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Abstract

An increase in distributed energy resources (DERs), particularly non-dispatchable vari-

able renewable energy (VRE) sources such as rooftop photovoltaic and small-scale wind

turbines, brings about new challenges to distribution system operators. DERs, such as

VRE sources, battery energy storage systems, distributed (conventional) generators, and

responsive loads, increase the complexity of the distribution system. Therefore, system

characteristics shift away from the previously passive system toward an active distribution

system. With an active distribution system, there comes a need for fair and transparent

pricing schemes, which reward DERs for reducing losses, voltage violations, congestion, and

imbalance of lines. Further, increased energy storage capabilities and demand-responsive

loads will help integrate the distributed resources by instantaneously balancing generation

and demand. These balancing actions must also be rewarded.

Therefore, a distribution locational marginal price (DLMP) mechanism serving as a price

signal for the economic dispatch of generation sources within the distribution system is first

proposed. Defined as the marginal cost to supply the next increment of power to a specific

location, this mechanism may encourage the acceptance of DERs due to the incentives arising

from nodal pricing. DLMP components for energy, loss, voltage violation, and congestion

for a linear approximation of the alternating current optimal power flow are leveraged in

this work. The proposed method also addresses VRE uncertainty using the data-driven

probability efficient point method. Numerical results show the DLMP mechanism can serve

as a tool to improve distribution grid conditions by encouraging or discouraging real and

reactive power consumption at specific nodes in the system. It is also demonstrated that

three-phase real and reactive nodal pricing allows for better control of diverse DERs in

active distribution systems. The DLMP is further used in a home energy management

system application that utilizes the blockchain for secure communication.



Next, an investigation into the impact of coupling the electricity distribution and drinking

water networks on the DLMP and efficient VRE integration is undergone. Water pumps

serve as demand-responsive loads that follow the available VRE generation. This technique

is achieved by using elevated water tanks to optimally schedule the water network operation

to meet water demands while improving grid conditions. A novel linear coordinated water

and energy model is formulated and validated on a coupled electrical distribution system and

water network. Results show the impact of coupling water and energy networks on the cost

of operation and the DLMPs. The inclusion of water tanks as alternative storage devices in

the electricity distribution network are shown to moderately reduce voltage violations, line

congestion, and VRE curtailments in a case with high VRE penetration.

Finally, unique demand response and storage solutions are identified within an agricul-

tural community microgrid that considers an electricity-run green ammonia synthesis plant.

The small-scale ammonia plant’s operational schedule follows the available VRE generation

to reduce VRE curtailment and improve grid conditions. Excess renewables in the system

can be stored as chemical energy in anhydrous ammonia. When the price of electricity is

extremely high, the proposed model accounts for a direct ammonia fuel cell that consumes

ammonia to provide electricity back to the grid. This work proposes a linear coordinated

operational model of an electricity distribution system and an electricity-run, green ammonia

plant. Case studies are performed on an agricultural community microgrid. Results indi-

cate the ammonia plant can adequately serve as a demand response resource and positively

impact the DLMP. Studies showed this coupling decreased electricity costs of the ammonia

plant by nearly a third, with ammonia profits increasing 17%.

This dissertation can serve as a tool for utilities implementing the DLMP market mecha-

nism in distribution systems. It can further assist with the operation of coordinated operation

of water and electricity distribution networks under uncertain VRE generation. Finally, agri-

cultural community microgrid operators can utilize techniques proposed in this dissertation

with the hope of increasing the vitality of small towns and rural communities.
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responsive loads, increase the complexity of the distribution system. Therefore, system
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system. With an active distribution system, there comes a need for fair and transparent

pricing schemes, which reward DERs for reducing losses, voltage violations, congestion, and

imbalance of lines. Further, increased energy storage capabilities and demand-responsive

loads will help integrate the distributed resources by instantaneously balancing generation

and demand. These balancing actions must also be rewarded.
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active distribution systems. The DLMP is further used in a home energy management

system application that utilizes the blockchain for secure communication.



Next, an investigation into the impact of coupling the electricity distribution and drinking

water networks on the DLMP and efficient VRE integration is undergone. Water pumps

serve as demand-responsive loads that follow the available VRE generation. This technique

is achieved by using elevated water tanks to optimally schedule the water network operation

to meet water demands while improving grid conditions. A novel linear coordinated water

and energy model is formulated and validated on a coupled electrical distribution system and

water network. Results show the impact of coupling water and energy networks on the cost

of operation and the DLMPs. The inclusion of water tanks as alternative storage devices in

the electricity distribution network are shown to moderately reduce voltage violations, line

congestion, and VRE curtailments in a case with high VRE penetration.

Finally, unique demand response and storage solutions are identified within an agricul-

tural community microgrid that considers an electricity-run green ammonia synthesis plant.

The small-scale ammonia plant’s operational schedule follows the available VRE generation

to reduce VRE curtailment and improve grid conditions. Excess renewables in the system

can be stored as chemical energy in anhydrous ammonia. When the price of electricity is

extremely high, the proposed model accounts for a direct ammonia fuel cell that consumes

ammonia to provide electricity back to the grid. This work proposes a linear coordinated

operational model of an electricity distribution system and an electricity-run, green ammonia

plant. Case studies are performed on an agricultural community microgrid. Results indi-

cate the ammonia plant can adequately serve as a demand response resource and positively

impact the DLMP. Studies showed this coupling decreased electricity costs of the ammonia

plant by nearly a third, with ammonia profits increasing 17%.

This dissertation can serve as a tool for utilities implementing the DLMP market mecha-

nism in distribution systems. It can further assist with the operation of coordinated operation

of water and electricity distribution networks under uncertain VRE generation. Finally, agri-
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Chapter 1

Introduction

This chapter introduces the concepts researched in this dissertation. It highlights the im-

portance and need of this research as well as provides the speci�c research questions and

contributions of this dissertation.

1.1 Background

Renewable energy generation, such as wind and photovoltaic (PV) technologies, have dras-

tically increased in the United States in recent years, as shown in Figure 1.1 [1]. Since 2009,

the generation and capacity of all renewables in the United States have steadily increased.

The facilitation of e�ciently connecting variable renewable energy (VRE) resources to the

grid is critical in combating climate change. Thus, providing a cleaner way to produce

electricity than current methods, which mainly rely on the burning of polluting fossil fuels,

such as coal and natural gas. Favorably, the United States has a plentiful resource of wind,

particularly in the Midwest, which is often called the \wind belt" and is depicted in Figure

1.2 [2]. Further, many states see a signi�cant amount of solar irradiance. In particular,

states such as California, Arizona, and Nevada and have begun building large solar farms to

harness this abundance of solar energy.

Such changes produce signi�cant challenges when matching the generation to the load, for
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Figure 1.1: United States yearly growth in generation and capacity of all renewables. Bor-
rowed from [1].

instance, the California Independent System Operator's (CAISO's) \duck curve" in Figure

1.3 [3]. With an increase in VRE, particularly solar generation, CAISO is expected to face

ramping and overgeneration challenges. During solar noon, when the sun is at the highest

spot in the day, solar generators risk generating more supply than demand, causing a power

Figure 1.2: United States annual average wind speeds at 80 meters. Borrowed from [2].
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Figure 1.3: The CAISO, with an expected increase in VRE sources, experiences steep ramp-
ing needs and risk of overgeneration in the spring. Borrowed from [3].

mismatch. On the other hand, when the sun is setting, both the solar power generation

decreases and the power demand increases due to less natural lighting, cooling tempera-

tures in the winter, and more people using energy at their homes. These two factors in
ict

a signi�cant ramping need from controllable generators. Existing conventional generators

may not have the ramping 
exibility required for the future high VRE scenario. Further,

VREs have characteristics of both variability and uncertainty, meaning the power output of

renewable energy technologies is not a constant value, and it is unknown exactly when the

power will be available. Therefore, large amounts of VREs can cause signi�cant challenges

for electricity utilities in matching real-time generation to demand.

Further, distributed energy resources (DERs) are not adequately rewarded for their grid-

serving actions. The study and implementation of transactive markets for distribution sys-

tems allow for transparent and fair pricing for actions executed in the distribution system

operator's (DSO's) market. Due to di�erences in how various DERs function and their

physical limitations, these resources must be distinctively modeled for e�cient and reliable

operation. In addition, distribution grid constraints such as line limits, transformer limits,

and bus voltages are essential considerations in the design of the DSO's market.

Solutions commonly proposed in the literature to address challenges faced by non-
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dispatchable distributed generation (wind and PV) integrated into the grid typically in-

clude the development of a distribution market [4], energy storage, and demand-response

techniques [5]. This dissertation focuses on improving the grid integration of distributed

renewables by using 1) a market distribution locational marginal pricing (DLMP) mecha-

nism and 2) unique storage and demand response solutions in the food-energy-water (FEW)

nexus. The remainder of this chapter brie
y reviews the topics discussed in this dissertation.

1.2 Introduction to the Distribution Locational

Marginal Price

The development of smart grids and the increase in DER penetration levels brings about

new challenges to distribution system operators. DERs, such as variable renewable energy,

battery energy storage systems (BESSs), distributed generators (DGs), and responsive loads

(RLs), increase the complexity of the distribution system. Therefore, system characteristics

shift away from the previously passive system toward an active distribution system. With

an active distribution system, there comes a need for fair and transparent pricing schemes,

which reward DERs for reducing losses, voltage violations, congestion, and imbalance of

lines. Currently, utilities price electricity demands in the distribution system by using either

�xed rates or time-of-use pricing for customers. Also, utilities often use net metering to buy

excess energy a residential customer produces at a speci�ed rate. Neither of these practices

indicate the price of electricity in real-time. Therefore, there is a need for an appropriate

pricing mechanism. One approach receiving considerable research attention is a mechanism

similar to the locational marginal pricing (LMP) in the transmission system, referred to as

the distribution locational marginal price.

DLMP is de�ned as the marginal cost to supply the next increment of power to a speci�c

location. It may serve as a price signal for the economic dispatch of generation sources within

the distribution system. Incentives arising from nodal pricing may encourage the acceptance

of DERs in the distribution system and enable the chance for greater revenue of utilities due
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to reduced losses, voltage violations, and line congestion.

The LMP formulation in the transmission system, which utilizes a direct current optimal

power 
ow (DCOPF) model, cannot be directly used in the distribution system as the

resistance to reactance (r / x) ratio is higher than in the transmission system. Therefore,

the results do not re
ect the true nodal prices in the distribution system [6]. It remains

challenging to use full alternating current optimal power 
ow (ACOPF) as its nonlinear

nature does not allow for an e�cient way to decompose DLMP into its components, i.e.,

energy, loss, voltage, and congestion, which are crucial for transactive energy market-based

operation of the distribution system. Therefore, linearized ACOPF, considering system

topology and constraints, is used to calculate DLMP and its components and has been

shown to provide comparable prices to true ACOPF [6]. Linearized ACOPF also immensely

reduces the computational complexity of attaining DLMPs.

Along with the idea of nodal distribution pricing, there is a drive for reactive power

pricing with the new age of the smart distribution grid. Currently, reactive power is not

priced; it is just monitored or penalized if a customer, typically industrial, has a power

factor outside of a given range. If reactive power pricing were enabled in the distribution

system, it could incentivize reducing reactive power demand and improve power factors.

Unlike the transmission system, the distribution system is somewhat unbalanced. There-

fore, there is also a motivation for three-phase nodal pricing. To mitigate imbalances across

phases, some utilities monitor the imbalance and manually direct load to other phases after

large imbalances occur. Currently, automatic balancing of the system is not practiced. One

motive for this research is to use an economic price signal to eliminate the imbalance of

power on phases in real-time while utilizing the maximum amount of VRE possible.

Finally, as actual VRE outputs rarely match their forecasted values, an existing method

to address uncertainty is adopted in this work. The novel, data-driven probability e�cient

point (PEP) method is used to �nd the expected VRE generation at speci�c con�dence levels

based on a large amount of historical data. The deterministic output from the PEP method

is then used to balance the system's generation and demand. The PEP method o�ers the

DSO a tool in managing VRE uncertainty.
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1.2.1 Introduction to the DLMP Application in HEMS

The DLMP can be used as a price signal to encourage or discourage energy consumption

in a distribution system. One area that could bene�t from this price signal is residential

and industrial customers seeking a reduction in electricity costs. In commercial and resi-

dential buildings, energy consumption accounts for more than 70% of total electricity usage,

profoundly impacting the power grid's operation. Approximately 100 million single-family

homes in the United States account for 36% of the electricity load and often determine the

peak system load, especially on hot summer days when residential air conditioning use is

high [7].

Future smart cities equipped with smart home energy management systems (HEMSs)

have the potential to play a pivotal role in reducing global energy consumption while main-

taining economic, reliable, and secure power grid operation. A HEMS is a smart home

automatic control system that can optimally control residential appliances to serve multiple

objectives of residential customers (e.g., electricity cost minimization, peak load minimiza-

tion) while maintaining the customer's thermal comfort in the presence of uncertain weather

and electricity consumption [8{10].

From the perspective of the utility, widely distributed HEMSs in residential areas can

serve as demand response (DR) providers, which shift loads to non-peak hours and minimize

voltage violations and line congestion [8, 11]. From the perspective of homeowners, HEMSs

are developed to optimize forward-looking schedules for a residential home's appliances,

such as a heating, ventilation, and air-conditioning system, refrigerators, water heaters,

rooftop solar, energy storage, lighting, and electric vehicles. Although HEMS devices reduce

customer electricity costs, cyber-attacks and privacy concerns may lead to reduced customer

engagement in DR programs [12].

The realization of HEMS requires wireless communication via Zigbee or Wi-Fi, which

can be hacked, eavesdropped on, and compromised, providing intruders additional ways to

invade homeowners' privacy. In transactive distribution systems with a high penetration of

HEMSs [7], homeowners are required to submit load forecasts and potentially price bids to the
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Figure 1.4: Blockchain interaction with HEMS. In the �rst stage, users upload load forecasts.
Then, users download the dispatch signal in the second stage. Published in [18].

distribution system operator for power balancing purposes [13]. The electricity consumption

data are sensitive information that can infer a user's habits and lifestyle [14, 15]. The privacy

leak and potential misuse of user-provided data could cause loss of a homeowner's physical

property and additional susceptibility to cyber-attack. The submitted load forecast provides

an attack surface for malicious intruders to predict whether a HEMS user is home or not.

Furthermore, a long-term eavesdrop will increase the chances of a correct prediction,

which makes HEMS users vulnerable to a sneaky attack. Therefore, a smart contract within

a private blockchain is proposed to keep customers' information con�dential. Blockchains

are distributed ledgers that are tamper-evident and tamper-resistant [16, 17]. Transactional

data are saved to the blockchain in an ever-growing record list, called blocks. Each block

also contains a timestamp and a hash related to the previous block. A blockchain-based

smart contract refers to the code that is automatically executed when speci�c actions occur

in the blockchain [17]. Figure 1.4 depicts how the blockchain will be used to provide secure

data transfer between residential homes and the DSO.
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1.3 Introduction to the Water-Energy Nexus

Water and electricity networks are two critical infrastructures in today's society. Though

typically operated independently, these infrastructures are profoundly interdependent. For

example, in 2015, 41% of the water withdrawn in the United States was sent to electrical

power plants mainly for cooling purposes, with 3% of this water being consumed [19]. On

the other hand, water pumps require electrical energy to pump water to customers, water

treatment centers, and for use in the agriculture industry [20]. The agriculture sector is

responsible for 43% of the total water withdrawn in North America [21]. Further, about

80% of municipal water costs are for electricity, and municipal water networks consume

around 3-4% of the United States' energy and as much as 13% when including residential

water energy usage [22]. Anticipated increases in water scarcity, variability, and uncertainty

within the water network, particularly during extreme events, can lead to vulnerabilities in

the United States' energy network [20].

Researchers and governmental entities alike have long studied the synergy between water

and electricity networks. For example, authors in References [23] and [24] present long-term

integrated planning problems for water and electricity systems in the New England region

in the United States and China, respectively. On the other hand, optimal operation of

combined water and energy networks are considered in many works, such as [25] and [26].

Various other published articles de�ne and study the water-energy nexus, dating back to the

1990s [27].

