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Abstract

Projection-based model reduction o ers a physically informed, ahmathematically rig-
orous framework to bypass the prohibitive amount of computatical resources required by
the direct numerical simulations in uid dynamics, and enable the requent computations
that dominate many-queries applications. Projection of the goveing equations onto a low-
dimensional space, however, does not guarantee to naturally imih¢he stability properties
of the high- delity model. Symmetrization of the Reduced-Order Mdel (ROM) through a
least squares Petrov-Galerkin projection, or by Galerkin projeittn using the symmetry inner
product, provides theoretical error bounds, and generates meostable ROMs. This study
shows that besides being more stable, the symmetrized ROMs arerma@ontrollable and
robust. The stability guarantees by symmetrization or energy-lsed inner products, assume
that the subspace constructed for projection, accurately cayres the coherent structures that
are the main ingredients in the dynamics of the ow. However, wherhe high- delity simula-
tions contain nonlinear phenomena (e.g. unsteady shock wavesdauarbulence), truncation
of the high-frequency modes through dimensionality reduction with linear approach like
Proper Orthogonal Decomposition (POD), that is biased towardshte most energetic modes,
may result in losing structures with critical contributions in the dynamical evolution of the
system. As a result, especially when the governing equations lackyantrinsic dissipative
mechanisms to contain the generated errors (e.g. the Euler equeis), symmetrization alone
is not su cient to preserve stability. Therefore, a complete framwork is proposed in this
study for the enhancement of ROMs for compressible ows, thrghhn ROM symmetrization,
and post-ROM stabilization.

Two optimization-based non-intrusive stabilization methods are deloped here: a Hy-
brid method for the stabilization of ROMs as Linear Time-Invariant (LT1) systems, and an

eigenvalue reassignment method for stabilization of nonlinear ROMERN algorithm). The



Hybrid method is a two-step approach: in step one (e ciency-orietied), the left reduced
order basis of the ROM is minimally modi ed in a convex optimization proble; in step
two (accuracy-oriented), an eigenvalue reassignment method ised to stabilize the most
energetic eigen-modes. The ERN algorithm, on the other hand, coas the nonlinear ROM
to maintain a negative total power for stability; and the distance btveen the nonlinear
ROM and Full-Order Model (FOM) attractors is directly minimized as the eigenvalues of
the linear dynamics matrix (control parameters) are reassigned ihe complex plane.

A computational bottleneck occurs in strongly nonlinear system®(g. advection-dominated
ows), where the slow decay of the projection error requires merbase functions to accu-
rately span the high- delity solutions with a linear subspace. Henceotsu ciently describe
a strongly nonlinear system, ROMs have higher dimensions intrinsicalljNevertheless, the
truncation of such ROMs may still bring in instability, and their relatively higher dimension
(i.e. large coe cient matrices) leads to a large number of control pameters which may
potentially prevent the stabilization algorithm being feasible in compudtion. As a remedy,
this study introduces a multi-stage layout for robust stabilization & nonlinear ROMs with
the ERN algorithm, in strongly nonlinear systems, where a linear ROMypically fails to
capture the true dynamics.

The proposed methods are applied on POD-Galerkin ROMs based ortsnapshots of two
supersonic ow applications. The high- delity simulations are perfamed with a Weighted
Essentially Non-Oscillatory (WENO) shock capturing scheme, integted with the immersed
boundary method. The two applications involve strong shock-waketeractions in the down-
stream, where the unsteady shock oscillations as a result of thearaction of shock waves
with vortices, exhibit strong nonlinearities that are not completely esolved in the leading
POD modes. Thus, the missing high-frequency contributions of thighenomenon trigger
strong instabilities in the linear and nonlinear ROMs, and enable a though investigation
of the ideas that are developed in this research for the stabilizatioeind enhancement of

ROMs.
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orous framework to bypass the prohibitive amount of computatical resources required by
the direct numerical simulations in uid dynamics, and enable the requent computations
that dominate many-queries applications. Projection of the goveing equations onto a low-
dimensional space, however, does not guarantee to naturally imih¢he stability properties
of the high- delity model. Symmetrization of the Reduced-Order Mdel (ROM) through a
least squares Petrov-Galerkin projection, or by Galerkin projeittn using the symmetry inner
product, provides theoretical error bounds, and generates meostable ROMs. This study
shows that besides being more stable, the symmetrized ROMs arerma@ontrollable and
robust. The stability guarantees by symmetrization or energy-lsed inner products, assume
that the subspace constructed for projection, accurately cayres the coherent structures that
are the main ingredients in the dynamics of the ow. However, wherhe high- delity simula-
tions contain nonlinear phenomena (e.g. unsteady shock wavesdauarbulence), truncation
of the high-frequency modes through dimensionality reduction with linear approach like
Proper Orthogonal Decomposition (POD), that is biased towardshte most energetic modes,
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system. As a result, especially when the governing equations lackyantrinsic dissipative
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brid method for the stabilization of ROMs as Linear Time-Invariant (LT1) systems, and an
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Hybrid method is a two-step approach: in step one (e ciency-orietied), the left reduced
order basis of the ROM is minimally modi ed in a convex optimization proble; in step
two (accuracy-oriented), an eigenvalue reassignment method ised to stabilize the most
energetic eigen-modes. The ERN algorithm, on the other hand, coas the nonlinear ROM
to maintain a negative total power for stability; and the distance btveen the nonlinear
ROM and Full-Order Model (FOM) attractors is directly minimized as the eigenvalues of
the linear dynamics matrix (control parameters) are reassigned ihe complex plane.

A computational bottleneck occurs in strongly nonlinear system®(g. advection-dominated
ows), where the slow decay of the projection error requires merbase functions to accu-
rately span the high- delity solutions with a linear subspace. Henceotsu ciently describe
a strongly nonlinear system, ROMs have higher dimensions intrinsicalljNevertheless, the
truncation of such ROMs may still bring in instability, and their relatively higher dimension
(i.e. large coe cient matrices) leads to a large number of control pameters which may
potentially prevent the stabilization algorithm being feasible in compudtion. As a remedy,
this study introduces a multi-stage layout for robust stabilization & nonlinear ROMs with
the ERN algorithm, in strongly nonlinear systems, where a linear ROMypically fails to
capture the true dynamics.

The proposed methods are applied on POD-Galerkin ROMs based ortsnapshots of two
supersonic ow applications. The high- delity simulations are perfamed with a Weighted
Essentially Non-Oscillatory (WENO) shock capturing scheme, integted with the immersed
boundary method. The two applications involve strong shock-waketeractions in the down-
stream, where the unsteady shock oscillations as a result of thearaction of shock waves
with vortices, exhibit strong nonlinearities that are not completely esolved in the leading
POD modes. Thus, the missing high-frequency contributions of thighenomenon trigger
strong instabilities in the linear and nonlinear ROMs, and enable a though investigation
of the ideas that are developed in this research for the stabilizatioeind enhancement of
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Chapter 1

Introduction

Recurrent simulations of the dynamics for ow control, design and miimization processes
are fueling a large motion towards the development and enhancerhefthe Reduced-Order
Models (ROM) to facilitate online prediction of the ow eld, where fag or real-time ap-

plication of the High-Fidelity Models (HFM) based on the discretizationof the governing
partial di erential equations are beyond the current capabilities 6high performance com-
puting®. The competition between the projection-based model reductiaiechniques and
the more or less black-box models that have been traditionally deveked by system iden-
ti cation and operator inference algorithms, has entered a new pise by the steep growth
in the success factor of machine learning and deep neural architees. The physically and
mathematically rigorous nature of projection-based ROMs is balaad by the non-intrusive
framework of black-box methods. However, many if not most of & uid dynamics appli-

cations cannot withstand the slightest deviation of the ROM dynami from the original
high-dimensional attractor, which magni es the value of the projetion-based ROMs that
contain strong physical and mathematical connections with the FdOrder Model (FOM),

rather than the purely data-driven models with little or no knowledgeabout the conservation
laws that govern the uid dynamics®’. Added to this factor is the computationally intensive
process of training the arti cial neural networks that requires pohibitively large number of

high- delity snapshots compared to what is consumed for the dimesionality reduction in



projection-based model reduction techniques.

Projection-based ROMs are founded over dimensionality reductipm conjunction with
orthogonal projection or residual minimizatiorf{°. Proper Orthogonal Decomposition (POD)
constructs a linear subspace that spans the space of the higheldy snapshots with the
fewest number of modes among the linear dimensionality reduction theds'%'3, Being
biased towards the most energetic ow structures, POD fails to gaure the high-frequency
signatures that are crucial in the dynamics of nonlinear uid systes) such as supersonic
ows with unsteady shock waves, turbulent ows, and advectiordominated ows in general.
Thus, subsequent projection of the governing equations onto dhPOD subspace through
the Galerkin projection, or by residual minimization in Petrov-Galerin methods results
in unstable or inaccurate ROMs that need closure modeling or post® stabilization to
recover the missing high-frequency modal informatidff?. Projection of the governing equa-
tions over nonlinear manifolds has recently gained attention in applitans where the POD
subspace comes short in resolving the true dynamics of the &#°. However, the computa-
tional overhead that is usually the aftermath of learning a compaatonlinear manifold, and
preserving computational e ciency in model reduction of non-polgomial nonlinear ROMs
has slowed down these nonlinear manifolds in replacing the POD subspavith its powerful
mathematical properties. Thus, post-ROM algorithms are desigdein this study to com-
pensate for the limitations of a linear subspace without interfering ih the standard model
reduction routine.

Lack of an energy-based inner product de nition, evolution of ROM! that do not neces-
sarily satisfy the energy equation, and as a result, the unboundgdowth of numerical errors
becomes a challenge in the POD-Galerkin ROMs of compressible owstalSlity is pre-
served through the error bounds provided by energy-consergimnner product de nitions®,
as such one that is obtained by symmetrization of the governing eafions in the Galerkin
projection®%27, The need for rigorous error bounds is addressed through similgsproaches
in other model reduction techniques, for example via the least-sapes residual minimization
in the Petrov-Galerkin projection'®?82° or the balancing transformations in ROMs created

based on the Balanced Proper Orthogonal Decomposition (BPODW\hich is equivalent to

2



the POD-Galerkin projection when the observability Gramian is usedsathe inner producf.

ROMs constructed through these channels, although more stapliney cannot survive the
rather large errors that are generated as a result of the incompgemodal representation
in nonlinear systems$*2’. This study exhibits the broader impact of symmetrization on
model reduction. It is shown in this work that symmetrization of ROM in compressible
ows enhances the controllable space of ROMs, and directly contrites to the robustness
of stabilization.

Post-ROM treatment o ers a non-intrusive approach for ROM sthilization once the orig-
inal ROM is already built*#3%34 thus provides an obvious advantage in its independence of
di erent model order reduction techniques. The most trivial appoach towards stabilization
is to use numerical viscosity to attenuate the otherwise unboundenumerical errors. Lucia
and Berar®! used numerical dissipation, along with the Linear Quadratic Regulatio(LQR)
method to separately stabilize the low-, and high-frequency mod&s the POD-Galerkin
ROM based on the Euler equations. The ad-hoc nature of stabilizatiovith numerical dis-
sipation, and the risk of a high computation cost imposed by solving ¢hRiccati equation
in the LQR method in larger ROMs compromises the robustness of thegoproach. Closure
modeling via eddy-viscosity models has been used in the POD-based\NROas a stabilization
and calibration method'%%. Despite the physics-based derivation of these models for incom-
pressible ow ROMs that contain energy-conserving quadratic tems®, it is challenging to
preserve their robustness in compressible ows. Thus, such closuerms usually involve
empirical choices of the structure and parameters that prevemfeneralization.

Optimization-based ROM stabilization methods are a more robust clasof solutions for
control and calibration of the low-dimensional systems. For the lime ROMs with time-
invariant operators, Amsallem and Farhat* developed a stabilization method that implicitly
modi es the left reduced-order basis of the ROM subject to the lapunov stability condition,
where the right reduced-order basis is preserved to maintain acaay. The stabilization
algorithm is implemented as a convex optimization problem that ensusecomputational
e ciency. However, since the optimization problem does not have dict access to the ROM

outputs, there is a risk of over-modi cation of the bases througlthe stabilization of highly

3



unstable ROMSs, that may lead to deviation of the dynamics from the GM responsé>®’.
This method was further evolved by Balajewicz et at®3® for projection-based nonlinear
ROMs of compressible and incompressible ows, where the systemeogtors are modi ed
by rotation of the subspace in a constrained optimization problemhtis these approaches
also inherit the potential diculties of the method of Amsallem and Farhat!* in highly
unstable systems, where stabilization with minimal modi cation or roation of the bases is
not possible, and a more aggressive alteration of the bases resuit$arge deviations from
the original dynamics'®.

In order to keep the ROM on the same attractor as the FOM, a natal objective is to
minimize the deviation of the output of the two systems. This is achi@d by transferring the
eigenvalues of the linear ROM to the left half of the complex plain in a dtdization method
developed by Kalashnikova et af®. Direct monitoring of the ROM accuracy in this method
is an advantage obtained at the cost of the additional computati@ e ort for solving a
nonlinear optimization problem that is not necessarily convex. Thushe method can become
intractable as the number of unstable modes increases. This has tedhe advent of a new
Hybrid stabilization method in this study, that integrates the compuational e ciency of
the method of Amsallem and Farhat* in its rst step, with the accuracy of the method of
Kalashnikova et al° in a second step to directly monitor the accuracy of ROM through th
stabilization of the most energetically-dominant modés. Separate calibration of the low-
and high-frequency components in the Hybrid method, reducesdltomputational burden on
the method of Kalashnikova et af°, and prevents over-modi cation of the system through
control, thus contributes to the robustness of the stabilizationlgorithm, especially in highly
unstable ROMs with a large number of unstable modes.

When the nonlinear dynamical system evolves in close proximity to a ed point, lin-
earized ROMs are e cient alternatives, with a potential to accuratly predict the dynamics of
the HFM. There is also a lot of variability in the stabilization approacheshat are developed
for LTI systems. This is in contrast to the nonlinear ROMs that are lbth mathematically
and computationally more challenging to process and post-proce3sus, when it comes to

the stabilization of the nonlinear ROMs, one is left with only a few methas that are mainly
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developed for a certain type of problems, and fail to respond to aame general category
of applications. The presence of strongly nonlinear phenomena (etgrbulence, unsteady
shock waves, chemical reactions, etc.), that compromise acotyaand even the viability

of a linearized model, is a norm rather than exception in the uid dynamss applications.

Thus, there is a high demand for nonlinear ROM stabilization methodshat can satisfy the

requirements of a broader class of problems in this sector.

A new method is proposed in this study for the stabilization of nonlingaROMs, that is
initially inspired by the method of Kalshnokova et al?°. This approach uses eigenvalue reas-
signment in a nonlinear ROM, therefore named the ERN algorithm, to atch the dynamical
response of the nonlinear ROM with that of the FOM. To that end, tle eigenvalues of the
linear term in the nonlinear ROM are used as control parameters taigle the nonlinear sys-
tem, while the deviation of the nonlinear ROM output from the FOM is diectly monitored
in the objective function, and a negative total power constraint gides the optimization to
ensure the stability of ROM is recovered through the control. The egative total power
constraint, although inspired by the conservation of the turbuleinkinetic energy in uid
dynamics, is compatible with the notion of time-stability in generic nonliear systems. Thus
the proposed method can be easily extended for the stabilization ROMs that originate in
other elds of science and engineering.

