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CHAPTER 1
INTRODUCTION

Technological advancements in mechanical and chemical engineering in the
past two decades have made the subject of diffusion phenomena in a flowing
gas stream of concern. More specifically, the cooling of electronic equip-
ment, transpiration cooling processes and the modeling of biomechanical
equipment frequently involve flow in channels with porous walls. The
solution to problems involving diffusion phenomena requires that the magni-
tude and direction of the velocity at any point in the flow channel be known.

Wang [1] applied the perturbation technidue and a semi-inverse numerical
method to obtain solutions for the problem of fluid injection through one
side of a long vertical channel. Terrill [2], Berman [3], Sellars [4] and
Yuan [5] all employed the perturbation method to obtain solutions for the
flow in a channel with porous walls. All of the investigations were
concerned with nonlinear, two point, boundary value problems, The pertur-
bation technique is perhaps the simplest approximate method available for
achieving solutions to the mentioned boundary value problems. Another
approximate method, the quasilinearization technique, is in most cases
directly applicable to nonlinear, two point, boundary value problems.
Apparently, the solution to flow problems, like those cited above, by quasi-
linearization has received limited attention.

The quasilinearization technique is basically a numerical integration

method. When selecting a numerical integration technique, one should



consider that the stability and convergence are the two most important
criteria [6], since they determine the computational time involved and the
accuracy of the approximate solution. The quasilinearization technique, more
commonly known as a modified Newton's method [7], is for most cases stable
and will converge quadradically if it converges [8]. Because it satisfies
the criteria in most cases, the quasilinearization technique is apparently
ideal for achieving solutions to problems of this type. Huang [9] recently
demonstrated that the quasilinearization technique is well suited to flow
problems involving diffusion phenomena.

It is the aim of this report to investigate the problem studied by
Wang [1], by the perturbation and quasilinearization techniques. Furthermore,
it will demonstrate the versatility and ease in working with the quasilineari-
zation technique. The second chapter of the report deals with the derivation
of the problem's governing equations from the Navier-Stokes equations and an
energy equation. Assumptions made regarding the flow's phenomena are listed
in that chapter. The third chapter describes and implements each approximate
method. The quasilinearization technique is described and implemented first,
followed by the perturbation technique. The fourth chapter consists of
extensive numerical results for the two methods. Following the fourth

chapter is a chapter of conclusions based on the numerical results.



CHAPTER IX
PROBLEM DESCRIPTION

The model to be investigated is shown in Figure 1. A fluid having a

constant injection velocity, V, is injected through the porous plate, which

: P

-

4 Porous plate

Impermeable
plate

P

Figure 1: Physical Model



has a temperature T.,, at y = U. The distance between the plates is U, The

1
fluid will strike the impermeable plate, which has a temperature TO’ at
y = 0.0, It will flow, due to the action of gravity, out through the opening
at the bottom of the plates in the z direction and outwards through the
openings at the sides in the x direction. I is the height of the plates and
W is their widths, as shown in Figure 1. ' e
In order to reduce the complexity of the problem, the following

assumptions are made:

1. The fluid is homogeneous.

2. The fluid is incompressible.

3. Steady state exists.

4. All fluid properties are constant.

5. The dimensions of the plates are such that the edge
effects can be ignored, i.e.,, H>>W>>U,

6. The pressure distribution is independent of z.
7. The velocity in the z direction is independent of z.

By making use of knowledge regarding flow towards a stagnation point and
transforming y by n = y/U, one obtains an expression for the velocity in the
y direction:

u, = -VE(), | (2-1)
where f(n) is an unknown function. The boundary conditions for f(n) are:

£(0)

0.0,

£(1) 1.0.

Making use of assumption 7 and the continuity equation [10],
Yk’
an expression for the velocity in the X direction is obtained,

u, = Vx/U f'(n). [~



The boundary conditions for f'(n) are:

£1(0)

0.0,

(]

fr(1) = 0.0.

. Upon applying assumptions 5 and 7 one obtains the following expression for
the velocity in the z direction,

u, = Ch(n) | (2-3)

where C is an arbitrary constant and h{n) is another unknown function.

h(n) has the fcllowing boundary conditions:

h{(0) 0.0,

h(1) = 0.0.

