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INTRODUCTION

Queulng theory involves the formal study of units arriving
at some facility which services these units. The origin of
queuing, or waiting-line, theory dates back to the early 1900's
when A. K. Erlang developed telephone-traffic theory while
working for the Copenhagen Telephone Company. Since that time,
queuing theory has been applied to a wide wvariety of problems
such as the landing of aircraft, the loadlng and unloading of
ships, the timing of traffic lights, the design of automcbile
parking areas, the design of taxi walting areas, the scheduling
of patients in clinics, the processing of x-ray films, the
péssage of travelers through customs, the servicing of machilnes,
and various aspects of the computer and teleprocessing fields.

Queuing theory attempts to solve problems that occur
because of a fluctuating demand for a service to be performed
over a period of time. Problems may arise because of too much
or too little demand on the facilities or because of too few or
too many facilitles. In-the case of too much demand on the
facilities or too few facilities to meet the demand, a waiting-
line forms. Too little demand or too many facilities results in
i1dle facility time.

There are costs associated with both waiting time and
idle time. Sometimes the actual costs assoclated with waiting
time are difficult to calculate, since the monetary cost of
inconvenience and congestion is intangible. But often an

estimate of direct costs can be made. A restaurant can estimate



how many customers 1t loses because customers refuse to wait in a
long line, and multiply this number by the average customer bill.
The costs associated with idle facilities in terms of personnel
and equipment are obvious.

One would like to obtain some optimum balance between the
costs assocliated with waiting time and the costs associated with
idle facility time. If the service facilities are fixed, some
scheduling of the flow of units may be possible. An example of
this situation is found in a study, made by the New York Port
Authority, of automobile traffic through tunnels around Manhattan
(11). The objective was to find some method of increasing the
number of cars going through a tunnel in a given interval of time
and, particularly, to try to eliminate the back-up of cars found
in heavy traffic at the junction of the level part of the tunnel
with the upgrade at either end.

Obviously, the facilities were fairly well fixed since
the problem would have to become acute before building another
tunnel would be Justifled. Therefore, a scheduling of the flow
of units was tested. A computer program was written which
accurately simulated the tunnel traf©ic, and then the effects
of various speed limits and limits on inter-car spaci - were
tested. Indeed, 1t was found that it was possitle to obtain
more throughput if, instead of allowing the cars to enter the
tunnel as fast as they arrived, the flow of cars were interrupted
every so many cars and traffic were sent through in "platoons™".
Of course the optimum platoon size and inter-platoon distance

had to be chosen correctly.



On the other hand, if the flow of unilits is not subject
to conftrol, then one tries to find the proper combination of
personnel and equipment. An example of this technique is fcund
in another study conducted by the New York Port Authority (5)
concerning delays at toll booths at Port Authority tunnels and
bridges. The result of this study was a recommendation of the
optimum number and schedule for the toll collectors and the
number of toll booths needed open at any time of day.

It may be possible to exert some control over both the
flow of units and the available facilities. 1In this case, one
seeks to schedule the flow of units and to provide the proper
combination of facilities in order to minimize the over-all cost.

Whether one is studying the flow of automobiles in a
tunnel, of customers in a supermarket, or of messages in a tele-
communications system, common terminology and elements of study
exist. One purpose of this paper is to acquaint the reader with
queuing theory terminology, the four basic elements of any queuing
situation, and the measures of congestion which may be examined.

Ideally, given these elemehts and their Interactions,
any of these systems could be represented in mathematical terms
and the appropriate analyses applied to determine the expected
effects of various modes of operation. In reality, however, it
is often impossible to carry out such an extensive analysis.

This is due in large part to the fact that the theory has not
progressed beyond the point where easily manageable solutions are

available for more than a few idealized systems.



The theoretical background and analytical solution through
the use of differential/difference equations are presented for one
of these idealized cases, the single-queue case with random
arrivals and random service. The formulas for certain measures
of congestion are presented for some of the other solvable
gqueuing situations.

A study of these idealized problems should help one
develop an insight into the character of gqueulng action. In some
cases, it will provide upper bound and reasonableness checks for

more accurate computer simulation, another topic of discusslon in

this paper.



THE ELEMENTS OF A QUEUING PROBLEM

A waiting line or queue occurs when a unit arrives at some
busy service facility. In order to study .his queulng situation
one must first of all state the problem in a logicr: fashion.