Solving a constrained nonlinear optimization problem that is not necsarily convex,
requires a global optimization solver, hence the cost of stabilizatianith the ERN algorithm
grows nonlinearly with the number of unstable modes. Projection ev the POD modes,
and other linear subspaces is popular for its computational e ciencand mathematically
rigorous implementation. This practical advantage however is taied in strongly nonlinear
systems that need a lot of base functions to capture the nonlinéigr while adding the
typically less-accurate higher modes to the system further damegythe stability of ROM. In
the meantime, the control space of ROM becomes more complicai@slthe dimension of the
optimization problem in the stabilization algorithm increases with the nmber of unstable
modes, which makes it more challenging and even practically impossibksame point to

capture the precise location of the global minimum point. Hence stailzation of the typically
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larger ROMs of the strongly nonlinear systems, with the bare boneRIN algorithm, impairs
the computational e ciency and accuracy of ROM, and may becomatractable in the worst
case. It is notable that the other optimization-based ROM stabilizabn methods that are
discussed here are also prone to failure in such systems, eitherduse of a nonlinear multi-
modal objective function that makes it challenging to preserve agracy and computational
e ciency in higher dimensions, or due to the lack of a direct control bROM accuracy that
may result in aggressive modi cation of the system.

In order to address this challenge and expand the applications ofdlERN algorithm,
a multi-stage stabilization layout is proposed in this work, that break the problem of the
stabilization of the target ROM into that of a few smaller ROMs, and uss the eigenvalues
of the stabilized smaller ROMs at each stage to guide the higher-dingonal optimization
problem of the larger ROMs, and accelerate convergence. This nkayout has improved
the computational e ciency and robustness of the ERN algorithm inthe higher-dimensional
ROMs of the strongly nonlinear systems.

Two supersonic ow applications serve as the probe to observe tperformance of the
proposed stabilization methods. The rst case is the classic problewf the supersonic
ow over a circular cylinder, which is further complicated by shock-ertex interactions that
introduce unsteady shock oscillations and lead to highly unstable POGGalerkin ROMs. The
second case is the supersonic ow over a triangular prism, with strg shock-wake interactions
and a similar destabilizing e ect on the constructed ROMs. This applidson requires 60 POD
modes to converge to the FOM energy. Using the bare bone ERN aigfom to stabilize the
large number of unstable modes imposes a high computation cost. elproposed multi-stage
con guration has enabled e cient implementation of the ERN algorithm, and allowed the
global optimization solver to accurately capture the global minimum @int, which is not
otherwise possible with the complicated control landscape of the-8mensional ROM.

Despite ROMs constructed based on the commdur? inner product, and the more promis-
ing symmetry inner product, are both unstable due to the preseamf the strongly nonlinear
shock-wake interactions in these applications, the in uence of synetrization on the con-

trollable space of the ROMs and their overall robustness requirasrther attention. Control-

6



lability analysis of the linear ROMs via the controllability Gramian, and sesitivity analysis

of the nonlinear ROMs in this work have revealed that the symmetry &Ms are not only
more stable, but they are also more controllable and more robustius feasible to stabilize
without sacri cing the accuracy.

The dissertation is outlined as follows: High- delity simulations of the HEler equations
for the two supersonic ow applications that are used to test the grformance of the proposed
methods are brie y reviewed in chapter2. The standard model reduction process through
POD-Galerkin projection, and the form of the governing equationsised for construction
of the linear and nonlinear ROMs are discussed in chapt& Chapter 4 is dedicated to
the Hybrid method that is developed for the stabilization of ROMs as Tl systems. The
results of application of this method for the stabilization of the lineaPOD-Galerkin ROM
of the supersonic ow over the circular cylinder are also discussedtins chapter. Nonlinear
ROM stabilization, the ERN stabilization algorithm, and the results of the stabilization of
the nonlinear POD-Galerkin ROM of the same application are addressen chapter 5. In
chapter 6, the discussion about the ERN algorithm is further expanded by intducing the
multi-stage layout and comparing the performance of the vanilla ERIdlgorithm against the
multi-stage approach in application to the nonlinear ROM of the supsonic ow over the
triangular prism. At the end, in chapter 7 the in uence of the inner product de nition is
unfolded. In particular, the impact of symmetrization on the stabiliy, controllability, and
robustness of the linear and nonlinear ROMs is discussed. The hightiglof the proposed
methods and their applications are summarized, followed by the natomments, and the

future perspective of the research in chaptes.



Chapter 2

High-Fidelity Simulations of the Euler

Equations

The two-dimensional nonlinear Euler equations are solved by a ftbrder Weighted Essen-
tially Non-Oscillatory (WENO) method, which advances in time with a third-order Total
Variation Diminishing (TVD) Runge-Kutta scheme. The shock captumng method works in
conjunction with a positive-preserving nite di erence conservate scheme to avoid negative
pressuré®4% in presence of discontinuities. An immersed boundary method by Qinghury et
al.! is implemented with three layers of ghost points to de ne the solid baulary of a circular
cylinder, and a triangular prism, in the supersonic ow applications othis study. Dirichlet
(boundary condition) and out ow conditions are applied at the left and right boundaries
of the domain respectively, along with re ective boundary conditiorat the top and bot-
tom walls. The high- delity numerical algorithm used in this study has keen extensively
benchmarked in previous work®4° including validations against an exact solution for su-
personic ow over a wedge and established numerical solutid®é? for shock re ections and

interactions of a ow passing a forward facing step.



2.1 Governing Equations of the Full-Order Model

The WENO scheme solves the conservation form of the nonlinear Bubguations:

@, EFU), GU)_

=0; 2.1
@t @x @y 1)
where, 0o 1 0 1 0 1
u v
u u2+PpP uv
U= F(U) = ,G(U) =
v uv vZ+p
E u(g + p) V(E + p)

and , u, v, p, and E are respectively the density, horizontal, and vertical componestof
velocity, pressure, and total energy (including internal energyra kinetic energy). The

system of equations is closed with the ideal gas equation of state:

(W + v?)

p=( DE -

I; (2.2)

where = 1:4 is the ratio of specic heats, which corresponds to air at standdrcondi-
tions. These equations are solved assuming an impermeable adiabatindition on the solid

boundaries.

2.2 Supersonic Flow over a Circular Cylinder

Numerical data of snapshots are generated for a Mach82 ow passing a xed cylinder
in a two-dimensional channel with solid walls at the top and bottom. Ag&r 146,700 time
steps, with step sizedt =5 10 # (non-dimensionalized by the incoming ow speed and
the diameter of the cylinder), of transition from the beginning of simlations for the ow
to reach steady state, a total of 101 snapshots are then colledtevery 20 time steps over a

grid of 601 401 points with dx = dy = 0:02 (non-dimensionalized by the diameter of the



cylinder). As shown in Figure2.1, a standing bow shock is formed in front of the cylinder,

and the re ected shock waves from the channel walls exhibit strgninteractions with the

Figure 2.1: Numerical Schlieren of evenly spaced snhapshots colldcteom the numerical
simulation of a supersonic ow passing a circular cylinder.

wake structure after the cylinder. The discontinuity of shock wass and the strong shock-

wake interactions all contribute to the challenge for an accurateumerical simulation and
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more important to the numerical instability of a ROM built from the simulation data.

2.3 Supersonic Flow over a Triangular Prism

The two-dimensional Euler equations are solved in a 2000600 grid with dx = dy = 5:45
10 2 (non-dimensionalized with respect to the height of the triangle) in tis case, to simulate

the Mach 35 ow over a triangular prism depicted in the snapshot in Figur€.2. The incident

Figure 2.2: a) Numerical Schlieren of a typical snapshot shown in Qidhuri et al.*. The
red dash-dotted line shows the theoretical shock angle. b) Nuneal Schlieren of a di erent
snapshot computed with our WENO code. The red dashed line showsetincident shock
angle in the numerical simulation of Chaudhuri et at.

shock angle captured by the WENO scheme agrees well with the nuimgal simulation of
Chaudhuri et al., that is validated against the theoretical result. The theoreticalshock
angle shown in this gure is computed by:

MaZsin? 1

tan = 2cot : 2.3
Ma?( + co )+2 (2:3)

11



where Ma is the Mach number, and =20 is the de ection anglée'.
In order to compute the POD modes in this case, 550 snapshots alected every 20
time steps, when the ow reaches steady state conditions aftei0@ 000 time steps with

dt =2:05 10 * (non-dimensionalized with respect to the incoming ow velocity and hight

a)

b)

-1

d)

Figure 2.3: Numerical Schlieren of evenly spaced snhapshots colldcteom the numerical
simulation of a supersonic ow passing a triangular prism.
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of the triangle). Dirichlet and out ow conditions are implemented at he left and right
boundaries, and re ective conditions are used at the upper and lewwalls. Figure 2.3
shows numerical Schlieren of typical evenly spaced snapshots.eT¢hock-wake interactions

in this ow eld also trigger large instabilities in the POD-Galerkin ROMs.
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Chapter 3

Reduced-Order Modeling by
POD-Galerkin Projection

Model order reduction techniques, such as POD-Galerkin projech approach, provide a
systematic and mathematically rigorous manner to develop ROMs. Bforming a set of
optimal bases suitable for the problem, and projecting the dynanscinherent from the
governing equations onto a lower-dimensional space de ned by sigebase functions, the
constructed ROM is expected to capture the basic dynamics of imest, such as large coherent
ow structures *?, at the cost of losing some resolution in less-appealing componenf$us,
dimensionality reduction that serves as the foundation for the pjection-based reduced-order
modeling has branched into various methods, such as Proper Organal Decomposition
(POD) *?, reduced-basis methotf, balanced truncatiorf, approximate balanced truncation
or balanced POI¥, and Dynamic Mode Decomposition (DMD}° to name a few. Proper
Orthogonal Decomposition (POD) as a popular choice for base fummns is attractive due
to the optimality in energy capture when high-order modes are truwated to reduce the
degrees of freedom for computatidip:1{ 1315242646048 | other words, the subspace de ned
by POD modes captures the most energy compared to any other laresubspace with the
same dimension. Galerkin projection provides a straightforward maer to represent the

governing equations (e.g. Euler equations in the current study) in law-dimensional space
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de ned by chosen bases. This section includes basic formulation obdel order reduction

on Euler equations.

3.1 Governing Equations of the Nonlinear ROM

The speci ¢ volume form of the nonlinear Euler equations are used tonstruct the reduced-

order models:

@ @ @
— = F = F,=; 3.1
ot rax ey (3.1)
where, 0o 1 0 1 0 1
u u 0 &0 v 0 0O
\Y} O uoo 0 v &0
q-= Fq= Fo=
p p Ou O O pv O
& & 0 O u 0 &0 v

= 1:4 is the ratio of specic heats, andu, v, p, and & are the horizontal and vertical
components of velocity, pressure, and speci ¢ volume, respeeliy. Using speci c volume
instead of the density in the nonlinear Euler equations generates &Rl with quadratic
nonlinearities after projection, for which the operators can be pcomputed in an oine
manner, thus facilitates bypassing hyper-reduction techniqued.he speci ¢ volume form of
the Euler equations is a simple example of a lifted nonlinear model. A sgatatic framework
has been developed in the literature for e cient model reduction ojeneral nonlinear systems
via the lifting transformations*®*°. This is particularly important as directly handling the
nonlinear ROMs in non-polynomial form can easily multiply the cost of abilization up to

an infeasible point.

3.2 Governing Equations of the Linear ROM

The nonuniform ow eld q(x;t) is averaged over time to obtain a steady base ow(x)

for linearization. Knowing that q(x;t) = q(x)+ qqx;t), Euler equations are then linearized
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about the mean ow before projection on to the base functior$®’:

0 0 0
%%1= Bl%gk Bz%%y Bsq® (3.2)
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3.3 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD), also known as Karhunehaeve Transform, or
Principal Component Analysis (PCA), is an empirical, linear dimensionaltreduction method
to obtain the trial bases that optimally span the space of the highdelity snapshots:

X

qx;t)= ai(t) i(x); (3.3)

i=1
where g’ is the state perturbation. In the modal expansion3.3), M is the number of POD
modes retained after truncation, ; is the i" base function (i.e. mode), andq; is the i*"
modal coe cient. These coe cients are obtained by projection ofthe FOM state onto the

POD subspace, and typically serve as a reference for validation bEtROM solution.
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Optimality is de ned here in the sense of an energy-based inner pnact de nition. Thus,
the POD modes are obtained by solving the optimization problem that aximizes the average
energy in projection of the high- delity snapshotsqqx ;t) onto the POD subspace (x):

(h% i?).

MaX 21 () 7 (3.4)

subject to kK k = 1. Where, kik is the inner product norm, () is the time or ensemble
average,x 2 , and H is the Hilbert space that contains the solution snapshots, and is
associated with the inner productt;:i. This optimization problem is identically represented

by an eigenvalue problem on the operatdR = (q° q°):
R = ; (3.5)

that scales with the dimensiorN of the high- delity snapshots, whereq® 2 H is the dual of
g% Thus, in order to make this eigenvalue problem tractable, when theumber of snapshots
K is smaller than the number of grid pointsN, the method of snapshots by Sirovict is

employed by solving the eigenvalue problem:
w = (3.6)

where Wj = hq,.O; qd is the K K correlation matrix of the snapshots. The eigenvalues
represent the average projection energy, and are arranged iesdending order. Thus,

truncation of the eigenvectors corresponding to the eigenvaluesth i K oag i i S

yields a low-dimensional space that represents most of the ow egg. The POD modes are

then computed:

X
= o (3.7)

i=1
The average ensemble energy captured by the réf POD modes is higher than any other
linear subspace. Despite the optimality of the POD subspace in therse of the average

energy, naive truncation of the high-frequency modal informatiromay result in the loss of
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important dynamical signatures in advection-dominated ows, egrially when the HFM
is based on the Euler equations that are the extreme form of suchse$?®!. As a result,
construction of ROMs over the POD subspace with insu cient resoltion of the nonlinearities

compromises the stability of the low-dimensional system.

3.4 Galerkin Projection

Let R be the residual of the discretized system of the governing PDEs (this case, the

nonlinear Euler equations):

0 0 0
R:9+F19+F@|-

@t ‘@x @y

Substituting the POD expansion @.3) in Equation (3.8) results in a rectangular residual

(3.8)

matrix that represents the over-determined system of equatisn Enforcing the residualR

to be orthogonal to the test subspace :
hR; (xy)i =0; (3.9)

yields anM M system of equations. Where, T =1, and | is the identity matrix. The

system of equations 3.9) is in general solved in an optimization problem to nd the test
subspace that minimizes the residual through the Petrov-Galerkimethod. In the special
occasion where the test and trial subspaces are identical (i.e. = ), this procedure is
called Galerkin projection. Thus, Galerkin projection of the nonlineaEuler equations over

the POD subspace constructs thé/ -dimensional ROM ODEs:
a=0C+ Lja; + Qi a;j ax; i=1;::;M: (3.10)
The speci ¢ volume form of the Euler equations gives rise to the nonsar ROM ODESs in

constant-linear-quadratic form, where matrixL , and tensorQ are e ciently precomputed

o ine with zero computational overhead in the online stage of the mdel reduction.
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Similarly, for the linearized Euler equations:

@0 @lo 0 a
R=—+B;—+B>,— + BaQ, 3.11
ot l@x 2@y 3q ( )

and following the same procedure yields the linear ROM ODEs:
a=0C+ Lia;; i=1;::0M: (3.12)

Equations 3.10, and (3.12 are solved by a time-advancement method, for instance the

fourth-order Runge-Kutta scheme used in this study.

3.5 Choice of Inner Product

Inner product maps the Hilbert space containing ow eld solutions b a metric space. The
inner product de nition that is used to identify the low-dimensional pace and project the
governing equations onto the subspace directly a ects the numeal properties of projection-
based ROMs. Energy-based norms provide error bounds that ildate preserving the sta-
bility of high- delity simulations through model reduction. This advantage is naturally
obtained in the model reduction of incompressible ows via the commoL? inner prod-

uct!?52z53 A direct generalization of L2 inner product for compressible ows is

yi
hod;agi = (ufud+ vivi+ plpd+ &P&)d ; (3.13)

where = 1 is a weighting coe cient. Since the conventional de nition of L? does not
satisfy energy conservation as compressibility e ects prevail, camessible ows impose an
additional challenge for de ning a physically meaningful inner produahat delivers similar
stability guarantees through model reduction. Rowle’*® suggested physics-based inner
product de nitions for compressible ows with application to the isetropic Navier-Stokes

eguations. The most predominant e ort in deriving a suitable inner ppduct for compressible
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ows is perhaps conducted by Barone et a?. Inspired by the semibounded operators
in the symmetrized equations, they derived a symmetry inner prodt for the linearized
Euler equations, and showed that the Galerkin projection with this iner product guarantees
stability bounds for ROMs constructed over the same governing eations.

