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Abstract

The transition to a smart distribution grid is powered by enhanced sensing and advanced

metering infrastructure that can provide situational awareness. However, aggregating data

from spatially dispersed sensors/smart meters can present a significant challenge. Addition-

ally, the lack of reliability in communication network used for aggregating this data, prevents

its use for real time operations such as state estimation and control. With these challenges

associated with measurement availability and accessibility, current distribution systems are

typically unobservable. To cope with the unobservability issue, compressive sensing (CS)

theory allows us to recover system state information from a small number of measurements

provided the states of the distribution system exhibit sparsity. The spatio-temporal correla-

tion of loads and/or rooftop photovoltaic (PV) generation results in sparsity of distribution

system states. In this dissertation, we first validate this system sparsity property and ex-

ploit it to develop two (direct/indirect) voltage state estimation strategies for a three-phase

unbalanced distribution network. Secondly, we focus on addressing the challenge of sparse

signal recovery from limited measurements while incorporating their temporal dependence.

Specifically, we implement two recursive dynamic CS approaches namely, streaming modified

weighted-`1 CS and Kalman filtered CS that reconstruct a sparse signal using the current

underdetermined measurements and the prior information about the sparse signal and its

support set. Using practical distribution system power measurements as a case study, we

quantify, for the first time, the performance improvement achievable with such recursive

techniques relative to batch algorithms.

CS based signal recovery efforts typically assume that a limited number of measurements

are available. However, in practice, due to communication network impairments, there is

no guarantee that even this limited set of information might be available at the time of



processing at the fusion/control center. Therefore, for the first time, we investigate the im-

pact of intermittent measurement availability and random delays on recursive dynamic CS.

Specifically, we quantify the error dynamics in both sparse signal estimation and support

set estimation for a modified Kalman filter-CS based strategy in the presence of measure-

ment losses. Using input-to-state stability analysis, we provide an upper bound for the

expected covariance of the estimation error for a given rate of information loss. Next, we

develop a modified CS algorithm that leverages apriori knowledge of signal correlation to

project delayed measurements to the current signal recovery instant. We derive a new result

quantifying the impact of errors in the apriori correlation model on signal recovery error.

Lastly, we study the robustness of CS based state estimation to uncertainty in distri-

bution network topology knowledge. Topology identification is a challenging problem in

distribution systems in general and especially, when there are limited number of available

measurements. We tackle this problem by jointly estimating the states and network topol-

ogy via an integrated mixed integer nonlinear program formulation. By developing convex

relaxations of the original formulation as well Markovian models for dynamic topology tran-

sitions, we illustrate the superior performance achieved in both state estimation and in

topology identification.

In summary, this dissertation offers the first comprehensive treatment of dynamic CS

in smart distribution grids and can serve as the foundation of numerous follow-on efforts

related to networked state estimation and control.
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distribution systems in general and especially, when there are limited number of available
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relaxations of the original formulation as well Markovian models for dynamic topology tran-

sitions, we illustrate the superior performance achieved in both state estimation and in

topology identification.

In summary, this dissertation offers the first comprehensive treatment of dynamic CS

in smart distribution grids and can serve as the foundation of numerous follow-on efforts

related to networked state estimation and control.



Table of Contents

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvi

Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Overview and Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Related Work and Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Organization of This Dissertation . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1 Related Work and Contributions . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Distribution Grid Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Information Aggregation in Distribution Grid . . . . . . . . . . . . . . . . . 19

2.3.1 1-D Compressive Sensing . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3.2 2-D Compressive Sensing . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4 Voltage State Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4.1 Indirect Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4.2 Direct Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

viii



2.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.5.1 Indirect Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.5.2 Direct Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.6 Computational complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Dynamic CS in distribution systems . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1 Distribution System Signal Characteristic . . . . . . . . . . . . . . . . . . . . 38

3.2 Dynamic Recursive Compressive Sensing . . . . . . . . . . . . . . . . . . . . 39

3.2.1 Weighted BPDN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.2 Kalman Filter CS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.1 IEEE 34-bus system . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.2 Pecan Street Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Updated KF-ModCS with lossy measurements . . . . . . . . . . . . . . . . . . . . 46

4.0.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.0.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.2 Updated KF-Mod-CS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 Error analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3.1 Support Estimation Error Dynamics . . . . . . . . . . . . . . . . . . 57

4.3.2 Sparse Signal Estimation Error Dynamics . . . . . . . . . . . . . . . 61

4.4 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.4.1 Unaltered Support Set . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.4.2 Reduced Order Case . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

ix



4.5.1 Distribution System Example . . . . . . . . . . . . . . . . . . . . . . 72

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 Dynamic CS with delayed measurements . . . . . . . . . . . . . . . . . . . . . . . 79

5.1 Related Work and Contributions . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.3 Proposed Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.4 Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Joint Topology Identification and State Estimation . . . . . . . . . . . . . . . . . 91

6.1 Related Work and Contributions . . . . . . . . . . . . . . . . . . . . . . . . 91

6.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.3 Proposed Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.3.1 MILP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6.3.2 Convex Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6.4 Dynamic Hybrid Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7 Conclusion and future works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7.1.1 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

A Proofs of Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

A.1 Proof of lemma 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

A.2 Proof of lemma 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

x



List of Figures

2.1 IEEE 34-node Test Feeder . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 IEEE 37-node Test Feeder . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 PV generations of 13 representative homes . . . . . . . . . . . . . . . . . . . 17

2.4 PV generations Home 141 for three consecutive days during Summer 2019 . 19

2.5 Spatial compressive sensing for different projection matrix . . . . . . . . . . 28

2.6 Temporal compressive sensing for different projection matrix . . . . . . . . . 29

2.7 Spatio-temporal compressive sensing for different projection matrix . . . . . 29

2.8 Error in voltage estimation of three-phase unbalanced system recovered from

60% of information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.9 Case I: Voltage magnitude performance of 1-D CS . . . . . . . . . . . . . . . 31

2.10 Case I: Voltage angle performance of 1-D CS . . . . . . . . . . . . . . . . . . 32

2.11 Case I: Voltage magnitude performance of 2-D CS . . . . . . . . . . . . . . . 32

2.12 Case I: Voltage angle performance of 2-D CS . . . . . . . . . . . . . . . . . . 33

2.13 Case II : Voltage magnitude performance of 1-D CS . . . . . . . . . . . . . . 34

2.14 Case II : Voltage angle performance of 1-D CS . . . . . . . . . . . . . . . . . 34

2.15 Case II : Voltage magnitude performance of 2-D CS . . . . . . . . . . . . . . 35

2.16 Case II : Voltage angle performance of 2-D CS . . . . . . . . . . . . . . . . . 35

3.1 Changes in a support set over time in a smart distribution system . . . . . . 40

3.2 Changes in a sparse signal over time in a smart distribution system . . . . . 40

3.3 INAE % of Algorithms 2 and 3 versus classic CS (Theorem 1) . . . . . . . . 44

4.1 Estimation Process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2 Normalized error in sparse signal estimation . . . . . . . . . . . . . . . . . . 72

xi



4.3 Error in support set estimation . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.4 Eλt,eQP6,t|t−1 and the theoretical bound of ¯̄P6,t . . . . . . . . . . . . . . . . . 73

4.5 INAE corresponding to state estimation for different λ̄ . . . . . . . . . . . . 74

4.6 Eλt,eQP4,t|t−1 for λ̄ = 0.8’and two theoretical bounds of P̂4 suggested by The-

orem 1 and 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.7 EλtP4,t|t−1 for two different measurement arrival rates and their theoretical

bounds of P̂4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.8 EλtP4,t|t−1 for two different CMR and their theoretical bound of P̂4. . . . . . 77

5.1 Delayed measurements sequence . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2 Signal recovery with delayed measurements . . . . . . . . . . . . . . . . . . . 90

6.1 IEEE 37-node test feeder with six switches . . . . . . . . . . . . . . . . . . . 97

6.2 Discrete time Markov chain model for switch status. . . . . . . . . . . . . . . 104

6.3 Convex vs MILP topology identification for 6 switches system. . . . . . . . . 106

6.4 Topology identification performance with different CMR . . . . . . . . . . . 107

6.5 Dynamic TI for two different CMR when the topology changes. . . . . . . . 107

xii



List of Tables

2.1 Temporal correlation of PV generation at home 141 . . . . . . . . . . . . . . 18

2.2 Performance of three different wavelet mother bases when 60% of data is

available . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3 Time requirement for 1 run, 1 CMR . . . . . . . . . . . . . . . . . . . . . . . 36

3.1 Average INAE % of different CS approaches for Pecan Street Data . . . . . 45

6.1 Time requirement for 1 run, 1 CMR . . . . . . . . . . . . . . . . . . . . . . . 108

xiii



Acknowledgments

There are many people who have helped me along the way on this journey. I want to

take this opportunity to thank them.

Firstly, I would like to express my sincere gratitude to my advisor Dr. Bala Natarajan

for his dedicated support, knowledge and guidance. Dr. Bala continuously provided encour-

agement and was always willing and enthusiastic to assist in any way he could throughout

my Ph.D study.

My special appreciation to my doctoral committee members: Dr. Sanjoy Das, Dr.

Hongyu Wu, Dr. Bacim Alali, and Dr. Vinod Kumarappan, for their constructive ad-

vices and insightful comments that help to improve the quality of this dissertation. Also, I

would like to thank Dr. Anil Pahwa for his guidance during this research.

Special thanks are extended to my friends in WiCom group, Alaleh, Solmaz, Reza B.,

Wenji, Kumar, Rahul, Kexing, Sai, Shweta, Biswajeet, Mohammad and Dylan for their help,

encouragement and friendship.

I would like to thank my dear and loyal friends at K-STATE, Heman, Behnaz, Liam,

Reza M., Hojjat, Sahar (Rest In Peace), Farzaneh, Jalal, Aram, Erfan and Javad for their

support and generous care. I will always miss the unforgettable moments and joys that you

shared with me.

I am extremely grateful to my parents and my parents-in-law, for their unconditional

trust, timely encouragement, and endless patience. In spite of all the hardship due to long

distance and being away from home, they have always supported me to achieve my goals.

Special thanks to my supportive family members: Avin, Hemn, Soodabeh, Smko, Shadi,

Hiwa, Sahar, Eiliya, Zhowan and Hezha for their kindness, motivation and unwavering belief

in me.

I would like to express my endless love to my caring, loving, and supportive fiancé,
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Chapter 1

Introduction

1.1 Overview and Motivation

Smart distribution grids consist of several components including distributed generation (e.g.,

solar, wind), advanced metering infrastructure (AMI) and SCADA (e.g., voltage, current,

switch status, etc.) sensors. The sensing and smart metering infrastructure provides pre-

viously unavailable insights into the distribution grid all the way to the home level. Data

from all the sensors and smart meters can possibly be used for situational awareness as well

as real time control. While the physical scale of the system results in a large amount of raw

measurements [1], the sampling rate of commercially available smart meters and SCADA

sensors can vary in the range of a few seconds to the order of minutes contributing to a

data deluge [2]. Furthermore, it is usually challenging to aggregate all the data reliably as

even under optimal conditions, the capacity of the underlying communication network is

inadequate to keep up with the volume and velocity of information flowing from the smart

meters and sensors [3]. Therefore, currently, the smart meter data is primarily used for

billing purposes and not for real time operations. Since optimal control and operation of a

distribution grid is contingent upon the ability to estimate the system states via the sup-

porting cyber infrastructure, it is critical to investigate methods to estimate the states with

a small number of measurements. This is the fundamental problem we seek to study in the

1



context of three phase unbalanced distribution networks.

1.2 Related Work and Challenges

State estimation in a power grid is a classic problem that has garnered interest over many

decades. Various estimation strategies including their advantages and the key challenges

are summarized in [4]-[6]. State estimation in a traditional distribution grid is difficult due

to the limited number of measurements at that level making the system unobservable [7].

However, the underdetermined system can be transformed into an overdetermined system

by generating pseudo-measurements (based on historical data) as discussed in [8]. Then, a

weighted least square (WLS) approach can be used to estimate the states for the underlying

nonlinear system [9]. The estimator variance can be further reduced by exploiting the load

correlation as discussed in [10]. In addition to correlation among loads, with the increasing

penetration of rooftop PV (photo-voltaic) generation in smart grids, one can anticipate a sig-

nificant correlation in generation. This underlying correlation typically results in sparsity in

a transformation basis (e.g., wavelet basis) as demonstrated in [11]. Therefore, compressive

sensing strategies that enable us to recover a larger dimensional signal from fewer measure-

ments in the presence of sparsity can play a critical role in efficient data aggregation and

processing [12].

Although, application of compressive sensing for smart distribution grids is not as ma-

ture as for speech, video, or image compression applications, there have been some recent

efforts in this direction. [13] presents a summary of efforts involved in the space of compres-

sive sensing in distribution grids. In [14], the authors propose a fuzzy based transformation

with a least-squares method to compress signals resulting in a higher accuracy relative to

principal component analysis and discrete wavelet transformation approaches (under certain

conditions). A general framework for data compression of AMI data is provided in [15].

Here, sparse binary measurement matrices are utilized for joint reconstruction of the spatio-

temporal load profile. A singular value decomposition based data compression approach is

investigated for a smart distribution grid in steady state [16]. A novel distribution system

2



state estimation for three phase systems has been provided in [17], which uses micro-phasor

measurement units and (1D) spatial compressive sensing. However, [17] does not consider

smart meter data and given the fact that the number of smart meters is typically far more

than micro PMUs, the proposed approach is limited in its practical application. To address

the problem of power line outage detection, [18] exploits compressive system identification

which is well-known for being a time-efficient approach in complex network analysis. Re-

cently, a comprehensive survey on the compression methods for smart meter big data is

presented in [19] that evaluates the methods and discusses the existing challenges in data

compression of smart grids. In the initial efforts, the physical grid model (and the associ-

ated power flow equations) was not incorporated as part of the analysis. Spatio-temporal

correlation between loads and distributed generation is exploited in [20] that recovers the

power measurements across the grid and estimates the voltages using noiseless CS. The men-

tioned techniques deal with single phase systems. However, three phase networks may not

be balanced, (i.e., each phase could have different load and generation profiles) and exhibit

coupling across phases. Therefore, states of a three phase system cannot be directly and

trivially estimated by generalizing the proposed method for single phase systems. Following

this limitation, the first question we seek to address in this dissertation is:

Question 1: How can a compressive sensing method be designed to indirectly/directly

estimate the states of a three phase unbalanced distribution system with limited measurement?

Most of the above mentioned research efforts employ static sparse recovery methods

where they only apply current measurements for signal recovery purposes. Even, with a

dynamic scheme, the existing approaches implement batch algorithms that consider the entire

streaming signal as a single sparse spatiotemporal signal where time sparsity is assumed in

the Fourier domain or wavelet domain [21]. However, these assumptions may not hold

for many cases. Additionally, batch algorithms suffer from other disadvantages including

(1) offline implementation that is slow, and (2) a large memory requirement that increases

linearly with the sequence length [22]. To cope with this problem, the following question

needs to be addressed:

Question 2: Can we implement dynamic CS methods for signal recovery that effectively
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address the drawbacks of batch algorithms?

The existing body of work on CS based estimation assume that the required measure-

ments arrive on-time. In practice, the control fusion center may receive intermittent or

delayed measurements due to impairments in the underlying communication link [23, 24].

To address these issues in distribution systems, [25] provides a distributed dynamic state

estimation strategy when the measurement packets are lost. In [26], a modified re-iterated

Kalman filter is proposed that estimates the states of the smart grid in the presence of both

lost and delayed measurements. [27] presents a flexible hybrid state estimation algorithm

when the underlying communication network suffers from irregularities. While the impacts

of such network induced measurement loss/delay on KF based state estimation have been

extensively studied and well understood [28]-[32] , the corresponding effects on dynamic CS

is still unknown. In this regard, there are a two key research questions that need to be

properly addressed:

Question 3: How a dynamic compressive sensing technique can be modified in presence

of lossy and/or delayed measurements? What is the effect of the losses/delays on performance

of the estimator?

Many of the distribution system state estimation (DSSE) approaches rely on the assump-

tion that the underlying topology is accurately identified. Therefore, a reliable topology

identification method must be executed for control/estimation purposes. Furthermore, the

time-varying nature of distribution systems implies that the topology identification process

must be frequently performed if reliable results are expected from distribution systems op-

erations. Conventional methods of topology identification suffer from high computational

complexity [33]. To overcome this drawback, some other strategies propose to simultane-

ously estimate the switch statuses and system states [34]. However, these techniques require

a considerable amount of measurements. Based on this challenge, we aim to answer the

following question:

Question 4: How can we formulate a compressive sensing method with low complexity

that simultaneously estimates both the states and network topology?
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1.3 Contributions

To address the open questions highlighted in the previous section, this dissertation contains

fundamental advances that are summarized below:

1. The goal of research Question 1 is to design a compressive sensing method for state

estimation in a three phase unbalanced distribution system. To address Question 1, we

extend the compressive sensing approach in [20] to a three phase unbalanced system with

the following contributions.

• A forward backward algorithm based voltage state estimation for the three phase sys-

tem is implemented using the reconstructed power measurements. Furthermore, we

update our minimization problem with a linearized model of the power flow that re-

lates the voltage phasors to the power values. In addition to directly estimating the

voltages, this technique enables us to simultaneously employ both power and voltage

measurements in our minimization problem.

• We evaluate the proposed approach using the IEEE 34-node and 37-node test sys-

tems that include different impedances for capturing the relationship between phases

throughout the network. Additionally, we demonstrate that the choice of both spar-

sifying basis and projection matrix play critical roles in reliable data recovery. Our

work demonstrates the feasibility of efficient smart meter/sensor data integration and

its use for state estimation.

More details related to these contributions are in chapter 2 and has been published in the

following articles:

[35] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Compressive sensing based state

estimation for three phase unbalanced distribution grid.” In GLOBECOM 2017-2017 IEEE

Global Communications Conference, pages 1-6. IEEE, 2017

[36] Shweta Dahale, Hazhar Sufi Karimi, Kexing Lai, and Balasubramaniam Natarajan.

“Sparsity based approaches for distribution grid state estimation a comparative study.”

IEEE Access, under review (2020).
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2. Research Question 2 asks about implementing dynamic CS methods for distribution

grids. To address this question, we provide the following contributions:

• we first exploit slow support set change and slow sparse signal change properties of

the underlying data. To validate our assumptions, we incorporate practical home-level

data from an actual distribution system.

• Then, we employ two recursive algorithms: 1- Streaming modified weighted-`1, 2-

Kalman filtered CS. The simulation results (based on two different data framework)

validate the efficiency of the recursive CS techniques where the performance of CS is

significantly improved relative to the classic CS approach presented in [20].

These contributions are discussed in detail in chapter 3 and in the following article:

[37] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Recursive dynamic compressive

sensing in smart distribution systems.” In 2020 IEEE Power and Energy Society Innovative

Smart Grid Technologies Conference (ISGT), pages 1-5. IEEE, 2020

3. Research Question 3 deals with dynamic CS in the presence of delayed/lossy mea-

surements. Our main contributions associated with addressing Question 3 are summarized

below:

• To address dynamic CS in presence of lossy measurement, we consider a KF-Mod-CS

based algorithm (Algorithm 6 in [38]) where the goal is to recursively recover a sparse

signal and estimate its corresponding support set.The KF-Mod-CS based algorithm

consists of two main steps at each time: a compressive sensing algorithm to determine

the support set using Kalman filter state estimates, and state estimation by Kalman

filter using the estimated support set obtained from the modified CS. Therefore, the

error in each process directly affects the other step. In this dissertation, we first

quantify the dynamics of error in each step while considering loss of measurements.

• Using input-to-state stability analysis for discrete nonlinear systems, we derive an

upper bound for the expected variances of the estimated signal. This upper bound

enables us to find a critical value for the rate of receiving measurements (λ̄c) that
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ensures the convergence of error in the KF-Mod-CS based algorithm. That is, if the

probability of measurement loss is smaller than 1 − λ̄c, we can ensure that the error

in signal estimation is bounded. It is important to note that error and convergence

analysis has not been investigated in the previous works, even for the case of Kalman

filter CS without lossy measurements [38].

• We derive a more precise upper bound for the expected error variances when the

underlying support set remains unaltered for a period of time. In this case, a reduced

order Kalman filter is employed for estimation of the sparse signal.

• We uncover a steady state upper bound for the error covariance matrix if the under-

lying support set is constant and the reduced order model satisfies full observability

condition. Simulation results provided in section 4.5 demonstrate the validity of the

new fundamental theoretical results. We particularly evaluate our theoretical result

using the IEEE 37-node test feeder with practical load/generation data.

• We propose a modified compressive sensing technique that incorporates the delayed

measurements in the estimation process. To this end, we employ a well-known model

for temporal correlation among states that enable us to project the delayed measure-

ments to the current time.

• The dynamic model of the sparse states may not accurately capture the exact temporal

correlation due to stochastic behavior of the signal as well as error in identification of

the model parameters. Therefore, the uncertainty in the dynamic model affects the

performance of the proposed signal recovery approach. To complete the analysis, we

quantify the error in the recovered signal based on the errors in the models for temporal

correlation.

More details related to these contributions are provided in chapter 4 and chapter 5 and

published in the following articles:

[39] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Kalman filtered compressive

sensing with intermittent observations.” Signal Processing, 163:49,58, 2019.
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[40] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Dynamic signal recovery in

distribution grids using compressive lossy measurements.” IET Smart Grid, under review

(2020).

[41] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Dynamic signal recovery with

compressive delayed measurements.” IEEE Signal Processing Letters, under review (2020).

4. Research Question 4 seeks to find a method for joint state estimation and topology

identification in distribution grids. To address this question, we provide the following con-

tributions.

• For concurrent estimation of states and topology, we first formulate an optimization

problem with states of systems and switch statuses as decision variables. Our frame-

work projects the switch statuses on the underlying admittance matrix. The proposed

formulation contains nonlinear relationships and integer variables leading to a mixed

integer nonlinear programming (MINLP) problem.

• In order to guarantee the solvability of the optimization formulations and reduce

MINLP complexity, we modify the nonlinear constraints to yield a mixed integer linear

programming (MILP) problem. To this end, we transform the existing nonlinearity by

introducing auxiliary variables.

• Although we could fix the nonlinearity issue by introducing MILP, the proposed tech-

nique is still a nonconvex problem. In other words, there is no guarantee to reach

the optimal solution. To cope with this issue, we relax the nonlinearity of MINLP

by replacing integer variables with continuous decision variables. Then, we apply an

alternative minimization approach that improves both state estimation and topology

identification.

• Finally, we introduce a hybrid dynamic framework that incorporates prior information

about system topology for current state/switch status estimation. More precisely, a

Markov jump model is proposed for switch status that helps topology identification

especially for high levels of compression. Besides, we employ the previous information
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about the support set that improves the fidelity of our method.

• Simulation results provided in section 6.5 demonstrate the performance of the proposed

approaches on the IEEE 37-node test feeder with practical load/generation data.

More details related to these contributions are in chapter 6 and in the following article:

[42] Hazhar Sufi Karimi and Balasubramaniam Natarajan. “Joint topology identification and

state estimation in unobservable distribution grids.” IEEE Transactions on Smart Grid, to

be submitted (2020).

