

epsilon = 0.00001;
%% The G,M,C, P and KD

System
| rhorpc
)
1 .
5
Slates | thetarpc
)
thetadot_theta
=Ehetarpcdot
% feedback array
% Generalized co  ordinates
% Generalized velocities
% kg - cart mass
% kg - pendulum mass

G =[0; - sin(theta)];

mass =[1+k6, cos(theta); cos(theta),1];

C =10, - sin(theta)*thetadot; 0, O];
%% Evaluate the control law

p = (kappa+(psi - 1)/psi)/gn;

ud = c*gn*(rhodot+p*cos(theta)*thetadot);

B = (1 - (cos(theta))*2/gn)/psi;
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tau = (kappa*sin(theta)*(thetadot"2 - cos(theta))+
B*epsilon*((1+k6)"2)*rho+B*ud*sqrt(l/g))/
(1 - ((kappa+1)*(cos(theta))*2)/gn);

%% Evaluate the Dynamic

gdothetadot = inv(ma ss)*([tau;0] - C*qdot - G);

ddrho = gdothetadot(1);

ddtheta = qdothetadot(2);

%% M File output

y = [rhodot;thetadot;ddrho;ddtheta];

%% End of

D.5 MATLAB code to producethe dimensionlesslot for Chapter 4

[=0.215;

0=9.81,

R=1;

%T=t*sqrt(g/l);

figure(3);

plot(phi.time,phi.signals.values, ' -

k' ,rhorp.time*sqrt(l/g),l/R*rhorp.signals.values, '-- k', 'LineWidth' 1)
grid on

legend( '\ phi" ,"\rho" )

title(  'Position of Arm Responses to Full vs Dimensionless Controllers' );
xlabel(  'time(s) and t ime(dimensionless)* \ gamma');

ylabel( 'Arm Position(rad)' );

figure(4);

plot(thetarp.time,thetarp.signals.values, ' - k' thetarpd.time*sqrt(l/g),
thetarpd.signals.values, ' -- k', 'LineWidth' 1);

grid on

legend( '\theta' ,'\theta_{n} )

title( 'Theta Responses to Full vs Dimensionless Controllers' );
xlabel(  'time(s) and time(dimensionless)* \ gamma');

ylabel( 'Pendulum Position(rad)' );

D.6 MATLAB code to produce the morphedplot for Chapter 4

I=0.215;

0=9.81;

figure(5);

plot(x.time,x.signals.values, ' -

k' ,rhorpc.time*sqrt(l/g),rhorpc.signals.values*l, ' -- k', 'LineWidth' 1)
grid on

legend( 'IPC' ,'RP")

title(  'Cart Position Response for Inverted Pendulum Cart vs Morphed Rotary

Pendulum' );

xlabel( 'time(s) and time(dimensionless)* \ gamma’);

ylabel(  'x(m), \ rho(dimensionless)*I(m)' );

figure(6);

plot(theta.time,theta.signals.values, ' - k' thetarpc.time*sqrt(l/g),
thetarpc.signals.values, ' -- k', 'LineWidth' ,1);

grid on

legend( 'IPC' ,'RP")
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title(  'Pendulum Angle Response for Inverted Pendulum Cart vs Morphed Rotary
Pendulum' );

xlabel( 'time(s) and time(dimensionless)* \ gamma');

ylabel( 'Pendulum Angle(rad)' );

AppendixE-Pendubot

This Appendix is organized six major parts. These are:
E.1 Derivations of Equations of Motion and Controller
E.2 Simulink file and MATLAB code for the simulation of the Full System
E.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
E.4 Simulink file and MATLAB code for the simulation of the Morphed System
E.5 MATLAB code toproducethe plots for Chapter 5

E.1 Derivations of Equations of Motion and Controller
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Pendubot_IDAPBC.mw

>

VoV

'

a3 = 4diff (L, dg2) -

e3 = subs{ {gl=gl(t),g2=g2(f)}. e3) :

a3 = subs( {dgl=diff (qlit). 1), dg2=diffig2(1).1) ]}, &3) :

ed == diff{es. i) :

ed = subs({diff(q1(t). 1) = ddg . diff (q2(1). 1. 1) = dllg2}, ed) :
ed = subs({diff(qi(1). 1) = dgl diff (q2(1). 1) = dg2}. 4] :

ed = subs({ql(r) = gl q2(1) = g2}, e4) -

Egyn = collect(simplifi{ed — diff (L. g2).frig'). variables)

Egynn = (mf Lc2Licos(g2) +m2 L + I?] ddgl + (m? L + I?] ddg2 + ;;':_”Li'dq.é’lld sin(g2)

+ m2gLlc?sin(gl) cos(g2) + m2gLlc2 cos(gl) sinfg2)
M = simp?ﬂj'[coeﬂ[Eqmm, ddgf],'si:e']
MI=2m2Lc2LIcoslg?) + (LFP + LeP ) m2 + LePml + 11+ 12
M2 = simpfyj'[ coeff| [ Eqpar ddq,?],'si:e']
M2 == m2Lc2LIcos(g2) + m2 LeP+ 12
M3 = simp?ﬂj'[ coeff| [ Egp,n ddgl ],'si:e']
VAR
M = simp?ﬂj'[ coeff| [ Eqpan dd?,?],'si:e']

m2Lc2LIcos(g2) + m2Lc? + 12

5
Mg == m2LcZ” + I2

fcle=ml Lol + m2 LP + 11 -
c2m=m2 Le? + I2-
#c3:=m2-L1-Lc2:
Ml = 2-c3-cos(g2) +cl+c2:
M2 = ¢3-cos(g2) +¢c2:
M3 == c3-cos(g2) +¢c2:
M= c2:
N 2 1 it
CI = simplify coeﬁ"(Eqmm, dgl )-dqf + 7 coeﬁ'(Eqﬁ"ﬁ dqf),s;.e]
Cl=-m2LI1Lc2dg?sin(g2)

- coeff| { Edpnir dq?],'si:e']
—LILcZsin(g2) m2 (dgl + dg2)

2

N 2 1 it
C'3 == simplify coeﬁ"(Eqﬁ”E dgl )-dqf + 7 coeﬁ'(Eqﬁ"ﬂ dgl ),s;.e]
C3:=m2LIdglLc2sin(g2)

{

C2:= sin:phﬁ'[foeﬁ"(ﬁ?ﬁukﬁ dg?’ ) g2 + %
[
[

A 1 P
C4 == simplify coeﬁ"(Eqﬁ”E dg?z ) dg? + 7 coeff| {Eqﬁ"ﬂ dq?],s;:e]
C4=10

CI = -c3sin(g2) -dg2:
C2:==-c3sin(g2) - (dgl + dg2) :
C3 = c3-sin(g?) dgl-
croc2
c3 ¢4
Gl = simp?ﬂﬁ'[coeﬂ[Eqﬁ”H g] -g,'si:e']

Gl = g((cos(g2)m2Le2 +m2LI+ Lelml)sin(gl) + m2Lc2cos(gl) sin(g2))
G2 = simp?ﬂj'[coeﬂ [Eqﬁ”ﬁ g] -g,'si:e']

G2 = Lec2m2 (sin(gl) cosig2) + cos(gl) sin(g2)) g

Gl
G2
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cogﬁ"[Eqmm, H] ‘U
coegg?"[Eqrﬁ”;.jb :{] u

> #edi=ml Lel+m2-LI:
|> #c5=m2-Lc2]
> expand( V)
-gmlLcicos(gl) —m2gLlcos(gl) —m2glc?cos(gl) cos(gl) +m2glc?sinigl) sinlg2)

> Vi=-c4d-gcos(gl)-c5 gcos(gl+g2):

M A2
> M=

A3 ME

2cicos(g?) +cl+ 2 cicos(gl) +¢2
cicos(gq?) + 2 c2

M=

> H:= Sim_p!{ﬁ'[ %-;‘I’:ﬂdﬁp]y[j-ﬁ:ﬁf:rpb'( Transpose( p). Matrixlnverse( M) ). p) + V,'si:e'] :
> dHgl == simplifv(diff | H q1),'size")

dHgl == glsin(gl) cd + cIsin(g! + g2))
[> dHg?2 = simplifv(diff ( H. g2).'size')
(iHQ‘: =

1

2 2

[cos(qz)" c3*—cl c?]l

—p2)) c3sin(g2) (c3 (pl — p2) cos(g2) — fpr))

ol
(gfﬁ (cos(:ﬁ)l eF — el ff]ﬂ sin(gl + g2) + (c3p2cos(g2) — 2 (pl

> dHpl = simplifv(diff | H, pl).'size")
, -c3plcos(g?) +c2(pl —p2
dbp] = —S3P2c0s(g?) + c2 (pl — p2)
-cos(g2) ec3 +cle2
> dHp?2 = simplifv(diff | H, p2).'size')
r o —c3(pl —2p2)cos(q?) + (-pl + p2)c2 +clp?
aHp2 = T3
—cos{g2) c3" 4+ clc2
Controller
> ¥
-cdgcos(gl) —cigcos(gl + ¢g2)

1
> Gi=

0
> Gr=|01]:
(> Multiph(Gr. G)
B 0

I

> p= £

P2
(> M

2c3cos(g2) + el +c2 c3cos(g2) +c2
cicos(g?) + &2 c2
phi (el —¢2

> Ml p ( ) .

(el —c2) k(-c24 c3cos(g2))
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(L17)
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>

[>
>

> eql = Multiply

0 G2
J2 = 7
-2 0
PMep = simplifv( Madtiply( Mudtiph( Transpose( p), MatrixInverse( Md) ), p).'size')

-cos(g2) cj‘pfl +plipl —2p2)ec2+2clplp2 —p?lo

s . 2 (2.4)
(—cos(q2) cAn+c2+ (-2cl+0)c2+ f.E“] e
PMp = Mudtiplhy( Midtiply( Tramspose( p), MatrixFnverse( M) ), p) -
dpMepq2 = simplifi diff | pMeD, 42))
3 — 2 _ 1. .
dpMepg? = c3 ((ed — e2) pl — p2¢)  sin(g2) 5

.
(-costg2) 3o+ c2 + (-2l +0)c2+cl*) &

ivlcl is a function of q2 only similar to M

simplifi diff pMp, 1))

simplifil diff | pMp. g2)) Multiply

Git, — simplify Mudtiphi Md MatrixInverse{ M) ),

|

2(-c3plcos(q?) + c2(pl —p2)) (-c3(pl — p2)cos(g2) + clp?) sin(g?) c3 @.6)

+ simplifi( 2 - Mudtiply( Madtiphy( J2, MatrixInverse( Md) ), p) )

eql = S 5 3
[—cos(gzj”cﬁ” + ! ff]
. 2sin(g2) ((cl — c2) pl — p2 o)lcj‘ _ 272(plcos(g2) el + (-pl+p2)c2 —cip?)
> 2 3 A
(—cos(g-rB) 3o+ + (2el+0)e2+ ci‘”) [505(9’2) c3o—e2 +(2el—0)e2—cl ) T
[> 3=k
> 4=-2k:
diff (V. g1 1112 diff \Vd(gl. g2). g1
> eq2 = simplify| Midtiph| Gt, W7V gl) — Mudtiply . 1rdgl. ). ¢1)
diff (V. 42) 3 14| diffiVd(ql. q2). q2)
eq? — cSgsin(gl + g2) — k[ — I’d(qf,gz)] +2;c[ — vl qf)] @7

pelsolve(eg2 =10, Vd(gl, g2))
Vgl q2) = cSgeos(gl + g2) —; Fllg2+2gl) k 2.8)
Vilgl. a2) == £ (coslgl +q2) + 1) + (g2 + 2.q1 — (vi +gdl) )"
simplifi{ eg?)
0 (2.9)
L = simplify( Mudiiph( Md Matrixinversel M) ) 'size')
0 ol al -
2e3 —_) = = el S L |
(c3(cl—c2)cos(g2) +c2(cl—c2—o)) i (7 [d “7 3 ]COS({’L) telmer el OJK
L= - - SR (2.10)
-cos(g2) c3" +cle? -cos(g2) c3 " +cle2
i -2k
11=L(1.1):
12:=L(12):

alphal = ¢3-sin(g2)- (1P + 11-12) -

2= simplify| Multiphy| Tr Mdtiply| — @ nd alphal ||, o
72 = simplify| Multip anspose| Multiply| —— & di 2l alpha? Jsize
= 1 - = ([f.ﬂ"[o—cf—i—ff) cos(g2) —eliel —c2))ed(-ed{cl—c2)cos(g2) +c2(0—cl (2.11)
d.-‘w’d[cos(g_"’)“ c3 —cl c_”]"
+ c?)] i@ (d2p2 — d4pl)sin(g2) + o2 (cos(qzjl eF — el ff]ﬂ (dl p2 — dﬁpi])
alphal
J2 = simplify| Multiply| Transpose( Madtiply( MatrixInverse| Md). p) ). Ioha2 Jsize'
alp
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2= (~(p1cos(g2) 3+ (~p1 + p2) €2 — c1p2) (€3 (1 — €2 — o) cos(g2) + el (c] — c2)) 3 (3 (el — c2) cos(g2)
+e2{el—e2—10)) ;gsin(qf) — o2 (cos(gd)lfﬁl —cl f?)l (cipl —ple2—p2 0))/{(035((]?] cio—c+ (21
—¢)ec2— ffl) k(cos(gﬂ)lfﬁl —cl f?}l)

> simplify| eql 'size’)

2 Pes (ffl —et e o) sin(g2)

!
213" 0? A v
[4[M+fﬂnw§) cﬁ‘[f}—ff—%] cos(g2) + >
2o
— d{}i] (plcos(g2) c3 + (-pl +p2)e2 —clp?) (elpl — ple? —p?o)]/((cos(g?)lfﬁl

—cle2) [cos(qf) cio—c + (2c1—0)c2— fjl)laij')

> alpha? = simplifi(salveleql = 0, alpha?) 'size')

[2 c3 [f.E —e2— %] cos(g2) + cP—c?—c2 0] c3sin(g2) i

o = )
—cos(g2) e3 +clc?