Linear and nonlinear ROMs of this study are separately construadeby both L2, and
symmetry inner products. It is shown in chapter7 that compressible ow ROMs based on
the symmetry inner product are more stable, robust, and conthable compared to those
based on theL? norm?’.

Although the nonlinear Euler equations are also symmetrizable, th@wesponding sym-
metry inner product contains higher-order perturbation terms hat multiply the computa-
tion cost of model reductiort®, thus similar to the linear ROMs, the nonlinear POD-Galerkin
ROMs of this work are also constructed by the symmetry inner pragtt of the linearized
Euler equations:

Z
i 1+ 2
hod i = [ (ulud+ viv)) + —pp‘l’p‘z’+ 2 pg&+ 2 (&p+ &)ld ;  (3.14)

where H is the symmetric positive de nite matrix that symmetrizes the linearizd Euler

equations: 0 1
0O O 0
0 0 0
H = ; (3.15)
00 1+ 2 2

p
00 222p

P~
and = 2is areal nonzero parameter. Tabandeh et &f.showed that when the symmetry
inner product is used for projection of the linearized Euler equatien the dynamics matrix

of the linear ROM in Equation (3.12) is composed of two matrices:
Li = L +hy; (3.16)

where, L is a skew-symmetric matrix with purely imaginary eigenvalues, and max b is
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identi ed by the boundary conditions. Thus, as a result of the antisymmetry of matrix L,
when the boundary conditions generate a matrix; with eigenvalues that are close to the
imaginary axis in the complex plane, eigenvalues of the linear dynamicsimx L; will also
be close to the imaginary axis. This property, that has been obsex in several applications
of the symmetry ROMs in the literature>242627 carries signi cant computational bene ts
through stabilization and calibration of the ROMs.

The nonlinear ROMs created based on the symmetry inner product ¢he linearized
Euler equations do not necessarily follow the error bounds obtaind®y Barone et al?4,
though they have shown notable improvements over thie? de nition in terms of stability

and robustnes$’.
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Chapter 4

Stabilization of ROMs as Linear

Time-Invariant Systems

4.1 Motivation and Overview

ROMs developed by POD-Galerkin projection su er from dierent ingabilities in many
cases”>4%5 Barone et al?* pointed out that ROM instability may come from the lack of an
energy conserving de nition for the inner product used in both thd®OD computation and
the Galerkin projection, and they suggested to use a symmetry ianproduct which leads to
a ROM in the form of a symmetric operator being applied to primary vaables. Similarly,
using a least-squares Petrov-Galerkin projection method instead Galerkin projection with
the L? inner product, theoretically provides a more stable backbone foradel reduction of
nonlinear equations, by minimizing the residual in projection of the gerning equationg®°6.
Galerkin projection with the commonly used_? inner product is optimal (in minimizing the
residual) when the Jacobians of the system are symmetric positive dite, which is not
generally satis ed in nonlinear problems. Unfortunately, when the ow is highly inviscid
and further complicated by discontinuity and unsteady perturbaibns, merely changing the
inner product is not su cient to stabilize a ROM. Numerical errors are inevitably generated

and often ampli ed quickly when an aggressive truncation of high-der modes happens
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without an appropriate closure model and the system itself lacks mbsic dissipation.

The computational and theoretical simpli cations o ered by linearization make linear
ROMs attractive in model reduction of originally nonlinear dynamical gstems. To develop
a general approach to stabilize ROMs as a typical linear system, Aalem and Farhat'*
proposed an Implicit Subspace Correction (ISC) method to manipuia linearly the system
dynamics matrices of a larger ROM to obtain a stable but smaller ROM bgolving a convex
optimization problem based on the Lyapunov stability condition. The $C method is e -
cient in the stabilization of ROMs especially when the number of modeslasrge, while the
accuracy is partly maintained by preserving the right Reduced-Ost Basis (ROB). However,
its accuracy is lower than other approaches that involve an explicibatrol of ROM accuracy
in cost functions. Focusing on the accuracy, Kalashnikova et &l.suggested an eigenvalue
reassignment (ER) method to recon gure positive system eigeruas to negative ones while
solving an optimization problem to minimize the deviation of the ROM outpts from the
outputs of the original Full-Order Model (FOM). Though the accuacy is controlled by the
optimization process, the cost increases quickly when more modes acluded in the ER
process, and the more complicated control space of a larger ROMaymeventually fail the
optimization process facing the di culty to achieve convergence .

The new Hybrid method developed here aims to take the strengthd both the ISC
method'* and the ER method®. Since the ISC method, though being e cient and robust,
tends to excessively alter low-frequency (originally more unstablejodes and reduce the
overall accuracy, the Hybrid approach takes two steps: rst, ses the ISC method to stabilize
all modes in an e cient manner; then, applies the ER method to ne tuwe the eigenvalues
of a small group of low-frequency modes with a cost function de deto directly control
the accuracy of the overall system outputs. With the ER method &ng applied at the
end to handle a small number of modes despite the total number ofodtles used in the
ROM, the Hybrid method maintains low cost and robustness (of ISCand gets an explicit
control of accuracy (via ER) independent of the ROM size. Furtlrenore, when a symmetry
inner product?#2627 is implemented in the computation of POD modes and in the Galerkin

projection, the ROM based on this inner product shows clear imprement of stability in
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its comparison to the one based on a conventionaf inner product. Not to our surprise, a
relatively more stable original ROM using symmetry inner product leaglto a more accurate
ROM at the end after stabilization. Thus, it becomes natural to adpt the original ISC and
ER as well as the new Hybrid approaches to apply on a symmetry ROM teach the ROM's
full potential in terms of stability and accuracy.

Without physical dissipation, a ROM of an inviscid compressible ow is fadamentally
more vulnerable to instability, and therefore an inviscid ROM is a moreustable and chal-
lenging subject for the study of ROM stabilizatiort*3%37, The low-dimensional space is here
constructed by Proper Orthogonal Decomposition (POD) with snashots from the high-
delity simulation of the supersonic ow passing a xed cylinder, and then Galerkin pro-
jection casts the dynamics of the ow eld onto a subspace of POD ades. Though the
high- delity snapshots are computed by a numerically stable algorit, the highly unstable
physics from the interaction of shock waves and unsteady vortekedding often triggers nu-
merical instability in the projected ROM that is not intrinsically formulated to keep the same
stability characteristics as the original high- delity model. For the sike of completeness, and
a smooth introduction to the new Hybrid method, the approaches iroduced respectively
by Amsallem and Farhat* and Kalashnikova et al® are brie y reviewed here before the

Hybrid method is proposed.

4.2 Implicit Subspace Correction (ISC)

In this method, Amsallem and Farhat* suggested a minimal modi cation of the left ROB to
enhance model stability. To provide an adequate search space, eg&g ROM of dimension
M + r is initially constructed to generate a stable ROM of a slightly smaller dinmesion
M. The dynamics of the smaller ROM is built in a convex optimization problenthat
ensures the stability of the modi ed bases by satisfying a Lyapunagquation. The method

is demonstrated for a Linear Time-Invariant (LTI) system as:

E?j—);(t) = A () + Bu (1); (4.1)
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y(t) = Cx(1);

wherex 2 RN is the vector of states,u 2 RS is the control input, andy 2 RC is the
systemoutput. E2 RN N A2RN N B 2RN SandC 2 R¢ N are full-order matrices
that are constant in time. E is the identity matrix due to the non-descriptor form of the
equations in this case, andi is zero.

Following the Lyapunov stability condition, the equilibrium point xo of the system in
(4.1) is asymptotically stable with stability margin if and only if there exists a Symmetric

Positive De nite (SPD) matrix P that satis es:

ETP(A+ E)+(A+ E)'PE = Q; (4.2)

for any SPD matrix Q. Arranging ROM ODEs in the form of the reduced-order LTI system

we have:
dx M

E
Mt

()= Auxm(t)+ Bmu(t); (4.3)
ym (1) = Cuxm(t);

wherexy 2 RM is the solution to the ROM, andyy 2 R € is the reconstructed ow output
using ROM coe cients. Similarly, Eyy = JE M 2RM M Ay = A y2RM M
Bu= B 2RM SandCy =C y 2 R® M are constant matrices.

Derivations are expressed in terms of the left and right ROBs, thaare the same in
Galerkin projection. However, the method is directly applied to the RM ODEs rather
than the base functions, and is therefore independent of the geation method. The idea is
to look for the left ROB of a target stable ROM of dimension M in the rage of the bases at
the dimension ofM + r, keeping the right ROB unchanged to maintain accuracy. Assuming
that ~ is the ROB of dimensionM that is being searched for in the range of the ROB of
a larger ROM of dimensionM + r, namely ., thus Ty can be expressed in terms of a

matrix X 2 RM*1 M of rank M, which identi es the combination towards ~y; :

M= M X (4.4)
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Since by stabilization of the ROM ODEs we are altering the projectedytiamics of the
governing equations, minimum deviation of the stabilized basis from ¢horiginal basis (i.e.
Y v ) Will serve as the objective function to prevent a substantial chege in the

system through optimization.
In order to make the optimization problem amenable to semide nite mgramming, it is

expressed in terms of a SPD matrif 2 RM*" (M+1) that satis es the Lyapunov equation:

min BoRM+r) (M+r) p\f—z ¢\22 + ﬁ\ll [= (45)
E

st. M{PMs+M/PMeg= Q;
B> Omsry M+r)

where is a regularization parameter andF represents Ferobenius norm. The equality
constraint in this equation is the Lyapunov stability condition that is rearranged for the
system in @.3) by expanding Eyy and Ay in terms of the base functions, substituting
the modi ed left ROB as in Equation (4.4), and dening Mg = [,,E y andM 4 =

m+r(A + E) wm. This minimization problem thus guarantees: a) asymptotic stability
of the reduced order LTI system, b) preserving the originally stdé eigendirections of the
system, and c¢) computational cost in the order of the reduced dansion. For a feasible
solution to the convex problem in 4.5), matrix X is then computed knowingP minors:

0

1
X = Pu X: (4.6)
Py

At the end, the LTI system matrices are modi ed to stabilize the ROM
Em =X Mg, Au=X"(Ma ME);Bwm =X TBm+r;Cm = Cusr! (4.7)

The solution of the optimization problem is computed in MATLAB by the CVX package.

Provided that the optimization solver cannot reach a stable solutiom the range of the larger
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ROM, one may change parameter either by altering dimensionM of the target ROM or
expanding the size of the ROM of dimensioM + r, and revisit the original system identities
if necessary.

Since the Galerkin system in the current study exhibits strong instality in presence
of unsteady shock interactions, the modi cation of the system ntax to reach a stable
solution may be large enough to reduce ROM accuracy in a noticeableammer or even
change the dynamics of the system. It is expected that the ap@ch may benet from
another optimization process to regulate the accuracy of ROM opit and prevent deviation

from the original attractor.

4.3 Optimization-based Eigenvalue Reassignment (ER)

Asymptotic stability of an LTI system is identi ed by the location of its eigenvalues with
respect to the imaginary axis. It is possible to stabilize an originally uteble LTI system

by moving the eigenvalues from the right to the left half of the compie plane passing
the imaginary axis. Kalashnikova et af® have used this de nition as a constraint on an
optimization problem that recon gures the eigenvalues of an unstde ROM for maximum

accuracy, which is implemented in the body of an objective functionnodeviation of the

ROM output from the same output computed by the FOM. The basic ancept is similar
to the common practice of using a feedback signal to maintain the @agate output from a

control system. However, instead of an actual feedback sigralt of the ROM solution, an

analytical representation of the system response is used for sliopy and low computational

cost. This analytical representation here is the exact solution tche LTI system in (4.3).

Diagonalizing the system dynamics matripA ,, using eigenvalue decomposition, we have:

Ay = VyDuVy (4.8)
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An optimization problem is then de ned for the unstable eigenvaluesfthe Galerkin system:
. 2
min ARV (4.9)

st. Re( {)<0j=1;:u5L,

wherey is the output of the FOM provided by the original data snapshots ath y,, is the
ROM output reconstructed analytically by the exact solution of theLTI system:

Z

yu (t) = Cu [V exp(tD'y )V, 'xw (0) + , Vmexpl(t )DwmlVy'Bmu()d]  (4.10)

It is worth noting that y is a low-order projection of the original dynamics and achieved by
the projection of the data snapshots to the same low-order sgade ned by the same number
of POD modes used in ROM. Since the ROM solution is in a much lower dimémsal space,
instead of using the original dynamics/data in full order, it is only appopriate to use the
projected dynamics of the original FOM in the same low-order spaes a reference.

An iterative process between the modi cation of the eigenvalues drthe measurement
of ROM outputs against the reference is required to reach the aptal solution. In Equation
(4.10, the diagonal matrix of eigenvalued y, is substituted by D'y, which is updated at
each iteration of the optimization problem 4.9). Once the optimization problem converges,
the dynamics matrix is reconstructed by eigenvectors of the origaghsystem and the optimal
stable eigenvalues:

Ay =VuDuVyth (4.11)

The optimization problem de ned in (4.9) is a constrained nonlinear problem, which is easily
implemented by thefmincon solver in MATLAB optimization toolbox using the interior-point
algorithm.

According to the discussions on stability of an LTI system at the beégning of this
approach, upper-bound constraints on real parts of eigenvaki@re theoretically su cient

to solve the optimization problem for a stable ROM. Whereas, due tde large parametric
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space dictated by the number of unstable eigenvalues, accuraoncerns may require further
regularization of the search space by introducing lower-bound csimaints, which inevitably
increases the computational e ort. Such limitations are stressess more unstable eigenvalues
enter the optimization problem (that is equivalent to further increae of the number of modes
used in the ROM). Even worse, the algorithm may not converge whehe control space
becomes more complicated with the increase of control parametemn this case, the number

of unstable eigenvalues.

4.4 The Hybrid Stabilization Approach

In both of the previous stabilization methods, stable eigenvalues tiie LTI system are
preserved in order to maintain dynamics of the original ROM as muchsgossible for better
accuracy. When most or all modes are stable for a ROM of dimensibh + r, ISC provides
a stable ROM of lower dimensiorM and keeps the accuracy across & modes*. When
most or all modes are unstable for the original ROM of dimensioM + r, such as the
current case, ISC still provides a stable ROM of dimensiokl, but loses accuracy in some
eigenmodes, which in our symmetry ROM are the modes with lower-frgency response that
are originally more unstable. The smaller modi cation to higher modesyhich are originally
more stable, leads to improved accuracy of dynamics in those modés contrast, since the
L2 ROM is initially more unstable than the symmetry ROM, even the minimal bange of
the left ROB in the ISC method results in considerably inaccurate timeesponse in the.?
ROM, regardless of the frequency.

On the other hand, ROM accuracy is regulated speci cally in the ER gpoach and is
maintained despite the number of unstable eigenmodes in the origir@DM. However, with
an increase in the number of unstable modes, the optimization probien ER requires con-
siderably higher computational cost to reach convergence, anket computational overhead
may reach a point where optimization becomes infeasible in some casHse control space
also gets more complicated with larger number of control paramese(i.e. unstable modes),

and it often leads to problems with poor convergence (e.g. convierg to a local minimum
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or not converging at all).

To achieve the best of both worlds, a Hybrid method is proposed tabically let the ISC
approach handle most of the high-frequency modes and leave a taghly unstable modes
at lower frequencies to be handled by the ER method. The goal is tedp the cost low and
the control space smooth enough for convergence. The detaite ghown in Algorithm 1,
where {'(0) is the initial value of /. ; and , are tolerance valuesp and c are small real
numbers to facilitate searching the parameter space for optimabmts in a limited range,
and a is de ned with respect to the properties of the unstable ROM genated based on
a speci c inner product that may naturally result in local clustering d optimal eigenvalues
(e.g. close to the imaginary axis). Imaginary parts of the eigenvalsi@are xed at those of the
original system in the Hybrid method, therefore, only the real coponents of the unstable
eigenvalues are changed through optimization. Generally steps Idugh 18 can be avoided
for a well-behaved optimization problem with a smooth search space.

