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CHAPTER 1

INTRODUCTION

Digital filters have been considered for various applications which
include process control, guidance control, and data acquisition. Such
filters are usually implemented via hardwired logic and involve the use of
shift-registers, adders, multipliers and logic gates [1]. However, the
hardware implementation of digital filters is yet a developing field. To
this end, the main objective of the work explained in this report is to
examine some aspects of implementing digital filters using microprocessors.
There are several reasons for considering microprocessors for such implemen-
tations:

i) microprocessors are becoming increasingly powerful and yet their
cost is reducing

.ii) the number of components required is reduced
iii) there is a greater computational capability and flexibility.

A major disadvantage at présent is that they are relatively slow.
However, since the related technology is moving at a rapid pace, it is
reasonable to expect'that this disadvantage will be overcome in the rela-
tively near future.

The effects of limited word length such as round off error and
coefficient inaccuracy will still be present. However, implementation using
microprocessors makes it possible to choose almost any desired word length.
rather than designing the filter to suit the commercially available hard-
ware multipliers and adders with limited word lengths., For example, several

2 bit slices of Intel 3000 type microprocessors can be used to form a system



-of almost any desired word length. Even among fixed word lemgth processors
there is a wide choice of word lengths td choose from,

The approach for implementing digital filters via microprocessors
is introduced by considering a simple first order recursive filter repre-

sented by the transfer function,

Z

H(z)=Z+K

(1.1)

This filter has Been implemented on a micro-computer system using the Intel
8008 microprocessor. Although Intel 8008 is one of the slowest micropro-
cessors, it is considered for this study since hardware and software infor-
mation pertaining to it are readily available. This is because it was one

of the first microprocessors to have been available commercially. This system
has been simulated on an IBM 370 system. Studies pertaining to the filter's
frequency response characteristics using the simulator have been made. Inter-
facing units such as A/D converter have been included in the simulation.

Some of the results obtained via the simulator have been verified on the
actual microcomputer system.

Chapter 2 intrqduces some fundamentals pertaining to digital filter-
ing. In Chapter 3 various factors related to digital design considerations
are summarized. Conventional methods of digital filter implementation are
discussed in Chapter 4, while implementation using microprocessors is con-

sidered in Chapter 5.



CHAPTER 2

FUNDAMENTALS OF DIGITAL FILTERS

2.1. Classification

Digital filters are generally classified into two categories as
follows:
(i) recursive filters
(ii) non-recursive filters
A recursive filter is one which has an impulse response of infinite duration.
For example

H(Z) = 72 (2.1.1)

is a first-order recursive filter since its impulse response is given by

h(nT) = (0.5)" iw 0,12 ¢« s (2.1.2)
In contrast, a digital filter with an impulse response which is finite in
duration is called a non-recursive filter. As an example, we have

H(Z) = (/2 + 27Y, (2.1.3)
-which has an impulse }eéponse given by

| h@T) = (/2L +6 (¢ - D] (2.1.4)
Generally, recursive filters are also known as infinite impulse

response (IIR) filters and non-recursive filters as finite impulse response
(FIR) filters. Non-recursive filters are implemented via the fast fourier
transform (FFT), while recursive filters are implemented using delayed feed-
back which is readily achieved by means of storage registers.

2.2. Transfer Functions

The transfer function H(Z) of a digital filter is defined as the



ratio of the Z-transform of ths output, Y(Z) to the Z-transform of the input,
X(Z); i.e.,

HD) = 3 (2.2.1)

The most general recursive filter is a sampled-data linear system, whose
present output is a linear combination of the past outputs as well as present
and past samples of the input. The following difference equation represents

the input-output characteristics of such a filter.
% ,

N
= . - z ’ . ‘
Yn éﬂ " xn-k k=1 hk Yn-k (2.2.2)
where{Yn} is the output sequence, {Xn} is the input sequence and {a.k}and
{bk} are the filter coefficients. Therefore the transfer function of this

general recursive filter is given by

N X

> Z

Heg) - K20 *

1(2) = . (2.2.3)