The substitution of equations (2-1) and (2-2) into the Navier-Stokes

equations,

— *
uu, . = X, - i-P , + szu.,
31!:] _1- D 3 1
in the x and y directions yields,
2 i 2 - 1o
F1% - Ff'1 = UP ,x/Vixp + vE'''/UV, (2-4)
.
VEVT/VU + ££' = -UP ,y/Vp. (2-5)

Upon integrating equation (2-5) with respect to y, one obtains the equation
*
for P , which is the relative pressure at a point (x,y)} with respect to the
stagnation pressure [11]:
2

P = -p/2(2V2g(x)/U - 2\)uy,y + uy j

In the above equation p is the density of the fluid, v is its kinematic
viscosity and g(x) is an unknown function. |
The equation for P* is now substituted into equation (2-4} so that,
Ug'(x)/x = —l/Re(f"‘-Re[ff2 ~ $f1 11y, (2-6)
results. Re is the crossflow Reynolds number and is equal to VU/v. Since

equation (2-6) must be valid fér all x and vy,



~1/Re(£' "' -Re(£'% - ££171)),

Ug' (x)/x
= A,

A is a constant and therefore,

g(x) = Ax>/2U.
The relative pressure, P*, can now be expressed as,
e 2,2 2
P = -p/2 AV2x U - 2vu + oy . 2-
p/2( / vyt % ) | (2-7)

From equations (2-4) and (2-7), the first governing differential equation
is obtained,
£101 - Re(£'2 ¢ ££'1) + Re-A = 0.0. ' (2-8)
A governing differential equation involving h(n} is desired. By
substitution of equations (2-1) and (2-3) into the Navier-Stokes equation in
the z direction, the second governing differential equation is obtained,
h'' + Re-f:h' + Uzg/vC = 0.0.
Since C was an arbitrary constant, one can let C = Uzg/v, then the second
goﬁerning differential equation becomes,
h'' + Re-f-h' + 1.0 = 0.0, (2-9)
One must also consider that the flow field has a temperature gradient.
If one assumes that T., at y = U, is larger than TO’ at vy = 0.0, the

1

temperature distribution can be described by,

T(y) = Ty + (T,-Ty) €0,

where £(y) is an unknown function. £(y) has the boundary conditions:

"

£(0) = 0.0,

£(U)

The heat will be transferred from the porous plate by convection. The rate

1.0.

at which this heat will be transferred, Q, will be given by,

Q = ~«(T,~T,) £ (),



where k is the thermal conductivity. The variable y may be transformed by
writing n = y/U, allowing one to obtain,

e(n) = &(y),
with the boundary conditions,

6(0)

i

0.0,

i

6(1) 1.0.
The temperature distribuiion then becomes,

T() = Ty + (T,-Tg) 8(n), | (2-10)
and the heat transfer rate is now given by, “

Q = -k(T,-T,) 6'(n}/U.

Since heat will be transferred by convection, the energy equation
is [12],

uyT’n = uT,nn, (2-11)
where o is the thermal diffusity and, |

a = K/Cpp.

In the above expression Cp is the specific heat capacity at a constant
pressure, Upon substituting equations (2-1) and (2-10) into equation
(2-11) one obtains,

0'' + Pe-f.0' = 0.0, (2-12)
where Pe is the Peclet number and is the product of the Reynolds number and
the Prandtl number.

Equation (2-12) is the third governing differential equation to be
solved. This fluid inje;tion problem with its three coupled governing
differential equations and two point boundary conditions is to be investi-

gated by both the quasilinearization and perturbation techniques in the next

chapter.



CHAPTER III
METHODS OF SOLUTION
3.1. Quasilinearization technique

Quasilinearization is known as the generalized Newton-Raphson technique

for functional equations [8]. To apply this method, one must consider the

Mth order, nonlinear, ordinary differential equation,

gl f(t;x',x",...,xM'l).
This differential equation can be reduced to a system of M first order

differential equations of the form shown in the following expression,

{Xi} = (£ (EX X, 00X, 1= 1,2, M. ‘ (3-1)
In this expression t is the independent variable. The Xi are the dependent

variables and,

R - TP S, R

With the aid of a Taylor series the functional, fi, can be expanded and

linearized. The functional is expanded about the functions Xi 0 and the



constant and linear terms retained. Equation (3-1) is then approximatcd by,

DX} = (5 (05X 0% oeenuXy o))

+ J(xi,ﬂ)({xi} - {x, .H. (3-2)