However, changes over recent years have caused water and electricity utilities to improve

e�ciencies through cooperation. For example, severe drought can lead to limited water

availability and constrained operation of power plants. In 2012, Hurricane Sandy caused

signi�cant operational problems when vital water infrastructure lost power [28]. Policy de-

velopments, technological advances, and increased population growth are additional reasons

for water and electricity utilities to improve e�ciencies through cooperation. Further, with

the rise in water demands [29] and prices, as water prices in the United States increased

nearly 40% from 2008 to 2016 [30], water utilities must begin to look at ways to reduce their
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operational costs and electricity usage. Additionally, VRE sources have increased in urban

electrical distribution networks. Such changes produce signi�cant challenges when matching

the generation to the load.

As stated previously, solutions provided in the literature for mismatches in power gener-

ation and load are demand response techniques and the use of energy storage resources [5].

Storage options include battery storage, concentrating solar power combined with thermal

energy storage [31], and utility-scale pumped storage hydro [32, 33]. These storage projects

can have substantial capital costs [34]; therefore, cheaper energy storage ideas are needed. A

less costly avenue for energy storage could be through gravitational potential energy storage

in existing water tanks.

To address these challenges, this dissertation proposes a framework for urban water

and energy networks to cooperate by reducing peak electricity loads and VRE curtailments

through 
exibility in the water pump power consumption. For example, electrical utility

operators can shift pump demand by using water tanks as storage devices. The water

network subsequently provides a service to the electricity network and must be rewarded.

One way to accurately reward active resources in the distribution system is by buying

and selling energy at the true cost of electricity at a node, namely, the distribution loca-

tional marginal price. The DLMP is the marginal cost to serve the next unit of power at

a distribution network node. It is comparable to the locational marginal price of the trans-

mission network. The DLMP mechanism embedded into future distribution energy markets

is a useful tool in integrating various types of distributed energy resources into the existing

electricity distribution network by incentivizing ancillary services. Further, DLMPs indicate

the health of the network as they are higher when the distribution system sees operational

issues, e.g., congestion on lines and voltages violations at nodes. This DLMP increase is due

to a cost-causation pricing mechanism to the node that provokes these operational issues.

The DLMP mechanism itself serves as a �nancial incentive.
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1.4 Introduction to the Food-Energy-Water Nexus

Modern power distribution systems have seen increased renewable energy (RE) penetrations

in recent years. With characteristics of variability and uncertainty, these resources pose

challenges for the aging power grid that was not originally engineered to operate in this

manner [35]. Mismatched power load and generation has always been problematic. One of

the signi�cant operational challenges of RE penetration is the mismatch that occurs due to

the uncertain and variable generation output from RE sources, along with the increasing

unpredictability of customer demands due to an increased penetration of distributed energy

resources, such as small-scale wind and rooftop PV technologies. Imbalances can lead to load

shedding, curtailed power generation, or the operation of base load generators when it is not

economical or necessary [36]. Solutions to this challenge typically include an increase of

energy storage resources and or demand response techniques [5]. If excess renewable energy

generation is present in the system, energy can be stored and used later, so it does not go to

waste. On the other hand, if there is insu�cient generation in the system to match the load,


exible loads allow the energy demand to follow the potentially fast-changing (on the order

of minutes/hours) generation supply. Further, authors in [37] indicate su�cient operating

reserve, through energy storage, demand response, and 
exible generators, reduces the cost

of integrating variable renewables into power grids.

Current energy storage options, particularly conventional battery energy storage, face

degradation of energy capacity over charging and discharging cycles, short storage times,

and thermal runaway. Therefore, long-term (more than one day) energy storage solutions

should be explored. Ammonia can be consumed by a direct ammonia fuel cell (DAFC) to

provide energy to the grid in times of need, which can serve as another method to address

the variability of renewable energy resources. Therefore, the cooperation between electricity

distribution systems and green ammonia plants o�ers a unique solution to grid integration

of renewable resources.

Therefore, a framework for a rural agricultural community microgrid is proposed in this

dissertation to alleviate the aforementioned challenges. Community microgrids bene�t both
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the community and the grid and have characteristics of 1) spanning a large area and bene�t-

ting many customers, 2) can be owned by a utility, and 3) lowering system costs by deploying

DERs at optimal locations. In contrast, traditional microgrids are owned by individual cus-

tomers and typically only bene�t that single customer or a few surrounding customers and

do very little for the grid [38]. The cooperation between a rural energy system and an ammo-

nia synthesis plant reduces peak electricity loads and allows chemical energy storage in the

form of ammonia to mitigate renewable generation curtailment. Utility operators can shift

ammonia plant electricity demands to best serve the utility so long as the desired amount of

ammonia is produced by the end of a given time frame. In return, the ammonia plant must

be rewarded for providing these services to the electricity system.

Transacting energy at the true cost of electricity at a node is one method to accurately

reward active resources in the distribution grid. A technique that achieves this is the dis-

tribution location marginal price mechanism, which is the marginal cost to supply the next

increment of power to a node. This method is similar to the locational marginal pricing

mechanism practiced in the electric transmission market today. With characteristics of fair,

transparent, and cost-causation prices, this mechanism is very desirable for future distribu-

tion markets integrating various distributed energy resources [39]. A �nancial incentive for

ancillary services to ease operational issues such as voltage violations and congestion on lines

comes from the integration of this mechanism, as DLMPs are higher when these issues arise

in the system.

Ammonia is the focus of this work primarily due to its importance to agriculture. Bio-

available nitrogen is essential for all life and is central to the food-energy-water nexus. Man-

ufactured, nitrogen-rich ammonia (NH3) and derivatives like urea are used to fertilize crops.

The use of ammonia fertilizers is responsible for about 40% of the global food production

today [40, 41]. It has been proven that ammonia used as fertilizer can substantially increase

crop yields for the same input of water [40]. Many farmers use the anhydrous ammonia

produced by the plant considered in this work for crop fertilizer, and ammonia production

consumes 30-50% of the energy used for crop production [40]. Consequently, an ammonia

plant serving as a 
exible demand to the distribution grid can provide a commodity that
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can be used locally. Further, the global transport of ammonia is well established. Existing

infrastructure allows for bulk ammonia to be transported by pipeline, road, rail, and ship

[42]. Finally, the use of ammonia as an energy vector (for hydrogen) is receiving considerable

attention [43{46], suggesting the existence of a viable market for energy stored as ammonia.

Today, most large-scale ammonia producers do not rely on substantial amounts of electric-

ity for ammonia synthesis. Typically, natural gas or coal is used as the fuel and or hydrogen

source for ammonia production, and NH3 is condensed using the century-old Haber-Bosch

process. This procedure is referred to as \brown" ammonia. However, in the procedure stud-

ied in this work, the ammonia is produced by deriving hydrogen (H2) from water, through

the energy-intensive water electrolysis procedure, along with sourcing nitrogen (N2) through

an air separation unit. The N2 and H2, called syngas, are then fed into the existing Haber-

Bosch catalyst to create NH3. If the electricity used to power this process is generated from

renewable resources, the output is referred to as \green" ammonia. Figure 1.5 outlines the

procedure for ammonia synthesis considered in this work. Ammonia produced using fossil

fuels produces an estimated 670 million metric tons of fossil carbon dioxide (CO2) emissions

per year [47]. Green ammonia used as fertilizer can help lower the dependence of food on

fossil fuels while aiding in the decarbonization of ammonia production.

Figure 1.5: Proposed green ammonia plant procedure. Arrow width indicates relative size
of energy transfer. Power consumption rates provided here are discussed in Section 5.3.1.
(TPD=tons per day) To be published in [48].

Using the true cost of electricity through the DLMP mechanism can also be bene�cial for
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the adoption of green ammonia. There may be times of very low DLMP values throughout

the day, and the ammonia plant can take advantage of this by consuming electricity during

these times.

1.5 Research Motivations

Modern power distribution systems have seen an increase in variable renewable energy pen-

etration in recent years. The existing power grid was not originally designed to operate with

such resources due to their variability, uncertainty, and potential to create reverse power


ows, among other challenges. One of the most signi�cant challenges arising from large VRE

penetration is mismatched power and load generation. This mismatch is further impacted

by the expected increase in customer-owned distributed energy resources, which decreases

the accuracy of predicting residential loads. Fast-acting demand response techniques and

energy storage solutions assist with instantaneous power mismatch.

This work proposes various techniques to enhance grid interconnection of devices with

uncertain outputs by providing 1) an accurate pricing mechanism framework, 2) VRE un-

certainty handling using an existing technique, 3) unique energy storage options, and 4)

demand response capabilities within the interdependent FEW nexus. Figure 1.6 graphically

depicts the main goals of this dissertation. The basis of this work relies on a market mecha-

nism to accurately reward active resources in the distribution network, namely, distribution

locational marginal price. This work is modeled after the well-established LMP mechanism

used in the transmission system today. This work further looks at the interdependencies

within the vital FEW nexus to provide storage and demand response solutions to mitigate

power imbalances brought about by the expected large penetration of VRE sources in the

distribution grid. The following research questions are therefore established.

Research Question 1: Can the distribution locational marginal price market mechanism

facilitate the integration of distributed renewable energy resources by providing an accurate

reward at the true cost of electricity?

Research Question 2: Can operational 
exibilities and unique energy storage solutions be
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found within the interdependent food-energy-water nexus to improve the capability of the

distribution grid integrating variable renewable energy resources?

Research Question 3: What is the impact on the distribution locational marginal price

and overall health of an electricity distribution system that includes demand-responsive loads

and energy storage techniques?

Figure 1.6: Proposed methods to enhance grid integration of distributed VRE resources with
DLMP as the foundation of this work.

1.6 Research Contributions

This work is unique in that it looks to the food-energy-water nexus for solutions to the

challenge of generation and load imbalance when there is a large penetration of variable

renewable energy in the electricity distribution grid. This dissertation aims to highlight

alternate storage technologies within the FEW nexus that can enhance VRE integration to

the grid. Interconnections between these sectors also provide a platform for demand response

techniques, which can further increase the capability of the power grid to accommodate large

amounts of VRE sources. The basis of this work is the DLMP mechanism, which provides the

true cost of supplying electricity at each node. The objectives, contributions, and research

outcomes of this dissertation are outlined below.
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Objective 1: A real and reactive, three-phase, and component-wise DLMP model is

established and tested on a realistic distribution network that includes VREs, DGs, RLs,

BESSs, and VRE uncertainty.

ˆ To economically schedule DERs (including stochastic VRE), a transactive, DLMP-

based day-ahead market (DAM) model is proposed. Building upon recent work in [6],

two additional DLMP components (voltage violation and congestion) are derived using

a linearized ACOPF model.

ˆ The VRE uncertainty is managed using a novel, data-driven PEP model based on his-

torical VRE generation data while no probability distribution function is assumed. The

output of the PEP method is used in the proposed transactive DAM as a deterministic

value of VRE generation.

ˆ The signi�cance of the real and reactive, three-phase, component-wise pricing in the

proposed transactive model is revealed while analyzing the VRE penetration's in
u-

ence on the DLMP components. Novel �ndings on negative real and reactive DLMP

components under high VRE penetration are also discussed.

These contributions are discussed in Chapter 3 and in the following articles:

M. N. Faqiry, L. Edmonds, H. Zhang, A. Khodaei, and H. Wu, \Transactive-Market-Based

Operation of Distributed Electrical Energy Storage with Grid Constraints," Energies, vol.

10, no. 11, p. 1891, Nov. 2017 [49].

M. N. Faqiry, L. Edmonds, H. Wu, and A. Pahwa, \Distribution locational marginal

price-based transactive day-ahead market with variable renewable generation,"Applied

Energy (JCR Q1, Impact Factor 9.746), vol. 259, p. 114103, Feb. 2020 [50].

L. Edmonds, M. N. Faqiry, H. Wu, and A. Palani, \Three-Phase Distribution Loca-

tional Marginal Pricing to Manage Unbalanced Variable Renewable Energy," inIEEE

Power and Energy Society General Meeting, Aug. 2020 [51].
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L. Edmonds, B. Liu, H. Zhang, C. Scoglio, D. Gruenbacher, and H. Wu, \Blockchain-

Enabled Transactive Home Energy Management Systems in Distribution Networks," in

IEEE Kansas Power & Energy Conference, Jul. 2020 [18].

Objective 2: The e�ect of the water and electricity network coordination in a future

distribution market considering DLMPs is investigated for the �rst time.

ˆ A mixed-integer linear programming (MILP) model of coordinated water and elec-

tricity distribution networks using a combined convex relaxation and 2D piece-wise

linearization techniques while considering VRE stochasticity and DLMP in the model

is proposed.

ˆ The e�ect of the water and electricity network coordination in a future distribution

market considering DLMPs is shown. An exploration into the capability of reducing

voltage violations and line congestion in the electricity distribution network is con-

ducted.

ˆ To investigate the impact a larger coupled water-energy network has on the DLMP, a

bigger network model with additional pumps and tanks is devised. The computational

impact of increasing water network size is outlined.

These contributions are discussed in Chapter 4 and in the following article:

L. Edmonds, M. Derby, M. Hill, and H. Wu, \Coordinated Operation of Water and

Electricity Distribution Networks with Variable Renewable Energy and Distribution

Locational Marginal Pricing," Renewable Energy(JCR Q1, Impact Factor 8.001), vol. 177,

pp. 1438-1450, Jun. 2021 [52].

Objective 3: Similarly, unique operational 
exibilities and energy storage techniques

within the FEW nexus are investigated, along with the impact of this coupling on the DLMP.
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ˆ A novel MILP model for coordinated operation of an electricity distribution system

and ammonia plant while considering DLMP in the model is proposed. Constraints

for a small-scale, green ammonia plant are modeled for the �rst time in this work.

ˆ For the �rst time, the e�ect of the ammonia plant and electricity system coordination

in a future distribution market considering a high penetration of renewable energy and

DLMPs is shown. The capability of the ammonia plant in reducing line congestion and

voltage violations in the electricity distribution system is examined.

ˆ To investigate the resiliency of an agricultural community microgrid, an emergency

case is considered. A case where wind turbines are shut down for safety purposes and

only critical loads are met is performed. The impact of a direct ammonia fuel cell

serving the community in times of need is explored.

These contributions are discussed in Chapter 5 and in the following articles:

L. Edmonds, X. Liu, and H. Wu, \Demand-Responsive Green Ammonia Plant Model and

Impact on Electricity Distribution System," in IEEE Power and Energy Society General

Meeting, In Press, Jul. 2022 [53].

L. Edmonds, P. Pfromm, V. Amanor-Boadu, M. Hill, and H. Wu, \Green Ammonia

Production-Enabled Demand Flexibility in Agricultural Community Microgrids with

Distributed Renewables,"Sustainable Energy, Grids and Networks, Under Second Review

[48].

In conclusion, this work proposes the utilization of four techniques to enhance VRE

integration into the distribution grid. First, the DLMP market mechanism is proposed

to accurately reward active resources in the distribution network. Next, unique storage

techniques and operational 
exibilities are explored, �rst within the water-energy nexus

(WEN) alone and then within the FEW nexus. These techniques o�er solutions to the power

imbalance issues large penetrations of VRE can cause in electricity distribution networks.

Finally, VRE uncertainty is handled using an existing technique called the PEP method.
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1.7 Organization of this Dissertation

This dissertation is organized as follows. Chapter 1 introduced the concepts in this work,

including the background, research questions, and contributions of this dissertation. Chapter

2 outlines the existing challenges in this area and provides a review of related literature. In

Chapter 3, a linear electricity distribution model is provided, along with a three-phase, real

and reactive, component-wise decomposition of the DLMP. Also, an application where the

DLMP price signal is communicated to a home energy management system using the secure

blockchain technology is explored. In Chapter 4, coupling of interdependent water and

energy models is proposed, and the impact of this coupling on the DLMP is investigated.

Similarly, the coupling between a green ammonia plant and electricity distribution model

with consideration of a fuel cell, and its impact on the DLMP, is outlined in Chapter 5.

Finally, Chapter 6 presents key conclusions of this work and suggests avenues for future

research.

18



Chapter 2

Challenges and Related Work

This chapter highlights the gaps in existing research as well as provides a state-of-the-art

literature review on the topics covered in this dissertation.

2.1 Distribution Locational Marginal Price

Several papers investigate distribution locational marginal price (DLMP) market models for

the distribution system using either a direct current optimal power 
ow (DCOPF) model

or a modi�ed alternating current optimal power 
ow (ACOPF) model. Authors in [54{57]

study DCOPF-based DLMP model formulations. However, in [6], Yuan et al. prove using

a DCOPF model to formulate DLMP produces signi�cant errors due to the lowerx=r ratio

in the distribution system compared to the transmission system, where DCOPF models are

used to calculate the locational marginal price (LMP). Furthermore, DCOPF models lack the

inherent features to include real and reactive power losses, voltage violations, and reactive

power pricing, which are imperative for transactive distribution markets.