1.4 Organization of This Dissertation

The remainder of this dissertation is organized as follows. Chapter 2 describes the funda-

mental idea of sparsity-based data aggregation and voltage state estimation in three phase

distribution grids. In chapter 3, we exploit the basic properties for implementing dynamic CS

in distribution systems. Then, two recursive dynamic CS methods are employed for signal

recovery. Chapter 4 is dedicated to the analysis of Kalman filter modified CS in the presence

of lossy measurements. In chapter 5, we design a dynamic CS method for the system with

delayed measurements. Then, chapter 6 provides two approaches for joint state estimation

and topology identification in distribution systems. The summary of this dissertation and

future ideas constitute chapter 7.
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Chapter 2

Background

The power distribution grid is typically unobservable due to a lack of measurements. While

deploying more sensors can alleviate this issue, it also presents new challenges related to data

aggregation and the underlying communication infrastructure. Therefore, developing state

estimation methods that enhance situational awareness at the grid edge with compressed

measurements is critical. In this chapter, we focus our attention on fundamental idea of the

sparse-aware data aggregation and voltage state estimation in three phase distribution grids.

2.1 Related Work and Contributions

Recently, the challenges posed by unobservability and limited measurement availability at

the grid edge has been addressed by sparse recovery methods. All these methods exploit the

underlying smoothness or sparsity of the raw or linearly transformed measurements/system

states. These methods exploit the network structure to perform state estimation at current

levels of data availability and observability. Therefore, the requirement of creating pseudo-

measurements for ensuring observability is eliminated. Compressive Sensing (CS) based

distribution system state estimation (DSSE) was the first class of solutions proposed where

the sparsity of measured data in a linear transformation basis was exploited to compress

measurements. The spatio-temporal correlation between loads and distributed generation in
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a single-phase distribution system is exploited in the estimation strategies proposed in [20].

A singular value decomposition based data compression approach is investigated for a smart

distribution grid in steady state [16]. A DSEE method has been provided in [17], which uses

micro-phasor measurement units and (1-D) spatial compressive sensing. However, [17] does

not consider smart meter data and given the fact that the number of smart meters is typically

far more than micro PMUs, the proposed approach is limited in its practical application.

A temporal compression scheme is employed in [43] on three publicly available datasets for

spatial and spatio-temporal compression. A robust tensor completion based state estimation

method is proposed in [44]. Recursive dynamic state estimation is implemented in [37] by

exploiting the sparsity in distribution grid data.

In contrast to the single phase systems [20], three phase networks may not be balanced,

(i.e., each phase could have different load and generation profiles) and exhibit coupling

across phases. Thus, the analysis of a single phase system cannot be trivially generalized

to a three phase system. In this chapter, we extend the compressive sensing approach

to a three phase unbalanced system. Specifically, we exploit the underlying correlation

among the electrical parameters (power/voltage) and the resulting sparsity in a discrete

wavelet transform to reconstruct these parameter values for the entire grid using limited

number of measurements. A forward backward algorithm based voltage state estimation

for the three phase system is implemented using the reconstructed power measurements.

Furthermore, we update our minimization problem with a linearized model of the power

flow that relates the voltage phasors to the power values. In addition to directly estimating

the voltages, this technique enables us to simultaneously employ both power and voltage

measurements in our minimization problem. We evaluate the proposed approach using the

IEEE 34-node and 37-node test systems that include different impedances for capturing the

relationship between phases throughout the network. Additionally, we demonstrate that

the choice of both sparsifying basis and projection matrix play critical roles in reliable data

recovery. Specifically, we show that a Bernoulli projection matrix allows for more accurate

reconstruction relative to a Gaussian projection matrix that was used in [20]. Furthermore,

among the discrete wavelet sparsifying bases, “Haar” mother wavelet shows considerably
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better performance comparing to other bases. Our work demonstrates the feasibility of

efficient smart meter/sensor data integration and its use for state estimation even in the

presence of communication network impairments (e.g., missing data) that currently limit

the use of this information in real time operations.

The rest of this chapter is organized as follows: Section 2.2 introduces the three phase

distribution grid model, linearized power flow, and the underlying correlation structure. In

section 2.3 a brief introduction of compressive sensing and relevant mathematical funda-

mentals are provided. Section 2.4 focuses on state estimation in three phase unbalanced

distribution grids by presenting two methods. Then, section 2.5 provides simulation results

that demonstrate the potency of the proposed approach in the context of IEEE 34-node

and IEEE 37-node benchmark systems. The summary and direction of the next chapter

constitute section 2.7.

2.2 Distribution Grid Model

Consider a general three phase distribution grid with J nodes. For example, Figure 2.1

shows a diagram of the IEEE 34-node test feeder. Another example of distribution network

is IEEE-37 node test feeder shown in Figure 2.2. The substation/source node is considered

the 0th node (slack bus) where the voltage level is assumed to be fixed or regulated (typically

1 per unit). In this three phase system, the voltage vector at ith node denoted as a vector

Vabc
i , corresponds to:

Vabc
i =


Va
i

Vb
i

Vc
i

 =


| Va

i | ejθ
a
i

| Vb
i | ejθ

b
i

| Vc
i | ejθ

c
i

 , (2.1)

where, V∗i represents voltage phasor of phase *. | V∗i | and θ∗i are magnitude of the voltage

and angle of the voltage, respectively. It should be noted that Vabc
0 is fixed or regulated, thus

it is assumed to be known. The ultimate goal is to estimate both magnitude and angle of

voltages for each node based on power measurements collected from smart meters/sensors.
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Therefore, the voltage state vector for the entire distribution grid corresponds to a 6J -

dimensional vector,

V =

[
|Va

1| |Vb
1| |Vc

1| . . . |Va
J | |Vb

J | |Vc
J | , θa1 θb1 θc1 . . . θaJ θbJ θcJ

]′
(2.2)

The relationship between voltages and currents of a J -bus distribution system can be

easily expressed as: 

Vabc
1

Vabc
2

...

Vabc
J


=



Zabc
11 Zabc

12 · · · Zabc
1J

Zabc
21 Zabc

22 · · · Zabc
2J

...
...

...
...

Zabc
J 1 Zabc

J 2 · · · Zabc
JJ


.



Iabc1

Iabc2

...

IabcJ


(2.3)

where Zabc
ij is the impedance matrix between ith node and jth node, and Iabci is the vector of

three phase current corresponding to ith node. For every phase at each node, we assume that

smart meters can measure the real and reactive power. Of course, the measured real and

reactive power in each phase, at particular node-i depends on the load and generation at that

node as given by: Pa
i = Real(Sai ) = Real(SaGi−SaLi) and Qa

i = Imag(Sai ) = Imag(SaGi−SaLi).

Here, SaGi represents apparent power generation and SaLi is the load at ith node for phase-a.

The apparent power is related to voltage and current as Sai = Va
i (I

a
i )
∗. Similar expressions

can be written for phases b and c, for each node. Accordingly, the power state vector contains

both real and reactive power at all nodes represented as a 6N -dimensional vector,

P =

[
Pa

1 Pb
1 Pc

1 . . . Pa
J Pb

J Pc
J , Qa

1 Qb
1 Qc

1 . . . Qa
J Qb

J Qc
J

]′
. (2.4)

Here, let X denote the entire state vector and it is defined as X =

[
P ′ ,V ′

]′
. Obviously,

DSSE techniques require an exact knowledge about the relationship between the power

values and voltage phasors of the different nodes. However, the function fPF that captures
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Figure 2.1: IEEE 34-node Test Feeder
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Figure 2.2: IEEE 37-node Test Feeder
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the relationship between voltage states and power injected at the nodes is not linear.

V = fPF (P)

The nonlinearity of the AC power-flow equations poses significant challenges for the devel-

opment of computationally affordable state estimation tasks. To avoid such complexities,

we employ a linearized approximation that is applicable to multiphase distribution networks

[45]. First, we write the voltages in a complex form rather than a phasor/polar format;

Thus, if we have v∗i = Real(V∗i ) + jImage(V∗i ), the voltage vector is:

v =

[
va1 vb1 vc1 . . . vaJ vbJ vcJ

]
(2.5)

For a three-phase distribution system with J buses, Y denotes the admittance matrix:

Y =

Y00 Y0L

YL0 YLL

 where, Y00 ∈ C3×3, YL0 ∈ C3(J−1)×3, Y0L ∈ C3×3(J−1) and YLL ∈

C3(J−1)×3(J−1) are submatrices of the admittance matrix. Denoted by ṽ, the linearized

voltage is:

v ≈MP + w (2.6)

where,

M =

[
Y−1
LLdiag(˜̂v)−1 −jY−1

LLdiag(˜̂v)−1

]
(2.7)

w = −Y−1
LLYL0v0. Here, v0 is the slack bus voltage where the voltage level is assumed to be

fixed or regulated (typically 1 per unit). ˜̂v denotes voltage in an operating point. One may

consider w = ˜̂v.

The goal of state estimation is to estimate X using the available measurements. If all

the elements in P are available without errors, the distribution grid is fully observable and

estimation of X is trivial [7]. However, the communication network imposes two main con-
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Figure 2.3: PV generations of 13 representative homes

straints in this process of estimation of X . First, as the size of the network grows (i.e.,

J increases), the volume of data that needs to be aggregated grows with it. This puts a

significant stress on the underlying communication network. Secondly, if the communication

network is unreliable, there could be missing measurements making the system underdeter-

mined. Both these issues can be effectively dealt by exploiting the underlying correlation

in measurements. In a distribution grid, nodes may possess various electrical characteris-

tics, e.g., some nodes may have only loads, whereas some other nodes, in addition to loads,

may have photovoltaic (PV) panels or wind generators (both representing renewable energy

sources). As a result of short distances between nodes in a distribution grid, one can ex-

pect a certain level of correlation between generation characteristics of the nodes. To verify

the presence of spatial correlation in a distribution system, we collect daily PV generation

profiles of 13 representative homes with 1-min time resolution from eGauge website [2], rep-

resenting a typical day in Summer 2019. Figure 2.3 presents 14-hour PV generation profiles

of 13 representative homes, where we can observe a similar pattern for different homes.
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The correlation across space and time of contributed generation leads to sparsity in a

wavelet domain which can be exploited to effectively estimate X from regular/compressed

measurements. It is important to note that the proposed compressive sensing approach

described in the following section is applicable to any underlying correlation and load models.

However, for our analysis, we consider a previously suggested correlation [46] and load model

[47] as an example for demonstrating the potency of our proposed approach. As in [46], the

correlation among the generated powers at ith node and jth node can be expressed via an

exponential function of distance, parameterized with α1 and α2:

Rij = exp

{
−
(
Dij
α1

)α2
}

; α1 > 0, α2 ∈ (0, 2] (2.8)

where, Rij is the coefficient of correlation and Dij is the Euclidean distance between the ith

and jth node.

Similarly, a temporal correlation is common for both generated power and loads. Figure

2.4 shows PV generation profiles of Home 141 for three consecutive days during summer

2019. To provide a comprehensive and quantitative correlation analysis, table 2.1 shows the

correlation matrix for PV generation at five consecutive hours (13:01 to 13:05) of home 141.

This correlation is calculated based on the data collected from 112 days.

Table 2.1: Temporal correlation of PV generation at home 141
Time 13:01 13:02 13:03 13:04 13:05
13:01 1 0.90993 0.861113 0.811539 0.73272
13:02 0.90993 1 0.940018 0.861275 0.777457
13:03 0.861113 0.940018 1 0.936477 0.843463
13:04 0.811539 0.861275 0.936477 1 0.928608
13:05 0.73272 0.777457 0.843463 0.928608 1

Therefore, we model the distributed generation and load as first order auto-regressive

(AR(1)) process [47] given by:

St+1 −Dt+1 = α3(St −Dt) +Wt (2.9)
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Figure 2.4: PV generations Home 141 for three consecutive days during Summer 2019

where, St denotes apparent power for both generation and loads at time t; and α3 denotes the

AR(1) coefficient; Wt is the corresponding noise or model uncertainty component. Dt is the

deterministic trend component of the time series that also captures any periodic variation

that may exist.

2.3 Information Aggregation in Distribution Grid

The necessary condition for using sparsity-based data recovery methods is that the signal of

interest exhibits sparsity or must be approximately sparse in a linear transformation basis.

2.3.1 1-D Compressive Sensing

The following theorem describes the concept of 1-D compressive sensing and its proof can

be found in [48]:

Theorem 1. Let z ∈ Rn be the signal of interest, which is sparse in a linear transformation
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basis Ψ ∈ Rn×n such that,

z = Ψx

where, x has at most S � n significant coefficients i.e., z is S-sparse in the sparsifying basis

Ψ. If the sensing mechanism is such that:

h = Φz (2.10)

where, h ∈ Rm is the available measurement vector and Φ ∈ Rm×n is a random measure-

ment/projection matrix (e.g., matrix elements distributed as i.i.d. Gaussian random variables

with mean 0 and variance 1/m or Bernoulli random variables), then the original signal z

can be reconstructed by solving the following `1 minimization problem,

x̂ = argmin
b
‖ b ‖1 subject to h = ΦΨb

ẑ = Ψx̂ (2.11)

The result of the optimization problem in (2.11) provides an exact reconstruction with

overwhelming probability if there exists a δ ∈ (0, 1) such that,

(1− δ) ‖ x ‖2
2≤‖ ΦΨx ‖2

2≤ (1 + δ) ‖ x ‖2
2,

holds for all K-sparse signal x. This is called the Restricted Isometry Property (RIP) of

order K. Correspondingly, the measurement dimension m is bounded in the following order
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[12],

m = O
(

1

δ2
K log

( n
K

))
⇒

(m
n

)
= O

(
1

δ2

K

n
log
( n
K

))
⇒ CMR = O

(
1

δ2
SR log

(
1

SR

))
(2.12)

where CMR and SR are compressed measurement and sparsity ratio, respectively.

Remark. In practice, the available measurements have different level of errors due to mea-

surement noises. Therefore, instead of h, the available measurement vector corresponds to,

y = h + ε (2.13)

where, ε represents the measurement noise vector. That implies that the equality constraint

is not valid anymore. Instead, the difference between y and ΦΨb must be as low as possible.

To impose such a condition, we modify (2.11) in to the following form:

x̂ = argmin
b
‖ b ‖1 +λ ‖ y −ΦΨb ‖2 (2.14)

where, λ is a tuning parameter that controls the trade-off between sparsity of the underlying

signal and the error residual.

2.3.2 2-D Compressive Sensing

If compressive sensing is applied both spatial and temporal signals simultaneously, the fol-

lowing corollary is applicable [49]:

Corollary 2. Let W ∈ Rnspace×ntime be the spatio-temporal data over nspace nodes and for

ntime number of observations. W is sparse in sparsifying basis Ψnspace and Ψntime such that,

W = ΨnspaceAΨT
ntime
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The spatio-temporal compressed sensing of W is,

H = ΦspaceWΦT
time,

Φspace ∈ Rmspace×nspace , Φtime ∈ Rmtime×ntime

mspace � nspace and mtime � ntime (2.15)

where, Φspace and Φtime are random measurement/projection matrices (e.g., matrices with

elements distributed as i.i.d. Gaussian random variables with zero mean and respective vari-

ance of 1/mspace
2 and 1/mtime

2 or Bernoulli random variables). The spatio-temporal data is

recovered if the following `1 minimization problem is solved,

X̂ = argmin
z
‖ Z ‖1

subject to vec(H) = (Φspace ⊗Φtime)
(
Ψnspace ⊗Ψntime

)
Z (2.16)

Here, vec(.) represents the vectorized version of a matrix and ⊗ represents the kronecker

product. The reconstructed state is therefore,

vec(Ŵ) = Ψnspace ⊗ΨntimeX̂ (2.17)

According to Theorem 1, a random projection matrix Φprojection : Rn → Rm is utilized

to make individual compressive measurements of real and reactive powers for an J -node

power distribution system (Here, n = 3J ); i.e., hP = Φprojection

[
Pabc

1 · · · Pabc
J

]′
; hQ =

Φprojection

[
Qabc

1 · · · Qabc
J

]′
; hv = Φprojection

[
vabc1 · · · vabcJ

]′
. Due to the inherent (spa-

tial, temporal, spatio-temporal) correlation between real and reactive powers, these mea-

surements are approximately sparse on respective linear transformation basis ΨP and ΨQ

(e.g. a wavelet basis [11]). Therefore, the relationship between h, hP , hQ and hv can be
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written down as: h =

[
hP
′

hQ
′

hv
′

]′
, and h = ΦΨa. Where,

Φ =


ΦP Om×n Om×n

Om×n ΦQ Om×n

Om×n Om×n Φv

 , Ψ =


ΨP Om×n Om×n

Om×n ΨQ Om×n

Om×n Om×n Ψv

 .
Directly applying theorem 1, i.e., `1 minimization approach, we can reconstruct an n-

dimensional power measurements based on am-dimensional (m� n) projection information.

We elaborate the impact of actual implementation of this idea using two examples related

to spatial compressive sensing.

First, let’s assume our Φ matrix consists of i.i.d. Gaussian random variables with zero

mean and variance 1/m. in this case, the data aggregation process is very well suited

to what is referred to as serial information fusion. Here, each sensor or smart meter can

take their individual measurement and weight it using random Gaussian weights (initiated

by the control center) and send it to the next sensor/aggregation unit. The next sensor

can linearly combine their randomly weighted measurements to the information received

and send the fused lower dimensional data onto the next aggregation point. This stagewise

aggregation/fusion process prevents the data explosion problem that is common in large scale

networks, and reduces the stress on communication bandwidth/rate. The compressed/fused

information at the control center can be used for the complete data recovery based on the

`1 minimization approach.

Alternately, if we let our Φ matrix consists of Bernoulli distributed random variables (with

a parameter equal to 0.5) elements, then we have a data aggregation process well suited to

a parallel information fusion set up. Here, each sensor has the ability to directly send their

measurements to the control center. However, the control center randomly picks a subset

of measurements to create a compressed measurement space which can be used to recover

entire measurement set based on the `1 minimization approach. This parallel information

fusion is especially effective when the underlying communication network has faults, dropped

packets, etc. that result in missing data. The randomness of such communication failures
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can be naturally handled in this form of data aggregation.

2.4 Voltage State Estimation

In distribution systems, voltage estimation is a more difficult task compared to power esti-

mation since the voltage measurements are extremely rare at distribution level. Therefore,

we employ two compressed sensing based techniques to estimate voltages from a smaller

number of measurements. In the first method, all the power values are first reconstructed.

Then, the voltages are indirectly estimated by a forward-backward algorithm. In the second

approach, the linearized power flow presented by (2.6) is incorporated in the `1 minimization

problem, where we directly obtain the voltage estimates.

2.4.1 Indirect Method

Algorithm 1 describes a forward-backward approach to estimate the complex voltage phasors

using reconstructed power information. First, all the recovered real and reactive powers are

embedded in a vector Sabc. Since we assume that there is no prior information about node

voltages, a flat initial profile is considered. In the first iteration, all phase currents flowing

through each node are calculated using the corresponding recovered apparent power and

the initialized voltage values. Using Kirchhoff current law, currents flowing between nodes

are then calculated. Finally, voltage states are estimated starting from the substation node

to the end node using the computed currents and impedances between nodes. The new

voltage serves as the basis for current calculations for the next iteration. These iterations

continue until the voltage states do not change significantly (indicating convergence) when

new current values are computed.

2.4.2 Direct Method

In the direct method, we consider both the power values and voltages in our signal of interest.

Here, we also consider the linearized power flow. Therefore, both the power and voltage can
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Algorithm 1 Iterative Estimation of Voltage

Step 1. Collect the CS based reconstructed data into a vector Sabc

Step 2. Assume a flat profile for all node voltage vectors in the first iteration, that
is:
V
abc(0)
1 = ... = V

abc(0)
32 = V

abc(0)
0

Step 3. Set iteration counter k = 0.

Step 4. Find I
abc(k)
1 , ..., I

abc(k)
i , ..., I

abc(k)
32 from the following equation:

I
abc(k)
i =

I
a(k)
i

I
b(k)
i

I
c(k)
i

 =

Sai /V
a(k)
i

Sbi/V
b(k)
i

Sci/V
c(k)
i

 (2.18)

Step 5. Find I
abc(k)
ij by using I

abc(k)
i and I

abc(k)
j .

Step 6. Determine the voltage drop in each feeder section by proceeding from source
to load to determine V

abc(k+1)
j using:

V
abc(k+1)
j = V

abc(k+1)
i − [ZPij ].I

abc(k)
ij

Step 7. Check if the error between current value and the previous value is smaller
than a threshold. i.e:
ε
abc(k)
i =| Vabc(k+1)

i −V
abc(k)
i |

if ε
abc(k)
i is smaller than the tolerance value, the final value is the estimated value. If

not, set k = k + 1, then repeat steps from 4 to 7.
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be estimated by solving the following optimization method.

x̂ = argmin
b
‖ b ‖1 +λ ‖ y −ΦΨb ‖2 +µ ‖ v −MP −w ‖2 (2.19)

where, µ is a tuning parameter that controls enforcement of the linearized power flow. It

should be noted that the vector y can contain both power and voltage measurements or only

power measurements

2.5 Simulation Results

In this section, we evaluate the proposed estimation methods by considering the IEEE 34-

node for indirect methods and 37-node distribution test feeder for direct method. For each

of the cases, we take different number of random measurements and use (2.11) and (2.17)

to reconstruct the original signals. The `1 minimization problems in (2.11) and (2.17) are

solved using cvx [50]. Initially, we use the “Haar” mother wavelet as the sparsifying basis

Ψ. We also examine other wavelet bases and their performance is compared later in this

section. In addition to the sparsifying basis, selection of an appropriate projection matrix

also plays a critical role in achieving an acceptable fidelity in signal recovery.

We investigate the performance of the three proposed compressed sensing based recon-

struction approaches by performing 150 Monte Carlo simulation at different CMRs. The

performance of spatial, temporal and spatio-temporal compressed sensing is compared using

a percentage ratio, called Integrated Normalized Absolute Error (INAE). For 1-D (spatial or

temporal) case, INAE is defined as,

INAE =

∑n
j=1 |xj − x̂j|∑n

j=1 |xj|
× 100 (2.20)

where, xj is the actual real power at jth node (spatial) or at the jth time instant (temporal)

and x̂j is the corresponding estimate of xj recovered by compressive sensing. similarly, For

2-D (spatio-temporal) case, INAE corresponds to
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INAE =

∑nspace
j=1

∑ntime
k=1 |xjk − x̂jk|∑nspace

j=1

∑ntime
k=1 |xjk|

× 100 (2.21)

where, xjk is the actual real power generated at jth node, which is measured at the jth time

instant. In this thesis, we sometimes use the following metric, too.

MAPE =
1

n

n∑
j=1

∣∣∣∣xj − x̂j
xj

∣∣∣∣× 100 (2.22)

MIAE =
n∑
j=1

|xj − x̂j|
n

× 100 (2.23)

More precisely, MAPE is the average magnitude of the normalized errors produced by our

estimation technique. Now that we have to scale everything by the actual value, MAPE is

undefined for data points where the value is 0 or it can grow unexpectedly large if the actual

values are exceptionally small themselves. This problem is especially highlighted for the

sparse states which most of them are small values. Unlike MAPE, INAE does not require

the signal values to be non-zero. Similar to MAPE, The lower INAE is, the better is the

reconstruction performance. Both statistic measure show a kind of percentage error.