1+3 b 2
k=1

A non-recursive filter has outputs depending only on the present and
past inputs. Since such filters do not involve feedback, they are inherently
stable. The input-output characteristics of a gemeral non-recursive filter
is

N
Y, =25 a X | (2.2.4)
and its transfer function is

N

H(Z) = lg, 8 2k (2.2.5)

Implementation of the above types of filters described by Eqs. (3) and (5)

involve widely different techniques. Recursive filters can be realized in



three basic forms. If the output is directly calculated using H(Z) as given
by Eq. (3), then it is said to be realized in canonical or direct form.
Although a canonic form realization requires a minimum number of delay
elements for its realization, it suffers from severe accuracy problems due

to accumulation of round off errors. These problems can be minimized by
realizing higher order filters by either cascade or parallel forms consisting
of first- and second-order sections. To this end, the numerator and denomi-

nator polynomials of Eq. (3) are expressed as

K K
1. 2 a
H(Z) = KT H,,(DTT H,.(2) (2.2.6)
L e 2i
i=1 i=1 _
a Leogy; 27
where H . (2) = —Ti— » is the transfer function of a first-order
l+p,. 2
1i

Fad
section. HZi(Z] represents a second-order section; i.e.,

-1 2
140, 27+, 2

1 +‘61i Z'l +BZJ‘. Z_2

(2.2.7)

R (2 =

alldK1+K2=N

The coefficients X's-and g's are real. The corresponding realization is

as in Fig. 2.1.

A A _ .3 Pl
iy, b, @) ﬁn1(23“’ Hzl(Z)—‘l Hyp(2) "{ﬁzxz(z’

Fig. 2.1. Cascade form realization of recursive filters,

For parallel form realization we take the partial fraction expansion of the

Eq. (3)
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1
H(Z) = Yo + Z H,, (2)

i=1

+ Hzi(Z) (2.2.8)

H);(2) = — (2.2.9)

and HZi(Z) is a second-order section of the form

%
_ Yoi *¥s
1+@y 27 By

(2.2.10)

b - e o o e em =

X(nT)_|

Fig. 2.2, Parallel form realization of recursive filters.



2.3. Number Representation

The two's complement representation of a binary number is most appro-
priate for digital filters since additions can be performed without any pre-
vious knowledge of signs or magnitudes, and with no corrections later as in
one's complement notation. Two's complement arithmetic is tolerant to minor
scaling errors. At times, even an overflow in the accumulator need not be
catastrophic. The output during overflow will be in error but it recovers
later on. This is due to an important property of two's complement arith-
metic, which is called the cyclic property. For convenience, it will be
assumed the signal has magnitude less than unity, which implies that only
fractional numbers will be involved. |

Now let us study the cyclic property of two's complement arithmetic.
The transfer characteristics of a two's complement arithmetic unit is as

shown in Fig, 2.3,

output
® - &
[ 3 ) [
‘o P .‘
L] [ J .
. ' ]
» J.. . i i o
" . Jsinput
. . . q
» . [ ]
L] ] [}
] & .
L ] L ] ™

Fig. 2.3. Transfer characteristics of a two's complement
binary unit.
This transfer characteristics can be explained by considering a two's
complement system with two data bits and one sign bit with respect to a set

of numbers on the real line in the interval -1 X< 1, as shown in Fig. 2.4.



Disallowed
Value

|

Decimal  -1.00 -0.75 -0.50 -0.25 0 0.25 0.50 0.75 1.00

& b 4 a 4 L il I i
L] ¥ - L] T Ll T Y T

Binary 1.00 1.01 1..10 1.11 0.00 0.01 0.10 0.11 1.0

Fig. 2.4. Binary representation on real line.