Integration of the Hybrid method with the energy conserving de ition of the symme-
try inner product, instead of the traditional L? norm, is expected to further improve the

performance and robustness of this approach.
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Algorithm 1 Hybrid Method
Step 1
1. Construct ROMs of dimensionM, and M + r
2. Adjust the stability margin  and regularization parameter

3.fori=1:rdo

4 Obtain Mg and M, by the rst M columns inAy+i and Ey +
5.  Solve the optimization problem ¢.5) for B 2 RM+1) (M+i)

6 if a feasible solution is obtainedhen exit

7. end for

0o

. Compute X , and modify ROM matrices as in §.7)
Step 2

9. Compute the diagonal matrix of eigenvalued);sc ) of the ROM stabilized in step 1
10. Diagonalize matrixA y of the original ROM

Ay =VuDuV,?

11. Substitute selected eigenvalues Bf;sc in Dy
12. Initialize the diagonal matrix D'y, to D v
13. Solve the optimization problem in Equation 4.9) for |
14, if (j {'j>a) then

15. while (j {'(0)j> 1), do (0)= b {'(0)) and go to 13, or
16. while (jlbj> ), do Ib=1Ib+ cand go to 13, or

17. Change the stability margin and go to 3

18. end if

19. RearrangeD with the stabilized eigenvalues
20. ComputeAy
Ay =VuDuVyt
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4.5 Application: Supersonic Flow over a Circular Cylin-

der

Computed from snapshots of the high- delity simulation data, the rst 16 POD modes
capture 95% and 92% of the ow energy with.2 and symmetry inner products respectively.
On the other hand, adding more of the higher modes gets diminisheekturn in its captured

energy while high-frequency components from extra high modesdaly reduce the e ciency

of the optimization process and often lead to a less accurate ROMailigh at higher order.
Thus, the three stabilization methods are applied to the 16 mode line&OMs.

To compare the performance of ROMs using di erent stabilization nbods, a relative
error is de ned to measure the di erence betweek £, the energy of POD modes directly

from the projection, andE K, , the energy represented in ROM:

_, EX E
o= k_]P - POD R;)M 2 : (4.12)
E k
k=1 POD 2
P
where energy is de ned byg ) = :‘”:1 a?(t) with coe cients a; from respectively the POD or

ROM. Notice that this is a sensitive error metric that is only de ned b&ed on the uctuating
dynamics, while many of the ow structures are captured by the man ow that when added
to the modal approximation through reconstruction of the ow eld makes it more di cult

to visually recognize the order of discrepancy between the ROMsabtlized by di erent

methods.

45.1 Stabilization approaches on the L? ROM

The horizontal velocity at a downstream probe point X;y) = (3;2) is used as the system
output in ER. In the case of L?> ROM with 16 modes, it becomes challenging for the ER
method to converge to a solution with reasonable accuracy due toetlarge and presumably
complex parametric space. Tablé.1shows the poor accuracy of a typical ER stabilization for

the 16 model.? ROM, marked by ER(1), which is most likely trapped at some local optimmm

32



Table 4.1: Performance of the stabilization methods in the 16 mode ROM.

ER(1) ER(2) ISC Hybrid
Number of variables 16 16 153 153+3
Upper-bound constraints 8 8 NA 3
Lower-bound constraints 0 8 NA 3

NA NA 1:00e 05 100e 05

NA NA 5.00e-01 5.00e-01
Number of ER function evaluations 204 1539 NA 72
Wall-clock time (sec) 1.04 7.78 1.97 2.66
Relative error e (%) 7.76e+01 1.30e+01 4.0e+09 1.51e+01

E
Re( )

Figure 4.1: Eigenvalues of the 16 mode? ROMs.

with terrible accuracy. One ad-hoc x is to introduce empirical lowetbound constraints,

which may limit the chance of being trapped by unreasonable local opta at the expense of

1CVX solver status shown in Matlab is \Inaccurate" for convergence, and choosing di erent ROM di-
mensions makes no improvement in this case.
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a) Time b) Time

Figure 4.2: The a) rst, and b) second temporal coe cients for tle 16 modelL? ROM
stabilized by ISC (), ER(1) (=---), ER(2) (-~ ), and Hybrid ( - ) methods compared
against the POD coe cients (—).

increased computational cost. At the same time, the appropriatewer-bound constraint for
each eigenvalue is not well de ned and may be challenging to identify irrgetice. The case
ER(2) in Table 4.1 shows a typical example of ER with ad-hoc lower-bound constrainter
convergence to reasonable solutions. Figudel shows the new stable position of eigenvalues
from ER(1) and ER(2). Apparently, ER(2) is less aggressive in mogihg the eigenvalues and
leads to better accuracy. In Figuret.2, the POD coe cients are obtained by the projection
of FOM state onto the POD modes, and used as a reference for leredion of the accuracy of
ROM coe cients that are computed by projection of the governingequations onto the POD
subspace. Thus the time evolution of coe cients in this gure shows more clear picture for
the di erent levels of accuracy delivered by ER(1) and ER(2). It is wrth noting that ER(2)
has bene ted from an empirical x and is much more expensive thanhe Hybrid method
though it provides similar accuracy.

ISC, as a computationally e cient method, is applied withr = 1 for comparison. Fig-
ure 4.1 shows that the ROM stabilized by ISC has characteristic eigenvalués the stable
half of the complex plane as expected. However, despite its comgtibnal e ciency, the
performance of the ROM stabilized by ISC in Figuret.2, where the time history of POD

coe cients are shown for reference, is far worse than other apmaches in the current case.
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This is also con rmed by the poor convergence with the large relativerror shown in Ta-
ble 4.1 In fact, it has been pointed out by Amsallem and Farhat in the originbwork* that
there is no guarantee for the convergence of the CVX solver in angplicated control space
with increased control parameters. Choosing di erent ROM dimemsns may help, but it
does not work for the currentL? case. Note that the number of variables shown in Tabk.1
for the convex optimization problem of the ISC method is the total umber of independent
components of the SPD matrix® 2 RY7 17 for stabilization of our 16-mode ROM with
r=1.

In order to improve the computational e ciency of ER and its reliability in stabilization of
the dominant modes, the new Hybrid method stabilizes most of the Higfrequency responses
using the ISC method, and solves the optimization problem of the ER ethod for a few
remaining eigenvalues controlling mostly energetic low-frequencyspmnses, while preserving
the eigenvectors of the original ROM in all directions. It is indicated ¥ the locations
of eigenvalues in Figured.1 that the Hybrid approach has only modied three pairs of
eigenvalues (i.e. the six eigenvalues with the lowest frequencies) inHR step on top of the
initial ISC stabilization. The accuracy achieved by the Hybrid approeh is about the same as
ER(2) method, but with only a fractional cost as shown in Tabletl.1as well as in Figure4.2
In fact, with a larger number of modes entering ROM stabilization, tb control space gets
more complicated and leads to situations where the ER(2) methodil&ato reach any optimal
solutions at all. On the other hand, the Hybrid method limits the non-onvex optimization
process to only a small number of low-frequency modes, thus emsuthe convergence of its

ER step.

4.5.2 Stabilization approaches on the symmetrical ROM

Using a symmetry inner product, rather than a regularl.? inner product, in the model
order reduction of compressible ows has shown clear advantagé&mth theoretically and
practically, in improving ROM stability 242627,

The original ISC method is adopted and applied to a 16 mode symmetRROM with
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r =1. As shown in Figure4.3, all the eigenvalues are moved to the stable region when ISC
is applied to the originally unstable symmetry ROM. It is actually more olsious in this case
that the low-frequency modes, that are originally more unstable, ay be \over-killed" by
moving too deep into the stable region. Such over-stabilization leadis inaccuracy in the
same way as it is described before for tHe? ROM and shown again now for the symmetry
ROM in Figure 4.4. Essentially, ISC shows improved performance on a symmetry ROt

the problem of lower accuracy in low-frequency modes persists.

Im( )

Re( )

Figure 4.3: Eigenvalues of the 16 mode symmetry ROMSs.

When ER is applied to the symmetry ROM, the eigenvalues are moved tbe stable
region, but less aggressively as shown in Figude3, and according to Figure4.4 accuracy
of the ROM coe cients is also improved in comparison to the regulat.? ROM. With the
improvement in both the ISC and ER methods when being adopted farsymmetry ROM, it

IS not surprising to see a larger improvement in the performance dfdé Hybrid method. The
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new eigenvalues of the ROM stabilized by the Hybrid method appear take the features,

and be a good combination of the eigenvalues of ISC and ER as showrrigure 4.3.

ag
ap

a) Time b) Time

Figure 4.4: The a) rst, and b) second temporal coe cients for tre 16 mode symmetry ROM

stabilized by ISC (-+), ER (== ), and Hybrid (-~ ) methods compared against the POD
coe cients (—).

Table 4.2: Performance of the stabilization methods in the 16 modersgnetry ROM.

ER ISC Hybrid

Number of Variables 16 153 153 +3
Upper-bound constraints 8 NA 3
Lower-bound constraints 0 NA 3

NA 1.00e-05. 1.00e-05

NA 2.00e-01 2.00e-01
Number of ER function evaluations 1837 NA 12
Wall-clock time (sec) 8.87 1.37 1.53
Relative error e (%) 2.76e+00 3.05e+02 3.23e+00

It is worth noting that despite the accuracy shown in the symmetrfROM, ER stabiliza-
tion faces the same challenges computationally. The computationadst of the ER method
is much higher than the Hybrid method, though they o er similar accuacy. Table 4.2 shows
details of the computational performance of the stabilization methds for a 16 mode ROM.
The advantage of the Hybrid approach in terms of computationalasings is shown by the

signi cantly smaller wall-clock time for almost the same level of accucy obtained by the
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ER method. The di erence in the computational cost gets only largewhen the number of
modes increases. At some point with larger number of modes, the EiRethod may fail to
converge.

Although both L? and symmetry ROMs are originally unstable, the maximum growth
rate, measured by the real component of eigenvaluBg( ), is 11.48 for theL? ROM, which
is much larger than the maximum value of 2.38 for the symmetry ROM lbere stabilization.
The stabilization methods also perform better for the symmetry R®I. The L? ROM stabi-
lized by the ER method without lower-bound constraints (i.e. ER(1)has a poor accuracy
with a relative error of 77.61%, while the symmetry ROM stabilized by tt ER method with
the same con guration reduces the error to only 2.76%. It is showin chapter 7 that these
observations are directly connected to the properties of the doollable space of the ROMs
constructed based on the two inner products.

For a direct comparison of the ows, Figure4.5 shows the stream-wise velocity of the
reconstructed ow elds computed by di erent ROMs, compared gainst the original FOM
(i.e. DNS) data. The ow computed by the ROMs stabilized by the Hybid and ER methods
reveals more details of the vortex shedding structures, while alladtilized ROMs capture the
shock locations well. When a particular space-time location, at = 5 (for all y locations)
andt = 0:65, is chosen, a more quantitative comparison of ROMs is shown in Figut.6 for
the stream-wise velocity and pressure pro les. The ROMs stabilizday the Hybrid and ER
methods clearly out-perform the one stabilized by the ISC method ithe comparison for
both velocity and pressure pro les, though the Hybrid method is me e cient and robust

than ER.
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>
X d) X

Figure 4.5: Stream-wise velocity contours of the snapshot it 0:65 computed by a) FOM,
and the 16 mode symmetry ROM stabilized by b) ISC, c) ER, and d) Hyid approaches.
Velocity at the locations marked by red asterisks is used in the ER ddxgtive function for
both the ER and Hybrid methods.
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a) b)

Figure 4.6: Pro les of a) horizontal component of velocity and b) gssure ak = 5, computed
by FOM (—), and the 16 mode symmetry ROM stabilized by ISC ), ER ( —=-) and the
Hybrid method ( -~ ).
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Chapter 5

Stabilization of Nonlinear ROMs

The systematic and physics-infused construction of a projectidmased Reduced-Order Model
(ROM) shows the capability to replicate the dynamical evolution of tle original high-
dimensional system but with fractional computational cost. Howeer, certain nonlinear
features and high-frequency contributions may be lost througho the aggressive order re-
duction. Thus, ROMs in a large category of uid dynamics applicationsequire stabilization
and model closure methods to compensate key contributions mdseom the model order
reductionl“{”?lg{ﬂ??’o.

Despite the predominance of the applications that do not lend theralves to linearization,
there are only a few stabilization methods that have been rigoroustiesigned to control the
nonlinear ROMs. Following the approach by Amsallem and Farhat, Balajewicz et al3338
applied a minimal rotation of the subspace and modi ed the reducedrder representation at
the kinematic level to obtain stabilized nonlinear ROMs for both commssible and incom-
pressible ows. However, similar to the ISC approach, when dealingittv highly unstable
ROMs such as those in the current study involving strong shock-sex interactions, the
large rotation of a subspace often leads to substantial deviatioffi ihe stabilized ROM from
the original dynamics and reduces the accuracy.

Inspired by the approach of Kalashnikova et af’, a global eigenvalue reassignment

method for the stabilization of nonlinear ROMs (ERN algorithm) is devi®ped in this chap-
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ter. Using the growth rates (i.e. eigenvalues) of the linear dynamies the control parame-
ters, this method learns a linear control law to drive the nonlinear RM towards maximum

agreement with the Full-Order Model (FOM), where the stability of e nonlinear ROM is
guaranteed by a total power constraint. Global optimization is uskto improve the robust-
ness of the method, and a multi-stage stabilization layout is develogpé the next chapter to

facilitate computationally e cient implementation of the ERN algorithm in strongly nonlin-

ear applications that need a higher-dimensional linear subspace &solve the true dynamics.
Thus, the global aspect of the eigenvalue reassignment is achiebgdboth de ning a stabil-

ity condition suitable for a generic nonlinear system, and using a globaptimization solver

to locate the eigenvalues in the control space.

The stabilization method proposed in this work can be applied to the deiced-order
models that are either constructed by projection of the governinequations onto a low-
dimensional spacg&'®, or discovered by system identi catiorf’®’, and operator inference
techniques®. The mathematically rigorous and physically informative structure b the
projection-based model reduction have prompted us to use POBalerkin ROMs as the
test-bed for implementation of the ERN algorithm. Using a symmetryinner product has
improved overall stability, controllability, and robustness of compessible ow ROMs in dif-
ferent applications, which has turned it into a standard componendf the model reduction
process in this study#+26:27,

This new stabilization approach achieves both the stability and the aaracy for the
nonlinear Proper Orthogonal Decomposition (POD)-Galerkin ROM othe application with
strong shock-vortex interactions and unsteady oscillations thatigger large instabilities in
the original ROM before the stabilization.

The ERN algorithm is introduced in this chapter along with the details foits implemen-
tation. Then the results of applying this method for stabilization of he POD-Galerkin ROM
constructed by the symmetry inner product are discussed. Theonlinear ROM is created

based on the snapshots of the supersonic ow over the circularliogler.
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5.1 Power Balance and the Notion of Time-Stability

Net conservation of the Turbulent Kinetic Energy (TKE) has inspirel the use of power
balance as a constraint for closure and stabilization of incompredsibow ROMs based on
the Navier-Stokes equationS’®8, Noack and Nivert’ suggested several closure strategies
based on the constraints that arise from the Galerkin system. Bgkwicz et al*® used the
total power balance as a constraint for the stabilization of incompssible ow ROMs that
possess energy-preserving quadratic terms.

