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CHAPTER 1 - INTRCDUCTION

System availability is defined as the probability a system is operating
satisfactorily at any point in time when used under stated conditions, where
the [total] time considered is operating time and active repair time [22].
Because of this useful combination of reliability and maintainability measures,
availability is increasingly being used as a measure of system performance.

But why, specifically, the increase? Presently, more emphasis is being placed
on the facets of system maintenance along with the reliability, rather than
solely on the reliability, which is due to an increased awareness of operational
and maintenance constraints (of which costs and time are just a few). Avail-
ability measures, alone, take into account a growing desire to decrease system
maintenance while increasing system reliability.

The estimation of system availability has been approached in many different
manners. Most require the accumulation of data of the on and off times of the
system with, usually, the more data accumulated, the better the estimate. But,
can the system availability be accurately estimated if not much data are avail-
able? What if no data are available and an availability measure is still
desired? (This is especially true in the case of nuclear power plants, when
data of system failures are definitely not desired, even if available.) In
these cases, Bayesian estimation approaches have proven most fruitful.

But Bayesian approaches have been slow in appearing, possibly due to the
many criticisms of incorporating what is essentially subjective prior information
about the parameters with the data information, if it is available. And even
though the use of Bayesian theory is usually thought of as one technique in and

of itself, numerous estimation methods have recently evolved that could all be



considered Bayesian. Hence, the confusion and the controversy continues.

1.1 Reasons for Study

The underlying theme of this study is the comparison of three estimation
methods of system availability, one classical and two Bavesian. to determine
which is "best" in terms of closeness to steady-state availability, variability
between samples, computer execution time, ease of programming and ease of
understanding. Comparisons will be made between the classical estimator and
the Bayesian estimators, but of major concern will be the comparisons among
the Bayesian estimators themselves. Not much work has been done in terms of
distinguishing better Bayesian methods from others. (Probably because of the
controversy still existing as to whether Bayesian techniques should be utilized
at all! [6] [4a] But this is not the purpose of the study.) Hopefully, this
study will identify which estimators prove most helpful under certain sampling

conditions.

1.2 Bayesian Treatment of System Availability

System availability from the non-Bayesian viewpoint has been widely
studied. Many definitions of availability are available and many distributions
are associated with the operative and repair intervals of the system. Numerous
approaches have been derived and various system configurations have been
explored. For a thorough literature survey of these and other topics of non-
Bayesian system availability see [13].

The impetus for using Bayesian approaches stems from a desire to incorporate
when available, prior information about the system and its parameters under
study. Most commonly, engineers extremely familiar with a specific system
feel this way, not wanting to waste any information, no matter how informal.
And, in cases where this "informal' prior information can be expressed more
formally in the form of specific probability distributions, Bayesian inference

is most productive.



Brender [3] was the first to use Bayesian theory to predict and measure
system availability. The model considered was a basic single system con-
figuration involving an alternating sequence of independent and exponentially
distributed operative and repair intervals. The intervals' respective rate
parameters were described by gamma distributions. Brender showed the steady-
state point availability had a Euler distribution from which he derived his
availability estimate. The transient case (where availability is time-
dependent), along with other broader availability cases, was then derived
from the steady-state case. In his second paper [2], Brender removed the
restrictions of exponential operative and repair intervals and gamma prior
distributions. Applications were then made to cases involving:

(1) prior distributions composed of linear combinations of gamma
distributions;

(2) gamma-distributed repair intervals with uncertain location and
shape parameters;

(3) randem demands within an initial interval, demands repeated
at intervals, redundant configurations; and,

(4) measures of performance other than availability.

Gaver and Mazumdar [7], using the same model as Brender, derived Bayesian

estimators of long run availability using two different sampling techniques:
(1) ‘'snapshot'" - observations made at points in time to determine
merely if the system is up or down at that point in time; and,
(2) T"patch" - a sequence of continuous observations recording the
duration of up and down times of the system.

They also explored cases with different loss functiocns.



Thompson and Springer [21] calculated a Bayesian prediction interval
for an N-series system. Snapshot data was accumulated for each of the N
components of the series and a posterior density function and availability
estimate were determined for each component. The system availability,
essentially a product of the component availabilities was then calculated
through the use of the Mellin integral transform. The components, however,
did not have the two-state configuration as previously described.