Incrementing 0.11 we get 1.00. Hence the real line actually folds over in

the two's complement binary arithmetic. This in essence is the cyclic

property, which is further illustrated in Fig. 2.5.

0.00
1.11 ' 0.01
Allowable
L1.10 Values 0.10
1.01 0.11

1.00

Fig. 2.5. Cyclic property of two's complement binary.

Overflow Considerations. The property that overflow is handled conveniently

in a two's complement arithmetic is best illustrated by a simple example.



Consider the addition of 0.75 and 0.5.
0.10
+ 0.11
1.01 which is -0.75.

This is clearly an error due to overflow. However, suppose the next number

to be added is -0.5. Then we have

which yields 0.75, the result we would expect if 0.75, 0.5, and -0.5 are
added. Thus overflow errors "settle down" as we proceed, In most cases
it is difficult to represent a decimal fraction exactly in binary form.
In such cases, truncation or rounding is necessary since only a finite
number of binary di.gits (bits) are used for the representation. For a
specified accuracy we now determine the number of bits required.

- Determination of word length. Any decimal fraction consisting of

finite digits is represented as
N i :
X=p >d-10 (2.3.1)

n=1

where dnis the nth digit after the decimal point. Such a number has accuracy

limits of

' X -AXSXSX + AX (2.3.2)
-N

vhere X = 1/2-10 (2.3.3)

‘We seek to approximate X by Y such that
Y=X2t AY
where
.. -m
Y = zbmz (2.3.4)
m=1

and AY S AX, (2.3.5)
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so that the accuracy will at least remain the same. Thus, when M bits are

used, we obtain
Yy=172 .24 (2.3.6)

Using Eqs. (3) and (6) in inequality (5) we obtain

172.27M<172 107N (2.3.7)
or MZ2N leg2 10 (2.3.8)
i.e., M>3.3N (2.3.9)

Therefore we need 3.3 N bits to represent a decimal fraction of N digits

without any loss in accuracy.

To represent a number using a fixed number of bits we have to either

truncate or tound off the number. Thus, if -
; M .
Yu b 2N
m
m=1
is truncated to K bits, where M>K then
§ m
Y, = b_ 27 (2.3.10)
T =1 m
To round ¥ to K bits we first calculate

Ytayez?®*D . 5 4 o0 (2.3.11)
m
m=1
and then truncate to K bits to obtain
+ - =M
YK = YT = ) a 2 (2.3.12)
m=1

Rounding as expected gives less error than truncation.

2.4. Data Converters

Since most signals are analog in nature, analog to digital (A/D)

conversion is an important part of digital systems. Using an A/D converter,
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an analog signal is sampled at regular intervals and then approximated to
obtain a binary number of finite word length. Due to limited resolution
resulting from the finite word length of the binary representation, quanti-
zation of input becomes necessary. This quantization can be represented as
in Fig. 2.6. The function of the A/D converter is to decide on one of the

quantized levels for each sample of input based on some minimum error

criterion.
5 Digital
X2 - Qutput
Sl
31- _—I
2-.
1-
-3.5 -2.5 -1.5 -0.5 0.5 1.5 2.5 3.5 x™
§-1
Analog
L2 Input
I I
La

Fig. 2.6. Quantization in A/D converters.

Next, we calculate the error due to quantization. Consider any

M and 3/227M, This is appro-

value of the input, V which lies between 1/2¢2"
ximated to the quantized level Z'M. Assuming all the quantized levels are

uniformly separated by q = Z'H, we have in general any value that lies between

Vt-qlz to Vy + q/2 approximated to Vy, the Kth quantized level. The
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corresponding mean square error introduced at level K is
Vg *+ q/2

- / v - v)? pmav (2.4.1)
Vg - q/2

2
where p(v) is the probability density of the signal. Assuming that the

signal is uniformly distributed in the quantization interval, we have

—_— 3
v - VKIZ = %p(VKJ (2.4.2)

The quantization noise power is the sum of the mean square errors introduced

at each level; hence

NG = K (V - v? (2.4.3)
which yields

-.—2.— 2

Ng° = %% P (V) (2.4.4)

where PK(VU is the discrete probability of the input appropriate to the Kth

step and is given by

Vk + qf2
Pe(V) = ] P(VI&v = p(Vy)-q (2.4.5)
VK - q/2
Also,
P.(V) =1
o

Thus the final result is

Ng° = L (2.4.6)
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This result will be used in Sec. 3.3.