1,0
In equation (3-2), J(Xi 0) is the Jacobian of the functional, fi’ evaluated

at X. ,. It is,

1,0
fl afl ..Bfl
8% 5%, Xy
3f2 sz sz
BXl BXZ BXM
I ot =
BfM an ...BfM
8 3, oX,, X o

Since the values for X, are assumed to be known, equation (3-2) is

i,0

linear and can be solved numerically. Upon solving for X, in equation (3-2)
and calling the solution Xi 1 the functional is expanded about X, j8s for
3 ]

xi 0 and a solution for Xi 5 can be obtained. Continuing this process leads
Ed E)

to a vector recurrence formula shown below,

X

’M,n)}

0 pag) = (BN X e,

* JFXi’n)({Xi,n+l} - X B (3-3)
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The subscript following the comma indicates the number of the iteration.
This iteration process is of second order [13], which indicates that the

error for the n+l iteration will be approximately the square of the error for

L

th . . . . . s
the n h iteration. If the iteration process converges, the limit n s e

3

Xi il will approach the general solution, Xi, of equation (3-1) quadradi-
2

cally [14]. One can simplify equation (3-3) to obtain a more convenient form
as below,

b+ P,
in

(x, )= I )X, (5-4)

i,n+l1 i,n+l
One may now consider that the Mth order differential equation represents
a two point boundary value problem. Assuming that there are m final values

“given, the final conditions are,

I : . | —
j,n"‘lLtf) = X_i i ] = l,2,...,m.r (3-5)

X

Upon letting (i-m) initial values be given, the initial conditions are,

0

K s ko= mrl,me2,...,1, {3-6a)

Xk,n+1(oj = %

and the m missing initial conditions are given by m arbitrary constants as
below,

X5 mer @ = C50a

s J=1,2,...,m (3-6b)
As was previously mentioned, equation (3-4) is linear, and an approxi-
mate solution of equation (3-1) can be obtained by using the principle of
superposition and a numerical integration technique, such as a Runge-Kutta
algorithm. For the boundary conditions of equations (3-6a) and (3-6b) it is
sufficient for one to find one set of particular solutions and m linearly

independent homogenecus solutions and treat the problem as if it were an

initial value problem.
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If the vector, {X (t)}, is a solution of equation (3-4}, i.e.,

pi,n+l

{x } = J(X. )X b+ (P},

pi,n+l i,n” Tpi,n+l i xi,n
which satisfies the initial conditions of equation (3-6a) and the m linearly

independent vectors, {thi (t)}, are distinct solutions of,

,n+l

{xilji,n+l} - J(Xi,n){xhji;n+l} o j = 1’2""’m1

which satisfy the boundary conditions,

m

jo1 Cj,n+l {thi,n+l(0)} = 0.0 , 1> m,

an approximate solution can be obtained. Using superposition an approxi-
mation of the general solution of equation (3-1) corresponding to the initial

conditions of equations (3-6a) and (3-6b) will be,

m
(B} = (X5 pap (B} + jil

{x

gi,n+l Cj,n+l {thi,n+1(t)}’

0 <t f_tf.

One should notice that in cobtaining a solution to equation (3-4) only
the initial conditions were used. At the final point, Ff‘ one can set the
first m equations of the approximate solution equal to the final conditions
of equation (3-5) as below,

m
X? = X (tf) + I

i pi,n+l je1 Cj,n+lxhji,n+l(tf)’

1.2 162 g s s s

Since there are m final conditions, these m equations constitute a system of

m algebraic equafions in m unknowns and the C,

jon+l are uniquely determined.
Ll

Once the Cj,n+1 are determined a solution, Xi,n+l’ is found by super-

position of the numerical values of the solution vectors. An improved

general solution vector, Xi’ may be found by substituting Xi for Xi i in
2

E]

n+l
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equation (3-4). This procedure can be continued until successive approximate
solutions, which differ by a designated error, yield a fairly accurate

approximate solution to equation (3-1).
3.1.1, Implementation

To implement this technique for the fluid injection problem defined in

Chapter II, the following governing differential equations of the pfoblem are

considered:
£100 - Re(£'% - ££1') + ReA = 0.0, (3-7a)
h'' + Re-f-h' + 1.0 = 0.0, (3-7b)
6'' + Pe-£-8' = 0.0. (3-7¢)