2.5.1 Indirect Method

We assume that the base kVA and base kV for IEEE 34-node are 100 and 24.9, respectively.

For IEEE 37-node, the base kVA is 100 and the base kV is 48. We assume that every node has

distributed generation with a deterministic trend Dt = 10+5 sin(6.4πt)+4 cos(6.4πt− π) and

the deterministic trend for load is Dt = 14+5 sin(6.4πt− 0.1π)+0.025 cos(6.4πt− 0.8π). We

consider spatial, temporal and spatio-temporal compressed sensing approaches to effectively

aggregate and recover the power measurements. As the name suggests, in spatial (temporal)

compressive sensing, we only exploit the correlation of data across the spatial (temporal)

domain. In spatio-temporal compressive sensing, the correlation across both spatial and

temporal domain are exploited.

Fig.2.5 demonstrates INAE performance associated with spatial compressive sensing as
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Figure 2.5: Spatial compressive sensing for different projection matrix

a function of CMR showing that a Bernoulli projection matrix is more effective than a

Gaussian projection matrix, as even with very low CMR values, i.e., significantly fewer data

values, the CS based reconstruction is very effective. Fig.2.6 shows the results based on

temporal compressive sensing. In the temporal case, we have a better error performance

than the spatial case as expected. This is because our model assumptions impose a higher

degree of correlation over time than space. Once again, the Bernoulli projection matrix out-

performs Gaussian projection matrix especially at low CMR levels. In Fig.2.7 performance

of compressive sensing for different CMR has been depicted when data recovery is performed

across spatial and temporal dimensions.

Table 2.2: Performance of three different wavelet mother bases when 60% of data is available
mother wavelet “Haar” “Beylkin” “Vaidyanathan”

INAE % 4.1 42.6 76.9

Our goal is to estimate the voltage states from compressed power measurements. The

idea is to measure power randomly based on a Bernoulli projection matrix, and then estimate

the voltages after performing a (1D or 2D) compressive sensing based data recovery. For

28



0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

CMR %

IN
A

E
 %

Gaussian

Bernoulli

Figure 2.6: Temporal compressive sensing for different projection matrix
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Figure 2.7: Spatio-temporal compressive sensing for different projection matrix
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Figure 2.8: Error in voltage estimation of three-phase unbalanced system recovered from
60% of information

voltage state estimation, we use the forward backward algorithm described in section IV.

Fig.2.8 depicts the estimation error of voltages for the IEEE 34-node three phase unbalanced

system. The estimate is based on power measurement that were recovered from only sixty

percent of original data. From Fig.2.8, it is evident the resulting estimates are of high

fidelity with error varying only up to 0.07 percent. As mentioned earlier, the quality of

reconstruction is dependent both on the choice of sparsifying basis and projection matrix.

Table.2.2 compares the impact of two other wavelet bases on the error performance. It is

clear that “Haar” as a mother wavelet is better choice for sparsifying basis Ψ in comparison

with “Vaidyanathan” and “Beylkin”.

2.5.2 Direct Method

We assume that the base kVA and base kV for IEEE 37-node are 100 and 48, respectively.

Different case studies are presented for evaluating the performance of the compressive sens-
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ing techniques. In the first case we consider both the power and voltage measurements while

case II performs only based on power measurements.

Case I- Power and Voltage measurements

Fig. 2.9 and Fig. 2.10 show the comparative performance of spatial approaches with a

subset of both power and voltage measurements in the IEEE 37 bus test system. Also,

Fig. 2.11 and Fig. 2.12 demonstrate the 2-D CS in estimation magnitude and angle of volt-

ages. Although, at higher CMR, the system becomes more observable and CS methods

perform better but the techniques still shows a promising results even with low CMR.
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Figure 2.9: Case I: Voltage magnitude performance of 1-D CS

Case II- Only power measurements

In reality, voltage measurements at buses may be unavailable. To simulate this scenario,

we demonstrate the performance of DSSE methods with only power measurements. Fig. 2.13

and Fig. 2.14 corresponds to 1-D CS, while Fig. 2.15 and Fig. 2.16 show performance of 2-D

CS. It should be noted that both 1-D CS and 2-D CS based methods reconstruct the states

31



10 20 30 40 50 60 70 80 90

CMR%

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

M
IA

E
%

Voltage Angle Estimation, 1-D CS

Figure 2.10: Case I: Voltage angle performance of 1-D CS
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Figure 2.11: Case I: Voltage magnitude performance of 2-D CS
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Figure 2.12: Case I: Voltage angle performance of 2-D CS

with high fidelity even at 40% CMRs.

2.6 Computational complexity

1-D CS based method involves an l1 minimization which is solved by linear programming. Let

m be the number of variables and n the number of constraints. The computational complex-

ity of solving one newton step is O(mn.min(m,n)) [51]. 2-D CS involves Kronecker product

[52] of its sparsifying basis and measurement matrics for each of its d-sections. It solves a

single higher dimensional optimization problem of complexity O(
∏D

d=1(mn.min(m,n))d).

The time required for each of these sparsity based methods for one Monte-Carlo simula-

tion run and one CMR is tabulated in Table 2.3. These time calculations are performed on

i5 core, 8 GB RAM processor with CVX Mosek package. In accordance with the complexity

analysis , the time complexity of 1-D CS is lower than the time complexity of 2-D CS.
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Figure 2.13: Case II : Voltage magnitude performance of 1-D CS
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Figure 2.14: Case II : Voltage angle performance of 1-D CS
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Figure 2.15: Case II : Voltage magnitude performance of 2-D CS
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Figure 2.16: Case II : Voltage angle performance of 2-D CS
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Table 2.3: Time requirement for 1 run, 1 CMR
Sparsity based methods Time
1-D CS 3.6s
2-D CS 83.9s

2.7 Summary

In this chapter, we studied the issue of efficient data aggregation in a power distribution grid.

With the increase in number of smart meters and sensors, the volume and velocity of the

data impose a significant stress on the communication network. To alleviate this stress, we

proposed compressive sensing approaches to recover the full dimensional power measurement

from lower dimensional compressed data in three-phase unbalanced distribution networks.

The proposed approaches leveraged the underlying spatio-temporal correlation in generation

and load that results in sparsity in the wavelet domain. The recovered power measure-

ments were then used to estimate the voltage states with high fidelity as demonstrated via

simulation of the IEEE 34 node test system. With each projection matrix used in com-

pressed sensing representing a specific modality of data aggregation, we demonstrated that a

Bernoulli projection matrix outperforms Gaussian projection matrix, especially at low com-

pression ratios. Furthermore, we proposed a direct methods that incorporated a linearized

power flow constraint in to the `1 minimization which in turn enabled us to estimate both

power and voltage, simultaneously. We validated the efficiency of this technique using IEEE

37-node test system. Consequently, impressive performance of compressive sensing has mo-

tivated us to address some critical questions in this field, particularly with their application

in distribution systems. Next chapter is dedicated to recursive dynamic CS in distribution

systems that improves power signal recovery in distribution systems.
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Chapter 3

Dynamic CS in distribution systems

All the compressive sensing approaches discussed in chapter 2 employ static sparse recov-

ery methods where only the current measurements are used for signal recovery purposes.

Recently, it has been shown that if the sparse signal satisfies certain conditions, one can bet-

ter reconstruct the current signal using the current and previous information. [22] presents

a survey of recursive dynamic CS strategies which outperform batch algorithms and offer

advantages such as on-line implementation, fast operation and a smaller memory require-

ment. In the current literature, recursive CS methods have not been employed in smart grids.

Therefore, we aim to pursue this direction for the first time. To this end, we first exploit slow

support set change and slow sparse signal change properties of the underlying data. To val-

idate our assumptions, we incorporate practical home-level data from an actual distribution

system. Then, we employ two recursive algorithms: 1- Streaming modified weighted-`1, 2-

Kalman filtered CS. The simulation results (based on two different data framework) validate

the efficiency of the recursive CS techniques where the performance of CS is significantly

improved relative to the classic CS approach presented in [20].
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3.1 Distribution System Signal Characteristic

In order to guarantee a certain signal recovery fidelity, it is obvious that the number of

measurements can not be arbitrarily reduced (i.e., m must be large enough to achieve an

acceptable level of reconstruction). However, the number of required measurements can

be further reduced if the underlying sparse signal satisfies certain conditions. Let xt be

equivalent to the sparse signal x at discrete time instant t. Let Nt denote the support set of

a sparse signal xt. That is, Nt = {i1, i2, ..., iSt} where ik are the non-zero coordinates of xt

and St = |Nt|, i.e.,

Nt := supp(xt) = {i : (xt)i 6= 0}.

Definitely, signal sparsity implies that St � n. Let, Tt = N̂t denotes an estimate of the

actual support set.

Most of the dynamic sparse recovery techniques are based on two main assumptions.

Assumption 1: Sparsity patterns are assumed to be changing slowly over

time. Slow support changes are practically observed in many applications such as [22].

Here, we assume that the maximum change in the support set size at time t is small relative

to the size of the actual support set. In other words if Smt denotes the size of maximum

changes in the support set, Smt = max
[
|Nt\Nt−1| + |Nt−1\Nt|

]
< min St must hold for all

times t. If this assumption is valid for a dynamical system, intuitively, one can employ the

knowledge about the previous support set to estimate current support set and the sparse

signal, simultaneously. For example a new version of basis pursuit denoising (BPDN) is

introduced in [53], prior support set information is used to recover the current signal.

Assumption 2: Similar to slow support changes, sparse signals can be slowly

changing over time. Here, we assume that the difference between current signal xt and

the previous signal xt−1 is significantly smaller than the signal xt, i.e., ‖ xt−xt−1 ‖2�‖ xt ‖2.

Using this information, it is possible to fit a dynamical model for the sparse signal xt. For

example, one may consider a Gaussian random walk model with constant variance σ2
sys in

all directions [54].

To evaluate the validity of the above assumptions, we use the load data of 272 homes
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in an actual distribution system [55]. This data is publicly available which is collected and

cleaned by Pecan Street research group for off-line analysis. Specifically, we consider 24

hours load data averaged in 15 minutes intervals on March 1st 2018. Here, we cluster the

loads of every 17 homes together, therefore, we have 16 lumped load data at each time

t ∈ {1, 2, ..., 96}. We randomly select 75% of data without any measurement noises. Hence,

the dimensions are xt ∈ R16, ht ∈ R12 and Φ ∈ R12×16. Then, we reconstruct the spatial

signal using the simple compressive sensing approach described by Theorem 1. At current

time t1, both the sparse signal and its support set are estimated without considering any

temporal correlations with the previous times t < t1. Fig 3.1 demonstrates the changes in

the support set during the entire day. This figure shows both addition and deletion in the

support set (|Nt\Nt−1|+ |Nt−1\Nt|). It is evident that these support set changes are slow for

this distribution system. Furthermore, Fig 3.2 shows the second norm of the sparse signal

and its variations over a day. Fig 3.2 suggests that slow signal changes are typical in a

distribution system. Therefore, Assumption 1 and 2 are reasonable and can help motivate

the design of a new state estimator that exploit these properties.

3.2 Dynamic Recursive Compressive Sensing

Dynamic CS refers to the techniques that aim to recover a time sequence of sparse signals.

Although the batch algorithms can deal with some dynamic CS problems, they suffer from

serious drawbacks such as being offline, slow operation and a huge memory requirement. Dy-

namic recursive CS techniques overcome these drawbacks and provide superior performance

relative to classic CS approaches with equal number of measurements. Recursive methods

rely on one or both the Assumptions 1 and 2 stated in section 3.1. However, the problem

of dynamic CS is significantly more difficult than the static set up because the support set

Nt changes with time and is unknown. Furthermore, large errors in signal estimation may

propagate and lead to poor performance of future signal recovery. Therefore, all recursive

techniques typically assume that the initial estimates of support set and sparse signal are

accurate.
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Figure 3.2: Changes in a sparse signal over time in a smart distribution system
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In this chapter, we assume that the sparse signal changes slowly and its dynamic corre-

sponds to:

(xt)i =


(xt−1)i + (ωt)i, if i ∈ Nt

(xt−1)i, otherwise

(3.1)

where, ωt ∈ Rn is a white Gaussian noise with covariance matrix Qt, i.e., ωt ∼ N (0,Qt).

Covariance matrix Qt plays an important role in accuracy of reconstruction when we employ

Kalman filter (KF) based methods. However, historical data can be a used source to estimate

covariance matrix Q.

A majority of existing CS approaches for smart grids assume that the measured signal

is noiseless. However, this assumption is unrealistic and degrades the accuracy of signal

recovery. Therefore, in this chapter, we assume that an additive noise vector is associated

with measurements,

yt = Cxt + νt (3.2)

where, yt ∈ Rm (m < n) is the available measurement at time t, C = ΦΨ, and νt ∈ Rm is a

white Gaussian noise with covariance matrix Rt, i.e., νt ∼ N (0,Rt) and E
[
ωtν

′
j

]
= 0; ∀j, t.

The objective of dynamic recursive CS is to observe yt, t ∈ {1, 2, ..., t} and estimate xt. In

the following subsections, we describe dynamic recursive CS approaches to estimate xt.

3.2.1 Weighted BPDN

Streaming modified weighted-`1 method is summarized in Algorithm 2. As a generalization

of the modified BPDN idea, a weighting scheme is introduced in [56]. Instead of 0 or 1

weighting policy, the weights can be selected to be any value between 0 and 1. If i does

not belong to support set (i.e., (x̂t−1)i ≈ 0), the corresponding weight (Wt)ii tends to be γ;

otherwise, it takes smaller values. The weights are updated such that they become inversely

proportional to the magnitude of the entries of x̂t−1. Therefore, this approach incorporates
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the slow support change assumption while using the signal values to update the weights. It

should be noted that Step 1 in Algorithm 2 can use any CS approach as long as it returns

an accurate estimate of the initial signal.

Algorithm 2 Streaming modified weighted-`1 (SMW-`1) [22]

Step 1: At t = 1: Solve BPDN with sufficient measurements, i.e., compute x̂0 as the solution
of minb γ ‖ b ‖1 + ‖ y1 −Cb ‖2

Step 2: For t > 1, set,

(Wt)ii =
γ

β|(x̂t−1)i|+ 1

where β = n
‖ x̂t−1 ‖2

2

‖ x̂t−1 ‖2
1

,

Step 3: Compute x̂t as the solution of

argmin
b

‖Wtb ‖1 + ‖ yt −Cb ‖2
2

Increment t and go to step 2

3.2.2 Kalman Filter CS

As a first solution to recursive dynamic CS problem, Kalman Filtered CS (KFCS) was

introduced in [54]. Recently, [22] implements the Mod-BPDN-residual to capture possible

changes in support set with the sparse signal being estimated by a regular KF. This method

exploits both Assumption 1 and Assumption 2. Optimality and convergence analyses of

the KFCS approaches remain as open questions. Recently, [39] provide statistical error

analysis of KF-Mod-CS in presence of lossy measurements. When accurate prior knowledge

of the signal values is available, KF-Mod-CS outperforms the modified-BPDN. Algorithm 3

summarizes Kf-ModCS. It should be noted that the parameters including P0, σsys and R

matrices are extremely critical to find an accurate solution; otherwise, Algorithm 3 fails to

converge.
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Algorithm 3 Kalman Filtered modified Compressive Sensing [22]

Initialization: Set x0 = 0, P0, N0 =empty (if unknown) or equal to the known/partially
known support.
For t > 0, do,
Step 1: Set T = N̂t−1

Step 2: Mod-BPDN residual:
x̂t,mod = x̂t−1 +

[
argmin

b
γ ‖ bT c ‖1 + ‖ yt −Cx̂t−1 −Cb ‖2

]
Step 3: Support Estimation - Simple thresholding:

N̂t = {i : |(x̂t,mod)i| > αa}

Step 4: Modified Kalman Filter:
Q̂t = σ2

sysIN̂tI
′

N̂t

Kt = (Pt−1 + Q̂t)C
′
(C(Pt−1 + Q̂t)C

′
+ R)−1

Pt = (I−KtC)(Pt−1 + Q̂t)
x̂t = (I−KtC)x̂t−1 + Ktyt
Increment t and go to step 1

3.3 Simulation Results

In this section, we evaluate the performance of the algorithms introduced in section 3.2. As

described in section 3.1, the signal of interest z is not a sparse vector itself. However, we

transform it to a sparse signal x by linear transformation Ψ. Here, we apply the “Haar”

mother wavelet as the sparsifying basis Ψ as it has been shown to outperform other basis

choices [35]. A random measurement matrix Φ consists of random Bernoulli entries which

selects
m

n
× 100% of the data is used. We establish our experiments based on two data

frameworks: 1-IEEE 34-test feeder system; 2-Pecan Street data.

3.3.1 IEEE 34-bus system

[20] and [35] provides details of the IEEE 34 node distribution test feeder system considered.

Here, we assume that every node has a stochastic trend Dt = 0.05 sin(
π

12
t) + 0.3wt for

load, where wt ∼ N (0, I). The measurements are also associated with white noises where

νt ∼ N (0, 0.4Im×m). In Algorithm 2, we consider γ = 1.5. In Algorithm 3, we set γ = 0.075

and αa = 0.25. Then, we recover the data using half (m = 16, n = 32) of the measurements.
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Figure 3.3: INAE % of Algorithms 2 and 3 versus classic CS (Theorem 1)

As it is shown by Fig 3.3, the Algorithms 2 and 3 (the recursive approaches) which rely on

Assumption 1 and 2 outperform the conventional CS method suggested by Theorem 1. This

improvement in performance can be justified by the facts that the underlying sparse power

signals and their supports slowly vary over time.

3.3.2 Pecan Street Data

Pecan Street Inc provides electricity and water consumptions of more than 1000 volunteer

customers. Furthermore, different types of the load data is available (e.g., HVAC use, refrig-

erator use, solar generation, etc.). The data is recorded at two time scales 1 minute and 1

hour. Here, we employ the one-minute load data relevant to 272 homes collected by Pecan

Street Inc [55]. Specifically, we consider 24 hours load data averaged in 15 minutes intervals

on March 2nd 2018. As the loads associated 17 homes are lumped together, we aim to recover
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Table 3.1: Average INAE % of different CS approaches for Pecan Street Data
Method INAE % (CR=75%) INAE % (CR=50%)

Classic CS 17.48 24.61
SMW-`1(Algorithm 2) 14.74 20.23
KF-Mod-CS(Algorithm 3) 12.38 17.54

16 data points at each time t ∈ {1, 2, ..., 96}. Hence, the dimensions are xt ∈ R16, ht ∈ R8

and Φ ∈ R8×16. We set γ = 2 in Algorithm 2 and γ = 0.3, αa = 0.2 in Algorithm 3.

Since, we don’t have the exact information about the underlying sparse signal dynamics, we

approximate the covariance matrix Q using prior data collected on March 1st 2018. Table

3.1 summarizes the averages of INAE over the entire day resulting from the use of classic

CS and the algorithms introduced in section 3.2. In this table, we consider different levels of

compression ratio. Similar to the previous results for IEEE-34 test feeder system, the results

are significantly improved by the recursive approaches which exploit slow signal and support

changes.

3.4 Summary

In this chapter, our goal was to dynamically reconstruct a power signal from a fewer number

of measurements. To do so, we employed two recursive dynamic CS techniques known as

streaming modified weighted-`1 CS and Kalman filtered CS. Using a practical power data

from an actual distribution system, we validated the underlying assumptions (slow signal

and support change) required by dynamic recursive CS approaches. Since the recursive

methods use the prior information about the sparse signal and its support set, they could

improve the previous results obtained by classic CS. The superior performance of the two

recursive CS methods were validated via two examples (the IEEE 34 node test feeder system

and PecanStreet data). Although, real-time signal recovery in distribution systems was

remarkably improved using the recursive dynamic techniques, the recovery process may be

subject to real-time data aggregation issues such as measurement loss and delay. In the next

chapter, we aim to study the KF-ModCS approach in the presence of lossy measurements.
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Chapter 4

Updated KF-ModCS with lossy

measurements

In existing studies related to dynamic compressive sensing, although number of measure-

ments is much less than the dimension of the signal, it is assumed that measurements are

always available. In this chapter, we are interested in understanding the impact of informa-

tion loss on a specific type of dynamic CS based signal recovery. Specifically, many practical

cyber-physical systems rely on wired or wireless communication infrastructure to aggregate

measurements. Due to constraints such as limited bandwidth, multiple access interference

and channel impairments, measurements could be lost. For example, let consider cognitive

radio networks (CRN). Here, dynamic compressive sensing [57], [58] has been used ro exploit

the two-fold sparsity in spectrum and location in order to address the spectrum sensing and

localization problem in CRNs. Then, a KF-CS [59] is implemented to reconstruct the sparse

signal of length N using M random measurements, where M < N . However, due to network

constraints, CRNs are susceptible to packet losses [60], [61]. In other words, the availability

of the required M measurements can not be guaranteed and varies randomly with network

state. Therefore, the dynamic compressive sensing process is impaired due to intermittent

measurements.

Similar to CRNs, smart grids may also suffer from lossy measurements due to unreliable
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communication network between smart meters/SCADA sensors and the control center[62],

[63]. While, all of the mentioned techniques assume that the required measurements arrive

on-time, the control center may suffer from intermittent measurements due to impairments

in the underlying communication link [23]. In a distribution system, [25] introduces a dis-

tributed dynamic state estimation strategy when the measurement packets are lost. In [26],

a modified re-iterated Kalman filter is proposed that estimates the states of the smart grid

in the presence of both lost and delayed measurements. [27] presents a flexible hybrid state

estimation algorithm when the underlying communication network suffers from irregulari-

ties. As a result, even the compressed measurements for sparse recovery could be completely

lost. These examples highlight the problem of lossy measurements in dynamic compressive

sensing. While the impact of such network induced measurement loss on KF based state es-

timation has been extensively studied and well understood [28], [29], [30], the corresponding

effect on dynamic CS is still unknown. This chapter aims to bridge this gap. To this end, we

first establish our analysis for a general model that also fits for distribution systems. Then,

as an example, we evaluate dynamic sparse recovery of distribution systems states impacted

by packet losses. This chapter is organized as follows: Section 4.1 describes the system model

of interest. Section 4.2 provides the updated modified kalman filter compressive sensing (Up-

dated KF-Mod-CS) that can be used for state estimation of a sparse signal over time, when

there are missing observations. The corresponding error analysis is presented in section 4.3.

In section 4.4, convergence analysis of the algorithm is discussed. Additionally, the proposed

upper bound is further improved for special cases. In section 4.5, two numerical simulations

demonstrate the proposed method and validate the upper bound derived for the case of lossy

measurements.

4.0.1 Contributions

We consider a KF-Mod-CS based algorithm (Algorithm 6 in [38]) where the goal is to

recursively recover a sparse signal and estimate its corresponding support set. Within this

framework, our main contributions are summarized below:
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• The KF-Mod-CS based algorithm consists of two main steps at each time: a compres-

sive sensing algorithm to determine the support set using Kalman filter state estimates,

and state estimation by Kalman filter using the estimated support set obtained from

the modified CS. Therefore, the error in each process directly affects the other step.

In this chapter, we first quantify the dynamics of error in each step while considering

loss of measurements.

