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CHAPTER 1
INTRODUCTION

Analyses of industrial systems frequently involve optimization of
nonlinear objective functions subject to linear or nonlinear constraints.
One of the powerful techniques developed for solving such optimization
problems is the sequential unconstrained minimization technique (SUMT) .
This method was first proposed by Carroll [1] in 1959. It was further
developed by Fiacco and McCormick [6,7,8,9,10] who provided the theo-
rectical basis for this technique. They extended the method further
to handle general nonlinear nonconvex problems and provided the first
computer program to utilize this technique,

The principle of the sequential unconstrained minimization technique
is to transform a constrained optimization problem into a sequence of
unconstrained optimization problems. The reason for this transformation
is that many of the well known unconstrained optimization techniques
can be used to solve constrained problems without having to develop a
new one to solve such constrained problems.

The SUMT algorithm proposed by Fiacco and McCormick [6,7] uses a
second order gradient method as the unconstrained minimization technique,
This method presents some difficulties particularly when the objective
function and the constraints are highly nonlinear. The problem lies in
the difficulty of correctly taking both the first and second partial
derivatives, Therefore a technique which does not require any derivatives

to be evaluated would overcome these difficulties. Lai [19] developed



one such technique. The unconstrained minimization technique used by
Lai was the Hooke and Jeeves pattern search [15, 16a], This method does
not require any derivatives to be evaluated, and has been demonstrated
that it can solve problems of a practical nature. This method appears
to be faster than the RAC SUMT computer program with regard to computing
time, The disadvantage of this method is that during the process of
minimization, constraints are violated frequently. There is a procedure
included to pull the optiﬁization trajectory towards the feasible region.
However it is not easy to determine whether this pulling back has pro-
ceeded far enough to reach the optimum. The program requires a tolerance
on constraint violation to be supplied. This is also not easy to de-
termine.

In view of the above disadvantages it was considered useful to
determine whether a minimization technique using only the first de-
rivatives could overcome these difficulties. The conjugate gradient
methods were the obvious choice since they possess the property of
quadratic convergence while using only the first derivatives. Another
reason for this choice was that IBM scientific subroutine packages im-
plementing the conjugate gradient methods of Fletcher and Powell [11]
and Fletcher and Reeves [12] were available.

This report presents the results of implementing SUMT by the use
of conjugate gradient techniques of Fletcher and Powell and Fletcher
and Reeves., Extensive use has been made of the various formulations
of P functions suggested by Fiacco and McCormick [9] in this report.
Suggestions are also included to indicate the type of the P function

that is suitable for a particular type of problem., The conjugate



gradient methods are discrete, large step search methods. Therefore the
path of optimization, particularly near a constraint, frequently goes
out of the feasible region. Additional penalties were used to pull

the path of optimization back intoc the feasible region, Details of

this approach are given in chapter 5.

This newly developed approach has been used to solve two dimensional
production and inventory problems with inequality as well as equality
constraints, and the five and ten stage paint factory production and
personnel scheduling prdbleﬁ of.Holt et al; [14], The above problems
have also been solved by Lai [19] and Hsu et al [16]. A comparison of
the computing times required on an IBM 360~50 WATFOR compiler are made.
The new method has also been applied to three of the test problems
suggested by Colville [2],

The experience gained in applying the present approach indicates
that the method is successful in solving problems of a varied nature,
provided that the first partial derivatives of the objective function
and the constraints can be provided. The other conclusions are:

1., There is no generalized P function which can be used for

all problems, Three types of P functions are suggested in
the method, and some experimentation is involved in deter-
mining the appropriate P function,

2, The stopping criterion for the unconstrained minimization

technique (EPS) has to be determined ﬁy trial and error,

though a probable range of wvalues have been suggested,



CHAPTER 2

SEQUENTIAL UNCONSTRAINED MINIMIZATION TECHNIQUE

2.1 INTRODUCTION
The general nonlinear programming problem is to determine =x to
minimize f£(x)

subject to
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The function f, {gi} and {hi} can take any form of nonlinearity.