For an orthogonal subspace as POD, the total TKE is represermteoy:

E= — =

ka%® _ X' a2
q2 %: (5.1)

i=1

Power is de ned as the variation of TKE over time, where for a ROM wi constant, linear,
and quadratic terms yields:

dge N hd X

— = Gai+ Lij aiaj + Qi aia;j a: (5.2)

i=1 ihj =1 ik =1
Net conservation of the uctuation energy requires the total paer to be balanced on the
attractor in an average sensg:
dE
C= (5.3)

where,
X X

(C(Ij—lf = Lij (aiaj) + Qik (aiajax); (5.4)
ij =1 ik =1
knowing that for the POD subspace &;) = 0. The invariance in Equation (5.3 is itself
a consequence of a modal power balance at every mode. Howetlgg condition is only
satis ed by the HFM that involves the full modal interactions of the energy cascade. It
is known that ignoring the multi-frequency e ects due to the modakut-o in POD-based

ROM s results in accumulation of power in the system that makes ROMsstable in turbulent

ows 3859 Rempfer and Faser showed that the interrupted modal interactions in POD may
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lead to positive, or negative modal powers at di erent mode numbsr

The above notion of the total power balance in turbulent ows is clagy tied to the
de nition of exponential stability in a generic dynamical system. Expnential stability in
nonlinear systems is equivalent to the time-stability, which requires aon-increasing ampli-
tude in the dynamic response of the system. In other words, forsgstem to be time-stable,

it has to maintain a non-positive numerical power at an arbitrary timestep®%6:

dE

m 0: (5.5)

In order to prevent dramatic system modi cations through contol, the weak form of this
constraint is favored, which requires the total power to be nongsitive in the average sense.
At the ROM level however, the POD subspace is not complete, and i@l resolution of
the nonlinearities necessarily leaves a total power residual in the la@imensional system. A
positive residual corresponds to spurious accumulation of powertire system that eventually
blows up the ROM response. Enforcing the reduced-order systemsatisfy the average total
power balance is too strong a condition, that may lead to bad or insicient convergence in
the stabilization algorithm. Thus, a less restrictive approach to guantee the stability of
the nonlinear ROM is to make the system satisfy time-stability by mairdining a negative
total power residual on the average:

X X
Lij (aiaj) + Qik (aiajay) = (5.6)

ihj =1 ik =1
where is a small positive number. The exact value of the total power that &ls to the most
accurate ROM response is not known a priori, and has to be identi edumerically in the
course of optimization. While enforcing negativity to guarantee thetability of ROM through
control, the in uence of the magnitude of the total power residuleon the optimization needs
to be regulated to prioritize accuracy. This is facilitated by the spec choice of the objective
function in the stabilization algorithm that is proposed in the rest of his section. Note that

the total power is derived for a ROM in constant-linear-quadraticdrm here. Extension of
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this formulation to higher-order systems is straightforward.

5.2 The ERN Stabilization Algorithm

Linearization of the nonlinear dynamical systems has long been emydd as a bridge to
access the mathematically rich and computationally e cient tools of he classic control
theory to stabilize nonlinear systems that operate in close proximity the xed points. Fluid
dynamics applications though more often than not involve strong miinearities (e.g. shock
interactions, chemical reactions, turbulence, etc.) that void theeliability of the linearized
counterpart of the system as a probe to model the evolution of¢horiginal nonlinear system.
The stabilization method that is proposed in this study uses the eigemues of the linear
term of the nonlinear ROM as control parameters to drive the nonlear system towards
the desired dynamics that is stable, and accurately representsettdynamics of the HFM.
The eigenvalues are relocated in the complex plain via a global optimizat solver until
the nonlinear ROM output closely matches that of the FOM, while staltity of the solution
is guaranteed by enforcing the nonlinear ROM to maintain a negativeotal power on the
average. Consider the following nonlinear system that represerasnonlinear ROM in its
general form:

Emxm = Auxm + f (Xm)+ Buu(t); (5.7)

ym(t) = Cuxm(t);

wherexy 2 RM is the state variable,xy = % is the state derivative,u 2 R is the
control input, and yy 2 RS is the reconstructed output using ROM coe cients. Similarly,
Ev= nmE w2R"M Ay= JA y2RY"M By= [IB2R" L andCy =
C um 2 RS M are constant matrices, andE, A, B, and C are the matrices of theN -
dimensional FOM. We haveEy = | for the system in non-descriptor form,Cy, = 1 for
full-state output, and u = 0 (no physical control inputs) in the applications discussed in
this paper, wherel 2 RM M is the identity matrix. Finally, f (xy) is a general nonlinear

function that represents the nonlinear terms in the ROM equationwhich in the case of
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non-polynomial ROMs is obtained after lifting transformationé®, or by hyper-reduction®?
in order to keep the stabilization algorithm tractable.

The linear dynamics matrix A, is diagonalized:

Ay = VuDuVyth (5.8)

Eigenvectors ofA , are the columns of matrixVy, , and are preserved through the stabiliza-
tion. The diagonal matrix Dy contains the eigenvalues of . Unstable eigenvalues “
of this matrix are the control parameters that are reassigned irhe following optimization
problem to stabilize the nonlinear system:

X

min y
k=1

2

N 5 (5.9)

dE
s.t. (a <0

where () represents time averageK is the total number of snapshotsy is the Quantity
of Interest (Qol) in the FOM output that is provided by the high- d elity snapshots, and
ywm Is the same Qol in the ROM output that is computed by numerical integation of the
ROM ODEs. However, in the case of full-state output when the simui@ns are not focused
on a specic Qol (e.g. drag force or Mach number at a specic locatiy, computing the
objective function in (5.9) becomes prohibitively expensive. Therefore, the objective fuiimn
is modi ed in the following optimization problem for the stabilization of ROMs in systems

with full-state output:

. )(< K K 2
min a(pop) A(ROM) (5.10)
k=1
dE
st. (—)<0
(g
P M . . .

wherea = Z; &(t), apop) is computed by the POD coe cients that are obtained by

projection of the FOM state onto the POD modes, andirom ) is determined by the ROM
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coe cients that are computed by integration of the nonlinear ROM (DEs at each iteration
of the optimization. For ROMs with the constant-linear-quadratic brm shown in Equation
(3.10, the average total power %) is given by Equation (.4), where the tilde sign shows
that its value is updated at each iteration of the optimization accoruhg to the newly assigned
eigenvalues.

The linear dynamics matrix A, is also reconstructed at each iteration by the original

eigenvectors and the modi ed eigenvalues contained in the diagomaatrix Dy, :
Ay =VuDuVyth (5.11)

At the onset of the optimization, the diagonal entries of matrixD'y, are initialized either
randomly, with the eigenvalues in matrixD y, or with a combination of di erent strategies
that is discussed in the multi-stage con guration in chapte. Regardless of the existence of
an actual control input in the FOM, the ERN algorithm modi es the linear dynamics matrix
by numerically applying a linear actuation of the formuy = K Xy in the algorithmic
level, so thatAy = Ay  BwmK oy, whereK y, is the gain matrix.
The average total power constraint is implemented as a penalty ter
min “fX( al((POD) al((ROM) 2‘* [(C;—If) + ]g; (5.12)
k=1

where, is a small positive number, and is a regularization parameter. , and are hy-
perparameters that are easily identi ed by trial and error here, hough they can be adjusted
by grid or random search in systems with more complicated controlddscapes. In the case
of ROMs with complex eigenvalues, the imaginary parts of the eigeruas can be preserved
through the stabilization to improve computational e ciency and acuracy. The optimiza-
tion problems (5.9) and (5.10 are not necessarily convex, thus using a global optimization
solver is recommended to enhance the robustness of the algoritharticle Swarm Optimiza-
tion (PSO) is used in this work for its computational e ciency. The optimization problem

can also be easily solved by the global optimization toolbox in MATLAB.mplementation

47



of the stabilization method is explained in Algorithm2 for a system with full-state output.

Algorithm 2 ERN stabilization algorithm
Input: POD temporal coe cients apop), matrix Ay, nonlinear ROM tensor(s) (tensor
Q in the case of quadratic nonlinearity), regularization parameter, and penalty param-

eter .
Output: Modi ed matrix A that stabilizes the nonlinear ROM.

1. Diagonalize matrixA  :
Ay =VuyDuVyt

2. Initialize a diagonal matrix D'y, .
3. Solve the optimization problem:
i K K dE
min of o, @kop) A(rom) ¥ [(G) + 1o

4. Construct the modi ed matrix Ay :
Ay =VuDuVyt
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5.3 Particle Swarm Intelligence

The nonlinear optimization problem 6.9) that is not necessarily convex, along with the non-
analytical nature of the objective function motivated us to use aoptimization algorithm that
can deal with a broader range of problem types than this particulaapplication. Meanwhile,
with the big picture of ultimate application of ROMs in many-queries apfications, the
computational e ciency of the global optimization method becomesnore important.
Developed by Kennedy and Eberhaf, Particle Swarm Intelligence, also known as Par-
ticle Swarm Optimization (PSO), attains a stochastic approach to mael the adaptation
of social behavior in morphing for the optimal swarm dynamics, andses this model for
solving optimization problems. PSO initially scatters a given number ofgsticles in random
positions in the search space. Assuming thatparticles are initialized in anL-dimensional
space, then it uses an inertia-based formulation to populate the @rp of agents about the
optimal points from one iteration to the next. Each patrticle is chareterized by a position
vector (i.e. theL unstable eigenvalues) and a velocity vector, which represents thip size
in modi cation of the eigenvalues towards the next iteration. Typicdy, larger population
and step size values are required in a larger domain in order to acdietg capture the global
minimum point. The basic form of this algorithm updates the step sizeral the position of

each patrticle as follows:
0= it U0 ) p )T UO (g i) (5.13)

i+1 = it i+1 (5.14)

wherei is the iteration index, and | is the vector that contains the best position of a particle
in its own history. In other words, each particle keeps track of itsést function value through
iterations, by marking the position at which the smallest cost functio is obtained. Whereas,
g Is the position of the particle with the least cost function value amonghe population.
In this formulation, U is a vector of random numbers in the range of (0,) for the second

term, and (0; ;) for the third term, where ; and , are acceleration coe cients. These
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coe cients act like weighting factors that respectively attract the population towards the
local, and global best solutions. Therefore, the global optimizatioalgorithm maintains a
stable behavior if there is a balance between the values of these fparameter$46°,

Many studies are conducted on further improvement of PSO in vaug perspectives.
In order to control smoothness of the search, a relaxation faxt(! < 1) is introduced in
Equation (5.13. Larger values of this factor encourage a global swarm attribet and smaller

values motivate a local attribute:
iv1 = ! i+ U@O; )( p i)+ U, 2)( 4 i) (5.15)

Clerk and Kennedy* proposed a formulation with constriction coe cients, that con-
tributes in reducing the sensitivity of the algorithm to the step sizeand therefore improving

its stability and robustness:
= (it U0 )0 D+ UG (g ) (5.16)

where the constriction coe cient is obtained by:

2
e}

X 5.17
P (5.17)

and = 1+ 5, where > 4.

Parameters , ;and , are optimally adjusted in their study®*. Based on the promising
behavior of this formulation, it is adopted here for implementation oPSO, with the values
of =0:7298,and ;= ,=2:05%

De ning topology as the architecture adopted for communicationmong the particles in
the population, the topology in the above algorithm is known as\gb&s which stems from
the fact that besides its own best position, each particle is also commcating with the global
best member of the population. Various architectures are desighéor implementation of

PSO, that also aect local and global search attributes accordingo the number of the
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neighborhoods each particle in the population interacts witf{®®. The results obtained
by the current topology are quite convincing in the applications of tis study. However,
exibility of PSO in working with various topologies encourages parallelaion in more

expensive optimization problems.

5.4 Application: Supersonic Flow over a Circular Cylin-

der

The nonlinear ROM is constructed by projection of the nonlinear Euteequations onto the
POD subspace computed by 101 snapshots in this case. The rst B®D modes capture 92
percent of the ow energy, and are used to construct the subape for projection.

Similar to the linear ROM, the nonlinear ROM of this case is highly unstablewith the
temporal coe cients shown in Figure5.1 The POD coe cients are computed by projection
of the FOM state onto the low-dimensional space, and the ROM coeients are computed
by numerical integration of the ROM ODEs. The ERN algorithm is then sed to stabilize
the nonlinear ROM, with =10 % and =0:001. The optimization parameters and results
are reported in Table5.1, where s« is the maximum step size (velocity), and population
represents the number of particles in PSO. The di erence betwedwo consecutive best
objective function values (among all particles) is chosen as the pfoing criterion. The
stabilized ROM results shown in this application are obtained by optimizén in Domain 1.
The problem is also implemented with larger bounds (Domain 2) to exhibthe robustness
of the ERN algorithm with respect to the bound constraints. The riative error of 0:31%
percent, and the agreement between the POD and ROM coe cientth Figure 5.1 show
that this method has successfully stabilized the system and recosd accuracy to match
the dynamics of the FOM. Despite the original system is highly unstdd, the stabilization
algorithm only appends a small computational overhead to the moldeeduction process.
The wall-clock time of the o ine stage of model reduction in Table5.1 includes the time

required for constructing the POD modes and construction of thROM matrices.
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Figure 5.1. Modal coe cients of the 16 mode stabilized nonlinear ROM £ ) compared
against the POD coe cients (—), and the unstable nonlinear ROM ¢ ).
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Table 5.1: Performance of the ERN algorithm in stabilization of the 16 ode ROM.

Domain 1 Domain 2
Bound constraints [-2, 2] [-100, 50]
max 1.0 1.0
Population 15 15
Iterations 78 394
Minimum function value 1.71e-02 1.69e-02
Wall-clock time (Sec): Stabilization: 1.18e+00 Stabilization: 7.1e+00
ROM (o ine): 8.95e+01
ROM (online): 3.30e-03
Relative error e% 0.31 0.29

Indeed, solving the optimization problem in a larger domain takes momomputational
e ort as re ected by the larger wall-clock time in Domain 2, and may ned further adjustment
of the population and .. It is the advantage of the symmetrization that has enabled
us to implement the stabilization algorithm within the smaller bounds of Dmain 1. ROMs
constructed based on the symmetry inner product with certain hmdary conditions are
known to maintain eigenvalues in the vicinity of the imaginary axis, thuprevent exhausting
computational resources for optimization in an excessively largerdain?’.

Eigenvalues of the linear term of the nonlinear ROM are shown in Figurg.2 for the
unstable and stabilized POD-Galerkin ROMs. These eigenvalues areetlcontrol parame-
ters that are adjusted through the stabilization to reach maximumagreement between the
ROM and FOM outputs, or the temporal coe cients in the case of fli-state output. Note
that there is an eigenvalue pair with a positive real component in thetabilized nonlinear
system. Transferring this eigenvalue pair to the left half of the coptex plane attenuates
the corresponding low-frequency modes, therefore the linear ima needs to be unstable for
the nonlinear ROM to accurately follow the FOM attractor in this case This could not be
captured by linearization, or using a linear stability condition in the opimization problem
of the ERN algorithm.

In order to obtain a visual perception of the accuracy in the stabiled ROM, Figure 5.3

shows the stream-wise velocity contours of the FOM and ROM recstnuction at a speci c
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Re( )

Figure 5.2: Eigenvalues of the linear term in the 16 mode unstable)( and stabilized (N)
ROMs.

time instant. The agreement between the stabilized ROM and the higlielity simulations
is a result of the direct monitoring of accuracy in the stabilization métod.

The ultimate goal in constructing ROMs is to facilitate accurate repliation of the dy-
namics of the FOM almost independently of the high- delity snapsh@. One way to discover
the ability of ROMs to stand alone in a ow control or optimization setp is to observe the
predictive performance of the model, that is, to track the dynamg predicted by the ROM
beyond the interval of the snapshots that have been originally us€o construct the low-
dimensional space. Figur&.4 compares the temporal coe cients predicted by the stabilized
ROM beyond the interval of the 101 snapshots that are used to mstruct the subspace. The
POD coe cients in this gure serve as the reference, and are comped by projection of

the FOM state in the reconstruction and prediction interval (i.e. 6Q snapshots) onto the
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a)

b)

Figure 5.3: Stream-wise velocity contours of the snapshot at 0:65, computed by a) FOM,
and b) the 16 mode nonlinear ROM stabilized with the ERN algorithm. Nosdimensional
time is computed from the beginning of the snapshot collection for rdel reduction. Contour
lines are plotted within the range of 2:5 to 5:5.