Later, Thompson and Palico [20] incorporated the two-state configuration
with exponential on and off times and gamma prior distributions . into each
of the components and used Brender's Euler distribution to express each of
the components' availability. The system availabilities for N-series and i-
parallel systems were then calculated by using a method of successive approximatic
of the cumulative distribution function given the sequence of integer moments,
in lieu of the Mellin integral transform.

All of the above references, with the exception of Brender, dealt solely
with the estimation of the steady-state availability of a system. The models
did not take into account any dependency on time. Kuo [12] filled this void
by introducing Bayesian estimation for a time-dependent system availability
model. The system was of single component configuration, and was represented
as a two-state stochastic process,the two states being the on state and the
off state. The operative (on) and repair {off) times were gamma distribufed
and the prior distributions of the non-fixed parameters were exponential. The
time-dependent availability expression was derived via renewal theory.

Kuo calculated his Bayesian estimate by taking the expected value of the
posterior distribution, because he assumed a squared error loss function. He
also calculated a classicalihéiihﬂﬁ Aiiiéiiﬁbda‘égfiﬁafé:"én&'Bféndéf(s

estimate for comparative purposes.



Kuo was the first to compare difrferent estimation methods in terms of
Bayesian versus classical and Bayesian versus Bayesian, His criteria, al-
though not specifically stated, were closeness to steady state availability
and variability between samples. Calculating system availability estimates
for a data set with negative exponentially distributed on and off times using
different samples, priors and time intervals, he reached the following con-
clusions:

(1) for small sample sizes, the maximum likelihood estimate was not

useful due to wide variation between samples;

(2) the choice of priors did not have much affect on the Bayesian

estimates;

(3) with smaller samples, the Bayesian approaches showed less vari-

ability;

(4) Bayesian approaches with good or bad priors gave better results

than the maximum likelihood estimate for a biased sample; and

(5) when no data are available, only Bayesian approaches work.

1,3 Methodology of Study

This study consists of two main portions: first, the estimation of
system availability and, second, the selection of the best estimate.

Chapter Two outlines how tﬁe system availability will be represented.
The model used here is based on renewal theory, since the system is a two-
state stochastic process with the two states being the on and the off state.
Also, specific representations will be given for the cases when on and off
times have a gamma distribution and when they have an exponential distribution.

Introduced in Chapter Three will be the three estimates: the classical

maximum likelihood estimate, the traditional Bayesian estimate with squared



error loss function and Brender's Bayesian estimate. All will be derived
for a general time dependent system availability expression along with
expressions for the two special cases mentioned above.

Actual calculations of these three estimates will be made for two
separate data sets in Chapter Four. Sensitivity analyses will also be
performed with different sizes and types of samples, different priors and
different time horizons. Also, the data-no data cases will be explored.

The remainder of the study will be devoted to the selection of the
best estimate. In Chapter Five, after a brief introduction to multiple-
criteria and multiple-attribute decision making (MADM), the attributes
for the best estimate will be given along with the five MADM methods used:
dominance, simple additive weighting, linear assignment, ELECTRE and TOPSIS.
Finally, the best estimation method for system availability will be chosen

based on the results of the MADM analyses of the two example data sets.



CHAPTER 2 REPRESENTATION OF AVAILABILITY

Availability is generally known as the probability the system is operating
satisfactorily at any point in time under stated conditions. But many categories
and classifications are defined in the literature, with no uniformity of terms.
Therefore, a short review of definitions and terms is presented along with the

statement and derivationof the two-state stochastic system via renewal theory.

2.1 Definitions

The major reason availability is enjoying a wider useage as a measure of
system performance .. is the fact that it combines the measures of reliability
and maintainability. Reliability is the probability a system will perform
satisfactorily for at least a given period of time ("up time'") whereas main-
tainability is the probability a system is restored to an operable condition
within a specified time ("down time"). It is this incorporation of main-
tainability that makes availability more attractive than reliability alone as
a measure of system performance.

