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CHAPTER 1

INTRODUCTION

The mathematical models which represent the complex
blending of biological, chemical, and physical factors are
not simple. In general, they must be represented by complicated
differential equations, and these equations cannot be solved
analytically when a fairly complicated system is involved. In
order to establish these equations, the reaction and diffusion
rate constants must be estimated from the actual experimental
data., In other words, these constants or parameters must be
estimated directly from the set of differential equﬁtions
based on the measured concentrations with respect to tiﬁe or
space. This estimation problem forms a two-point or multipoint
nonlinear boundary-value problem in which the conditions are
not all given at one point. This type of nonlinear boundary-
value problem is subtle and diffcult to solve.

The purpose of this work is to use two powerful technigues
which have been recently developed for obtaining numerical
solutions to water resources problems of the boundary-value
type. Quasilineavization and invariant imbedding represent
two completely different apprcaches to these problems., The
quasilinearization technique, also known as the generalized
Newton~Raphson method, represents an iterative approach
combined with linear approximations; while the invariant

imbedding approach, or the invariant principle, reformulates



the original boundary-value problem into a family of initial
value problems by introducing new wvariables or parameters.

Emphasis is placed upon computational instead of
analytical aspects throughout this work. Most of the
discussions are concerned with the actual convergence rates
and computaticnal requirements., Various numerical examples
are solved and detailed computational procedures and results
are given. General discussions concerning the stream quality
models are also given but are not in detail,

In Chapter 2, the quasilinearization technigue is
introduced; the generalized Newton-Raphson formula, and the
principle of superposition are discussed briefly.

Chapter 3 is devoted to the application of the quasi-
linearization technique to various estimation problems in
stream quality modeling. Many details concerning the
computational procedure, and the convergence rates of the
results are given in this chapter. It is shown that the
quasilinearization technique appears to be a powerful tool for
the stream quality modeling.

The invariant imbedding approach is described in Chapter 4,
In this chapter, not only the basic concept but also the non-
linear filtering theory is discussed.

In Chapter 5, the invariant imbedding approach is applied
to solve some boundary-value problems which result from the
identification or estimation of both state and parameters in

dynamic stream pollutlon modeling,



CHAPTER 2

QUASILINEARIZATION

2.1 INTRODUCTLON

The quasilinearlzation techniqua,.also known as the
generalized Newton-Raphson method was developed by Bellman and
Kalaba [4, 5y 8], and has been applied extensively to various
chemical engineering problems by Lee [20—23, 26] for obtaining
numerical solutions of two-point or multipoint nonlinear
boundary-value problems, Lee and his co=-workers have also
extended the application of the technique successfully to
various problems in the fields of industrial management systems
(18, 38), applied mechanics [27], water resources research
(28], etc.

Conceptually, the quasilinearization technique, is very
similar to the Newton-Raphson root finding method; however,
the unknowns to be determined in this teclhnigque are functions
and are not fixed values (roots) as in Newton-Raphson method.
Thus, both the computational and theoretical aspects are much
more complicated,

In general, most engineering problems are nonlinear
boundary-value problems whose numerical solutions cannot he
obtained easily, and there is a need for a method which can
solve this type of problem efficiently. However, there are
noe severe difficulties in solving linear boundary-value

problems, so whenever a nonlinear boundary-value problem is



encountered, there is a natural temptation to try to
linearize the nonlinear problem. However, the approximate
linearized equations are often unsatisfactory for many
application purposes. By the use of the quasilinearization
technique, not only the original nonlinear equations can be
linearized, but even more important, a seguence of funétions
which converges rather rapidly to the solution of the original
nonlinear equations can be provided.' For most practical
problems, an initial approximation for the unknown function
can be obtained from engineering experience and intuition,
With this initial approximation, the solution of the original

equations can be obtained through a sequence of functions,

2.2 GENERALIZED NEWTON-RAPHSON FORMULA
To apply the quasilinearization techmnigue, consider the

following general system of nonlinear differential equations

dx,
aﬁg fi(x.l’ x2, e e o 9 JCM, t) (2I1)

= by By o5 Me

where the Xy represents the dependent variable and t is the
independent variable, In vector form, this system of

equations can be represented by

(2.2)
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whore x and f represent M-~dimensional vectors with components

X1s Xp9 P xy and £, £,, ..., £, respectively. Eq. (2.2)

can be linearized by the recurrence vector equation [8, 20-23].

