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Abstract

This work focuses on fast and stable numerical methods for solving inverse source and
scattering problems, utilizing sampling-type methods and deep learning. Our objective is to
accurately reconstruct unknown sources or objects using measurements of outgoing waves,
focusing on two primary models: acoustic waves governed by Helmholtz equations and elec-
tromagnetic waves described by Maxwell’s equations.

We first propose a robust and computationally inexpensive sampling-type method for
reconstructing small acoustic sources from boundary Cauchy data at a single frequency. This
method efficiently identifies the location and intensity of sources, supported by a theoretical
foundation using the Green representation formula and an asymptotic expansion for small-
volume sources. We validate this approach through 2D numerical examples with synthetic
data.

We then expand this technique to address the acoustic inverse scattering problem, apply-
ing a versatile imaging function suitable for both near-field and far-field data. We provide a
rigorous analysis to establish the decay rate of the imaging function. Integration with a deep
neural network featuring a U-net architecture allows us to effectively solve the problem.
This combined method accelerates the training process, provides accurate reconstruction,
and excels in handling noisy and one incident wave data. Numerical examples in 2D using
synthetic data are provided.

Finally, we modify the orthogonality sampling method to accommodate a wider range
of polarization vectors associated with data for electromagnetic inverse scattering problems.
This method is analyzed using the factorization analysis for the far-field operator and the
Funk—Hecke formula. We validate its performance against 3D experimental data from Fres-

nel, comparing it to both its original formulation and traditional factorization methods.



Numerical studies demonstrate that our method performs better than these approaches on

this specific sparse and limited-aperture real dataset in a fast and simple manner.

3

The results are taken from my published papers'™, coauthored with my advisor and our

collaborators.
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Chapter 1

Introduction

In this dissertation, we study fast and stable numerical methods for solving inverse source
and scattering problems associated with wave equations governed by partial differential equa-
tions. The inverse problems aim to reconstruct the physical and/or geometric properties of
unknown sources or scatterers using the measurement of outgoing waves. These problems
arise naturally and hold critical applications across various areas, including non-destructive
testing?, medical imaging®, geophysical exploration”, antenna synthesis®?, pollution source
tracing ', and military surveillance!!. The study of these problems has only emerged since
the 1980s. Inverse problems have presented considerable challenges for researchers due to
their inherent non-linearity and/or severe ill-posedness. In particular, even minor perturba-
tions in the measured data can lead to significant errors in the reconstruction results.

We investigate sampling methods that have garnered significant research interest over
the past two decades'??7. These numerical methods require less a priori information about
scatterers and are less computationally expensive than iterative approaches? 2. The Linear
Sampling Method (LSM) in®® and the Factorization Method (FM) in* represent the earliest
sampling methods, initially applied in acoustic!? and electromagnetic!® scattering scenarios.
They offer rigorous mathematical analysis and simple computation. However, they require
scattering data with multiple incident waves and are sensitive to noise in the datasets. To

address this, we developed new sampling methods that provide more stable solutions to



both inverse source and scattering problems. These approaches are flexible in measurement
distance and can be applied to data from arbitrary distances. Additionally, we study a
combined method that extends a sampling technique and integrates a deep convolutional
neural network to effectively solve the inverse problem under one incident wave data. We then
validate our methods through comprehensive testing with both simulated and experimental
data.

Our methods draw inspiration from the orthogonality sampling method (OSM) proposed
by Potthast in!* for sound-soft acoustic scatterers. This method has attracted attention
for its enhanced robustness against noise and its straightforward mathematical justification

of stability compared to traditional sampling methods. It was explored for the Helmholtz

15-17 18

equation in and Maxwell’s equations in'®. However, its theoretical foundation still
needs to be developed. This has inspired our research to significantly enhance new sampling
techniques’ mathematical justification and numerical performance. We also refer to'??! for
recently developed sampling methods sharing similar features to the OSM. The results in this
part are taken from my published paper, coauthored with my advisor and our collaborators.

Below, we outline the motivations for each chapter in the dissertation and summarize

their contents.

e In chapter 2, we will focus on solving the acoustic inverse source problem for the
Helmholtz equation using Cauchy measurements at a fixed frequency. The problem
has been studied by many researchers, although most approaches use data involving
multiple frequencies. Solving the problem with a fixed frequency is notably more com-
plex due to its non-uniqueness caused by non-radiation sources. Some iterative studies,

2829 required priori information about the sources to achieve a

such as those found in
unique solution. Stability is another challenging issue, as small errors in data can lead
to large errors in the reconstruction. We will introduce a sampling-type method with
a new imaging function to determine the number of unknown radiating point sources,

their locations, and intensities. As mentioned, sampling techniques offer robust com-

putation without initial source knowledge or additional regularization. In contrast to



the direct sampling method in*?, our approach uses a single integral, avoiding multi-
level sampling while providing comparably accurate reconstruction results. This offers

faster and easier computation, especially for large-scale search domains.

We will provide a theoretical justification of the proposed method using the Green
representation formula and the properties of the imaginary part of the Bessel functions,
alongside analyzing its stability estimation. Additionally, we will extend the method for
small-volume sources by using an asymptotic expansion of the radiated field. Finally,
we will present simulated numerical examples in 2D to demonstrate the method’s

effectiveness.

In chapter 3, we will consider the acoustic inverse scattering problem for the Helmholtz
equation of determining the shape and location of objects from data generated by
one incident wave at a fixed frequency. This problem is more challenging than the
inverse source problem due to its inherent nonlinearity. It is known that in the case of
scattering data generated by one incident wave, the OSM can only provide reasonable
reconstructions for small scattering objects!*. Traditional sampling methods like FM
and LSM are ineffective in these cases. This motivates us to combine our sampling-type
technique with deep learning to obtain better reconstruction results. The combined
method is stable, eliminating the need to train with noise, thus reducing the training
information, and preventing overfitting. Additionally, unlike previous methods that
required scattering data to be measured on the boundary of a sphere in 3D or a
18)

circle in 2D (see'®), our method allows for the measurement of data on any arbitrary

35740 " explored and physics-based reconstruction

boundary. Several studies, including
methods to solve inverse problems. However, most of these studies relied on data from

multiple incident waves.

We will extend the sampling-type method in chapter 2, and then combine it with a
convolutional neural network to solve the problem under one incident wave data. The
resolution analysis of the imaging function will be analyzed where the explicit decay

rate of the function will be established. For the deep neural network, we use the U-



Net-Xception style, one of the most recent architectures with extensive applications
in computer vision and medical imaging. Training processes and hyperparameter se-
lection will be discussed. This combination leads to a significant improvement in the
reconstruction results initially obtained by the sampling method. Numerical studies

for simulated data in 2D will be presented.

e In chapter 4, we will address the electromagnetic inverse scattering problem for Maxwell’s
equations in non-magnetic and magnetic media at a fixed frequency, using 3D experi-
mental data from the Fresnel Institute. There have been results on experimental data
verification for sampling methods. Most of these results are for 2D data. The 3D
data for two spheres from the Fresnel Institute was studied in*! with a direct sampling
method under a small volume hypothesis of well-separated inhomogeneities. Note that
the modified sampling-type method we study does not require this hypothesis. Some

30-32 and refer-

other results on inverting these 3D experimental data can be found in
ences therein. Compared with these results, our method uses only co-polarized (PP)
datasets at a single frequency. In addition, the implementation of the OSMs is simpler,
faster, and less expensive than those of the iterative methods studied in the cited pa-
pers. Note that the method can only recover geometrical information of objects. The
main challenge in inverting these 3D real data is that these are sparse data, only the
third component of the electric field is measured, and it is measured on a circle. It is

shown in the experimental data verification that the proposed method can successfully

invert the real data and performs better than its original version and the classical FM.

We will first investigate a modified version of the OSM in?" to accommodate a wider
range of polarization vectors associated with the scattering data. We will analyze the
modified OSM using factorization analysis for the far-field operator and the Funk—Hecke
formula. The second goal is to apply the modified OSM, the original OSM, and the
classical FM, to the inversion of 3D experimental data. 3D experimental data valida-

tion will be provided.

e In chapter 5, we give a summary of the work in this dissertation as well as possible

4



future work related to this topic.



Chapter 2

Fast Identification of Small Radiating

Sources

2.1 Formulation of the acoustic inverse point source

problem

In this section, we study a sampling-type method for the inverse source problem of deter-
mining radiating point sources from Cauchy data at a fixed frequency for the Helmholtz
equation. We consider a set of N € N point sources located at z; € R? for j =1,2,..., N,
and d = 2 or 3. These point sources are represented by the Delta distribution d,; and have
nonzero intensities a; € C. In the context of the human brain, these point sources can
represent the active channels present within the nerve membrane. Let £ > 0 be the wave
number. Suppose that the sources are well-separated, meaning that dist;z;(x;, z;) > A,
where A = 27/k is the wavelength.