This Involves a forma’® description of the situation and an
enumeration of the results desired.

Before proceeding further some terms will be explicitly
defined, since many definitions are not uniform in the literature.
For example, some authors use the terms "queue" and "waiting line"
to represent different phenomena while others use them inter-
changeably. In this paper the term walting line will be used to
denote those items actually waiting in line and will not include
any items being serviced. A walting line will be considered to
be only part of a queue which will refer to all items in the
system. '

A service faclility is alternatlvely referred tc as a
server or as a channel. Each of thesec terms refers to the personfs)

i/or piece(s) of equipment providing the service.

In developing a model of the queuing situation c¢-rtain
assumptions must be made that specify it completely. T e four
basic areas of concern or elements of any queuing problem are
the system's input, the walting lines, the service channels, and

the system's output.



The System's Input

The system's Input is the area which is concerned with how
units arrive and become part of the systeni. Once the unit becomes
a part of the system it is zenerally called a "customer". The
customers come from a population of potential customers. Usually
each member of the population is considered to be functionally
independent of all others.

One important characteristic of an input source is the
population size, that is whether it 1s considered to be finite or
infinite. 1In general the smaller the source or population, the
greater 1s its effect on the arrival rate. If the population is
assumed to be Infinite, it is obvious that the supply of potential
cugtomers could never be depleted. Although a population is known
to be finite, sometires it may be assumed to be infinite if its
behavior more closely resembles fhat of an infinite population.

The second important characteristic of an input source
is the arrival rate. 1In order to describe the customer arrivals
at a queue, some pattern must exist. It 1s posslible that
customers arrive at constant intervals, say one every twenty
seconds. This would be the simplest pattern but 1s one which
occurs infrequently. Usually the arrivals are somewhat irregular
or variable. Because of this irregularity, arrival patterns are
usually described in probabilistic terms in elther of two basic
ways. One way of doing this is to state the probabllity of a
specific number of arrivals per time unit. The other is to state

the probability that the time between arrivals (the interarrival



time) is less than a particular time t in the form of a probability
distribution.

The arrival pattern most commonly used in queuing applica-
tions 1ls that of completely random arrivals. It 1= also the
simplest to deal with mathematically. Let a denote the mean
arrival rat- or the average number of customers ar ' ving in each
unit of the time interval T. That I3, if T is measured in
seconds, a is expressed as customers per second. The mean
arrival rate, a, is sometimes referred to as the'traffic rate
and in some of the literature is denoted by A instead of a.

Let At denote a small increment in time. Then the following
assumptions must hold 1f the 1nput traffic is to be cor:sidered
completely random:

1. The numbers of arrivals during non-overlapping

time intervals are always independent. Thus
neither is the arrival of a customer influenced
by past arrivals nor does it affect future arrivals.
2.  The prébability that more than one arrival occurs
in a given time At 1s negligible when compared with
the probability of a single crrival, for small At.
This probability 1s denoted by o(At) where o (At)
denotes an infinitesimal of order higher than that
of At.
3. The probability that an arrival occurs in At is
approximately proportional to At when At is small,
P(one customer arrives in any At) = aAt + o(At).

This implies that the traffic load must be independent



of time and that peakling conditicns must not be pre-
dictable within the time span being studied. If it
is known when peak-period traffic occurs, that
particular span of time may be studied independently.
Now divide t, a time period of fixed length, into m inter-
vals of length At and let Pk(t) denote the probabllity of exactly
k arrivals in t, for all values of k = 0, 1, 2, ... . Cox (6)

outlines the following method of deriving Pk(t).

alht + 6(At)

Pl(At)

PO(At) 1 - aAt + o(At)

Therefore, by the binomial probability law,

P (t) = lim m! (aht+o (8t))¥(1-ant+o(at) )™k
At =0 k!im—kj!

Since t=mAt, At=t/m and m=t/At; therefore as At >0, m»=,

Thus,

P (t) = lim m! ak_if(l_g_g -k
™ K (mek) 1 m¥ o
_ () 1im _ mr 1im (1_§3 ~k
k! mi= mk(m—k)! m-+ m



Now, for fixed k

lim m! 1im m. (m=1)+... - (m=(k-1)) (m-k)(m-(k+1))+ ... 1

R mk(m—k)! = m-mk—l'(m—k)(m-(k+1))-...'1

- lin (m=l)(m=2). . (e=tet) )
22 () ()

Also,

Hence,

-at

)k
e gy adll, E=B, Ly By v

(at
k!