dx
o = £ 8) ¢ 300 (g = X (2.3)

where §k+1 and X1 represent M-dimensional vectors with

components x1’k+1, xz'k+1. se ey xM,k+1 and x1,k’ xz’k es vy

Xy, k! respectively. The Jacobian matrix £(§k) is

o8, of, . of
Xk %k XM,k
°f, . of, of,
X1,k 2,k Xy x :
J(x,) = N (2.4%)
Ty Ly, Pty
i 9x1,k Qxa,k gxM,k 1K

Note that Eq. (2.3) is essentially the Taylor series expansion
with the second and higher order terms neglected, If Xy is
assumed to be the known value and is obtained from previous

calculations and x . is the unknown value, Eq. (2.3) will

always be linear.



2.3 PRINCIPLE OF SUPERPOSITION

In general, it is not an easy task to solve a two-point
or multipoint nonlinear boundary-value problem. However, if
the performance equations are linear, the superposition
principle can be used [20-21].

Assume that the boundary conditions 7or Egq. (4) are

' b &
xj,k+1(tf) = X Jiu Ty By snwyg m (2.5a)

xp 1e01 (o) = xp L = mel, ms2, «.., M. (2.5b)
Now consider how the system of Egs. (2.3) and (2.5) can
be solved. Generally, the system cannot be solved in closed
form, IHowever, since Eq. (2.3) is linear, the system can be
solved numerically by the use of the principle of superposi-
tion; and a numerical integration teclhnique such as the
Runge-Kutta integration scheme [20, 35] for initial value
problems can be used, It is well known that for M simultaneous
linear equations, their general solutions can be represented
by one set of particular solutions and M sets of homogeneous
solutions [20-21]. Thus, the general solutions of LEq. (2.3)

are

M

X1 (B) = X5 4 (B) + SE% a4 k1 3ng,xe1 (B (2.6)

& £
tO £t £ tf



where x (t) and x

(t) are M-dimensional column vectors
~pyk+1 1

hj,k+
with components x1p,k+1(t)’ x2p,k+1(t)’ PR pr,k+1(t) and
x!hj,k+1(t)’ x2hj,k+1(t)’ ooy xth’k+1(t), respectively., The

aj,k+1’ =1, 2, +++3 M, represent the M scalar integration
constants to be deterimined from the boundary conditions.

The one set of particular solutions and M sets of
homogeneous solutions must be obtained numerically. However,
since they can be any solutions of Eq. (2.3) as long as the
homogeneous solutions are nontrivial and distinct, any set of
initial conditions can be used to obtain the particular
solutions; and any M sets of initial conditions, as long as
they are nontrivial and distinct, can be used to obtain.the
M sets of homogeneous solutions, :Furthermore, if these M+l
sets of indtial con&itions are chosen in such a way that they
satisfy the given initial conditions as given in Eq. (2.5b),
only m sets of homogeneous solutions are needed with m

integration constants, a 2y eee+y m, Thus,

j,k+1, J = 1’
Eq. (2.6) can be reduced to

m
i1 (8) = By 100 (B) ;1;1 5 ket Bug,uen (8 (2.7)

£ £
to £t £ tf
In vector form, the set of algebraic equations (2.7) can be

represented by



X (8) = a5p,1r.+1(1’) + ﬁh,k+1(t) Bk 1 (2.8)

where 5k+1 is the m=-dimensional integration constant vector

with components a1’k+1, a2,k+1’ o vy am,k+1, respectively.

The symbol x (t) represents the homogeneous solution

h,k+1

matrix

X1b1,k4e1(F) x1h2,k+1("’) cer x1hm,k+1(t)
Zont, 101 (8) Xonz, 11 (B) cee Xopp g 1 (8)

sth,k-i-'l(t) = . (2‘9)

Lxmh1,k+‘!(t) xmz,k+1(t) eesn x] ,k+1(t)_'

Once the particular and homogeneous solutions are

obtained, the integration constant, %k+1 can be obtained
from Eq. (2.8), With 2, ,1 known, the general solution

§k+1(t) of £q. (2.3) can be obtained., Once §k+1(t),

t,. £t £t is obtained, an improved solution vector

0 £?