We observe that since q = 2‘“, Eq. (6) implies that the larger the
word length M, the less the noise due to quantization.

Analog-to-Digital conversion techniques are well developed and it
is possible to implement A/D conversion in a number of different ways such
as successive approximation, single or dual slope conversion, conversion
using a voltage controlled oscillator (VCO), parallel conversion, etc. Each
method is chosen based on the requirements such as speed, accuracy and cost.
For the purpose of discussion, the successive approximation A/D converters

are considered. The basic structure of these is as shown in Fig. 2.7.

Analog
Input
X
COMPARATOR I
xref CONTROL CIRCUIT
:
]
!
[
OUTPUT REGISTER
. =
A =
! &
DIGITAL 1 =
[ ] m !
ANALOG i g
CONVERTER i =
a

Fig. 2.7. Successive approximation A/D converter.
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The successive approximation converter works as follows, At the
start of the conversion, the control circuit places a 'l' in the most signi-
ficant bit (MSB) of the previously cleared output register. This corresponds
exactly to the mid point in the input range of the converter. The D/A in

the feedback converts the 100 . . ., 0 to X /2. If X. 1is greater than
range in

xrangelz the output of the comparator is 'l'. The control circuit reads this
output and decides to keep the 'l' in MSB if the comparator output is 'l'.
Otherwise it resets MSB to a '0'., Now the control circuit places a 'l' in
the next most significant bit and checks the output of the comparator. A
decision on whether to leave the 'l' in that bit of the output register or
to clear it to '0' is taken based on the comparator output. Likewise, the
conversion is done on a bit by bit basis (i.e. serial conversion) until the
least significant bit (LSB) is reached. When the conversion is complete, the
output register has the digital equivalent of the analog input. High pre-
cision and low cost are some of the features of this method. Parallel A/D
conversion is faster but more expensive. For an M-bit conversion we need
ke comparators and hence the high cost,

| Digital-to-Analog cunversioﬁ, on the other hand, is much simpler to
implement. Very often resistor networks are employed in D/A conferters.
Again, there are several methods of realizing D/A conversion and since infor-
mation on these is easily available we will not discuss this at length.

Having reviewed the basic concepts of digital filtering we are now

ready to discuss the related design concepts in the next chapter.
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CHAPTER 3
DIGITAL DESIGN CONSIDERATIONS

3.1. Introduction

In this chapter we will discuss some details related to the hardware
implementation of digital filters. We shall assume fixed point binary compu-
tations in the implementations. Due to finite word lengths, problems such
as round off accumulation, quantization and overflow arise. The main objec-
tives of this chapter are as follows: (i) explain how a set of design
criteria can be developed to determine the gain scaling factor to avoid
overflow, and (ii) explain how one can choose optimum word lengths to reduce

quantization and round off errors [1].

3.2. Gain Scaling
Fixed point arithmetic calls for constraints on inputs to the filter

such that the computations are within the linear range. These constraints
can be achieved via gain scaling., For example, the input to the adders must
be scaled such that the-out:puts from the adders are always within ¥ 1. As
we discussed in Sec. 2.2, digital filters of higher order can be constructed
using basic blocks of first and second order filters, Thus we need to
analyze only these two classes of filters. For simplicity and as a basic
introduction to the concepts involved in hardware implementation, we will
restrict our attention to the discussion of first order filters only.