Pk(t) =

This is the Polsson distrlbution with b cth mean and variance of at.
As stated befeore, an alternate way to describe the arrival
pattern 1s to glve a probability distribution F(t) that the time
between arrivals is less than a particular time t. This is known
as the interarrival distribution. If a 1s the mean arrival rate,
then 1/a is the mean interarrival rate or the mean arrival time,

Ta.
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If the input process is Poissdnian, then Po(t)=e"at.
The probability of no arrivals by time t is equivalent to the
probability that periods of time between events will exceed t.
Therefore,

P(interarrival time <t) = F(t) = l-e
This is referred to as the exponential distribution. The density
function F'(t) equals ae_at. Note that this is a continuous
distribution in time whereas the Poisson 1s discrete.

The Polsson or exponential distributions of arrivals are
likely to be par’ .cularly good approximations when the customers
are drawn from a large population all of whose members behave
independently of one another. Flagle (10) states that it is
demonstrable

..that as the divergence of events from scheduled
times becomes great relative to the interval between
scheduled events, the statistical properties of the
phenomenon rapidly converge upon those of the Poisson
process.

Indeed, the Poisson process may be looked on as the disintegration
of a scheduled process.

If the pattern of arrivals is considered to be regular,
it is usually assumed that customers arrive singly at equally
spaced intervals 1/a. The rate of arrival of customers is a
p: - 'nit time.

Of course, many other types of arrival patterns may occur.
Those discussed by Cox (6) include general independent arrivals,
regular arrivals with unpunctuality, aggregated arrivals, complex

deterministic arrivals, discrete-tlme arrivals, non-stationary

arrival patterns, arrivals correlated with other aspects of the
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system, and arrivals in a continuous flow. But, as he states (6),

p.18,
...The completely random and regular patterns are
the most commonly used in applied mathemat’cal work and

iv is only for these that mathematical solutions of any

generality can be obtained; other arrival patterns usually

require special investigation.

A check to roughly determine whether test data has a
Poisson character is given in (1). It uses the squared coeffi-
clent of variation, Ce=variance/mean2. The following criteria
are suggested:

0.0<02<0.7.: arrivals tend to be evenly spaced;

0.7<02<l.3 : arrivals approximateiy Poisson;

l.3<C2 : arrivals tend to cluster.

The mean for the exponential distribution is 1/a and the variance
is l/az. So 1t can be seen that in this case CZ=1.

Furthermore, (1) states that congestion becomes more
acute as 02 increases. Actually, an assumption of random or
Poisson arrivals gives "worst-case" estimates for the behavior
of queues with more regular arrivals. On the other hand, it will
underestimate queues with clustering arrivals. This assumes the
same mean arrival rate in each case.

The distribution of the system's input may be complicated
by many factors which should be taken into consideration. Some
control may be exerted on customers before their arrival. For
example, an airport might notify incoming airplanes of inclement
weather and ask them to take various courses of action. A unit

might balk (nut j2in the queue) if it sees that the line is too

long. If there is more than one waiting line, the method of
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choosing which one to join is important. Maybe the shortest line
is joined or perhaps one 1is chosen at random, regardless of size.
One might find collusion of customers over whether to join a line
or which line td Join. If a unit does not Jjoin a waiting line,
it would be important to know whether it is entirely lost to the
system or whether its entry i1s delayed for a certain period of

time.

The Waiting Lines

Once a waiting line has formed, there are further proper-
ties of the line and customers to conslider. Even after a customer
Joins a line it might be possible for him to renege or leave the
system if he becomes impatient. Many times the walting line
has an upper bound on its length. In analysis, however, an
infinite waiting area is often assumed and then probabilities
for exceeding various finite levels are estimated.

Another characteristic of the waiting line to consider is
referred to as the queue discipline. This is the rule by which
the next customer is chosen from tﬁe waiting line to be serviced.
The most common discipline i1s service in order of arrival or
first—in/first~out. Other common disciplines include last-in/
first-out and random selection. Customers may have assigned
priorities, priorities which change, or preemptive priorities.

Other less common disciplines are also mentioned in the literature.
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The Service Channels

The service channels or servers also need to be described.
2f course, one needs to know the number of channels available at
any given time. If mrre than one channel is »resent, the zrrange-
ment of channels must be known. The channels may be in parallel,
in series, or in any combination of these.