We then assume that the sources generate the acoustic radiated field v : R — C that



satisfies the following model

N
Au+ku=—) a6, nR% (2.1.1)
j=1
(D
Jim 7 (a_:f - zku) =0, r=lz|, (2.1.2)

with the Sommerfeld radiation condition (2.1.2) holds uniformly along all directions z/|x|.
It is well-known that the radiated w to (2.1.1)-(2.1.2) can be represented in terms of the

free-space Green function

N
u(z) = Z a;®(z,2;), inRY (2.1.3)
j=1

where the Green function ®(x,y) is the fundamental solution to the problem (2.1.1)-(2.1.2)

and is given by

PH (Kl —y)),  inR?,
O(z,y) =4 " " (2.1.4)

%, in R?,
for any x # y. Here, Hél) is the first kind of Hankel function of order zero.

Let © C R? be a regular bounded domain with the Lipschitz boundary 02, where the
radiated field is measured. Assume all point sources are within this domain, z; € 2 for
j=1,2,...,N. Denote by v(x) the outward normal unit vector to the boundary 092. We
now state the inverse source problem as below.

Inverse problem: Given the Cauchy data of u and du/0v on the boundary measurement
0N} for a fixed wave numberk, determine the number of unknown point sources N, their
N.

locations x; and intensities o; for j = 1,2, ..

Note that when dealing with a single wave number k, the Cauchy data is crucial to

establish the uniqueness of the solution to this inverse problem (see!%?%).



2.2 A sampling-type method

We now investigate a sampling-type approach to solve the inverse source problem. The

Helmholtz integral representation below is helpful to the analysis of the method.

Lemma 2.2.1. Assume that W is bounded Lipschitz domain in R? such that RA\W is
connected. Let v be a unit outward normal vector on OW . For any function w € H*(W),

we have

B ow(y) ) — w 00 (x,y) s(u) — 0t 2Dl
w(:c)—/aw<ay(y)<b( ,Y) (y)—au(y) )d (y) /W(A + E*w)® (2, y)dy.  (2.2.1)

Proof. We refer to [*?, Chapter 2| for a proof of the lemma. O

The next lemma is important for the theoretical justification of the imaging function in

the sampling-type method.

Lemma 2.2.2. The following identity holds for the radiated field u in (2.1.3)

ov(x

) @), N
[ (B 2t - mote 5 ) o) = S imtlay . (223

Proof. Substitute the Green representation of u in (2.1.3) to the left hand side of (2.2.2), we

have

Omle,) g U
/39( o) ”’“U@))dﬂ (223)

N
:/ <8Im<1> 7,2) Zaﬂ z,z;) — Im®(x, 2) Z%afb ’ wj )ds(m) (2.2.4)
o0 ~

(9ImCI> (x z) N T Dz - 3‘13(%131‘) o(z
_Z%/ ( ®(z,z;) — Im ®(x, )—(Mx) )d (z). (2.2.5)

S

Given that the imaginary part of the fundamental Green function solution satisfies

Alm ®(z,y) + k*Tm ®(x,y) = 0,



for all z,y € RY, and Im ®(x,y) is a regular function, the Helmholtz integral representation

in (2.2.1) implies that

Olm &(z, 2) DD (z,y) -
/aQ ( () O(z,y) — ImP(z, 2) () ds(z) = Im ®(y, 2). (2.2.6)
This completes the proof. 0

We now propose a new imaging function for the recovery of small acoustic radiating

sources. Let z € R? be a sampling point, define

I(z) = /m <8hgf;((f)’z)u(x) — Im ®(z, 2) 8U(I)) ds(z). (2.2.7)

Therefore, from Lemma 2.2.2, we obtain that

N
I(z) =) ajlm&(x;, 2),
j=1
where the imaginary part of the Green function is given by

%Jo(lﬂl’—zl)v in RZ,
Im ®(z, z) = (2.2.8)

ﬁjo(kkv —z|), inR3,

for any z,z € RY. Here, Jy and j, are respectively a Bessel function and a spherical Bessel
function of the first kind. In fact, Im ®(z, ) attains its maximum at z = x and decays as z

is away from x with
Jo(klz —2)) = O(|lz — 2|7Y?) and  jo(klz — 2|) = O(|lz — 2|7Y), as |z — 2| — oo.

Thus, we can determine N as the number of significant peaks of |I(z)?, where p > 0 is
chosen to sharpen the peaks of the imaging function. Then, z; can be determined as the

locations where |I(z)|P exhibits significant peaks. It follows that the resolution for imaging



the sources is within the diffraction limit

(1—-d)p

lI(z)|]P =0 (dist(z,X) 2 ) , as dist(z, X) = oo,

with X = {x;: j =1,2,..., N} represents the set of locations.
Additionally, once we obtain estimations for x;, their corresponding intensities «; can be

computed as below

I(z)

N I By, 1)

since under the assumption of well-separated point sources, Im ®(z;, ;) ~ 0 for any i # j.
This method is robust against the presence of noise in data. In practice, experimental
data are always perturbed by noise. We assume the noisy Cauchy measurements denoted by

us(x) and O us(x) satisfy

[u(z) = w(@)s 2 00) < dillu(@)]L200),

|0vu(x) — Oyus()|| L2(a0) < 02||0vu()|| 200

for some constants 01,09 > 0 presenting the level of noise. We can derive the following

stability estimate.

Theorem 2.2.3. Denote by I5(z) the imaging function corresponding to the noisy Cauchy

data of I(z). Then, for any z € R® and an integer p > 0, when max (01, d) < 1,
()" = 15()|"] < max (01, 02) M,

for some constant M > 0 independent from 01,92 and z.

10



Proof. By the triangle inequality and the Cauchy-Schwarz inequality, we have

[1(2) — I5(2)| < [lu(x) — us(@)]| 2290 |0,Im (-, )| L2 (502)
+ [0u(z) — Oyus(@) || 12000 [[Tm (-, ) || L2 (50
< illu(@)| 2 00) [0, Im @ (-, @) 2(80) + 02/| Oy u(2) | L2 a0y [[Tm (-, ) [| L2 (002)

< max (91, 92)C,

Where C = Hu(:c)HLz(aQ)H&,Im (I)(-,l')HL2(39) + H&,u(:c)HLz(ag)HIm (I)('ax)HLQ(SQ) < 0Q.

For a positive integer p, using the triangle inequality, we estimate

()" = [Is(2) "] < [1(2) Zlfa ()P~

< .0 S 1(2) — 12) + KV

Jj=0

Note that for any two numbers a, b > 0, we have
(a+ b <2071 (a? + ) for any p > 1.

That leads to

11(2)I” = [15() || < max (51,52)022j71 (Hs(2) = I(2)P + [I(2)]) |1 ()P~
e, 800 59 (5, Y+ ).

J=0

11



In addition, we can show that |I(z)| < C. Hence,

-1

M — [6(P] < max (6o, 50 Y 27 (s (51,62 + 1) 07

7=0

p—1
= max (§;,05)CP [ 2P71 — 1+ ZZj_l max (d1, 52)j> :

J=0

When max (d1,92) < 1, we get

p—1
11(2)|P — |Is(2)|P| < max (d1,d2)C? <2p_1 -1+ Z2j_1> = max (01, dg) M
=0
with M = CP(2P — 3/2) > 0 independent from d;, 2 and z. O

2.3 Reconstruction of small volume sources

We let D with Lipschitz boundary 9D have a small volume in R? such that |D| = O(e?). To
this end, we assume that the small volume source D is given by a collection of small volume
subregions

D = ijlej with D; = x; +€eB; such that dist(z;, z;) > A,

for © # j. The parameter € is sufficiently small, satisfying 0 < € < 1. Here, B; is a bounded,
radially symmetric domain with a Lipschitz boundary centered at the origin, and |B;| = O(1)
for 7 =1,2,...,N. The points z; are assumed to be within 2. We also suppose that D; are
pairwise disjoint such that D; N D; = @ for i # j. Let the source f € L?*(D) and 1p be the
indicator function on the set D. We assume that the radiated field u € H} (R?) generated

by these small sources satisfies

Au+ k*u = —f1p, (2.3.1)

12



along with the Sommerfeld radiation condition in (2.1.2).
It is well-known that the radiated field of this problem can be written as the following

integral form

u(z) = /D F(4)®(z,y)dy, (23.2)

where ®(z,y) is the free-space Green function as given in (3.2.2).

Now, we consider the inverse source problem of determining the number of unknown
small sources NV and center z; in each subregion for j = 1,2,..., N, from the Cauchy data
measurements of v and d,u on the boundary 0.