A number of techniques have been developed to solve the above
problem and the sequential unconstrained minimization technique (SUMT)
is one of the powerful techniques among them, There are three classes
of such sequential techniques [2]:

1. Interior point minimization techniques.

2., Exterior point minimization techniques.

3. Mixed interior-point and exterior-point techniques.

2,2 INTERIOR POINT TECHNIQUES

The interior point technique is applicable when the problem is of

the form:
minimize f(x)

subject to

gi(x)f_()& i=1, 2, ..., m,

where x dis an n-dimensional colummn vector (%, Xps wees Xn) .



superscript T denotes transposition. If the variables are required to
be non-negative, such constraints are included in the gi's.
To solve this problem the following algorithm is used [6,7,8,9,10].

Define the function (called the P function)
P(x, rk) = f(x) + S(rk) - I(x)
which satisfies the following requirements.

1. S(rk) is a scalar valued function of rk such that

(a) 1if ry > r2 > 0, then S(rl) > S(rz) > 0, and

(b) if lim r, = 0, then lim S(r ) = 0,
k
koo koo
2, I(x) is a scalar valued function of gi(x), i=1, ..., m,
such that

(a) I(x) is continuous in the region
R® = {x|gi(x) > 0, £ =3y 4.9 F

(b) if {xk} is an infinite sequence of feasible points
converging to x* (the local optimum) such that at

least omne gi(x) = 0, then

lim I(xk) =
koo

Some examples of the I-function are [9]:

—y s (D 10 = -] In g ()

1 1

(1) I(x) = )
i

3. The functions £(x), gl(x), ++es g (x) are twice continuously

differentiable.



4, The function f(x) is convex,

5, The functions gl(x), Ca gm(x) are concave.

6. For every finite k, [x|f(x).i k; x € R} is a bounded set,
where R = {x|gi(x) >0, 4= Ly vewy mls

7. RY = {x|gi(x) >0,1i=1, 2, ..., m 1is non-empty. This
condition indicates that at least one point must exist within
the interior of the feasible regionm.

8. The function P(x, rk) = f(x) + S(rk) « I(x) is, for each
S(rk) > 0, strictly convex for x ¢ R®. This also indicates
that either f£(x) is strictly convex or one of Bys sees B is

strictly concave,

From practical experience it is found that certain problems can be
solved even when all the above conditions are not satisfied. The four
conditions which must be satisfied to obtain any useful results are
conditions (1), (2), (6) and (7). Conditions (1) and (2) imply that the
sequential minimization of the P function will lead to the minimization
of £(x). Condition (6) eliminates problems having local minima at
infinite points, Condition (7) eliminates problems with equality
constraints.

The characteristics of the P function are:

1. lim S(r) « I(x) = 0

k=

2, lim f[x(rk)] = u¥

oo

3., lim P[x(r,), r,] = u*
Koseo k°?* "k



4, {f[x(rk)]} is a monotonically decreasing sequence.

5. {I(x)} is a monotonically increasing sequence.

The proofs of these characteristics are presented in detail by

Fiacco and McCormick [6,7,8,9].

2,2.1 Intuitive Basis of the P function

The term S(r) - I(x) is a penalty factor included in the P function
along with the objective function. This is added in order to maintain
the trajectory of the optimization path within the feasible region in
the process of minimizing the objective function. This can be ob-
served by the fact that, as the value of x approaches one of the
boundaries, I(x) will approach infinity. Therefore the value of x
will tend to remain in the feasible region.

The basic idea behind this method of formulating a P function is
to transform the original constrained problem into a sequence of un-
constrained minimization problems. This transformation facilitates the
use of many available methods for minimizing an unconstrained function,
without developing a new method to solve constrained problems. Another
advantage of the P function is that it avoids movement along the
boundary of the feasible region if one is met during the process of
minimization. Such a motion is quite complex particularly when the
constraints are nonlinear. The P function combines the objective function
and the constraints in such a manner that it is not necessary to move

along the boundary.



2,2,2 Computational Procedure
The procedure for interior point SUMT is given below [6,7,8,9]:
1. Select initial values for S(ro) arbitrarily or by using the
formula given in reference [7].