Service may be intermittent because of the server some-
times being unavailable. However, in this paper the assumption
is made that a server is always present. A server is said to be
idle if and only if there are no customers to be served. If the
server is 1dle and a customer arrives, service begins lmmediately.
Upon completion of the service, the next service begins immediately
if a customer is waiting. Otherwise the server is again idle.

The most important characteristic of = channel is the
amount of time which the customer spends in the channel., This
is called the holding time or sefvice time. This service time
may vary from customer to customer and, as In the case of the
arrival pattern, is described by a probability distribution, H(t).
In the great majority of cases it is assumed that the holding times
of different customers are mutually independent, ldentically
distributed random variables. H(t) denotes the probability that
the service time is less than a particular time t. The average
number of customers serviced per unit time is s. The mean service
time p is the average time required tc service a customer, 1/s=u.

As with arrival rates, a great mathematical simplification
can be made if the individual service times can be assumed to be

distributed completely randomly. Under such a constraint the
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three assumptions listed previocusly for random arrivals would hold
for individual service times. In most practical applications, the
service distribution is not exponential. However, an assumption

St, usually

of exponentially distributed service times, H(t)=1l-e~
represents a worst-case assumption (1). Therefore, it is still
often used because of its great simplification in the form of
solution.

In (1) there is an explanation of how the assumption of
exponentially distributed service times results in simplification
of analysis. Let

H(t) = P(service time<t) = j-g~ 5t
Then

~RE , with mean equal to 1/s.

P(service time>t) = e

Now assume that a service has been given for to units of
time and let r denote the remaining time servire is to be given.
Let S equal the total service time so that S=t0+r. One wants to
find the mean of the remaining service time. The distribution of

r is given by the conditional probability

] ]
P(r>t [s>to) P(r+t >t +to|S>to)

= P(S>t‘+to and S>to)
P(S>t67

]

P(S>t'+to)
T
P S>t0

- T
- e s(t +to)

e~5%,

2 e—st'
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It is seen that the distribution of the remalning service
time 1s the same as the original distribution, and the mean
values are the same. This means that given a mean service time
of 1/s, no matter how long a particular service has been in
progress, the mean remaining service time 1s still 1/s. The
simplification in analysis comes from that fact, namely, that a
process governed by the exponentlal distribution 1s not affected
by what has occured in the past and its future is affected only
by its present state;

Although arrivals can often ue approximated by a Poisson
distribution, service times can rarely be realistically approxi-
mated by an exponential distribution. If the queue is simple
(one server) and has a generalized service distribution, some
mean queue statisties may be derived whiech depend only on the
first two statistical moments of the service distribution.

This type of analysis was first done by Pollaczek and was sub-
sequently simplified by Khintchine. Therefore, the formulas are
usually known as the Pollaczek-Khintchine formulas.

The squared coefficient of.variation, C2=variance/mean2,
can also be used with service distributions to determine what
type of analysis is applicable. If service is constant, the
variance is zero and, “herefore, C2 equals zero. If service 1is
exponential, as before, 02 equals one. If 02 is greater than one,
the general or arbitrary service theory should be used.

Ir 02 lies between zero and one, there is a specilal

service distribution which may be used (1), the Erlang-m distri-

bution. It is actually a family of functions known as Erlang



distributions with parameter m. It 15 so named because Erlang
used the functions in his studies of telephone traffic. The
general form is

P(service time<t) = F _(t:

il
=
|
o

[
-
jw)
Il
0
=
ct
2
8
[
=
-
n
-

Hence

= 1_a—8t
Fl(t) = l-e

A constant results if m is infinite. As m increases from the
value of one, more and more of the probability masses about the
mean value 1/s.

The density function is then given by

The first and second moments may be obtained by a progressive
integration by parts. The first moment is 1/s and the second
moment is (m+1)/52m giving a variance of l/s2m.

‘The squared coefficlient of service variation for the

Erlang~m distribution is

2 _ varliance _ s.-2
¢ = 5 % 3
mean s™m

16



17

Therefore, given the mean and variance of the service times, cone
can determine the order m of the Erlang distribution that approxi-
mates most closely a given distribution (1). It should be
remembered thezt the Erlang distribution 1s not wvalid if 02 1is
greater than one.