We have that for any 2 € R\ D, we can use a first-order Taylor expansion of the Green
function to approximate the radiated field u. Therefore, we notice that y € D; if and only

if y = x; + ew for some w € B; which gives us that

u(z) = /D F(9)®(z, y)dy

I
(]

/D )@ (o, 2 + ew)dy

j=1"v"Ls

@2+ 0) [ fly)ay.

7j=1

Let ij denote the average value of f on the subregion D;. In other words,

— 1
Ip, =
Pi Dy

/f(y)dy forall j=1,2,...,N.
Dj

And by using the fact that |D;| = 4| B;|, we obtain that
N
u(@) = "> fp |Bj|0(x,z;) + O(e*). (2.3.3)
j=1

This gives that, up to leading order, u acts like a radiated field generated by point sources

located at z; with intensity a; = edej|Bj|. Again, by using the representation in (2.3.3)
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and the Green formula for Im ®(z, z), we derive that

wux—m xz@u(a:) S;L‘zedN_ 1m B (.. 2 A+l
/aﬂ( iy )~ Im el 2)5 )d() > T, |Bilm @, 2) + O,

J=1

(2.3.4)

As in the case of point sources, this identity allows us to use the proposed imaging function
I(z) defined (2.2.7) to determine centers z; of small volume sources. Specifically, they can be

determined as the locations where |I(2)|P has significant peaks. Moreover, up to the leading

order, if TD]_ # 0 we have that for all z € R4\ D
lI(z)]P =0 (dlst(z X)(1 d>p) , as dist(z, X) — oo,

with the set X ={z;:j=1,2,...,N}.

2.4 Numerical results

We now present numerical results for the new sampling-type method to identify small sources
in two dimensions. In all of the numerical examples, the wave number is chosen as k£ = 20
and the Cauchy data is given at 256 points which are uniformly distributed on the circle
centered at the origin with a radius of 50 (which is about 159 wavelengths). The synthesis
data is computed in MATLAB using (2.1.3) and (2.3.2), respectively with 10% random noise
added to the data. The noise vectors N o consist of numbers a + ib where a,b € (—1,1) are
randomly generated with a uniform distribution. We consider the same noise level for both

u and 0,u for simplicity. The noise vectors are added to u and 0,u as follows

N N
u+ 10%———|ul|lr du+ 10%———||0,u||F,
1N e 1Nz F
where || - || is the Frobenius matrix norm. The imaging function I(z) is computed at 256 x

256 uniformly distributed sampling points on the search domain [—2,2]?. That means the
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distance between two consecutive sampling points is about 0.05 wavelength. This distance
is small enough since the sources are supposed to be well-separated.

The reconstruction results for the location and intensity of different numbers of point
sources can be seen in Table 2.1 and Figure 2.1. The number of significant peaks of |I(z)[?
with p = 4 is clearly shown in Figure 2.1. We determine the number of sources N and z;
for j = 1,2,..., N as the location of these peaks. Table 2.1 shows that the locations x;
of the point sources are computed with high accuracy. Additionally, the intensities a; are
recovered with reasonable relative errors, ranging from 1% to 10%. In particular, the method
can reasonably compute the location and intensity of two point sources located within a close
distance of a wavelength. It is noticed that the error gets worse as the number of sources to
compute increases.

We display in Table 2.2 and Figure 2.2 the reconstruction results of sources that are small
disks. The centers z; of these circular sources are again computed with very good accuracy.
It is worth noting that the magnitudes of source intensities considered in this section are
not significantly different from each other. If there is a large discrepancy in the magnitudes
of the source intensities, the method may not be able to determine the sources with smaller
intensities. This drawback, also highlighted in??, remains an open question that inspires our

future research.
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N True location | Computed location | True intensity | Computed intensity
2 (close) (0.15,0), (0.125,0.000), 1 — 24, 0.942 — 1.8811,
(—0.15,0) (—0.125,0.000) 1+2i 0.950 + 1.899¢
2 (distant) (—1,0.8), (—1.000,0.796), 1 — 24, 1.007 — 2.0454,
(0.7,-1) (0.703,—1.000) 1+4+2i 1.024 4 2.004¢
3 (1,-1), (1.000, —0.984), 4, 3.912 4 0.0234,
(1.3,1), (1.312,0.984), 3.5 — 1, 3.431 — 0.918q,
(—=1.2,—-0.25) | (—1.203,—0.250) 35+ 3.970 + 0.968¢
4 (1,-1), (1.015,—1.000), 2.5 + 24, 2.725 + 2.2374,
(1,0.75), (1.015,0.750), 2.5 —2i, 2.759 — 2.1584,
(—=1.2,-1), (—1.203, —1.000), 3.5 — i, 3.532 — 1.035¢,
(—1.2,0.75) (—1.203,0.750) 341 2.982 + 1.077¢

Table 2.1: Reconstruction results for the location and intensity of point sources.

True location

Computed location

3 1 (1,0.75), (=1, —1), (1.25, —1.5)

(0.984,0.734), (—0.984, —1.000), (1.234, —1.500)

(1,1), (—1, —1.25),
(1,-1),(~1,0.75)

(0.984,0.984), (—0.984, —1.234),
(0.984, —0.984), (—0.984, 0.734)

51 (1.25,1.2),(—1,0), (1, —1),
(—0.6,1), (0.25,0)

(1.265,1.203), (—1.000, 0.015), (1.000, —1.015),
(—0.609,0.984), (0.250, 0.000)

Table 2.2: Reconstruction results for the center of small disks.
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Figure 2.1: Pictures of |I(z)|* for point sources. The true locations of the sources are
displayed by the green crosses.
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-2 -2 -2
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

Figure 2.2: The first row is the true profile of small volume sources (the color of the disks is
associated with the value of f on each disk that we are not able to recover using /(z)). The
second row contains pictures of |I(z)|*.
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Chapter 3

Deep Learning Enhanced Imaging of

Scattering Objects from Limited Data

3.1 Formulation of the acoustic inverse scattering prob-

lem

In this section, we focus on solving the inverse scattering problem for acoustic waves related
to the Helmholtz equation, which aims to recover the shape and location of a scattering
object from limited measurement data. We consider a penetrable inhomogeneous bounded
medium with Lipschitz domain denoted as D, characterized by a bounded index of refraction
function n(x) : R* — C satisfying n = 0 in R¥\ D, with d = 2 or 3. In our setup, an incident
wave, modeled as a time-harmonic acoustic plane wave u™(z) = e**din_ illuminates the
medium. Here, k£ > 0 is the wave number, and d;,, € R? is the direction of wave propagation.
Denote the total wave by u : R? — C. Then, there arises the scattered acoustic wave

u*® := u — u'™. The following model describes the scattering phenomenon

Au+k*[1+nx)]u=0 inR% (3.1.1)
. omen (OUT B
Tlg]glor 2 ( o iku > =0, r=]|z, (3.1.2)
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with the Sommerfeld radiation condition (3.1.2) holds uniformly for all directions z/|z| in
St i={r e R?: |z| = 1}.
If R4\ D is connected and Ren > 0, this scattering problem is known to have a unique weak

solution u** € H} (R9), see??. Let Q be a bounded Lipschitz domain such that D C Q and

loc
denote by v(x) the outward normal unit vector to 92 at x. Below is the inverse scattering
problem with one incident wave data that we are interested in solving

Inverse problem: Given the Cauchy data of u,. and dug./dv on the boundary measure-

ment 02 from a single incident wave and at a fixed wave number k, determine the domain

D.

3.2 A sampling-type method

We now explore a sampling-type technique and integrate it with deep learning to solve this
problem. Similarly, the free-space Green function of the scattering problem (3.1.1)-(3.1.2) is
®(z,y) as defined in (2.1.3).

It is well-known that problem (3.1.1)-(3.1.2) is equivalent to the Lippmann-Schwinger
42)

equation (see,

) = B2 /D (e, yn(y)ulydy, o e R

We need to use the following Funk-Hecke formula to analyze the sampling method in this

section.

Lemma 3.2.1. LetY,, be the spherical harmonics of order m and j,, be the spherical Bessel

functions of the first kind and order m. We have

eikx.zyn(z>ds<2>=j‘—:jm(k1x\)ym % ,
/S ||

Proof. A proof of this lemma can be found in [**, Chapter 2. O

Motivated by the definition of the imaging function for the inverse source problem in

(2.2.7), we introduce the imaging function for this inverse scattering problem. Let z € R?
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be a sampling point, define

/asz (mrgf;(g@usc(x) — Im &(z, z)?jé?) ds(z)

p

I(z) := (3.2.1)

where p =1 or p = 2.
This function /(%) is designed to identify the domain D within Q. We expect that I(z) is
relatively large when z is within the object D and small as z is away from D. The behavior

of the imaging function is analyzed in the following theorem.