• Using input-to-state stability analysis for discrete nonlinear systems, we derive an

upper bound for the expected variances of the estimated signal. This upper bound

enables us to find a critical value for the rate of receiving measurements (λ̄c) that

ensures the convergence of error in the KF-Mod-CS based algorithm. That is, if the

probability of measurement loss is smaller than 1 − λ̄c, we can ensure that the error

in signal estimation is bounded. It is important to note that error and convergence

analysis has not been investigated in the previous works, even for the case of Kalman

filter CS without lossy measurements [38].

• We derive a more precise upper bound for the expected error variances when the

underlying support set remains unaltered for a period of time. In this case, a reduced

order Kalman filter is employed for estimation of the sparse signal.

• We uncover a steady state upper bound for the error covariance matrix if the under-

lying support set is constant and the reduced order model satisfies full observability

condition. Simulation results provided in section 4.5 demonstrate the validity of the

new fundamental theoretical results. We particularly evaluate our theoretical result

using the IEEE 37-node test feeder with practical load/generation data.

4.0.2 Notation

Let t denote the discrete time index; for a set T , we use T c to indicate the complement

of T ; the set operation \ denotes set difference; M
′
, M∗, M† and tr(M) denote transpose

of M, adjoint of M, Moore-Penrose pseudo-inverse of M and trace of M, respectively. We
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use ∅ to denote the empty set. Also, ||ν||k denotes the `k norm of a vector ν. We use

supp(ν) = {i : νi 6= 0} to denote the support set of a sparse vector ν, i.e., the set of indices

of its nonzero entries. For a matrix A, AT denotes the sub-matrix obtained by extracting

the columns of A corresponding to the indices in T . We use I to denote the identity matrix.

diag(A) denotes a vector consisting of the diagonal elements of A. (xt)i denote ith element

of vector xt, Ni,t is the ith member of set Nt, and eQ
i,t is the ith elements on the diagonal

of matrix eQ
t . Also the signum function is defined as sgn(x) = −1 if x < 0, sgn(x) = 0 if

x = 0, sgn(x) = 1 if x > 0. A function ξ : R≥0 → R≥0 is called K-function if it is continuous,

strictly increasing and ξ(0) = 0. The composition of two functions ξ1 and ξ2 is denoted by

ξ1 ◦ ξ2. Q-function for a random variable X with standard normal distribution is defined as

Q(x) = Pr(X > x) =
1√
2π

∫∞
x
e−

s2

2 ds.

4.1 System Model

In this chapter, we consider a general system model for recovery of the signal of interest.

Similar to the notation of previous chapter, let (zt)n×1 denote an n-dimensional spatial

signal at time t. Our goal is to recover (zt)n×1 from an m-dimensional observation vector

yt = Φzt + ωt at time t, where Φ is an m× n measurement matrix with m < n; ωt is i.i.d.

Gaussian measurement noise with mean 0 and covariance σ2
obsI. We assume that zt is sparse

in a known basis Ψn×n (e.g, wavelet or Fourier). That is xt = Ψ
′
zt, is a sparse vector, (i.e,

just St elements of xt are non-zero with St << n). Furthermore, for a given sparsity basis,

the measurements must be incoherent. Incoherency implies that the correlation between the

columns of C = ΦΨ has to be small and we can assert that, any S-column sub-matrix of

C is approximately orthonormal for all S ≥ St (with its nonzero singular values between

(1 − δ)1/2 to (1 + δ)1/2 for δ < 1 ) [59], [64]. Figure 4.1 shows the relationship between

signal of interest, the underlying sparse signal as well as the KF-CS estimation process. The

updated measurement model is:

yt = Cxt + ωt, (4.1)
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Figure 4.1: Estimation Process.

From a state space point of view, xt is the state of the system at time t. Our goal is

to reconstruct the signal of interest zt from a smaller number of available measurements.

Equivalently, the goal can also be interpreted as a causal state estimation of xt. As stated

in the previous chapter, we assume that two assumptions hold for the system of interest.

For the dynamics of the sparse signal xt, we consider a Gaussian random walk model

with constant variance σ2
sys in all directions. The state equations for our system therefore

corresponds to:

(xt)i =


(xt−1)i + (νt)i, if i ∈ Nt

(xt−1)i, otherwise

∀t = 1, 2, .... (4.2)

where, (νt)i ∼ N (0, σ2
sys). The updated state and measurement model for t = 1, 2, ...
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with x0 ∼ N (0, P0) can be written as:

xt = xt−1 + νt,

yt = Cxt + ωt,

(4.3)

In the above equations, t is the discrete-time index which is an integer, xt ∈ Rn is the state

vector, yt ∈ Rn is the observation vector with a Gaussian noise (ωt)i ∼ N (0, σ2
obs). ωt ∈ Rm,

ωt ∈ Rm and νt ∈ Rn are zero-mean Gaussian random vectors with E
[
νtν

′
j

]
= δtjQt, Qt > 0,

E
[
ωtω

′
j

]
= δtjRt, Rt ≥ 0, E

[
ωtν

′
j

]
= 0; ∀j, t, where δtj = 0 if t 6= j and δtj = 1 otherwise.

Without loss of generality, we assume Rt is an constant matrix Rt = R. The initial state x0

is assumed to be zero-mean Gaussian with covariance P0 ≥ 0 and is uncorrelated with ωt

and νt for all t > 0. Additionally, Qt is defined as follow:

(Qt)Nt,Nt = σ2
sysI

(Qt)Nc
t ,N

c
t

= 0

If Nt is known at each t, the system model is completely defined, and therefore the MMSE

estimate of xt from {y1,y2, ....,yt} can be obtained by a reduced order Kalman filter. It is

important to remember that the set Nt is unknown and time-varying making the estimation

problem challenging. If σ2
sys, σ

2
obs are known, we can obtain the best estimates of Nt and xt at

each t using all available observations Yt , {y0, ...,yt}
′
. Kalman Filtered CS-residual (KF-

CS) was the first solution introduced for solving this recursive dynamic CS problem in [59].

Recently, in [38], authors use a modified-CS approach known as Kalman Filtered Modified-

CS-residual (KF-ModCS) to address this problem. Analysis and simulations demonstrated

in [38], show that this new technique outperforms conventional KF-CS. Both the KF-CS

and KF-ModCS approaches first estimate the support set Nt and then share the traditional

Kalman filter process as described bellow:

x̂t+1|t+1 = x̂t+1|t + Kt+1(yt+1 −Cx̂t+1|t) (4.4)

Pt+1|t+1 = Pt+1|t −Kt+1CPt+1|t. (4.5)
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where,

x̂t|t , E{xt|yt} (4.6)

Pt|t , E{(xt − x̂t)(xt − x̂t)
′|Yt} (4.7)

x̂t+1|t , E{xt+1|Yt} = x̂t|t (4.8)

Pt+1|t , E{(xt+1 − x̂t+1)(xt+1 − x̂t+1)
′ |Yt} = Pt|t + Qt (4.9)

ŷt+1|t , E{yt+1|Yt}. (4.10)

Here, Kt+1 = Pt+1|tC
′
(CPt=1|tC

′
+ R)−1 is the Kalman gain matrix.

As discussed in the introduction, dropped packets in the underlying communication net-

work may result in lost measurements at some time instances [25], [24]. At time instance t, it

is assumed that either all the elements in a measurement vector are received or lost. There-

fore, we can model the availability of an observation as an i.i.d Bernoulli random process

with Pr(λt = 1) = λ̄. More precisely, if the measurement vector yt is fully received at time

t, we have λt = 1; otherwise λt = 0. In this chapter, to recover the sparse states we propose

the use of the updated KF-Mod-CS presented in [39]. Figure 4.1 shows the relationship

between the signal of interest, the underlying sparse signal as well as the KF-CS estimation

process.

As discussed in the introduction, it is possible that measurements may be lost due to

dropped packets in a networked system. We can model the availability of a measurement as

an i.i.d Bernoulli random process with Pr(λt = 1) = λ̄. In the presence of lossy measure-

ments, a modified Kalman filter can be used to estimate the states as follows: Prediction

is performed through (4.8) and (4.9). For the update steps, the standard equations are

rewritten as follows:

x̂t+1|t+1 = x̂t+1|t + λt+1Kt+1(yt+1 −Cx̂t+1|t) (4.11)

Pt+1|t+1 = Pt+1|t − λt+1Kt+1CPt+1|t. (4.12)
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where, x̂t|t , E{xt|Yt, λt}, Pt|t , E{(xt − x̂t)(xt − x̂t)
′ |Yt, λt}, x̂t+1|t , E{xt+1|Yt, λt},

Pt+1|t , E{(xt+1 − x̂t+1)(xt+1 − x̂t+1)
′ |Yt, λt}, ŷt+1|t , E{yt+1|Yt, λt}, here we define

a Bernoulli random vector λt , {λ0, ..., λt}
′
. It should be noted that the main difference

between the modified Kalman filter and the standard Kalman filter formulation is that both

Pt|t and Pt+1|t are now random matrices due to λt.

Remark. It should be clarified that the measurements may be reduced in two ways. First,

we linearly compress the observations, i.e., we only transmit a certain percentage of the

measurements. This process is depicted by ”linear observation” block in Figure 4.1. Second,

even that compressed measurement vector may be totally lost at some time instances due to

communication link impairments (“lossy measurement” block in Figure 4.1).

The next section provides a brief description of the modified Kalman filter based algo-

rithm that estimates the sparse states in the presence of lossy measurements.

4.2 Updated KF-Mod-CS

The problem of dynamic CS is significantly more difficult than the static set up because

the support set Nt changes with time and is unknown. [65] proposes a recursive algorithm

known as modified Basis Pursuit Denoising (Mod-BPDN)-residual for estimating the sparse

signal. In order to improve signal estimation and tracking changes in support set, [38]

presents a Kalman filter based algorithm (KF-ModCS) similar to the approach provided

in [59]. [38] implements the Mod-BPDN-residual to capture possible changes in support

set with the sparse signal being estimated by a regular KF. Unlike the regular KF for a

fixed dimensional linear Gaussian state space model, KF-CS or KF-ModCS do not enjoy

any optimality properties. When accurate prior knowledge of the signal values is available,

KF-ModCS outperforms the modified-BPDN.

We consider a KF-Mod-CS based algorithm (Algorithm 6 in [38]) which is compatible

with lossy measurements. In order to track the possible changes of support set estimation

and also to improve the previous support set estimations, we need to implement compressive
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sensing on the residual. If measurements are available, we first find a sparse vector x̂t,mod by

solving an `1 optimization problem. Then, we can update the support set estimation when

measurements are available. However, if the measurements are lost (λt = 0), the previous

estimated support set is chosen as the current estimated support set. Equation (4.13) shows

the revised support set estimation:

N̂t = λt{i : |(x̂t,mod)i| > αa}+ (1− λt)N̂t−1 (4.13)

where, N̂t is an estimation of support set Nt, and αa is a threshold. Finally, instead of

a standard Kalman filter, sparse signals xt are estimated by a modified kalman filter [28]

using the estimated support set, available measurements and previous estimated signals.

We refer to this revision of KF-Mod-CS as updated Kalman filtered modified compressive

sensing (Updated KF-Mod-CS) and we summarize it in Algorithm 4. As a recursive method,

computational complexity of Algorithm 4 is much lower than the batch algorithms [38].

Specifically, the computational complexity of Step 2 in Algorithm 4 is O(m3 + m2n) [66].

Since m > n holds, the computational complexity becomes O(m3). Basic implementation

of Step 4 results in complexity of O(m3). However, the computational complexity of the

Kalman filter step can be reduced using various optimized practical algorithms [67]. For

example, [68] recently proposed an approach to implement Kalman filter based on rank-one

update.

In order to recover the sparse signal in the presence of lossy measurements, we consider the

updated KF-Mod-CS based approach (Algorithm 4). In many of the recursive algorithms,

we need to precisely know the support set (at least an accurate approximation of the support

set). Since the support set does not change quickly, we use the previous support set in step

1 of Algorithm 4. If measurements are available and we estimate the possible changes in

support set, we can update the previous support set. To this end, we first need to implement

compressive sensing on the residual. More precisely, we obtain a sparse vector x̂t,mod by

solving the `1 optimization problem in Step 2. This step is based on the algorithm presented

in [32] known as modified Basis Pursuit Denoising (Mod-BPDN)-residual for estimating the
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Algorithm 4 Updated Kalman Filtered Modified Compressive Sensing

Initialization: Set x̂0 = 0, P̂0, N̂0 =empty (if unknown) or equal to the known/partially
known support.
For t > 0, do,
Step 1: Set T = N̂t−1

Step 2: If measurement is available (λt = 1), run Mod-BPDN residual:
x̂t,mod = x̂t−1 +

[
argmin

b
γ||bT c ||1 + ||yt −Cx̂t−1 −Cb||2

]
Step 3: Support Estimation - Simple thresholding:

N̂t = λt{i : |(x̂t,mod)i| > αa}+ (1− λt)N̂t−1

Step 4: Modified Kalman Filter:
Q̂t = σ2

sysIN̂tI
′

N̂t

Kt+1 = (Pt−1 + Q̂t)C
′
(C(Pt−1 + Q̂t)C

′
+ R)−1

Pt = (I− λtKtC)(Pt−1 + Q̂t)
x̂t = (I− λtKtC)x̂t−1 + λtKtyt
Increment t and go to step 1.

sparse signal. Then, the support set is estimated by a simple thresholding in Step 3. However,

if the measurements are lost (λt = 0), we skip Step 2 and the previous estimated support

set is selected as the current estimated support set in Step 3. Finally, we estimate the states

by a modified Kalman filter in Step 4. If measurements are available, the previous states

are updated within the Kalman filter; otherwise, we use the previous estimated states for

the current time. It should be noted that the main difference between the modified Kalman

filter and the standard Kalman filter formulation is that both error covariance matrices Pt|t

and Pt+1|t are now random due to λt.

As stated earlier and based on practical distribution system data, the voltage and power

signals seldom experience significant changes in support set. In other words, the support set

Nt remains constant over a time interval. Therefore, if the initial support set N0 is accurately

estimated, the support set Nt is reasonably known at each t. This implies that the system

model is completely defined, and therefore the MMSE estimate of xt from {y1,y2, ....,yt}

can be obtained by a reduced order Kalman filter. In this case, The Step 1 to 3 of Algorithm

4 are skipped and we only run Step 4 of Algorithm 4.
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4.3 Error analysis

Missing observations at some time instances leads to increase in error associated with compu-

tations where measurements are used. In Algorithm 4, both Mod-BPDN compressive sensing

and Kalman filter updates rely on current measurements. Therefore, we have two dynami-

cal interactive error processes, where errors in support set estimation and signal estimation

impact each other at both current and future time instances. For example, let’s look at equa-

tion (4.13) which corresponds to support set estimation. Error in the first term of (4.13)

originates from the previous error in the Kalman filter step because x̂ts,mod directly depends

on x̂ts−1. Furthermore consider that measurements are lost at time ts. Thus, N̂ts is equal to

N̂ts−1. This implies that N̂ts is impacted by the error associated with N̂ts−1 and changes in

support set can not be tracked in this time instant. This error in support estimation leads

to errors in Q̂ts , which is a critical term in the Kalman filter equations. Consequently, x̂ts

has errors due to both missing measurements and errors in support estimation. In other

words, we have a dynamic process where both signal and support estimation errors evolve

with time and interact with each other. We attempt to quantify these error dynamics via

Theorem 3 and Theorem 4 along with Lemma 1 and Lemma 2.

Let Nt = N̂t + eNt , where Nt is the actual support set, N̂t is the estimated support set,

and eNt is the error in support set estimation at time t. Similarly, we define xt = x̂t + ex
t,

where xt, x̂t and ex
t are sparse signal of the system, estimated sparse signal and error

in sparse signal estimation, respectively. We also denote xt,mod = x̂t,mod + emodt , where

xt,mod = xt−1 +
[
argmin

b
γ||bNc ||1 + ||yt − Cxt−1 − Cb||2

]
, x̂t,mod is the estimate of xt,mod,

and emodt is the error in this estimation. Furthermore, we define b̂ as the solution of `1

optimization, i.e., b̂t = argmin
b

[
γ||bT c ||1+||yt−Cxt−1−Cb||22

]
. Now, consider an estimation

of b̂t such that b̃t = argmin
b

[
γ||bT c ||1 + ||yt−Cx̂t−1−Cb||22

]
. Please note that unlike b̂t, b̃t

minimizes the residual based on x̂t−1. Error in this estimation corresponds to eb
t = b̂t− b̃t.

Obviously, we can conclude that emodt = ex
t−1 + eb

t.
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4.3.1 Support Estimation Error Dynamics

To estimate the support set, the Mod-BPDN-residual provides the sparse signal x̂t,mod in

Step 2 of Algorithm 4. Theorem 3 reveals the relationship between the error in Mod-BPDN-

Residual and the sparse signal estimation error. As a precursor to Theorem 3, we first

provide Lemma 1 that quantifies the relationship between eb
t and ex

t. Note that x̂t,mod is a

sum of the previous estimated signal and the outcome of an `1 optimization.

Lemma 1. Given measurement yt and estimated sparse signal x̂t, if C′C is an invertible

matrix, the eb
t corresponds to:

eb
t = ex

t−1 − γ.Γ†Υt (4.14)

where,

Γ =



∑m
j=1 2cj1cj1

∑m
j=1 2cj1cj2 · · ·

∑m
j=1 2cj1cjn∑m

j=1 2cj2cj1
∑m

j=1 2cj2cj2 · · ·
∑m

j=1 2cj2cjn
...

...
...

...∑m
j=1 2cjncj1

∑m
j=1 2cjnaj2 · · ·

∑m
j=1 2cjncjn


, (4.15)

and cij is the (i, j)th element of matrix C, and Υt is an n× 1 vector, which if i ∈ T ct , then

(Υt)i = sgn(b̂i)− sgn(b̃i); otherwise (Υt)i = 0.

Proof. Consider,

b̂ = argmin
b

γ||bT c ||1 + ||yt −Cxt−1 −Cb||22 = argmin
b

((
n∑
i=1

γ|bi|, i ∈ T c) +

m∑
i=1

(yi −
[
ci1x1,t−1 + ...+ cimxn,t−1

]
−
[
ci1b1 + ...+ cimbn

]
)2) (4.16)

Since this is an unconstrained convex optimization problem, the optimal value can be ex-

57



tracted by setting 5f(b) = 0, where f(b) is:

f(b) = γ||bT c ||1 + ||yt −Cxt−1 −Cb||22 (4.17)

Here,

∂f

∂bi
= γ

bi
|bi|

+
m∑
j=1

(−2cji)(yj −
[
cj1x1,t−1 + ...+ cjmxn,t−1

]
−
[
cj1b1 + ...+ cjmbn

]
) (4.18)

Setting
∂f

∂bi
= 0, i ∈ {1, 2, ..., n}, we get:

m∑
j=1

(−2cji)(yj−
[
cj1x1,t−1+...+cjmxn,t−1

]
) =

m∑
j=1

(−2cji)
[
cj1b̂1+...+cjmb̂n

]
−γ b̂i

|b̂i|
, i ∈ {1, 2, ..., n}

(4.19)

Now, consider a case that the estimated sparse signal of the system has some errors due to

KF, i.e, xt = x̂t + ex
t. We can rewrite the corresponding equation for b̃t in terms of actual

sparse signal and its error as: b̃t = a
b
rgmin γ||bT c ||1 + ||yt −Cxt−1 −Cb−Cex

t−1||2. Let

f̃ = γ||bT c||1 + ||yt − Cxt−1 − Cb − Cex
t−1||2. The optimal values b̃t is computed by:

{b̃t |
∂f̃

∂bi
= 0 , i ∈ {1, ..., n}}. Here,

∂f̃

∂bi
= γ

bi
|bi|

+
∑m

j=1(−2cji)(yj −
[
cj1x1,t−1 + ... +

cjnxn,t−1

]
−
[
cj1b̃1 + ...+ cjnb̃n

]
−
[
cj1e

x
1,t−1 + ...+ cjne

x
n,t−1

]
) = 0.

Since
∂f

∂bi
=

∂f̃

∂bi
= 0, we have,

m∑
j=1

(−2cji)(
[
cj1b̂1 + ...+ cjnb̂n

]
−
[
cj1b̃1 + ...+ cjnb̃n

]
−

[
cj1e

x
1,t−1 + ...+ cjne

x
n,t−1

]
) = γ(

b̂i

|b̂i|
− b̃i

|b̃i|
), i ∈ {1, 2, ..., n} (4.20)
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Using eb
i,t = b̂i,t − b̃i,t, we can rewrite (4.20) as,

m∑
j=1

(−2cji)(
[
cj1e

b
1,t + ...+ cjne

b
n,t

]
=

m∑
j=1

(−2cji)
[
cj1e

x
1,t−1 + ...+ cjne

x
n,t−1

]
) +

γ(sgn(b̂i)− sgn(b̃i)) i ∈ {1, 2, ..., n} (4.21)

Using our definition of Γ we can rewrite (4.21) as,

−Γ.



eb
1,t

eb
2,t

...

eb
n,t


= −Γ.



ex
1,t−1

ex
2,t−1

...

ex
n,t−1


+ γΥt. (4.22)

Thus, if C′C is invertible, eb
t corresponds to: eb

t = ex
t−1 − γ.Γ†Υt.

The possible error in Step 2 of algorithm 4 (emodt ) is quantified by theorem 3 and an

interpretation of this result is provided following proof of the theorem.

Theorem 3. If measurements exist at time t, i.e. λt = 1, and C′C is an invertible matrix,

we have:

emodt = 2ex
t−1 − γ.Γ†Υt. (4.23)

Proof. xt,mod = xt−1 + b̂t. Since the errors associated with the xt−1 and b̂t are additive,

we have: emodt = ex
t−1 + eb

t. Using this equation and Lemma 1, we can infer equation

(4.23).

We can characterize the distribution of emodt by considering the distribution of ext . The

error in sparse signal estimation (ex
t) is a random vector with a Gaussian distribution,

ex
t ∼ N (0,Pt|t−1), since ex

t = xt − x̂t is a summation of two independent normal random

vectors. The mean of ex
t corresponds to E(ex

t) = E(xt)− E(x̂t). Since x̂t = E(xt), we can

infer E(ex
t) = 0. The covariance of ex

t can be written as Cov(ex
t) = E

[
(ex

t)(e
x
t)
′]

= Pt|t−1.
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For the second part of emodt , while we don’t know the actual signs of b̂i and b̃i, we know that

sgn(b̂i)− sgn(b̃i) can only take on three values {−2, 0, 2}. Hence, one possible model is to

treat Υt as a vector with each element corresponding to a uniform discrete random variable

on Ω = {−2, 0, 2}. Therefore, Γ†Υt represents a weighted summation of discrete random

variables. In [69], an exact distribution for sum of discrete uniform variables is derived.

However, we can invoke Lindeberg-Feller central limit theorem to approximate the elements

of Γ†Υt as normal random variables. Thus, if we find mean and covariance of the elements

of Γ†Υt, we can approximate the distribution of the second term in (4.23). Consequently,

since ex
t and Γ†Υt are independent Gaussian random vector, we infer that the distribution

of emodt is a combination of two Gaussian random vectors.