Recent studies that model a modi�ed or approximation of ACOPF when formulating

the DLMP mechanism, and determine one or more of its components, are presented in

[6, 58, 59]. Energy and loss components are derived in [6] while excluding voltage violation

and congestion components, responsive loads (RLs), and variable renewable energy (VRE)
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uncertainty. A day-ahead market (DAM) model considering the management of congestion

and voltage support is proposed in [58]. This is achieved with a mixed-integer second-order

cone program to model the ACOPF. This study does not include battery energy storage

system (BESS) units with temporal constraints, VREs, or RLs. Similarly, utilizing a �rst-

order approximation of the alternating current power 
ow manifold model derived in [60],

authors in [59] propose a trust-region-based method to �nd the DLMP and its constituents.

This study outperforms [6] but neglects to incorporate BESS and stochastic VRE that can

cause reverse power 
ows, leading to negative real and reactive DLMPs.

Further, to address VRE uncertainty, there are multiple noteworthy optimization meth-

ods in the literature, such as chance-constrained optimization (CCO) [61], robust optimiza-

tion (RO) [62], interval optimization (IO) [63], and stochastic optimization (SO) [64]. A

recent review can be found in Reference [65]. In this work, the stochastic generation of

VREs is modeled as a chance-constrained model, in which the minimum amount of VRE

generation at a certain con�dence level is obtained. To fully leverage a large amount of

historical VRE datasets without assuming an explicit probability distribution, a data-driven

probability e�cient point (PEP) method, mathematically de�ned in Section 3.3.2, to solve

the chance-constrained model is adopted. The PEP, also referred to as thei -e�cient point

or pLEP, was introduced by Pr�ekopa in the 1990s [66]. This method requires no knowledge of

the underlying probability distribution function (PDF) of the uncertainty as it depends only

on historical VRE data. Authors in [67] extend the PEP method in [66] to a mixed-integer

linear programming (MILP) model that can be e�ciently solved with commercial solvers.

The PEP method has been successfully and extensively used to solve chance-constrained

stochastic programming problems in many areas of study, such as stock market portfolio

selection [68], �ber optic production planning [69], and disaster evacuation modeling [70].

A similar method to deal with uncertainty while not assuming a single PDF is described in

[71], where a unit commitment model is optimized based on multiple PDFs, which has been

shown to be distributionally robust.

Additionally, three-phase DLMP has recently gained signi�cant research attention

[58, 72{78]; however, few papers combine real and reactive, component-wise (i.e., energy,

20



loss, voltage violation, and congestion) DLMPs of a three-phase unbalanced system while

considering multiple DER types. While [58] provides component-wise real and reactive

DLMPs, the e�ect of the unbalanced load and generation case on the DLMP is not consid-

ered. Authors in [72] use direct regulation methods (through the use of soft open points)

and real power component-wise DLMP signals to solve the congestion management problem

in three-phase systems but do not consider reactive power DLMPs. Also, this work neglects

VRE, RL, and BESS models. Although the authors in [76] model distributed generators

(DGs), RLs, and VRE sources, there is no breakdown of the individual DLMP components

or reactive power pricing. While [74] and [75], model three-phase real and reactive power

pricing, there is no component-wise DLMP decomposition. Authors in [73] use state es-

timation to observe a three-phase unbalanced system with DGs and BESSs. While they

break down the DLMP into energy, loss, and congestion components, they ignore the volt-

age component and reactive power pricing. Authors in [77] provide a component-wise, real

and reactive DLMP market model but ignore VRE, RL, and BESS models. A three-phase

ACOPF DLMP model considering DERs and RLs is provided in [78]. Table 2.1 summarizes

contributions of recently published work associated with DLMPs. To this end, existing for-

mulations in the literature lack the inherent features needed to model loss, voltage violations,

and reactive power pricing. These factors are essential for a transactive distribution market.

Table 2.1: Three-phase DLMP reference contribution summary.

Reference Three-Phase Component-wise Q Pricing VRE Model
Bai et al. [58] X X
Zhao et al. [72] X X
Wei et al. [76] X X
Alsaleh, Liu et al. [74], [75] X X
Meng et al. [73] X
Hanif et al. [77] X X X
Liu et al. [78] X
Our work [51] X X X X
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2.1.1 DLMP Application in HEMS

As home energy management system (HEMS) research is so new, an investigation into the

data security is rarely found in the literature. Authors in [79] indicate the importance

of data security within HEMS but do not address solutions for the issue. The advantage

blockchain has over other security methods is that it does not need a trusted third party.

Authors in [80, 81], to name a couple, propose the use of blockchain to preserve the privacy

of homeowners when aggregating real-time smart meter data but do not extend their model

to a HEMS case. However, forecasted data is potentially more important to protect rather

than real-time data, as one can use the forecasted data to more accurately predict future

user behavior. Researchers in [82] investigate blockchain's use in smart homes in the context

of Internet of Things (IoT). To the best of my knowledge, security practices for day-ahead

or hour-ahead forecasted load data in a HEMS framework have not been investigated.

Blockchain was initially designed as a distributed, peer-to-peer database in 2008 [83].

The motivation for blockchain was to trade electronic cash without a �nancial institution's

or third-party's assistance. Therefore, �nancial transactions between two parties are not

based on trust but rather cryptographic proof. Traditionally, transactions are recorded in the

blockchain using a proof-of-work consensus mechanism, which is computationally impractical

to change if the majority of nodes are honest. Miners solve complicated veri�cation tests

before publishing the block to the blockchain. The number that solves this test is called

the nonce. A unique hash value is created to de�ne all the information in a block. A single

change in the block creates an entirely di�erent hash. This hash value includes the previous

block's hash, so the blocks are linked in a cryptographic hash tree stored in each block. The

system's state is updated when nodes reach consensus on previously published blocks. The

most popular use of blockchain is Bitcoin, a cryptocurrency service [83].

Public and private keys can further protect the data in the blockchain. Public and

private keys create an avenue by which users can interact using encryption and decryption

techniques. Public keys ensure users are addressable in the blockchain, while private keys

enable the user to be seldom identi�ed. Privacy can still be maintained by keeping public
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keys anonymous. Private keys are used as a digital signature when a user approves data to be

recorded in the blockchain. Others then use the user's public key to verify the information

before adding it to the blockchain. Also, information can be privately shared using the

receiver's public key to encrypt the data. The receiver can then decrypt the data using its

private key.

Private or permissioned blockchains can add another level of privacy as only veri�ed users

are allowed access to the blockchain. As public blockchains allow user access without ver-

ifying trustworthiness, complex and computationally-intensive consensus mechanisms, i.e.,

proof-of-work, are required to ensure a trusted environment. Compared to the lightweight

mechanisms typically used in a trusted, private blockchain, such as proof-of-authority, these

are energy-intensive and slow.

A smart contract is an automated computer code publicly embedded in the blockchain

forever. These are publicly viewable and, therefore, transparent agreements that are guar-

anteed to execute automatically when certain conditions occur within the blockchain or the

contract's functions are called. Intended initially for trustless �nancial markets, blockchain

and smart contract research has expanded into various other applications and recently ex-

panded into electrical power applications [84, 85].

2.2 Water-Energy Nexus

Several methods for day-ahead scheduling of water pumps based on electricity prices have

been proposed in the literature [86{92]. Works [86{89, 91, 92] consider drinking water pumps,

while [90] considers both freshwater and wastewater pumps in their model. Further, authors

in Reference [86] propose a mixed-integer second-order cone program to solve the water

supply network using a �xed price scheme. The alternating direction method of multipliers

(ADMM) is used to provide suboptimal solutions to the water network's biconvex objective

function that minimizes the cost of electricity used to power the pumps. An electricity

network and the corresponding constraints are not considered. A second pump scheduling

method considers a coupled water and electricity network with physical constraints for both

23



in Reference [87]. The result is a nonconvex, quadratically-constrained quadratic problem

using feasible point pursuit-successive convex approximation methods to solve. Then, a

distributed ADMM-based algorithm is used to update water and energy variables in an

alternating fashion. Outputs from DERs and electricity prices are considered as �xed values.

Two recently published papers [88, 89] are most relevant to this work. First, Oikonomou

et al., using an MILP model, consider optimizing water pump and tank schedules with respect

to a �xed electricity price while maximizing the pro�t to the water network for providing

services, such as demand response and frequency regulation, to the electricity transmission

network [88]. A sensitivity analysis of the number of tanks in a water distribution network

was also pursued in this work. Then, Oikonomou and Parvania provided an MILP model

of the coupled water and transmission network and constraints in Reference [89], where the

impact on the LMP was further investigated. A case where the transmission system operator

optimizes water network 
exibility was considered. However, the model does not consider

water valves, VRE units, and stochasticity.

In contrast to the transmission system, the electricity distribution network is charac-

terized by a lowerx/ r ratio and a radial topology. Smaller than their transmission coun-

terparts, peak loads of typical distribution network feeders range from 0.6-28.5 MW, and

typical lengths range from 1.1-32.6 miles [93]. Further, DERs, voltage limits, power losses,

etc., are prominent in the electricity distribution network and need to be taken into account.

Therefore, Oikonomou and Parvania, in Reference [90] also considered a coupled water and

energy distribution-level model, where �xed hourly price tari�s are applied to the water

network. In this mixed-integer quadratically constrained programming model, the water

treatment facility is also treated as a 
exible load. Again, stochasticity and valves are not

considered in this model. In a similar paper that considers the optimal operation of water-

energy microgrids, Moazeni and Khazaei develop an MILP model that is compared against a

mixed-integer nonlinear programming model in Reference [91]. Although this work includes

DERs and bidding in a distribution network, valves the and the stochasticity of the VRE

units are ignored. However, Wang et al. in Reference [92], propose a robust operation of

the water-energy nexus where uncertainties in wind generation outputs are considered. The
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authors consider a transmission-level multi-energy system.

These approaches are not suitable to the present problem because a coupled model must

be considered to capture the impacts one network has on the other. Further, it is important to

consider the variability of renewable resources because their forecasts do not always match

their actual power output. Finally, �xed energy prices do not re
ect the impact actions

in the water network have on the true cost of electricity. There has been little work in

the literature on combined water and electricity distribution networks that consider VRE

uncertainty. Furthermore, the impact of the coordination of the water network on the DLMP

is still unknown. This dissertation aims to �ll this gap by studying the optimal operation of

interdependent electricity water distribution networks under VRE uncertainty.

Table 2.2 compares recently published work in this area to the contributions of this

work. Novel to this area of study, an integrated MILP water and electricity distribution

model that handles the uncertainty of VRE resources using the PEP method is proposed

in this dissertation. Also considered is the inclusion of valves in the proposed water model.

More importantly, a study of how actions in the water network impact the DLMP and the

physical condition of the electricity network are included in this work.

Table 2.2: Water-energy nexus reference contribution summary.

Reference

Merged
Water-
Energy
Network

VRE
Uncer-
tainty

Distribution
Network

VRE DLMP

Fooladivanda et al. [86]
Zamzam et al. [87] X X X
Oikonomou et al. [88], [89] X
Oikonomou and Parvania [90] X X
Moazeni and Khazaei [91] X X X
Wang et al. [92] X X (RO) X
Our work [52] X X (PEP) X X X

25



2.3 Food-Energy-Water Nexus

Electricity-run green ammonia plants are not a new concept, with the �rst research pub-

lished in this area in the 1960s. Pioneering work published in 1977 proposes the concept

of storing wind energy in the form of hydrogen [94], but the process has only recently ap-

proached economic feasibility. With the increase in low-cost renewable energy technologies

being added to the grid, electricity prices have decreased in recent years [95], making more

environmentally friendly ammonia production feasible. Yet, the economics for synthesizing

brown ammonia still slightly outperform the method proposed in this work. With the energy

demand of green ammonia and brown (natural gas) ammonia being 7.7 MWh/tonNH 3 [96]

and 32.75 MBTU/tonNH 3 (9.6 MWh/ton NH 3 ) [97], and at the ten year (2010-2019) annual

average cost of natural gas at$3.3021/MBTU [98], electricity prices will have to drop from

current levels of about$0.1353/kWh in the United States in 2020 [99] to below$0.014/kWh

for the traditional method of synthesizing ammonia using natural gas to be less economi-

cal. The economics for green ammonia improve with penalties or taxes for releasing carbon

monoxide and carbon dioxide into the atmosphere or incentives or premiums for green prod-

ucts. Independently, the price of electricity is expected to fall in the coming years. This

price of electricity may be achievable within 10-15 years as renewable generation and battery

storage increase. Less reliance on traditional power plants, which have comparatively higher

operation and maintenance costs, will also contribute to a decline in the price of electricity.

These trends favor lower electricity prices and greater economic competitiveness of green

ammonia.

To illustrate the rapid changes taking place, consider that the energy demand of green

ammonia has recently reduced from around 10.4 MWh/tonNH 3 to 7.7 MWh/ton NH 3 (the value

used above) due to a breakthrough in the commercialization of a solid oxide electrolysis cell

in the water electrolysis procedure [96].

In part because of the rapid changes, the energy management of green ammonia plants

has not been well researched to this date, to the best of my knowledge. Further, the impact

of energy 
exibility from green ammonia plants and direct ammonia fuel cells on the DLMP
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is yet to be explored.

There are many tangentially related papers within the realm of electri�cation of ammonia

production. A recent, comprehensive review of the production, distribution, and storage of

nitrogen-based alternative fuels, including green ammonia, is provided in [100]. Further,

authors in [42] and [101] provide reviews of ammonia applications for power as well as the

many factors that arise therefrom. This area gained signi�cant attention in the late 2010s

with substantial work that investigates electrolytic hydrogen synthesis [102], green ammonia

synthesis or power-to-ammonia (P2A) [103{108], and power-to-ammonia-to-power (P2A2P)

technology [109]. Authors in [110] provide a process analysis of renewable-powered ammonia

production, focusing on solar power. However, these works mainly focus on the feasibility of

these processes rather than the coupling between the ammonia and electricity sectors.

More speci�cally, many distantly related papers consider the planning of these two sys-

tems. For example, an ADMM algorithm is used in [111] to solve a co-planning model to

optimize wind generation and ammonia plant(s) siting and con�guration as well as electricity

transmission system expansion with respect to total investment and operational costs. While

this work considers power balance constraints and direct current (DC) power 
ow model-

ing, real-time or day-ahead scheduling of the two systems is beyond the scope of this work.

Additionally, authors in [112] consider joint planning of hydrogen production and electric-

ity systems to enable high levels of variable renewable energy resources and energy system

decarbonization. This work also analyzes the marginal cost of electricity under di�erent

hydrogen demand scenarios.

Further, under a similar concept to the research proposed in this work, authors in [113]

consider 
exibility within an integrated natural gas and electricity transmission system, in-

cluding hydrogen production via electrolysis and steam methane reforming. A day-ahead

scheduling model considering transmission grid and gas network constraints is provided. Au-

thors in [114] consider hydrogen (from electrolysis) production 
exibility in transmission grids

with variable renewable energy sources and consider DC power 
ow and balance constraints.

Additionally, [115] and [116] consider electrolytic hydrogen synthesis while considering trans-

mission grid constraints, while [116] considers locational electricity pricing. It is important
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to consider this transmission-level interaction, but the models cited above do not focus on

distribution systems, especially future distribution systems with diverse distributed energy

resources.

Complementary to this research, authors in [117] propose a multi-energy (electrical, am-

monia, and thermal energy carriers) thermo-electrochemical model with thermal and power

balancing constraints. Still, physical grid constraints were not considered. The proposed

methodology was tested on a laboratory-level, small-scale microgrid. A comparison of vari-

ous storage techniques, including P2A, traditional battery storage, and power-to-gas (P2G)

applications, such as rapid response electrolysis for methane (CH4) and hydrogen (H2) is de-

scribed. Authors in [118] evaluate the thermodynamic performance and energy e�ciency of

solar-powered intermittency mitigation through clean ammonia synthesis and direct ammo-

nia fuel cells. The formulation developed in [119] is used to optimally schedule wind-powered

ammonia generation with respect to least-cost annual operations. Authors in [120] provide

a combined capacity planning and scheduling of green ammonia production. Though the

aforementioned works consider ammonia as a storage medium for excess renewable generation

and power balance constraints, they do not consider physical grid constraints. Therefore,

the impact of this procedure on the grid and the DLMP appears to be a fruitful area of

inquiry.
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Chapter 3

Electricity Distribution System Model

and Distribution Locational Marginal

Price Formulation 1

This chapter provides a linear electricity distribution model and formulates a distribution

locational marginal pricing (DLMP) mechanism. The model and mechanism are further

tested for validity and used in a potential future application.