There are several other more complicated ways of stating
the service time or time spent in the channels. Some of these

are speclal Erlangian and gamma type distributions. Others

take into account customers of several different types.

The System's Output

The system's output 1s a result of all the previously
discussed elements plus any ad:. .ional factors.jnherent in the
output process itself, if such _..ut. In the simplest case,
with » -ingle server and first-in/first-out queue discipline,
the system': output can be determinzd from the arrival and service
distributions. As the system becomes more complicated, the
system's output will be influenced by the growing number of
factors.

The process of a unit leaving the system may in itself
become more complicated. For example, the customers leaving the
system may back-up and disrupt the servicing process. There may
be some cycling of customers with scme of the system's output

again becoming part of the system's input.
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MEASURES OF CONGESTION

Certaln measures of congestion drawn from statistics are
required to describe the effects of a queuing system under a
fluctuating traffic load. The simplest measure of congestion

is the concept of traffic intensity. It 1s defined as

mean arrival rate _ mean service time for customers
mean service rate mean arrival time for customers

a
s

This dimensionless ratio, called an "erlang" in honor of
A. X, Erlang, is equal to the total expected service time per
unit time. 7

As explained by (1), aT customers are expected to arrive
in a long time interval T. Each of these customers requires a
service of mean time 1/S=Ts' The total expected time to sequen-
tially service all the expected customers is aTTS. The ratio
of the total expected service time per unit time may be obtained
by dividing by the length of the period T, resulting in aTs or a/s.

If this ratio is greater than one, customers are arriving
faster than one server can serve them. It can be seen that the
traffic intensity of any queuing system identifies the minimum
number of servers required to handle a given traffic system with
no loss of customers.

In order to generalize the above discussion of traffic

intensity to compensate for systems with loss of customers or
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with multiserver facilities in which traffic is evenly divided
among the servers, another closely related ratlio may be intro-
duced. It 1s the server utilization, denoted by p, and measures
the fraction of time th~t a single server is busy.

p = a'TS = a'/s

The variable a' is introduced which represents the
traffic rate ofrcustomers actually served iy the server. It
will be less than or equal to a, the total arrival rate of
customers to the queue. 1In a single-servef system with no loss
of customers, a' equals a. Indeed, much of the literature
defines p=a/s. In a system in which traffic is evenly distributed
among ¢ servers, a'=a/c.

Empirically, p is restricted to a value less than or equal
tq one, since it 1s physicallr ‘mpossible for a server to be
more than 100% busy (p=l). As the rate of traffic passing through
the system, a', lncreases, so does the server utilization and
customer congestion. That is, the waiting line and, consequently,
customer walting time, becomes longer.

The theoretical maximum input toc a single-server, no-loss
queue would bellfTS=s, or the mean service rate. However, waiting
lines become gquite large near system saturation and grow without
bound when p=1. As (1) points out, practicality usually limits
the input for a single server to 70-90% of the thecretical
maximum.

These two ratios, traffic¢ intensity and server utilization,
provide rough measures of the reasonableness of a system's capacity

for handling given traffic loads. They provide a limit beyond
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which the system cannot operate unless corrective action is taken.
However, they do not provide a direct measure of how well a system
is operating within rated limits.
Saaty (18) gilves an extensive list of meas'..cments that
could be important in studying a queuing system. It includes,
in zJdition to those mentioned previously:
(1) the probability that the number of customers in the
walting line or in the system equals n,
(2) the mean and variance of the number of customers in
the walting line or in the system,
(3) the distribution of the time spent in the waiting
line or in the system,
(4) the mean and varianc- _ the time spent in the
walting line or in tr= system,
(5) the probability that the waiting time is longer or
is not longer than a given period of time,
(6) the probability that there is someone walti..,,
(7) the mean length of a busy period,
(8) the ratio of the mean waiting time to the mean
service time,
(9) the probability that not more than a certain
number of channels 1is occupied,
(i) the mean number of idle channels,
(11) the probability of a lost call.
It is not within the scope of this paper to study all of
these measures of cohgestion. The two areas of greatest practical

interest are the number of customers in the queue and the amount



of time a customer spends in the system. In particular, this
paper examines the probability of any specified number of
customers in the queue or in tiie waiting line alone, and the
mean and variance of the number of customers in the queue or in
the walting line. It examines the mean and variance of the
queulng time and waiting time and the probability that the
queuing time and waiting time are less than some specified

amount.

2l