In step 3 of Algorithm 4, we use xt,mod to estimate the support set Nt. Since xt,mod can

not be exactly estimated, support set estimation involves some errors. Lemma 2 determines

the probability of error in support estimation.

Lemma 2. Let Tt represent the estimated support set; eNt denote the error in support set

estimation such that eNt = ({Nt}\{Tt})∪({Tt}\{Nt}). Then, probability of error in support

set estimation, when the measurements are available (λt = 1) is:

Pr(eNi,t 6= ∅) = Pr
[
(|(x̂t,mod)i| < αa)

]
.Pr
[
(|(x̂t,mod)i − emodi,t | > αa) | |(x̂t,mod)i| < αa

]
+(4.24)

Pr
[
(|(x̂t,mod)i| > αa)

]
.Pr
[
(|(x̂t,mod)i − emodi,t | < αa) | |(x̂t,mod)i| > αa

]

Proof. Error in support set estimation can change due to two phenomena. First, when the

actual support set has i as its member, but support estimation process has not detected i as

a member of T . The second source of error is when the actual support set does not have i as

its member, but support estimation process has wrongly identified i as a member of T . These

situations are captured in the error vector characterization, eNt = ({Nt}\{Tt})∪({Tt}\{Nt}).

For support set, we have Nt = {i : |(xt,mod)i| > αa}, and for the estimated support set, we

use x̂t,mod to determine Tt as Tt = {i : |(x̂t,mod)i| > αa}. Now, we can define the two sources
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of error in support estimation as Tt = {i : |(x̂t,mod)i| > αa}. Now, we can define the two

sources of error in support estimation as: {Nt} \ {Tt} = {i : |(x̂t,mod)i| > αa, |(x̃t,mod)i| <

αa} = {i : |(x̂t,mod)i| > αa, |(x̂t,mod)i − emodi,t | < αa} and {Tt} \ {Nt} = {i : |(x̂t,mod)i| <

αa, |(x̃t,mod)i| > αa} = {i : |(x̂t,mod)i| < αa, |(x̂t,mod)i − emodi,t | > αa}. Therefore, the

probability of eNt corresponds to : Pr(eNi,t 6= ∅) = Pr
[
(|(x̂t,mod)i| < αa)∩ (|(x̂t,mod)i−emodi,t | >

αa)
]

+ Pr
[
(|(x̂t,mod)i| > αa) ∩ (|(x̂t,mod)i − emodi,t | < αa)

]
. Writing the joint probability in

terms of conditional probability yields the result in (4.24).

Similar to Theorem 3 that relates the error in step 2 of Algorith 4 (emodt ) in terms of

error in the previous step (ex
t−1), Lemma 2 provides the probability of error in Step 3 (eNt )

of Algorithm 4 in terms of the error resulting from the previous step (emodt ).

4.3.2 Sparse Signal Estimation Error Dynamics

At the fourth step of Algorithm 4, the sparse signal is estimated by a Kalman filter that uses

the estimated support set, previous estimated signal and currently available measurements.

However, support set estimation only appears in determining matrix Q̂t. Thus, Q̂t has an

additive error due to error in support set estimation. So, let define Q̂t = Q̃t + eQ
t which

Q̂t, Q̃t and eQ
t are actual covariance matrix, estimated covariance matrix from support

estimation and error of covariance matrix estimation, respectively. Theorem 4 provides the

covariance of sparse signal prediction in step 4 of Algorithm 4.

Theorem 4. Assume CPt|t−1C
′

is an invertible matrix. Also, if the following conditions

hold for a Hilbert space H:

• (CPt|t−1C
′
)† and (Pt|t−1C

′
)† are bounded,

• C∗H and P∗t|t−1H are invariant under (Pt|t−1C
′
)(Pt|t−1C

′
)∗ and C

′
C
′∗, respectively.

• C∗H∩Ker (Pt|t−1C
′
)∗ and P∗t|t−1H∩Ker (C

′
)∗ are invariant under C∗C and P∗t|t−1Pt|t−1,

respectively.

61



For the Kalman filter provided in step 4 of Algorithm 4 with arrival observation index λt,

the covariance of prediction corresponds to:

Pt+1|t = (1− λt)Pt|t−1 + Q̃t − λt
1

1 + g
C†RC

′†, (4.25)

where, g = tr(R(CPt|t−1C
′
)−1).

Proof. According to the Kalman filter equations, covariance of sparse signal prediction is :

Pt+1|t = Pt|t−1 + Q̃t − λtPt|t−1C
′[

CPt|t−1C
′
+ R]−1CPt|t−1. (4.26)

Using the results of [70] we can assert that if A and A + B are invertible matrices, inverse

of summation of the two matrices can be computed by:

(A + B)−1 = A−1 − 1

1 +G
A−1BA−1, (4.27)

where G = tr(BA−1). According to (4.27), if CPt|t−1C
′

and CPt|t−1C
′
+ R are invertible

matrices, we can rewrite
[
CPt|t−1C

′
+ R]−1 as:

[
CP−t|t−1C

′
+ R]−1 = (CPt|t−1C

′
)−1 −

1

1 + g
(CPt|t−1C

′
)−1R(CPt|t−1C

′
)−1), where g = tr(R(CPt|t−1C

′
)−1). We use the fact that if

inverse of A exists, then A† = A−1 [71]. Thus we can assert: (CPt|t−1C
′
)−1 = (CPt|t−1C

′
)†.

According to Theorem 3.1. provided in [72], we have (AB)† = B†A†, if and only if, the

following conditions hold for a Hilbert space H:

• (AB)† is bounded,

• A∗H is invariant under BB∗

• A∗H ∩Ker B∗ is invariant under A∗A.

Therefore, under mentioned circumstances[72], the following equation holds:

(CPt|t−1C
′
)† = C

′†P†t|t−1C
†. (4.28)
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Applying this relationship to (4.26), we have:

Pt+1|t = Pt|t−1 + Q̃t − λtPt|t−1C
′[

CPt|t−1C
′
+ R]−1CPt|t−1 =

Pt|t−1 + Q̃t − λtPt|t−1C
′
((CPt|t−1C

′
)−1 − 1

1 + g
(CPt|t−1C

′
)−1(R)(CPt|t−1C

′
)−1)CPt|t−1 =

Pt|t−1 + Q̃t − λtPt|t−1C
′
(C
′†P†t|t−1C

† − 1

1 + g
C
′†P†t|t−1C

†(R)C
′†P†t|t−1C

†)CPt|t−1.(4.29)

Simplification of equation (4.29) leads to find the covariance of prediction as Pt+1|t = (1 −

λt)Pt|t−1 + Q̃t − λt
1

1 + g
C†RC

′†.

In summary, Theorem 4 quantifies the dynamics of error covariance in sparse signal

prediction. In the next section, we study the stochastic stability of this dynamical error

process.

4.4 Main Results

Accuracy of some of the sparse reconstruction methods has been studied in the previous

papers. For example in [73], it is shown that the Basis Pursuit (BP) approach exactly

recovers a sparse noiseless signal under certain assumptions. Theorem 1.3 in [73] provides

an upper bound for second norm of error when the sparse signal is noisy and reconstructed

by Noisy-BP. Time invariant bounds for error of recovery in Modified-CS is obtained in [74].

Quantifying the efficiency of the proposed method in terms of the least possible error of

signal recovery is one of the goals of this dissertation. To this end, we provide an upper

bound for variances of error in sparse signal estimation using Pt|t−1 and emodt derived in the

previous section. The focus on the diagonal elements (i.e., variances) of Pt|t−1 is motivated

by our system model assumption wherein: (1) the different elements of the sparse signal do

not affect each other, i.e., (xt+1)i is just a function of (xt)i in (4.3); (2) Qt is assumed to

be a diagonal matrix. In step 4 of Algorithm 4, the estimated support set determines the

diagonal elements of Q̃ and therefore, eQ
t is also a diagonal matrix. This implies that the

support set estimation just impacts the diagonal elements of Pt|t−1. Hence, we embed the
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diagonal elements of Pt|t−1 in a vector and its dynamics correspond to,

diag(Pt+1|t) = (1− λt)diag(Pt|t−1) + diag(Q̃t)− λt
1

1 + g
diag(C†RC

′†). (4.30)

Furthermore, it should be noted that eQ
t is a diagonal matrix with diagonal values depending

on the element membership status within the support set. More precisely, if {i ∈ Nt, Ti,t 6=

∅}, then eQ
i,t = 0; otherwise eQ

i,t = −σ2. If {i /∈ Nt, Ti,t = ∅}, then eQ
i,t = 0; otherwise

eQ
i,t = σ2. Thus, it is reasonable to model eQ

i,t as a Bernoulli random variable.

The analysis of Pt+1|t is challenging since diag(Pt+1|t) consists of three random parts;

Pt|t−1, λt and eQ
t. Although, λt is independent of Pt|t−1 and eQ

t, the Bernoulli random

vector eQ
t is dependent on Pt|t−1. This complicates the evolution of the distribution of

Pt+1|t. Therefore, we limit our analysis to study the mean of Pt+1|t with respect to λt and

eQ
t. A similar idea was developed for standard Kalman filter in [28]. If we take the mean of

Pt|t−1 with respect to λt and eQ
t, we have:

diag(Eλt,eQPt+1|t) = (1− λ̄)diag(Eλt,eQPt|t−1) + Eλt,eQdiag(Q̂t) (4.31)

−λ̄diag(Eλt,eQ
1

1 + g
C†RC

′†)) + diag(Eλt),eQ(eQ
t),

where λ̄ = Eλt(λt) is the rate of missing measurements. Using lemma 2, we conclude

that: if {i ∈ Nt}, then Eλt,eQeQ
i,t = −σ2Pr

[
(|(x̂t,mod)i| > αa)

]
.Pr
[
(|(x̂t,mod)i − emodi,t | <

αa) | |(x̂t,mod)i| > αa
]
; and similarly, if {i /∈ Nt}, then, Eλt,eQeQ

i,t = σ2Pr
[
(|(x̂t,mod)i| <

αa)
]
.Pr
[
(|(x̂t,mod)i − emodi,t | > αa) | |(x̂t,mod)i| < αa

]
. In order to evaluate the above proba-

bilities, the following two lemmas are provided for the two different cases.

Lemma 3. For {i ∈ Nt}, if there exist αa and U = α2
a

4Pi,t+Di,t
, such that αaU

4 +2αaU
3 +(2−

4αa)U
2 + (4− 6αa)U + 2 + 3αa ≥ 0 and measurements are available at time t, i.e., λt = 1,

then,

|Eλt,eQ(eQ
i,t)| ≤ σ2Pr

[
(|(x̂t,mod)i| > αa)

]
.(1−

√
2

π

h

1 + h2
e−

h2

2 ), (4.32)
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where h =
αa√

4Eλt,eQPi,t|t−1 + Di,t

, and Di,t is variance of (x̂t,mod)i − γ.(Γ†Υt)i.

Proof. See A.1

Lemma 4. For {i /∈ Nt}, if there are αa and q = αa

(4Pi,t+Di,t)
1
2

, such that q2 < 3, and

measurements are available at time t, i.e., λt = 1, then,

Eλt,eQ(eQ
i,t) ≤

√
2

π
σ2Pr

[
(|(x̂t,mod)i| < αa)

]
.

∫ ∞
h

e−
s2

2 ds. (4.33)

Proof. See A.2

It is important ti note that these two lemmas hold only when the measurements are

available. If at time t, the measurements are lost (λt = 0), we use the previous estimated

support set to determine Q̂t. Therefore, we can generalize the above two lemmas: if {i ∈ Nt},

then |Eλt,eQ(eQ
i,t)| ≤ λ̄σ2Pr

[
(|(x̂t,mod)i| > αa)

]
(1−

√
2

π
h

1+h2
e−

h2

2 ) + (1− λ̄)|Eλt,eQ(eQ
i,t−1)|;

and similarly if {i /∈ Nt}, then Eλt,eQ(eQ
i,t) ≤ λ̄

√
2

π
σ2Pr

[
(|(x̂t,mod)i| < αa)

]
.
∫∞
h
e−

s2

2 ds +

(1 − λ̄)|Eλt,eQ(eQ
i,t−1)|. Furthermore, if we consider the maximum value of |Eλt,eQ(eQ

i,t)|,

the inequalities presented in lemma 3 and lemma 4 become equalities. To simplify the

notations, for the rest of this chapter, we consider Eλt,eQPi,t|t−1 ≤ ¯̄Pt, and Eλt,eQeQ
i,t ≤ ¯̄eQt ,

and lt = diag(Q̂t)i,i − λ̄Eλt,eQdiag(
1

1 + g
C†RC

′†)i,i, where,

¯̄Pt+1 = (1− λ̄) ¯̄Pt + ¯̄eQt + li,t

¯̄eQt+1 =


(1− λ̄)¯̄eQt + λ̄K1(1− h

1+h2
e−

h2

2 ), if i ∈ Nt

(1− λ̄)¯̄eQt + λ̄K2

∫∞
h
e−

s2

2 ds, if i /∈ Nt.

(4.34)

Here, K1 = σ2Pr
[
(|(x̂t,mod)i| > αa)

]
, and K2 =

√
2

π
σ2Pr

[
(|(x̂t,mod)i| < αa)

]
. From (4.34) it

is evident that ¯̄Pt and ¯̄eQt form a coupled nonlinear dynamical system. It should be recalled

that both ¯̄Pt and ¯̄eQt are scalars. Obviously, if li,t = 0 (i.e., unforced system), the system is

stable for all the λ̄ > 0. However, since li,t 6= 0, we can study the input-to-state stability of
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the coupled nonlinear system (4.34) using the results presented in [75]. For (xt)i, where i

is a member of the support set (i.e., i ∈ Nt), Theorem 5 provides input-to-stability for the

first and second equation of (4.34).

Theorem 5. The interconnected system of (4.34) is input-to-state stable, for all λ̄ > 0 and

i ∈ Nt, if ξ1 ◦ ξ2(s) < s for all s > 0, where ξ1(s) =
s

λ̄
, ξ2(s) = K1(1 − h1(s)

1+h21(s)
e−

h21(s)

2 − τ0),

h1(s) =
αa√

4s+ Di

and τ0 = 1− h1(0)

1+h21(0)
e−

h21(0)

2 .

Proof. According to Example 3.4. of [75], ¯̄Pt+1 = (1− λ̄) ¯̄Pt + v1(t) + u1(t) is input-to-state

stable, with two inputs v1(t) = ¯̄eQt and u1(t) = lt. Additionally,

| ¯̄Pt| ≤ (1− λ̄)t ¯̄P0 + ξ1(||v1||) + ξ1(||u1||) (4.35)

where ξ1(r) =
r

λ̄
is a K-function. In order to prove input-to-stability of the second equation

in (4.34), we select the input-to-state stability gain function ξ2(s) to be a K-function. Similar

to ¯̄Pt, ¯̄eQt+1 = (1 − λ̄)¯̄eQt + λ̄K1(1 − h1(v2)

1+h21(v2)
e−

h21(v2)

2 ) is input-to-state stable with v2(t) = ¯̄Pt

and u2(t) = λ̄K1τ0 as its inputs. Thus we have,

|¯̄eQt | ≤ (1− λ̄)t ¯̄eQ0 + ξ2(||v2||) + ξ1(||u2||) (4.36)

where ξ2(v2) = K1(1 − h1(v2)

1+h21(v2)
e−

h21(v2)

2 − τ0) is its ISS-gain function. According to the

nonlinear small gain theorem (Theorem 2.) of [75], if the first and second equation of (4.34)

are individually input-to-state stable and ξ1 ◦ ξ2(s) < s for all s > 0, then the interconnected

system of (4.34) is input-to-state stable.

If i is not a member of the support set (i.e., i /∈ Nt), the following theorem shows

input-to-state stability of (4.34).

Theorem 6. The interconnected system of (4.34) is input-to-state stable, for all λ̄ > 0 and

i /∈ Nt, if ξ1 ◦ξ3(s) < s for all s > 0, where ξ3(s) = K2(
∫∞
h1(s)

e−
s2

2 ds−κ0), κ0 =
∫∞
h1(0)

e−
s2

2 ds
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and u3(t) = λ̄K2κ0. Additionally,

| ¯̄Pt| ≤ (1− λ̄)t ¯̄P0 + ξ1(||v1||) + ξ1(||u1||)

|¯̄eQt | ≤ (1− λ̄)t ¯̄eQ0 + ξ3(||v2||) + ξ1(||u3||) (4.37)

Proof. The proof is similar to the proof of Theorem 5.

Remark 1. While we consider li,t as an input independent from the states, this is

not actually true. Their dependency is captured in g that appears in the denominator

of the second term: λ̄Eλt,eQ(
1

1 + g
C†RC

′†)). Since R = σ2
sysI, we can rewrite g as g =

tr(σ2
sys(CPt|t−1C

′
)−1). Now assume we design a C such that CPt|t−1C

′
> 0. If CPt|t−1C

′
>

0 we can say (CPt|t−1C
′
)−1 is a positive definite (p.d) matrix. This implies that g =

tr((CPt|t−1C
′
)−1) is always nonnegative. Thus, if we assume l̂t = diag(Q̂t)−λ̄diag(C†RC

′†)),

Theorem 5 and Theorem 6 still hold, since l̂t ≥ lt.

Theorem 7. If all the mentioned conditions hold, (4.38) provides an upper bound for the

two possible cases,


| ¯̄Pt| ≤ Ξ−1

1 ((1− λ̄)t ¯̄P0 +
(1− λ̄)t

λ̄
¯̄eQ0 +

K1τ0

λ̄
+ ξ1(||̂lt||)), if i ∈ Nt

| ¯̄Pt| ≤ Ξ−1
2 ((1− λ̄)t ¯̄P0 +

(1− λ̄)t

λ̄
¯̄eQ0 +

K2κ0

λ̄
+ ξ1(||̂lt||)) if i /∈ Nt

(4.38)

where, Ξ1(s) = s− ξ1 ◦ ξ2(s) for s > 0 and Ξ2(s) = s− ξ1 ◦ ξ3(s) for s > 0.

Proof. Inequality (4.38) is directly obtained from the results of Theorem 5 and Theorem

6.

Remark 2. Analytical inverse of the functions Ξ1(s) and Ξ2(s) may not be straightfor-

ward. Since ξ1 ◦ ξ3(s) < s, one possible approximation is to treat ξ1 ◦ ξ2(s) as linear function,

which considerably simplifies the calculation based on Ξ−1
1 (s).

The upper bounds given by Theorem 7 enable us to find a critical value for the rate of

receiving measurements (λ̄c) that ensures the stability of error in Algorithm 4. That is, if
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the probability of measurement loss is smaller than 1− λ̄c, we can ensure that error in signal

estimation is bounded.

4.4.1 Unaltered Support Set

In some special situations, the underlying support set may remain constant during a time

interval. For example, in smart distribution systems, power and voltage signals may not

change very quickly during a certain time interval. This fact suggests that the support set

remains constant for a period of time. In this case, we only need to accurately estimate the

support set once. That is, Step 2 and Step 3 in Algorithm 4 can be skipped. Consequently,

error analysis is limited to the Kalman filter step (Step 4). Therefore, we use our previous

analysis to find a tighter bound for P̂t when we assume the exact support set is known. In

this case, we have Q̃ = Q̂ and eQ
t = 0 always holds. This modifies (4.30) as,

diag(Pt+1|t) = (1− λt)diag(Pt|t−1) + diag(Q̂t) (4.39)

−λt
1

1 + g
diag(C†RC

′†).

Theorem 8 updates the upper bound for the expected variance of the estimation error

for a given rate of information loss.

Theorem 8. If the underlying support set is fixed and precisely known, the system in (4.40)

is input to state stable with the following bound,

|P̂t| ≤ (1− λ̄)tP̂0 + ξ1(||l̂t||), (4.40)

Proof. According to Example 3.4. of [76], ¯̄Pt+1 = (1− λ̄) ¯̄Pt + u1(t) is input-to-state stable,

with input u1(t) = l̂t. Additionally,

|P̂t| ≤ (1− λ̄)t ¯̄P0 + ξ1(||u1||) (4.41)
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where ξ1(r) =
r

λ̄
is a K-function.

The upper bounds given by Theorem 7 and Theorem 8 enable us to find a critical value

for the rate of receiving measurements (λ̄c) that ensures the stability of error in Algorithm

4. That is, if the probability of measurement loss is smaller than 1 − λ̄c, we can ensure

that error in signal estimation is bounded. The following subsection analyzes steady state

behavior of the covariance matrix for a special type of measurement matrix C.

4.4.2 Reduced Order Case

Let Ñ denote the accurate support estimation of the sparse vector x0. Then, assume that

the support set does not change over a period of time (i.e., Nt = Ñ where size(Ñ) =

r). Therefore, the system in (4.2) is not time-varying anymore since Nt is constant over

that period. This implies that (xt)i = 0, ∀i /∈ Ñ . Let xrt ∈ Rr denote a vector that

contains nonzero elements of xt (i.e., xrt = {(xt)i|i ∈ Ñ}). Consequently, the dimension of

the covariance matrix of process Qt is reduced to a r by r diagonal matrix with nonzero

elements on its diagonal (Qr = σsysIr×r). Furthermore, we only keep the ith columns of the

measurement matrix, where i ∈ Ñ . To clarify this modification, let rewrite the observation

matrix as

C =

[
C1 ... Ci ... Cm

]
, (4.42)

where, Ci ∈ Rn is ith vector of C. Therefore, the reduced order measurement matrix is

Cr = {[Ci]|i ∈ Ñ} and Rr denote covariance of measurement noise corresponding to Cr.

Lemma 5. If the support set remains unaltered and rank(Cr) ≥ r, then we have the follow-

ing steady-state upper bound for state covariance matrix.

limt→∞EλtPt+1|t ≤ F, (4.43)
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where F can be calculated by solving the following equation:

Q = λ̄FCr
′

(CrFCr
′

+ R)−1CrF. (4.44)

Proof. We first consider observability and controllability of the reduced order system. Pair

(Ir×r,Q
r) is always controllable, since all the diagonal elements of Qr are nonzero and

consequently, rank(Qr) = r. Similarly, for pair (Ir×r,C
r) the corresponding observability

matrix is:

Or =



Cr

Ir×rC
r

...

(Ir×r)
r−1Cr


Obviously, rank(Or) = rank(Cr). To satisfy observability rank(Or) ≥ r must hold that

is equivalent to rank(Cr) ≥ r. According to Theorem 4 in [77], if the pairs (Ir×r,Q
r) is

controllable and (Ir×r,C
r) is observable, the following bound holds:

limt→∞EλtPt+1|t ≤ F,

where F is the fixed point of equation (4.45) (i.e., F = gλ̄(F)).

gλ̄(X) = AXA
′
+ Qr − λ̄AXCr

′

(CrXCr
′

+ R)−1CrXA
′

(4.45)

By substituting A = I, the simplified equation is equal to (4.44).

4.5 Simulation Results

Here, we evaluate our theoretical results using two examples. We first consider a time

sequence of a sparse signal xt with length n = 256, where the maximum sparsity Smax = 20.