Theorem 3.2.2. The imaging function satisfies

p

I(z) =

2 /D Tm ®(y, 2)r(y)u(y)dy

Proof. From the Lippmann-Schwinger equation, we obtain that

Ouge(z) 5 [ 0P(,y)
ov(z) =k Day—(x)ﬁ(y)u(y)dy-

p

Substituting these integral representations into the definition in (3.2.1)
8 Sc
z) — Im®P(x, 2) Y (x)> ds(z)

/ (8Irg¢>(as,z)usc( g
0 (mmiéfz ) / o e )
| [ (P [ ottty - et [ Ty ) dste)

- kZ/ /asz 3Im<l> e - Imq)(x’Z)ggu(ij)ds(x)n(y)u(y)dy p

Now, using the identity of the Green function in (2.2.6) gives

G am——

p

I(z) =

— kz/DIm¢(y7Z)n(y)U(y)dy
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We know that

+Jo(kly — z|), inR?
Im®(y, 2) = (3.2.2)

iwjo(kly —2]), inR?,

for any y, z € R%. Here, .Jy and jy are respectively a Bessel function and a spherical Bessel
function of the first kind. In fact, Im ®(y, z) peaks at z = y and decays as z is away from y

with
Jo(kly —z)) = O(ly — 2|7"%) and  jo(kly —2]) = O(ly — 2|™"), as [y — 2| = oo.

Therefore, we expect from Theorem 3.2.2 that I(z) takes larger values for z € D and much

smaller values outside D, up to the leading order

1 .
I(z) =0 <dist(z,D)P(d—1)/2> , asdist(z, D) — 0.

This incomplete analysis is common for imaging functions of sampling-type methods

14-16:43-45) " To our knowledge, a complete analysis of sampling-type methods is still an

(see
open problem.
We now show a relation between I(z) and the imaging function suggested by Potthast
in'4. To this end, we recall that the scattered field u,. has the asymptotic behavior
ezk\x|

= e (u*(2) + O (1/[z])),  as |z| = oo,

Use ()

for all # € S¥ 1. The function u>(%#) is called the scattering amplitude or the far-field
pattern of ug.(z). The imaging function of the orthogonality sampling method suggested
in'* is given by

Tosm(z) =

/ =50 () ds(7)|
Sd—1
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Theorem 3.2.3. The two imaging functions are related by

I(2) = v|Iosm(2)”,

V2k

(1n)” in RS,

in/4\ P .
(ﬁe > , in R2,

where v =

Proof. From the Lippmann-Schwinger equation for u. it is known that its scattering ampli-

tude is given by

u*(2) = ak? /D ey Yuly)dy,

eiﬂ'/4 . 2

. V8rk’ in R )
with a =

ﬁ, in R3.

Substituting u™ in Ipgp(z) implies

Iosm(z) =

" /D /Sdl e En(yyu(y)ds(2)dy| .

Using the Funk-Hecke formula in Lemma 3.2.1, we obtain that

. 2Im ®(z, y), in R2,
/ ezkm'(z_y)ds(:%) =
gd—1

@Im D(z,y), in R3.

(3.2.3)

(3.2.4)

Substituting (3.2.4) in (3.2.3) and comparing with Theorem (3.2.2), we complete the proof.

]

This Theorem also implies that [(z) is stable against noise in the data, following the

stability of Ipsa(2) as demonstrated in'.

Remark 3.2.4. If 02 is the boundary of some ball with a large radius, we can approximate

Oyuse = ikug. using the radiation condition. Then I(z) can be modified to handle the far-field
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data ug.(x) as follows

p

I(z) =

/m (mrgf;(g’z)usc(x) — ikIm ®(z, Z)usc(:r)> ds(z)

3.3 The deep neural network

We now use the sampling-type method along with a deep neural network of U-Net-Xception
style to form a combined method to solve the inverse scattering problem under one wave
incident data. Numerical simulation was done for both simulated and experimental scattering

data.

3.3.1 U-Net Xception style

Xception is an efficient architecture that relies on two main points: Depthwise Separable
Convolution and Shortcuts between Convolution blocks. Xception architecture is an alter-
native to classical convolution layers, which performs more efficiently in terms of computation
time and accuracy. See details of Xception architecture in°.

Firstly, Depthwise Separable Convolution includes two subnetworks: Depthwise Convo-
lution and Pointwise Convolution. Compared to conventional convolution layers, Depthwise
Separable Convolution does not need to compute convolution operations across all channels,
which will eliminate the number of parameters in the model and makes it simpler.

Secondly, there are residual (shortcut/skip) connections in Xception networks. Many
state-of-the-art Deep neural networks (Resnet, YOLOv3, MobileNetV2, Cascading Residual
Network) have shown that accuracy is much higher when residual connections are used,

see 47-49 )

3.3.2 Training the network

The training data set includes 60,000 pairs of images, each pair consists of a true image

and a preliminary image. A true image represents a scattering object. We illuminate this
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object with an incident plane wave from one direction and apply the spectral method in®°
to solve the direct problem, producing the associated scattering data. Using the proposed
sampling-type technique on this scattering data, we generate a computed image, referred to
as a preliminary image.

The true images are those of either one or two ellipses whose center and radii are randomly
generated using a uniform distribution within the square domain [—2,2]?. More precisely, if
the object consists of only one ellipse, its center is uniformly distributed within the square
[—0.8,0.8]%, and its radii are uniformly distributed within the interval [0.1, 1]. If the object
consists of two ellipses, the first one is generated in the same manner as before, while the
second one has its center uniformly generated within the square [—1,1]?, and radii are uni-
formly distributed within the interval [0.1,0.5]. Note that the two ellipses are allowed to
overlap each other.

The wave number is chosen to be k = 6, which means the wavelength is about 1. As for
the incident wave, we use

Ui, (l’) _ ezk(ml cos 0+x2 sin 0) :

where § = 90° for 30,000 images and 6 = 45° for the other 30,000 images. The Cauchy
scattering data are computed on the circle of radius 100. We did not add any artificial noise
to the scattering data for the training and testing of the network. See Figure 3.1 for examples
of training data pairs.

All images are uniformly partitioned into 160 x 160 pixels. Define J = {1,2,...,160%} to
enumerate the pixel order within an image. The neural network is initialized with random
parameters. Using a preliminary image as input, the network produces the corresponding
output image § = {y; }ics that will then be used along with the true image y = {y; }ics to

calculate the loss function for individual training pairs

L==> (ylogg + (1 —y)log(l—i)),

iceJ

The overall loss function is the average of this loss across a specified number of samples.
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Figure 3.1: Examples of three training data pairs: true images (top), preliminary images
(bottom).

After that, the parameters within the convolution layers are tuned using the Adam method
to minimize the cost function. This minimization process is done for one batch of size 32 at
a time. The initial learning rate is 1072, and will be divided by 10 if the validation loss does
not decrease or validation accuracy does not increase after 5 epochs until it reaches 107°.
The neural network’s architecture can be briefly described by the diagram in Figure 3.2.
Out of 60,000 pairs of images, 50, 000 were used to train the network, 5,000 were used
for validation and 5,000 were used for testing. In Figure 3.3, we show the result of training
loss versus validation loss and training accuracy versus validation accuracy. The loss value
at each epoch is the average value of L over all paired images, whereas the accuracy value is
the ratio of the number of pixels in the predicted image that match their counterparts in the
true image to the total number of pixels. Those values for validation were computed over
5,000 images in the validation set, and those values for training were computed over 50, 000

images in the training set.
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Figure 3.2: Architecture of the neural network.

To enrich the training data set, we used data augmentation. More specifically, we pro-
duced five copies of each training pair by applying five types of transformations: horizontal
flip, vertical flip, 90° rotation, and —90° rotation.

Our choice for some hyperparameters was based on a direct comparison to other choices
in terms of validation loss and accuracy. For example, we trained the model with 10,000
pairs of images through 5 epochs with different input image sizes, then we chose 160 x 160 x 3
because it gave the best values for loss and accuracy. We did a similar experiment for two
different optimization methods, which are Adam method and stochastic gradient descent
with momentum (SGD), and Adam method performed better for this problem. Detailed
results for the comparisons are given in Tables 3.1 and 3.2. As for the other hyperparameters

such as the number of hidden layers and units, we followed the same choice as in“®. With this
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Figure 3.3: Training and validation results after each training iteration over 50 epochs.

choice, we were able to get very good loss and accuracy values, see Figure 3.3. Therefore,

no adjustment was needed.