3.1 Background

The electricity distribution system model equations and the DLMP decomposition are for-

mulated in the following sections. First, a simpli�ed model is developed and tested. Next,

the model is expanded to include power losses. The DLMP components are derived based on

this model. Further, variable renewable energy (VRE) uncertainty is accounted for using the

data-driven probability e�cient point (PEP) method. This model is tested, and case stud-

ies demonstrate the signi�cance of component-wise pricing. The model is further extended

to account for unbalanced three-phase distribution systems, and a case study showing the

1This chapter is a combination of slightly modi�ed versions of our published articles [18, 49{51].
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importance of three-phase DLMPs is provided. Finally, the unbalanced three-phase model,

and the DLMP price signals, are used as a basis for a home energy management system

(HEMS) application utilizing the blockchain.

3.2 Simpli�ed Electricity Distribution System Model

A balanced three-phase, lossless electricity distribution system is �rst considered. Simpli�ed

DistFlow equations, which are extensively used in the literature [121{125], have been adopted

here. The nodes are indexed from 1 toN , whereN is the total number of nodes. As shown

in Figure 3.1, linei is the line connecting the upstream node,u(i ), and the set of downstream

nodes,df ig, to node i . All variables related to line i are subscripted by indexi 2 N , for

phase� 2 �, and time t 2 T .

Figure 3.1: Distribution branch with line i connecting busu(i ) to node i .

3.2.1 Objective Function

The objective function value, de�ned in (3.1), is captured inCE . Objective function compo-

nents, O(pi;�;t ) and O(qi;�;t ), are functions of real and reactive power and will be explicitly

de�ned in each section of research in this dissertation.

CE = O(pi;�;t ) + O(qi;�;t ) (3.1)
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3.2.2 Distribution Power Balance

Constraints (3.2)-(3.3) model the total system real and reactive power balance. The real and

reactive power net node injections (pi;�;t , qi;�;t ) are modeled in (3.4)-(3.5). Each node must

see a balance in real and reactive power demand (pDem
i;�;t , qDem

i;�;t ) and generation (pGen
i;�;t , qGen

i;�;t ).

X

i;�

pi;�;t = 0 (3.2)

X

i;�

qi;�;t = 0 (3.3)

pi;�;t =
X

Dem

pDem
i;�;t �

X

Gen

pGen
i;�;t (3.4)

qi;�;t =
X

Dem

qDem
i;�;t �

X

Gen

qGen
i;�;t (3.5)

3.2.3 Distribution Power Flow

De�ned in (3.6) and (3.7), the real and reactive power 
ows are represented by variables

Pi;�;t and Qi;�;t . Per unit (pu) nodal voltage, Vi;�;t , is de�ned in (3.8) in reference to the

substation voltage,V1;�;t . Here, r i and x i represent the resistance and reactance belonging

to line i .

Pi;�;t =
X

k

Pk;�;t + pi;�;t (3.6)

Qi;�;t =
X

k

Qk;�;t + qi;�;t (3.7)

Vi +1 ;�;t = Vi;�;t � (r i +1 � Pi +1 ;�;t + x i +1 � Qi +1 ;�;t )V � 1
1;�;t (3.8)

3.2.4 System Constraints

Voltage and line limit bounds are enforced by constraints (3.9) and (3.10), respectively. Here,

� is a small value, normally 5%, andSi;� is the maximum megavolt-ampere (MVA) line limit.

The initially convex, quadratic apparent power 
ow limit, jPi;�;t j2 + jQi;�;t j2 � S
2
i;� , is linearly
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approximated in (3.10). Obtained fromConvex Optimization of Power Systems[126], this

equation models the outer approximation of the system power 
ow.

1 � � � Vi;�;t � 1 + � (3.9)

jPi;�;t j + jQi;�;t j �
p

2 � Si;� (3.10)

3.2.5 DER Constraints

A conventional distributed generator (DG) with segments is considered. The small-scale DG

does not face ramping constraints. In (3.11), the sum of the segment generation,pG
i;w;�;t ,

should equal the total generation output,pG
i;�;t . The segment generation has to lie within

the given bounds [0,P
G
i;w;� ] in (3.12), and the total real power generation has to satisfy

the bounds [PG
i;� , P

G
i;� ] in (3.13). If the DG is not considered to consume reactive power,

the lower bound for the reactive power output,qG
i;�;t , is zero. Otherwise, the reactive power

output of the DG must lie within a fraction, � � G
i , of the real power output (3.14). Similarly,

(3.15) requires the segment load,pD
i;w;�;t , to sum to the full load, pD

i;�;t , which must lie within

the given bounds [0,P
D
i;w;� ] in (3.16). The lower and upper total power demand limits [PD

i;� ,

P
D
i;� ] in (3.17) must also be maintained.

Equation (3.18) determines the allocated real demand,pD
i;�;t , from the requested demand,

pD
i;�;t . If considered in the model, the di�erence between these values is captured insD

i;�;t and

is penalized in the objective function at the value of lost load. Equation (3.19) limits the

positive load shedding value to a fraction,� D , of the requested demand. Equation (3.20)

sets the reactive power demand,qD
i;�;t , to a fraction (� D

i ) of the real power demand.

Similar to the power demand, the renewable energy resources are able to be curtailed

to achieve feasibility. Equation (3.21) determines the dispatched real renewable energy gen-

eration, pR
i;�;t , from the expected generation,pR

i;�;t . The di�erence is captured in sR
i;�;t and

can be penalized in the objective function to discourage renewable energy curtailment. The

positive curtailment is limited to a value less than the expected generation (3.22). If power

electronics allow reactive power to be generated and consumed by the renewable energy gen-
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erators, the reactive generation,qR
i;�;t , is held within � � R of the dispatched real renewable

energy generation, as in (3.23).

pG
i;�;t =

X

w

pG
i;w;�;t (3.11)

0 � pG
i;w;�;t � P

G
i;w;� (3.12)

PG
i;� � pG

i;�;t � P
G
i;� (3.13)

0= � � G
i � pG

i;�;t � qG
i;�;t � � G

i � pG
i;�;t (3.14)

pD
i;�;t =

X

w

pD
i;w;�;t (3.15)

0 � pD
i;w;�;t � P

D
i;w;� (3.16)

PD
i;� � pD

i;�;t � P
D
i;� (3.17)

pD
i;�;t = pD

i;�;t � sD
i;�;t (3.18)

0 � sD
i;�;t � � D � pD

i;�;t (3.19)

qD
i;�;t = � D

i � pD
i;�;t (3.20)

pR
i;�;t = pR

i;�;t � sR
i;�;t (3.21)

0 � sR
i;�;t � pR

i;�;t (3.22)

0= � � R
i � pR

i;�;t � qR
i;�;t � � R

i � pR
i;�;t (3.23)

Also considered in this work is battery energy storage systems (BESSs). The BESS unit's

state of charge (SOC),cB
i;�;t , is modeled in Equation (3.24). Energy is dissipated from a BESS

unit through self-discharge (\leakage"), or during charging and discharging. These e�ects

are accounted for using the respective scaling coe�cients,
 i;�;t , �
 i;�;t , and 
̂ i;�;t , which lie on

the interval (0,1]. The BESS unit's SOC depends on the SOC of the previous timeslot (t � 1)

and the charging (�pB
i;�;t ) or discharging (p̂B

i;�;t ) action the BESS makes between timeslots (�t).

cB
i;�;t = 
 i;�;t � cB

i;�;t � 1 � � t

 


̂ i;�;t � p̂B
i;�;t �

�pB
i;�;t

�
 i;�;t

!

(3.24)
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The SOC of the BESS has to stay within a minimum (C i;� ) and maximum (C i;� ) SOC,

as in (3.25). In Equation (3.26), the net grid injection into the BESS unit (pB
i;�;t ) is modeled

as the di�erence in grid power injection �pB
i;�;t and extraction p̂B

i;�;t . The BESS injection and

extraction are both bound by the BESS rate of charging (B i;� ) or discharging (B i;� ) when

the unit is scheduled, as in (3.27) and (3.28). The BESS unit is prohibited from charging

and discharging at the same time through the use of two binary variables �zi;�;t and ẑi;�;t .

The reactive power of the battery,qB
i;�;t , must lie between zero or� � B and +� B of the real

power BESS extraction, as in (3.29).

C i;� � cB
i;�;t � C i;� (3.25)

pB
i;�;t = �pB

i;�;t � p̂B
i;�;t (3.26)

B i;� � �zi;�;t � �pB
i;�;t � B i;� � �zi;�;t (3.27)

B i;� � ẑi;�;t � p̂B
i;�;t � B i;� � ẑi;�;t (3.28)

0= � � B
i � pB

i;�;t � qB
i;�;t � � B

i � pB
i;�;t (3.29)

Frequent charging and discharging of the BESS unit decreases its lifetime [127{129].

Therefore, a restriction on high number of charging and discharging cycles is imposed by

including a minimum number of charging and discharging hours using additional mixed-

integer constraints, as de�ned in (3.30)-(3.42).
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0 � ẑci;�;t � T � ẑi;�;t (3.30)

(T + 1) ẑi;�;t � T � ẑci;�;t � ẑci;�;t � 1 � 1 (3.31)

ẑci;�;t � M̂ i;� � ẑn i;�;t +1 (3.32)

ẑi;�;t � ẑi;�;t � 1 = ẑm i;�;t � ẑn i;�;t (3.33)

0 � �zci;�;t � T � �zi;�;t (3.34)

(T + 1)�zi;�;t � T � �zci;�;t � �zci;�;t � 1 � 1 (3.35)

�zci;�;t � �M i;� � �zn i;�;t +1 (3.36)

�zi;�;t � �zi;�;t � 1 = �zm i;�;t � �zn i;�;t (3.37)

�zi;�;t + ẑi;�;t � 1 (3.38)

^zm i;�;t + ẑn i;�;t � 1 (3.39)

�zm i;�;t + �zn i;�;t � 1 (3.40)

^zm i;�;t + �zm i;�;t � 1 (3.41)

ẑn i;�;t + �zn i;�;t � 1 (3.42)

Equation (3.30) ensures the discharging counter, ^zci;�;t , is nonnegative and does not

exceed the scheduling horizon limit, determined byT . The discharging counter is increased

by one if the unit is discharging, as modeled in (3.31). The discharging counter must be

higher than the minimum number of consecutive discharging hours of the BESS unit,̂M i;� ,

as in (3.32). This is achieved by use of a not discharging indicator, ^zn i;�;t . Constraint (3.32)

also ensures the counter is higher than the minimum number of consecutive discharging

hours when the unit stops discharging, indicated by the not discharging indicator at unity

`1'. When the discharging state, ^zi;�;t , changes value, Equation (3.33) captures this change

in the discharging, ^zm i;�;t , and not discharging, ^zn i;�;t , indicators. Similar explanations

for Equations (3.34){(3.37) hold for the charging aspect of the BESS. The integer charging
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counter, �zci;�;t , is bound by the scheduling horizon in (3.34), is increased by one if the

unit is charging in (3.35), and is used in (3.36) to achieve the minimum requirement for the

number of consecutive charging hours,�M i;� . Equation (3.37) captures the change in charging

status (indicated by �zi;�;t ) using the charging and not charging indicators, �zm i;�;t and �zn i;�;t ,

respectively. Further, the BESS is unable to charge and discharge at the same time, as in

(3.38), and Equations (3.39)-(3.42) ensure the (not) charging and (not) discharging indicators

are not activated at the same time. This BESS model allows the DSO to properly limit the

unit's frequency of charging and discharging cycles, thus preventing BESS degradation over

time.

3.2.6 Simpli�ed Distribution Model Case Study

Simulation results corroborate the concepts presented in Sections 3.2.1-3.2.5. These results

are published in [49]. In this simpli�ed model,O(pi;�;t ) and O(qi;�;t ) in (3.1) are de�ned

as in (3.43) and (3.44). Subscript� is omitted as this model is assumed to be balanced

three-phase. The objective function maximizes the social welfare of the system.

O(pi;�;t ) =
X

i;q;t

cG;P
i;q;t � pG

i;q;t +
X

i;t

ĉB;P
i;t � p̂B

i;t �
X

i;t

�cB;P
i;t � �pB

i;t �
X

i;w> 1;t

cD
i;w;t � pD

i;w;t (3.43)

O(qi;�;t ) = 0 (3.44)

Here, DGs bid atcG;P
i;q;t for real power, where subscriptq indicates the segment energy and

bid block using a piecewise bidding method to approximate the fuel cost of the DGs. The

real power segments supplied by the generators are indicated bypG
i;q;t . Note, the reactive

power of the DG (qG
i;t ) is held to +� G of the real power. The BESS units bid at a cost

of ĉB;P
i;t for extraction of power from the battery and �cB;P

i;t for injection of power into the

battery, where ĉB;P
i;t � �cB;P

i;t to create a positive revenue. Variables ^pB
i;t and �pB

i;t indicate the

real power the BESS unit consumes or supplies, respectively. Not included in the objective

function, the reactive power of the BESS (qB
i;t ) is held to � � B of the real power. The load

aggregators (LAs) combine their customer's demands and divide them into bidding blocks
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for each timeslot. Each block includes an amount of power as well as a monetary bid the

LA is willing to pay for that power. However, the �rst segment of the LA is considered as

only an energy amount without a price bid due to the assumption that not all customers

served by the LA are price-responsive. This energy value represents the forecasted base load

of the system, which must be served by the distribution system operator (DSO). Therefore,

cD
i;w;t , wherew � 1 represents the real power price bids, andpD

i;w;t represents the real power

demand met by the system. Further, curtailment of the power demand is not permitted

in this model, i.e., � D = 0 in Equation (3.19). The renewable energy (RE) resources are

zero-marginal-cost units, i.e., bid at$0/MWh, and are therefore not present in the objective

function. However, the reactive power output of the RE units is held to +� R of the real

power output. Reactive power pricing is not considered in the optimization of this model,

as in (3.44).

Further, in this simpli�ed model, Dem andGen in (3.4) and (3.5) include real and reactive

power demands (pD
i;�;t , qD

i;�;t ) and power supplied from distributed, conventional generators

(pG
i;�;t , qG

i;�;t ), BESSs (pB
i;�;t , qB

i;�;t ), and forecasted renewable energy sources (RESs) (pR
i;�;t ,

qR
i;�;t ), respectively.

Finally, the simpli�ed power 
ow problem is considered asP1 and is de�ned as:

P1: min(3.1)

subject to: (3.2)-(3.20), and (3.23)-(3.42)

Case studies are performed on a modi�ed Institute of Electrical and Electronics Engi-

neers (IEEE) 13-bus system with a high penetration of DERs, as depicted in Figure 3.2.

The proposed mixed-integer linear programming (MILP) formulation is implemented in the

General Algebraic Model System (GAMS) utilizing the CPLEX solver [130]. The system

load is increased by 30%.

The bid of the wholesale market is a typical 24 hour winter LMP from [131]. The LMP

varies from $15/MWh to about $42/MWh. The renewable energy source's generation is

considered �xed and cleared at the DLMP due to its non-dispatchable nature. The BESS's

charging and discharging bids are$20/MWh and $25/MWh, respectively, and were chosen
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Figure 3.2: Radial IEEE 13-bus distribution system with di�erent types of distributed energy
resources on each bus. (Acronym EES here stands for electrical energy storage and has been
replaced with BESS in the text.) Published in [49].

to show the schedules of the BESS units clearly. However, a realistic levelized cost of stor-

age value should be used based on the unit's type. The calculation of this value includes

many factors, such as the capital cost, operation and maintenance costs, installation costs,

investment tax credits, battery degradation, and others [132]. The DGs bid in three blocks,

except DG1, i.e., the substation node, which is considered to bid only one block of 10 MW

at the LMP. A monetary bid and the maximum amount of power that the DG can supply

at that bid are included in each block.