§k+2(t) can be obtained., The procedure is continued until the

process converges and the desired accuracy is obtained,

2.4 DISCUSSION
In the quasilinearization techniquc, the solution of the
nonlinear equation is obtained by solving a sequence of linear

equations. In general, the solutions of this sequence of



linear equations converge rapidly to the solution of the
original nonlinear equation provided that the process converges.
The main advantage of this technique is that if the procedure
converges, its convergence would be guadratic. Quadratic
convergence means that the error in the current iteration

tends to be proportional to the square of the error‘in the
previous iteration. The advantage of quadratic convergence,

of course, lies in the rapidity of convergence.

The principle of superposition provides a fairly routine
procedure for solving the linear equations of the boundary-
value problems on modern computers, However, in spite of all
the advantages, the ill-conditioning phenomenon which is the
main difficulty encountered in the use of this technique can
make the superposition principle useless. Another difficulty
is the convergence problem, If the initial approximation is
not within the domain of convergence a solution generally
cannot be obtained. Further discussions of convergence

properties can be found in the literature [20].

/
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CHAPTER 3
STREAM QUALITY MODELING AND

ESTIMATION BY QUASILINEARIZATION

3.1 INTRODUCTION
Modeling and estimating the response of a river or stream
to any proposed pollution abatement action is one of the most
complex problems facing the sanitaryrengineers. The mathemat—
ical models which must represent é complex blending of
biological, chemical, and physical factors are not simple
and must be représented by complicated differential equations.
In order to establish these equations, the reaction and
diffusion parameters must be estimated from actual experimen-
' tal measurements., For a fairly complicated Syatem these
equations cannot bg solved analytically. Furthermore, the
reaction, diffusion, and mixing constauls cannot be measured
directly. They must be calculated from the measured change
of concentrations with respect to time or space. Thus, these
constants or parameters must bé estimated directly from the
set §f differential equations based on the experimental data.
In this chapter, the computational aspects of estimation
process by the gquasilinearlzation technique will be discussed
with respect to its application in stream quality modeling
and estimation. The estimation problem is treated as a

two-point or multipoint boundary-value problem.
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3.2 HYDROLOGICAL BACKGROUND

Water comes in contact with many different substances
during its natural passage from the air, over and through
the ground, through the various uses of the municipalities
and industries back to the stream, lake and to the sea, and
from there to the air again, In the surface runoff stage of
the cycle, water may carry with it soil, chemical contam-
inants, vegefation, and micro-~organisms., 1In the ground watexr
stage, water will contain many dissolved minerals; this is
usually the stage at which man encounters water,

Man's use of water for domestic, municipal, and industrial
purposes introduces a further degfadation of water quality.
The wasles disqharged into the stream from municipal and
industrial treatment plants generally consist of a large
variety of chemical compounds, of which a large portion is
bio-degradable and oxygen demandiﬁg. When this waste substance
is placed in a watercourse, it undergoes biocheinical oxidation
by micro-organisms for food. When sufficient dissolved oxygen
is contained in.the water, the dominant organisms are aerobic,
The dissolved oxygen is used to complete the oxidation
reaction, resulting in the production of carbon dioxide and
water. However, if there is dinsufficient dissolved oxygen
available, then anaerobic organisms predominant and end up
with undesirable products such as putrid odors, septic
conditions, and even fish kills, etc.

Bue to the fact that there are various oxygen-demanding
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organisms con*nined in wastes,and the importance of the
dissolved oxygen content of streams, it is therefore more
common to measure the "strength" of wastes in terms of their
biochemical oxygen demand (BOD) rather than to analyze for
the chemical constituents of the waste., For this reason
stream quality standards usually specify minimun dissolved
oxygen (DO) concentrations for the streams,

The dissolved oxygen content of a stream is generally
governed by two major factors: One is the utilization of
oxygen by biochemical oxidation, and the other is the supply
of oxygen by absorption of atmospheric oxygen, artificial
aeration, and photosynthesi: .,

The biochemical oxygen demand of the polluted water
consists of two reaction stages: The first is concerned
with the relatively earlier acting oxidation of carbonaceous
material, while the second is concerned with the later and
slower acting nitrification process. In practical cases,
engineering investigations are carried out using only first
stage demand., Thus, only the first stage demand has been
satisfactorily generalized in mathematical terus,

In the following section, the commonly used mathematical

models will be discussed.