> dvgl = diff(v.q1)
dVgl = cdgsin(gl) + cigsin(gl + g2)
> avddl = diff(Vd(gl. g2). g1)

dvddi ==—w +2/p (g2 +2g] — 1 — gdi)
(> drddz = df( Vgl 92).2) _
dVdd? ==—w +ip(g2+2g] —n—gdl)

> simplifvl 72 size')

-(plcos(g2) c3 + (-pl +p2)c2 —cip2?) (c3(cl—c2— ) cos(g2) + cl(cl —c2)) c3(cF (el — c2) cos(g2) + c2 (!

—c2—10)) a'tlsin(q?)

yeq|er—ero 2 5 2_ 2 o0l ess . N2ed — o) pled—po
2e3 | el —¢2 5 cos(g2) + cl” — 2 c20 | c3sinlg2) & | cos(g2)” 3 cle?)” (elpl —ple? — p20)

—C4:35(g,12]J e+ cle?

{[cos(q?] c30—e + (2c1—0)e2— ffl) k(cos(rﬁ)l e — el f:"]l)

> ul s

simplifi| dVgl'size')
wl = g(sin(gl) cd + c5sin(gl +g2))

> ol

~lam1-dVegl
12 = —lamli dVegl

> ul=-lam2 dVdg2

13 = —lam2 dVeg2
> ud = —Fam}%pgw:imrg_?
Ntk >
= — lam?2 p;rfapag_
> u5 = Mlriph| T (G). simplif| Mulriph| Mudriph o I S ize
15 = Multiply| Tremspose( G, simplify| Multiply| Mudtiply . .o |.size
v P g 4 z -2 0 [ dedd| -a3 a1 ||'F
uS 12 (dl p2 — d3pl)
i detMd
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(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



) 1 dd  -d?
> ud = -simplify| Kv-Mudtiply| Multiply| Tr Gl. —— 'size’
a simplify| Kv-Mu zp{}[ ultiply| Transpose( G, e | —as ar D |.size
) Ev(d2p2 — d4pl)
G _ ——= 224
" detMd (2-24)
L |:> =yl Fu2 +u3+ud:
¥ Change of Coordinates
Modify gl to measure the circumferential displacement clockwise relative to the positive vertical axis, factor out -L1 from terms
muthtiply the time derivatives of q1
> gl =pi+ &gl
gl == n+ &I 3.1
Mi
M
-Li =
> M= "
= A
-LI
2c3 2
- cos(qi)f—t— ol e cicos(g?) +¢c2
M= (3.2)
_ cicos(g2) +¢2 o
LI N
[oF)
— 2
N, Cz
> = C3
=2 ¢4
-Li
3si g2
£3sinlg?) dg? Smfr_"ff Vd22  _ 3sin(q2) (dgl + dg2)
C= . , (3.3)
_ c3sin(g2) dgl 0
Li
fm a symmetric mass matrix divide top rows by -L1
MiI M2
¢ -LI
> M= Ly
M3
M
-Li
2cicos(gl) + el +c2  c3cos(g?) +e2
2 Ll
M= (3.4)
_ ciecos(g2) + 2 o
LI N
cl 2
2 -Li
-LI
PR e 2)
3
= 4
-LI
_ cisin(g2) dg2 3 sin(g2) (dgl + dg2)
z LI
C= (3.5)
_ c3sin[g?) dgl 0
Li
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(3.6)

(3.7

Gl
-Li
G2
2((cos(g2) m2Le2 + m2L1+ Lelml) sin(w + dgl) + m2Le2cos(m + dg1) sin(g2))
G 11
Le2m?2 (sin(m + 8g7) cos(g2?) + cos(m + &) sin(g2) ) g
(c4-sin(gl) + e5sin( g7 + ¢2)) g
G LI

-c3 sin{qu + gf) g

Y Dimensionless Equations of Motion

model the 2nd link as a massless rod with a point mass of m2 located at distance Le2 from pivot point, this will make I2 = 0. Then divide
the first link by m2L2 and the second link by m2L.2"2 to convert to dimensionless form. Note to convert to rho need -deltagl*L1/L2

MI A2
m?-[—f,}]l -Li-m2-L2
> M=
M3 M4
-Lim2-L2 ”?_‘J.E_')z
2e3cos(g2) + el + 2 cicos(g2) + ¢2
”?_‘j‘zjl m2LiL2
M= (4.1)
cicosig?) +c2 c2
m2LIL2 maL?
. L2 Li .
3sin(g2) | - == -==-
c3sin(g2) da? 3 sm(g_)[ 77 [ i da‘e.’fﬂqi’] +dq2]
S o ;'HZ-L.EE Lim2-L2
2
] c3sin(g2) —%- —%-dde.’mqf] .
Lim2
. Lz ,
. . 3 2) | - ==-(drho) + dg2
c3sin(g2) dg2? c3sin(¢2) [ LI (drho) 7 ]
IR Lim2L2
s O m2 LLI;
c3sin(g2) - = (drho)
L 0
Lim2
. L2drho o
3sin(g2) | - + dg2
c3sin(g2) dg2 c3sin(g2) [ LI ¢ J
c m2 LI m2Li1L2
= .
c3sin(g2) — Ladrho
_ LI 0
m2L1
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ol (-4 ) - B4 o)

> cf = m.f‘-Lc]z + mL’-LIE +II:
> 2= mL’-LZ?':

> c3=m2 LI L2:

> cd=ml Lel+m2-L1:

> ci=m2L2:

> mapleval M)

1\ 12 Ll
Lim2-L2
T cssiaf <22 (2L 314 g2
) 1\ 12 Te)e
m2-L?
(c4sin(8gl) + cisin(dgl +g2)) g
m2LiL2
G = s
B c3sin( gl +¢2) g
m2L2
[c4-5in[—%-(rhu)]+c55in[—%-(rhu]+q2}}g
Ll-m2-L2
> Gi=
) c55in[—%-(rhu] +q2]g
m2-L2
[ L2p ) . L2p 1)
[—f451n[ 11 f|+f551ﬂ[——££ +g.°}|}|g
m2LIL2
¢= L2 A
. P
i f551n[—?+r]2j|g
m2L2?*
u
> tan = -Lim2L2
0
U
Ti= m2LIL2
0

gwitch to dimensionless parameters and mutliply through by gamma”2 to convert all to unitless time

2m2L1L2cos(g2) + m2LP + LePmI+ 11+ m2L2?  m2LiL2cos(g2) + m2L2

m_‘]ijl m2LIL2
_ m2LIL2cos{g2) + m2L2 i
m2LIL2
B map| eval, C)
L2sin(g2) dg2 . [ L2drho )
- 2) | - ———— + dg2
1] sin(g2) 77 22|
2 .
m2L1L2sin(g2) — L24H0.
) Ll o
m2L1
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9

.5

(4.9)

4.7



> map|eval, G)
. L2p . L2p
— 2 2 - 2
(m_LE+LcIm}]s1n[ 17 ]+m-£25m[ 71 +q_]]g
m2LiL2
(4.8)
. Lp
e
] sm[ 77 q. ]g
Lz
B map( eval, tan)
U
m2LIL2 (4.9)
0
| > ol = elnm2 L2
|> 2= cInm2 L2
|> 3= cinm2 L2
|> cln= K41+ S
|> cin= it
| > cin= i&2:
> 2c¢3ncos(g2) +cin+c2n —(cos(g2) + &2)
) - (cos(g2) + &2) 1
I 2&*3c05(g72)+kfeiﬂl+_.t§+1+.t°l —cos(g?) — &2 10
-cos(g?) — &2 1
S C -iZ2sin(g2) dg2 sin(g2) (-k2drho + dg2)
| -k2sin(g2) dro 0
-i2sin(g2) dg? sin(g2) (- &2 drho + dg?
| e (@J‘q (g2) ( iq2) @11)
-2 sin(g2) drho 0
G (Kl-k9+ 1) sin(-&2p) + &2 sin( -2 p + g2)
> =
-sin( -&2p + g2)
-(Kl &9+ 1)sin(2p) — E2sin(2p — g2
o (129) ~ R2sin(i2p ~2) o
sin(2p — ¢2)
T
> fau = "
0
(> = intf( G(1, 1), rho)
. -kl G- 2
V= cos(i2p — g2) — ( K_j cos(i2p) (4.13)
(> V= it Gi(2,1). g2)
Vi = cos[f{?p — Q'E'} (4.14)
> Fn=cos(2p-g2) + w cos{iZ2p) :
Y Dimensionless Controller
utlizing the dimensionless parameter un to convert u to dimensionless form means dividing u by (m2L11.2) and multiply by gamma®(2);
|:> gl = pi — k2-tho:
(> dgl =-k2-drho:

132



™S diff Vi tho)
~(kI 70+ 1) sin(k2p) — &2 sin(i2p — g2)

ul
> ulni— ————
wn m2-Ll-g
e —5{n([t?p — rt} (m2L1+ Lelml) — m.’LBsin(Ec?p —T— r}?}
' m2LI
| > wln = sin(i2p) (K K2+ 1) — &2 sin(-2p |+ ¢2) -
12
> ulni= —
e m2-Li-g
O = - lam 1 dVeg 1
m2Lig

> Il = i8m2 L
> ml = kl-m2:
> Lcl= k9-LI1:
> I2=i2L1:
> lami = 11:
> dVddi
m2i2Ligsin{i2p —n— g2)
k

+2p(-2&2p+n+ g2 — gdl)

m2 k2 Llgsin(-&2p + ¢2)

> dVdgl = T

+2mp(-2R2p + 7+ g2 —gdl) -

> simplifi(1u2n'size')
- 3 = ! = [(nr.”e’tﬁ’Ligsin{.fr_"p—qZ‘]—2k@{—2;&f’p+}t+qﬁ—qa’f])(
2wt Lr (—.5:3 o+ cos(g2)” — &8 — 1] £

. . .. . . _’14 . . . . . 7
—LI‘K?N:.”(MKO‘—K?+.~:S+1]:05((}2) + i mLP — (P + s+ 1) m2i2PLF +5))

1 1 5
> uln= - (P — 2+ 8+ 1) coslg2) + 2 (i@ + B +1
(—h‘koz+cosg")2—ks—1][[ ’t?[ ) cos(a2) ( )

i &2

o .
+ ————= | | @sin(Zp—9g2) -2k —2.r'c’3p+rt+q2—qdj’] :
m"Li‘Eh”z][ ( ) gl2{ )

(- (ki — i + &8+ 1) cos(g2)) [ sin(i2p — g2) — 2k m,f‘;’ﬂ {—2;c:p+pi+q:—qd:}]

> uln= -
(—Hkﬂz+cos[q2]2—.ﬁﬂ—l]
_"’2_ E E s g =2 H =2 —_ —_ . @;t:’ - =2 M hp
[L (i +s+1) + — iz ][L sin(2p — ¢2) — 2k mSng{ 2R2p + pi+ g2 qa’f}]
L [ atf.chE+cosg2 i —1]

| > phi = phin-m2- L7
> simplifilulnsize')

. ! (k2 59 + 2% — &8 — 1) cos(g2) + &2 (-l k9 + &2 — &8 + phin
m?giﬂﬂj[ ;{L{Q‘+cos(g7 ]
—1]][rn9ﬂﬂjgsm[£2p—g9) 2k 2k2p+:rc+g_7—gdf)))
i u3
ni= —
> i m2-Li-g
e 2 dVeg?
I = — SO GVAGe
Hn m2Llg
;> lem2 = [2:
> dVdd?
2k in(i2p—n— g2
m_at_L}gsml[:_p r—g2) +ip(-22p+n+g2—gd)
> dlVeg2 = m2i2Ligsin(K2p — n — ¢2) +hp(-282p+n+g2—gdl) -

i
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(5:6)

(5.7

(5:8)



B simplifi{ u3n'size')

1

+2a%_°3—2e%§+phirf—2] cos(g2) + g F?_"’)‘pffm— (a’dkﬂl+ B+ 1] })

> uin=

-+

Pm2Ll [—Ed g cos(qf)l —&—-1)g

1

2 (ki + cos(g2)? — 8 —1)
1)%) [ sin(2p — g2) —

pi2
m2glL2?