Depending on the time interval considered, availability is classified as
either: (1) instantaneous availability, (Z) average uptime availability, or
{3) steady-state availability [17]. Instantaneous availability, g(t), is
defined as the probability the system is operational at any random time t,
where 0 < t < @, Average uptime availability, g(T), is the proportion of time
in a specified time interval (0, T) the system is available for use. It is

expressed as

TORENRIOR ()

(o}

Steady-state availability is the instantaneous availability at time t = =

and, therefore, the limiting case of instantaneous availability. It is easily



estimated from sample data as the ratio of mean up time to mean total time:

E[Ton]

lim g(t) =

o )

(2)
E [T]

where: T is on time
on

T is total cycle time

The choice of availability class is dependent upon the system mission and
its conditions of use. For systems which are required to perform a function
at any random time, instantaneous availability would be the best measure.
A good example would be a data-processing system used in air traffic control
which is calied upon to process flight paths and then remain idle for a length
of time. The average uptime availability would be the most appropriate measure
for systems whose usage is defined by a duty cycle, such as a tracking radar
system which is called upon only after an object has been detected and is ex-
pected to track continuously for a given time period. Finally, the steady-
state availability wouid be the most satisfactory measure for systems which
are operating continuocusly, as a detection radar system.

Note that the average uptime and steady-state availabilities are special
cases of the instantaneous availability. Therefore, considerable importance is

attached to the development and understanding of instantaneous availability.

2.2 System Representation using Renewal Theory

Several approaches are available to derive and represent system avail-
ability. Here, however, renewal theory is chosen because of the two-state
stochastic nature of the system.

Renewal theory, which has its origins in the study of self-renewing

aggregates [1], was not applied directly to availability problems until 1962



when Parzen [14] derived the steady-state availability using renewal theory.
He considered a simple two-state stochastic process with the two states being
the on state and the off state. He presented the expected number of renewals
at a random time t in a complex form assuming a gamma distributed inter-arrival
time. Unfortunately, due to the complex form, it is not very practical to
use, except in a few special cases. Therefore, Kuo [12], also using renewal
theory, derived a much more useful analvtical expression without the complex
terms. Again, gamma distributed inter-arrival times are assumed, since
analytical solutions for system availability are extremely difficult, if not
impossible, to obtain when the underlying on times and cycle times are not
gamma distributed. But Kuo also provided a computer simulation approach
useful when the on and cycle times are other than gamma distributed, or when

the empirical data are based on general renewal theory.

2.2.1 Statement of the System and its Gemeral Analytical Solution

The System

Consider a system which can be in one of two states, either on or off .
In the on state the svstem is operating, while in the off state, the
system is failed and under repair. Assume at t={0 the system is on , and
is in service for a random time Ton until it fails. Tcn has the probability
density functiocn fon(t) and the cumulative distribution function Fon(t). When

the svstem fails, it is then off and under repair for a random time TD with

ff
probability density function fof:ft) and cumulative distribution function
Fo¢f(t)' The system then repeats these on and off states of random duration.

Successive times to breakdown and repair are assumed te be independent and the

events of operative or inoperative are independent of time.
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A complete cycle time, T, is also a random variable, composed of the addition
of the random variables TOn and TOff (See Figure 2-1). Then T is a random vari-
able of the time from just the beginning of an operative state through a
brezkdown and repair to the time the system is just restored to operative
again. It has the probability density function £(t) and the cumulative dis-
tribution function F(t).

A Renewal Equation

The instantaneous availability, g(t), is defined as

g(t) = probability the system is o

J Pr[System on at t | T=s]f(s)ds
0

fm Pr[system on at t ] T=s]dF(s) (3)
0
where s is a time index in the time interval [g,=].

But the Pr[system on at t [T=s] gives different values depending upon
whether t < s or not.
Case 1: T=s<t

A
0! T

Y

lI-+—

A complete cycle has terminated at T < t, so the conditional probability of the
system being on at t given T=s is exactly the unconditional probability of the
system being on when starting at a point which excludes the completed cycle,

i.e., the availability at (t-s).



Ton v

11

0
K Toft ?'

|- T

T : on time
on
Toff: off time
T : total cycle time
Note that Ton + Toff =T
Figure 2-1: A pictorial representation of one cycle of the two state

system. Ton’ Toff’ and T are all random variables.