2. Select a feasible starting point

(o} (o] Q o
X = (Xl’ x2’ ssey xn)

3. Define the P-function
P(x, r) = f(x) + S(rk) « I(x)

4, Minimize the P function for the current value of T using
any unconstrained minimization technique.

5. Check if a suitable stopping criterion is satisfied.
Otherwise go to step 6.

6, Set k=k+ 1, and r

gl = rk/C, C > 1. Go to step 3.

2,3, EXTERIOR POINT TECHNIQUES

Exterior point techniques are used when the initial starting point is
in the infeasible region, that is, at least one gy < 0, and the optimi-
zation path approaches the solution to the problem from the infeasible
region,

To solve this problem the P function is defined as follows:

[6,7,8,9,10]

P(x, tk) = f(x) + A(tk) e B(x),

The requirements of the P function are



1, A(tk) is a scalar valued function of tk such that

(a) 4if 0 < 1:1 < tz, then 0 < A(tl) < A(tz)

(b) 4if lim tk = o, then lim A(tk) = o

koo ko
2., B(x) is a function of gi(x) such that
(i) B(x) =0, if gi(x) >0, 1=1, s, m

(ii) B(x) > 0, otherwise.

Some examples of the B function are [9]

(1) B =] g0,
i

L -1 eyl :

(ii) B(x)

2

The other requirements are the same as those for the interior point
P function.
The characteristics of the P function are:

1. lim A(tk) « B(x) =0

koo

2, lim f(x(tk)} = u%
koo

3. 1lim P[x(tk), tk] = u*

koo

4, {f[x(tk)]} is a monotonically decreasing sequence

5. {B(x)} is a monotonically decreasing sequence.
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The proofs of these characteristics are presented in detail in Fiacco

and McCormick [6,7,8,9,10].

2,3.1, Intuitive Basis of the P function

The term A(t) - B(x) is a penalty term included in the P function.
If the value of x moves too far away from the feasible region, the
penalty A(t) - B(x) becomes quite large particularly when t. is large.
Therefore, as k-, t, > and the penalty function will force the path

of minimization towards the feasible region.

2,3.2., Computational Procedure
The procedure for exterior point SUMT is as follows [8,9,10]:
1, Select initial values for A(to) arbitrarily or by using
the formula given in reference [7].

3, . xz) arbitrarily,

2, Select a starting point x° = (xi, b4
This need not be in the feasible region.

3. Define the P function

P(x, t) = £(x) + A(t) - B(x).

»

4, Minimize the P function for the current value of tk using
any unconstrained minimization technique,

5. Check if a suitable stopping criterion is satisfied; other-

wise go to step 6.

6, Set k=k+ 1, and A(tk+l) = A(tk) «+ C, C>1, Go to step 3.

2.4, MIXED INTERIOR POINT - EXTERIOR POINT TECHNIQUES
Some problems, for example, those with equality constraints have

no feasible region. Therefore interior point methods cannot be applied



to such problems. Other problems, where strict satisfaction of a portion
of the constraints is required at all times while the remaining need be
satisfied only as the solution is approached, require a different ap-
proach. The mixed interior point - exterior point technique is designed
to handle problems of the above type [9].

The problem can be defined as:

minimize £(x)

subject to

gi(x)io’ i=l, LI Y 'q'g

hj(X) =0, j=2+l, “e sy m,

some of the gi(x) >0,1i=1, ..., q, need to be strictly satisfied at

all times.
To solve this problem the following algorithm is used [8,9,10].

Define the P function as

P(x, 1,, t,) = £(x) + S(rk) » I(x) + A(tk) . B(x)

k
The conditions imposed on the P function are:

Ly S(rk) is a scalar=valued function of T such that

(a) if r, > r,> 0, then S(rl) > S(rz) >0

(b) 4if lim r, = 0, then 1lim S(r,) = O.
k k
ko koo

2. I(x) is a scalar wvalued function of gi(x), i=1, ..., g,

such that

11



The

(a) I(x) is continuous in the region
R°={x|gi(x) > 0, s .