:> fp=fpnm2-glLli:
> simplifi{u3n'size')

1

kip
m2gl2?

fpn 1= —2

.2 - . pl .
ac_""‘m_”LI[—ed.ntﬂ“+ cos(g2)” — 8 — I]g

(—2Ft?p+pi+q2—qd})]]:

Li

mlg

R
+ l]ﬂ) (}J:_”.frflfgsin(ic?p—qz} — k@(—zkfp + ?t+q2—r}d}]])

> simplifi( uZn'size')|

1

m2gi2L] [—.fd o+ cos(q_”]l — &8 — 1]

- 1]] (m2i2Ligsin(i2p—g2) —2kip(-22p + ?t+q2—qdj’]])

> dl

> d2 s

> di s

> d4

kphi

kel —¢2)

d2

k(c3-cos(g2) —c2)

-

dl = kphinm2 2P

d2

<k}

.'c[[.'n‘ freapuny 1] m2 L — .fr_"‘dm_”LIJ]

.'c[[m‘ ey 1] m2 LR — ,%_"!4}”_”133]

dd = .fc[—.fr_ﬁmfl.fl + i mor cos(r}f)]

detMd == simplifildl-dd — d2-d3size")
]
et M == m2* (cos(q?) K2 phin— 2+ [2 KA+ 258 — phin+ 2] 2t - (Kf O+ s+ I]H) Pt i

> M= sim_pj‘yj.'[coeﬁ [Eqn"ﬁ ddqf],'si:e']
> M= sfngpfyﬁ'[coeﬁ {Eqﬁ”ﬂ, ddq.?],'sf:e']
M2 =
(> 3= sr‘mpiyj'[ coeff| (Eqn"k} ddqf],'sf:e']
M3 =
(> Mg= s:r'mpfffu[ co@f'[Egﬁnﬂ ddq?],'sr’:e']
Mg=m2Lc? 4+ 12
—drho- | £
. drha 75
> pi= Multiply| m2-L1°-M
£
a2 | 13

~m2LP (2!72(:05(@2) LR S+ 1+ 27_72] drho |
v

D=

| _&

R2LI

—m2LP (-cos(g2) — &2) drho | £

W
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LI

m2Le2Licos(g2) + m2Le? + I2

m2Lc2L1cos(qg2) + m2LeP + 12

—m2LP dg2 |
W

{{}ar?.fﬂlfgsin{.-%;’p —n—g2) +kp(-22p+ n+g2— gdl)) (.'Tf[—sz.'?ﬂl

[(k?[—2.-’tf.-’tf)z+2.-’c,"2—2e'tﬂ+phm—2]cos(q3) T it P phin— (k1 kP + &8

(R (—2k P+ 2% — 258 + phin— 2) cos(g2) + i2* + P phin— (kI & + &8

(((-i7 ko + &2* — 8 — 1) cos(g2) + &2 ( -kl k& + &2* — &8 + phin

M= 2m2Le2Llcos(g2) + (AP + S+ 1) LR+ LeP)m2+ 2

—m2LP (-cos(g2) — &2) dg2 |
v

g
LI

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.22)



(> pl=p(1.1)

pli=-m2L P (2i2cos(g2) + Rl kP + 8+ 1+ i) dho | —E— — m2LP (-coslg2) — B2) dg2 | —Z (5.23)
J Bl J Bl
[> p2+=p(2.1)
2 : [ = 2, [ e
Pi=-m2LIF (- N -2 " | —m2LF i
p2 m2 L1 -cos(g2) x_]drho\:, DLl m2L1 dq2\:, oLl (5.24)

i . . uo e
> ubn = srmpiy”‘i[ m,sr_e]

6 ==—[(k_7(—2k2drho+ dg2) cos(g2)? — drho (2 + 1) (k1 k9 — k2 + &8 + 1) cos(g2) + drho i + (-dg2 (5.25)

+aho) i+ (i + s +1) dho—dg2) i — (WP + s+ 1) drheio + dgz (ki@ + 5+ 1))

| _& -

| £ Lv]/((cos[g?] w2 phin— it + (25l i + 2068 — phin+2) i — (k1 i + s +1) ) m2kL1i2% o)
W

> Kvi= Km-sqrt[ %] :

> simplifi| utn,size')
(2 (-2 k2 dvho + dg2) cos(g2)® — drho (k2 + 1) (K1 0P — ;2% + 78 + 1) cos(g2) + dvho k2 + ( -dg2 + dho) k2 (5.26)

+ (ki + S+ 1) drho — dg2) i — (k1 i0? + k8 + 1) drhoi? + dg2 (kI 70* + 8 + 1]]Kvn]/
(i L2 (cos(q2) 2 phin— i + (241 i + 278 — phin+2) i — (i@ + i85+ 1)°) m2 )

Kvn-sqrt[ %] -m2- L7
> Kyi= = :

i Ll
> simplifi{ uen size')
(2 (-2 k2 dvho + dg2) cos(g2)® — drho (k2 + 1) (K1 0P — ;2% + 78 + 1) cos(g2) + dvho k2 + ( -dg2 + dho) k2 (5.27)

+ (3P + B+ 1) drio — dg2) i — (ki k6 + &5+ 1) diho i + dg2 (k1 1 + ks + 1)) 5m) | ((cos(g2) 72 phin

—it Qi+ 25— phin+ 2) i — (i + s+ 1)) &)

> usn = srmpffﬁ[ m_;-“ili'g:n:d]

1usn ==—[ }r_?i} 1'1‘_7([(2.5{_734-[—Zﬂﬂz—lﬁ—l]ﬁ—phﬁ?] drho + dq2[k3k!“?—k_72+k8+l]]cos(g2)+(k_74 (5.28)
v

—phiniz— (ki + s+ 1)) drio+ (-2 + (- i + k5 + 1) &2 + piun) dg2)]/(£r_72 (cos(g2) i2 phin— i2*

+ 2/ P+ 278 — phin+2) i — (ki + s+ 1)°) km2gL1)
> simplifv| alphal size')
. L —(m21Psin(q2) (R2 (k1 39 — 2 + ks — phin+ 1) cos(g2) + (k1 &% + &S (5.29)
(—kf.&?l+ -:eas[gr.?]l — 8- 1]
+1) (i -+ +1)) (i — 2+ 8+ 1) coslg2) + 2 (ki — i? + 8 — phin+ 1)) i)
E simplifil alpha? 'size')

- P (P isa1)
Enr.?[kl’[kfﬁﬂl—k?l+h?—ﬂ+1]cos(g2]—K‘—— 2phn | (i +E8+1) ]zﬂsin(gs)fml
i 2 2 2 2 530
—k &+ chs(ngl — @l —1
> n2 = simplifi| Midriphy| Tr Midtiply| — a2 alphal ||,
n2 = simplify| Midtip anspose| Multiply| —— i a |2 alpha? size
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n2 = [ £ nrj((kf&ﬂl—k?l+.h?+ L] cos(g2) +k1’[k1§:§‘2—k?l+h?—phm+ L]] ([—Eaﬂ"ffok?l

B2Ll
+ dg2i2) cos(g2)? — drho (2 + 1) (K1 5 — K22+ 8+ 1) cos(g2) + drioiZ* + (-dg? + dvho) i2° + (k1 k0 + k8
+1) drho — dg2) i2* — (k1 k9 + k8 + 1) drho &2 + dg2 (k1 ko + &5 + 1)) k(&2 (& & — &2* + k8 — phin
+(

+1)cos(g2) + (RIEP + ks +1) (WP — 2 + ;s + 1])Lﬂsin(g2)]/((km91—cos(g3)3+;r,s+ 1) (

—cos(q2) k2 phin+ k2 + (-2 k1 kP — 2k + phin—2) B2 + (k1 kP + s+ 1)°) &)

| =2 (i (miP - i+ s — P 1) cos(q2) — it — i phin+ (ki@ + s +1) | k(<2 drhoid® + ¢
oL 2 4 #

- dg?pfr:’n) .Eilsin[q.:’)]/((kfﬁﬂl - cos(g2]l + &8+ l] (—cos(g2] K2 phin + ot 4 (—2 il ko — 2 &8 + phin

)+ (i +is+1)) )
> simplifi{ expend(usn),size')

[ ((2ah0i2 + dg2 i + 2 (-1 i + k8 + 1) drho 2 + phindvho — dg2 (k1 79 + &8+ 1)) cos(g2) — drho i (5.32)

+ dg2i + (phindrio — dg2 (k1 i + 8+ 1)) k2 + (i i@ + &8 + 1) driro — dg2 phin) [ -2 i? [k?j drio

ot
— A2 o (ki + k8 + 1) i + (-phindrho + dg2 (ki + 18+ 1)) i + (0 i + ks + 1) drho i2

dg2 (k1 i + B8+ 1
2

+ phin [1 + &8 — % + kfkﬂl] drho — ]1 ] cos(qu — [Edrfmk'j‘? + (-2 dg2 + drho) b
—saho (R + B+ 1) + (-3 — 38— 2phin—3) dho + 4dg? (i + S+ 1)) &% + (7P 0
42 (B84 1) kI + K5 — 2phit + 258 + 1) drho + 2 dg2 phin) B2 + [[3&!3&94+6k91(h?+1)h+3h5’1
—zpmrf+6m+3]dx~ho—z[h3,w4+zg91(w+1)h+k31—f”’;ﬁ+zks+1]dqz]ml+[(;u;zpl
+.-‘3z9+l)Sdr'Fro—2[1+hS’—%+Mﬁﬁz]dg_?phm]k’.’—a‘rﬁo(kfﬁ:ﬂl+w+l)l(kj.&ﬁl+k3—2phm+l]]
eos(g2)’ + [—3drhok39+ (2dg2 — 2drho) i2® + ((9 kI k& + 948 — 4 phin+ 9) drio + dg2) &2 + [(5@'@1
+5.-"G?—2phm+5]dr'ho—6[kfﬁﬂ2+£;?—%+l]dg2]ﬂﬁ+[[—9&!1@4—18[&?—4me+1].&929%}
—9.-"&5’2+(8phm—18)k?—phml+8pfrin—9]a’rho—3dg?[khﬁﬂ2+k?+1]].Ej+6(kj.&ﬂ2+k?+l] [[
" s . 2phin

2 2 3

- %]dﬁ'}?o+ dgz[kfkgz+k8— EF’T}?"'”+ 1]];@+3[h@2+ks—pm+ 1) [(hﬁ@:

phin

ol ol ] k] ol 2 ol it
+as+1) [kfk9“+k8— +1]cﬁ'ho+dg2[k3k9‘+ﬁc8+ *"2‘” +1]]kf—2[}ﬂk§"+k&+l] [[ o

2
s 1 I ) I, P
+T+phm+E]dr'ho+dq2[ﬂx9“+x8—phm+ll]ﬁ_y—dg2[ﬁclx9"+xé‘+l] (&2 K" + &5 — 2 phin
4
+1) 2+ drho (kI i@ + s+ 1) ]cos(g2]2+ [—dr'hoﬁr210+ (dg2 — drho) i2° + ((3 kI k0 + 3 &8 — 2 phin
phin

+3) drio + dg2) i2° + [(hkg%ks—zphfm 1]drho—4[1+k8— T+Mb~5‘] dq2] 2+ (P o

+ 2K (RS + phin+ 1) kI + k8 + (2 phin+ 2) k8 — pht + 2 phin+ 1) dvio — 2 dg2 (k1 08 + &8 — phin+ 1) ) i2°
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. 2
+ [(3ﬂ2k94+5;c9~5‘(;:8+1);d+3krf—phm2+5ks+3]aﬁ-ho+4[1+ks—“’}ﬂ+k1wf‘] dg2]§c?5+[

-7kl ke + 8+ 1) [h2k94+1ﬁ[k£— p?” + 1}kf+ﬁc§+ [——zihm +2st+ Pt Eﬁhm + 1] drho
—1[1+;ca—Pi—‘”+ﬂwf‘]dg2phm]kf—s[ﬂwf‘+ks+1][[mzm“ﬂ[kg—@ﬂ]wf‘waf

R _ 2 : . ) N -
+ [——Eihm +2];c8+ —ph;‘vf - —2-";}"” + IJ drho — Edg‘zph"”(ﬂjﬂjLﬁs“L 1) Jﬁrf+4(kb‘t92+k8+ I]J[[l

s Ph‘” +mm9*]m o+ dl?z] — (AP + a8+ 1) (dgz—m-ha)sﬂ—dqz(;mg%km1)4] cos(g2)
+[Mﬁ+k8+l][—m'hoﬁ?+[[Mﬁ+ﬁ+1]drho+dq2]k_76+[[3Mﬁ+3k£—2phﬁn+3]dvﬁo

—dg2 (P + s +1)) 2+ [—(hﬁ+k8+ 1)2a$-ho—3dgz[km92+ks— EPT""'”+ 1]];@& [[—3&;%:94

. 93 -
—5[;;@— P’;"‘” + 1]@2M—3ks~f+ (zphm—:s)ks—phm%zphm—s]m-hﬁ 2dg2 (ki i + s+ 1) ]»‘rf

phin

a - .‘1
+ [—(kjk&—fﬁc&‘+I]Jdrho+3[k32§i:94+2[k8— +1]£c9“5'k1+k§+ [—EPTM+2]£;8+WTW

_ zphm +1]dq2] 2 — (P + 58+ 1) (dg2— drio) i+ (i1 3P + k8 + 1) (k158 + 48+ 1) dvho