A generalized first order recursive filter has a transfer function

of the fomrm,
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-1.

H(Z) = LA_LL (3.2.1)
(1 - BZ™ )

The squared-magnitude frequency response, M of the above transfer functiom is

M lH(Z]]z e

2 (1 - 2A cos wT + A ) (3.2.2)
(1 - 2B cos wT + B )

where T is the sampling interval. The maximum and minimum of M occur when

3%) =0 with di’:)z-( 0,
and
7o = 0 with %2 >0
respectively.
Differentiating Eq. (2)
ddM Kzﬁ sin wT (A - B)(1 - AB)] (3.2.3)
WD) | (1 - 28 cos wt + 852 |

When we equate the above derivative to zero , we arrive at the following

conditions:
(1) sin wT = 0
which yields w=nnf,
nw
= s
2
That is w = mwy (3.2.4)

Ws is the sampling frequency and WN = 53-, is the Nyquist frequency.

(2) A=B or A= 1/B are the other two conditions for H%%Tﬁ = (.
These are trivial and are not of interest to us.

Setting wT = nW , the second derivative of M becomes
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2 5 Tl

dM .2 (-1)" 2(A - B) (1 - AB)

dwT 2 K* 2 n+1 Y (3.2.5)
(wT) 1+ (-1) + B]

When (A - B) (1 - AB)<0, Mm occurs atn = 0, i.e., at w = 0. When (A - B)

(1 - AB)>0, me occurs atn =1, i.e., atw = Wy

Let us assume |A| <1 for convenience. Then we require |B]<1 for
stability. Two cases which arise (depending on the relative values of A and

B) are illustrated in Fig. 3.1,

B=<A B>A

—_

(a) (®)

Fig. 3.1. Frequency response curves of first order recursive

filter networks.

If the filter is implemented as in Fig. 3.2, then we should make sure
there is no overflow in each of the adders. This could be controlled by the
scale factor, K, which determines the gain. K must be just low enough that
it avoids overflow, ensuring linearity and at the same time large enough

that the dynamic range is not affected.

Y(Z)

X(Z) —>} K iy
+

Fig. 3.2, A configuration for implementing a first order filter.
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To avoid overflow in the first adder, we assume A = 0, so that we

have only the first adder in the configuration.

M =K {( —) B>0

Moax = ¥ (35) B0

Then we have

(3.2.6)

(3.2.7)

Our aim is to restrict M to 1 by choosing K appropriately. This results

in
K=1-8B for B>0
K=1+8B for B<0

However in general when A # 0 we have

1 -A
max (1 -8B

for B>A

and

for B<A

(3.2.8)
(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

Therefore, we take the minimum of two values to avoid overflow. In other

words,
K= min {U - B), =2}
and K = min {(1+B),}—:%

(3.2.14)

(3.2.15)

which is the desired gain scale factor for first order networks.

3.3. Word Lengths

In general, there are three word lengths which are important in the

digital design of a filter. They are
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(i) The word length, C of the A/D cénverter. This is the word
length of data input to the filter. This determines, as discussed earlier,
the quantization noise in the A/D converter.

(ii) The word length, M of data when it is processed through the
digital filter. This is generally larger than the input word length, C.
The output of the A/D is appended with (M - C) zeros at the end to decrease
the effects of repeated truncation and/or rounding during the computation.
M is known as the computational word length.

(iii) The word length, N of the filter coefficients. The value of
N depends on how precisely the coefficients have to be represented.