We use the Cm×n matrix that is simulated in [64] by generating m × n i.i.d. Gaussian

entries (with m = 128) and normalizing each column of the resulting matrix. The variance
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of observation noise is σ2
obs =

1√
3m

Smax. The dynamic model of xt is represented by (4.3)

with σ2
sys = 1. N1 (the support set of x1) is obtained by generating Smax− 12 unique indices

randomly from
[
1 : n

]
. Then, the support set is increased at t = 10. That is, Nt = N1,

∀t < 10, while at t = 10, we add four more elements to the support set. Thus, Nt = N10,

∀10 < t < 20. Similarly, there are four additions in support set at t = 20 and t = 30.

Therefore, at time t = 30, we reach the maximum size of sparsity Smax = 20.

We apply the online updated KF-CS algorithm (Algorithm 4), to compute the estimate

of xt at each t (i,e,. x̂t). The normalized error of state estimation corresponding
||xt − x̂t||2
||xt||2

is used as the metric to illustrate estimation performance. As stated earlier, measurements

losses are modeled as a Bernoulli random variable with three different rates λ̄ = 0.5, λ̄ = 0.75

and λ̄ = 1 (all measurements are available). Also, we choose γ = 4 and the thresholding

parameter αa = 0.1. Discussion about parameter setting is provided in [38]. The results

averaged over 200 Monte-Carlo simulation runs that are presented in Figures 4.2 through

4.4.

Figure 4.2 illustrates the normalized error in state estimation for our system with three

different rates of lossy measurements. It is important to note that the normalized error of

state estimation is below 16%, even when only 50% of the measurements are available over

time. Obviously, when t = 10, 20 and 30, there are sharp increases in the error due to

changes in actual support set at the mentioned times. However, this error is refined as time

proceeds, since the support set is estimated more precisely. Figure 4.3 depicts the error in

support set estimation (eNt ), i.e., the corresponding number for the members of support set

that are not detected by the compressive sensing step (Step 3 of Algorithm 4) or are detected

incorrectly. For initialization, we assume that we know the exact support set. It should be

noted that since we plot the average values over multiple runs, the number of errors is not an

integer value. Figure 4.4 illustrates the behavior of the variance of the 6th state element (i.e.,

the 6th element on diagonal of covariance matrix Eλt,eQPt|t−1). We assume that P0|0 = 0.

Also consider that (Q̂t)6,6 = sig2
sys which means the sixth element belongs to the support

set ((xt)6 ∈ N). We also approximate Ξ1 by a linear function. Obviously, simulated ( ¯̄Pt)6,t
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Figure 4.2: Normalized error in sparse signal estimation

always lies under the theoretical bound provided by Theorem 7. The simulation results

validate our theoretical results(bounds) and confirm that the proposed approach is robust

in the presence of lossy measurements.

4.5.1 Distribution System Example

As we mentioned earlier, the signal of interest z is not a sparse vector itself. However, we

transform it to a sparse signal x by a linear transformation Ψ. Here, we apply the DCT as the

sparsifying basis Ψ. It should be noted that the transformation bases may vary for different

signals in distribution systems. Here, we apply a random measurement matrix Φ consisting

of random Bernoulli entries which selects
m

n
× 100% of the data. We implement Algorithm

4 on IEEE 37-test feeder system that is a three phase unbalanced distribution system. For

a realistic simulation setup, we collect data from actual consumers that is publicly available

at eGauge website [2]. Here, we use the strategy described in [78] where we employ the load

data of particular homes to a specific node in IEEE 37 test feeder system. The measurements
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Figure 4.4: Eλt,eQP6,t|t−1 and the theoretical bound of ¯̄P6,t
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Figure 4.5: INAE corresponding to state estimation for different λ̄

are noisy with νt ∼ N (0, 0.4Im×m). In Algorithm 4, we set γ = 0.075 and αa = 0.25.

Due to random nature of information loss, we perform Monte-Carlo simulations and show

the averaged results. Here, we provide the averages across 3000 simulations. Fig 4.5 shows

INAE performance when CMR = 35% with different measurement loss rates λ̄. Here, we

can make two important observations. First, the INAE settles down after approximately

15 minutes. Second, not surprisingly, the error increases with decreasing availability of

measurements.

Figure 4.6 illustrates the behavior of the variance of the 4th state element (i.e., the 4th

element on diagonal of covariance matrix Eλt,eQPt|t−1). We assume that P0|0 = 10. Also

consider that (Q̂t)4,4 has a value that has been correctly identified. This means the fourth

state belongs to the support set ((xt)4 ∈ N). As discussed in Remark 1, we approximate

Ξ1 by a linear function. As seen in Figure 4.6, the simulated ( ¯̄Pt)4,t always lies under the

theoretical bound provided by Theorem 7. The simulation results validate our theoretical
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Figure 4.6: Eλt,eQP4,t|t−1 for λ̄ = 0.8’and two theoretical bounds of P̂4 suggested by Theorem
1 and 2.
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Figure 4.7: EλtP4,t|t−1 for two different measurement arrival rates and their theoretical

bounds of P̂4.

results (bounds) and confirm that the proposed approach is robust in the presence of lossy

measurements. However, since the support set remains unaltered, the bound could be tight-

ened as suggested by Theorem 2. Here, we design the measurement matrix to ensure that

the necessary conditions for the special case 4.4.2 holds. In this case, the steady state bound

for the 4th element is 4.13 (i.e. (F)4,4 = 4.13). Figure 4.7 demonstrates the effect of measure-

ment arrival rate on EλtP4,t|t−1 and its theoretical bound for a CMR of 50%. Once again,

the variance of error increases with more packet losses (smaller measurement arrival rate).

Figure 4.8 evaluates behavior of the expected variance EλtP4,t|t−1 with two different

CMRs. It is evident that the two expected variances and their bounds are very close to each

other. Therefore, we can infer that performance of the estimator with 50% of measurements

is very similar to the case of CMR = 75%.
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Figure 4.8: EλtP4,t|t−1 for two different CMR and their theoretical bound of P̂4.

4.6 Summary

In this chapter, we studied dynamic sparse signal recovery in the presence of lossy mea-

surements. We first modified an existing approach for Kalman filtered compressive sensing

(KF-CS) to obtain both sparse signal estimate and support set estimate while considering

measurement losses. Then, we quantified the error dynamics in both sparse signal estima-

tion and support set estimation. We provided an upper bound for the expected covariance

of the estimation error for a given rate of information loss using nonlinear input-to-state

stability analysis. The upper bound was updated for two special cases: (1) if the support

set remained constant over time, and (2) in addition to the constant support set, a reduced

model was observable. Consequently, the critical value for loss in measurements that ensures

convergence of error in the KF-CS based algorithm was calculated by the proposed bounds.

These upper bound in turn allowed us to evaluate the critical value for loss in measurements

that ensured a desirable bound for error in Algorithm 4. Simulations validated both theo-
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retical results and highlighted the efficiency of the proposed recursive estimation of a sparse

system with lossy measurements. Similar to packet losses, the underlying communication

infrastructures are susceptible to delayed measurement due to existing obstacles in the com-

munication networks. Next chapter is dedicated to the study of dynamic compressive sensing

in the presence of delayed measurements.
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Chapter 5

Dynamic CS with delayed

measurements

As discussed in chapter 4, the underlying communication network may not support the

transmission of sensor measurements in a regular timely manner. To understand the effect

of network limitations on CS based signal recovery, we analyzed the behavior of a sparse re-

covery algorithm in the presence of lossy measurements in chapter 4. Another issue resulting

from network congestion relates to measurements arriving with different random delays. In

this chapter, an approach is proposed for sparse recovery of the signals with random delayed

measurements.

5.1 Related Work and Contributions

For many decades, state estimation in the presence of delayed measurements has attracted a

lot of attention. In fact, all estimation and control processes that aggregate measurements via

a communication network may encounter delayed measurements. If the delays are precisely

known, the estimation process becomes trivial. However, in most of the cases, the delays

are unknown and random leading to poor estimation performance. Most of the existing

methods that address this issue attempt to modify the basic state estimation techniques in
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a way that the delayed measurements are included in the estimation process. One of the

initial efforts in this area, presents a recursive linear filtering algorithm that modifies the

conventional model to be compatible with randomly delayed sensor data [79]. For discrete-

time stochastic parameter systems, [80] presents a reduced-order linear unbiased estimator.

Specifically, the authors propose a criterion that tunes the estimator gains to obtain a certain

estimation error covariance. Exponential stability of a linear discrete-time partially observed

system perturbed by white noises is analyzed in [81]. [82] designs a robust estimator to

deal with linear uncertain discrete-time stochastic systems with randomly varying sensor

delay. [31] provides an upper bound for the mean of error in a Kalman filter based estimate

based on the statistical properties of the measurement delays. Furthermore, [83] designs a

robust Kalman filter for the systems with random delays in both measurements and state

dynamics. The mentioned techniques assume that all the sensor data have the same delay

properties, i.e., the delays vary only between different time instances. However, in most of

the practical situations, the measurements corresponding to a certain sensor can arrive with

different delays. To understand state estimation with this type of measurement delays, [84]

formulates a Kalman filter for discrete-time systems with instantaneous and l-time delayed

measurements by using re-organized innovation analysis. Using covariance information, [85]

designs an innovation-based approach to estimate the signals in a system with unknown

state space model and randomly delayed measurements. While the impact of such network

induced measurement delay on Kalman filter based state estimation has been extensively

investigated and well addressed , the corresponding effect on dynamic CS is still unknown.

This chapter aims to bridge this gap. Within this framework, the main contributions of this

chapter are summarized below:

• We propose a modified compressive sensing technique that incorporates the delayed

measurements in the estimation process. To this end, we employ a well-known model

for temporal correlation among states that enables us to project the delayed measure-

ments to the current time.

• The dynamic model of the sparse states may not accurately capture the exact temporal
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correlation due to stochastic behavior of the signal as well as error in identification of

the model parameters. Therefore, the uncertainty in the dynamic model affects the

performance of the proposed signal recovery approach. To complete the analysis, we

quantify the error in the recovered signal based on the errors in the model for temporal

correlation.

The rest of this chapter is organized as follows. Section 5.2 describes the system model

of interest. In section 5.3, we introduce the compressive sensing formulation for sparse

recovery of a signal sequence using delayed measurements. Section 5.4 quantifies the effect

of mismatch in the dynamic model on the estimated signal. Section 5.5 provides numerical

simulations that demonstrate the performance of the proposed method.

5.2 System Model

Due to communication network impairments and geographical characteristics of sensors, the

sensor data arriving at a fusion center may be delayed. Obviously, if the delays are correctly

identified, the estimation process at the fusion center is trivial and can be easily carried out

by an augmented system. Another estimation method assumes that all the sensors have

the same delay value, at time t. delay. However, in practice, different sensors could be

impacted by different delays. Here, we assume that all the sensors are time-stamped, i.e.,

our fusion center processor knows that a measurement corresponds to a specific time. For

example, assume that the sensors synchronously generate their measurements, one every

minute. In this chapter, we assume that the sensor data at time t arrives with different

random delays. Figure 5.1 shows the delayed measurement sequence. For example, assume

the sensors sample and transmit their measurement at time instant t. According to this

model, the measurements at time t arrive in a period of time between t and t + td. Here,

td denotes the maximum delay. Obviously, the maximum delay td is unknown and can take

different values at different time instances. To better understand this phenomenon, assume

that the sensor data (measurements) at time t constitute the vector Y(t) ∈ Rn , where Y(t) =
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Figure 5.1: Delayed measurements sequence

[
y1(t) y2(t) . . . yi(t) . . . yj(t) . . . yk(t) . . . yl(t) . . . yn(t)

]′
. According to our

model,

[
y1(t) y2(t) . . . yi(t)

]′
arrives at time t;

[
yj+1(t) . . . yk(t)

]′
arrives at time

t+ tr; and

[
yl+1(t) . . . yn(t)

]′
arrives at time t+ td. The rest of data in the measurement

vector Y(t) arrive at a time between t and t+ td.

Let x(t) ∈ Rn denotes the sparse signal/state at time t. Our ultimate goal is to estimate

the states x(t) using the available measurements. To this end, we arrange the available

measurement vectors at time t as,

ya(t) = Ca(t)x(ta) + νa(t) a = 0, 1, ..., l (5.1)

where ta = t−κa, and κa is the delay of ath set of the sensors. If a set of sensors does not have

any delay (i.e.,κ0 = 0, the measurement vector y0(t) contains the information about the state

at time t; otherwise for a > 0 the measurement vector ya(t) is a delayed measurement that

carries the information of time t− κa. The measurement vectors have different dimensions,

ya(t) ∈ Rma(t). Here, ma(t) denotes the dimension of ya(t) that can be different at each time

due to random nature of the delays (
∑l

a=0ma(t) = m , ∀t). Here, νa(t) ∈ Rma(t) represents

the measurement noise vectors. Ca(t) ∈ Rma(t)×n is the measurement matrix at time t− κa,
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that maps x(ta) to ya(t).

For the dynamics of the sparse signal xt, we consider the model presented in [86] that

captures the temporal correlation of the sparse states. Here, it is assumed that all the

elements of the state vector are mutually decoupled and each element in the underlying sparse

signal is temporally correlated. The temporal correlation is modeled via an independent

stationary steady-state Gauss-Markov processes, i.e.,

x(ta) = ζ(t) + Θ(x(ta − 1)− ζ(t)) + ωt (5.2)

where ζ(t) ∈ Rn is the mean of the process. Unlike the original model in [86], we assume

that the mean is a function of time and it shows the temporal trend of the state. ωt ∈ Rn

is an i.i.d. Gaussian noise. The temporal correlation is controlled by parameter Θ. At one

extreme, if Θ = 1, the states are fully correlated, (i.e., x(ta) = x(ta− 1)), while at the other

extreme, Θ = 0, the states evolve according to an uncorrelated Gaussian random process

with mean ζ(t) [86].

As shown in equation (5.1), some information related to x(t − κa) arrives at time t.

Therefore, we are interested in the relationship between the states at time t and t − κa.

Based on (5.2), we can write this relationship as,

x(t− κa) = Gax(t) + fa(t) + %a(t) (5.3)

where, Ga ∈ Rn×n determines the correlation of the signal vector at time t−κa with current

time t. Since the states are decoupled, Ga is a diagonal matrix. fa(t) ∈ Rn×1 captures the

deterministic trend of the signal. In addition, %r(t) is the process noise that determines

the uncertainty in the model. The advantage of this model is that we can search for the

impact of delayed measurements, since every measurement is a linear combination of the

elements in x. However, if parameters of the model are not accurately identified, this model

can deteriorates the performance of our proposed signal recovery scheme. To understand the

possible errors, section 5.4 quantifies the effect of erroneous model on the estimated states.
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5.3 Proposed Approach

All the existing compressive sensing techniques including static or dynamic methods rely

on availability of the current measurements. When a delayed measurement arrives at the

data processing/fusion center, it is unlikely to be incorporated in the estimation process.

This policy could result in ignoring a notable amount of information. Particularly in state

estimation based on compressive sensing, losing measurements could drastically degrade

performance of the estimation since the number of measurements is already limited to begin

with. Therefore, even ignoring a small portion of the concise compressed measurements can

impact the functioning of the CS methods. Therefore, it is very critical to utilize the delayed

measurements in the sparse recovery process to boost the performance of the CS approaches.

The temporal correlation model suggested by (5.3) implies that the delayed measurements

are related to the current states, and therefore, can be included in the `1 minimization prob-

lem. Based on the original BPDN problem (2.14), we aim to minimize ‖ ya(t)−Ca(t)x(t−

κa) ‖2
2. However, since our objective is real-time state estimation, this term must be projected

to current time using (5.3). Accordingly, the term ‖ ya(t) − GaCa(t)x(t) − Ca(t)fa(t) ‖2
2

would be a part of our objective function for minimization. Definitely, a weighting scheme

helps to prioritize the effects of each parts on the objective function. To implement this con-

cept, we assign a coefficient λa that controls the enforcement of the `1 minimization problem

on the ‖ ya(t)−GaCa(t)x(t)−Ca(t)fa(t) ‖2
2.

In addition, the support set is assumed to be slowly changing over time. As it was exten-

sively discussed in chapter 3, the partial support set information could enhance performance

of the CS techniques. The original problem setup (2.14) tries to minimize the first norm of

the whole sparse vector b. However, when the estimated support set at the previous time

is T , the modified CS tries to find the vector b that is sparsest outside the set T among all

vectors that fulfill the measurement constraint., i.e., instead of considering all the members

in ||b||1, we aim to minimize ||bT c||1 in our problem. Therefore, we propose to estimate

the states at time t using the following minimization problem which includes the delayed
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measurements.

b̂t = argmin
b

||bT c ||1 + λ0||y0(t)−C0(t)b||22 +
l∑

a=1

λa||ya(t)−GaCa(t)b−Ca(t)fa(t)||22.

(5.4)

where λa is a weighting/forgetting factor that controls the effect of delayed measurements.

Obviously, the most recent measurements should have a bigger impact on the estimation,

while the measurements from the distant past will carry less useful information about the

current signal. Accordingly, the λa relevant to the current measurements should be selected

to be relatively larger than the λa corresponding to the delayed measurements.

Algorithm 5 Dynamic compressive sensing with delayed measurements

Step 1: At t = 1: Employ a suitable CS method with sufficient measurements to find a
precise estimation of the support set N̂1.

For t > 1, set:
Step 2: Set T = N̂t−1

Step 3: Compute x̂t as the solution of

x̂t = argmin
b
||bT c ||1 + λ0||y0(t)−C0(t)b||22 +

l∑
a=1

λa||ya(t)−GaCa(t)b−Ca(t)fa(t)||22

Step 4: Support Estimation - Simple thresholding:

N̂t = {i : |(x̂t)i| > αa}

Increment t and go to step 2.

Algorithm 5 summarizes our proposed approach for Dynamic CS with delayed measure-

ments. Since the proposed algorithm is a recursive method, we must ensure that the method

knows the exact initial support set. To this end, a sufficient amount of measurement must

be provided. Since the support set does not change quickly, we use the previous support

set in Step 2 of Algorithm 5. Then, Step 3 provides the estimates of the states by solving

equation (5.4). Finally, we employ a thresholding criterion to estimate the current support

set N̂t which will be used in the next time instant.
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5.4 Error Analysis

Uncertainty in the temporal correlation model (5.3) leads to increase in error associated

with the estimation. In addition to the random term %a(t), there is an uncertainty with

identification of fa(t). Therefore, x(t−κa) = Gax(t)+ fa(t)+ef
a(t)+%a(t) must be replaced

in the regularization of (5.4). Therefore, if the correlation model is accurate, the optimal

estimation is obtained from:

b̃t = argmin
b

||bT c ||1 + λ0||y0(t)−C0(t)b||22 +

l∑
a=1

λa||ya(t)−GaCa(t)b−Ca(t)(fa(t) + ef
a(t) + %a(t))||22. (5.5)

Let eb
t = b̂t−b̃t denote the error in the estimation. Also, ect indicates the difference between

the correlation models used in (5.4) and (5.5), i.e., ect = ef
a(t) + %a(t). With respect to this

notation, Theorem 9 quantifies the relationship between eb
t and ect .

Theorem 9. If (J +
∑l

a=1 Ka) is invertible, the error in the estimated signal due to cor-

relation model mismatch corresponds to:

eb
t =

[
(J +

l∑
a=1

Ka)
−1

l∑
a=1

La

]
ect +

[
J +

l∑
a=1

Ka

]−1
Υt. (5.6)

where, Υt is an n× 1 vector such that if i ∈ T ct , then (Υt)i = sgn(b̂i)− sgn(b̃i); otherwise

(Υt)i = 0. The other parameters are defined as follows:

J = 2λ0



∑m0

j=1 C0(j, 1)C0(j, :)

...∑m0

j=1 C0(j, i)C0(j, :)

...∑m0

j=1 C0(j, n)C0(j, :)


, Ka = 2λa



∑m0

j=1 Ha(j, 1)Ha(j, :)

...∑m0

j=1 Ha(j, i)Ha(j, :)

...∑m0

j=1 Ha(j, n)Ha(j, :)


,
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L = 2λa



∑m0

j=1 H0(j, 1)C0(j, :)

...∑m0

j=1 H0(j, i)C0(j, :)

...∑m0

j=1 H0(j, n)C0(j, :)


.

Here, Ca(i, :) refers to ith row of Ca; and Ca(i, j) indicates the elements on the ith row and

jth column of Ca.

Proof. Since the objective function (5.4) is an unconstrained convex optimization problem,

the optimal value can be extracted by setting ∇F (b) = 0, where F (b) : Rn → R is:

F (b) = ||bT c ||1 + λ0||y0(t)−C0(t)b||22 +
l∑

a=1

λa||ya(t)−GaCa(t)b−Ca(t)fa(t)||22 (5.7)

For simplification, we ignore the time index t for the rest of this proof. Based on this

notation, we rewrite (5.7),

F (b) = ||bT c ||1 + λ0||y0 −C0b||22 +
l∑

a=1

λa||ya −Hab−Cafa||22 =

||bT c ||1 + λ0

m0∑
j=1

(
y0,j −C0(j, :)b

)2
+

l∑
a=1

λa

ma∑
j=1

(
ya,j −Ha(j, :)b−Ca(j, :)f

)2
.

Here, gradient of the F (b) is equal to : ∇F (b) =

[
∂F

∂b1

. . .
∂F

∂bi
. . .

∂F

∂bn

]′
. To

find the optimal solution, each element in the gradient should be set to zero. Therefore,

∂F

∂bi
|b̂ =

bi
|bi|

+ λ0

m0∑
j=1

−2C0(j, i)
(
y0,j −C0(j, :)b

)
+

l∑
a=1

λa

ma∑
j=1

−2H0(j, i)
(
ya,j −Ha(j, :)b−Ca(j, :)f

)
= 0 (5.8)

Now, consider the actual case where we know the precise correlation model. The objective

function relevant to this situation is denoted by F̂ (b) : Rn → R and corresponds to,
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F̂ (b) = ||bT c ||1 + λ0

m0∑
j=1

(
y0,j −C0(j, :)b

)2
+

l∑
a=1

λa

ma∑
j=1

(
ya,j −Ha(j, :)b−Ca(j, :)f −Ca(j, :)e

c
)2
.

The optimal solution of this objective function is denoted by b̃ and is computed by,

∂F

∂bi
|b̃ =

bi
|bi|

+ λ0

m0∑
j=1

−2C0(j, i)
(
y0,j −C0(j, :)b

)
+

l∑
a=1

λa

ma∑
j=1

−2H0(j, i)
(
ya,j −Ha(j, :)b−Ca(j, :)f −Ca(j, :)e

c
)

= 0 (5.9)

Using equations (5.8) and (5.9), we have:

b̃i

|b̃i|
− b̂i

|b̂i|
+ λ0

m0∑
j=1

−2C0(j, i)C0(j, :)
(
b̃i − b̂i

)
+

l∑
a=1

(
λa

ma∑
j=1

−2H0(j, i)Ha(j, :)
(
b̃i − b̂i

))
−

l∑
a=1

(
λa

ma∑
j=1

2H0(j, i)Ca(j, :)e
c
)

= 0 (5.10)

Using eb
i = b̃i − b̂i and the defined matrices, we can rewrite (5.10) as,

Υ−J eb +
l∑

a=1

Kae
b +

l∑
a=1

Lae
c = 0 (5.11)

Thus, if (J +
∑l

a=1 Ka) is invertible, eb
t corresponds to:

eb
t =

[
(J +

∑l
a=1 Ka)

−1
∑l

a=1 La

]
ect +

[
J +

∑l
a=1 Ka

]−1
Υt.