One can differentiate equation (3-7a) to obtain,
£V - Re(f'f'' - ff''!') = 0.0. (3-8)
Equations (3-8), (3-7b) and (3-7c¢) are reduced to one system of first order

equations as shown below:

) ™ - ™
1
Xl f X2
LI}
Xz f XS
111 .
XS £ X4
1Y -
X4 £ Re(X2X3 X1X4)
< . >.= < >’ = <
1
Xs h Xé
L} - - -
X6 h Re}(lx6 1
]
X7 B XS
; 11 i
XS g Pe}(l}(8
L — -~ . o
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If one assumes the function values, xi,O’ and expands the functional
about them, using a recurrence process one obtains a form identical to
equation (3-4) (see equation {3-9)) after simplification. The governing
differential equations have now been reduced, linearized and a vector
recurrence formula established. An approximation of the general solutionm,
Xi, can now be found by superposition‘and numerical integration. Use must

now be made of the initial conditions of the problem,

£(0) = X,(0) = 0.0,
£1(0) = X,(0) = 0.0,
£11(0) = Xg(0) = Cp s,
£1110) = X,000 = Cy s
h(0) = X;(0) = 0.0,
h'(0) = X (0) = Cg .0s
8(0) = X,(0) = 0.0,
8'(0) = Xg(0) = €, .-

The Cj o+l denote the missing initial conditions. An approximate solution
4 .

satisfying the initial conditions is,

() (0] 0 0) (0]
0 0 0 0
1 0 0 0

G (0) = <¢ +C <Y -<1>-+c <0>+c <0>-
gi,n+l l,n+1 |0 2,n+l1 |0 3,n+l 0 4,n+l 0
0 0 1 0
0 0 0 0

e S k.o..« -.._0_¢ ;.0.4 L..l_.a

The {¢} vector represents the initial values for the one set of
particular solutions which is obtained by integrating equation (3-9) subject
to those initial values. The remaining vectors are the initial values for
the homogeneous sclutions which are found by integrating the homogeneous part

of equation (3-9) subject to those initial values. Each solution vector is
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obtained by integrating from n = 0.0 to n = 1.0 with the aid of the program

in Appendix I. Making use of the final conditions of the problem at n = 1.0,

£(1) = Xl(l) = 1.0,
f'(1) = Xz(l) = 0.0,
h(1l) = Xs(l) = 0.0,
6(1) = X7(l) = 1.0,
the Cj,n+1 are uniquely determined. An approximate solution, Xi,n+l’ may be

found and checked against the assumed solution, Xi 0’ to determine if it is
]

within a prescribed error. If the error test fails the process is repeated
with the last approximate solution being the assumed solution, i.e., Xi n'
* 3

This iteration process continues until the error test is passed or until a

limiting number of iterations have been made.
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3.2. Perturbation technique

The perturbation technique, an expansion of a solution as power series
in a parameter, is one of the simplest and most useful approximation tech-
niques [15]. In fluid mechanics the perturbation parameter is usually a
dimensionless quantity such as the Reynolds number, Mach number, etc.. To
apply this method the following differential equation is considered,

ey''(t) + y'(t) = h(t), (3-10)

subject to the boundary conditions,

il

¥(0) = 0.0,

y' (L)

1.0
.In equation (3-10) e is the perturbation parameter and h(t) is a known
function. The general solution of equation (3-10} -can be expréssed as a
power series such as,
YE) = yo(e) + ey (€) + ey, (6) + oo . (3-11)

In equation (3-11) the yi[t], i=20,1,2,... are unknown polynomials to
be determined. Substituting equation (3-11) into equation (3-10) and
equating coefficients of e yields an infinite set of equations which can be
solved recursively to yield the unknown polynomials. The equations to be

solved are,

¥o'(t) = h(t),

E(yy' " (£) + ¥, () = 0.0,

I

EZ[YI"(t] +Y,1 (1)) = 0.0,

0.0,

ey, ' (6) + ¥5' (1)
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with the boundary condifions,

= ] -
yo(o) - U'OJ yo (l) - 1'0)
y,(0) = 0.0, y, (1) = 0.0,
y,(0) = 0.0, y,' (1) = 0.0,

L

If the perturbation parameter, e, is small the set of equations and
equation (3-11) can truncated after o(ez). A fairly accurate approximate
solution to equation (3-10), satisfying the given boundary conditions can
then be found and is given by,