—dg2]]k?]sin(g?]]/[[ﬂﬁ?“—cos(g) +m5‘+l] fc?‘{ cos(g?]ﬂphfn+k_74+[—2Mﬁ—2k$+phﬁn
—z]ﬁﬂz+(ﬁdkr5'+k8+l]2)h)

ud
m2-Li-g

> udn =

phinm2 PP

5
5 ]cos(g2)+ [Mﬁ+§c§+l] m>* L

udn == [ [25&3 m2LP [[x;k&' + S+ ) m2t L P — it maL P -

— i mA L — ieh m?z.{.ﬁphm] kpﬂd’cﬂc}dq2]/[2 (—cos(g?)zk?s mP LIt + [.-tHcQz + &8

+ 1] mz k?GI.ﬁ] m?I.Ig]
DMepdg? = simplifv( dp] 2 size’
oMindg? — (sin(q2) (265 + (~21 K9 — 255 — 2) &2 — phin) cvo + g2 (&1 5 — B2 + &5+ 1)) cos(q?) + (2% — phinio — (i1 &
2
+ &8+ l)l) drho + [—.-"c?3 + [.-n'.k:gl + &8+ l] 2 +phm] d'g?) m,?glf)/[k?lk(cos(qﬁ) &2 phin — 2+ [2.-%1'.-%92 +2&8
2

— phin+ 2] g [kfkgl—k B+ l)l) )
B simplify(wdn,'size’)
sin(g2) ((~2drhoid® + dg2i® + 2 (KI5 + 78 + 1) drho k2 — dg2 il k9 + phindiho — dg2 k8 — dg2) cos(q2) — drho i (5.35)

+ dg2 kP + (—dg2 &l k0 — dg2 &8 + phindrio — dg2) k2 + drio kI® k6° + 2 k0% dvho (8 + 1) &l + drho k8 — dg? phin

4 2drhokS + drho)” (2 (<2 k1 k9P + 2 k22 — 258 + phin— 2) cos(q2) + &2 + i phin— (k1 k% + S+ 1]2))/

2
(3 (cos(q2) 72 plin— it + (270 3 + 258 — phin+ 2) 122 — (23 + 78+ 1)) (=1 2 + cos(g2)? — &5 — 1) i2*)

Y Morphed Equations of Motion
(> M= subs({i2=0, k0= 1,45 =0}, map(eval, M))

1+ il -cos(g?
_ cos(g2) ©.1)
-cos(g2) 1
(> Cm = subs( {2 =0, k0=1. &8 =0}, map(eval. C))
0 sin(g2) dg2
om=1 sin( go) 7 (6.2)
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[l
WO

:> gl =
| > dg2 = -db:
| > ddg2? = -dd6:

> Mn =

—cos(theta) -1

0 sin(g2) df
> Cm= (g2)

> Gm=
"= sin(e)

for symmetric mass matrix, multiply the bottom row by -1

> Mn =
cos(theta) 1

0 sin(g2) d6

> Gm =

(> Gm = subs({2=0,/9=1, =0}, map(eval, G))

~(1 + &I sin(0)
sin( -g2)

T
n
0]

Gm = [

> taum = subs({2=0,0=1, =0} map(eval tau))

tam =

—thetaj

14+ & cos(theta)

1]

0

1+ &l cos(theta)

1]

0 ]
—sin(e) |

Y Morphed Controller
(> subs{ (72 =0.7k9=1. k5= 0_phi =0). uln)

(1 + &) sin(0)

> subs({k2=0,k9=1, &8=0, phi =0}, 2u2n)

| Exror, numeric exception: division by zero

numeric exception: division by

[> subs{{i2=0.70=1&5=0.phi=0}. 13n)

| Exror, zZer
|> subs({k2=0k9=1k8=0,phi=0}. )

| Error, numeric exception: division by zer
[> subs{ {k2=0.79=1. &5 =0_phi=0}. 15n)

| Error, numeric exception: division by zero

[> subs({&2=0. k0= 1, &8=0, phi = 0}, u6n)

(-drho (1+ &) cos(8) — do (1 + &l)) Kvn

(1+ &)1k

138

(6.3)

(6.4)

(7.1)

(7.2)



E.2 Simulink file and MATLAB code for the simulation of the Full System

L[

1 L — |_. -
I o 1 > >
"' " . ql.g2
fon - q2
> u dig
+ - dqg1
tau D I_’I » [:]
Caontrol da2 —chq‘ll:lq2,—> dqg2
function y = fen(u)
%% Main Vectors
gl =u(d); % feedback array
g2 =u(2);
dgl =u(3);
dg2 =u(4);
%% Generalized quantities
g =[glqg2]; % Generalized coordinates
gdot = [dgl dqZ2]; % Generalized velocities
%% Parameter values
ml =2;
L1 =2
Lcl =1,
11 =0.667;
m2 =1;
%L2 =1;
Lc2 =0.5;
2 =0; % 0.083;
g =9.381;
cl =ml*Lcl1 2+m2*L1"2+I1;
C2 =m2*Lc2/2+12;
c3 =m2*L1*Lc2;
c4 = ml*Lcl+m2*L1;
c5 =m2*Lc2;
al =cl+c2+2*c3*cos(q2);
a2 =c2+c3*cos(q2);
a3 =c2;
phi =500;
k =0.0033;
kp =30;
kv =20;
qdl = pi;

%% Equation of motion pieces

M =[al a2; a2 a3];

C =[ -c3*sin(g2)*dg2 - ¢3*sin(g2)*(dgl+dg2); c3*sin(g2)*dqgl 0];
G = [c4*g*sin(gl)+c5*g*sin(gl+g2);c5*g*sin(ql+g2)];

%% Evaluate the control law

dl = k*phi;

d2 =k*(c1 - c2);

d3 =k*(c1 - C2);

d4 =k*( - c2+c3*cos(q2));
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Md = [d1 d2; d3 d4];
dMd = det(Md):

dvdl = -c5*g*si n(gl+g2)/k+2*kp*(q2+2*ql - pi - qdl);
dvd2 = - c5*g*sin(ql+qg2)/k+kp*(q2+2*ql - pi - qdl);

p = M*qdot;

pl=p(1);

p2 = p(2);

dglH = c4*g*sin(gl)+c5*g*sin(ql+qg2);
dpMdp2 = (pl*(cl - c2) - p2*phi)*2*c3*sin(q2)/
(( - cos(g2)*c3*phi+c22+( - 2*cl+phi)*c2+c1"2)"2*k);

lambdal = - (c3*cos(g2)*(cl - c2)+c2*%(cl - c2- phi))*k/( - cos(g2)"2*c3M2+cl*c2);
lambda2 = k*(2*c3*( - 1/2*phi+cl - c2)*cos(q2) - c2*phi+cl"2 - c272)/
(- cos(g2)"2*c3"2+cl*c2);

alphal = c3*sin(gq2)*(lambdal”2+lambdal*lambda?2);
alpha2 = ¢3*sin(g2)*k"2*(2*c3*(c1 - €2 - phi/2)*cos(q2)+c1”2 - €272 - c2*phi)/
(- cos(g2)"2*c3"2+cl*c2);

j2=(pl*(d4*alphal - d3*alpha2)+p2*( - d2*alphal+dl*alpha2))/dMd;

u=dqlH - (lambdal*dVdl+lambda2*(dvd2+1/2*dpMdp2))+j2*( - d3*pl+d1*p2)/dMd
- kv*(d4*pl - d2*p2)/dMd;

%% Evaluate the Dynamic

gdotdot = inv(M)*([u;0] - C*qdot - G);

xdotdot = gdotdot(1);

ddthe ta = qdotdot(2);

%% M File output

y = [dg1;dg2;xdotdot;ddtheta;ul];

%% End of

E.3 Simulink file and MATLAB code for the simulation of the Dimensionless

System
\—y 1d
q1 q

I . - O

u P Y41 : 1,02
fcn a4 » q2d

> u det

’ » dqid

v ] ]
Control da2 —dq‘ldqzl—F dq2d
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function y = fen(u)
%% Main Vectors

rho =u(l); % feedback array
q2 =u(2);

drho =u(3);

dg2 =u(4);

%% Generalized quantities

g =[rhoqg2]; % Generalized coordinates
gdot = [drho dg2]; % Generalized velocities
%% Parameter values

ml =2;

L1 =2;

Lcl =1;

11 =0.667;

m2 =1;

% L2 =1,

Lc2 =0.5;

%12 =0.083;

g =9.81;

qdl = pi;

%% Dimensionless Parameters

k1l =ml/m2;

k2 = Lc2/L1;

gamma = sqrt(Lc2/g);
k8 = 11/(m2*L172);

k9 = Lc1/L1;

%% Equation of motion pieces
cln =  k1*k9"2+1+k8;

c2n =k2"2;

c3n =k2;

c4n = k1*k9+1;

c5n =Kk2;

aln =cln+c2n+2*c3n*cos(g2);
az2n = k2+cos(q2);

a3n =1,

M =[aln -az2n; -a2na3nj;

C =[] -c3n*sin(g2)*dg2 sin(g2)*( - drho*k2+dg2); c3n*sin(g2)*(drho) 0O];
G =[(cdn*sin( - k2*rho)+c5n*sin(q2 - k2*rho)); -sin(q2 - k2*rho)];
%% Evaluate the control law

phi =500;

phin = phi/L1"2/m2;

k =0.0033;

din =k*phin;

d2n =k*(cln - c2n);

d3n =k*(cln - c2n);

d4n = k*(c3n*cos(g2) - c2n);

Mdn =[d1ln d2n; d3n d4n];

kp =30;

kpn = kp/(g*L1*m2);

dvdln = c5n/k*sin(g2 - k2*rho)+2*kpn*(q2+2*( - k2*rho)+pi - qdl);
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dvd2n = c5n/k*sin(g2 - k2*rho)+kpn*(g2+2*( - k2*rho)+pi - qdl);
%p = M*qdot;

pln = (cln+c2n+2*c3n*cos(q2))*( - drho)+(k2+cos(g2))*dq2;

p2n = (c2n+c3n*cos(g2))*( - drho)+k2*dq2;

dglHn = (c4n*sin(k2*rho) - ¢c5n*sin(g2 - k2*rho));

dpMdp2n = k2*(p1n*(cln - ¢2n) - p2n*phin)*2*c3n*sin(q2)/
(( - cos(g2)*c3n*phin+c2n"2+( - 2*c1ln+phin)*c2n+c1n”2)"2*k);

lambdaln = (c3n*cos(g2)*(cln - c2n)+c2n*(cln - c2n- phin))*k/
(c 0s(g2)"2*c3n"2 - cln*c2n);

lambda2n = - ((cos(g2)*c3n+c2n)*lambdaln - k*(cln -c2n))/c2n;

alphaln = c3n*sin(q2)*(lambdaln”2+lambdaln*lambda2n);

alpha2n = c3n*sin(q2)*k"2*(2*c3n*(c1ln - ¢2n - phin/2)*cos(g2)+c1n"2 -c2n"2 - ...
c2n*phin)/( - cos(q2)"2*c3n"2+  cln*c2n);
j2n = (p1ln*(d4n*alphaln - d3n*alpha2n)+p2n*( - d2n*alphaln+dln*alpha2n))/

det(Mdn);

kv =20;
kvn = gamma*kv/L1"2/m2;

un = - dglHn+lambdaln*dVdln+lambda2n*dvVd2n+lambda2n*1/2*dpMdp2n+
(-j2n*k2*( - d3n*pln+dln*p2n)/det(Mdn))+
kvn*(d4n*pln - d2n*p2n)/det(Mdn);
%% Evaluate the Dynamic

gdotdot = inv(M)*([un;0] - C*qdot - G);
rhodotdot = qdotdot(1);

ddtheta = gdotdot(2);

%% MFile output

y = [drho;dq2;rhodotdot;ddtheta;un];

%% End of
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E.4 Simulink file and MATLAB code for the simulation of the Morphed
System

q1

o=

2
’ ‘¢ ’ 4>|7
fen » g2m

h J
=

dgj1
» dgim

function y = fen(u) a2

%% Main Vectors ’—r dg2m

rho =u(l); % feedback array

theta =u(2);

drho =u(3);

dtheta = u(4);

%% Generalized quantities

g =[rho theta]; % Generalized coordinates

gdot = [drho dtheta]’; % Generalized velocities

%% Parameter values

ml =2;

L1 =2;

Lcl =1;

11 =0.667;

m2 =1;

% L2 =1,

Lc2 =0.5;

%12 =0.083;

g =9.381,

%% Dimensionless Parameters
k1l =ml/m2;
gamma = sqrt(Lc2/g);

k =0.0033;
kp =30;
kpn = kp/(g*L1*m2);

kv =20;
kvn = gamma*kv/(m2*L1"2);

%% Equation of motion pieces

Mm = [1+k1 cos(theta); cos(theta) 1];

Cm =[O0 sin(theta)*dtheta; 0 O];

Gm =]0; - sin(theta)];

%% Evaluate the control law

um = 2*k*kpn*  theta+ kvn*cos(theta)*drho/(k*(k1+1));
%% Evaluate th e Dynamic

gdotdot = inv(Mm)*(Jum;0] - Cm*qdot - Gm);
rhodotdot = qdotdot(1);
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ddtheta = gdotdot(2);