Injections from DERs and the wholesale market vary with the LMP. The DG's output

increases as the LMP increases, and thus, the wholesale market injection decreases. Figure

3.3 illustrates this occurrence, including DLMPs at Buses 1, 7, and 13 and the DGs at Buses

7 and 13. Recall the Lagrange multiplier of the power balance constraint determines the

DLMP, which is the marginal cost of serving the next unit of power at each bus. Therefore,

as DLMP 7 and 13 are identical, serving the next MWh at each of these buses is equivalent

in this case.
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Figure 3.3: Wholesale injection at LMP versus DG7 and DG13's schedules and DLMPs.
Published in [49].

To show an in-depth look at the outcome of a LA's segment-wise bidding structure,

Figure 3.4 depicts LA6's second block bid and its resulting schedule compared to the DLMP

at Bus 6. Recall the LA's �rst block, i.e., the base load, will be served in all timeslots at the

Figure 3.4: LA6 bid versus DLMP at Bus 6 and its schedule. Published in [49].
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DLMP. It is veri�ed that the power demand of the LA will go beyond the �rst block only

when the segment-wise bids are lower than the DLMP at that bus. Otherwise, only the �rst

block will be served by the DSO.

The DLMPs of the BESS units' buses also determine the charging and discharging sched-

ule. The schedule for the BESS unit at Bus 3 with respect to the DLMP at Bus 3 is illustrated

in Figure 3.5, where the horizontal lines indicate the injection and extraction bids. The bars

show the BESS SOC while the shaded region indicates the BESS's charging (negative) and

discharging (positive). In general, the BESS charges when the DLMP is low and discharges

when the DLMP is high or above the extraction bid. Despite the DLMP being higher than

the injection bid in Hours 9-11, the BESS is charging during this period. It is e�cient to

charge the BESS when the DLMP is lower and sell in times the DLMP is much higher,

Timeslots 12-20, for example. In this case, the BESS also faces minimum charging or dis-

charging periods of three hours, which impacts this schedule. Further, due to the initial

SOC of 0.1 MWh and maximum charging rate of 0.05 MW/h, BESS3 would not be able to

completely charge to 0.5 MWh until Hour 8.

Figure 3.5: BESS3's schedule is dependent upon the DLMP at Bus 3. Published in [49].
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3.3 Electricity Distribution System Model with Loss

To more accurately represent an electricity distribution system, a model for real and reactive

power losses is derived. Originally nonlinear in nature, unique techniques are used to linearize

the power loss equations as de�ned in Section 3.3.1. Additionally, considering that wind and

solar predictions do not match actual power outputs, a probability e�cient point method is

adopted, as de�ned in Section 3.3.2, to handle the VRE uncertainty. Further, the DLMP

is composed into energy, loss, voltage, and congestion components in Section 3.3.3 to better

understand what causes DLMP behaviors in the system. Finally, this model is tested and

validated in Section 3.3.4.

Here, the substation node or the point of common coupling (PCC) is indexed as 0, and

the rest of the nodes are ordered from 1 toN , whereN is the total number of nodes/lines.

By excluding the root (substation) node, the same index is applied to both the lines and

nodes. Indexing this way in a radial distribution system proved to simplify the modeling

and presentation of the power 
ow model and sensitivity analysis.

3.3.1 Power Losses

The linearized power 
ow method in [6] is adopted and modi�ed to establish the relationship

between real and reactive power injections, line losses, and nodal voltages. First considered

is the relationship between the voltage and power injections, which leads to the relationship

with real and reactive power losses. Using the indexing described above, the linearized power


ow is rewritten according to voltage drops and angle di�erences. Interested readers can refer

to [6] for more details. According to Figure 3.1, the power 
ow equations for linei can be

written as (3.45). Subscripts� and t are dropped for clarity. Here,LP
i and LQ

i are real and

reactive power losses, and �� i represents the voltage angle for nodei .

(Pi + LP
i ) + j (Qi + LQ

i ) =
V 2

u(i ) � Vu(i )Vi cos(� � i )) � jVu(i )Vi sin(� � i ))

r i + x i
(3.45)

Equation (3.45) is �rst expanded to real an imaginary components, as in (3.46) and
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(3.47).

(Pi + LP
i ) =

r i �
�
Vu(i )

�
Vu(i ) � Vi cos(� � i )

��

r2
i + x 2

i
+

xi �
�
Vu(i )Vi sin(� � i )

�

r2
i + x 2

i
(3.46)

(Qi + LQ
i ) = �

r i �
�
Vu(i )Vi sin(� � i )

�

r2
i + x 2

i
+

xi �
�
Vu(i )

�
Vu(i ) � Vi cos(� � i )

��

r2
i + x 2

i
(3.47)

Assuming � � i � 0 and jVu(i ) j = jVi j = 1 pu (allowing sin(� � i ) = � � i and cos(� � i ) = 1)

the following equations, (3.48) and (3.49), are derived.

Pi + LP
i �

r i

r2
i + x 2

i
�
�
Vu(i ) � Vi

�
+

xi

r2
i + x 2

i
�
�
� � i

�
(3.48)

Qi + LQ
i �

r i

r2
i + x 2

i
�
�
� � i

�
+

xi

r2
i + x 2

i
�
�
Vu(i ) � Vi

�
(3.49)

By letting, � Vi = ( Vu(i ) � Vi ) , Z r
i = r i

r2
i +x 2

i
, and Z x

i = x i
r2
i +x 2

i
, (3.48) and (3.49) can be

written in terms of � Vi and � � i , as in (3.50) and (3.51).

Pi + LP
i = Z r

i � � Vi + Z x
i � � � i (3.50)

Qi + LQ
i = Z x

i � � Vi � Z r
i � � � i (3.51)

In (3.50) and (3.51), the voltage drop �Vi and the voltage angle di�erence �� i in line i

determines the power 
ow and loss in linei serving nodei . Equation (3.52) states this in

vector-matrix form.

2

6
4

P + L P

Q + L Q

3

7
5 = Z �

2

6
4

� V

� �

3

7
5 (3.52)

Here,Z =
�

Z r Z x

Z x � Z r

�
whereZ r =

"
Z r

1 ::: 0
...

...
...

0 ::: Z r
N

#

and Zx =

"
Z x

1 ::: 0
...

...
...

0 ::: Z x
N

#

are diagonal matrices.

According to the way lines and nodes are indexed,N shows the number of nodes as well as the

number of lines in a radial network. Therefore, (P; LP ; Q; LQ; � Vi ; � � i ) 2 RN , Z 2 R (2N � 2N )

and (Z r ; Zx) 2 R (N � N ) . SinceZ is a square invertible matrix, � V and � � are given by the
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linear relationship in (3.53).

2

6
4

� V

� �

3

7
5 = Z � 1 �

2

6
4

P + L P

Q + L Q

3

7
5 (3.53)

The substation voltage magnitude minus the total voltage drop from the substation (V 0)

to node i gives the voltage magnitude at nodei , mathematically written in (3.54).

V = V 0 � U � � V (3.54)

Here, U 2 R (N � N ) is the upstream node-to-line incidence matrix between nodei and

line j and is de�ned in (3.55). Therefore,U(i ) is the set of lines connecting nodei to the

substation node.

[U]ij =
� 1 if j 2 U(i )

0 otherwise
(3.55)

By replacing � V from (3.53) and letting ZV = Z � 1(1 : N; 1 : 2N ), Equation (3.54) can

be rewritten as in (3.56). Here, (V ; V 0) 2 RN and V 0 = [ V0 : : : V0]T .

V = V 0 � U ZV

2

6
4

P + L P

Q + L Q

3

7
5 (3.56)

The magnitudes of node voltages are given in terms of line power 
ows, line losses, and

network structure in reference to the substation node voltage in (3.56). Therefore, the node

voltage magnitude can ultimately be written as a function of power injections (pi , qi ), line

losses (LP
i , LQ

i ), and other network parameters. As thei th element of the right-hand side of

(3.56), Pi + LP
i and Qi + LQ

i can be written as in (3.57) and (3.58) according to the notation
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de�ned in Figure 3.1.

Pi + LP
i = pi +

X

k2 df i g

(Pk + LP
k ) + LP

i (3.57)

Qi + LQ
i = qi +

X

k2 df i g

(Qk + LQ
k ) + LQ

i (3.58)

Equations (3.57) and (3.58) are rewritten in vector-matrix form in (3.59) and (3.60).

P + L P = D (p + L P ) (3.59)

Q + L Q = D (q + L Q) (3.60)

Where, D 2 R (N � N ) is the downstream node-to-node (and line-to-line) incidence matrix

from nodei to node j including self (diagonal elements) as de�ned in (3.61).

[D ]ij =
� 1 if j 2 D (i ) or i = j

0 otherwise
(3.61)

By substituting (3.59) and (3.60) into (3.56), and with some modi�cations, Equation

(3.62) is derived.

V = V 0 � U ZV

2

6
4

D 0

0 D

3

7
5

2

6
4

p + L P

q + L Q

3

7
5 (3.62)

Allowing M = [ M pM q] = U ZV [ D 0
0 D ], (3.62) is rewritten as (3.63). Here, (M p; M q) 2

R (N � N ) are network-related matrices associated with real and reactive power injections and

losses. In reference to the substation voltageV 0, (3.63) computes the nodal voltagesV .

V = V 0 � M p(p + L P ) � M q(q + L Q) (3.63)

The real and reactive power lossesLP
i and LQ

i are de�ned in (3.64), and approximated
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according to (3.65) and (3.66), respectively. Adapted from [6], the losses are linearized using

a �rst-order Taylor series approximation by omitting the second and higher-order terms.

The variables (p � and q� ) denote an exogenously obtained feasible power 
ow solution and

are used as the center point of the Taylor series approximation.

n
LP

i ; LQ
i

o
=

�
r i

P2
i + Q2

i

V 2
i

; xi
P2

i + Q2
i

V 2
i

�
(3.64)

L P (p; q) � L P (p � ; q� ) +
X

i

@L P

@pi
(pi � p�

i ) +
X

i

@L P

@qi
(qi � q�

i ) (3.65)

L Q(p; q) � L Q(p � ; q� ) +
X

i

@L Q

@pi
(pi � p�

i ) +
X

i

@L Q

@qi
(qi � q�

i ) (3.66)

From the above formulations, the following �nal equations are obtained and used for

power balance, power 
ow, voltage, and loss. Constrains (3.67)-(3.68) model the total sys-

tem real and reactive power balance. HereLP
i;�;t and LQ

i;�;t are the linearized real and reactive

power losses. De�ned in (3.69) and (3.70), the real and reactive power 
ow are represented

by variables Pi;�;t and Qi;�;t . Nodal voltage, Vi;�;t , is de�ned in (3.71) in reference to the

substation voltage,V0;�;t . This equation is used in setting the voltage constraints in (3.9).

As shown, system parametersM P
i;�;j and M Q

i;�;j are comprised of upstream and downstream

incidence matrices and line resistance and reactance diagonal matrices. Also shown, orig-

inally quadratic relations of the real and reactive power 
ow, line impedance, and nodal

voltage, real and reactive power losses are approximated using a �rst-order Taylor series

approximation around an exogenously obtained feasible point [6].
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p0;�;t +
X

i

(pi;�;t + LP
i;�;t ) = 0 (3.67)

q0;�;t +
X

i

(qi;�;t + LQ
i;�;t ) = 0 (3.68)

Pi;�;t = pi;�;t +
X

k2 df i g

(pk;�;t + LP
k;�;t ) (3.69)

Qi;�;t = qi;�;t +
X

k2 df i g

(qk;�;t + LQ
k;�;t ) (3.70)

Vi;�;t = V0;�;t �
X

k2 N

M P
i;�;k � (pk;�;t + LP

k;�;t ) �
X

k2 N

M Q
i;�;k � (qk;�;t + LQ

k;�;t ) (3.71)

3.3.2 Probability E�cient Point

The PEP method is used to address stochastic VRE generation. The output of this method

determines the expected VRE output,pR
i;�;t , which is included inGen in Equation (3.4). The

advantage of the PEP method over other methods (e.g., stochastic optimization) is that it

does not require the assumption of an underlying (joint) probability distribution function

of stochastic parameter(s). This is useful in problems like the one considered in which a

large volume of historical datasets of the stochastic parameters is available, but getting an

explicit joint probability distribution function is challenging. The data-driven PEP method

that solves VRE generation e�cient points using historical data at a certain probability level

is described as follows.

Let S denote the set of historical realizations of the stochastic vector~d =

(d1; : : : ; dn ; : : : ; dR) for R VRE sites. The sth sample of the historical realizations of~d ,

is denoted asd s = ( ds;1; : : : ; ds;n ; : : : ; ds;R ), where s 2 S. The probability of each scenario,

s, is denoted asps. The MILP in (3.72)-(3.76) solves the PEP, as determined in [50, 67].

min
v �

1 ;:::;v �
R

RX

n=1

v �
n (3.72)
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Subject to:

X

s2 S

ps� s � � (3.73)

v �
n � ds;n � s; n = 1; : : : ; R; s 2 S (3.74)

� s 2 f 0; 1gjSj (3.75)

v �
n 2 R+ ; n = 1; : : : ; R (3.76)

The element-wise sum of the PEP vector,v � , guarantees a minimal solution (3.72). The

total probability of a set of samples must at least be equal to the probability level,� , and

is satis�ed in constraint (3.73). Equation (3.74) guarantees each element of the solution

(v �
n 2 v � ) must be greater than or equal to the corresponding sample in the historical data

set (ds;n 2 d s) of \selected" samples. This is achieved by using binary variable� s (3.75),

which is one if all constraintsv �
n � ps;n , n = 1; : : : ; R, are met in the sth sample, and zero

otherwise. The realized solutions must be real, positive values (R+ ) as in (3.76). Constraints

(3.73) and (3.74) ensurev � satis�es the requirement of a set of scenarios whose aggregate

probability is at least equal to the enforced probability level� .

Once the probability e�cient point of the VRE generation at probability level � is rep-

resented byv � , stochastic valuepR
i;�;t included in Gen in Equation (3.4) will be replaced by

the deterministic valuev �
n . The PEP model can easily be extended to address uncertainties

in electrical load forecasts. However, these components are assumed to be accurately fore-

casted with a small percent error as opposed to the VRE generation. Therefore, uncertainties

associated with electricity demands are not considered.

3.3.3 Component-Wise DLMP Decomposition

As shown in (3.77) and (3.78), real and reactive energy (
EP
�;t , 
 EQ

�;t ), loss (
 L P
i;�;t , 
 L Q

i;�;t ),

voltage violation (
 VP
i;�;t , 
 VQ

i;�;t ), and congestion (
CP
i;�;t , 
 CQ

i;�;t ) components are summed to the

total real and reactive DLMP (
 P
i;�;t , 
 Q

i;�;t ). This component-wise DLMP formulation is
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published in [50].


 P
i;�;t = 
 EP

�;t + 
 L P
i;�;t + 
 VP

i;�;t + 
 CP
i;�;t (3.77)


 Q
i;�;t = 
 EQ

�;t + 
 L Q
i;�;t + 
 VQ

i;�;t + 
 CQ
i;�;t (3.78)


 L P
i;�;t = 
 EP

�;t

X

j 2 N

@LPj;�;t
@pi;�;t

+ 
 EQ
�;t

X

j 2 N

@LQj;�;t
@pi;�;t

(3.79)


 L Q
i;�;t = 
 EQ

�;t

X

j 2 N

@LQj;�;t
@qi;�;t

+ 
 EP
�;t

X

j 2 N

@LPj;�;t
@qi;�;t

(3.80)


 VP
i;�;t =

X

i 0

(vmin
i 0;�;t � vmax

i 0;�;t )
@Vi 0;�;t

@pi;�;t
(3.81)


 VQ
i;�;t =

X

i 0

(vmin
i 0;�;t � vmax

i 0;�;t )
@Vi 0;�;t

@qi;�;t
(3.82)


 CP
i;�;t =

X

j 2 uf i g

� 1
i;�;t

@Sj;�;t
@pi;�;t

(3.83)


 CQ
i;�;t =

X

j 2 uf i g

� 2
i;�;t

@Sj;�;t
@qi;�;t

(3.84)

The real and reactive energy components of the DLMP are determined by the shadow

prices of (3.67) and (3.68). If the substation node is providing the next marginal unit of

power, these values are equal to the LMP (� p0
t , � q0

t ) at the substation node. Real and reactive

loss components are determined by loss sensitivities with respect to nodal power injections,

as summarized in (3.79) and (3.80) and detailed in Equations (3.85)-(3.92). By considering

a constant voltage at nodei in (3.64), the sensitivities of real and reactive power losses on

line j to real and reactive power injections at nodei are derived in (3.85)-(3.88).
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@LPj;�;t
@pi;�;t

=
�

2Pj;�;t
@Pj;�;t
@pi;�;t

+ 2Qj;�;t
@Qj;�;t
@pi;�;t

�
�

r j;�

V 2
i;�;t

(3.85)

@LPj;�;t
@qi;�;t

=
�

2Pj;�;t
@Pj;�;t
@qi;�;t

+ 2Qj;�;t
@Qj;�;t
@qi;�;t

�
�

r j;�

V 2
i;�;t

(3.86)

@LQj;�;t
@pi;�;t

=
�

2Pj;�;t
@Pj;�;t
@pi;�;t

+ 2Qj;�;t
@Qj;�;t
@pi;�;t

�
�

xj;�

V 2
i;�;t

(3.87)

@LQj;�;t
@qi;�;t

=
�

2Pj;�;t
@Pj;�;t
@qi;�;t

+ 2Qj;�;t
@Qj;�;t
@qi;�;t

�
�

xj;�

V 2
i;�;t

(3.88)

The line 
ow sensitivities in (3.89)-(3.92) are derived using further simpli�cation from

Equations (3.57) and (3.58). By using Equations (3.89)-(3.92) in Equations (3.85)-(3.88) and

solving recursively, the loss sensitivities used for the loss DLMP components are computed.