2
y(t) = y () + ey (1) + €7y, ().
3.2.1., Implementation

For the fluid injection problem defined in Chapter II the
perturbation theory is applicable to the first two governing differential
equations (equations (3-8) and (2-9)). In these two equations,
f'V - Re(f'£'! - ££''') = 0.0, (3-8)
h'" + Re-f-h' + 1.0 = 0.0, (2-9)
the perturbation parameter will be ;he cross flow Reynolds number. For
convenience the perturbation parameter is assumed to be small in magnitude,
hence, approximate sélutions to equations (3-8) and {2-9) will be truncated
after D(Rez).
Equation (3-8) is investigated under the assumptién that,

£(n) = £,(n) + Re-£ (n) + Rezfz(n), (3-12)
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and that the boundary conditions are:
fb(0)=f1[0)=f2(0]:f0‘[0)=fl‘(0)=f2‘(0)=0.0,
£, (L)=£,(1)=£,' (1)=£, " (1)=£," (1)=0.0,
f0(1]=l.0.
Upon substituting equation (3-12) into equation (3-8), equating coefficients
of Re and neglecting.coefficients hiéher than o(Rez) one obtains a set of
three differential equations. The differential equations which can be solved

Tecursively are,

£,'V = 0.0, (3-13a)
tvV _ 1 11 [ ] = ~

Re (£, £, + £,5,'"") = 0.0, (3-13b)
2 " - 1 T _ ] Tt Tt Tt = "

Re” (£, £ 1E £VETT 4 £ F NN 4 £TUE) = 0,00 (3-180)

' fo is determined from equation (3-13a). Upon making the transformation

n=1%1-¢%, dqg = -df, one obtains:

£(1-5) = 265 - 362 4 1, (3-14)

Equation (3-14) is substituted into equation (3-13b). Upon integrating and
solving for the integration constants one can determine fl’
£,(1-8) = -2/35¢ + 1/58° - 3/108° + 1/2¢"
-43/708% + 19/708°. (3-15)
Substituting equations (3-14) and (3-15) into equation (3-13c¢}, integrating

and solving for the integration constants yields for f2,

0

£,(1-£) = ~4/5775g11 + 2/525e:l - 1/210g9

- 11/560¢8 + 1917245027 - 68/525¢0

4 3

#27/1756° - 4372806 + 32189/323400%"

= 17719/64680052.



The approximate solution of equation (3-8) is then given by,
£(1-8) = 265 - 3% + 1
+ Re(-2/35¢" + 1/58° - 3/106° + 1/2¢°
-43/7085 + 19/70£%)
+ Re2(-4/5775cM & 27525610 _ 1721082

- 11/56058 + 191/245057 - 68/52556

¢ 27/1756° - 43/280£" + 32185/323400E°

- 17719/646800£°) .
Differentiating f one obtains f', |
£1(1-E) = -6£° + 6F
+ Re(14/356° - 6/58° + 3/26% -2¢°
+ 129/70£% - 38/70€)
+ Re2 (447577520 - 20752580 + 9/210£°
+ 88/560E7 - 1337/24506% + 408/52555
- 13571756 + 172728085
L 96567/3234006% + 35438/646800£)
Equation (2-9) is investigated under the assumption that,
h(n) = hy(n) + Reh (n) + Rezhz(n),
and that the boundary conditions are:
h, (0)

h, (1)

t]
1]

R, (0) = h (0) 0.0,

ho(l) hl(l)

)

0.0.
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After equating coefficients of Re and neglecting coefficients of o(ReS) and

greater one finds:
ho" + 1.0 = 0.0,

Re (£gh,' + h "'} = 0.0,

1
2 i t -
Re &2“ +ffm’+ %hl)_ 0.0.
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Upon transforming n and following the same procedure used to determine T,
h is found and is as follows:
h(1-8) = 1/2€ - 1/2¢°
+ Re(-1/15€° + 1/58° - 1/8e® - 17685
+ 17482 - 11/1208)
+ Re?(-13/1575£10 + 13/315¢° - 9714068
- ll/840£7 + 611/420056 - 29/210&5
- 5/6728% + 171265 - 11/2406% + 349/50400%).
The above solutions for f and h are identical to those used by Wang [1].
With the aid of the program in Appendix II three cross flow Reynolds numbers
will be selected to investigate the range of Re for which the solutions, f,
tf' and h appear to be valid. An approximate solution for 6 can be obtained

by integrating the following finite difference equation:

de _ 8(i*+1) - 20(i) + 8(i-1) , p_.eeiy 8CE*1) - B(i-1)
- 2 Pe-£{1) h
do

The above equation is integrated until steady state exists, i.e., 5 = 0.0.
The computer program used is given in Appendix III. f(i) is the perturbation
solution for f at the ith point and h is the interval. An approximation for
8' can be obtained by investigating the following equation:

p(i+1) - 0(i-1)
Zh

8! =

In the following chapter the numerical results for the methods in this

chapter and the quasilinearization technique are presented.