(b) TIf {xk} is an infinite sequence of feasible points con-
verging to x* (the local optimum) such that at least

one gi(x) = 0, then

1im I(xk) = o,

ke
A(tk) is a scalar valued function of tkrsuch that

(a) 41if 0 < tl < t2 then 0 < A(tl) < A(tz)

(b) 4if lim tk = © then lim A(tk) = w,

koo koo
B(x) is a function of gi(x) and hj(x) such that

(i) B(x) = 0, if gi(x) Oy I = atly sewn Bs

aI]_d hj(x) = 0’ j = R-+l, RN m’

(ii) B(x) » 0, otherwise,

other requirements are the same as those for the interior-point

P function.

1,

I
o

lim S(rk) - I(x)

]
o

lim A(tk) « B(x)

k=

lim f(x, T tk) = u¥*

koo

12



13

4o lim P(x, T, t) = uk
ke

5. 1F[=, T tk]} is a monotonically decreasing sequence,
6. {I(x)} is a monotonically increasing sequence,

7. {B(x)} is a monotonically decreasing sequence.

The proofs of these characteristics are given in Fiacco and McCormick

[7,8,9,10].

2-4.1-

Computational procedure

The computational procedure for the mixed interior-exterior point

SUMT is given below [6,7,8,9,10].

lo

Select initial values for S(ro) and A(to) arbitrarily or by
using the formula given in reference [7].

o o .
Select a starting point x° = (xg, X Sri xn) arbitrarily,

29

Define the P function

P(x, tk) = f(x) + S(rk) « I(x) + A(tk} - B(x)

l"k,

Minimize the P function for the current value of T and tk
using any unconstrained minimization technique.
Check if a suitable stopping criterion is satisfied.

Otherwise go to step 6.

Set k = k + 1, S(r

k+l) = S(rk)/C, and A(tk+l) = A(tk) + C,

cC > 1, go to step 3.
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2.5 AVAILABLE COMPUTER PROGRAMS

2.5.1, RAC SUMT Computer Program

A computer program entitled "RAC Computer Program Implementing the
Sequential Unconstrained Minimization Technique for Non-linear Pro-
gramming'" is available for solving the mathematical programming problems
discussed., Its SHARE number is 3189 [20]. The program is written in
FORTRAN IV,

The computational procedure used in the computer program is sum—
marized below [6,7,8]:

1, B8Select an initial value of r, arbitrarily or use the formula

0

for selecting e

2. Select a feasible starting point x° = (xi, s winy xﬁ). 1f
the feasible point cannot be easily obtained, select x°

arbitrarily, the computer program will minimize the following

P function and obtain a feasible point.

1
=, rk) = - gs(x) + . tET gt(x)

where g_(x) < 0 and T = {tlgt(xo) > 0}. Note that the con-
straint gs(x) > 0 is violated.
3., Minimize the P function for the current value of T, by using
the second-order gradient method.
4, Verify whether a stopping criterion such as
flx, rk]

—_——— -] <
Glx, r] -
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is satisfied, If it is satisfied, the solution is optimal;
otherwise go to step 5. The dual function, G[x, rk], is
defined as [6]

m

_ _ 1
Glx, 1) = £(x, r) - 1 izl g; (x, 1) °

5, Setk=k+ 1, = rk/C, C > 1. BRepeat the iteration from

T}

step 3.

The procedure described above must satisfy two stopping criteria
before any meaningful optimal solution is obtained, The stopping
eriterion used for terminating the minimization process for P function

in step 3 may be one of the following:

2 =
T 3 P(x,r)
A, {VXP (x,r) | EEIEEL—— | VXP(x,r)| < g!
or
2 -1 P{x,r, .} - P(x,r)
T d P(x,r k-1
SR EE = sl B G 5
i]
or

G |VXP(x,r) | =& .

The second stopping criterion shown in step 4 is used to stop the

search when the overall minimum for the problem is found.

2,5.2, Computer Program using SUMT and Hooke and Jeeves Pattern Search

A computer program which uses the method of SUMT, but does not
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require any derivatives to be calculated, has been prepared by K.C. Lai

[19]. This program makes use of the Hooke and Jeeves pattern search

technique [15, 16a] as the unconstrained minimization technique, This

method has the advantage that no derivatives for the objective function

or the constraints need to be provided. The program is written in

FORTRAN 1V,

The computational procedure for using SUMT with the Hooke and Jeeves

pattern search is as follows [19]:

1.