%% M File output

y = [drho;dtheta;rhodotdot;ddtheta;um];
%% End of

E.5 MATLAB code to producethe plots for Chapter 5

g =9.81;
L2= 0.5;
L1=2;
figure(1)
plotl = plot(gl.time,ql.signals.values,
gld.time*sqrt(L2/g), - qld.signals.values/2*0.5+pi, e )

plot1(2).LineWidth = 2;

titte(  "First Link Displacement for full vs dimensionless systems" )
xlabel(  "Time(s) and Time(unit less)* \ gamma(s)" )

ylabel(  "Link Position (rad)" )

legend( "g_1" ,"\rho" )

figure(2)

plotl = plot(g2.time,q2.signals.values,
g2d.time*sqrt(L2/g),q2d.signals.values, )

plotl(2).LineWidth = 2;

title(  "Second Link Displacement for full vs dimen sionless systems" )

xlabel( "Time(s) and Time(unitless)* \ gamma(s)" )

ylabel(  "Link Position (rad)" )

legend( "g_2" ,"g_2d" )
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Appendix F-Twd i nk Mani pul at or

This Appendix is organized isix major parts. These are:

F.1Derivations of Equations of Motion and Controller

F.2 Simulink file and MATLAB code for the simulation of the Full System

F.3 Simulink file and MATLAB code for the simulation of the Coordinated
Changed System

F.4 Simulink file and MATLAB code for the simulation of the Dimensionless
System

F.5 Simulink file and MATLAB code for the simulation of the Morphed System

F.6 MATLAB code to producehe plots fortChapter 6

F.1 Derivations of Equations of Motion and Contoller

2linkmanipulator.mw

|_> restart .
|:> with| Lineardigebra) :

Y Equations of Motion from "On the Robust Control of Robot Manipulators"

:> xle = Lcl-cos(gl):

> ylci= Lcl-sin(gl) :

x2¢ = LI-cos(gl) + Lc2-cos(gl + g2) :
y2c = LI-sin(gl) + Lc2-sin(gl + g2) :
dilc = -Lcl-sin(gl) -dgl:

avlc = Lel-cos(gl)-dgl :

ax2c = -LIsin(gl) -dgl — Le2 sin(gl + g2) (dgl + dg?2) :
avZe = LI-cos(gl) -dgl+ Lc2 cos(gl + q2) -(dgl + dg2) -
gl ddg ! i

g2 2

v

VoWV

4

v

dgl
> g= D dg = 4 - = S pi= -

dg2 |’ ddg2
1 a1 . a1 o2, oy, 1 3, o2
> Ti= > Ildgl’ + = 12-(dg2 + dgl)* + 5 -mI-(acle® + dyI1e?) + = m2- (a2 + 2e?) -

> Vi=mlgylc+m2 gyl

V= gmlLclsin(gl) + gm2(Llsin{gl) + Lc2sin(gl + g2)) (1.1)
Lagrange

|:> L= epand(T— V) :

diff{diff{L.q_dot).1)-diff{L.q)=Qi

el = diff (L, dgl) -

el = subs({gl=gl(t), g2 =g2(1)}. el):

el = subs({dgl=diff(gl(t).1). dg2=diffig2(t). 1) }. el) :

e = difflel. ) :

e2 == subs({diff(ql(1), 1, t) = ddgl, diff(g2(¢), 1, t) = dedg2}, e2) -
e2 == subs({diff(ql(1), 1) = dgl. diff(q2(1).1) = dg2}. e2) :

e == subs({ql(t) =gl q2(t) =g2}.e2) :

variables = [ddgl, ddg2. dgl, dg2]

v

"V "V "V "V ”V Ll

v

v
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B Eqye = cof}ecr_(simp;gj','(e_i’ —_drﬁ” (L, gl) — taul'trig), variables)
Egye = (2 Le2LIm2cos(g2) + (Li‘l + Lc?j‘] w2+ Lelml+ 11+ IQ] ddgl + [LCQI_I}J:_” cos(g2) +m2 Le? + I?] ddg2

—2m2LldglLe2dg?sin(g2) — }a:.”Lch?dg?l sin(g2) + g(Le2cos(g2) m2 + Lim2 + miLel) coslgl)
—m2gLc2?sin(gl) sin(g2) — o

> e3 = giff (L, dg2) :

| > e3 = subs({gl=gl(t).q2=g2i1)}, e3):

> 3 = subs({dgl=diff (qi(1).1). dg2=diff |q2(1). 1) }. €3] :

> ed = diffied. 1) :

> ed = subs({diff (q1(1). 1,1) = ddgl. diff (q2(1). 1. 1) = ddgZ}, ed) :

1> o4 = subs({diff (ql(1). 1) = dgl. diff (q2(1). 1) = dg2}. e4) :

> e = subs({gl(t) =gl q2(t) = g2}, ed) :

> Egy,z = collect(simplifi{ed — diff (L. g2) — tau2'trig'), variables)

Eqys = (LCQLE}M_” cos(g2) + m2Le? + I?] ddgl + [}H?I.C_jl + 1_7] ddg2 + }Jr?LquIlLCQ sin(g2) + m2gLc2cos(gl) cos(g2)

—mI2gLeZsin(gl) sin(g2) — 2
(> 1= simp.?yj,'[coeﬁ [Eqﬁ"h‘, ddqi‘],'si:e']
Mi=2Lc2Lim2cos(g?) + (LE+ LeP)m2+ LePmI+ 11+ I2

> M2= sfmp.’rﬁ'[coeﬁ' (Eqﬁnﬂ, ddq;’],'sf:e']
M2 = Le2LIm2cos(g2) + m2Le? + I2

> M3= sfmphjﬁ.'( coef| {Eqﬁ";r} ddqi],'si:e']
M3 = Le2LIm2cos(g2) + m2Le? + I2

> M= sfmp.’yﬁ.'(coeﬁ {Eqﬁ";r} ddq,?],'sf:e']

5
M= m2LlcZ + 12

|> cl=mILeP +m2-LP +1I:
|> c2= m2-Le? + 12
|> c3=m2-Li-Lc2:
| > MI=2c3cos(g2) +cl+c2:
|> M2 = c3-cos(q2) +c2:
|> M3 = c3-cos(g2) +c2:
|> M= c2:
Mi uz}
> M= :
M3 M4

- 2 1 i
> Cl= Sm:p.i'yj'.'[coeﬁ‘(Eqmm‘, dgl }dq} + 5 coeﬁ‘(Eqﬁ”kP dql],sr_e]
Cl=-m2L1Lc2dg2sin(g2)

A 1 i
> (2= Srmphﬁ'[coeﬁ‘(Eqﬁ"ﬁ dez} -dg2 + 5 coeﬂ(Eqﬁ”ﬁ dg_j],sr:e]
C2:=-LiLc2sin(g2)m2 (dgl + dg2)

A 2 1 B
> (3= :.'m:phﬁ'[coe_ﬁ'(fqﬁnﬂ dgl } -dgl + el coe_ﬁ‘(Eqﬁ”E a’qi),sr_e]
C3 = m2LIdglLcZsin(g2)

> (04:= sr'mpiffv[ coqu"(Egﬁnﬂ dqzz} -dg2 + % coeﬁ'[Egﬁnﬁ a’qZ] ,'s.f:e']
c4—0
> (1 :=-c3-sin(g2) -dg2:
> C2:i=-c3-sin(g2) - (dgl + dg2) -
> (3 := c3-sin(g2?) -dgl:
cl Cc2 )
3 e |
= sr‘mpf{ﬁ'[ cogﬁ’tEq:mH, g] - g,'s:':e']
Gl = ((Lc2cos(g2)m2 + Lim2+miLcl)cos(gl) —m2Lc2sin(gl) sin(g2?)) g
> G2= sr'mpiffv[ cogﬁ"[Egﬁnﬂ g] - g,'s:':e']
G2 = Le2m2(cos(gl) cos(g2?) — sin(gl) sin(g2)) g

W

Q

[he
[

> cd = ml Lcl:
> cy=mlLil:
> o= m2-Lcl:
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v
Q)
by

T

= (cd + ¢5) -g-cos(gql) + ct-g-cos(gl + g2) :
|> G2 = c6-g-cos(gl +g2):
Gl
> G= :
G2
cagﬁ(Eqﬁ”ﬂ, mui] -tanl
> tam = -
coeff (Eqﬁ”_j r fcmZ] fene?
(7
T:=
0

" Dimensionless

For figure 1 in "On the Robust Control of Robot Manipulators” need to change ql to being measured from v axis so qly = ql-pi/2, dgly = dal,

ddgly = ddql
and then convert to arc length: s = q1y*L1 ds = dqly*L1 dds = ddq1y*L1

> gl= % +q}}j

:> dgl = dgly:
| > ddgl = ddgly:
to convert to arc length by dividing the terms multiplying rl and it's derivative
1
ML — M(1.2
(11) 77 M.2)
> M= |
M2.1] — M2.2
(21) 37 Mm22)
2Lc2Lim2cos(g?) + IPm2+ LePml+m2Le? + 11+ 12
Li

Le2LIm2cos(g2?) + mILeP + 12
M= s
Le2Llm2cos(g2) + m2Le2 + 12
LI

R
m2Le2” + 12

ClL1| — 2
| e(n) 75 et
> Cr:= map| eval,

0[2,1]-— C(2,2)

-m2Le2dg2sin(g2) -LiLcZsin(g2)m2 (dgly + dg2)
m2dglvLe?sin(g2) 0

Cr =

Ec—r symmetric Mr divide top row by L1
M) M[ 1,2]-L
L¥ LI

M[ 2, 1]-— M(2,2)

2Lc2LIm2cos(g2) + IPm2+LePml+m2Lle? +11+12 Le2Lim? cos(g2?) + m2Le? + 12
)
LF LI

R
2 B 2 2L+ 12
Le2Llm2 cos(g}—)j+ m2Le2” + 12 moIet 4

> Cr = map| eval,
0[2, 1]-L C(2.2)
_ m2Le2dg2sin(g2)
Cr= Li
m2dglvLec2sin(g2) 0

-LeZsinlg2) m2 (dgly + dg2)

147

(1.14)

@1

(2.2)

(2.3)

(2.4)



> Gr= map| eval, LI
G(2)
A A
Lim24+miLcl)gcos L + giy| + Le2m2 geos z + gly+ g2
g 3 g1 g 5 gLy T q.
= i = i
Gr = Ll (2.5
A
Lc2 m.’gcos[ % +gly+g2
= &
tau(1)
> faur = LI
tau(2)
k4
LI 2.9)

faur =
0

for dimensionless equations divide top row by M2*Lc2 and bottom row by M2*Lc2"2, note terms multiplving r1 and drl will need an Lc2 pulled

out to make the coordinate dimensionless

dglv-LI
> #gd= Le2 K
dg2
degly-L1
> #gdd= Lc2
dg?2
w1 —— af12] —L—
. : m2-Le2 ) m2-Le2
> Md:= ) |
M1 ———— 22| ———
m2-LeZ” m2-LeZ*
2Lc2LIm2cos(g?) + LEm2+ LePml +m2Le? + 11412 Le2Llm? cos(g2) + m2Le? + 12
LPLc2m2 LiLe2m2
Md = R | (2.
Le2Lim2cos(g2) + m2Le2” + 12 m2Le2” 412
Lim2Lc? m2 L
B 2 2
2Lc2 5 Le2” Lel'ml+11+12 Lc2 12
2) + 1+ + )+t ————
11 o) 2 1Pm2 <s(a2) + 71 T TiLcomz
> Md:= -
2 2 2
cos(g2) + L2 + EEC 1+ = =
LI Lim2Lc2 m2LeZ*
1 1
crf Ll ——— Cr| 2| ———
) ) ,[ ] m2-Le2 ,[ : ] m2-Le2
> Cd = map| eval, ) )
oot ——— of22| ———
m2-LeZ” m2-LeZ”
i sin( g2
- HZINGE)in(g2) (digly +dlo2)
Cd = ! . (2.8)
dgly sin(g2) 0
Le?
Le2 . . Lc2 L )
=8 o 2 - == = ; 2
‘ 77 dg2sin(g2) sm(qz)[ 71 [Lc? agj’}]+ag_]
> Cd= I I
c2 ., .
= = dgly 2 0
11 [ch 4.1]sm(q )
Gr{1)
| m2-Le2
> Gd = map| eval, Gr(2)
m2-Le2

148



A A
b b
(LIm2 +miLcl) gcos[ EN + gly | + Lc2 m_”gcos[ 5 + gly+ g2
= & = i

LiLc2m2
Gd — (2.9)

A

gcos[ z +glv+ g2
2 J

Lc2

g ((EIm2+ Lclmli)sin(gly) + Le2m?2 sin(gly + g2))

Lc2 Lim2
> Gd=
__& ,
1c2 sin{gly + g2)
ter(1)
m2-Le2 |
> taud = |
a tr(2) |
m2-Le?
k)
taud = | LiLc2m2 (2.10)
1]
[> p=o-
| > Lc2:=L2:

Use dimensionless parameters where mu = L1*qly/L2, k2 =L2/L1, k% = Lcl/L1, k& = I1/m2/L.1"2, k1=m1/m2

s age | 2R2cosle2) +1+ R+ KR+ K cos(g2) +R2 |
cos(g2) + &2 1 .
> cd -R2dg2dsin(g2) -sin(g2) (&2 -dmud + dg2d)
o = .
i2-dmud sin(g2) 0
—%-[(1 + kO kI) sin(i&2-mu) + e'r_"s{n(e'c?-mu+q2)]
> Gd=
—%-sin(e%_"-mu+q2)
tand
LiLZm2
> taud =
fau?
LZm2

ilow need to render time dimensionless by multiplving bv Lc2/g this changes derivatives to functions of unitless time so Md and Cd are unchanged
—((1 + @&l sin(i2 mm) + 2sin(iZ2 - mu + g2))

> Gd= L :
-sin( &2 -mu + g2)
fawl L2
. LiL2m2 g
> f =
i fau2 L2
LZ?m2 &

¥ Controller
(> tauo= Yo thetad — Kr

0= Yat— Kr @3.0)
> tan=rtauo+ yau= Yal 60 + u) — Kr

false (3.2)

simplifies EoM to
| > #M{g)dr + Clg, gdot)r + K= Ya(thetal — theta + u)
| > #au=Muatiply(¥a (psi+ u))
yloy2 y3 y4 y5s ye |

> Ya= :
0 w78 0 0 39
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LEJ‘-{mZ’ + :_‘uul‘} +LePml+11
(L2+ 3.12)3 (m2+ Am2)
(m2+ Am2) LI(L2+ ALZ)
Lelml
LI(m2+ Am2)

(L2+ AL2) (m2 + Am2)

> thetal =

LPm2+LePml+1I
IZm2
m2L2L1
Leciml
Lim2
L2m2
B psi == simplify(thetal — theta 'size")

> theta ==

LII Am?2
2 3
(L2+ AL2) (m2 + Am2) — L2 m2
LI((m2+ An2) ALZ+ L2Am2)

v = (3.3
]
LiAm2
(m2 + Am2) AL2+ L2 Am?2
| psil
psi2
. psi3
> pst= 0
Dsis
L psio
| ri
> r= :
r2
(> zeta =— Multiph( Tramspose( ¥a), 1)
wirl
¥2rl+yir2
€ ¥3irl +38r2 3.4
yirl
yirl
yord +3y9r2

ifab s(zeta(i))>epsilon(i) then u(i}=-(psi(i)*zeta(i))/(abs(zeta(i))), else u{i)-=(p=i(i))/(epsilon(i))*zetali); so call the part that varies based on value of
zeta(i) beta then u = psi(i)*zeta(i)/beta(i)
psi(1)
- T 'Zﬂﬂ[ 1 ]
psi(2)
- T -Zeta| 2
_psi(3)
b3
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_wdyirl
bl
W2 (2ri+37r2)
b2
w3 (p3ri+p8r2)
1= b3 (3.5)
0
_wsysrl
b5
wo (yvorl +19r2)
bo

> fui= psi+ u:
Kl 0
0 K2
> tau = Multiplv(Ya fu) — Mudtiph(E ) -
> simplifv(tau( 1) 'size')
yi [ wi— wf;j rl ] " 22 (—;-3:-;2—3-?:-2 + 52) " 3 w:?(—yj‘ré_g—y&r? + b3) 45 [ w5 —
i yeWs (-y6rl —19r2 + ba)
bo
B simplify(tau(2),'size')
y7 g2 (—:L'f!'_f_ —y7r2 4+ 52) . S y3 [—_}'3!'}_ —y8r2 + B53) . }'9!#6[—}'6:'_!_ —¥y9r2 + b6)
b2 b3 be
EID“’ let beta be zeta/abs(zetz) or zeta/epsilon since they have to have the same units that would cancel!
-psi(1)-b1

> K=

Syird
w_] 3.6

5

L=

—KiIrl

— K272 @7

-psi(6
> hu= psi+u:
> tau == Multiplv( Yo fu) — Midtiph(E ) -
> simplifv(tan(1) 'size')

I (Bl =) wl— 32 (B2 =1 w2 — 13 (B3 — 1) wi— 15 (b5 — 1) w5 —v6 (b6 — 1) w6 — KIv] (3.8)
> simplify(tan(2) 'size')
¥ (62— 1) w2 — 38 (b3 — 1) w3 — 39 (b6 — 1) y6 — K272 (3.9

al al+ a2 coslg2) \2-al + a?)-sinlg2?) \dg2v2 + dglv2 + dg2-vi -cos(gl -cos(gl -cos(gl + g2
(g2)-( )-sin(g2) - (g dg q2-v1) g-cos(ql) g-cosgl) g-cos(gl +g2)

0 al+a2 cos(g2) -al + sin(g2) -dgl vl 0 0 gcos(gl + ¢g2)
(> tauo = ;‘Lﬁdﬁpi}'( ¥a ff}emO) - jlfﬁdfr"pi}'glg }‘)

> FYa:= :

Tl =

[aﬁ [Lf1 (m2+ Am2) + LePmi+ II) + (al + a2) (L2+ 3.12}3 (m2+ Am2) + (cos(g2) (2al + a2) — sin(g2) (dglvv2 (3.10)

+ dg2vl + dg2v2)) (m2 + Am2) L1 (L2 + AL2) + gcos[ % + r}i‘y] miLel + gcos[

Iu|::|

+ qi‘}'] (m_” + ﬂm_”) Li+ gcos[ %
+gly+ ng (Z2+ AL2) (m2 + am2) — KI :-J},

+gly

(@l +a2) (L2+ ﬂLZ}l (m2+ Am2) + (cos(g2) al + sin(g2) dglyvI) (m2 + Am2) L1 (L2 + AL2) + gcos[

I\.:|;:|
f
+
=1
b
—
—_
[
(]

+ AL2) (m2 + Am2) — K2 :-2”
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delg ! 1
> collect| | Mudtiply| M dz" ] + Multiply| C. (:; ] + G— subs({al =-lam1-dgl, a2 =-lam2-dg2, vi =-lami-gl v2 =-lam2-g2}.
fanid) ) [ 1 ] | ddlg 1, dedg2, dgl, dq?]]
(?LQLI}M cos(g2) + LPm2+LePml+L7m2+ H] ddgly + (LZLIm cos(g2) + L.Z“m_] ddg2 + (—EJJBLELqu? sin(g2) (3.11)

+ Jaml (LE“ m2 + Am2) + LePml+ H) + Jaml (L2 + ALZ}“ (m2+ Am2) — (sin(g2) lam2 g2 — 2 cos(g2) lam1) (m2

+Am2)L1(L2+ _‘J_Z}) dglv— LI1L2sin(g2) m2 dg?l + [Fﬂnrz (Z2+ ALZ)J (m2+ Am2) — [ -cos{g2) lam2 — sin(gZ2) [
—laml [ % + q}}'] — lam2 qf]] (m2+am2)LI(L2+ .312)] dg2 4+ (LIm2 +miLel) gcos[ qh] +L2m2 gcos[ — +gly

x
2
+ qZ] — gcos[ % + qi‘}'] miLcl — gcos[ % + r}f}'] I[m_"‘ + Am_] Li— gcos[ — +gly+ g2 ] L2+ 3.12 m° + ﬂ.mf] + Kiri

L
Coordinate Change Controller

al al+a? cos(qi’] -[2 al + aZ] —sin(qz] -[dgj’-v:’ + dglv2 + a’g}w‘] gcos(gl) gcos(gl) g-cos(gl+g2)
0 al+a2 cos(g2) -al + sin(g2) -dgl-vi 0 0 g-cos(gd + g2)
For figure 1 in "On the Robust Control of Robot Manipulators” need to change g1 to being measured from v axis so gly = ql-pi/2, dgly = dql.
ddgly = ddg!

and then convert to arc length: s = qly*L1 ds =dgqly*L1 dds = ddgiv*L1

mu = s/L.2, dmu = dS'LZ dd.mu =dds/L2

L2 L2 . L2 Lz . .
== == _ . FpD e = o 2.2 5 e _g-
17 al, .LI af+au cos[q&?] [2 17 af+a2] sm[q2] [dq_ w2+ 7, dmi-v2 + dg2 77 ﬂ], g-sin(mu). —g-sin(mu

> Ya=

> Fa= [

). —g-sin{mu + g2) ]

Li Li Ll
in converting to a point mass link 2 have to modify the tho(2) term to subtract off the mass moment of inertia
7.29-m2*1.2°2/12

[0 L2 al + a2, cos[qu]-%-af + sin[qzj-— -gmi- L vi, 0,0, -gsinjmu + g2 )”

LP Am2
(L2+ AL2)? (m2 + Am2) — L m2
((m2+ Am2) AL2+ L2 Am2) L1
0
LIAm?2

(m2+ Am2) AL2+ L2Am2
rl

r2
;> Hoatas= Multiply( Transpesel Ya)., v
-psi(1)-b1
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(> tan == Multiphv( Y tu) — Mudtiph( K, )
[ L2al (-LP am251 + LI Am2) . [ L2al
Ti=

L Ll
— LZ?’m?) 53) + [cos(q?) [

+ a2] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)? (m2 + Am2) @1

2L2al
Li

L2dmuv2 dg2L2v]
LI Li

+ a2] — sin(g2) [dg? V2 + ]] (ZE((m2+ Am2) AL2+ L2 Am2)
—LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm2 b5 + L1Am2) — gsin(p + ¢2) ((m2 + am2) ALZ+ L2Am2 — ((m?2
+ Am2) ALZ+ L2 Am2) b6) — K1 :-J],

cos(g2) L2al
LI

[ % + a}] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)® (m2 + Am2) — LP m2) b2) + [
- 3,
+ sm(qu)LZ:dmﬂvf

] (Z1((m2+ Am2) ALZ+ L2Am2) — LI {(m2 + Am2) AL2+ L2Am2) b3) — gsin(p + ¢2) ((m2
Lr

+ Am2) ALZ+ L2Am2 — ((m2 + Am2) AL2 + L2 Am?2) b6) — K2 ;-2”

(> taul = Madtiply( Yo m)Q)J
L2al (-LI am25b1 + LI* Am2) . [ L2al

o= L1 I

+ a2] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)? (m2 + Am2) 4.2)
2L2al L2dmuv2 dg2L2v]
LI LI LI
— LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm2 b5 + L1Am2) — gsin(p + g2) ((m2 + Am2) ALZ+ L2Am2 — ((m2
+ Am2) AL2 + L2 Am2) b6)

(> tau2 = Mudtiph( Yey, tu)(2)

—IZPm2)B2) + [cos(q?) [ + a2] — sin(g2) [dgr_?' v2+ ]] (ZI((m2+ Am2) AL2+ L2Am2)

2= [ L2al a?] ((z22+ AL2)* (m2 + Am2) — 22 m2— ((£2+ AL2)? (m2 + Am2) — L2 m2) B2) + [w 43
. 9
+ M] (LI((m2+ &m2) AL2+ L2 Am2) — L1 ((m2 + Am2) AL2 + L2 Am2) b3) — gsin(u + ¢2) ((m2
P
+ Am2) AL2+ L2 Am2 — ((m2 + Am2) AL2 + L2 Am2) b6)
(> taukl — - Multiph( K, r) (1)
tauekl =-KIri (4.4)
>tk = - Multiplv( K, 1) (2)
tauk? = -K2r2 (4.5)

Dimensionless Controller
to convert to dimensionless do it in to two steps: first eliminate all units except time

taul

m2-L1-L2
> td=
taul

m2-L2*

. 1 L2al (-LP Am25bI + LI Am2) L2al
td =
m2L2L1 L1 [ LI

+ Am2) — L21m_°) 53) + [cos(qQ) [

+ aZ] ((z2+ AL2)* (m2 + am2) — 1P m2 — ((Z2+ AL2)* (w2 GBI

2L2al
Li

L2 dmuv2 dg2 L2v]
Li LI

+ a2] — sin{g2) [dg? v2+ ]] (Z1((m2+ Am2) AL2

+L2Am2) — LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm255 + L1am2) — gsin(p + g2) ((m2 + am2) AL2

+L2Am2 — ((m2 + Am2) AL2 + L2 Am2) b6) ] ]

- [ Llal a_”] ((z2+ar2)* (m2 + am2) — L2m2 — ((Z2+ AL2)* (m2 + am2) — L2 m2) B2)
Lr¥m2 LI

+ cos(g2) L2al + sing?) L2 dnuvi
LI L

] (LI((m2+ am2) AL2+ L2Am2) — L1 ((m2 + Am2) AL2 + L2 Am2) b3) — gsin(p

+g2) ((m2+ am2) ALZ+ L2Am2 — ((m2 + Am2) AL2+ L2 Am?2) 56]]
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tankl

m2-LIL2
> il = .
fauil
M:;’-LZ2
_ Kirl
m2L2L1
tidd = . (5.2)
Lzzm_”
T KI
4 = .
: #Kld m2-L2-L1
[> KiI=Kidm2L12LI:
> #E 4= :
L M:L’-LZ2 J
|> K2:= K2dm2 L2
> simplifv(thd)
-Kidrl
(.3
—K2dr2
(> tdl1)
- 2 Am 7 F 2 Ay 7 a9 4
mq;g“ [ L2al ( L‘P‘””L‘EM +Lram2) | [ Li?f + az] (224 aL2)* (m2+ am2) — L2 m2— ((Z2+ AL2)* (m2 + am2)  (5.9)