3.3 THE MATUEMATICAL MODELS
The most widely used mathematical model of the dissolved

oxygen relationships in a sgtream is that proposed by Streeter
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and Phelps [40]. It is an one dimensional model and is in
terms of two competing parameters:; One is the biochemical
oxygen demand, and the other is the dissolved oxygen. The
model describes biochemical oxidation as a very simple first

order differentical equation

S= = -K,B | (3.1)

where B is the first stage biochémical oxygen demand in parts
pef million {ppm), t is the time in days, and K, is a reaction
rate constant for deoxygenation in clr:;n.’:,,r"'1 which depends not
only on the characteristics of the waste but also on the
watler temperature.‘

In the Streeter-Phelps model, the reaeration is also
presented as a first order process depending upon the

difference between the dissolved oxygen concentration, and

the saturation concentration:

dc

at = “Kp(s-C) (3.2)

where C is the dissolved oxygen concentration in ppm, S is
the satuation concentration in ppm, and K2 is the reaeration
rate constant in day".

By combining the rates of the two reactions, the resulting

equation in terms of the dissolved oxygen deficit is obtained:
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3% = KB - K,D (3.3)

where D = S - C,

The Streeter-Phelps formulation describes the behavior
of the dissolved oxygen concentration in a single reach of
a stream, It considers only the oxygen uptake of dissolved
organic material and the absorption of atmospheric oxygen,
but it fails to account for the effects of photosynthesis,
sedimentation, bottom scour, and surface runoff on the
dissolved oxygen balance,

Furthermore, since the capacity of the stream to
assimilate bio~degradable wastes is determined by such factors
as BOD and DO concentrations, stream flow and temperature,
and the physical and biological properties of the stream
that affect settling rates, reaeration, and BOD addition
due to runoff and scour, etc. A number of modifications
of this work have been proposed by several people {10], [13],
[30), [41].

In the present study, a modified Streecter-Phelps model
which has been developed by Camp [ 10] and Dobbins [13] is
cousidered.,

In addition to the tﬁo rate coﬁstants, deoxygenation
and reaeration, three more constants which represent the
BOD addition due to runoff and scour, oxygen production or

reduction by plants or bottom deposits, and sedimentation
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appear in the Camp-~Dobbins model, In the present case, Eqgs,

(3.1) and (3.3) become

dB

at = ~(K; + K3)B + R (3.4)

dbD

5t = KB - KD - A (3.5)
where B, D, K1, Kz, and t remain the same as in Egs., (3.1) and

(3.3), R represents the BOD addition rate due to runoff and
scour in ppm per day, A is the rate of oxygen production or
~reduction due to plant photosynthesis and respiration in ppm
per day, and K3 is the sedimentation and absorption rate
-constant in day'1.
The Canp-Dobbins equations do not satisfactorily describes
the complex biological, chemical and physical phencmena of
svreamms. However, they do account for the elfects of introduc-
tion of some unstable bio~degradable and oxygen demanding
wastes on the oxygen resources of streams, It is, therefore,
the model commonly used by state and federal officials as means

of water pollution control, Letting B, be the initial (t = 0)

o

BOD, the BOD concentration B, at any point (corresponding to a

t
time, t) downstream can be obtained by integrating Eq. (3.4).

B, = (B - _R };(I{1+I{3) -

O K+ ¥ Ko, (3.6)

Substdituting ' D i
ubstituting for By from Eq. (3.6), and letting D, be
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the initial oxygen deficit, Eq. (3.5) can be integrated to

determine the DO deficit D, at any point downstream.

t
K, R -(K1+K3)t -K,t
D, = (B0 - —) (e - e )
Kz-(K1+K3) K, +Kq
K =X.t =K.t
1 R A 2 2
'K, (K1+K3 - 1{1) (b=w "} +Bys " . (3.7)

A graph of Dt versus t results in the typical oxygen
"sag curve", shown in Figure 1. The point of maximum DO
deficit (or minimum DO concentration) is éalled the critical
point, The critical deficit Dc’ and the critical time tc,
occur at the critical point., In Region A, fhe rate of
deoxygenation exceeds the reaeration‘rate. While in Region
B, the reverse is true, Further discussions of water pollution
models, BOD and DC relationships in streams, can be found in

the references [14-15, 30-32, 34, 39, 41-42],

3.4 PARAMBTER ESTIMATION

The purpose of this section is to illustrate how the
gquasilinearization technique can be applied to the estimation
problems in stream quality modeling. A number of exanmples
are solved to illustrate the technique.

3.4,1 A Simple Estimation Problem

To illustrate th: approach, consider the simple

representation of strean quality proposed by Camp and Dobbins,
described earlier in Eqs. (3.4) and (3.5).

In actual experiumental sdituations, tie reaction rate