Select an initial value of rys an initial tolerance limit
. 5 ; o
of violation to the constraints, B, and the initial step-
sizes needed in the search technique, a°.
’ ; ; o_ ,.0 o
Select a feasible starting point x = (xl, veny xn). If a
feasible starting point is not easily available, the computer

program will obtain one by minimizing the following function:

1/2
TGH = | ) gi =) + ] hz (XO)J
teT seR

where
o 0
T ={t[g (x) <0} and R={s|h(x) #0)}
Define the P function

1 -1/2

P(x, rk) = f(x) + r E E;TET + .

] by ()
3

where gi(x)_i 0,1i=1, 2, ..., m, are the inequality con-
straints and hj(x) =0, =1, 2, ..., &, are equality con-

straints.



Minimize the P-function by the Hooke and Jeeves pattern search

method. Check after every move if the move goes out of the
feasible region, If it does, go to step 5., Otherwise after
the minimum of the P function is obtained go to step 6.
Move back to the near-feasible region and go to step 4. The
near feasible region is that region where all the points

satisfy the condition
B~-TGH > 0

where B 1is the tolerance on constraint violation which is
sequentially reduced after every violation during the
iteration.

Check if the optimum X, obtained in step 4 is feasible. If
feasible, go to step 8. Otherwise go to step 7.

Move the optimum x, into a near feasible region and go to
step 8.

Check whether a stopping criterion defined as

f(x)
||G(X,rk) |-ll < £

is satisfied, If not satisfied go to step 9, If satisfied

the solution is optimal, The dual function G(x, rk) is

given by
m L
1 -1/ 2
G(x,r,) = £(x) - ¥, | —F=+r ; hi(x)
kyope® k40

o
Set k = ktl, r, . = rk/C, &> 1, dk+1 = d /(k+1l) and go to

step 3.



The two stopping criteria used in this method are
(1) Limiting stepsize for the Hooke and Jeeves pattern search,

(ii) Overall stopping criterion defined in step 8.

18
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CHAPTER 3
CONJUGATE GRADIENT METHODS

3.1. INTRODUCTION

Analyses of industrial systems frequently lead to optimization of a
system of equations which are usually nonlinear. Analytical solutions
for these equations are difficult and sometimes extremely cumbersome.
This has led to the development of direct methods of optimization or a
class of techniques known as search techniques. Some of them, like the
Hooke and Jeeves pattern search [15, 16a] and the simplex pattern search
[4,21], are based on an empirical approach., Gradient techniques on the
other hand have a classical origin, and make use of the fact that if iter-
ation is carried out in the direction of the gradient of f(x), the path
taken is that of the maximum rate of increased in f(x) [23]. It is well
known, however, that such a method has a very slow rate of convergence
in the neighborhood of the optimum [23]. Hestenes and Stiefel [13] de-
rived a method to increase the rate of convergence of the gradient method.
This method, called the conjugate g;adient method, makes use of the
cumulated knowledge of the behaviour of the function to derive new direc-
tions of search at the end of each iteration. This technique was further
developed by Davidon [3] and modified by Fletcher, Powell and Reeves
[11,12]., The algorithms of Fletcher and Powell, and Fletcher and Reeves
are presented here. This presentation follows closely that presented by

Hwang, Fan and Pereira [17].



Conjugate gradient methods have the property of quadratic conver-
gence, that is, if a quadratic function of n variables is being opti-

mized, the optimum is reached in not more than n diterations.

3.2, DESCRIPTION OF THE METHOD

Before proceeding to the mechanisms of the method it is necessary
to define conjugate directionms,

"Two directions u and ¥ are said to be conjugate with respect to the
positive definite matrix A if EF Av=20",

The conjugate gradient method is based on the assumption that in the
vicinity of a minimum, a function can be approximated by a positive
definite quadratic form. The following theorem is relevant to the

understanding of all conjugate gradient techniques:

Theorem: If £1s 52, — Er are a set of vectors mutually conjugate with
respect to the positive definite matrix A, then the minimum of the

quadratic form

F=a+£Tx+l/2§_TA_§

(0)

can be found from an arbitrary starting point x by a finite descent
computation in which each of the vectors 51 (i=1, «ve, r) is used as
a descent direction only once. The order in which the_gi are used is
immaterial.