POD modes obtained by the 101 snapshots of the reconstructiortarval alone. The stabi-
lized ROM coe cients remain in good agreement with the true dynamicsn the prediction

window.
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Figure 5.4: Prediction of the temporal coe cients by the 16 mode stbilized ROM ( --),
compared against the POD coe cients (—) obtained by projection of 601 snapshots onto
the POD modes of the rst 101 snapshots.
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Chapter 6

Stabilization of ROMs In Strongly

Nonlinear Systems

The standard model order reduction procedure by POD-Galerkinrpjection does not guar-
antee the closure of reduced-order dynamical systems, thusthktability and accuracy of the
models may be compromised when the dynamically observable signasiare not populated
in low-frequency responses. The situation is further complicated mdvection-dominated
ows, and in general strongly nonlinear systems, where capturingpe nonlinearity with a
linear subspace requires a lot of base functioii$%°!. Thus the typically larger dimension
of ROMs in these systems makes stabilization expensive, and evemantable in higher di-
mensions. E cient stabilization algorithms are therefore essentialo the projection-based
model reduction procedure.

Supersonic ows governed by the Euler equations, that ignore arphysical dissipation
mechanism by the viscous e ects, are the extreme example for adtion-dominated ows.
When strong unsteady shock-wake interactions, a highly nonlinephenomenon, are present
in the ow, a linearized ROM is not accurate even after stabilization. Anonlinear ROM on
the other hand may keep the accuracy after stabilization, but regres a fairly large number
of bases for convergence. Despite its computational e ciency inmaller ROMs, the ERN

algorithm becomes computationally more expensive and may fail astimumber of unstable
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modes increases in ROMs with larger number of bases. The importanof this aspect
culminates as the large number of control parameters (i.e. unstalmodes) also complicates
the optimization landscape and impairs accuracy.

To solve this problem in the stabilization of relatively large-size nonline&®OMs, a multi-
stage approach is proposed to divide the optimization process oktiERN algorithm into a
few stages, where each stage contains only a small number of abt# modes for an overall
more e cient and robust algorithm. It is shown that the computational cost and accuracy
of the ERN algorithm signi cantly bene ts from the new stabilization layout. This chapter
explains the framework of the multi-stage layout, and the resultsfats application to the
nonlinear ROM created from the snapshots of supersonic ows evihe triangular prism,

and the circular cylinder.

6.1 The Multi-Stage Stabilization Layout

Global optimization of the objective function that is computed by inegration of the non-
linear ROM ODEs in the ERN algorithm can become expensive as the nustbof modes
increases. It is shown in previous studies that robustness of thgmemetry ROMs makes
them amenable to local optimizatiod’. Nevertheless, the computation cost of the stabiliza-
tion methods typically rises nonlinearly with the number of unstable maes®34. POD-based
model reduction of highly nonlinear systems on the other hand is dlenged by demand-
ing a large number of POD modes to su ciently describe the ow eld. This is a direct
consequence of the linearity of the POD subspace, and is recentijdeessed by using non-
linear manifolds instead, which introduce other sources of comptiagnal and theoretical
complications (e.g. in computing the manifold itself, projection, andyper-reduction over
the generally non-orthogonal manifoldf?23.
A multi-stage layout is proposed in this work that facilitates robust &bilization with the

ERN algorithm, in strongly nonlinear systems that require a larger lirer subspace for the
ROM to accurately replicate the dynamics of the high-dimensional stem. This is achieved

by constructing and stabilizing a few smaller ROMs, and using their eigealues to accelerate
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stabilization of the larger ROM.

Assuming that a stable ROM of dimensiorM is the nal target of the multi-stage stabi-

ERN method shown in Algorithm 1 is used to stabilize the smallest ROM (of dimension).
In the next stage, the ROM of dimensiorr, is stabilized with the same method. However,
this time the rst r; eigenvalues of the ROM are frozen at the values obtained by stabilizan
of the smaller {,-dimensional) ROM, and the remaining(, r;) eigenvalues are reassigned
by Algorithm 1 using global optimization. This process is repeated up to the last gfa (i.e.
stabilization of the target M-dimensional ROM). Unlike the previous &ges, the rst rp
eigenvalues of the M-dimensional ROM are not frozen at the valuebtained by stabilization
of the rp-dimensional ROM, which are instead used to initialize local optimizatiolof the
rst rp eigenvalues in the M-dimensional ROM for further calibration, while tb remaining
(M rp) eigenvalues are obtained by global optimization. At each stage, dheigenvalues
entering global optimization are initialized randomly. Implementation 6 this stabilization
layout is described in Algorithm 3.

Local optimization is here approximated by enhancing exploitation,red damping explo-
ration in the optimization solver. This can be easily achieved by contliing the optimization
parameters in any global optimization solver. In the case of PSO,ithadjustment is applied
by reducing the upper-limit on the step size ( max)-

The procedure can therefore be parameterized based on thepsséze as shown in Figure

6.1 Stages with global optimization are characterized by a larger stepze that allows for

Figure 6.1: Schematic of the multi-stage stabilization layout.
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exploration, the local optimization of the rst rp eigenvalues in the last stage is achieved by
a relatively smaller step size that facilitates exploitation, and the froen eigenvalues in the

intermediate stages are referenced with zero step size.
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Algorithm 3  Multi-stage stabilization algorithm

Input: POD temporal coe cients apop), matrix Ay, and tensor(s) of the unstable
ROMSs of dimensionsrq;:::;rp; M.
Output: Modi ed matrix A that stabilizes the nonlinear M-dimensional ROM.

1.

2.

© «

10.
11.
12.
13.
14.
15.
16.

N o o b~ w

for m=1;:::;P do
Dlagonallze matrixA,  :
A, = V., Dy, Vrml.
if m=1 then
Use Algorithm 1 (steps 2 to 4) to stabilize the ROM with global optimization.
else
fori=1;:::;ry 1 do

~rm - ~'m 1

= 7" ', wherei is the eigenvalue index, and the superscript shows
the dlmensmn of the ROM the eigenvalue belongs to.

end for

Use Algorithm1 (steps 2 to 4) to reassign the remaining f, rn, 1) eigenvalues
with global optimization.

end if
end for
Diagonalize matrixA y,; .
fori=1;:::;rp do

end for

Use Algorithm 1 (steps 2 to 4) to calibrate the rst rp eigenvalues of the M-
dimensional ROM with local optimization, and reassign the remainingM  rp)
eigenvalues with global optimization.
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6.2 Application I: Supersonic Flow over a Triangular
Prism

The unsteady shock-wake interactions in this case are not properesolved by the lead-
ing POD modes. Under inviscid ow assumptions, this aspect creatdsghly unstable
ROMSs53437  Unlike the di usion-dominated ows, energy accumulation by the P@® modes
is rather slow here in converging to the energy of the FOM, thus demding a larger number
of modes (in this case 60). In the mean time, a linear ROM is not capabid accurately
representing the ow eld as a result of the strongly nonlinear natte of the shock-wake
interactions. Therefore, an e cient stabilization method is require that can recover the
rather large nonlinear ROM of this problem.

According to the normalized cumulative energy shown in Figuré.2, at least 28 modes
are required to capture above 90 percent of the ow energy. THeOD-Galerkin ROM of
this case is constructed based on the rst 60 POD modes that capt nearly 96 percent of

the energy.

Mode number n)

Figure 6.2: Normalized cumulative energy of the POD modes computedth the symmetry
inner product.
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Figure 6.3: Modal coe cients of the 60 mode nonlinear ROM stabilizedybthe multi-stage
layout ( - ), compared against the POD coe cients (—), and the unstable ROM ().

The temporal coe cients of the originally unstable ROM is shown in Figue 6.3, that also
compares the ROM coe cients against the POD coe cients obtainedby projection of the
state onto the POD subspace. Applying the bare bone ERN algorithrior the stabilization
of the 60 mode ROM of this case becomes expensive. Thus, the msitige con guration is
implemented to reduce the computational cost of the stabilization.

Table 6.1 lists the optimization parameters and the results obtained by the valla ERN
algorithm, and those by the multi-stage con guration, both appliedwith = 10 8, and

= 0:02. In the multi-stage con guration, P = 3, and ROMs of dimensiong; = 16, r, = 30,

and r3 = 50 are constructed for the stabilization of the 60 mode ROM. Lod¢aptimization
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of the rst 50 eigenvalues is in this method achieved with a smaller uppeound on the step
size (i.e. max = 1:0), and the larger upper-bound of o« = 10:0 encourages a global
search attribute in reassigning the remaining eigenvalues. Using gibloptimization for the
reassignment of all 60 eigenvalues in the vanilla ERN algorithm requiradarger population,
which eventually adds up to a high computational cost that is in the sae order as the o ine
phase of the model reduction. Thus, the vanilla ERN algorithm can lzeme intractable in
larger ROMs, that commonly arise in uid ows with strong nonlinearities. Implementation
of this algorithm with the multi-stage layout has reduced the wall-cldc time by one order
of magnitude. The small relative error and the temporal coe ciens in Figure 6.3 show that
the stabilized system is evolving on the same attractor as the FOMnd closely follows the
original dynamics. The ROM results shown in this application are obtaed by the multi-
stage layout, and the details of the vanilla ERN algorithm are merely disissed in Table6.1
for the matter of comparison.

Table 6.1: Performance of the ERN and multi-stage ERN algorithms intabilization of the

60 mode ROM. In the multi-stage layout, only the values of the last age of optimization
are reported, unless otherwise noted.

Vanilla ERN Multi-stage ERN

Bound constraints [-120, 2] [-120, 2]
Population 50 15
max 5.0 1.0 (local),
10.0 (global)

Iterations 583 106
Minimum function value 5.42e-02 4.16e-02
Wall-clock time (Sec)

Stabilization: 1.76e+04 1.32e+03 (4 stages)

ROM (o ine): 2.08e+04 3.19e+04 (4 stages)

ROM (online): 6.55e-01 6.55e-01
Relative error €% 3.12 0.47

Figure 6.4 shows the distribution of the eigenvalues of the linear term in the utable
and stabilized nonlinear ROMs. Similar to the previous application, somaf the eigenvalue
pairs in the stabilized system have taken a positive real componentikewise, a negative

real component in the eigenvalues of the original system do not essarily mean that those
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eigenmodes are originally stable. The location of the eigenvalues ot thnear term in a
strongly nonlinear system cannot be used to identify the stability omstability of the non-
linear system, but they are merely treated as the control parartexs in the ERN algorithm
to facilitate the modi cation of the nonlinear ROM in order to guide the system towards
maintaining a negative total power (that guarantees the stability 6the nonlinear ROM),

and maximum agreement with the FOM dynamics.

Im ()
Im ()

Re( ) b) Re( )

Figure 6.4: Eigenvalues of the 60 mode a) unstable, and b) stabilize@Ns.

Stream-wise velocity contours of the snapshot at = 1:02 in Figure 6.5 visualize the
similarity between the ow structures captured by the FOM, and those reconstructed by the
stabilized nonlinear ROM.

Performance of the stabilized ROM in the prediction window is shown ini§ure 6.6, where
the ROM coe cients are compared against the POD coe cients obtaned by projection of
1650 snapshots of the FOM onto the POD subspace constructedsed on the rst 550

snapshots. Despite the large number of control parameters elstabilized ROM predicts the

dynamics of the ow with reasonable accuracy.
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b)

Figure 6.5: Stream-wise velocity contours of the snapshot at 1:02, computed by a) FOM,

and b) 60 mode nonlinear ROM. Non-dimensional time is computed frothe beginning of

the snapshot collection for model reduction. Contour lines are pled within the range of
2:5 to 4:5.
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Figure 6.6: Prediction of the a) rst, and b) second temporal coecients by the 60 mode sta-

bilized ROM (' =) and compared against the POD coe cients {—) obtained by projection
of 1650 snapshots onto the POD modes of the rst 550 snapshots
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6.3 Application Il: Supersonic Flow over a Circular
Cylinder

According to the results shown in the previous chapters, the rst6 POD modes are su cient
in this application to capture most of the ow energy, and stabilization of the 16 mode ROM
with the ERN algorithm has recovered the stability and accuracy witim a small computation
cost, when compared to the o ine phase of model reduction. In # meantime, the linear
ROM of this case that is constructed based on the linearized Eulerwagions, has more or less
recovered the accuracy of the FOM. This is not surprising, as thensteady shock oscillations
caused by the shock-vortex interactions in this case maintain smallamplitudes compared
to the case of supersonic ow over the triangular prism. Large-golitude oscillations of the
re ected shock waves in the latter, intensify the nonlinearity, th&a on one hand requires a
much larger number of POD modes to capture the true physics ofeéhow, and on the other
hand degrades accuracy in a linear ROM.

Knowing that the existence of strong nonlinearities is the norm ratir than exception
in practical applications, it is important to probe the performance bthe stabilization algo-
rithm as the number of unstable modes increases, and the optimizat landscape becomes
more complicated. Theoretically, as the dimension of ROM increasdbge additional infor-
mation that is absorbed in the low-dimensional space is expected toprove the stability
and accuracy of the model. In practice however, it is often the aashat the numerical errors
encountered with the high-frequency modes contaminate the spgace and trigger larger
instabilities in the ROM. A similar situation occurs in this application. Thus the more
complicated, and more unstable control landscape of an 80 mode R@s used to challenge
the ERN algorithm, and investigate the potential of the multi-stagdayout to deliver robust
stabilization.

The multi-stage layout is implemented withP = 3, and ROMs of dimensionsr; = 16,
r, =30, andrz = 50, are constructed and stabilized to guide the optimization solvehrough

the stabilization of the 80 mode ROM using algorithnB. Table 6.2 shows the performance
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of the vanilla, and multi-stage ERN algorithms. The penalty term is apjed with =10 °,
and = 0:001. Population, and . are the hyper-parameters that facilitate adjusting
the search attribute in PSO. In the multi-stage layout, the smaller &lue of .« enhances
exploitation towards modeling a local behavior for ne-tuning the eignvalues corresponding
to the low-frequency response, and the larger ax belongs to the remaining 30 eigenvalues
that are reassigned with global optimization. Similarly, a larger poput#n is adopted in the
vanilla ERN algorithm to improve the global search in the absence of ¢hguidance from the
smaller ROMs.

Table 6.2: Performance of the ERN and multi-stage ERN algorithms intabilization of the
80 mode ROM. In the multi-stage layout, only the values of the last age of optimization
are reported, unless otherwise noted.

Vanilla ERN Multi-stage ERN

Bound constraints [-120, 5] [-120, 5]
Population 30 15
max 10.0 1.0 (local),
10.0 (global)

Iterations 949 326
Minimum function value 3.51e-02 3.42e-02
Wall-clock time (Sec)

Stabilization: 1.30e+04 2.32e+03 (4 stages)

ROM (o ine): 6.32e+03 8.29e+03 (4 stages)

ROM (online): 4.55e-01 4.55e-01
Relative error €% 0.26 0.28

According to the values of the relative error, accuracy has beeeraovered by both al-
gorithms, though the wall-clock time shows that the multi-stage apach has reduced the
cost of stabilization by one order of magnitude, and the computati@al saving delivered by
this layout dominates the additional o ine cost of constructing the smaller ROMs. Thus,
the multi-stage approach has provided a robust framework for éhstabilization of the 80-
dimensional nonlinear ROM with the ERN algorithm. Figure6.7 shows that stabilization
has recovered the accuracy in the originally unstable 80 mode ROMecaents. Perfor-
mance of the linear and nonlinear ROMs of this case are visualized in theevious chapters,

hence repeating the illustration of the reconstructed ow eld is avided here for the 80 mode
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ROM that is merely constructed for the purpose of comparing theoenputational e ciency

of the vanilla and multi-stage ERN algorithms.
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Figure 6.7: Modal coe cients of the 80 mode nonlinear ROM stabilizedybthe multi-stage
layout ( —- ), compared against the POD coe cients (—), and the unstable ROM ().
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Chapter 7

Impact of Symmetrization on the

Robustness of ROMs

Proper Orthogonal Decomposition (POD) retains the most energje modes for construction
of the low-dimensional space. POD is popular for its computationalaency as it captures
the most energy by the fewest number of modes among linear dimiemslity reduction meth-
ods. However, the most energetic structures are not always tbaly principal components
that drive the ow dynamics. Turbulent ows and compressible owswith unsteady shock
waves are examples in which an energy-based metric is not merely sient for identi cation
to some degree in the dimensionality reduction methods with balancitg@nsformations, such
as Balanced Truncatiorf* and Balanced Proper Orthogonal Decomposition (BPOD)'?, by
transforming the system to the coordinates in which the leading med correspond to the
most observable directions that are also the most controllable.