@Pj;�;t
@pi;�;t

= D (j; i ) +
X

k2 d(j )

D (j; k )
@LPk;�;t

@pi;�;t
(3.89)

@Pj;�;t
@qi;�;t

=
X

k2 d(j )

D (j; k )
@LPk;�;t

@qi;�;t
(3.90)

@Qj;�;t
@pi;�;t

=
X

k2 d(j )

D (j; k )
@LQk;�;t

@pi;�;t
(3.91)

@Qj;�;t
@qi;�;t

= D (j; i ) +
X

k2 d(j )

D (j; k )
@LQk;�;t

@qi;�;t
(3.92)

Similarly, voltage components are determined by voltage sensitivities to nodal power

injections, and are computed in Equations (3.93) and (3.94) where@Vi
@p0i

and @Vi
@q0i

according

to Equation (3.63) are found. The shadow prices of (3.9) on all nodesi 0 that meet a lower

or upper voltage limit are captured in vmin
i 0;�;t and vmax

i 0;�;t . Together with Equations (3.93)

and (3.94), these shadow prices are used to compute the voltage violations component, as

indicated in (3.81) and (3.82).
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@Vi;�;t
@pi 0;�;t

= � M p(i; i 0) �
NX

k=1

M p(i; k ) �
@LPk;�;t

@pi 0;�;t
�

NX

k=1

M q(i; k ) �
@LQk;�;t

@pi 0;�;t
(3.93)

@Vi;�;t
@qi 0;�;t

= � M q(i; i 0) �
NX

k=1

M q(i; k ) �
@LQk;�;t

@qi 0;�;t
�

NX

k=1

M p(i; k ) �
@LPk;�;t

@qi 0;�;t
(3.94)

Finally, congestion components are determined by lines' apparent power 
ow sensitivities

with respect to nodal power injections, de�ned in (3.95) and (3.96). The combinations of

the four Lagrange multipliers that come from expanding the absolute values in (3.10) to

a linear form are captured in� 1
i;�;t and � 2

i;�;t and are used in (3.83) and (3.84). The four

separate constraints give� Pi � Qi �
p

2Si with shadow pricesf � ++ ; � �� ; � + � ; � � + g. Here,

� (p;q);1 = � ++ � � �� + � + � � � � + , and � (p;q);2 = � ++ � � �� � � + � + � � + . The combination of

real and reactive power injections is captured inSj;�;t . The congestion prices are computed

by replacing (3.89)-(3.92) in (3.95) and (3.96).

X

j 2 uf i g

� j;�;t
@Sj;�;t
@pi;�;t

=
NX

j =1

U(i; j ) � � p;1(j ) �
@Pj;�;t
@pi;�;t

+
NX

j =1

U(i; j ) � � p;2(j ) �
@Qj;�;t
@pi;�;t

(3.95)

X

j 2 uf i g

� j;�;t
@Sj;�;t
@qi;�;t

=
NX

j =1

U(i; j ) � � q;2(j ) �
@Qj;�;t
@qi;�;t

+
NX

j =1

U(i; j ) � � p;1(j ) �
@Pj;�;t
@qi;�;t

(3.96)

3.3.4 Component-Wise DLMP Case Study

A case study was conducted to verify and test the methods and models proposed in Sections

3.3.1-3.3.3. These results are published in [50]. In this model,O(pi;�;t ) and O(qi;�;t ) are

de�ned as in (3.97) and (3.98). Subscript� is dropped here as this model is balanced

three-phase. The objective function maximizes the social welfare in the proposed system.
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O(pi;�;t ) =
X

t

� p0
t � p0;t +

X

i;w;t

cG;P
i;w;t � pG

i;w;t +
X

i;t

ĉB;P
i;t � p̂B

i;t �
X

i;t

�cB;P
i;t � �pB

i;t

�
X

i;w> 1;t

cD;P
i;w;t � pD

i;w;t +
X

i;w;t

� D
i;t � sD

i;w;t +
X

i;t

� R
i;t � sR

i;t (3.97)

O(qi;�;t ) =
X

t

� q0
t � q0;t +

X

i;w;t

cG;Q
i;w;t � qG

i;w;t �
X

i;w> 1;t

cD;Q
i;w;t � qD

i;w;t (3.98)

Here, � p0
t and � q0

t are the real and reactive LMP prices at the substation node, andp0;t

and q0;t are the real and reactive net power injections at the substation node. If these net

power injections are negative, the DSO buys real or reactive power from the distribution

system at the respective LMP. DGs bid at a cost ofcG;P
i;w;t for real power andcG;Q

i;w;t for reactive

power, where subscriptw indicates the segment energy and bid block using a piecewise

bidding method to approximate the supply cost of DGs. VariablespG
i;w;t and qG

i;w;t indicate

the real and reactive segment power the generators supply. These values must lie within

their respective segment constraints and sum to their total outputpG
i;t and qG

i;t , as in (3.11).

The reactive power output of the DG must lie within a fraction, � � G, of the real power

output, as in (3.14). The BESS units bid at a cost of ^cB;P
i;t for extraction of power from the

battery and �cB;P
i;t for injection of power into the battery. Variablesp̂B

i;t and �pB
i;t indicate the

power the BESS unit consumes or supplies, respectively. Reactive power from the BESS is

held to � � B of the real power. Although not present in the objective function, the reactive

power of the renewable energy sources (qR
i;t ) are held to � � R of the real power (pR

i;t ). Here,

bids for demand are placed atcD;P
i;w;t , wherew � 1 represents the real power price bids, and

pD
i;w;t represents the real power demand which is met by the system. Therefore, the �fth term

in Op(x t ) is modeled forw > 1 to consider only the demand segments that place bids, as the

�rst segment is a must-serve load. As similar explanation holds for reactive power demand

bids, cD;Q
i;w;t , and segments,qD

i;w;t . The �nal two terms in (3.97) indicate the value of lost load

(� D ) or renewable generation (� R) times the sum of the real power demand shed (sD
i;t ) or the

VRE unit's curtailment ( sR
i;t ), which are utilized to achieve feasibility.
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Further, in this model, Dem and Gen in (3.4) and (3.5) include real and reactive power

demands and power supplied from DGs, BESSs, and variable renewable energy sources (pR
i;t )

determined by the PEP method in Section 3.3.2.

Finally, the power 
ow problem with losses is considered asP2 and is de�ned as:

P2: min(3.1)

subject to: (3.4)-(3.5), (3.9)-(3.42), and (3.65)-(3.71)

A modi�ed Paci�c Gas & Electric (PG&E) 69-node system, shown in Figure 3.6, is

utilized to simulate the proposed MILP models in the GAMS/CPLEX environment [130].

The nodal power demands are split into three segments of 50%, 25%, and 25%. The �rst

segment is �xed as a must-serve load, while the remaining two segments (the price-responsive

loads) place monetary bids in randomly generated ranges of [13.8, 28.1] and [10.3, 26.5]

$/MWh for real power. Reactive power bids at 30% of these amounts. The BESS bid at

$25/MWh for extraction and $20/MWh for injection, and the zero-marginal-cost VREs bid

at $0/MWh. The substation node sees a typical-day LMP in the range of [16.45, 42.14]

$/MWh. Western Wind and Solar Integration Study (WWSIS) historical data sets [133] for

wind and PV generation at four di�erent sites are used to implement the PEP method and

obtain the VRE generation at di�erent con�dence levels. VRE units within close proximity

are considered identical and assigned the same historical data set.

Scenarios I-IV are simulated in this study to show the e�ect of VRE penetration on the

component-wise DLMP. Scenarios I and II face a 200% system load while Scenarios III and

IV see 100% system load. Scenarios I-IV experience 0% (K =0), 50% (K =1), 100% (K =2),

and 200% (K =4) VRE output penetration at a con�dence level of � =0.75, where K is a

scaling factor of the VRE output. The results of this study are depicted in Figure 3.7, where

the left and right columns represent the real and reactive power outcomes, respectively, at

Node 60, where the majority of the system's load is located. The four DLMP components are

represented with bars, while the sum of the components, the total real and reactive DLMP

(
 P
i;t , 
 Q

i;t ), is the dotted red line and the real and reactive LMP at the substation node (� p0
t ,

� q0
t ) is the starred green line. Represented by the purple bar, the energy component of the
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Figure 3.6: Modi�ed PG&E 69-node system with diverse DERs. Published in [50].

DLMP (
 EP
t , 
 EQ

t ) is given by the Lagrange multiplier of Equations (3.67) and (3.68) and is

equivalent to the LMP of the substation node if the marginal unit serving the next increment

of load (MWh, MVARh) comes from the wholesale market. The amount of megavolt-ampere

reactive (MVARs) served in an hour is notated as MVARh.

In Scenario I, voltage (
 VP
60;t , 
 VQ

60;t ) and congestion components (
CP
60;t , 
 CQ

60;t ) of the DLMP

appear on Node 60 during Timeslots 16-18 due to a voltage violation at Node 64 and conges-

tion at Line 2, which occur due to high demands. These cost-causation values are incurred to

Node 60 for its participation in increasing the voltage violation and power 
ow congestion for

other nodes and lines in the system. Injection at any node causes unavoidable transference

losses over the lines, therefore loss components (
L P
i;t , 
 L Q

i;t ) appear in every timeslot. In this

scenario, the marginal unit happens to be the substation node, as indicated by the energy

components (given by the supply-demand curve's equilibrium point) and LMP overlapping.

In Scenario II, VRE units are added (K =1 and � =0.75), as in Figure 3.6. The voltage

violation and congestion prices present in Scenario I in Hours 16-18 are completely removed.

The addition of the zero-marginal-cost VREs support the grid by reducing the power 
ow

on Line 1 and other lines and decreasing voltage drops across all nodes. This is achieved

by serving the large demands at Node 60 by the nearby VREs at Nodes 61-64 and, thus,

resolves the issues occurring in Scenario I. Further, the LMP does not coincide with the
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energy price in Timeslots 10-12. Therefore, the distributed energy resources completely

serve the system's total real power demand. No real power is consumed from the substation

during this timeframe. Reiterated, the settlement of the equilibrium price was determined

by a bid lower than the LMP; therefore, the substation no longer serves as the marginal

unit in these hours. However, this is not the case for the reactive power energy components

(
 Q
60;t ) and the reactive power LMP at the substation node (� q0

t ). This is because the reactive

power outputs of the VRE units are constrained to� � R=30% of their real power outputs

through the use of inverters. Due to the lack of available reactive power from the distributed

resources, reactive power must be withdrawn from the substation node in this case, resulting

in equal reactive power LMPs and energy components.

As more VRE penetration (K =2 and � = 0.75) is activated in Scenario III, no con-

gestion or voltage violations occur. However, negative energy and loss components appear

during Timeslots 10-12. Here, VRE units are curtailed at a generation curtailment cost of

� R= $100/MWh to achieve system feasibility. Therefore, Node 60 is paid at� R to consume

real power and for causing losses, i.e., 
L P
60;t = - $4.085/MWh. Contrarily, reactive energy and

loss DLMP components are all positive, except in Timeslots 10-12, where the reactive loss

component is negative. This is because the reactive power of the VRE is not curtailed at a

penalty in the objective power, as is the case for the real power. Rather the reactive power

is held within a 
exible range (� � R) of the actual real power output, which is based on

the capability of the inverter. Further, the reactive power demand of the system is higher

than what the DERs are capable of producing, and the substation is the marginal unit

for the reactive power demand. Notice, reactive power consumption increases real power

losses according to Equations (3.65) and (3.86). Therefore, the reactive power at Node 60 in

Timeslots 10-12 is incentivized around -$3.40/MVARh to consume reactive power (increase

real power losses) to decrease VRE curtailment and the associated costs. To the best of my

knowledge, such interesting details between real and reactive component-wise pricing have

never been demonstrated.

Due to the high VRE penetration (K =4 and � =0.75) in Scenario IV, large reverse power


ows cause several nodes to violate their upper voltage limit, causing negative real and
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Figure 3.7: Node 60's real and reactive DLMPs (DLMP-P, DLMP-Q) (
P60;t = 
 p;60, 
 Q
60;t =


 q;60), their components, energy (
EP
t = 
 E

p , 
 EQ
t = 
 E

q ), loss (
 L P
60;t = 
 L

p , 
 L Q
60;t = 
 L

q ),

voltage violation (
 VP
60;t = 
 V

p , 
 VQ
60;t = 
 V

q ), and congestion (
CP
60;t = 
 C

p , 
 CQ
60;t = 
 C

q ), and
LMPs (� p0

t = � 0
p, � q0

t = � 0
q) in Scenarios I-IV. Published in [50].
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reactive voltage components 
VP
60;t and 
 VQ

60;t . Node 60 is encouraged to consume during

Hours 8-14, as it is the largest sink in the system. Therefore, its consumption maintains a

lower system voltage and avoids further VRE curtailment during Timeslots 15-16. However,

the total reactive power DLMP (
 Q
60;t ) is still a large positive value, despite the negative

voltage components (
VQ
60;t ). This indicates that while the real power DLMP is negative, the

reactive power DLMP may not be negative as well. Therefore, the net DLMP (
Pi;t + 
 Q
i;t )

could be positive or negative, depending on the system's reactive power demand and supply

capabilities. These conclusions support the need for reactive power pricing in distribution

systems.

Finally, the proposed MILP model is compared to the full-ACOPF results from the open-

source MATPOWER solver to validate the power 
ow results under peak load conditions.

As shown in Figure 3.8, the errors prove to be acceptable. At 130% of the load level, the

maximum errors in the line 
ow and losses are 1.34% and 4.26%, while the voltage error of

the node farthest from the substation is less than 0.04%.

Figure 3.8: Power 
ow comparison of the proposed method to ACOPF. Published in [50].
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3.4 Three-Phase Unbalanced Model

Considering that most electricity distribution systems are three-phase systems and the

amount of load (and distributed generation) on each phase does not match across all phases,

the model is extended to account for unbalanced systems in Section 3.4.1. This model is

tested and validated in Section 3.4.2

3.4.1 Balance Equations

The real and reactive power imbalance between phases at the substation node are restricted

by (3.99) and (3.100) within a small percentage, �� p and � � q, respectively. These con-

straints distinguish this model from the balanced model in Section 3.3.

jpi;�;t � pi;� 0;t j = � � p 8� 2 � ; 8� 0 2 f � n� g (3.99)

jqi;�;t � qi;� 0;t j = � � q 8� 2 � ; 8� 0 2 f � n� g (3.100)

3.4.2 Three-Phase Case Study

A case study was performed to con�rm and test the constraints proposed in Section 3.4 and

evaluate their impact on the system. These results are published in [51]. In this three-phase

unbalanced model,O(pi;�;t ) and O(qi;�;t ) are de�ned as in (3.101) and (3.102). This objective

function �nds the least cost sum of generation for the unbalanced three-phase system.