The proof of this theorem is given in [18]. This theorem means
that if an r-dimensional objective function of the quadratic form is

being minimized, the minimum can be located starting from an arbitrary

starting point x by making r successive one-dimensional moves in the

20



r conjugate directions, £y (i =1, .ue., ), and using each direction
only once, If the objective function is not quadratic, the function
is approximately quadratic as the iteration approaches the minimum and
therefore convergence to the solution is guaranteed.

A truncated Taylor's series expansion of the objective function

F(x) about an arbitrary point Xy = (al, 895 eses ar) yields

F(x) = F(x5) + g (x;) (x - x3)

+1/2 (2 - 25" 60y (x - x) &)

where

H]
—~
L
—
1

objective function evaluated at X,

gradient vector evaluated at x

=
M

$~.¢
[}

0

op]
—~
L
—
1l

matrix of second order partial derivatives

(Hessian Matrix) evaluated at Xy

If x, is at x , , the point at which the minimum of the function F is
=0 —min

located, then from equation (1)

F(x) = F(Emin) +1/2 QE - Emin)T Gi(-j—rmzl‘.n

Y -x .) (2)

=—min

as

Therefore from equation (2), the gradient near the optimum can be

approximated as

g® Felx , IE-x ). £3)

21
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3.3 THE METHOD OF FLETCHER AND POWELL [11]
If the matrix G 1in equation (3) is positive definite, then

x-x.)=0CT1x,) gx (4)

—min —min
where Gdl(x ) is the inverse of G(x ) If G—l(x ) is available
—min —min‘ * —min ’

then x . can be computed from equation (4).
—min

The method of Fletcher and Powell uses an indirect method to
evaluate the matrix G—l. Initially any positive definite symmetric
matrix H is selected and this matrix is improved after each iteration
by using the information obtained while proceeding along the G-conjugate
directions.

If the initial matrix selected (Ho) is the identity matrix I, each

(1)

iteration generates a symmetric matrix H , which tends to approach

o,

The algorithm of Fletcher and Powell is summarized below [17]:

(1) Compute Ei = - Hi—l-ﬁi

(2) Compute Ai to minimize

1) 4 A, E.)

qi(l) = Hz i-=1

(3) Set‘_aii+l = Ei + A,
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(4) Compute

T
A\ E, E T
S = . 1 B o
SR O B T o
£ "i-1 &4 Ji Pya1 Xy

(5) Set i = i+l and go to step (1).

In the first step of the iteration, the identity matrix I is usually
selected as the initial H matrix. The value of X in step (2) is obtained
with the help of any one-dimensional search technique, Both the methods
of Fletcher and Powell, and Fletcher and Reeves use a linear search pro-
cedure developed by Davidon [3].

The selection of a suitable stopping criterion is very important,
particularly when the function being minimized is nmot quadratic. If
the square of any gradient, gi, is zero, the iteration should be terminated.
However since this is unlikely to occur in actual practice due to rounding
off errors, the value of gf is compared with some preassigned value (EPS).
A second criterion is to compare the improvement in the function value at
the end of each iteration with a preassigned tolerance. If these criteria
are not satisfied, iteration is continued until a preassigned number

(LIMIT) of iterations is carried out,

3.4 METHOD OF FLETCHER AND REEVES [12]
In this method, successive congugate directions are generated such

that gi+l is a linear combination of ~8541 and 51, Ei, i Ei’ as follows:

€ * AL

i+1 7 B4l T MM
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where

The algorithm of Fletcher and Reeves may be summarized as follows:

(1)

(1) Select an arbitrary starting point x
(2) Compute = VF (x(l)) and set £, = -
pute & X 21 - &

(3) Fori=2, 3, v.u, T+2

(a) Set Eﬁi) = Eﬁi_l) + Ay 1 Eg_1» where

(i-1) %

A S R A By gk

1-1 minimize qi_l(l) = F(x

(b) Compute g, = VFgﬁ(i))

(e) If i = r+t2 go to step 4. Otherwise set

E; By
g, =& t—w—
£ 1811

and return to a).