Case 2: T=s > t

e

LS
™7
=5

T

g
||
t

A complete cycle has terminated at T > t, so the conditional probability of
the system being on at t given T=s is equivalent to the conditicnal probability
that t < T__ given T=s.

on

Summarizing, Pr{system on at t | T=s]

g(t-s), when s < t

(4)

Prit < T | T=s], otherwise
on

The renewal equation for instantaneous availability can now be expressed by

substituting eq. (4) into eq. (3):

=]

g(t) = J Pr[system on at t [T=s]dF(s)

&

t

Pr[system on at t|T=s]dF(s)

L]

+ Jm Prsystem on at t|{T=s]dF(s)

L= -]

J Prt < Ton|T=s]dF(s)
t

ot

+

j g(t-s)dE(s)

Lam

ct
+

git-s)}dF(s) Pr[t < Ton and t < T]

o

+

<

rt

g(t-s}dF(s)

+

Pr[Ton > t]

E
J g(t-s)dF(s) + Prit < T_]

Q



t
g(t) f g(t-s)dF(s) + [1-F_ (t)] (5)

0

the probability the system is operative a time t
Recall, Fon(t) is the cumulative distribution function of Ton'

Eq. (5) is a renewal equation of availability at any random time t
to which a general solution can be obtained. Note that eq. (5) is derived
without any assumptions on the cycle, on or off time distributions. To
reach a general solution of eq. (5), the total number of renewals at time
t, N(t), and the counting process [N(t), t > 0] and its distribution must be
derived.

The Counting Process and its Distribution

Let the cycling events in the interval [0,~] be denoted by the successive
inter-arrival times Tl’ T2, ... defined as:

Tl = the time from 0 to the first cycle

Ti = the time from the (i-l)St cycle to the ith cycle, 1 = 2,3,...
All Ti’ i=1,2,... have the same distribution as T.

Also consider the waiting time to the ith cycle, wi, defined as the
time it takes to observe the ith cycle finished in a series of cycles
occurring in a time span (See Figure 2-2).

From Figure 2-2, note that the inter-arrival times, Ti’ can be conveniently

defined in terms of the waiting times, wi:

=W

T, = W,-W,
= W_-W

Ty = NN,

(6)

3
il
=
=|
=
=



on on on

off off off

Figure 2-2: A pictorial representation of inter-arrival times, Ti’
and waiting times, wi.—
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Similarly, the waiting times, Wi, can be expressed in terms of the inter-

arrival times, T.:

i
Wl = T1
W2=T1+T2
W, =T, + T. + T

n
W= & T Low o™ 1 (7)

For t > 0, let N(t) represent the number of cycles' end points lying in
the interval [0,t]. The counting process, defined as {N(t), t > 0}, can then
be related to a corresponding sequence of waiting times, Wn. Note that N(t)
is a discrete random variable while wn is a continuous random variable, For
any t > 0 and n=1,2,...,the number of cycles occurring in the interval [0,t]
is less than or equal to n if and only if the waiting time to the (n+l)St event

is greater than t, i.e.,

N(t) <n iffW__ >t (8)

From eq. (8) it directly follcws that exactly n cycles occur if and only if
the waiting time to the nth event is less than or equal to t plus the waiting

; st . .
time to the (n+l1) event 1is greater than t, i.e.,

N(t) =n iff W <tandW , >t (9)



From eqgs. (8) and (9),

A.  PT[N(t) < n]

PrN(t) < n]

B. Since PrN(t)

and Pr[N(t)=n]

then,

Pr[N(t)=n]

As a special case, when n=0:

PT[N(t)=0]

Pr[N(t)=0]

1 —Pr[w1

Eqs. (10), (11} and {12) can also be stated in terms of the cumulative

two probability relationships fall out,

Pr[wn+1 > t]

1 - Pr[wn+l € k] A= 0,152,000

A

nj] = Pr[wn >t] =1 - PI_'[Wn < t]

Pr[N(t) < n] - Pr[N(t) < n]

{l-Pr[wI1+1 < t]}- {l-PI‘[Wn 2 £}

Pr(Ww t] - Pr|W <t =1 i
< t] - Pr(W_ | < t], nsl,2,

Priwg <t] - Pr{W, < t]

< t]

distribution function of the waiting times:

Fyey @) = l-Fwn+l(t),

Py @™ = Fwn(t) } mel

1-F  (t)

PN(t)(O) Wy

Eqs. (13), (14) and (15) describe the distribution of the counting process.

n=20,1,.

(t), n=1,2,...