Input image size | Validation accuracy | Validation loss
32 x32x3 0.9718 0.0677
64 x 64 x 3 0.9762 0.0579
128 x 128 x 3 0.9728 0.0713
160 x 160 x 3 0.9822 0.0452
192 x 192 x 3 0.9749 0.0708

Table 3.1: Input image size comparison.

Optimization method | Validation accuracy | Validation loss

SGD 0.9751 0.0622

Adam 0.9822 0.0452

Table 3.2: Optimization method comparison.

We also compared the performance of the U-Net Xception style with a modified U-Net.
The result in Table 3.3 shows that the U-Net Xception style works better for our problem.

Model Validation accuracy | Validation loss
Modified U-Net 0.9876 0.0299
U-Net Xception style 0.9932 0.0175

Table 3.3: Model comparison.
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3.4 Numerical results

In this section, we use the combined method to reconstruct objects from simulated scattering
data. We consider the types of objects varying from those similar to the training data set to

those entirely different. We also tested different wave numbers and incident wave directions.

3.4.1 Implementation of the sampling method

In our numerical study, the sampling domain is chosen as [—2,2]2. The sampling domain
contains the unknown scatterer D and is uniformly discretized by 64 sampling points in each
direction. The imaging function I(z) in (3.2.1) is evaluated at each sampling point z of the
sampling domain. As mentioned in the section on training the neural network, the data
(Use, Oyug.) are given at 32 uniformly distributed points on the circle of radius 100. With
the data given, the evaluation of I(z) is simple since after a change of variables using polar
coordinates, we numerically evaluate a single integral using the rectangular rule. In the
numerical simulation, the imaging function is normalized by dividing by its maximal value.
Note that we ensure that the sampling point z and the data point z are away from each
other so that the integrands are all regular functions. Recall that the scattering data are
measured on 02, meaning that we should look for the unknown scatterer D in a sampling

domain that is strictly contained in (2.

3.4.2 Reconstruction of objects in the testing data set

In this part, we present the reconstruction results of the combined method for objects in
the testing data set. These objects were generated in a way that is similar to that of the
training data sets, meaning the objects consist of one or two ellipses. The wave number
k and incident direction # were those the neural network was trained with. Moreover, the
scattering data generated by solving the direct problem was not perturbed by noise.

In Figures 3.4-3.5, four test objects are presented: one large disk, two ellipses of similar

sizes, two ellipses of different sizes, and two overlapping ellipses. We can see that the method
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was able to reconstruct very well the geometry of these test objects. As it was done for the
validation and training data sets in Figure 3.3, the accuracy for 5000 pairs of images in
the testing data set is also computed as 99.4%. This once again confirms that the training

process was effective as indicated by the training and validation accuracy in Figure 3.3.
) True geometry ) Combined method

Figure 3.4: Reconstruction of objects in the testing data set with £k = 6 and 8 = 90°: one
disk (top) and two ellipses of similar sizes (bottom).

3.4.3 Reconstruction of objects outside the testing data set

In this part, we test the method for other types of objects with noisy scattering data. We
added artificial noise to the scattering data obtained from solving the direct problem with
wave number £ = 6. Recall that the inverse problem with one incident wave is extremely ill-
posed, and there was no artificial noise added to the scattering data in the training process.
The tests with noisy data for non-elliptical objects show that the network can generalize its

training to more realistic situations that are unseen from the training process. We first used
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) True geometry ) Combined method

Figure 3.5: Reconstruction of objects in the testing data set with & = 6 and 6 = 45°: two
ellipses of different sizes (top) and two overlapping ellipses (bottom).

the same incident direction as in training, 8 = 90°, to reconstruct an L-shaped object, see
Figure 3.6. The combined method was able to provide reasonable reconstructions for the
L-shaped object with different levels of noise.

Next, in Figures 3.7-3.8, we test the method with different non-elliptical shapes and
noisy scattering data associated with an incident direction different from what was used
in the training process. This is to further assert its flexibility. Recall that we trained the
neural network with 8 = 90° and 8 = 45°. We reconstructed a T-shaped object, and an
object consisting of a disk and a rectangle using incident direction 6 = 220°. Again, we were
able to get satisfactory results regardless of the circumstances.

For scattering data from a single incident direction and a fixed wave number, it is almost
impossible not only for sampling methods but also for many other inversion methods to

reconstruct the shape and location of extended objects. Therefore, these results show that the
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deep neural network has significantly improved the reconstruction capability of the imaging
function under lack of data. Moreover, they also show that the combined method is flexible,

meaning it can work well in some situations that are unseen from the training process.

) True geometry ) 5% noise ) 15% noise

Figure 3.6: Reconstruction of an L-shaped object with £ = 6 and # = 90°, and different
noise levels added to the scattering data: 5% and 15%.

) True geometry b) 5% noise ) 15% noise

Figure 3.7: Reconstruction of a T-shaped object with with £ = 6 and 8 = 220°, and different
noise levels added to the scattering data: 5% and 15%.
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(a) True geometry (b) 5% noise (c) 15% noise

Figure 3.8: Reconstruction of a rectangle and a disk with £ = 6 and 8 = 220°, and different
noise levels added to the scattering data: 5% and 15%.
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Chapter 4

Imaging 3D Objects for Maxwell’s

Equations with Experimental Data

4.1 Formulation of the electromagnetic inverse scatter-

ing problem

In this section, we consider the time-harmonic electromagnetic inverse scattering problem
that aims to determine the shape and location of 3D objects from far-field measurements
provided by the Fresnel Institute. Let & > 0 be a fixed wave number from a possibly
anisotropic medium. Denote {2 as a bounded Lipschitz domain occupied by the medium.
Let €, : R? — C3%3 be the electric permittivity and the magnetic permeability of the

I are functions in

medium, respectively. Assume that R3\Q is connected, and €,y and p~
[L>(R3)]?>*3. The domain outside of © is assumed to be homogeneous. We hence assume
that € = p = I3 in R3\Q), where I3 is the 3 x 3 identity matrix. Denote by E” E : R — C?

the incident electric field and the total electric field, respectively. Let u := E — E™ be the
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scattered electric field. We consider the following electromagnetic scattering problem

curl [ ! (x)curl E] — K%¢(x)E =0, in R? (4.1.1)
curlu x ﬁ —iku=O(x|™?), as|x| — oo, (4.1.2)
X

where the Silver-Miiller radiation condition (4.1.2) is assumed to hold uniformly with respect
to x/|x|. We refer to°! for the well-posedness of this scattering problem. To formulate the

inverse scattering problem, we introduce some notations. Denoting X = x/|x|, we define
SP={xecR®: |x| =1}, LZSH) ={vell’($?):x-v(X)=0, xcS§*}L
We consider the incident plane wave
E"(x,d,q) = qe™,

where d € S? indicates the direction of the incident propagation and q € R? is the polar-
ization vector such that q-d = 0. It is well-known that the corresponding scattered wave
u(x,d, q) satisfies

ezk\x|

u(x,d,q) = ] (u*(x,d,q) + O(|x|7?)), as [x| = oo, (4.1.3)

uniformly in all directions X € S?. The function u®(X,d, q), which belongs to L?(S?) for
each incident and observation direction, is called the far-field pattern. We are interested in
the following inverse problem.

Inverse problem: Given measurements of u™(X,d, q) for all X,d € S? at a fixed wave

number k, determine the shape and location of the scatterer, in other words, the domain of

Q.
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4.2 Modified OSM for non-magnetic anisotropic media

4.2.1 Factorization analysis

In this non-magnetic case, u = I3. We rewrite (4.1.1) in terms of the scattered field u as
curl curlu — k*¢(x)u = k* PE™, (4.2.1)

where the contrast P is defined by
P:=¢— 1.

We now define the far-field operator F : LZ(S?) — LZ(S?) and Herglotz operator H :
L2(S?) — [LX(Q)]? as

Fom - [

u™(x,d, g(d))ds(d), (Hg)(X)Z/ g(d)e™ds(d).
S? s2

It is well-known that the Herglotz operator H is compact and injective. Its adjoint operator

H*: [LA(Q)]? — LE(S?) of H is given by
(H*f)(d) = d x / f(x)e ™ddx x d, d €S>
0
The solution operator G : [L*(Q2)]* — LZ(S?) is defined by

Gf = v>, (4.2.2)

where v € Hj,.(curl,R?) is the solution to (4.1.2)-(4.2.1) with E™ = f. It is easy to see that

F has the factorization

F=GH. (4.2.3)
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We next define the operator 7 : [L*(Q)]* — [L*(Q)]® as

Tt = k2P(f +v),

where again v € Ho(curl ,R?) is the solution to (4.1.2)-(4.2.1) with E™" = f.
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The operators defined above are all linear bounded operators, see°<. It is also known

from®? that the solution operator G can be factorized as G = H*7T. This leads to the

following factorization for F as

F=HTH. (4.2.4)

The following assumption on wave number k is necessary for the further results of the
factorization analysis in®?, which is also needed for the modified OSM.
Assumption 1. We assume that the wave number £ is not a transmission eigenvalue.