(1

by

r+2 : .
gﬁ ) and restart the iteratiom,

4, Replace x

)

The one dimensional search to locate the minimum of 9.1 in
step 3(a) and the stopping criteria used are the same as those for the

method of Fletcher and Powell.
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3.5 AVAILABLE COMPUTER PROGRAMS

There are two IBM scientific subroutine packages entitled FMFP and
FMCG available for implementing, respectively, the methods of Fletcher
and Powell and that of Fletcher and Reeves. These are written in
FORTRAN IV. Double precision versions of the same programs entitled
DFMFP and DFMCG are also available. Each of these programs requires an
external subprogram to supply the value of the objective function and
the partial derivatives of the objective function at any given point,
The stopping criteria needed to be supplied are EPS, the tolerance on
function or gradient changes and LIMIT, the maximum number of iterations.
In addition an estimate of the minimum value of the objective function,
EST, should also be supplied, The program gives the value of IER in its
output, which is an index indicating convergencé. IER = 0 means that
convergence is obtained, IER = 1, no convergence is obtained within the
specified number of iterations, IER = -1, there are errors in the cal-
culation of gradients, and IER = 2, the function has no minimum,

Some modifications have been made in this work to these subroutines
so that intermediate results during the process of minimization could be
printed out, The descriptive computational method for the conjugate

gradient technique is presented in Fig. 1.
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CHAPTER 4

IMPLEMENTATION OF SEQUENTIAL UNCONSTRAINED MINIMIZATION TECHNIQUE BY

CONJUGATE GRADIENT METHODS

4,1 INTRODUCTION

Sequential unconstrained minimization technique (SUMT) is a simple
and powerful technique for solving general nonlinear programming
problems. The basic scheme of this technique is to transform a con-
strained optimization problem into a sequence of unconstrained optimi-
zation problems and to solve these with the aid of any one of the
available techniques of unconstrained optimization. The computational
procedure described here uses the conjugate gradient methods of Fletcher

and Powell [11] and Fletcher and Reeves [12],

4,2 COMPUTATIONAL PROCEDURE

The flow-chart for the computational procedure of SUMT with the con-
jugate gradient method is shown in Fig., 2. The procedure is summarized
below:

1., Select a starting point x° = (xi, xg, s eed xg), initial values
of the penalty functions S(ro), stagewise and overall stopping criterion
(EPS, 6), limit on the number of iterations at each stage (LIMIT),
and an estimate of the minimum of the objective function (EST).

2. 1If the initial starting point is infeasible, select a feasible
starting point by minimizing the total weight of violation, TGH. TGH
is defined by [5]:

TGH = | | gi %) + 7 hz (x%)
teT se8

]1/2
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where T = {t|gt (xo) < 0} and S = {s[hs (xo) # 0}.
3. Define the P function as [8,9,10]
P(x, r, t) = £(x) + S(r) « I(x) + A(t) * B(x)

4, Minimize the P function by using either the method of Fletcher
and Powell or the method of Fletcher and Reeves,
5. Check if a stopping criterion such as

| -l <o

is satisfied. Otherwise go to step 8. The dual function G(x, r, t)

is defined as

G(x,r,t) = f(x) S(r) » I(x) + A(t) * B(x)

6., Set k = k+1, S5(r

k+1) = S(rk)/C, and

C, where C > 1,

Al 1) = Al
and go to step 3.

4,3 PROCEDURE FOR SELECTING A FEASIBLE STARTING FPOINT

The procedure for selecting a feasible starting point when the input
initial point is out of the feasible region bounded by inequality con-
straints, gi(x) >0 for i=1, 2, ..., m, utilizes the conjugate gradient
technique to minimize the weight of violation of constraints.

The procedure is as follows:
1, Start at the input initial point xo, and compute the weight of

violation