L2 dmuv2 dg2L2v]
LI Li

2L2al
Li

—LZPm2) b2) + [cos(g?) [ + a2] — sin(g2) [dg? V2 + ]] (Z1((m2+ Am2) AL2+ L2Am?2)

—LI((m2+ Am2) AL2+ L2Am?2) b3) — gsin(p) (-LIAm2 b5 + LiAm?2) — gsin(p + ¢2) ((m2 + Am2) AL2+ L2Am2 — ((m2

+ Am2) AL2+ L2 Am?2) 55}]

_> temldd = [aIa‘mZ[—bI+ 1)+ (2al +a2)-((&2+ d2) (1 +dL2) (1 +dm2) — &2 ) (1 — b2) + (cos(g2) (22 al + a2)
— sin(g2) (dg2v2 + &2 dmuv2 + dg2 R2vI)) - ({1 + dm2) dL2 + dm2)) - (1 — b3) — %sin[p.} (B35 + 1)-0‘!7!2—%51'n[u+q3}
-((1+a$u2)d;‘c2+?t?a‘m2)-(l—.?36)]:
> td(2)
2 cos(g2) L2al

1 L2al 7 2 7 r 2} — 2 7 — / 7 Am?) — 2o3) 5o
Lzlm_”[[ Il +a.]{(£2+3£2) (m2+ Am2) — L2 m2 {(Lz+_1£2} (m2 + Am2) I.Z"m_)b_}+ I7;

sin(g2) L2 dmuvi
+ —1
L

] (ZI((m2+ Am2) AL2+ L2Am2) — LI ((m2 + Am2) AL2+ L2 Am?2) b3) — gsin(p + ¢2) ((m2

+ Am2) AL2+ L24m2 — ((m2 + Am2) AL2 + L2 Am2) b6)

=> teni2d == (iI2al +a3)-[(1 +(JI2)2(1 + dm2) — 1]-(1 — b2) + (cos(g2) al + sin(g2) 2 dmuvl)-(((1 + dm2) dl2 + am2) )-(1
— b3) — %sin[p—l—q,?)-((l + dn2) dl2 + a@m2)-(1 — b6) -

> Yad:= Hai, R2-al 4+ a2, cos(g2) (22al + a2) —sin(g2?) (dg2v2 + 2 dmuv2 + dg2i2vi), — % sin(p), — % sin(p).
_£ 2
£ s+ 42)|
[0, R2-al + a2, cos(g2) al + sin(g2) B2 amuvl, 0,0, — % sin(p + ¢2) ” :
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N m@:@d: ai-[(l T dm2) +k92h‘+.-'tﬂ]+[[k?-af+a2]-[(l +dL_7;J(Ft?+df‘c2) (1 + dm2) —k?]]+[cos(q3) (2R al

+ a2) — sin(g2) (dg2v2 + 2 drhov2 +dq_7e't?2vf]]-(1+a‘.-r:2)(1+d£2)—%sin(k?-rhu)-k0kf—%sin(.r‘c?-rhu)-(l+a‘m2)

— £ sin(i2-tho + g2)(1 + am2) |,
L2
£

[[fcz-az +a.?]-(1 +dL2)* (1 + dm2) +[cos(q2] al + sin(g2) a*.r-ho;cm] (14 dm2) (1 +dL2) — Esin(k?-rhu-+q2]-[(1

+dL2) (1 +a‘m2]]”
r_luw to render time unitless first multiply velocity terms by sgrt(g/L2) and acceleration terms by g/L2 then multiply taud through by L2/g

_ g,
> vl Hdsqrt[LZ]
> v2 —hdsqrt[izj

> rl= }‘Jd-sqrt[ £ ]

)

> dgl = dg2d-sqrt B ] :

[ A
t\.|°° t\,|

> p2=r2d sqrt[

L

b

L
> drio = drhod-sqrt [i] E

> aql = afd-i

> al = qld ==
| . [2) _LZ
> tawld
aldgdm2(-bi+1) aldgi2 aldg R "3 . . s o [ 2aldgi2 aldg
2 - — b o) [ £aidg 5.
— +[ = 228 | (2 + d2) (14 dL2) (1 + an2) — 2) (1= 52) + cos(q)[ 22 L 22 ) g
i 7o 2 iy B 7o Il . 1 bS5+ 1)dm2
— sin(q2) | dmuievod | & 4 da2dgRvid | “g-dg”-“]] (1 + dn2) dL2 + cn2) (1 — b3) — £500) | ) cm
J 12 2 12 12
_ gsin(p + g2) ((1 + dn2) di2 + &2 dn2) (1 — b6)
L2
(> tauzd
[‘“z—i*‘+ af;g]((l +dl2) (1 +dn2) — 1) (1= b2) + [%+m(g ) k2 dmuvid ,-“ —] ((1+ dm2) dL2 G
. o o
+am2) (1— b3) — gsin(u + g2) ((1+ dn2) dL2 + dm2) (1 — b6)
I2
> fauln = Simph'ﬁ[Msre]
tauin == L[[ “"“g“"”i(z bl+1) [‘”g*‘ ai(;g]((fr:+dk2) (1+dL2) (1 + dm2) — i2) (1 — b2) .3

A _ e
+ [cos(gZ) [-‘”&+ “’-—“3] — sin(g2) [aim:r_"v”d | & de2dgigvid | “q-“rg"-“]] (1 + dm2) dL2 + dm?) (1

L2 Lz L2 L2 L2
— b3y — gsin(p) (-85 + 1) dm?2 _ gsin(p + g2) ({1 + an2) di2 + &2dm2) (1 — b6) 2
L2 Lz
> faudn = Simp?yj'.'[ tauzd 12, 5z e]
g
tauln = —| -dmusin(g2) vid((1 + dn2) dL2 + dm2) (b3 — 1) L2#&2 | % — g(—(EJO'— U ({1+ dm2) dL2 + am2) sin(p + g2) (5.9)
v

+ald((1 + dm2) dL2 + dm2) (b3 — 1) cos(g2) + (aldi2 + a2d) (52 — 1) ((1 + am2) dL? + (2dm2 + 2) dL2 + a‘mz])]

=> Yad = [[ald &2 ald+ a2d cos(g2) (22 ald+ a2d) — sin(g2) (dg2dv2d + &l drhodvad + dg2d 2 vid), — sin(&2-tho), — sin(&2
-tho), - sin(i2-rho + ¢2) |,
[0. &2-ald + a2d. cos(g2) ald + sin(g2) I2 drhodvid 0.0, — sin{ &2 tho + ¢2)]]:

155



> Fathetatd = | [ ald-((1 + am2) + i@ &l + i8)+ (&2 -a1d + a2d) - ((1 + dL2) (i2 + d2) (1 + am2) — i2) + (cos(g2) (272 ald

+ a2d) — sin(q2) (dg2dv2d + 2 drhodv2d + dg2d k2 vid))) (1 + am2) (1 + dL2) — sin(i2 tho) k9 i — sin(i2tho) - (1 + dm2)
— sin(&2-tho + ¢2) (1 + dm2) ],

[(2-ald+ azd) ((1+dL2)2 (1 + dn2) )+ (cos(g2) ald + sin(g2) drhodiovid) (1 + dm2) (1 + dL2)) -sin( k2 the + ¢2)-((1
+dL2) (1 +dm2))]]]

>t = simp.?yj','[ @]
L2KIdrid | £
I -
tin = £ (5.10)

L2K2drad | £

£
¥ morphed
as length L1 grows k2->0, k9->1, k8->0 and mu ->0 to maintain same circumferential displacement
|> A2=0:
|> A= 1:
|> &=10:
|> did2=10:
> Mn = map|eval, Md)
1+ &l cosig?
M = (g2)
cos(g2) 1
(> cm= map(eval, Cd)
0 -sin(g2) dg2d
Cm =
1] 1]
(> Gm = map|eval, Gd)
1]
Gm = i
-sin(g2)
(> tim = eval(subs( {tho=0), teuln))|
oo L[| aldgdm2(-b1+1) @2dedi@ (1 +dL2) (1 +dam2) (1 = b2) cos(g2) a2dg  sin(g2) dg2dgv2d
tlm [[ 2 + I3 +[ I3 I (it (6.4)
X . ., . i -b5+ 1) dm2 i +g2) (1 +dm2)di2 (1 — b6
+m2)azz+am2)(1—a_«")—gsm{“}[ S+ 1)dn2 _ gsin(u +¢2) (1+dn2) di2 ( V12
Lz L2
(> t2m = eval(subs( {tho=0}, teni2n))
t2m = (b6 — 1) ((1 + dm2) dL2 + am2) sin(p + g2) — ald ((1 + a@m2) dL2 + dm2) (b3 — 1) cos(g2) — a2d (b2 — 1) [(1 (6.5)
+a@n2) dLP + (2dm2+ 2) dL2 + dm?2)
tim — Kld-rid
> faum =
t2m — K2d-r2d
PR . " ; s o o
coum = || -k 1drid+ é[[ aiagami(z bI+1) 4 2dgdi (1 +(IL_3E£1 +am2) (1 — b2) N cos[qijza_dg 6.6)
i o2 2 . i -b5+ 1) dm2 i +g2) (1 +dmn2)di2 (1 — b6
_ sin(g2) dg2dgv2d ) (| 4 oy 2+ din2) (1 — o) — £5208) Jdn2 _ gsin(u+ g2) (1+ dn2) di2 (1 = bo)
Lz Lz L2
2|
[—K?d:-2d+ (56 — 1) ((1 + dm2) dL2 + d@m2) sin(p + g2) — ald ((1 + dm2) dL2 + dm2) (b3 — 1) cos(g2) — a2d (b2 — 1) [(1
+am2) dL2? + (2dm2+2) dL2 + dn2) ]
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F.2 Simulink file and MATLAB code for the simulation of the Full System

1 Lb q1
dq 1 q E ::I—b ]
P u ‘ y > o » [
fen ddg dq q2 q1,q2
» q2
dg1
» dqil
]

function  y = fcn(u) daz2 dq1,dg2 >  dg2
%% Main Vectors |
gl =u(l); %x1 % feedback array
g2 =u(2); %x2
dgl =u(3); %x3
dg2 =u(4); %x4
%% Generalized quantities
g =[glqg2]; % Generalized coordinates
dg =[dgl dqg2]; % Generalized velocities
%% Generalized quantities
ml =10;
L1 =1,
Lcl =0.5;
1 =m 1*L172/12;
m2 =5;
L2 =1;
Lc2 =0.5;
2 =m2*L2"2/12; % 0.083;
g =9.381;

cl =ml*LclM2+m2*L1"2+I1;
C2 =m2*Lc2"2+12;
c3 =m2*L1*Lc2;

c4d =ml*Lcl;
c5 =m2*L1;
c6 =m2*Lc2;

al =cl+c2+2*c3*cos(q2);

a2 =c2+c3*cos(g2);

a3 = c2;

%% Equation of motion pieces

M =[al a2; a2 a3];

C =c3*sin(q2)* -dg2 -dgl-dg2; dqgl O];
G =[(c4+c5)*g*cos(ql)+c6*g*cos(ql+q2);c6*g*cos(ql+q2)];
%% Trajectory Tracking variables

gld =pi/2;

g2d =0;

qd =[qld; q2d];

dgld = 0;
dg2d = 0;
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dgd = [dqld; dg2d];

ddqld =0;
ddg2d = 0;
ddqd = [ddqld; ddg2d];

qt =q -qd;
dgt =dq -dqd;

lal =1;

la2 =1;

lambda = [lal 0;0 la2];

v =dqd - lambda*qt;
a =ddqd - lambda*dqt;
r =dqgt+ lambda*qt;

%% Evaluate the control law
acl= a(l);

ac2 = a(2);

vl =v(1);

v2 =v(2);

=[acl, acl+ac2, cos(q2)*(2*acl+ac2) - sin(g2)*(dg2*v2+dqgl*v2+dg2*vl),
g*cos(ql), g*cos(ql), g*cos(gl+g2);
0, acl+ac2, cos(q2)*acl+sm(q2)*dq1*v1 0,0, g*cos(q1+q2)]
rho = [5; 7.29; 6.25; 0; 5; 6.25];
zeta = YT,

epsilon = 1;
beta = [0;0;0;0;0;0];
u = [0;0;0;0;0;0];

for =16
if zeta(i)>epsilon
beta(i) = abs(zeta(i));
else
beta(i) = epsilon;
end
u(@)= - rho(i)*zeta(i)/beta(i);
end

kl1=1;
k2 =1;

=[k1 0; 0 k2];
%% Evaluate the dynamics
ddq = inv(M)*(Y*(rho+u) - K*r - C*r) - lambda*dqt+ddqd;
ddql = ddq(1);
ddqg2 = ddq(2);
%% M File output

= [dq1;dg2;ddgl;ddg2];

%% End of
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F.3 Simulink file and MATLAB code for the simulation of the Coordinated-
Changed System