5.5 Simulation Results

To evaluate our approach, we simulated a time sequence of sparse n = 70 length signal xt,

with maximum sparsity Smax = 10. Overall, the length of time sequence is 30 instances. We

design the C matrix generating n×m i.i.d. Gaussian entries (with n = 28) and normalizing
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each column of the resulting matrix. This means that the CMR is 40% in a normal situation

with no delays. We assume that %a(t) is a diagonal matrix with σ2
sys on its diagonal. The

observation noise variance is σ2
obs = 0.24. For modeling xt, we consider the diagonal elements

of G to be between 0.6 and 1, which implies a strong correlation between the signal samples.

fi = diag(10 + α̃sin(
π

16
t)), where α̃ ∈

[
1, 2
]
.

We design the simulation in a way that 50% of the compressed measurements are ran-

domly delayed, after time instant t = 4. In fact, if these delayed measurements are not

utilized in the estimation process, it is equal to the situation where the CMR = 20%. We

then, investigate the performance of Algorithm 5 by performing 1000 Monte Carlo simu-

lations. Figure 5.2 shows the affect of delayed measurements on the performance of CS

methods. The blue curve shows the INAE value when there are no delayed measurements.

This case corresponds to the best performance due to complete measurement availability. In

this situation, we simply use the classic CS. Now, if we still employ classic CS but only 50%

of the measurements are available on-time, we can not use the other 50% of data (delayed

measurements). As a consequence, the red curve shows a degradation in performance of the

signal recovery. Finally, the yellow curve demonstrates our proposed method (Algorithm 5)

in presence of delay where a significant improvement is achieved by incorporating the delayed

measurements and the correlation model.

5.6 Summary

In this chapter, we studied impact of measurement arriving at the fusion center with different

random delays. First, We proposed a modified compressive sensing technique that incorpo-

rates the delayed measurements in the sparse recovery process. To this end, we employed an

existing model that captures the temporal correlation of the sparse signals. Consequently,

we could utilize the information carried by the delayed measurements for estimation at the

current time. In addition to the stochastic nature of sparse signal evolution over time, the

parameters of the underlying dynamic model may not be precisely identified. Therefore, we

quantified the error in the recovered signal based on the errors in the modeling of the under-
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Figure 5.2: Signal recovery with delayed measurements

lying dynamic correlation. Applicability of our proposed method was verified by simulation

results. In the next chapter, we address the problem of joint state estimation and topology

identification in distribution systems.

90



Chapter 6

Joint Topology Identification and

State Estimation

Distribution system topology identification has become a popular research topic due to its

critical role in state estimation, Volt-VAR control, fault detection, demand response, etc.

[87]. Many of the proposed solutions to challenges associated with situational awareness,

control, and optimization in distribution systems are not feasible if the underlying distribu-

tion grid is not accurately identified [88]. Furthermore, the time-varying nature of distribu-

tion systems implies that the topology identification process must be frequently performed

if reliable results are expected from distribution systems operations. However, a timely

topology monitoring may not be completely possible since the required measurements for

the topology identification tasks are either unavailable or unreliable [89]. Therefore, this

chapter tries to address the joint topology identification problem along with state estimation

for highly unobservable distribution systems.

6.1 Related Work and Contributions

The existing methods for topology identification can be classified into different categories.

Traditional approaches employ all the available measurements for state estimation based
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on every possible topology configuration. Then, the topology that results in the minimum

residual state estimation error is selected [33]. A notable drawback of these techniques

is the high computational complexity that grows with the possible topologies. Instead of

considering all possible topologies, other techniques focus on the simultaneous estimation of

switch statuses and system states [34], [90] and [91]. Although, these methods could alleviate

the burden of computational complexity, they require a large number of measurements. For

a low-voltage distribution network, [92] proposes a data-driven approach to identify the

underlying network topology using time series of energy measurements. In [93], a mixed

integer quadratic programming (MIQP) based topology identification model is proposed, that

is suitable for radially operated distribution grids. To detect network topology, [94] presents

a time-series signature verification approach which is based on the analysis of synchronized

voltage phasor data. While most of the topology identification techniques rely on voltage

and power information, [88] provides a new topology identification algorithm that is based on

measurements from a few line current sensors, together with available pseudo-measurements.

To continuously monitor the underlying topology of a smart distribution network, real-time

topology identification has been targeted in some of recent works [89], [95].

As comprehensively explained in chapter 2, the state estimation processes based on com-

pressive sensing employ power flow equations that rely on the identified topology. Since

the compressive sensing techniques are typically implemented for undersampled systems,

it is likely that the required topology knowledge is impaired due to lack of observability.

Consequently, the compressive sensing based state estimation fails to provide the correct

states since the underlying topology is not accurately identified. On the other hand, the

topology identification methods are not functional due to the lack of accurate state informa-

tion. Therefore, our goal is to simultaneously estimate the states and the network topology

with limited available measurements. Distribution system operators usually have access to

information about physical distances among the buses, lines connecting buses and their pa-

rameters. Therefore, the topology relevant to the fixed lines is always known. However,

in addition to the fixed lines that are always energized, there are lines with switches that

establish a connection between the buses based on their statuses (open or close). Therefore,

92



topology identification can be mapped to the problem of switch status estimation. Within

this framework, the main contributions of this chapter are summarized below:

• For concurrent estimation of states and topology, we first formulate an optimization

problem with states of systems and switch statuses as decision variables. Our frame-

work projects the switch statuses on the underlying admittance matrix. The proposed

formulation contains nonlinear relationships and integer variables leading to a mixed

integer nonlinear programming (MINLP) problem.

• In order to guarantee the solvability of the optimization formulations and reduce

MINLP complexity, we modify the nonlinear constraints to yield a mixed integer linear

programming (MILP) problem. To this end, we transform the existing nonlinearity by

introducing auxiliary variables.

• Although we could fix the nonlinearity issue by introducing MILP, the proposed tech-

nique is still a nonconvex problem. In other words, there is no guarantee to reach

the optimal solution. To cope with this issue, we relax the nonlinearity of MINLP

by replacing integer variables with continuous decision variables. Then, we apply an

alternative minimization approach that improves both state estimation and topology

identification.

• Finally, we introduce a hybrid dynamic framework that incorporates prior information

about system topology for current state/switch status estimation. More precisely, a

Markov jump model is proposed for switch status that helps topology identification

especially for high levels of compression. Besides, we employ the previous information

about the support set that improves the fidelity of our method.

• Simulation results provided in section 6.5 demonstrate the performance of the proposed

approaches on the IEEE 37-node test feeder with practical load/generation data.

The rest of this chapter is organized as follows. Section 6.2 describes the system model of

interest and linearized power flow formulation. In section 6.3, we introduce the compressive
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sensing formulation for joint topology identification and state estimation. Then, we pro-

pose two methods to alleviate the complexities of the original MINLP problem. Section 6.4

presents dynamical joint state estimation and topology identification in distributions sys-

tems. Section 6.5 provides numerical simulations that demonstrate the performance of the

introduced methods.

6.2 System Model

In distribution grids, the conventional state estimation methods or topology identification

techniques need to aggregate all the available sensor/smart meter measurements. This re-

quirement implies that a large volume of measurements must be gathered and transmitted

over a communication network in an actual distribution system. To this end, a communi-

cation network with large bandwidth and high reliability should be established. However,

providing such a communication infrastructure is not feasible or affordable in most of the

situations. Furthermore, the grid infrastructure may not be equipped with all of these reli-

able sensors. Therefore, our goal is to alleviate the burden on the communication network

by reducing the required number of measurements for topology identification and state esti-

mation while maintaining a reasonable fidelity in estimating both. As suggested by the main

theme of this dissertation, we employ compressive sensing theory that enables us to recover

a signal from a smaller number of random measurements [96].

Distribution system state estimation techniques with high accuracy rely on accurate

power flow methods which in turn require precise knowledge about the system, including

the system topology, parameters, power injection data, etc.. As a reminder, our direct

compressive sensing based state estimation method is based on the following optimization

problem:

x̂ = argmin
x
‖ x ‖1 +λ ‖ y −ΦΨx ‖2

subject to :
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v = fPF (P,Q)

where, fPF is the nonlinear power flow function that captures the relationship between volt-

age states and power injected at the nodes. Nonlinearity of the AC power-flow equations

poses significant challenges for the development of computationally affordable state estima-

tion tasks. To avoid such a complexity, we employ a linearized approximation model that is

applicable to multiphase distribution networks [45]. For a three-phase distribution system

with J buses, Y denotes the admittance matrix: Y =

Y00 Y0L

YL0 YLL

 where, Y00 ∈ C3×3,

YL0 ∈ C3(J−1)×3, Y0L ∈ C3×3(J−1) and YLL ∈ C3(J−1)×3(J−1) are submatrices of the admit-

tance matrix. Denoted by ṽ, the linearized voltage is:

v ≈M

P

Q

+ w (6.1)

where,

M =

[
Y−1
LLdiag(˜̂v)−1 −jY−1

LLdiag(˜̂v)−1

]
(6.2)

w = −Y−1
LLYL0v0. Here, v0 is the slack bus voltage where the voltage level is assumed to be

fixed or regulated (typically 1 per unit). ˜̂v denotes voltage in an operating point. One may

consider w = ˜̂v.

If the topology is correctly identified along with accurate data and parameters, one can

implement different power flow methods. Most of the existing distribution systems are

equipped with switches and breakers that result in various topology configurations based on

the status of the switches/breakers. Figure. 6.1 demonstrates IEEE 37-node test feeder as

an example. Here, the system is equipped with six switches. Node 1 serves as slack bus

and the source of power. Let us consider node 27. In the normal situation, s1 is closed
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and s2 is open, therefore, node 27 is energized from node 3. Another possibility is when

switch s1 is open and s2 is closed. This implies that node 27 is fed by node 8. Also, both

s1 and s2 can be closed or open, simultaneously. Consequently, different voltage profiles will

result based on the flow of power in the network. Impact of such a switching configuration is

captured in the underlying admittance matrix. In other words, if we are able to identify the

correct admittance matrix, we can determine the exact topology of the system. However,

the number of possible topologies dramatically increases with the number of switches, i.e., if

there are d switches in the network, 2d different topology configurations are possible. Such

large numbers of different possibilities impose a big load on the required computations; or

they can lead to inaccurate and unreliable results. Therefore, estimation of switch statuses

is the only reasonable approach for topology identification [90], [88]. To this end, we write

the admittance matrix as a function of the status of the switches as

YLL = Ȳ + s1Y1 + s2Y2 + ...+ sdYd, (6.3)

where barY is the admittance matrix between the nodes with fixed permanent connection

(i.e., the lines with no switch/breaker). si ∈ {0, 1} denote the status of the ith switch. If the

switch s1 is closed, then the corresponding line is activated. Mathematically, this implies

that s1 = 1. Therefore, the submatrix Y1 (the admittance matrix between the two nodes

that are connected by s1) is added to the general admittance matrix YLL; otherwise, YLL

does not contain submatrix Y1.

In this chapter, we are interested in estimating the state vector z =

[
PT QT vT

]T
,

where P ∈ R3n, Q ∈ R3n and v ∈ C3n are three phase real power, reactive power and voltage

phasor, respectively. Here, we create vector S =

[
PT QT

]T
containing the real and reactive

power values. The measurement mechanism is such that:

yS = ΦSS + νS

yV = ΦVV + νV

(6.4)
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Figure 6.1: IEEE 37-node test feeder with six switches

97



where, yS ∈ RmS and yV ∈ CmV are the power measurements and voltage measurement,

respectively. Here, νS and νV are the measurement noise vectors which are zero mean white

Gaussian noises. ΦS ∈ RmS×6n and ΦV ∈ RmV×3n are measurement/projection matrices.

These matrices are determined by the underlying measurement mechanisms (e.g., matrix

elements distributed as i.i.d. Gaussian random variables with mean 0 and variance 1/mS or

Bernoulli random variables).

6.3 Proposed Approach

The necessary condition for implementing compressive sensing approaches is that the signal

of interest exhibits sparsity or must be approximately sparse in a linear transformation

basis. Let the signal of interest z ∈ R9n be a sparse vector in a linear transformation basis

Ψ ∈ R9n×9n such that,

z = Ψx =

 ΨS 06n×3n

03n×6n ΨV

x

where, A has at most S � 9n significant coefficients i.e., z is S-sparse in the sparsifying

basis Ψ. Previous literature has validated the sparsity assumption for distribution systems

[20], [37]. Along with the sparsity condition, the linearized relationship (6.1) between power

and voltage serves as the link between the states and the network topology. However, as

indicated by equation (6.2), both M and w contain inverse of the admittance matrix which

complicates the optimization problem since admittance matrix Y is influenced by the switch

status and additional terms. To avoid such a complexity, we multiply equation (6.2) by

YLL. Consequently, equation (6.5) represents the linearized power flow constraint in our

optimization problem:

YLLv + YL0v0 −MylS = 0 (6.5)

where, Myl =

[
diag(˜̂v)−1 −jdiag(˜̂v)−1

]
.

It should be noted that in many practical situations, opening/closing of a switch may
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depend on status of other switches. For example, let us consider the IEEE 37-node test feeder

in Figure 6.1. If switch s1 (normally closed) is opened, nodes 25, 26 and 27 are not energized

anymore. Obviously, to cope with this outage, switch s2 must be closed, where the islanded

nodes (25-27) can be connected to the grid and obtain their energy through node 8. To

enhance resiliency in distribution systems, most of the utilities equip the distribution grids

with line switches [97], [98]. Definitely, in such grids, the switch statuses are not completely

independent. Therefore, we introduce a set of constraints that captures the relationship

between the switches as follow:

G(s1, s2, ..., sd) = C (6.6)

where, C is a vector with constant integer variables. For example, if the nodes (25-27) must

be always energized and no mesh structure is allowed in the system, the constraint (6.6) is

written as, s1 + s2 = 1.

Using the information about the system, we setup the minimization (6.7) to jointly

reconstruct the sparse signal A and status of the switches si,

argmin
A,si

‖ A ‖1 +λS ‖ yS −ΦSΨSA ‖2 +λV ‖ yV −ΦVΨVA ‖2 (6.7)

subject to (6.5), (6.6)

Obviously, to guarantee a certain state estimation fidelity and accurate topology identi-

fication, the number of measurements can not be arbitrarily reduced (i.e., if we excessively

reduce mS and mV, both topology identification and state estimation may fail to perform

accurately). It should be noted that choosing an appropriate transformation matrix Ψ plays

an important role in the performance of compressive sensing problem. [35] and [99] demon-

strate effect of different transformation/sparsifying matrices on accuracy of power signal

reconstruction.

The introduced minimization problem (6.7) is nonlinear and nonconvex due to the mul-
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tiplication of si and v. Moreover, since the decision variables si are binary, the minimization

problem (6.7) is a mixed integer programming formulation. Therefore, our proposed com-

pressive sensing based mechanism is a mixed integer nonlinear program (MINLP). In the

remainder of this section, we aim to alleviate the complexity of the proposed optimization

scheme by converting the problem into similar but less complex optimization problems.

6.3.1 MILP

Although, both MILP and MINLP are considered as NP-hard problems [100] and they

share similar computational complexity behaviors, the availability of more advanced solvers

motivates us to transform our MINLP formulation to MILP. To this end, the nonlinearity

of (6.5) needs to be removed. Therefore, we consider an auxiliary variable Ui = siv. Now,

if the corresponding switch is closed (i.e., si = 1) we have Ui = v, otherwise Ui = 0. This

relationship can be formulated using the linear constraints:

−(1− si)F ≤ Ui − v ≤ (1− si)F (6.8)

−Fsi ≤ Ui ≤ Fsi (6.9)

Here, F should be large enough to impose the correct constraints. If si = 0, (6.8) is not

binding and (6.9) enforces Ui to be 0. Similarly, if si = 1, (6.8) enforces Ui = v while the

bound (6.9) is loose to allow Ui to have flexibility. Algorithm 6 summarizes the procedure

of MILP based topology identification and state estimation.

6.3.2 Convex Relaxation

Both the MINLP and MILP formulation are categorized as nonconvex problems due to the

integer decision variables. We aim to relax the nonconvexity by replacing the integer variables

with continuous variables. Let assume that a continues variable represents the switch status
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Algorithm 6 MILP Compressive Sensing based Joint Topology Identification and State
Estimation
Step 1. Collect the compressed measurements into two vectors yS and yV.
Step 2. Solve the following minimization problem

Â, ŝi = argmin
A,si

‖ A ‖1 +λS ‖ yS −ΦSΨSA ‖2 +λV ‖ yV −ΦVΨVA ‖2

subject to

YLLv + YL0v0 −MylS = 0

−(1− si)F ≤ Ui − v ≤ (1− si)F
−Fsi ≤ Ui ≤ Fsi (6.10)

G(s1, s2, ..., sd) = C

Step 3. The original state vector is: ẑ = ΨÂ, and the estimation of switch status is:
ŝi, i ∈ {1, 2, ..., k}

(i.e., (s̄i = si)), where:

0 ≤ s̄i ≤ 1 (6.11)

We impose the power flow constraint in a second norm:

||YLLv + YL0v0 −Myl(P
T ,QT )T ||2 ≤ ε (6.12)

Obviously, the constraint (6.12) is convex, since the norm function is a convex function

defined on a convex set. Although, this formulation resolves the complexity issue due to the

integer variables, the constraint (6.12) is still a nonlinear problem. To tackle the nonlinearity,

we employ an alternating minimization technique. According to the alternating minimization

method, once we consider the switch statuses s̄i as constant values. Then we solve the

minimization problem to find the voltage values. At the next time, the power and voltage

values are constant while we seek for an optimal solution with switch statuses as decision

variables.

Algorithm 7 summarizes the convex technique for joint estimation of states and switch
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statuses. In the first step, we arrange the power and voltage measurements in two sepa-

rate vectors. Then, we initialize the continuous switch statuses to be 0.5 in Step 2. This

initialization policy implies that we have no idea or prior information about status of the

switches. Then, we start the iteration process. In Step 3, we find the states by solving the

minimization problem while the ˆ̄sj−1
i are constant. Using the estimated states, we find the

switch statuses in Step 4. In Step 5, we decide whether we obtain a convergence or we should

still continue the iteration process. It should be noted that the estimated switch status in

Step 4 is a continuous value (i.e. a value between 0 and 1). However, a switch status should

be an integer value. Therefore, Step 6 finalizes the estimation of switch statuses.

Algorithm 7 Convex Compressive Sensing based Joint Topology Identification and State
Estimation
Step 1. Collect the compressed measurements into two vectors yS and yV.

Step 2. Initialize the parameters ˆ̄s0
i = 0.5 ∀i ∈ {1, 2, ..., k}; v̂0

i = 1]0.

Set j = 1 and do:

Step 3. Fix the switch status by using ˆ̄sj−1
i . Then estimate the voltage V̂j using:

Â = argmin
A

‖ A ‖1 +λS ‖ yS −ΦSΨSA ‖2 +λV ‖ yV −ΦVΨVA ‖2

subject to (6.6), (6.12)

Step 4. In the following minimization, implement the voltage vector V̂j as fixed values and
estimate switch status ˆ̄sji by solving:

B̂ = argmin
B

‖ B ‖1 +λS ‖ yS −ΦSΨSB ‖2

subject to (6.6), (6.11), (6.12)

Step 5. If ||v̂j − v̂j−1|| < δ holds, ẑ = ΨÂ and proceed to Step 6.
Otherwise, j ← j + 1 and return to Step 3.

Step 6. Round the continuous switch status to 0 and 1:

ŝi =
{1 ˆ̄si ≥ 0.5

0 ˆ̄si < 0.5

The estimated power/voltage is equal to the values calculated at the last iteration.
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6.4 Dynamic Hybrid Estimation

In this section, we focus on dynamic state estimation as well as real-time topology identifi-

cation. Here, the possible topologies can be interpreted as discrete modes. That is, if the

system operates in mode q, there is a unique topology relevant to that mode. Therefore,

the terms “mode estimation” and “topology identification” can be used, interchangeably.

In dealing with dynamical estimation of continuous states with discrete modes (hybrid sys-

tems), Interacting Multiple Model (IMM) is one of the famous technique where it combines

all the acquired estimations based on the underlying models [101]. However, implementing

such a criterion for our problem may not be possible due to the large number of discrete

modes. For example, let us consider the d switches system that lead to 2d discrete modes.

Obviously, real-time estimation of 2d systems requires significant computation resources, par-

ticularly for larger values of d (number of switches). Furthermore, IMM algorithms estimate

the probability of discrete modes. In this case, we have 2d probability values that could be

similar. Therefore, distinguishing the true discrete mode (topology) is not a straightforward

task.

Similar to the small changes in the sparse signal and its support (explained in chapter

3), the switch status may hold a correlation with the previous times. Here, we assume that

we only know a probability of the switch status based on the previous statuses. To quantify

this assumption, we consider the transition probability matrix denoted by (6.13). si,t denote

the ith switch status at time t, respectively. Here, si,t can be considered as a discrete-time

two-state Markov chain as demonstrated by Figure 6.2. Prior works also model the changes

in a distribution system as a hierarchical Markov model [102]. The transition probability

rates satisfy 0 ≤ αi, βi ≤ 1 and the transition matrix for this discrete time chain corresponds

to:

πi =

1− αi αi

βi 1− βi

 , (6.13)
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Figure 6.2: Discrete time Markov chain model for switch status.

where, (πi)jk = Pr
(
si,t = k − 1|si,t−1 = j − 1

)
. In practice, the transition probability rates

(α and β) are identified using the historical data and events in the distribution grid.

Remark. The transition probability matrix (6.13) suggests that probabilities of switch sta-

tus changes are completely independent. However, as previously stated by (6.6), the switch

statuses are not completely independent. To capture this dependency, first let F to indicate

the status of other all the switches except the ith switch (i.e., F =
{
sj|j 6= i

}
). Then, the

transition probability matrix of the ith switch based on status of other switches corresponds

to,

πi|F =

1− αi|F αi|F

βi|F 1− βi|F

 , (6.14)

where, αi|F\βi|F are the probability rates of closing\opening of the ith switch based on status

of other switches.

Therefore, we can obtain a probability of every switch status at each time t. Then,

we directly use this probability to start the alternative minimization. More precisely, the

ŝ1
i is not selected to be 0.5 anymore. Instead, the initial estimation of ith switch status

corresponds to ŝ1
i,t = Pr(si,t = 1|ŝi,t−1). In other words, we use the level of our confidence

about a switch status to find more accurate guesstimate for switch statuses that lead to a

better voltage estimation at the first iteration. Furthermore, we devise the partial knowledge

about support of the sparse signal to enhance the accuracy of the estimation process. With
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the assumption of slow support change, we use N̂t−1 in the `1 minimization problem:

Â = argmin
A

‖ A(N̂t−1)c ‖1 +λS ‖ yS −ΦSΨSA ‖2 +λV ‖ yV −ΦVΨVA ‖2

Algorithm 8 summarizes our proposed approach for dynamic joint topology identification

and state estimation.