The in uence of the inner product de nition is taken for granted in BPOD, where the
observability Gramian of the snapshot data naturally arises as themer product in the model
reduction routine. On the other hand, better stability propertiesof the symmetrized equa-
tions has inspired the use of a symmetrizing matrix to derive inner pducts in POD-Galerkin

ROMs. Previous studies have shown that when the governing eqiats are symmetrizable,
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using the symmetry inner product in construction of ROMs presees the stability of the
high- delity numerical simulations through model reductiorf%26. Similar stability bounds
are also guaranteed in the least-squares Petrov-Galerkin prajea by optimal projection in
a least-squares problem that minimizes the residual in the low-dimeosal representation of
the original nonlinear system®28, This research pushes the horizons of the impact of sym-
metrization farther by showing that using the symmetry inner prodct in the POD-Galerkin
ROMs of compressible ows not only improves their stability propertis, but makes them
more controllable, and enhances their robustness

In this chapter, the eigenvalue reassignment method of Kalashnikoet al.*° (ER), and
the ERN algorithm?”72 are used for the stabilization of the linear and nonlinear ROMs
that are separately constructed byL? or symmetry inner products. The ER method also is
implemented here with a global optimization algorithm (PSO) in order tcensure that the
solver is not trapped in local minima that compromise the comparisonf ¢he in uence of
the inner product de nition on the performance of ROMs. The redis show that although
both models are originally unstable, the symmetry ROM is more stabléan the L2 ROM.
After stabilization, an analysis of the controllability Gramians of the gbilized linear ROMs
shows that the symmetry ROM has a larger controllable space, whidacilitates feasible
and e cient placement of the system poles for maximum resemblanceith the original
full-order system. On the other hand, the small controllable spa@nd complicated control
landscape of the_2 ROM prevents optimal modi cation of the eigenvalues, and increasehe
optimization cost. Decomposition of the controllability Gramians show that the symmetry
ROM is more controllable than theL? ROM in most directions. Similarly, the smooth control
landscape of the nonlinear symmetry ROM has substantially enharttés robustness with
respect to sub-optimal control laws, which results in the accurgof the dynamics predicted
by the symmetry ROM, regardless of the type of the optimization $eer implemented for
stabilization.

The controllability and sensitivity approaches adopted to examine # control space of
the L? and symmetry ROMs are explained in this chapter. Then thé.?2 and symmetry

ROMs based on the snapshots of the two supersonic ow applicat®mre compared before
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and after stabilization.

7.1 Controllability Analysis in the Linear ROMs

The main objective in control and stabilization of ROMs is to drive the ygstem towards
maximum agreement with the FOM, which is implemented in the ER and Hylid methods
through an optimization process that minimizes the deviation of the &M output from
the FOM output. A full-ranked controllability matrix in an LTI system in dicates that
the system is controllable in all directions. However, the extent to lch one succeeds in
keeping the controlled (stabilized) ROM close to the FOM, and how clianging it is to do
so through solving the optimization problem is the matter of the dege of controllability.
This is a criterion that cannot be determined merely by the rank of ta controllability
matrix, and is rather de ned by the controllability Gramian of the stabilized system. The
controllability Gramian is a hermitian matrix with real eigenvalues, thatprovides a relative
measure of the required actuation energy at each direction to devthe system towards any
state. The determinant of this Gramian represents the volume ohe controllable space,
which if consistent in all directions, it can explain the smooth or othevise di cult behavior
of the system in being controlled towards the desired state; in thimse maximum agreement
with the FOM.

Kalashnikova et al2® have shown that for the LTI system in @.3), ER is equivalent to

full-state feedback control with control inputu = Kx , and the speci c choice oBy and
K matrices:

Bvw =V, V, ;i1 Vy (7.1)

2 3

! 0 0 0

0 s 5 0 N 0
K :E 2 2 \Y 1; (72)

0 0 O % wm O
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where Y is the unstable eigenvalue and™ is the new eigenvalue assigned by ER. This
de nition, that is not immediately available for the ISC and thereforeHybrid methods, has
made it possible to compute the controllability matrix and Gramian for he L? and symmetry
ROMs that are stabilized by ER in this study. The analysis is then usedotexplain certain
similar behavior observed in stabilization of ROMs by ISC and Hybrid méibds as well. To
that end, the controllability matrix C is computed for the LTI system @.3) with the control

matrix B shown in Equation (7.1):
C= B AB A2 ::: AM 1B : (7.3)

The subscriptsM of the reduced-order matrices are dropped for simplicity. MatribxC is
full-rank for all of our ROMs and the systems are controllable regdless of the de nition of
the inner product. Therefore, the controllability GramianW ¢ of the stabilized ROMs is:

Z 1
We = €A IBB TeA' g (7.4)

0
The determinant of this Gramian is then used to reveal the conngon between the volume of
the controllable space in the_? or symmetry ROMs and the performance of the stabilization
algorithms in driving the ROMs towards the desired state. It should & noted that since
the optimization problem in the ER method is not necessarily convex|apal optimization
(PSO) is used in this chapter for the stabilization of the linear ROM alsoto improve the
robustness of the stabilization, and enable a more accurate compan of the controllable

space in theL? and symmetry ROMs.

7.2 Sensitivity Analysis in the Nonlinear ROMs

One way of quantifying the robustness of the nonlinear ROMs is to ebrve the sensitivity
of these models to sub-optimal control laws through the stabilizeitn. The choice of a

population-based global optimization solver allows us to easily achietas by variation of the
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number of optimization agents. Thus, by decreasing the number particles in PSO, search
attribute gradually changes from global to local, where the local aech results deliver the
desired sub-optimality for the sensitivity study. In order to clear he analysis from the e ects
of random initialization of the particles, and the random coe cients inthe PSO formulation,
each population is tested through ve trials with constant and conistent hyperparameters
(i.,e. bound constraints and ax). This factor prevents contamination of the results
with the in uence of multiple hyperparameters, and enhances sutyptimality of the local
search results without the help of hyperparameter adjustmentsThe upper limit on the step
size ( max) in PSO is adjusted for the largest population through the sensitiwt analysis
in each application. In order to accurately capture the global minimm point (i.e. the
optimal control law) as the population decreases, this hyperpargeter has to be re-adjusted
(increased) to allow for adequate exploration of the search spdagthe smaller population.
Therefore, keeping max constant while decreasing the population, introduces the desired

sub-optimality for the sensitivity study.

7.3 Application I: Supersonic Flow over a Circular Cylin-

der

In order to study the in uence of the inner product de nition on the performance of the
linear and nonlinear ROMs of this caselL.? and symmetry inner products are separately
used to construct the POD modes that serve as the low-dimensidrspace for both linear
and nonlinear ROMs. Figure7.1shows the cumulative energy captured at each mode number
using each of the inner product de nitions. The energy capturedybtboth sets of POD modes
converges to more than 99 percent of the total energy at 38 meslfor thelL? inner product,
and 49 modes for the symmetry inner product. The rst 16 POD moek that are used to
build the linear and nonlinear ROMs capture about 90 percent of theow energy with the
L2, and 84 percent with the symmetry inner product. Figures.2, and 7.3 demonstrate

the rst eight POD modes of the vertical component of velocity, computed by the L? and
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symmetry inner products.

Mode number n)

Figure 7.1: Normalized cumulative energy of the POD modes computby L? and symmetry
inner products.

The linear ROM is constructed rst using L? and symmetry inner products separately
to project the linearized Euler equations onto the subspace geatsd by the same inner
product de nition. Note that each reduced-order modeling proackure involves only one inner
product de nition through both dimensionality reduction, and projection steps, resulting in
two ROMSs: anL? ROM, and a symmetry ROM. Both of these ROMs are initially unstable,
with eigenvalues shown in FigureZ.4. The eigenvalue con gurations in this gure agree
with the analysis of Tabandeh et aF® in Equation (3.16), showing that for the symmetry
ROM, the eigenvalues of the linear matrix_; are close to the imaginary axis. According to
Figure 7.4, the maximum real part (Renax ) among the eigenvalues of the unstable symmetry
ROM is 2:4, while in the L2 ROM, Rena ( V) = 11:5. Thus, the original symmetry ROM is
more stable than theL? ROM.

In the next step, the ER method is implemented with PSO to stabilize th two linear

ROMs. Table 7.1 shows the global optimization parameters and results. According this
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a) Mode 1 b) Mode 2

¢) Mode 3 d) Mode 4
e) Mode 5 f) Mode 6
g) Mode 7 h) Mode 8

Figure 7.2: POD modes of the vertical component of velocity consitted by the L? inner
product.

table, compared to thelL.2 ROM, the symmetry ROM is more accurate, with almost the same
computation cost. Eigenvalues of the stabilized ROMs in Figuré.4 however show that in

the symmetry ROM, with the eigenvalues that are fairly close to the imginary axis, the
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a) Mode 1 b) Mode 2

¢) Mode 3 d) Mode 4
e) Mode 5 f) Mode 6
g) Mode 7 h) Mode 8

Figure 7.3: POD modes of the vertical component of velocity consicted by the symmetry
inner product.

global optimization solver can be operated as well in a smaller area (elgounded within
[-10, 0]) to reduce the computation cost. The same cannot be acked in the L2 ROM with

the stabilized eigenvalues that are scattered in a large area in thetléflf of the complex
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Im( )

Re( )
Figure 7.4: Eigenvalues of the 16 mode linear’ and symmetry ROMSs.

plane (as far asRey,in ( ) = 9829), thus making it impossible to predict the approximate

location of the optimal eigenvalues, and shrink the search space.

Table 7.1: Stabilization of the 16 mode lineak? and symmetry ROMs

L? ROM Symmetry ROM

Bound Constraints [-100, 0] [-100, O]
Population 60 55

max 2.0 2.0
Iterations 123 160

Minimum function value 0.400 0.182
Wall-clock time (Sec) 2.233 2.657

Figure 7.5that compares the ROM coe cients with the POD temporal coe cients, agrees
with the smaller objective function value of the symmetry ROM that iscaptured by the global

optimization in Table 7.1 Both ROMs are originally unstable, but after stabilization, the
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symmetry ROM shows a better resemblance with the POD coe cients The small phase
shift in the rst, and second coe cients is further ampli ed in higher modes. This phase
shift and the amplitude deviations in the stabilized ROM coe cients area result of the
approximation of the nonlinear FOM with a linear ROM, and have been raoved in the

nonlinear symmetry ROM.

) <
a) Time b) Time
) <
c) Time d) Time

Figure 7.5: Modal coe cients of the 16 mode stabilized linear ROMs <~ ), compared
against the POD coe cients (—), and the unstable ROM coe cients ( - ), based on the
L2 (a, b), and symmetry (c, d) inner products.

An analysis of the controllability Gramians of the two ROMs shows thathe complicated
eigenvalue con guration and lower accuracy in the stabilize? ROM is in fact connected
to the properties of its controllable space. Degrees of controllabjlicorresponding to each

eigen-mode, and the volume of the controllable space are shown irblEa7.2 The symmetry
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ROM is more controllable than theL? ROM in most directions, with a controllable space
that is orders of magnitude larger. The immediate consequence ofaage controllable space
is that the system can be easily controlled towards the desired statwhere in the current
application is interpreted as the computation cost the global optimetion solver spends on
nding the optimal solution, and how close to the desired state thabptimal solution can
get. Apparently the small controllable space in the.? ROM means that it is very di cult
to drive the system towards maximum resemblance with the FOM, ttgy stabilization in a
complicated control landscape has led to an eigenvalue con guratidhat is not necessarily
optimal in terms of accuracy. This was also observed through théabilization of the linear
L2 ROM with the ISC and Hybrid methods in chapter4.

In the mean time, proximity of the stabilized eigenvalues to the imagimg axis in the
symmetry ROM shows that the problem of stabilization of a linear symetry ROM can be
handled with a local optimizer within an acceptable tolerance. In otlievords, the symmetry
ROM is robust with respect to the search attribute, which is also shen for the nonlinear

ROMs in the remainder of this chapter.

Table 7.2: Degree of controllability KV W ¢V k) corresponding to each pair of eigen-modes,
and volume of the controllable spacedet(W ¢)) in the 16 modeL? and symmetry ROMs.

L2 ROM Symmetry ROM
Mode 1, 2 1170+01 4:896e+ 03
Mode 3, 4 503&+01 4:91%+03
Mode 5, 6 3201e+01 4:924e+03
Mode 7, 8 1662+ 01 1:56%+ 02
Mode 9, 10 @®17%+02 2:263+01
Mode 11, 12 1844e+03 5:194e+03
Mode 13, 14 £€7%+03 1:656+01
Mode 15, 16 316+02 4:19C(+ 00
det(W¢) 1:666¢ 11 692%+ 26

Although the controllability analysis is merely applied to the linear syste here, it re-
motely explains some of the challenges in the stabilization of the nonlareL?2 ROM. Eigen-
values of the linear matrixL; of the nonlinear ROM in Equation 3.10 are the control

parameters in the ERN algorithm. Figure7.6 shows these eigenvalues for the nonlinear
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ROMs before and after stabilization. Note that since it is the nonlingasystem that is being
controlled here, the optimal eigenvalues do not necessarily needbt® on the left half of the
complex plane for the system to be stable. The eigenvalue con gtians in the L? and sym-
metry ROMs follow a pattern similar to that in the linear ROMs. In the stabilized L? ROM,
the reassigned eigenvalues are distributed betweBei, ( ) = 2592 andRen( ) =1:10,
while this range is reduced to 2:0 to 0:59 in the stabilized symmetry ROM. Thus, the op-
timization problem in the symmetry ROM can be e ciently solved in a smalle area. This
is shown in Table7.3, where the wall-clock time of 82 seconds for the stabilization of the
L2 ROM has decreased t0:@5 seconds in the symmetry ROM.

By reducing the number of modes from 16 to 8, eigenvalues of thalsilized L?> ROM in
Figure 7.6 exhibit an abnormal distribution with Ren,i, ( ) = 21692. This is an indication
of an ill-behaved optimization problem, potentially due to a very small antrollable space,
and a complicated control landscape when the ROM is built with this sgec mode number.
The situation goes back to normal by further reducing the numbeof modes from 8 to 4.
The eigenvalues of the 4 mode stabilizdc? ROM are not shown in Figure7.6, but their real

parts are distributed in the smaller range of 7:88 to 075.

Im( )

Re( ) b) Re( )

Figure 7.6: Eigenvalues of the nonlinear d)? and b) symmetry ROMs.

Table 7.3 shows that the symmetry ROM allows for consistent optimization hygrparam-
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eters through the stabilization of nonlinear ROMs of di erent dimen®ns. This consistency
is a direct consequence of the robustness of the symmetry ROMat facilitates easy and
reliable implementation of the stabilization algorithm. TheL? ROM on the other hand, is
not gifted with this property as the optimization hyperparametershave to be readjusted for
every mode number according to the complicated optimization landsge that a ects the

behavior of the optimization problem as the dimension of the subspachanges.