That means the only solution to the homogeneous system in [L*(Q2)]3 x [L*(Q)]?

curl curl w — k?ew = 0 in €,
curl curl v — k?v = 0 in €,
VX W =1rvXvVvon df),

v X curlw = v x curl v on 012,

is the trivial solution.
It is well-known that the set of real transmission eigenvalues is at most discrete for a
real-valued permittivity, see® for more details about the transmission eigenvalue problems.

The following coercivity result from®* is important for our theoretical analysis.

Lemma 4.2.1. If either Im (P) is uniformly positive definite or there is a constant v > 0
such that Re (P)+~Im (P) is uniformly positive definite and Im (P) is positive semidefinite,

then T is coercive on Range(H).
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We close this part with an important lemma for analyzing the imaging function defined

in the next part.

Lemma 4.2.2. There exists a positive constant o > 0 such that
(Fg.8)l > olHgl*,  for all g € Li(S?).
Proof. Using the factorization of F in (4.2.4) and the coercive property of 7 we obtain
(Fg.8)l = [(H'THg. g)| = (THg, Hg)| > ol|Hg]*.

This completes the proof. O

4.2.2 The imaging function and its properties

Let z € R? be the sampling points in the imaging process and p € R? be a fixed nonzero

vector. We define the imaging function I;0s5 for the modified OSM as

2

osu () = / /SzuOO@d,h(d))eikd-zczs(d) d5(%), (4.2.5)

S2

where

h(d):aldxp—f—agdxpxd,

with any oy, ay € C such that |aq|? + |as|? > 0.

To analyze the behavior of the imaging function Iy;0s5as, it is necessary to connect Iyosns
with the far-field operator F. This can be seen in the following lemma. An advantage of
the modified function is that it allows us to connect to F directly and naturally, and thus

enables the use of polarization vectors h(d) instead of only (d x p) x d as for the imaging

function of the OSM in?".
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Lemma 4.2.3. The imaging function Iyosy satisfies
Inosn(2) = | Foull*, (4.2.6)

where ¢,(d) = h(d)e~*d=,

Proof. Recall that h(d) = a;d x p+asd x p xd. It implies that ¢,(d)-d = 0 for all d € S?,
hence ¢, € L#(S?). Now, since u™(X,d, h(d)) is linear in h, we can rewrite the imaging

function as

2

/S2 u™(X,d, ¢,(d))ds(d)| ds(X) = Hf¢z||2

Ivosm(z) = /s2

]
The following theorem is the main theorem for our analysis of the behavior of Iy;05;-

Theorem 4.2.4. For all z € R? the imaging function satisfies
Inosar < G117 (loa*[Wall* + lazl* [ Val) ,

and
2

o 2
Tvosw 2 1y (e PIWal® + laa*[IV2]*)” > 0,
where h is given in (4.2.5), o is the positive coercive constant in Lemma 4.2.2 and

Wo(x) =W(z —x), Vu(x)=V(z—x), forallxeQ, (4.2.7)
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with

_ cos(k|w|) — jo(k|w]|)

W(w) = 4mi(w X p) e : (4.2.8)
Piow) = iR )
120 ng‘;'fp’w’ (cos(k|w|) — jo(k|w])). (4.2.9)

Remark 4.2.5. The functions |W(z — x)|2, |V (z — x)|? peak when |z — x| < r for small r > 0
and decay rapidly when |z — x| > r (see Figure 4.1). This implies that ||[IW,]|*> and ||V,]?
should have large values for z € 2 and are significantly small for z is away from 2. See

Figure 4.2 for an illustration of when €2 is a ball. We can also derive the decay rate as
Inosn(z) = O(dist(z,Q)™%)  as dist(z, Q) — oo.

This Theorem shows that Iy;0sn(z) should work as an imaging function for the scatterer
Q and it works for all polarizations h(d) = a;d x p + aed x p x d with |a;]* + |as]* > 0.

We now present its proof.

Proof. We recall a special form of the Funk-Hecke formula (see®) that is important for the

proof

/ =2 5(d) = 47y (K|, (4.2.10)
SQ

where jo(t) = sin(t)/t is the first kind of spherical Bessel function of order 0.

Using this integral formula we can calculate that

/ d x pe 4 ds(d) = T curl (pji(kla])) = W (z),
S2

d x p x de~"2ds(d) = — 2% curl 2(pjo(k|2]) = 7
. X p x de s( )——ECUY 2(Pjo(k|z|) = V(z).

It can be checked that W(z) = V(z) = O(1/|z]) as |z| — co. We define W,(x) := W(z —
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Figure 4.1: An illustration of [W |2, |V|? for z € [—2.5, 2.5, k = 10,p = (0,0, 1).

x), V4(x) := V(z — x). Recall that ¢,(d) = h(d)e"*9=. It follows from the definition of the

Herglotz operator H that

Hu(x) = arWi(x) + a2Va(x), x €.
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Figure 4.2: An illustration of |Hg,||* for z € [-2.5,2.5]*,Q = {z € R : |z| < 0.5}, k =
10,(1/1 = Qg = 1,p = (0,0, 1)

Rewrite V (z) as

V =z |dr———7j9(k|z 7rp cos(k|z|) — jo(k|z
(o) = (152 2 olhla) + 125 % (cos(hlz) ~ (ki) )
o) — )

k‘2|Z‘2

—p(47r+47r

thus we can deduce that

V(z) -W(z) =0, forallzecR®

Therefore,

[Hall* = laaP[Well* + |az | Vall* (4.2.11)

Now consider z € R3, by Lemma 4.2.6 and the factorization of F

Iniosn(2) < [ Foa|* < |Gl Heul”,
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which implies the first estimate of the theorem.

From Lemma 4.2.3 and the Cauchy—Schwartz inequality, we have

| Fbullllball > |(Fa, da)| > ol Hoal*

Thus, using (4.2.11), the other estimate follows. This lower bound is strictly positive thanks
to the injectivity of H and the relation (4.2.11). This completes the proof of the theorem. [

Now recall that the imaging function of the OSM studied in? is defined by

Iosm(z) = /s2

where p € R3 is some polarization vector. We provide a relation between the imaging

2

/S (R A)(d X p) x ) - (% x p) x R Ads(R)] ds(d)

functions Iyosy and Ipgys in the case a; = 0.

Corollary 4.2.6. When oy = 0, the two tmaging functions satisfy

2
TIosm(z) < %IMOSM (z)

for all z € R3.

Proof. The proof follows from a combination of Lemmas 4 and 5 in??, and the Cauchy—Schwarz

inequality. O

This method is stable with respect to noise in the data. Indeed, assume that we only

know the far-field data F up to a perturbation Fs such that

IF = Fsll < ollFl,

for some 0 > 0. Denoting by Iposwms, the imaging function corresponding to Fs, we can

derive the following stability estimate as in theorem 7 in*7
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Theorem 4.2.7. The imaging functions Iyosy and Iyosws satisfy
[ Tvosn(2) — Tnosas(2)] < (8% +20) | F|* || k1%,

for all z € R3.

4.3 Modified OSM for magnetic anisotropic media

In this magnetic case, we have p = p(z). As in the previous section, we first study the
factorization analysis for the far-field operator and then analyze the imaging function for the

modified OSM.

4.3.1 Factorization analysis

Recall that P = € — I3. Denote Q = Is — u~!. We rewrite the problem for the scattered field

u as

curl curlu — k*u = k*P(f + u) + curl [Q(g + curlu)], in R? (4.3.1)
curlu x ﬁ —iku=O(|x|™?) as [x| — oo. (4.3.2)
X

Here, the general (f,g) € [L?(2)]? x [L?(£2)]? in the right-hand side is convenient for our pre-
sentation. If (f,g) = (E;,, curl E;,), we have the original scattering problem. The following
assumption is important for the analysis in this section.

Assumption 2. Assume that there exist C;, Cy > 0 such that for all z € C3

Im (Qz -Z) > Cy|z]*, Im(Pz-2z) > Cy|z|?,

almost everywhere in (2.
Note that unlike in the non-magnetic case, this assumption excludes the transmission

eigenvalues in the scattering problem. We now define the far-field operator F : L(S?) —
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L7(S?) and the solution operator G : [L*(Q2)]* x [L*(Q)]* — L#(S?)