Input data word length, C. Two main considerations determine the

value of C. These are as follows:

(a) accuracy at the input is one of the tﬁo factors to be considered.
Let the minimum detectable level of the signal, which is also known as the
threshold of the signal, be designated by xth’ If the saturation level, which
is the maximum analog input to the converter, is represented by xsat then the
totai number of quantized levels, N, is given by

N = smallest integer greater than (X /xth) {3.3.1)

sat
The number of bits required to represent N levels is

Cy; = log2 N* bits (3.3.2)

1

The input word length C is C1 plus one sign bit. Therefore

X

C=1+C; =1+ log, (xsa") (3.3.3)
th

(b) as explained in Sec. 2.4, the quantization error which when

treated as additive white noise has a hoise power of

*Al1 word lengths are rounded off to the smallest integer greater than the
value obtained on the right hand side of the equations.
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— 2

2.9
Nq =33 (3.3.4)
Xeh 1 . ‘
where q = T = which is the quantum step. From Eqs. (3) and (4), it
sat ‘
follows that
- (Z'CI 2 -2+ 1)
Nq = —le = 2 '3 (3.3.5)
The noise figure, F, which is the signal to noise power ratio expressed in
db is'given by
s?
F=10 log — £3.5.58)
N2
q
where 82 is the signal power. Thus Eq. (5) yields
—2-2((:1 + 1)
F =10 log,, [3 52 ] (3.3.7)
solving for C = C1 + 1 we obtain
C_C+1=F=10105_§;f (3.3.8)
B | 20 log10 2 o

It is reasonable to assume the input signal amplitude has a zero-mean

Gaussian distribution with a standard deviation = 1/3. Then we have

s? = 1/9 (3.3.9)

Substitution for S in Eq. (8) results in

F+ 10 logm 3

C=

Thus the desired input word length, C, is taken as the maximum of the values

dictated by Eqs. (2) and (10); i.e.,



C = Max {51 + log2

sat,
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F+ 10 log10 3

7 ¥ [ P
e 20 log,, 2

*} (3.3.11)

For example, if the input signal is limited to ¥ 10 V and the threshold

voltage of 100 mV is assumed, then we have

C =

1+ log2 %91

7.644

Rounded off to the nearest integer, C is 8., If the allowed quantization

error gives a signal to noise ratio of 50 db, Eq. (11) gives

c=350+4.77
§.02
= 9.10
Now C=10
Hence C = Max {8, 10}

10 bits

Computational Word Length. To precisely represent the product of

two N bit numbers, we need 2N bits. However, in practice, we either trum-

cate this or round it off to N bits. Rounding results in less error compared
to truncation. It has been found that rounding is as advantageous as increas-

ing the word length by one bit. The transfer characteristics of both trun-

cation and round off are shown in Fig. 3.3 [1].

Output |, x2™ " Output
* I3
Magnitude {2
truncation jj
— ... -M x2 M
=3-2 -1 112 34 Qy,
: = —"Input - I
= =2 ____Value T-2 —> lnput
T -3 truncation ~3
L _-4 i-“

Fig. 3.3 (a).

Input-output
relation for truncating.

Fig. 3.3 (b).
relation for rounding off,

Input-output
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These figures illustrate that both rouuding' and truncation are highly non-
linear operations. However, the input-output characteristics resemble that
of an A/D converter (Fig. 2.6) very closely. Hence these can also be treated
as quantization error. It is also found that truncation or round off distor-
1;i0n can be assumed as an additive noise that is uncorrelated with quantiza-
tion noise as well as with the input signal. Non-linearity introduced by the
rounding off might affect the stability of the filter. It is instructive to
first study how round off considerations dictate a particular minimum compu-
tational word length.

For the simple first-order filter H(Z) = the round off

1
-l
1 - Bzt

operation is represented by the quantizer, Q, as shown in Fig. 3.4 (a).

X(n) +@ y(n) X(n)E; y(n)
Q B I J B z-1

Fig. 3.4 (a) Fig. 3.4 (b)

Noise source equivalent of round off error.