1 \—b qly
dq o1 q "g::l—. D
u ‘ y > S ' g [
fcn ddq dq q2 q1,g2
> q2y
dg1
» dqly
function y = fen(u) > -
%% Main Vectors dq2 dq1.dg2
gqly =u(l); %x1 % feedback array e > dazy
g2 =u(2); %x2
dgl =u(3); %x3
dg2 =u(4); %x4
%%Generalized quantities
g =[glyq2]; % Generalized coordinates
dg =[dql dq2]; % Generalized velocities
%% Generalized quantities
ml =10;
L1 =1,
Lcl =0.5;
11 =m1*L172/12;
m2 =5;
L2 =1;
%Lc2 =0.5;
2 =0; %m2*L.2"2/12;% 0.083;
g =9.81;
cl =ml*LclM2+m2*L172+I1;
C2 =m2*L2"2+12;
€3 =m2*L1*L2;
c4 =ml*Lcl;
Cc5 =m2*L1,
c6 =m2*L2;
al =cl+c2+2*c3*cos(q2);
a2 =c2+c3*cos(q2);
a3 =c2;
%% Equation of motion pieces
M =[al a2; a2 a3];
C =c3*sin(g2)* -dg2 -dgl-dg2; dql O];
G =[ -g*(c4+ch)*sin(gly)+c6*sin(qly+qg2)); - c6*g*sin(qly+q2)];
%% Trajectory Tracking variables
gld =0;
g2d =0;
qd =[qld; g2d];
dgld = 0;
dg2d = 0;
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dgd = [dqld; dg2d];

ddqld =0;
ddg2d = 0;
ddqd = [ddgld; ddg2d];

qt =q -qd;
dgt =dq -dqd;

lal =1;

la2 =1;

lambda = [lal 0;0 la2];

v =dqd - lambda*qt;

a =ddqd - lambda*dqt;
r =dqgt+ lambda*qt;

%% Evaluate the control law

acl = a(l);

ac2 = a(2);

vl =v(1);

v2 =v(2);

Y =[acl, acl+ac2, cos(g2)*(2*acl+ac2) - sin(g2)*(dg2*v2+dqgl*v2+dg2*vl),
- g*sin(qly), - g*sin(qly), - g*sin(qly+q2);
0, acl+ac2, cos(g2)*acl+sin(gq2)*dgl*vi, 0, O, - g*sin(qly+qg2)];

%rho = [5; 7.29; 6.25; 0; 5; 6.25];

deltam2 = 5;

deltalL2 = 0.125;

rhol = L172*deltam2;

rho2 = (L2+deltalL2)"2*(m2+deltam?2) - L272*m2;
rho3 = ((m2+deltam2)*deltaL2+deltam2*L2)*L1;

rho4 = 0;

rho5 = L1*deltam2;

rho6 = (m2+deltam2)*deltal.2+deltam2*L2;

rho =[rhol; rho2; rho3; rho4; rho5; rho6];

zeta = Y'*r;

epsilon = 1;
beta = [0;0;0;0;0;0];
u = [0;0;0;0;0;0];

for i=1:6
if zeta(i)>epsilon
beta(i) = abs(zeta(i));

else
beta(i) = epsilon;

end

u(@)= - rho(i)*zeta(i)/beta(i);
end
kl=1;
k2 =1,
K =1kl 0; 0 k2J;

%% Evaluate the dynamics
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ddq = inv(M)*(Y*(rho+u) - K*r - C*r) - lambda*dqt+ddqd;
ddgl = ddq(1);

ddg2 = ddq(2);

%% M File output

y =[dgl;dg2;ddql;ddqg2];

%% End of

F.4 Simulink file and MATLAB code for the simulation of the Dimensionless

System

1 )
dg q
(P o g::l—’
fen ddg dg q2 q1,q2

\—P mun

g2n

4

dmun

A 4

dq2 dq1,dg2

4

dg2n

function y = fen(u)

%% Main Vectors

mun = u(l); %x1 % feedback array

g2n =u(2); %x2

dmun = u(3); %x3

dg2n = u(4); %x4

%% Generalized quantities

g =[munqg2n]; % Generalized coordinates
dg = [dmun dg2n]; % Generalized velocities
%% Generalized quantities

ml =10;

L1 =1,

Lcl =0.5;

11 =ml*L172/12;

m2 =5;

L2 =1;

%Lc2 =0.5;

%I2 = 0; %m2*L2"2/12;% 0.083;

g =9.81;

k3 = 11/(m2*L1"2);
k4 = L2/L1;

kb = Lcl1/L1;

k6 = m1/m2;

al =2*k4*cos(q2 n)+1+k472+k5"2*k6+k3;
a2 =k4+cos(qz2n);

a3 =1;

%% Equation of motion pieces
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M =[al a2; a2 a3];

C =sin(g2n)*| - k4*dg2n - k4*dmun - dg2n; k4*dmun 0];
G = [-g/L2*(k5*k6+1)*sin(mun) - g/L2*k4*sin(mun+qg2n); - g/L2*sin(mun+g2n)];
%% Trajectory Tracking variables

gld =0;

g2d =0;

qd =[qld; q2d];

dgld = 0;

dg2d = 0;

dgd = [dqgld; dg2d];

ddqld =0;

ddg2d = 0;

ddqd = [ddqld; ddg2d];

qt =q -qd;

dgt =dq -dqd;

lal =1;

la2 = 1;

lambda = [lal*sqrt(L2/g) 0;0 la2*sqrt(L2/9)];

v =dqd - lambda*qt;

a =ddqd - lambda*dqt;

r =dqgt+ lambda*qt;

%% Evaluate the control law
acl =a(l);

ac2 = a(2);

vl =v(1);

v2 =v(2);

Y = [k4*acl, k4*acl+ac2, cos(q2n)*(2*kd4*acl+ac?2) -
sin(g2n)*(dg2n*v2+k4*dmun*v2+k4*dq2n*vl),

- L2*sin(mun), - L2*sin(mun), - L2*sin(mu"r.1+q2n); .
0, k4*acl+ac2, cos(g2n)*kd*acl+sin(q2n)*k4*dmun*k4*vl, O, O, -
L2*sin(mun+qg2n)];

rho =[5/m2/L2; 7.29/m2/L2; 6.25/m2/L2; 0; 5/m2/L2; 6.25/m2/L2];
zeta = Y'*r;

epsilon = 1;
beta = [0;0;0;0;0;0];
u = [0;0;0;0;0;0];

for i=1:6
if zeta(i)>eps ilon*sqrt(L2/g)*L2/g
beta(i) = abs(zeta(i));
else
beta(i) = epsilon*sqrt(L2/g)*L2/g;
end
u(@)= - rho(i)*zeta(i)/beta(i);
end
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k1l = 1/(m2*L1*L2)*sqrt(L2/g);
k2 = 1/(m2*L2"2)*sqrt(L2/g);
K =1kl 0; 0 k2J;

tau = Y*(rho+u);

taud = [tau(1)/L1;tau(2)/L2];

%% Evaluate the dynamics

ddq = inv(M)*(taud - K*r - C*r) - lambda*dqt+ddqd;
ddmu = ddq(1);

ddqg2 = ddq(2);

%% M File output

y = [dmun;dg2n;ddmu;ddg2];

%% End of

F.5 Simulink file and MATLAB code for the simulation of the Morphed
System

Lb mum

u -‘ Y dq »

0]=
0
‘ II
L0
o

fen ddq dq
MATLAB Function

q1.92

g2m

4

dmum

A 4

dq2 dq1,dg2

4

function y = fen(u) dg2m

%% Main Vectors

mun = u(l); %x1 % feedback array

g2n =u(2); %x2

dmun = u(3); %x3

dg2n = u(4); %x4

%%Generalized quantities

g =[munqg2n]; % Generalized coordinates
dg =[dmun dg2n]; % Generalized velocities
%% Generalized quantities

ml =10;

L1 =1;

Lcl =0.5;

11 =m1*L172/12;

m2 =5;

L2 =1;

%Lc2 =0.5;

%l2 =0; %m2*L.272/12;% 0.083;

g =9.81;

k3=0;  %I1/(m2*L1"2);
k4 =0; %L2/L1;

kb =1, %Lcl/L1;

k6 = m1/m2;
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%% Equation of motion pieces
M = [2*k4*cos(q2n)+1+k4"2+k5"2*k6+k3 k4+cos(g2n); kd+cos(g2n) 1];

C =sin(g2n)*| - k4*dg2n - k4*dmun - dg2n; k4*dmun 0];
G =0 - sin(g2n)];

%% Trajectory Tracking variables
gld =0;

g2d =0;

qd = [gld; g2d];

dgld = 0;

dg2d = 0;

dgd =[dgld; dg2d];

ddqld =0;

ddg2d = 0;

ddgd =[ddgld; ddg2d];

qt =g -qd;

dgt =dq -dqd;

lal =1;

la2=1;

lambda = [lal*sqrt(L2/g) 0;0 la2*sqrt(L2/g)];
v =dqd -lambda*qt;

a =ddqgd -lambda*dqt;

r =dgt+lambda*qt;

%% Evaluate the control law
al =a(d);

a2 = a(2);

vl =v(1);

v2 =v(2);

deltam2 = 5;

deltal2 = 0.125;

dm2 = deltam2/m2;

dL2 = deltalL2/L2;

Y =[al, kd4*al+a2, cos(q2n)*(2*kd4*al+a?) - sin(g2n)*(dg2n*v2+k4*dmun*
v2+k4*dg2n*vl), 0, O, - sin(g2n);
0, k4*al+a2, cos(g2n)*al+sin(g2n)*dmun*k4*vl,
0,0, -sin(g2n)];

zeta=Y"r;

epsilon = 1;
beta = [0;0;0;0;0;0];

for i=1:6
if zeta(i)>epsilon*sqrt(L2/g)*L2/g
beta(i) = abs(zeta(i));
else
beta(i) = epsilon*sqrt(L2/g)*L2/g;
end
end
ul = zeta(1)/beta(l);
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u2 = zeta(2)/beta(2);
u3 = zeta(3)/be ta(3);
u6 = zeta(6)/beta(6);

taul = (U3 - 1)*((1+dL2)*dm2+dL2)*(v2*dg2n*sin(g2n) - a2*cos(g2n))+
(- ul+l)*al*dmz2;
tau2 = (U6 - 1)*((1+dm2)*dL2+dm2)*sin(g2n) - (A+dm2)*dL2+dm2)*(u3 - 1)*al* ...
cos(g2n) - (u2 - 1)*a2*((1+dL2)"2*(1+dm2) - 1);

taud = [taul;tau2];

k1l = 1/(m2*L1*L2)*sqrt(L2/g);
k2 = 1/(m2*L2~2)*sqrt(L2/g);

K =1[k1 0; 0 k2J;
%% Evaluate the dynamics
ddq = inv(M)*(taud - K*r - C*r) - lambda*dqt+ddqd;

ddmu = ddq(1);

ddqg2 = ddq(2);

%% M File output

y = [dmun;dg2n;ddmu;ddqZ2];
%% End of

F.6 MATLAB code to produce the plots for Chapter 6

g =9.81;

L2 =1;

%% full

figure(1);
plot(gl.time,gl.signals.values,g2.time,qg2.signals.values);
grid on

title(  ‘'time vs q linkl measured from x' );
legend( 'gql' ,'g2" )

xlabel(  'time(s)' )

ylabel( ‘'angular position(rad)' )

%% coordinate change and point mass

figure(2);

plot(gly.time,qly.signals.values,g2y.time,q2y.signals.values);

grid on

title(  ‘'time vs q linkl measured from y link2 point mass' );
legend( ‘qly’ ,'g2" )

xlabel(  'time(s)’ )

ylabel(  ‘'angular position(rad)' )

figure(3);

plot(qly.time,qly.signals.values+pi/2,q1.ti me,ql.signals.values,
g2y.time,g2y.signals.values,g2.time,q2.signals.values, - ),

grid on

title(  ‘'time vs q link1l measured from x link2 point mass compared to figure

1)

legend( ‘glnew' ,'gql" ,'gl2new' ,'g2" )
xlabel(  'time(s)' )
ylabel(  ‘'angular position(rad)' )
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%% dimensionless

figure(4);
plot(mun.time,mun.signals.values,g2n.time,q2n.signals.values);

grid on

title(  ‘'time vs q link1l measured from y link2 point mass dimensionless'
legend( 'mu’ ,'g2" )

xlabel(  'time(unitless)’ )
ylabel( 'angular position(rad)' )
figure(5);

plot(mun.time*sqgrt(L2/g),mun.signals.values,qly.time,qly.signals.values,

)

gri on

title(  'time vs q linkl measured from y link2 point mass dimensionless'
legend( 'mu’' ,'gqly’ ,'g2n" ,'g2" )

xlabel( 'time(unitless)’ )

ylabel( 'angular position(rad)' )

g2n.time*sqgrt(L2/g),q2n.signals.values,g2y.time,q2y.signals.values,

%% morphed

figure(6);
plot(mum.time,mum.signals.values,q2m.time,g2m.signals.values);
grid on

title(  ‘'time vs q link1l measured from y link2 point mass morphed'
legend( '\rho' ,'\theta' )

xlabel(  'time(unitless)’ )

ylabel( 'arc length(unitless) and angular position(rad)’'
figure(7);
plot(mum.time*sqrt(L2/g),mum.signals.values);
grid on

title(  'Morphed Link1 response' );
xlabel(  'time(unitless)* \ gamma(s)' )
ylabel( ‘arc length(unitless)’ )
figure(8);
plot(g2m.time*sqrt(L2/g),g2m.signals.values);
grid on

title(  'Morphed Link2 response' );
xlabel(  'time(unitless)* \ gamma(s)' )
ylabel( ‘'angular position(rad)' )
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