16

(10)

(11)

(12)

(13)

(14)

(13)
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A General Solution to the Renewal Equation

Let m(t) be the expected instantaneous renewal rate and M(t) be the mean
value function of a renewal counting process corresponding to independently
identical distribution times, T, with nonlattice distribution functions F(t)

and finite mean u. Since N(t) is the total number of renewals at time t,

let

M(t) = E[N(t)] (16)
= Z nP (n)
n=~0 N(t)
= InfF; (t) - F, (B)] (17)
n=0 n n+l

M(t) = I Fy (1) (18)

n=1 n

by expansion of eq. (17).

Recall the waiting time, Wn, can be expressed as a sum of the inter-
n
arrival times, X Ti, each with probability density f_ (t). Since

i=1 Tl

t
Fw (t) = [ f:'w {x)dx
n 0 n

and

£y (1)

n
£, (0]
n 1

due to the additivity of independent random variables, then

t
By (t) = f [£, ()]1%dx (19)
n 0 i
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Substituting eq. (19) into eq. (18) and taking the Laplace transform of

both sides of eq. (18),

Mee) = I = [£2 (8)]" (20)
n=1 6 i

Note that the above sum is the sum of an infinite geometric series and can be
further simplified* to
£z (8)

ME(E) = o oo (21)
l-f*Ti(a)

Whenever dgit) exists, this derivative is denoted by m(t) and it follows

from eq. (21) that its Laplace transform (also see Rau [16a] for derivation) is

£2.(e
m* (@) = — £% (0) (22)
i

The m(t) is referred to as the expected instantaneous renewal rate since

m(t)dt denotes the probability of at least one renewal occurring in the interval

[t, t+dt]. It is also sometimes called the renewal density, but this is mis-

leading since m(t) is not necessarily a probability density, i.e., Jw m(t) dt # 1.
Now, to solve the renewal equation, eq. (5}, take the Laplace tgansform

of both sides, noting that the first term on the right side is a convolution

glt)*£(t):

g*(8) = g*(0jf*(9) + [1 - B 81> (23)

+Recall, the sum of a geometric series:

=

z I‘nz -_-%-....
l-r

n=0
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Solving for g*(e8),

[L-F (0]

g*(e) =
1 - £%(0)
- * « p 2208
= [L-F @1+ [1-F @1 [ ]
g*(®) = [1 - F_(&)]* + [1 - F_(8)]* m*(0) (24)

Taking the dnverse Laplace transform of eq. (24) gives the general solution

to the renewal equation,
t

g(t) = [1-F ()] + JO [1-F _ (t-s)] m(s)ds
t
g(t) = [1 - F_(e)]+ Jo [1 - F_(t-s)] dis (25)

Note this solution does not take into account the distributions of T, TOn and

Lore

To show that eq. (25) is reasonable, take lim g(t) and compare it to the
T -

expression for the steady-state availability

E[Ton]
E[T]
as stated in eq . (2)
Since
(iy 1 - Fon{t) >0 for all t > 0

(ii) [Z [T - F,(t)]dt = u <=, and

(iii) [1 - Fon(t)]is nonincreasing,
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then,
lim g(t) = 0 + lJ [1 - Fyp(s)lds
toe H 0
1 1
= JmPr[Ton > s]ds = m meon ds
0 0
_ E(T_,]
E[Ton * Toff]
. E[T_]
1im g(t) = o
T4 E[T]

due to Theorem 2.9 in Barlow and Proschan [1].

2.2.2 An Analytical Solution Assuming Gamma Distributed T and TOn

Assume inter-arrival time, T, is gamma distributed with density function

At

L gl gt t >0 (26)

£ (t) =
L (k-1)1

0 otherwise

and on time, Ton’ is gamma distributed with density function

£ (1) = | =& Br)*! e'Bt, t >0 (27)

Ton (a-1)!
0 Otherwise

where k, A, a, B > 0.

To obtain the analytical solution of eq. (25) using the above densities,
first the expression for the mean value function of renewals,M(t), is found.

Since the inter-arrival time is gamma distributed, the renewal counting
process {n(t) > 0, t > 0} 1is a Poisson process with intensity A , where

n(t) = k'N(t)’ for t > 0. For proof, see Appendix A. Again, n(t) is discrete.