O(pi;�;t ) =
X

�;t

� p0
t � p0;�;t +

X

i;w;�;t

cG;P
i;w;�;t � pG

i;w;�;t +
X

i;�;t

ĉB;P
i;�;t � p̂B

i;�;t

�
X

i;�;t

�cB;P
i;�;t � �pB

i;�;t +
X

i;�;t

� D � sD;P
i;�;t (3.101)

O(qi;�;t ) =
X

�;t

� q0
t � q0;�;t +

X

i;w;�;t

cG;Q
i;w;�;t � qG

i;w;�;t (3.102)

Here, � p0
t and � q0

t are the real and reactive LMP prices at the substation node, andp0;�;t

and q0;�;t are the real and reactive net power injections at the substation node. DGs bid at
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a cost ofcG;P
i;w;�;t for real power andcG;Q

i;w;�;t for reactive power, where subscriptw indicates the

segment energy and bid block using a piecewise bidding method to approximate the supply

cost of DGs. VariablespG
i;w;�;t and qG

i;w;�;t indicate the real and reactive segment power the

generators supply. These values must lie within their respective segment constraints and

sum to their total output pG
i;�;t and qG

i;�;t . The reactive power output of the DG must lie

within a fraction, + � G, of the real power output. The BESS units bid at a cost of ^cB;P
i;�;t

for extraction of power from the battery and �cB;P
i;�;t for injection of power into the battery.

Variablesp̂B
i;�;t and �pB

i;�;t indicate the power the BESS unit consumes or supplies, respectively.

Reactive power from the BESS is held to +� B of the real power. Although not present in

the objective function, the reactive power of the renewable energy sources (qR
i;�;t ) is held to

+ � R of the real power (pR
i;�;t ). The �nal term in (3.101) indicates the value of lost load,� D ,

times the sum of the real power demand curtailment,sD;P
i;�;t , to penalize any load not served.

Further, in this model, Dem and Gen in (3.4) and (3.5) include real and reactive power

demands and power supplied from DGs, BESSs, and VREs.

Finally, the three-phase unbalanced power 
ow problem with losses is considered asP3

and is de�ned as:

P3: min(3.1)

subject to: (3.4)-(3.5), (3.9)-(3.14), (3.18)-(3.42), (3.65)-(3.71), and (3.99)-(3.100)

A modi�ed 69-node PG&E system was used to investigate three-phase real and reactive

DLMP and its components. A one-line diagram of the system is shown in Figure 3.9.

Unbalanced loads are indicated using arrows at bus locations. The GAMS platform with a

CPLEX MILP solver was used to conduct simulations [130]. The following two cases are

created:

Case 1: Typical radial distribution with a low-cost 1.5 MW DG at Node 62 and

no VRE or BESS units.

Case 2: Heavily unbalanced amount of DERs. DG at Node 62 for all phases.

VRE units at Nodes 10, 15, 16, 17, 21, 22, 35, 38, 39, 41, 44, 45, 49, 54, 60,
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Figure 3.9: Modi�ed three-phase PG&E 69-node system. Published in [51].

and 64 for Phase A, Nodes 22 and 49 for Phase B, and Node 49 for Phase C.

Finally, there is a 0.5 MWh BESS with a minimum charging rate of 0.02 MW

and a maximum charging rate of 0.05 MW at Node 2 for each phase, of which,

the DSO has full operational control. This gives a 28.5%, 2.6%, and 2.2% VRE

portfolio for Phases A, B, and C, respectively.

Impact of Low-Cost DG

Due to the DG selling at costs much lower than the substation LMP, the DG is producing

power until the upper voltage constraint is met. Figure 3.10 shows the component-wise three-

phase real and reactive DLMP values at Node 8, in which the black line with asterisks shows

the total DLMP, i.e., a sum of the component-wise DLMP. Negative voltage components

occur on Phases A and B across multiple timeslots. (Most Phase B voltage components are

minimal and therefore not visible in the illustration.) Negative voltage components indicate

the voltage pro�le of the distribution system would be improved if more energy were to be

consumed at Node 8 in these timeslots. However, the total real power DLMP values are still

positive due to the large positive value of the energy component. Congestion occurs in each

phase near the peak load hours. The positive congestion component discourages consumption

at this node by setting a high price signal. The unavoidable DLMP loss components occur

at every node, but in this case, the values are very small compared to the other components.

Therefore, these values are scaled to appear in the visualization.
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These results also stress the importance of reactive power pricing. As seen in Figure 3.10,

real power pricing does not become highly negative in any phase. Reactive power pricing,

on the other hand, encounters negative DLMP values. For example, at Timeslots 1 and

3-8, Phase A charges customers a visibly high price to discourage reactive power demand,

while Phase C pays customers to consume reactive power. This is an attempt to meet in the

middle, to match the reactive load on Phase B, and balance the reactive power load across

all three phases as imposed by 3.100. Here, �� p = � � q = 0:2. A similar balancing result

occurs for real power at various timeslots, but the prices do not become highly negative as

they do for the reactive power case. The value of reactive power pricing is emphasized here

because real power constraints may be acceptable while reactive power limits are binding.

There are many timeslots on Phases B and C that appear to be zero in Figure 3.10.

Some of these timeslots have small DLMP values because the generator supplying the next

marginal unit is the low-cost DG. Therefore, the cost to consume the next unit of power is

low. In other cases, the DG is at maximum capacity, so the substation is the marginal node

serving the next unit of power, thus higher energy component prices.

Figure 3.10: Three-phase real and reactive component-wise DLMP values for Case 1 at Node
8. Published in [51].
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Impact of Heavily Unbalanced DERs

As certain phases can have highly contrasting load and local generation pro�les (Case 2),

the importance of three-phase DLMP modeling is emphasized in Figure 3.11. This is a

potential future case where one phase of a feeder serves single-family homes capable of

widespread rooftop PV, while another serves commercial or apartment complex customers,

where rooftop PV is uncommon. With high VRE penetration, Phase A encounters zero value

real DLMPs when the sun is shining, while Phases B and C, with low VRE penetration, do

not see zero DLMP values. Here, the zero-variable-cost VRE units are the marginal units

supplying the next unit of power on Phase A. Similar results occur for reactive power pricing.

The added local generation in Case 2 helps meet more demand than in Case 1, but VRE

units are still curtailed. In this case, 23% of the VRE units are curtailed on Phase A. This

result shows the importance of smart DER planning across phases and locations.

The BESS charges on Phase A at Hours 9-17 when the VRE penetration is high during

Figure 3.11: Three-phase real component-wise DLMP values for Case 2 at Node 8 with
balance constraints (3.99)-(3.100). Published in [51].
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Figure 3.12: Three-phase real component-wise DLMP values for Case 2 at Node 8 without
balance constraints (3.99)-(3.100). Published in [51].

this case. The BESSs on Phases B and C discharge during these hours to ease the burden

of the unbalanced generation pro�le on Phase A. DLMP values re
ect nodal prices in the

distribution system, at which the BESS would pay or get paid. If the DLMP is high, the

BESS would be paid at that high rate for injecting power and is thus better incentivized for

providing phase balancing services.

Impact of Imbalance Constraint

To ensure the economic price signal is managing imbalance across phases, constraints (3.99)-

(3.100) are removed to see the resulting DLMP. The DER parameters are the same as those

in Case 2. The proposed model now minimizes the cost of operating each phase individually,

with no coupling between the phases. The results for three-phase real DLMP at Node 8

can be observed in Figure 3.12. Here, the energy component across each phase is equal at

each timeslot and follows the real power LMP at the substation node. The substation is the
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marginal node serving the next MW as VRE units are dispatched at full capacity. When

comparing Figures 3.11 and 3.12, there is no longer an attempt at balancing the phases using

the DLMP mechanism. The energy component is the portion of the DLMP impacted by

the imbalance constraint being met. In this case, reactive power energy components are also

equal across phases. The results suggest the necessity to consider the three-phase balancing

constraints in the DLMP model since it provides an inherent mechanism to balance the

phases.

3.5 DLMP Application in HEMS

This section of research aims to provide a framework for applying blockchain technology

to home energy management systems (HEMSs) for secure data transfer of DLMPs and

forecasted loads with the DSO. Through the use of smart contracts, the intention is to ensure

privacy for homeowners when participating in demand response (DR) activities and therefore

encourage user participation. In the �rst stage, a smart contract keeps the homeowner's

identity private when sending future demand forecasts to the DSO. The DSO only needs

to know the aggregated load in a single bus and not individual homeowner information for

power balancing purposes. Therefore, the proposed smart contract aggregates the total load

in a bus and sends this information to the DSO through the blockchain, maintaining user

privacy. After the DSO solves the power balancing problem and determines the energy

allocated to each homeowner, the second stage of the smart contract sends this information

to each homeowner's HEMS device. The HEMS device will then use this information to

enable and disable the correct home appliances to stay below the allowed energy for the next

timeslot. This process is repeated every timeslot. The length of each timeslot is determined

beforehand and typically ranges from 15 minutes to an hour. This work combines blockchain

technology and smart contracts with HEMS devices to ensure user privacy and secure data

transfers with the DSO.

Our proposed framework and smart contract should be implemented in a private

blockchain, as this blockchain is not intended to be open to the public. Only a certain
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number of people will need access to this blockchain, and their addresses will be whitelisted

beforehand. The DSO's address will also be de�ned in a trusted manner. Upon user veri�-

cation, HEMS users have permission to call user-related functions in the smart contract. It

is assumed it is in all players' best interest to behave in an honest manner.

3.5.1 DLMP Application in HEMS Case Study

A project framework was developed to test the objectives presented in Section 3.5. These

results are published in [18]. An unbalanced distribution system is considered, shown in

Figure 3.13, which serves a di�erent number of homes in each phase of its three-phase nodes

[134]. Residential homes on every phase are of either regular or smart (HEMS-equipped)

type. Here, along with the home's non-controllable load, a smart home has been consid-

ered to own photovoltaic panels coupled with energy storage, a water heater, and a heating,

ventilation, and air conditioning system, which are entirely controlled by its HEMS. Other

appliances can be similarly included. To determine if there will be any congestion or voltage

violation in the distribution network, the DSO initially implements a reliability assessment

by solving a �rst-stage optimization problem based on future nodal demand bids from loads

as well as supply bids from distributed generation, if any, at the three-phase feeder level, e.g.,

each of the 68 nodes in Figure 3.13. However, the DSO can solve its �rst stage optimization

problem without any need for demand or supply bids, and can maximize social welfare by

dispatching as much power as required and allowed by the grid constraints. Distribution

locational marginal price values that are composed of energy, loss, congestion, and voltage

violation components of each node at each timeslot, are computed using the �rst-stage op-

timization solution and sensitivity analysis [50, 51, 75, 134]. When congestion or voltage

violation prices are shown, signaling an operational issue, the DSO immediately seeks 
ex-

ibility service from HEMSs to alleviate the issue(s) while maintaining three-phase power

balance at the substation node. Using DLMP components, the DSO can send two price

signals (a lower and an upper) to each HEMS and request a 
exible demand range.

In the next step, each HEMS can compute and send back to the DSO their re-
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Figure 3.13: An example of distributed networks with HEMSs. Published in [18].

quested demand range by incorporating the DSO's DLMP prices into its approximate dy-

namic programming-based stochastic optimization problem and �nding optimal consumption

amounts (demand) of its controllable appliances. In the second stage, by aggregating the


exibility ranges of all the participating HEMS, the DSO can determine an optimal dispatch

point without distribution system congestion or voltage violations and send it back to each

HEMS. Each HEMS sets the dispatch point as the maximum consumption for its controllable

appliances in its second stage.

The communication process between the HEMS users and DSO begins with the DSO sub-

mitting an upper and lower DLMP range for the next timeslot to the blockchain. The users

can trust these price signals as the blockchain is immutable and tamper-evident. Therefore,

users know an attacker did not modify the value sent. For each timeslot, HEMS devices will

calculate the lower and upper bound of predicted load based on the published DLMP from

the DSO. Each user will securely submit this load prediction to a user-de�ned call in the

smart contract. Users are encouraged to use a virtual private network or Tor, enabling users

to communicate anonymously and protect their IP addresses and, thus, locations.

After all HEMS users have submitted their predicted load ranges, or after a speci�c

timeframe has passed, the lower and upper demand range limits will be aggregated. The DSO
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can trust these values as the blockchain and smart contract functions are tamper-evident.

In this case, the DSO can only read the summed value of predicted power consumption in

a single node rather than the prediction values of each home. In the context of privacy, the

personnel in the DSO and other HEMS users have no access to the encrypted predicted load

of a given house without a password, and unauthorized users have no access to the private

blockchain, so protection of HEMS users' information is veri�ed.

After the utility gets the aggregated load forecast signal from the smart contract, the

operator will solve the convex optimization power-balancing problem based on the lower and

upper bound of the load range. The objective function minimizes the cost to the user by

using the DLMP at each node. The global optimal solution indicator for allowable load for

each HEMS user is captured in� and is sent to each HEMS device through the blockchain.

From Equation (3.103),� is a decimal number between zero and one, which is useless to the

attacker unless they have knowledge of the lower (L i
min ) and upper bounds (L i

max ) of the

forecast signal that each customer submitted to the smart contract in the �rst stage, which

is not possible without a private password as the data is encrypted. Here,P i
dispatch is the

allowed power to each HEMS, wherei is each HEMS in the system. The DSO will submit

� to the smart contract, and an event invocation will save the value in a block. Finally, the

smart contract gives the dispatch information,� , to each HEMS when requested by a user-

de�ned function. The DSO shares one single� that applies to all HEMS users; therefore,

the run time for this stage is extremely short.

P i
dispatch = � � L i

max + (1 � � ) � L i
min (3.103)

The proposed smart contract was implemented in Ethereum for testing. Figure 3.14

presents a graphical representation of the procedure for this simulation. Ideally, this concept

will be implemented in a private blockchain, but for the purpose of rapid testing, Ethereum

is used through the Ropsten test network, where user access is controlled. This test network

allows functions to be called from several di�erent addresses. Therefore, to test the proposed

concept, one address acts as the DSO, and a minimum of two addresses act as homeowners
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with HEMS devices. Note, that the DSO and users' addresses will be known and permis-

sioned accordingly in the proposed private blockchain framework. As testing was carried

out in a public network, addresses are assigned to each user and DSO through a claiming

framework. To begin testing, addresses associated with the DSO the users are de�ned. This

procedure is implemented in Ethereum using function calls `claimDSO()' and `claimUser()',

with each input being a unique address in the blockchain. Each type is allowed speci�c

permissions within the smart contract.

Figure 3.14: Processing sequence for the implemented smart contract framework in
Ethereum. Published in [18].

Next, the DSO shares an upper and lower DLMP value to the blockchain by function call

`submitPrice()'. Each HEMS uses these values to optimize its load forecast schedule for the

next timeslot based on this electricity price range. These values are obtainable by function

call `getPrice()'. Once this is completed, each homeowner submits a range of forecasted

demand data for the next timeslot. Forecasts are formatted as a lower and upper bound of

the forecasted demand and sent to the smart contract through function call `submitRange()'.
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HEMS users must encrypt this data as it is publicly published on the blockchain. Prior to

encryption, it would be published in the block in hexadecimal format, as depicted in Table

3.1. The �rst eight hexadecimal characters in the \Input Data" section is the call to the

`submitRange()' function. The remaining data is the string parameter, the non-encrypted

load forecast submission (`9, 10' in this case), in hexadecimal. Here, the ellipsis in the input

data are zeros and are removed to save space.

Table 3.1: Transaction details summary.

Range Submission Transaction Details Summary
Hash 0x3e7602fb4f587296ac786fe5a18e12fceb76670dccd452b13ec1c109c6bf8d2d

Status Success
Timestamp Block publishing time and date

From User address
To Contract address

Value 0 Ether
Input Data 0x102c2751. . . 09. . . 0a

After all HEMSs in a bus have submitted their load ranges, the DSO calls function

`getAgg()' in the smart contract to aggregate the decrypted total load range in a single bus.

Figure 3.15: Transaction details of calling `getAgg()' function. Displays only the sum of
forecasted load data (13,15) in the event log. Published in [18].
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Figure 3.15 provides the transaction event details of calling this function. The data displays

only the sum of the users' forecasts and not individual load forecast values. Note the time

delay for load aggregation in testing was not included. Ideally, the smart contract would

operate after a certain time, even if all users had not submitted their forecasts. O�ine, the

DSO calculates the optimized allowed demand for each home using the aggregated demand

range. The DSO then submits the optimal allowed power signal (� ) to the blockchain, using

`submitLambda()'. At each new timeslot, each homeowner requests this value through an-

other function in the contract, called `getLambda()'. The lambda value allows each HEMS

owner to know their maximum allowable demand for the next timeslot. The DSO then

clears all submitted values from the contract using `clearPrice()', `clearRange()', and `clear-

Lambda()' to prepare for the new submissions in the next timeslot. This process is repeated

every timeslot. The pseudocode used for this simulation is provided in Algorithm 1.