CHAPTER IV
NUMERICAL RESULTS

Numerical examples are given for the physical model described in
Chapter II. Given below are the properties of the fluid, the model
dimensions and computational tolerances and requirements needed for the
problem to be investigated by quasilinearization:

Fluid
1. Air is the fluid.
2. The Prandtl number is constant and equals 0.7.

0.000197 ft.z/sec..

3. v =

3

4, p = 0,0675 lbm/ft. .
5. Re has five distinct values: Re = 0.0
1.0
5.0
10.0
25.0

Model dimensions
1. U= 0.5 inches.

Computational requirements
1. The designated error equals (.0001,
2. The interval size, h, equals (0.025.

3. The assumed functions, X. ., are constant and

equal 0.05. gl
Equation (3-9) is investigated by making use of the above requirements and
the aid of the program in Appendix I. Results for f, f', h, 6 and ¢' are
shown in dimensionless form in-Figures 2 through 6 respectively.
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In Figure 2 it is evident that the normal velocity function, f, changes
relatively very little over the range of Re. It changes approximately 0.15
for a specific change of An = 0.1 in the direction toward the impermeable
plate for a range of n between 0.3 and 0.6 and Re in the range from 0.0 to
25.0. In Figure 3 one may observe that the maximum value of f' shifts
towards the impermeable plate and increases by 0.07 over the range of Re.
Inspection of Figure 3 indicates to one that the flow in the x direction is
laminar for all values of Re.

From Figure 4, it is apparent that the flow is not laminar for Re > 10.0.
This is evidenced by the inflection points in the curves for Re = 10.0 and

-25.0. The axial velocity, which is just the constant C times this function,
decreases and shifts towarcis the impermeable plate as Re is increased from
its minimum to its maximum value. |

Figure 5 depicts the temperature distribution function, €, for the given
values of Re. One should observe that as Re is increased, the temperature
approaches a constant, aﬁproximately, for increasing distances near the
porous plate. The plets for 6' (Figure 6) depict how the heat transfer rate
behaves for various Re.

As Re is increased, less heat is being transferred initially from the
porous plate by convection for an increasing interval of n. For Re = 0.0,

g and 9' behave as a motionless medium in the y direction. An increase in Re
to a value much greater than 25.0 would result in an almost constant tempera-
ture distribution with heat transfer occurring only near the impermeable
plate.

Figures 7 and 8 depict the behavior of the velocity in the x direction
for x between 0.0 and 1.0' and for Re = 1.0 and 25.0 respectively. Figures 3

and 10 show how the relative pressure behaves for the same values of Re. A
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two dimensional representation was chosen since the deviation in the y
direction was negligible from the plotting standpoint. In Figures 11 and 12
it may be seen that the wall shear stress in the x and z direction at n = 1.0
decrease very little for substantial increases in Re. At n = 0.0 the shear
stress in the x direction is increasing for increasing Re whereas that in the
z direction is behaving like T, at m = 1.0. Figure 13 shows the number of
iterations.[NITj required for convergence for the given values of Re.

For the perturbation technique, three Reynolds numbers_(0.0, 10.0 and
25.0) were selected and solutions for f, f' and h are found with aid of the
program in.Appendix II. Figures 14, 15 and 16 show plots for £, f' and h for
the selected Re for both the quasilinearization and perturbation techniques.
The solid lines show the perturbation solutions while the dashed lines depict
the qua;ilinearization solutions. It may be noticed that for Re < 10.0, f
and f' by the perturbation method appear to be valid for all n.

Figures 17 and 18 show the solutions for 6 and 8' obtained by the
combined perturbation and finite difference method. The results show that
the solutions are very close to those found by the quasilinearization
technique. The reason for the closeness is that the function & is somewhat
insensitive to the function f.

Conclusions based on the material fn this chapter will be presented in

the next chapter as well as a discussion of the results.