Algorithm 8 Dynamic Joint Topology Identification and State Estimation

Step 1. Collect the compressed measurements into two vectors yS
t and yV

t .
Step 2. Initialize the parameters ˆ̄s0

i = Pr
(
si,t = 1|ŝi,t−1

)
∀i ∈ {1, 2, ..., k}; V̂0

i = 1]0. Set
j = 1.
Step 3. Fix the switch status by using ˆ̄sj−1

i,t . Then estimate the voltage V̂j
t using:

Â = argmin
A

‖ A ‖1 +λS ‖ yS −ΦSΨSA ‖2 +λV ‖ yV −ΦVΨVA ‖2

subject to (6.6), (6.12)

Step 4. In the following minimization, implement the voltage vector V̂j
t as fixed values and

estimate switch status ˆ̄sji,t by solving:

B̂ = argmin
B

‖ B ‖1 +λS ‖ yS
t −ΦSΨSB ‖2

subject to (6.6), (6.11), (6.12)

Step 5. If ||v̂jt − v̂j−1
t || < δ holds, ẑt = ΨÂ and proceed to Step 6.

Otherwise, j ← j + 1 and return to Step 3.
Step 6. Round the continuous switch status to 0 and 1:

ŝi,t =
{1 ˆ̄si,t ≥ 0.5

0 ˆ̄si,t < 0.5

6.5 Simulation Results

To evaluate our proposed methods, we establish our experiments based on IEEE 37-test

feeder system with six switches that is described in 6.2. The test system has an unbalanced

three-phase framework. We apply Monte-Carlo simulation strategy where the proposed al-

gorithms are executed multiple times for different topologies. Then, we present the averaged
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Figure 6.3: Convex vs MILP topology identification for 6 switches system.

performances. Here, we execute 2000 simulations. Sparsifying matrix for both power and

voltage vectors (ΨS and ΨV) are DCT matrices. Here, we apply random measurement ma-

trices ΦS and ΦV consisting of random Bernoulli entries which selects
m

n
×100% of the data.

Similar to chapter 4, we collect data from actual consumers that are publicly available at

eGauge website [2].

Based on different CMR (percentage of measurements), Figure 6.3 demonstrates and com-

pares the probabilities of accurate topology identification performed by the convex method

(Algorithm 7) and MILP approach (Algorithm 6). Obviously, the convex method outper-

forms the MILP technique, i.e., Algorithm 7 has been more successful relative to the Algo-

rithm 6 in terms of accurate topology identification. Similarly, the convex approach shows

a better performance compared to the MILP method, in terms of state estimation accuracy.

It should be noted that the simulation time is shorter for the convex method. Table 6.1

demonstrates the required times for implementing each method.

The dynamic topology identification technique (Algorithm 8) is evaluated based on the
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Table 6.1: Time requirement for 1 run, 1 CMR
Algorithm 6 and 7 Time
MILP 29.2s
Convex 10.4s

practical load data that is measured every minute. We assume that we have an accurate

knowledge about the states and switches. Furthermore, we assume that the topology changes

between the fifth and sixth minutes (i.e., 5 < t < 6). Figure 6.5 demonstrates the result of

this setup. Interestingly, when we have partial information about the topology, the perfor-

mance is improved. However, we witness a degradation in performance after the change in

topology configuration of the IEEE 37 nodes test feeder. However, after three minutes the

topology could be correctly identified. As a result, the dynamic technique outperforms the

static techniques when the partial knowledge of switch statuses is available.

6.6 Summary

In this chapter, we proposed an MINLP framework that aims to jointly estimate the states

and topology of the distribution system. We removed the nonlinearity in the MINLP for-

mulation by introducing auxiliary variables that led to an MILP. Furthermore, to provide a

faster solution, we relaxed the nonlinearity of MINLP by replacing the integer variables with

continuous decision variables. Then, we apply an alternative minimization approach that

improves both state estimation and topology identification. Finally, we introduced a hybrid

dynamic framework that incorporates the previous information about the switch statuses

for current time estimation. More precisely, a Markov jump model was proposed for switch

status that helps to improve topology identification especially when the compression ratio

is low. Besides, we employed the previous information about the support set that further

improved the performance of our method. Simulation results validate the applicability of

our techniques.
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Chapter 7

Conclusion and future works

In this chapter, we summarize the contributions of this dissertation and discuss future re-

search directions.

7.1 Summary

In this dissertation, we addressed the issue of efficient data aggregation in smart distribu-

tion systems. Future smart distribution grids will incorporate several different components

including sensors, renewable generation (e.g., wind, solar) and AMI. Along with situational

awareness, real time operations and control require the aggregation of data generated by all

sensors and smart metering equipments. This results in a data deluge due to the physical

scale of the system and relatively high sampling rate. This large volume and the rate of

streaming data from the smart meters and sensors will impair the data aggregation process

as the underlying network will not be able to keep up with the large amount of information.

To alleviate this stress, compressive sensing has been an effective approach to recover the

full dimensional state vector from lower dimensional compressed data in distribution net-

works. With this background, we summarize the contributions of this dissertation where

four research questions are investigated in the field of sparse recovery in distribution grids.
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• In chapter 2, the proposed approaches leveraged the underlying spatio-temporal cor-

relation in generation and load that results in sparsity in the wavelet domain. The

recovered power measurements were then used to estimate the voltage states with high

fidelity as demonstrated via simulation of the IEEE 34 node test system. With each

projection matrix used in compressed sensing representing a specific modality of data

aggregation, we demonstrated that a Bernoulli projection matrix outperforms Gaus-

sian projection matrix, especially at low compression ratios. Furthermore, we proposed

a direct methods that incorporated a linearized power flow constraint in to the `1 mini-

mization which in turn enabled us to estimate both power and voltage, simultaneously.

We validated the efficiency of this technique using IEEE 37-node test system. Conse-

quently, the impressive performance of compressive sensing has motivated us to address

some critical questions in this field, particularly with their application in distribution

systems.

• In chapter 3, we proposed an approach to dynamically reconstruct a power signal from a

smaller number of measurements. To this end, we implemented two recursive dynamic

CS methods known as streaming modified weighted-`1 CS and Kalman filtered CS.

We, employed a practical power data from an actual distribution system to validate

the underlying assumptions (slow signal and support change) required by dynamic

recursive CS techniques. Since the recursive methods use the prior information about

the sparse signal and its support set, they could improve the previous results obtained

by classic CS. The superior performance of the two recursive CS methods were validated

via two examples (the IEEE 34 node test feeder system and PecanStreet data).

• Chapter 4 and chapter 5 investigated the effect of communication network impairment

(losses/delays) on compressive sensing. In chapter 5, we studied dynamic sparse signal

recovery in the presence of lossy measurements. We first modified an existing approach

for Kalman filtered compressive sensing (KF-CS) to obtain both sparse signal estimate

and support set estimate while considering measurement losses. Then, we quantified

the error dynamics in both sparse signal estimation and support set estimation. Using
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nonlinear input-to-state stability analysis, we provided an upper bound for the expected

covariance of the estimation error for a given rate of information loss. Then, we updated

the upper bound for two special cases: (1) if the support set remained constant over

time, and (2) in addition to the constant support set, a reduced model was observable.

As a result, we could calculate the critical value for loss in measurements that ensures

convergence of error in the KF-CS based algorithm. The provided upper bounds in

turn allowed us to evaluate the critical value for loss in measurements that ensured a

desirable bound for error in Algorithm 4.

• In chapter 5, we addressed the problem of compressive sensing in presence of mea-

surements with random delays. To this end, we first proposed a modified compressive

sensing technique that incorporates the delayed measurements in the sparse recov-

ery process. To accomplish this goal, we employed an existing model that captures

the temporal correlation of the sparse signals. Consequently, we could utilize the in-

formation carried by the delayed measurements for estimation at the current time.

In addition to the stochastic nature of sparse signal evolution over time, the param-

eters of the underlying dynamic model may not be precisely identified. Therefore,

we quantified the error in the recovered signal based on the errors in the modeling

of the underlying dynamic correlation. Simulations validated both theoretical results

and highlighted the efficiency of the proposed recursive estimation approaches in the

presence of lossy/delayed measurements.

• In chapter 6, we addressed the problem of joint state estimation and topology identifi-

cation in distribution systems. To this end, we first formulated an MINLP framework.

In addition, we extracted an MILP formulation from the MINLP by removing its non-

linearity using auxiliary variables. Furthermore, to provide a faster solution, we relaxed

the nonlinearity of MINLP by replacing the integer variables with continuous decision

variables. Subsequently, an alternative minimization technique is employed that en-

hances performance of both state estimation and topology identification. Finally, a

Markov jump model was proposed for switch status that helps to improve topology
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identification especially when the compression ratio is low. Besides, we employed the

previous information about the support set that further improved the performance of

our method. Simulation results demonstrated the applicability of our techniques.

7.1.1 Future Directions

Based on the work accomplished in this dissertation, some follow-on efforts and possible

future research directions are highlighted in the following:

• In chapter 3 and 4, we only consider power values in the dynamic signal of interest.

Similar to chapter 2 and 5 that estimate the voltage values by incorporating the power

flow relationship, it would be complementary if we aim to estimate both the power and

voltage signals. To accomplish this, we need to apply the power flow constraints (2.6)

and the error analysis in chapter 4 must be revised with this new setup.

• For the dynamics of the sparse signal, we consider a Gaussian random walk model with

a constant covariance matrix. Although this model has been extensively employed in

many existing literature, this model may not capture some dynamical aspect of the

sparse signal. For example, [103] develops a KF-CS technique based on a more realistic

model of dynamic sparse signal. Therefore, it would be interesting to investigate the

dynamic methods in chapter 3 and error analysis in chapter 4 for other realistic models

that capture true dynamics of the sparse signal.

• All the CS techniques applied in this dissertation are based on data aggregation at a

centralized location which may result in latency and other data aggregation challenges.

While compressive sensing idea presented earlier provides a way to address this issue,

it is advisable to implement a decentralized state estimator to minimize latency and

overcome the challenge of data aggregation.

• In smart distribution grids, measurements are acquired from various sources such as

micro-PMUs, SCADA sensors and AMI. The corresponding sensors and smart meters

may be asynchronous with different sampling rates that turn the dynamic CS to a
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more challenging task. To cope with the possible challenges, it would be interest-

ing to develop a systematic approach that integrates asynchronous multi-time scale

measurements from different sources.

• In this dissertation, we separately attacked the problem of dynamic CS in the presence

of delayed and lossy measurements. However, in a practical situation, a sequence of

measurements may encounter with both problems of delayed and lossy measurements.

Although, this issue is well understood in discrete-time linear systems [104], the men-

tioned problem has not been addressed in dynamic CS framework. Therefore, it would

be helpful to design and analyze a technique that incorporates both lossy and delayed

measurements in a dynamic CS framework.
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Flexible hybrid state estimation for power systems with communication irregularities.

IET Generation, Transmission & Distribution, 14(11):2111–2119, 2020.

[28] Bruno Sinopoli, Luca Schenato, Massimo Franceschetti, Kameshwar Poolla, Michael I

Jordan, and Shankar S Sastry. Kalman filtering with intermittent observations. IEEE

transactions on Automatic Control, 49(9):1453–1464, 2004.

[29] Dominik Sierociuk, Inés Tejado, and Blas M Vinagre. Improved fractional kalman

filter and its application to estimation over lossy networks. Signal Processing, 91(3):

542–552, 2011.

[30] Hong Lin, Hongye Su, Peng Shi, Zhan Shu, Renquan Lu, and Zheng-Guang Wu. Opti-

mal estimation and control for lossy network: stability, convergence, and performance.

IEEE Transactions on Automatic Control, 62(9):4564–4579, 2017.

[31] Ling Shi, Lihua Xie, and Richard M Murray. Kalman filtering over a packet-delaying

network: A probabilistic approach. Automatica, 45(9):2134–2140, 2009.

[32] Wei Lu and Namrata Vaswani. Modified compressive sensing for real-time dynamic mr

imaging. In 2009 16th IEEE International Conference on Image Processing (ICIP),

pages 3045–3048. IEEE, 2009.

[33] Felix F Wu and W-HE Liu. Detection of topology errors by state estimation (power

systems). IEEE Transactions on Power Systems, 4(1):176–183, 1989.

[34] George N Korres and Petros J Katsikas. Identification of circuit breaker statuses in

wls state estimator. IEEE Transactions on Power Systems, 17(3):818–825, 2002.

117



[35] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Compressive sensing based state

estimation for three phase unbalanced distribution grid. In GLOBECOM 2017-2017

IEEE Global Communications Conference, pages 1–6. IEEE, 2017.

[36] S. Dahale, H. S. Karimi, K. Lai, and B. Natarajan. Sparsity based approaches for

distribution grid state estimation - a comparative study. IEEE Access, 8:198317–

198327, 2020. doi: 10.1109/ACCESS.2020.3035378.

[37] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Recursive dynamic compres-

sive sensing in smart distribution systems. In 2020 IEEE Power & Energy Society

Innovative Smart Grid Technologies Conference (ISGT), pages 1–5. IEEE, 2020.

[38] Namrata Vaswani and Jinchun Zhan. Recursive recovery of sparse signal sequences

from compressive measurements: A review. IEEE Trans. Signal Processing, 64(13):

3523–3549, 2016.

[39] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Kalman filtered compressive

sensing with intermittent observations. Signal Processing, 163:49–58, 2019.

[40] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Dynamic signal recovery in

distribution grids using compressive lossy measurements. IET Smart Grid, under

review (2020).

[41] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Dynamic signal recovery with

compressive delayed measurements. IEEE Signal Processing Letters, under review

(2020).

[42] Hazhar Sufi Karimi and Balasubramaniam Natarajan. Joint topology identification

and state estimation in unobservable distribution grids. IEEE Transactions on Smart

Grid, to be submitted (2020).

[43] Amit Joshi, Laya Das, Balasubramaniam Natarajan, and Babji Srinivasan. A frame-

work for efficient information aggregation in smart grid. IEEE Transactions on Indus-

trial Informatics, 15(4):2233–2243, 2018.

118



[44] R. Madbhavi, H. S. Karimi, B. Natarajan, and B. Srinivasan. Tensor completion

based state estimation in distribution systems. In 2020 IEEE Power Energy Society

Innovative Smart Grid Technologies Conference (ISGT), pages 1–5, 2020.

[45] Andrey Bernstein and Emiliano Dall’Anese. Linear power-flow models in multiphase

distribution networks. In 2017 IEEE PES Innovative Smart Grid Technologies Con-

ference Europe (ISGT-Europe), pages 1–6. IEEE, 2017.

[46] James O Berger, Victor De Oliveira, and Bruno Sansó. Objective bayesian analysis
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Appendix A

Proofs of Chapter 4

A.1 Proof of lemma 3

According to lemma 2, if {i ∈ Nt}, and measurements are available: Pr({Ni,t} \ {Ti,t}) =

Pr
[
(|(x̂t,mod)i| > αa)

]
.Pr
[
(|(x̂t,mod)i−emodi,t | < αa) | |(x̂t,mod)i| > αa

]
. As we discussed in sec-

tion 4.4, eQ
i,t is a Bernoulli random variable, thus, Eλt,eQ({Ni,t}\{Ti,t}) ≤ −σ2Pr

[
(|(x̂t,mod)i| >

αa)
]
.Pr
[
(|(x̂t,mod)i − emodi,t | < αa)

]
. Since (x̂t,mod)i is a Gaussian random variable, it is easy

to find to find Pr
[
(|(x̂t,mod)i| > αa)

]
. From Theorem 3 and the discussion after that, we

conclude that (x̂t,mod)i − emodi,t is a Gaussian random variable with variance 4Pi,t + Di,t.

We compute Q(q(Pi,t,Di,t)), where q(Pi,t,Di,t) = αa√
4Pi,t+Di,t

is a transformation func-

tion to convert (x̂t,mod)i − emodi,t to a standard normal distribution. However, since we take

Eλt,eQ
[
Q(q(Pi,t,Di,t))

]
and according to Theorem 4, Pi,t is represented in terms of λt and

eQ
t, we can not apply the Q-function directly. Therefore, we seek for a bound in terms of

Eλt,eQ(Pi,t).

Consider Zi,t =
(x̂t,mod)i−emodi,t√

4Pi,t+Di,t
. Obviously, Zt ∼ N(0, 1). Thus, Pr

[
(|(x̂t,mod)i − emodi,t | >

αa)
]

= Pr
[
|Zi,t| > q

]
, where q = αa√

4Pi,t+Di,t
. This probability is bounded by

√
2

π
q

1+q2
e−

q2

2 ≤

Pr
[
|Zi,t| > q

]
≤
√

2

π
1
q
e−

q2

2 . Hence, we conclude that Pr
[
(|(x̂t,mod)i − emodi,t | < αa)

]
=
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1−Pr
[
(|(x̂t,mod)i − emodi,t | > αa)

]
= 1−Pr

[
|Zi,t| > q

]
≤ 1−

√
2

π
q

1+q2
e−

q2

2 . Therefore,

|Eλt,eQ({Ni,t} \ {Ti,t})| ≤ σ2Pr
[
(|(x̂t,mod)i| > αa)

]
.(1−

√
2

π
Eλt,eQ

q

1 + q2
e−

q2

2 ). (A.1)

Lemma 6. If there exists an αa and U = α2
a

4Pi,t+Di,t
, such that αaU

4 +2αaU
3 +(2−4αa)U

2 +

(4− 6αa)U + 2 + 3αa ≥ 0, we have:

h

1 + h2
e−

h2

2 ≤ Eλt,eQ
q

1 + q2
e−

q2

2 (A.2)

Proof. For simplification, let denote r = Pi,t and d = Di,t. First, we prove that f(r) =

q
1+q2

e−
q2

2 is a convex function. To this end, we calculate the second derivative of f(r). From

the chain rule for the derivation of the composition of two function, we have: ∂2f(r)
∂r2

=

∂2f
∂q2

(∂q
∂r

)2 + ∂f
∂q

∂2q
∂r2

. Here,

∂q

∂r
= −2αa(r + d)−

3
2 , (A.3)

∂2q

∂r2
= 12αa(r + d)−

5
2 , (A.4)

∂f

∂q
= (1 + q2)−1e−

q2

2 + q(−2q)(1 + q2)−2e−
q2

2 + q(1 + q2)−1(−q)e−
q2

2 =

(1 + q2)−1e−
q2

2 (1− q2 − 2q2(1 + q2)−1), (A.5)

∂2f

∂q2
= −2q(1 + q2)−2e−

q2

2 (1− q2 − 2q2(1 + q2)−1) +

(1 + q2)−1(−qe−
q2

2 )(1− q2 − 2q2(1 + q2)−1) +

(1 + q2)−1e−
q2

2 (−4q(1 + q2)−1 + 4q3(1 + q2)−1 − 2q) =

−q(1 + q2)−1e−
q2

2 ((1− 2q2(1 + q2)−1 − q2)(2(1 + q2)−1 + 1) + 2). (A.6)
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Using these results, we have ∂2f(r)
∂r2

= 4αa(4r + d)3(1 + q2)−1e−
q2

2 (−αaq(1 − 2q2(1 + q2)−1 −

q2)(2(1 + q2)−1 + 1) + 2 + 3αaq
−1(1 − 2q2(1 + q2)−1 − q2)). For convexity, ∂2f(r)

∂r2
≥ 0 must

hold. Thus it is sufficient to check if −αaq2(1 − 2q2(1 + q2)−1 − q2)(2(1 + q2)−1 + 1) +

2 + 3αa(1 − 2q2(1 + q2)−1 − q2) ≥ 0. This is equivalent to (1 − q4 − 2q2)(−αaq2(3 + q2) +

3αa(1 + q2)) + 2(1 + q2)2 ≥ 0. Finally, we can see that the sufficient condition for convexity

is αaq
8 + 2αaq

6 + (2− 4αa)q
4 + (4− 6αa)q

2 + 2 + 3αa ≥ 0. If we take U = q2, convexity of

f(r) is equal to: αaU
4 + 2αaU

3 + (2− 4αa)U
2 + (4− 6αa)U + 2 + 3αa ≥ 0.

If the sufficient condition for convexity holds, we apply Jensen’s inequality that leads

to inequality (A.2). Using inequality (A.1) and inequality (A.2), we have: |Eλt,eQ({Ni,t} \

{Ti,t})| ≤ σ2Pr
[
(|(x̂t,mod)i| > αa)

]
.(1−

√
2

π
h

1+h2
e−

h2

2 )

A.2 Proof of lemma 4

According to lemma 2, if {i /∈ Nt}, and measurements are available: Pr({Ti,t} \ {Ni,t}) =

Pr
[
(|(x̂t,mod)i| < αa)

]
.Pr
[
(|(x̂t,mod)i−emodi,t | > αa) | |(x̂t,mod)i| < αa

]
. As we discussed in sec-

tion 4.4, eQ
i,t is a Bernoulli random variable, thus, Eλt,eQ({Ti,t}\{Ni,t}) ≤ σ2Pr

[
(|(x̂t,mod)i| <

αa)
]
.Pr
[
(|(x̂t,mod)i − emodi,t | > αa)

]
, where Pr

[
(|(x̂t,mod)i| < αa)

]
is easily computed, as

(x̂t,mod)i is a Gaussian random variable. Since (x̂t,mod)i − emodi,t is a Gaussian random vari-

able with zero mean and variance 4Pi,t + Di,t, we have Pr
[
|(x̂t,mod)i − emodi,t | > αa

]
=

2Pr
[
(x̂t,mod)i − emodi,t > αa

]
= 2Q(q(Pi,t,Di,t)) =

2√
2π

∫∞
q
e−

s2

2 ds. The following lemma

provides an upper bound for Eλt,eQPr
[
|(x̂t,mod)i − emodi,t | > αa

]
.

Lemma 7. If there exists an αa and q = αa

(4Pi,t+Di,t)
1
2

, such that q2 < 3, we have:

Eλt,eQ
∫ ∞
q

e−
s2

2 ds ≤
∫ ∞
h

e−
s2

2 ds =

∫ ∞
αa√

4Eλt,eQPi,t|t−1 + Di

e−
s2

2 ds. (A.7)

Proof. we first prove that f(Pi,t) =
∫∞
q
e−

s2

2 ds is a concave function. Similar to Appendix A,
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let us consider r = Pi,t and d = Di,t. Thus, f(r) =
∫∞

αa

(4r+d)
1
2

e−
s2

2 ds. From the Leibniz’s rule,

we have: ∂f
∂r

= 2αa(4r+d)−
3
2 e−

α2a
2(4r+d) , and ∂2f

∂r2
= (−12αa(4r+d)−

5
2 +4α3

a(4r+d)−
7
2 )e−

α2a
2(4r+d) .

If the ∂2f
∂r2

< 0, f(r) is a concave function. Therefore, the sufficient condition for concavity

of f(r) is α2
a

4r+d
< 3. Jensen’s inequality for concave functions implies E

[
f(r)

]
≤ f(E

[
r
]
).

Therefore, Eλt,eQ
∫∞
q
e−

s2

2 ds ≤
∫∞

αa√
4Eλt,eQPi,t|t−1 + Di

e−
s2

2 ds.

Using the result of lemma 7, we have:

Eλt,eQ(eQ
i,t) ≤

√
2

π
σ2Pr

[
(|(x̂t,mod)i| < αa)

]
.
∫∞
h
e−

s2

2 ds.
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