Algorithm 1 Smart Contract-Enabled Communication Framework

initialization:
claimDSO(address)
claimUser(address)

for every timeslot t 2 T do
DSO calls submitPrice(upperPrice, lowerPrice)
Users call getPrice(upperPrice, lowerPrice)
Users call submitRange(upperRange, lowerRange)
Once all users have submitted range, DSO calls getAgg() to get upperAgg, lowerAgg
DSO calls submitLambda(� )
Users call getLambda(� )
DSO calls clearPrice(), clearRange(), clearLambda()

end for

Results show that the homeowner's privacy is maintained as their load forecasts are

encrypted, and the total forecasted load in a node is aggregated and sent to the DSO through

the blockchain. The DSO can also communicate the allowable load to each homeowner for

the next timeslot in a secure manner.
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3.6 Conclusion

To address challenges brought about by the increased penetration level of DERs, a three-

phase, component-wise, and real and reactive DLMP mechanism was formulated and tested.

Components for energy, loss, voltage violation, and congestion were derived through com-

prehensive sensitivity analyses and leveraged in this work. Further, the data-driven PEP

method enables the uncertainty of the VRE units to be e�ciently addressed. Numerical

results show that the DLMP mechanism can serve as a tool to balance real and reactive

power across phases to encourage or discourage real and reactive power consumption us-

ing an economic price signal. It was also demonstrated that three-phase pricing allows for

better control of diverse DERs in active distribution systems, which have been extensively

modeled in this chapter. The distribution system model was tested against the open-source

MATPOWER software and proved to provide acceptable results.

In addition, the proposal and testing of a potential future application of the DLMP was

undergone, where the DLMP was used as a price signal sent to HEMS-equipped homes

through the blockchain. The proposed smart contract concept was veri�ed through simu-

lation and testing. All vulnerable information was securely transferred through the smart

contract. A property of the blockchain itself protects the data, i.e., blockchains are im-

mutable. The privacy-preserving aggregation is therefore achieved using the smart contract.

Compared to the commonly proposed aggregator method, where the individual user's fore-

casted electricity usage is exposed to the DSO, the self-running smart contract provides an

isolated data transfer network. The DSO will only obtain the aggregated forecast data and

have no clear information on individual homeowner activity.
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Chapter 4

Water Model and WEN Coupling 1

This chapter investigates the coupling between an electricity distribution network and a

drinking water network within the water-energy nexus (WEN). A linear water network model

is proposed and tested to examine the impact of this coupling on the electricity distribution

network with uncertain variable renewable energy (VRE) sources and on the distribution

locational marginal price (DLMP).

4.1 Background

A mixed-integer linear programming (MILP) model of merged power and water networks

is proposed to optimally schedule pumping, tank storage, and distributed energy resources

(DERs), considering both electricity and water network constraints. The pumping sched-

ules are coupled with electricity utility demands and therefore serve as a 
exible load. The

water pumps respond to the price of electricity and available VRE generation and can run

at higher capacities than what is necessary for the current water demand. The additional

pumped water is stored in tanks for later use and, in turn, reduces electricity costs and VRE

curtailment. In general, VRE generation curtailment occurs when there is insu�cient ramp-

ing down capability in thermal units or when there is congestion on power lines, inhibiting

the use of available wind and solar energy [135]. Since the proposed electricity distribution

1This chapter is a slightly modi�ed version of our published article [52].
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model does not incorporate thermal units with ramping limits, VRE units are curtailed to

avoid congested lines. This model is optimized from the perspective of the electricity distri-

bution system operator (DSO) while considering the physical constraints of both networks.

A signi�cant operational cost to the water utility is the cost of supplying power to pumps.

If the cost of supplying electricity is minimized, electricity costs to the water utility can also

be reduced.

Case studies are performed on a modi�ed Institute of Electrical and Electronics Engineers

(IEEE) 13-node electricity distribution network coupled with a 10-node water distribution

network, and on a larger coupled IEEE 37-node electricity and 30-node water distribution

network. An investigation into the capability of water tanks to serve as storage devices of

excess renewable energy under the future case of a distribution market, as summarized in

Reference [4], is undergone. A key focus of future distribution markets is centered around

supplying energy using marginal operating or social welfare costs. Therefore, the impact of

the water network on the DLMP is investigated. Simulation results test the theory presented

in this chapter.

4.2 Electricity Distribution Model

In this coupled model,O(pi;�;t ) and O(qi;�;t ) in (3.1) are de�ned as in (4.1) and (4.2). Sub-

script � is omitted as this model is assumed to be balanced three-phase. The objective

function is the least cost sum of operating the electrical distribution system.

O(pi;�;t ) =
X

t

� p0
t � p0;t +

X

i;w;t

cG;P
i;w;t � pG

i;w;t +
X

i;t

ĉB;P
i;t � p̂B

i;t �
X

i;t

�cB;P
i;t � �pB

i;t +
X

i;t

� D � sD
i;t (4.1)

O(qi;�;t ) =
X

t

� q0
t � q0;t +

X

i;w;t

cG;Q
i;w;t � qG

i;w;t (4.2)

Here, � p0
t , � q0

t are the real and reactive locational marginal prices (LMPs) at the substa-

tion node connected to the transmission system, andp0;t , q0;t are the real and reactive net

power injections at the substation node, which is assumed to be an in�nite source. If these
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net power injections are negative, the DSO buys real or reactive power from the distribution

system at the respective LMP of the substation node. Distributed generators (DGs) bid at

a cost ofcG;P
i;w;t for real power andcG;Q

i;w;t for reactive power, where subscriptw indicates the

segment energy and bid block using a piecewise bidding method to approximate the fuel

cost of the DGs. VariablespG
i;w;t and qG

i;w;t indicate the real and reactive segment power the

generators supply. These values must lie within their respective segment constraints and

sum to their total output pG
i;t and qG

i;t . The reactive power output of the DG must lie within

a fraction, + � G, of the real power output. The battery energy storage system (BESS) units

bid at a cost of ĉB;P
i;t for extraction of power from the battery and �cB;P

i;t for injection of power

into the battery, where ĉB;P
i;t � �cB;P

i;t to create a positive revenue. Variables ^pB
i;t and �pB

i;t in-

dicate the power the BESS unit consumes or supplies, respectively. Not considered in the

objective function, the reactive power outputs of the BESS and VRE units must lie within

+ � B and � � R of their respective real power counterparts. The �nal term in (4.1) indicates

the value of lost load,� D , and the sum of the real power demand curtailment,sD
i;t , to penalize

any load not served.

Further, in this coupled water-energy model,Dem in (3.4) and (3.5) include real and

reactive traditional power demands as well as the pump power demands. Meanwhile,Gen

in (3.4) and (3.5) includes and real and reactive power supplied from distributed generators,

BESSs, and variable renewable outputs (pR
i;t ) determined by the PEP method in Section

3.3.2.

4.3 Water Distribution Model

This section de�nes the water distribution model used in this work. The water supply

network is modeled as a directed graphG = ( J ; P) with junctions, J , and pipes,P, as

nodes and lines of the system. Pipes with pumps (U) and valves (V) are (disjoint, mutually

exclusive, independent) subsets of all pipes (U, V 2 P ), and reservoirs (R) and tanks (K) are

disjoint subsets of junctions (R, K 2 J ). Similar to the electricity distribution system model

de�ned in Chapter 3, time t 2 T is considered. Also, indicesi and j 0 denote the junctions
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and pipes for the water network. Note, indexj , without the prime notation, is used when

describing the pipes in the water network in the mathematical model for simplicity, even

though the electricity lines and water pipes are independently notated (see Figure 4.4.).

Additionally, due to multiple nonconvex constraints, the water model, as is, is NP-hard

[86, 87]. Therefore, exact solutions for the optimal water 
ow problem are hard to compute

without using solution techniques, even when the network is small. Here, equations are

linearized to reduce the computational burden. Convex relaxation and piecewise linear

methods are used. Similar water models can be found in References [86] and [87].

4.3.1 Junctions

Water demand,di;t , is considered constant (m3/h) over the one hour duration of each time

slot. The volumetric 
ow rate through pipe j is denoted asf j;t . Conservation of mass must

be followed between two connecting junctions described by their node-line incidence matrix,

B , as in (4.3). Here,B 2 R(J �P ) is one if pipej leaves junctioni , negative one if pipej

enters junction i , and zero otherwise. This constraint is considered8i 2 J , 8t 2 T . Each

junction i is assigned a minimum and maximum pressure head,hi , hi , by system operators.

For 8i 2 J , 8t 2 T , the head at each junction (hi;t ) must lie within these two values, as in

(4.4).

B � f j;t = di;t (4.3)

hi � hi;t � hi (4.4)

4.3.2 Reservoirs

Reservoirs serve as in�nite sources of water to the network, i.e., Equation (4.3) does not

hold, where the junction pressure head (in meters) is zero8i 2 R , 8t 2 T as described in

(4.5).

hi;t = 0 (4.5)
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4.3.3 Tanks

Tanks are modeled such that the water balance constraint (4.6) must hold8i 2 K , 8t 2 T .

Here, the volume (m3) in the tank is denoted asui;t , and � t is the time interval between

time slots in hours. Note,ui;t � 1 = ui; 0 for t = 1, where ui; 0 is the initial volume in the tank.

Equation (4.7) restricts the volume of water in the tank to reside between the maximum

volume of the tank, ui , and the minimum reserve volume,ui . The pressure head at the

tank, hi;t , is de�ned in (4.8), and must be greater than zero, as in (4.9). The bounds for the

volumetric 
ow rate entering (f in ) and leaving (f out ) the tank are modeled in (4.10), where

in this instance j is the upstream and downstream pipes of tanki . Note, hi;t � 1 = u i; 0

A i
for

t = 1, where A i is the area of the tank.

ui;t = ui;t � 1 + � t[B � f j;t ] (4.6)

ui � ui;t � ui (4.7)

hi;t = hi;t � 1 +
� t
A i

[B � f j;t ] (4.8)

hi;t � 0 (4.9)

f j;t � f in ; f out (4.10)

4.3.4 Pipes without Pumps or Valves

Head loss across a pipe without a pump or valve (��hj;t ) can be modeled using the nonlinear

Darcy-Weisbach equation, as in (4.11),8j 2 P =U [ V , 8t 2 T . For simplicity, all water

pipes are are assumed to be smooth and are modeled using a constant friction factor. Here,

F j = � j l j
2m j W 2

j g is a constant related to pipe characteristics such as length (l j ), diameter

(mj ), cross-sectional wetted area (Wj ), Darcy friction factor ( � j ), and local gravity (g). For

volumetric 
ows in m3/h, a conversion factor must be included inF j . Head loss is also

calculated as the di�erence between two junctions surrounding a pipe, as in (4.12). The


ow across a pipe must be positive (4.13) as bidirectional 
ow in the water model is not

considered.
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��hj;t = F j (f j;t )2 (4.11)

��hj;t = B T � hi;t (4.12)

f j;t � 0 (4.13)

A piecewise linear function further approximates the head loss in (4.11). Figure 4.1

depicts an example of this linearization with four splits. A binary variable is used to indicate

the section the approximation lies within.

4.3.5 Variable-Speed Pumps

A variable speed pump (VSP) moves water through a network [136], by increasing the

pressure head across a pipe,8j 2 U, 8t 2 T . This increase (in meters) is captured in the

head gain variable,̂̂hj;t , which is modeled by the nonlinear equation (4.14), where! j;t is the

actual over nominal pump rotational speed (in rad/s). This value must remain between the

Figure 4.1: Head loss piecewise linear approximation.
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minimum and maximum allowable ratios! j , ! j , if the pump is ON, as indicated by binary

variable x j;t , as in (4.15). Also, note thataj , bj , and cj are the coe�cients of the hydraulic

characteristics of the pump, whereaj < 0; bj , cj > 0. For simplicity, the e�ciency of the

pump is assumed a constant.

^̂hj;t = aj (f j;t )2 + bj f j;t ! j;t + cj (! j;t )2 (4.14)

! j � x j;t � ! j;t � ! j � x j;t (4.15)

Similar to head loss, the head gain between nodes is approximated using a piecewise

linear approximation. First, nonlinear equation (4.14) is modi�ed to eliminate! j;t , as in

(4.16), wherebmax
j = bj � ! j and cmax

j = cj � ! 2
j . This convex relaxation technique is adopted

from Reference [86] to de�ne an upper bound for the pump head gain. The technique is

extended here to enforce a lower bound for the head gain. The right-hand side (RHS j;t ) of

(4.16) is linearized using a piecewise linear approximation. Similarly, to set a lower bound

for the head gain, (4.17) is used, wherebmin
j = bj � ! j and cmin

j = cj � ! 2
j . The approximated

head gain must be zero or greater than theLHS j;t . Piecewise linear functions are used to

approximate the upper and lower bounds of the head gain, de�ned in (4.16) and (4.17),

respectively. Figure 4.2 shows an example of this technique with four, piecewise splits. The

pump rotational speed ratio,! j;t , can be obtained post-solve.

^̂hj;t � aj (f j;t )2 + bmax
j f j;t + cmax

j = RHS j;t (4.16)

^̂hj;t � aj (f j;t )2 + bmin
j f j;t + cmin

j = LHS j;t � x j;t (4.17)

If the pump is ON, the head gain is also captured in the pressure head di�erence between

the two junctions on either side of the pump, as in (4.18). By use of a binary variable and a

large positive constant,M , the pressure head values on either end of the pump are uncoupled

if the pump is OFF. The head gain must be a positive value (4.19), and the water 
owing
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Figure 4.2: Head gain piecewise linear approximation.

through the pump must be betweenm and M if the pump is ON (4.20).

� M (1 � x j;t ) � [B T � hi;t ] � ^̂hj;t � M (1 � x j;t ) (4.18)

^̂hj;t � 0 (4.19)

m � x j;t � f j;t � M � x j;t (4.20)

4.3.6 Pressure Reducing Valves

Similar to (4.18) for pumps, but 8j 2 V , 8t 2 T and where binary variabley j;t indicates

valve ON or OFF state, the head loss,��hj;t , is modeled as the di�erence between the junctions

on either end of the valve if the valve is ON (physically meaning open) (4.21). If the valve

is OFF (physically meaning closed), the pressure heads at either end are uncoupled. If the

valve is ON, the head loss must be greater than zero (4.22), and the 
ow through the valve

must be positive (4.23).
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� M (1 � y j;t ) � [B T � hi;t ] � ��hj;t � M (1 � y j;t ) (4.21)

��hj;t � 0 (4.22)

m � y j;t � f j;t � M � y j;t (4.23)

When the valve is ON, i.e., open, the valve acts like a pipe. Therefore, pressure head loss

across the pipe is also modeled using the approximation in (4.11),8j 2 V , 8t 2 T .

4.3.7 Power Consumption of Pumps

The real power consumed by the pump, denoted by variablepD;U
j;t , 8j 2 U, 8t 2 T is modeled

in nonlinear equation (4.24), where� w , g, and � j denote the water density, acceleration due

to gravity, and the e�ciency of the pump, respectively. The reactive power of the pump,

qD;U
j;t , is assumed as� W of the real power.

pD;U
j;t =

� wg
� j

^̂hj;t f j;t (4.24)

The power consumed by the pump is approximated using a 2D piecewise linear method,

namely convex combination triangulation,8j 2 U, 8t 2 T , as in (4.25). VariablesA tri , B tri ,

and Ctri are determined by using the results of Equation (4.24) evaluated at the boundaries,

f tri;j;t and ^̂htri;j;t , of each nonoverlapping triangle. A binary indicator,Ttri;j;t , is used to

determine which triangle approximates the pump power. Convex combination theory is used

to locate the 
ow and head gain values into a single triangle. This technique is believed to

be su�cient as the resulting graph of the pump power has no drastic curves and allows for a

straightforward mapping of the linear convex polytopes, as shown in the linear approximation

mapping in Figure 4.3. The red dashed lines indicate the 2D triangular approximation

bounds that intercept the actual, nonlinear pump power graph within a speci�c segment of
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