Table 7.3: Stabilization of the nonlineal.? and symmetry ROMs

L2 ROM Symmetry ROM

ROM dimension 16 mode 8 mode 4 modg 16 mode 8 mode 4 mode
Bound constraints [-50, 50] [-250, 250] [-50, 50][-2, 2] [-2,2] [-2,2]
Population 75 300 25 5 5 5

max 1 8 1 1 1 1
Iterations 144 58 87 115 66 60
Minimum function value | 9.60e-2  0.24 0.25 1.76e-2  1.54e-2 3.17e-2
Wall-clock time (Sec) 8.32 1.7 4.0e-2 | 0.45 4.6e-2 9.3e-3

Reconstruction of the stream-wise velocity contours by the stdlzed nonlinear ROMs at
t = 0:65 in Figure 7.7 shows a noticeable improvement in the accuracy of ROM when the
symmetry inner product is used through the model reduction press.

The robustness of the nonlinear ROMs with respect to sub-optimalontrol is studied
by observing the variations of the captured minimum objective funon value with the
population, where each of the tested populations includes ve trialwith di erent random
initialization of the particle locations. All optimization hyperparametes are constant, except
for the number of particles that is changed from 5 to 55 in 10 interi® Figure 7.8 shows
the best, and the mean of the minimum objective function values caped by the ve trials
at each target population. Starting with the local searches in the feside of the plot and
moving in the direction of increasing the number of particles, the symetry ROM shows
almost no sensitivity to the search attribute, thus the local sealcresults are almost as good
as the global results. Agreement of the best and mean values skotlat all trials have
converged within the same level of accuracy. This property is a geguence of the smooth

control landscape and better controllability of the symmetry ROM hat is directly studied
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b)

c)

Figure 7.7: Stream-wise velocity contours of the snapshot at 0:65, computed by a) FOM,
and 16 mode nonlinear b).? and c) symmetry ROMs. Non-dimensional time is computed
from the beginning of snapshot collection for model reduction. Ctmur lines are plotted

within the range of 2:5 to 5:5.
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in the linear system.

The L2 ROM shows a very di erent behavior with most of its trials deviating fom the
best value captured, which is itself an order of magnitude larger thahe optimal solutions
in the symmetry ROM. Similar to the properties observed in the lineat.? ROM, variations
of the mean value, and failure of most trials in nding the minimum point inthe nonlinear

ROM are the indications of a complicated control space.

Minimum Function Value

Population

Figure 7.8: Sensitivity of the 16 mode nonlineat.? and symmetry ROMs with respect to
the search attribute. From left to right, search attribute changs from local to global by
increasing the number of global optimization agents. Each point aasponds to the best, or
mean of the objective function values of ve trials with di erent random initializations. L?
and Sym stand for ROMs built byL? and symmetry inner products.
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7.4 Application Il: Supersonic Flow over a Triangular

Prism

The in uence of the inner product de nition on the stability, controllability, and robustness
of ROMs is also studied for the linear and nonlinear ROMs created baksen the snapshots of
the Mach 35 ow over the triangular prism. Figure 7.9 shows convergence of the POD modes
computed based on thé_? and symmetry inner products, where 262 modes are required to
capture precisely 100 percent of the total energy with the? inner product, and 314 modes
with the symmetry inner product. The rst 16 modes that capture89 percent of the energy
with the L? and 83 percent with the symmetry inner product are used as the &es for
construction of the linear and nonlinear ROMs. Figure§.1Q and 7.11show the rst eight

POD modes of pressure computed based on thé, and symmetry inner products.

Mode number n)

Figure 7.9: Normalized cumulative energy of the POD modes computby L? and symmetry
inner products.

The linearized Euler equations are projected onto the POD modes twiild the linear

ROMs with eigenvalues shown in Figur@.12 The L? ROM has 12 unstable eigenvalues with
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a) Model 1 b) Mode 2

c) Mode 3 d) Mode 4
e) Mode 5 f) Mode 6
g) Mode 7 h) Mode 8

Figure 7.10: POD modes of pressure computed by the inner product.

Remax ( ) = 1:08, and the symmetry ROM has 14 unstable eigenvalues wilRena ( Y) =
0:88. Eigenvalues in both ROMs are originally close to the imaginary axis ihis case with a
slightly more compact distribution in the symmetry ROM, which is not suprising according
to the properties of the symmetry ROM.

After stabilizing the two ROMs with the ER method, the eigenvalues othe symmetry
ROM remain in the vicinity of the imaginary axis with Reni, ( ) = 6:6, while the eigen-
values of the stabilizedL? ROM spread out with an eigenvalue pair that is located as far
asRemin ( ) = 4449. Consequently, the optimization problem in thee? ROM has to be
solved in a large area that necessarily imposes additional computatioost. This is shown

in Table 7.4 that includes the global optimization parameters and results. Thetabilized
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a) Mode 1 b) Mode 2

¢) Mode 3 d) Mode 4
e) Mode 5 f) Mode 6
g) Mode 7 h) Mode 8

Figure 7.11: POD modes of pressure computed by the symmetry imrroduct.

Table 7.4: Stabilization of the 16 mode lineat.? and symmetry ROMs

L? ROM Symmetry ROM

Bound Constraints [-100, 0] [-20, O]
Population 100 30

max 5.0 3.0
Iterations 871 100

Minimum function value 0.364 0.308
Wall-clock time (Sec) 794.92 4.78

eigenvalues in Figur&’.12are obtained by global optimization within a range of [ 10Q 0] for
the L? ROM, which converges in about 125 minutes of wall-clock time. The optimization

problem for the symmetry ROM on the other hand is solved within thersaller bounds of

87



Im( )
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Figure 7.12: Eigenvalues of the 16 mode lineaf? and symmetry ROMs.

[ 20; 0], that apparently result in a lower computation cost. This operatinal advantage is
provided by the compact distribution of the eigenvalues in the symnry ROM.

Temporal coe cients of the two linear ROMs are also compared agash the original
unstable ROMs, and the POD coe cients in Figure7.13 The stabilized L? and symmetry
ROMs of this case are very similar in terms of accuracy, as also sugfgd by the minimum
objective function values reported in Table7.4.

Analysis of the controllability Gramian shows the connection betweetine smooth, low-
cost optimization problem of the symmetry ROM, and the propertieof the controllable
space of this model as a linear system. Table5 lists the degrees of controllability in all
eigen-directions, and the volume of the controllable space for th&é and symmetry ROMs.
The symmetry ROM is more controllable than theL? ROM in most directions, and the

volume of the controllable space of the symmetry ROM, that is 4 orde of magnitude larger
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a) Time b) Time
) @
c) Time d) Time

Figure 7.13: Modal coe cients of the 16 mode stabilized linear ROMs— ), compared
against POD coe cients (—), and the unstable ROMSs ¢ ), based on thelL? (a, b), and
symmetry (c, d) inner products.

than the L2 ROM, explains the better properties of the optimization problem in bth linear
and nonlinear symmetry ROMs.

The unstable nonlinear ROMs are next stabilized by the ERN algorithmThe original,
and reassigned eigenvalues of the linear matrix in the nonlinelaf and symmetry ROMs are
shown in Figure7.14 Similar observations are also made in the nonlinear ROMs. The eigen-
values of the stabilized_? ROM are distributed in a large region withRei, ( ) = 2440 and
Remax ( ) = 0:52, which in the stabilized symmetry ROM is reduced t&Reni, ( ) = 8:.07
to Remax ( ) = 0:61.

The compact distribution of the eigenvalues in the symmetry ROM allosv for global
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Table 7.5: Degree of controllability KV WV k) corresponding to each pair of eigen-modes,
and volume of the controllable spacedet(W ¢)) in the 16 modeL? and symmetry ROMs.

L2 ROM Symmetry ROM

Mode 1, 2 107% 01 2891e+00
Mode 3, 4 9732 01 233&+00
Mode 5, 6 2496+ 00 7:243%+00
Mode 7, 8 7327+ 00 6:887%+ 00
Mode 9, 10 4143+00 8:408+01

Im( )

Mode 11, 12 469% 01 507%+03
Mode 13,14 307 01 7531+01
Mode 15, 16 169%+01 1:047+ 01
det(W¢) 3:66 02 1188 +03

Im ()

Re( ) b) Re( )
Figure 7.14: Eigenvalues of the 16 mode nonlinear Bf and b) symmetry ROMs.

search within smaller bounds, that according to Tabl&.6 leads to slightly better computa-
tional performance. Note that based on the information in Tabl€.5, the contrast between
the volume of the controllable spaces in the linedr? and symmetry ROMSs is not as large as
in the case of the supersonic ow over the cylinder. Consistentlypatrollability of the two
systems, thus the accuracy of the optimal solutions captured thugh the stabilization of the
L2 and symmetry ROMs (linear and nonlinear) do not deviate as much as the cylinder

case. Nevertheless, better accuracy of the symmetry ROM is esrd in Figure 7.15 that
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shows the stream-wise velocity contours reconstructed by thé modeL? and symmetry

ROMs att = 1:02, compared against the same snapshot computed by the FOM.

Table 7.6: Stabilization of the 16 mode nonlinea? and symmetry ROMs

L2 ROM Symmetry ROM

Bound Constraints [-50, 5] [-20, 5]
Population 60 25

max 3.0 2.0
Iterations 101 203

Minimum function value 6.959e-2 2.572e-2
Wall-clock time (Sec) 25.547 21.28

Sensitivity of ROMs with respect to sub-optimal control laws is stuiggd by changing the
population in PSO, where the in uence of random initialization and parmeters is eliminated
by averaging between ve di erent trials at each population. The bst and mean values of the
minimum objective function captured by each group of the trials arglotted in Figure 7.16
for the 16 modelL 2 and symmetry ROMSs, as the population of particles is changed betemr
5to 60 in 11 intervals. Besides the test with ve particles, the symntey ROM shows a very
small sensitivity to sub-optimal eigenvalue locations. Large variatis of the mean values
in the L2 ROM, that considerably deviate from the captured best objectivéunction value
in all of the tested populations, show that most of the trials have feed to nd the global
minimum point, and the system is very sensitive to sub-optimal eigealue con gurations.
These observations are also consistent with the results delivereg dontrollability analysis

of the linear ROMs.
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b)

c)

Figure 7.15: Stream-wise velocity contours of the snapshot at= 1:02, computed by a)
FOM, and 16 mode nonlinear b)L? and c) symmetry ROMs. Contour lines are plotted
within the range of 2:5 to 5:18.
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Minimum Function Value

Population

Figure 7.16: Sensitivity of the 16 mode nonlinear? and symmetry ROMs with respect to
the search attribute. From left to right, search attribute changs from local to global by
increasing the number of global optimization agents. Each point a@sponds to the best, or
mean of the objective function values of ve trials with di erent random initializations. L2
and Sym stand for ROMs built by L2 and symmetry inner products.
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Chapter 8

Summary and Conclusion

Since the advent of ROMs, model reduction procedure has been dnhed and enhanced
to stand alone in prediction of the dynamics beyond the jurisdiction fothe high- delity

simulations. The computational speed-up delivered by ROMs that nkas them an indis-
pensable component of fast or real-time control and optimizatiorgomes with additional
challenges that have paced down their implementation in practical @pcations. POD-based
ROMs regularly su er from instabilities when the ow eld involves dynamically critical

high-frequency signatures that are naturally truncated throulg the construction of the POD
subspace. This di culty is commonly observed in ows with unsteady noving shock waves,
and in turbulent ows that are characterized with multi-frequency interactions. In the lat-

ter case, inadequate resolution of the multi-scale interactions leado the so-called POD
closure problem that compromises the accuracy and stability of ROM hus, the simplicity,

mathematical power, and computational savings that accomparte orthogonal linear POD
subspace may be compromised by the incomplete representationttté strongly nonlinear
structures as to produce ROMs that are unstable, or barely replte the behavior of the
original high-dimensional attractor. Recent studies have showiat the transition to a non-

linear subspace is not a process free of theoretical and compudatl complexities. This
study attempts to generate viable ROMs, while still bene ting from he mathematical and

computational advantages of POD in the model reduction routine.
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In the two applications discussed in this work, the two-dimensional tler equations are
solved to simulate the supersonic ow over a circular cylinder, and aiangular prism. Both
ow elds involve unsteady shock-wake interactions. Galerkin pragction over the POD
subspace that is computed based on the high- delity snapshots thfese ows, invoke severe
instabilities in the constructed ROMs. The in uence of symmetrizatio on the improvement
of stability in hyperbolic equations has fostered the evolution of theymmetry inner product
for POD-Galerkin ROMs of compressible ows. However, large instédities as a result of
the unresolved dynamics, similar to those in the supersonic ow appéitions of this study,
cannot be contained within the error bounds provided by the symnzation. Thus, even
the symmetric ROMs need further stabilization and calibration, whiclopens a new path to
study the controllability and robustness of ROMs created based aii erent inner product
de nitions. With the aid of the controllability analysis conducted in this work via the
controllability Gramian, and a sensitivity analysis, it is shown that the a@lvantage of using a
symmetry inner product, instead of the commoi.? inner product, is not merely limited to the
improvement of stability. Symmetrization leads to ROMs with better ontrollability: models
that easily lend themselves to post-process stabilization and calibian. Thus, not only
the symmetry ROMs allow accurate control towards maximum agresent with the FOM,
but they are also robust against potentially imperfect hyperparaeters of the stabilization
method that may lead to sub-optimal control laws.

For the linear ROMs, two di erent stabilization algorithms, the ISC mehod proposed by
Amsallem and Farhat* and the ER method proposed by Kalashnikova et & are compared.
ISC appears to be computationally e cient but it fails to generate acurate results when
the original ROM is highly unstable. ER on the other hand directly monibrs accuracy
through the objective function that constructs a feedback sigit of the ROM output, but its
computational e ciency and robustness are challenged when thaumber of unstable modes
grows. In this work, a new Hybrid approach is proposed to integratthe computational
e ciency of ISC with the accuracy of ER. The three stabilization mehods are tested on
numerical simulation data, where a Mach 2.8 ow passes a xed cylindeand the ow

is featured by shock waves and their interaction with shedding vaces. The eigenvalues
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of the linear matrices are compared for ROMs before and after siization. Though all
stabilization approaches work to some degree, the Hybrid methodasvs clear advantages by
keeping both e ciency and accuracy for ROMs with a large number afinstable eigenvalues.

Presence of strongly nonlinear phenomena, like turbulence, urestly shock waves, and
chemical reactions, can render linear models inaccurate, or evemailid. This aspect high-
lights the importance of the development of stabilization methods faonlinear ROMs, that
can also respond to a broader class of applications. A second stahtiizn method (the ERN
algorithm) is proposed in this study, that uses global optimization tanodify the eigenvalues
of the linear term of the nonlinear ROM to control the nonlinear sysm dynamics, while
stability is guaranteed by enforcing the ROM to maintain a negative t@al power residual.
The proposed method has e ectively recovered stability and acary in the applications. In
the mean time, a multi-stage stabilization layout is proposed to facilite computationally
e cient implementation of this method in strongly nonlinear systems. Such applications
usually require a large number of POD modes to resolve the nonline&#, thus leaving the
bare bone stabilization techniques often intractable. The designeaulti-stage con guration
has reduced the computation cost of the ERN algorithm by an ordeaf magnitude, and im-
proved its robustness through the stabilization of the large nonlime ROMs of the supersonic
ow applications.

This study seeks a complete framework for POD-based model retion in compressible
ows. However, the proposed stabilization methods are foundeder global principles, and
can be readily adopted for the stabilization of ROMs in other applicatios that do not neces-
sarily relate to uid dynamics. The proposed algorithms are non-intrsive, thus they do not
depend on the dimensionality reduction method, neither do they relyn a speci ¢ projection
type, and in general, model reduction technique. Therefore, triggested approaches can
be easily applied to the ROMs constructed by system identi cation ah operator inference
techniques. In this light, the future line of research is directed toavds evaluation of the
performance of the proposed methods for the stabilization and leencement of ROMs cre-
ated through other channels, and for di erent, more complicatedlynamical systems (e.g.

turbulent ows).
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