FP)R) = [ W& d.p(@)ds), G(f.8) =

where u™ is the far-field pattern satisfying (4.1.3) and

/ curlu - curl v — k*u - vidx
RQ

= /[k‘gP(u +f£)] - vdx + / Q(curlu + g) - curl vidx, (4.3.3)
Q Q

for all v € H(curl,R?) with compact support. It is known in°® that equation (4.3.3) is

equivalent to the integro-differential equation

O (x,y)[P(u + £)|(y)dy + curl / B(x, y)[Q(curlu + g)](y)dy,

u(x) = (K + Vdiv)/

Q

where ®(x,y) = exp(ik|x — y|)/(4n|x — y|) is the free-space Green function of the scalar
Helmholtz equation. Let Hi o : LZ(S?) — [L?(2)]? be defined by

(Haip)(y) = /g 2 p(d)e*d¥ds(d) and Hyp = curl Hyp.
The Herglotz operator H : LZ(S?) — [L2(Q)]® x [L*(©2)]® in the magnetic case is defined by
Hp = (Hip, Hap). (4.3.4)
The adjoint operators Hj , of Hiy are given by H;, : [L*(Q)]> — Li(S?)

g(y)e ™ Vdy xd, (H3g)(d) = ikd x / g(y)e " Y dy.
Q

(Hig)d)—d x [

Q

Then, the adjoint operator H* : [L?(Q)]* x [L*(2)]* — L2(S?) of the Herglotz operator is
given by
H (f,g) = Hif + Hig.
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As in the non-magnetic case, we can factorize the far-field operator as

F =0GH.

For (f,g) € [L*(Q)]? x [L?(2)]3, the middle operator T : [L*(Q)]® x [L2(Q)]? — [L?(Q)]® x
[L2(2)]3 is defined by
T(f,g) = (K*P(u+f),Q(curlu + g)),

where u is the solution to (4.3.3) with (f, g) on the right-hand side.
Lemma 4.3.1. The middle operator T is a linear bounded operator on [L*(Q)]* x [L*(Q)]?.

Proof. Consider (f,g) € [L*(Q)]? x [L3(Q)]? and let @ be the solution with this right-hand
side in (4.3.3). Then,
T(f,g) = (K*P(u+1f),Q(curla + g)),

Therefore, for any a,b € C, we obtain

aT(f,g) + bT(f,8) = (K2P(bit + au + bf + af), Q(bcurl @t 4 acurl u + bg + ag))
= T(a(f,g) + b(f, &),
thanks to the linearity of the problem (4.3.3).

For (f,g) € [L*(Q)]® x [L*(Q)]3, since (4.3.3) is well-posed, there exists a constant C' > 0

such that

[ullzreun 0) < CI(E, &)

We can deduce the boundedness of T from the following additional estimates

[1P(a+ £)[| < I[Pl e (lall e .o) + 1F]),

1Q(curlu + g)|| < [[|1Q[r |z~ ([l (eurt.0) + lI]]),

where | - | is the Frobenius matrix norm. This completes the proof. O
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Lemma 4.3.2. The far-field operator F can be factorized as
F=HTH.
Proof. Since F = GH, it is sufficient to show that G = H*T . We have

HT(f,g) = % x / R2[P(u + )](y)e *¥¥dy x
9]

+ kX X /Q[Q(curlu +g)|(y)e =¥ dy.

It is known that*® the right-hand side of the above equation is the far-field pattern of the

scattered field u given by

O (x,y)[P(u + £)|(y)dy + curl / B(x, y)[Q(curlu + g)](y)dy.

u(x) = (K + Vdiv)/

)
This implies that H*7 (f,g) = u™ = G(f,g). Therefore, G = H*T. ]

For the convenience of the presentation of the proof of the following theorem, we will use

(-,-) and ||-]| indistinctively for the inner product and norm of [L?(Q2)]® and [L?(Q)]?x[L?(2)]3.

Lemma 4.3.3. There exists v > 0 such that

(Im 7'(f, g), (£, &) > (£, &), (4.3.5)

for all (f,8) € Range(H).

Proof. Denote hy = g + curlu, hy = f + u. We have

(T(f,g),(f,g) = /Qth - (hy — curlw)dx + /Q k?Ph, - (hy — @)dx

= (th, hl) + k'Q(PhQ, h2) — (th, curl U) - /{?2<Ph2, U). (436)
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From Assumption 2 we obtain that
Im (th, hl)) + kQIm (Phg, hg) Z 01Hh1||2 -+ k202||h2||2.

We now estimate the imaginary parts of the last two terms on the right-hand side of (4.3.6).

Since u is the radiating solution to (4.3.3) we have

/ (curlu - curl ¥ — k*u - ¥)dx = /(Qh1 -curl Vv + k* Phy - ¥)dx. (4.3.7)
R3 Q

for all v € H(curl,R?) with compact support.

Let p be a positive constant such that Q is contained in the ball {x € R?: |x| < p}. Now
we take v = ¢u in (4.3.7) where ¢ € C*(RR?) is a cut-off function with ¢ = 1 for |x| < p and
¢ =0 for |x| > 2p, then

/ Qh, - curlu + k*Ph, - Tdx = / |curlul® — k?|u/*dx
Q |x|<p
+ / curlu - curl (¢pu) — k*|u|?¢dx.
p<|x|<2p

Using Stokes’ theorem and taking the imaginary part of the right-hand side of the above

equation we obtain

Im / Qh; - curludx + k*Ph, - tdx = Im (X x curlu) - uds(x).
0

Ix|=p

Using the radiation condition (4.1.2) and the asymptotic behavior (4.1.3), we obtain

~ k
plggo Ix‘:p(x X curlu) - Uds(x) = —(57)2 . lu>|?ds(x).

Therefore, we can now estimate the imaginary part of the left-hand side of (4.3.6) as

k
i (7(8,2). (£.8)) = Cillu+ ol + 1 [ juPst
SQ
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From the fact that (Im 7 (f,g), (f,g)) = Im (7 (f,g), (f,g)), we imply
Im (7(f,8), (f.g)) = Cul[hu||* + k*Ca[ho| .

Now assume that there is no v > 0 such that (4.3.5) holds. Then, there exists a sequence
{(f,8)}; € [L2(Q) x [LA(Q)] such that (£}, g;) = 1 and

(ImT(fj,gj), (fjagj)) — 0 as ] — OQ.

Then, it follows h{/} = f;+curlu; — 0 and hi = g;+u; — 0in [L*(Q)]? as j — oo, where

u; is the solution to

u;(x) = (k* + Vdiv)/

Q[P(uj +£5)]®(x, y)dy + curl /[Q(Cuﬂ u; + g;)]0(x,y)dy.

Q

56)

By the boundedness of the integro-differential operators (see®”), we obtain

Wil eunt,0) < Cs([[|Plrllz=llg; + uill) + Ca(l[|Q|r[ < ||£; + curluy]),

where C5 and C, are positive constants. Thus u; — 0 as j — oo in H(curl,Q) and
therefore (f;,g;) — 0 as j — oo in [L*(Q)]* x [L*(Q)]*. The latter is a contradiction
with [|(£;, &)l = 1. O

From this coercivity property and the factorization of F, the following lemma, which is

similar to Lemma 4.2.2, is satisfied in the magnetic case.

Lemma 4.3.4. There exists a positive constant v > 0 such that

(Fg,g)| > 7| Hel,

for all g € LZ(S?).
This lemma is again important for the analysis of the imaging function in the next part.
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4.3.2 The imaging function and its properties

We consider the same imaging function Iy;05y(z) and this function also satisfies Lemma
4.2.6. We now prove the main theorem for the analysis of the imaging function in the

magnetic case.

Theorem 4.3.5. For all z € R? the imaging function satisfies

Iniosn(2) < [|GIF[(laa " + K2 |ea )W + (B*an|* + o) V],

and

'}’2

el KaaP) WLl + (02 + o) VP > 0,

Invosm(z) >

where h is given in (4.2.5), «v is the positive constant in Lemma 4.3.4, and W,,V, are given

by (4.2.7).

Proof. Due to the presence of Hs in the Herglotz operator H in (4.3.4) we need to calculate
curl [, d x pe=*9?ds(d) and curl [,(d x p) x de”*¥*ds(d). Using the formula (4.2.10)

again, we derive

) 479 ~
curl / d x pe *%ds(d) = %curlz(pjo(k]zm = —ikV (2),
S2

where V (z) is given by (4.2.9). Using (4.2.10) and the facts curl2 = —A+ Vdiv, Ajo(k|z|) +

k%jo(k|z|) = 0, we can compute

- —An ,

curl /S2<d x p) x de"*d%ds(d) = ?curli(pjo(k|z|))
4m ,

= —zeurl.(pAjo(klz]))

= —drcurl . (pjo(klz|)) = ikW (2),

where W(Z) is given by (4.2.8).
Recall W, V,, from (4.2.7) and Hi¢, = a1 W, + a3V,. Thanks to the above calculations,
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we derive that

H¢Z = (()qWZ + 062‘/;, Oélik‘/z — Ctgisz).