The quantizer can be replaced by an equivalent noise source as shown in

Fig. 3.4 (b). The noise input sequence, e(n) is assumed to be independent
from sample to sample. We also assume that it is a zero-mean variable with
a variance of Ge 2. The output due to the noise, Ye (n) is found convolving
the input sequence with the impulse response, h (n) of the filter section

from the noise source to the output.
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n
Ye(n) B:Eo h(m) e(n-m) (3.3.12)

The variance of the round off noise at the output of the filter can be

computed as

n n
E [Y’(m)] =E [, 5 h(mw-h(Ke(m-me(n-K)] (3.3.13)
m=0 k=0

n n
= Y ¥ h(m)h(KX) E[e(n-m)e(n-K)] (3.3.14)
m=0 k=0

Since the noise sequence is assumed to be uncorrelated from sample to sample,

E [e(n-m)e(n-K)] = ‘J_e-2 m=K
= 0 m# K (3.3.15)

Then Eq. (14) becomes
n
E[Y’()] = X h’(m) Oe ? (3.3.16)
m=0

The steady state variance of the round off noise at the output; fn o is

obtained from Eq. (16) as follows

6n 2= 1inE [Y2(m)]
T = O

<«
=02 ¥ n’m _‘ (3.3.17)
m=0

o |
The quantity 2, hz(m) is called the noise gain of the filter. It can be
m=0

computed using Cauchy's residue theorem as follows
i
Noise Gain, NG = Y. h“(m)
m=0

=3 H(z) Hz™ Yz (3.3.18)
residue inside
the unit circle
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If M computational data bits are used in the filter mechanization, the

variance of the noise generated by a multiplier round off is

i
m 12
2-2(" + 1)
= 3 (3.3.19)
3 2-2(" + 1)
e) = ——5—— NG (3.3.20)

If we assumed the same signal as in the case of the A/D converter, then the

signal to noise ratio in the case of round off is

? ,22(M + 1)

F=10 log — = 10 log,, [ (3.3.21)
— 10 3 . NG
0

Solving for M + 1, the required number of bits is given by
M+1=(0.8+5 +312 105 0 (3.3.22)
’ 6 6 10 e

Example. For the first-order section represented by

H(Z) = _1__1
1 - BZ
s &
Z-B
The impulse response
h(n) = z‘l[ H(Z)]
= Bn

Thus noise gain for the filter is obtained as
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o

2
NG ;, h?(m)
o0
=S g2®

m=0

1
1 -B

F (3.3.23)

If F is specified to be 35 db and B = 0.75, then we have

M+ 1= (0.8+35) + > log ——
1 - (0.75)

= 7.23
Thus M + 1 = 8 meets the requirements.

Another factor that needs to be considered for determining M is the
phenomenon of limit. cycle oscillations. This phenomenon occurs only in
infinite impulse response or recursive networks. This concept is explained
by the following example. Consider the first-order filter

Z
H@) = 7795

whose impulse response is given by

h@T) = (0.5, n=0,1,2 . .. (3.3.24)

The difference equation that represents the output of the filter is

Y(aT) = X(@T) + 0.5 [Y(a-1)T] (3.3.25)
Suppose X(0) = 0.75
and X(@T) = 0 for np 1 (3.3.26)
Then Y(T) = 0.5Y [(a-1)T ]  for n3.1 (3.3.27)
i.e., Y(T) = 0.5 Y(0)
= 0.5 x 0.75

= 0.375
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Y(2T) = 0.5 Y(T)
= 0.5 x 0.375
= 0.1875
similarly Y(3T) = 0.09375
Y(4T) = 0.046875
Clearly gigg(nﬂ =0

However, a practical digital filter implemented with input word length 3 and
computational word length of 4 yields the following outputs on rounding.

K=0.5= 0.102

Y(T) = 0.5 x 0.75

= 0.10 x 0.110

= 0.01100

= 0.011 (after rounding)

Y(2T) = 0.10 x 0.011

0.010

Y(3T) = 0,10 x 0.010

= 0.00100
= 0.001

Y(4T) = 0.10 x 0.001
= 0.00010
= 0.001

Y(5T) = 0.10 x 0.001
= 0.00010
= 0.001