As proven in the proof of Theorem 4.2.4, W, and V,, are orthogonal. Therefore, we have

[Hba|* = [loaW, + a2V |* + [lawikV, — ik Wy |?

= (Jon[* + K[z ) [Wo][* + (K*]aa |[* + |of*) V2|

Recall from Lemma 4.2.6 that Injosi(z) = || F¢s||*>. As in the proof of Theorem 4.2.4, we

complete the proof of this theorem using the following inequalities

0.2

e Heall" < IFeal® < 19171 He4 )"

Here, the first inequality follows from the Cauchy-Schwarz inequality and Lemma 4.3.4, and

the second inequality follows from the factorization of F. m

We also have similar properties of the imaging function as in Corollary 4.2.6 and Theorem

4.2.7.

4.4 Numerical results

We apply the classical FM®7, the OSM in?" and the modified OSM to invert the 3D
experimental database provided by the Fresnel Institute, France®®. More precisely, we
invert the calibrated co-polarized datasets (TwoSpheres-PP, TwoCubes-PP, Cylinder-PP,
CubeSpheres-PP, IsocaSphere-PP) for all the examples in this section. The sampling meth-
ods are implemented using the computing software Matlab. We rescale 40 mm to be 1 unit
of length in our Matlab simulations. From now on we will use scaled lengths in the presen-
tation instead of actual lengths, for example, 2 instead of 80 mm. The sampling domain

is the cube [—2.5,2.5]% uniformly divided into 32 x 32 x 32 sampling points. The far-field

pattern is computed from the measured scattered field via (4.1.3). The distance from the
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origin to the receivers (and the sources) is 44.9, which is large enough to guarantee a good
approximation in (4.1.3).

In the experiments the targets are illuminated by 81 incident sources that are located
far away, see Figure 4.3(a) for the distribution of the sources. However, due to technical
reasons, the scattered electric field was collected at only 36 points on S? N {z = 0}, see
Figure 4.3(b), and only the third component of the scattered field was measured. This is
certainly the main challenge for the sampling methods which typically require full-aperture
data. When computing the integrals to evaluate the imaging functions, the points where no
data is present are treated as 0. Note that the measured data can be enhanced using the
reciprocity property of the far-field pattern, but here we would like to test the performance

of the sampling methods for the original limited-aperture data.

(a) Sources (b) Receivers

Figure 4.3: The experimental setup for incident sources and data receivers.

To help the readers understand better the reconstruction results, we use the information
provided by the Fresnel Institute to create 3D objects mimicking the true 3D targets used in
the experiments. The isovalue used in the 3D isosurface plotting for the case of IsocaSphere is
0.78 (78% of the maximal value of the imaging functions that are normalized). This isovalue
is 0.5 in all of the other cases.

The real data should correspond to the non-magnetic case (u = I3). The analysis of
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the MOSM in this case requires Assumption 1 about the transmission eigenvalues. Finding
these eigenvalues is by far a nontrivial task, see®. Thus we cannot verify whether the wave
numbers used in the real data validation are transmission eigenvalues. However, the chance
of having these transmission eigenvalues could be small since it is known that the set of such
eigenvalues is at most a discrete set. Furthermore, Assumption 2 may not hold for the real
data since the imaginary part of the permittivity € is probably small and negligible according
to®®.

TwoSpheres-PP dataset (Figure 4.4) and Cylinder-PP dataset (Figure 4.5). For the first
two datasets, we can see that the OSM seems to be able to reconstruct only information in the
(x,y)-plane of the targets. This can be due to the lack of measured data in the z-direction.
However, the FM and the MOSM are able to provide more reasonable reconstructions. The
FM can locate the targets but fails to provide reasonable shapes, while the MOSM can
not only locate targets but also provide a good shape reconstruction in the case of the
TwoSpheres-PP dataset. Its result for the Cylinder-PP dataset also looks more reasonable
than that of the FM. The cylinder object has the largest volume among all the targets and
is challenging to reconstruct. Only the data set at 3 GHz gives a reasonable result for this
target.

TwoCubes-PP dataset (Figure 4.6), CubeSpheres-PP dataset (Figure 4.7). For these
datasets the OSM provides similar performance as in the first two cases. It fails to reconstruct
the z-direction of the targets. The reconstruction results of the FM again can provide the
location of the targets. Moreover, the FM can even resolve and provide a reasonable size
of the two cubes for the TwoCubes-PP dataset, see Figure 4.3(b). From the reconstruction
results of the MOSM, we can see that the MOSM are again slightly better than those of the
FM. The MOSM can locate the targets and provide more accurate information about the
shape of the targets.

IsocaSphere-PP dataset (Figure 4.8). This is also known as the Mystery object and is
the most complex in the database. It consists of twelve small spheres but is not as evenly
distributed as those of the CubeSpheres-PP dataset. Compared with the OSM and FM, the

MOSM again performs better. The OSM again fails to image the z-direction of the target
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Figure 4.4: Reconstruction with TwoSpheres-PP dataset at 4 GHz.

while the FM cannot reconstruct any information for this case. The MOSM can recover
the location of the target and provide a rough estimate of the shape of the target in the

(x,y)-plane.
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(d) MOSM (e) MOSM on {z =0} (f) MOSM on {z = 0}

Figure 4.5: Reconstruction with Cylinder-PP dataset at 3 GHz.
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Figure 4.6: Reconstruction with TwoCubes-PP dataset at 7.5 GHz.
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Figure 4.7: Reconstruction with CubeSpheres-PP dataset at 4.75 GHz.

2] PP 2 2]
| & ‘ W - )
z 0 @ 0 s T 0
- 1 - R
-2 -2 & -2
i . i - o i
2\\\ ‘ - 2\\\ . . > 2\\\ S
. 2 ~_ & 2 - 2
v 0 o 0 0 \\}\/ 0 0 \\}\//,,/ 0
2 2 X -2 2 -2 2
(a) Target (b) FM (c) OSM

\
4
7 4
.A
ne &

2 = ~ - .
N - 4 L Nae®
2 2 0 1 2 2 1 0 1 2
(d) MOSM () MOSM on {z =0} (f) MOSM on {z = 0.4}

Figure 4.8: Reconstruction with IsocaSphere-PP dataset at 5.75 GHz.
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Chapter 5

Conclusion

In conclusion, this work presents fast and stable numerical methods for solving inverse source
and scattering problems associated with time-harmonic acoustic and electromagnetic waves.
In chapter 2, we introduce a sampling-type method for solving the acoustic inverse source
problem for the Helmholtz equation at a fixed frequency from Cauchy data. We justify the
behavior of the new imaging function, provide stability estimation, and present numerical
results in 2D. The method accurately locates point sources and determines their intensities
with a low relative error of 1 — 10%. We also extend the results to locate small volume
sources using the asymptotic expansion of the radiated field. Compared to existing inversion
techniques, this method is more computationally efficient and robust against noise.

In chapter 3, we successfully combine a sampling-type technique with a U-net Xception
deep neural network to address the challenges of solving the inverse scattering problem using
one incident wave data at a fixed frequency. We expand the analysis of the imaging function
from chapter 2 and relate it to the original OSM. The combined method accurately inverts
objects similar to those in the training dataset and complex objects with differing geome-
tries from the training set. It is applicable to both near-field and far-field measurements.
Additionally, the results remain efficient and robust despite variations in the incident wave
or noise in the testing data.

In chapter 4, we analyze a modified version of the OSM studied in? for both non-magnetic
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and magnetic cases for anisotropic Maxwell’s equations. Compared with its original version
the modified OSM is proved to be applicable to more types of polarizations associated with
the electromagnetic scattering data. We provide a validation of the modified OSM, its
original version, and the FM for 3D experimental data from the Fresnel database. The
results indicate that the modified OSM performs better than the other two methods and is
a promising imaging approach in inverse scattering.

Moving forward, we plan to extend these theoretical and numerical results to solve more
general and complex inverse problems. For inverse source problems, we will address the
challenging task of identifying sources with significantly different magnitudes of intensity.
We will also study more complex problem settings, including inverse source problems for
electromagnetic and elastic waves, as well as those in waveguide domains. For inverse scat-
tering problems, we plan to extend and enhance sampling-type techniques to reconstruct
more complex scatterers, such as electromagnetic bi-anisotropic media with general consti-
tutive relations. We are also interested in studying inverse scattering problems associated
with elastic waves in both two and three dimensions. Furthermore, we intend to combine
these inversion methods with machine learning to address questions that traditional methods

cannot tackle.
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