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ABSTRACT

The objective of the thesis is to provide a fully coupled thermo-hydro-mechanical (THM)
tool, T2STR, which enables quantitative understanding and prediction of thermal as well
as mechanical effects on flow in the porous media under multiphase conditions. This is
achieved by incorporating a finite element based hydro-thermo-mechanical stress
capability into the well-established IFDM (Integrated Finite Difference Method) based
flow simulation code TOUGH2. TOUGH?2 is a program for calculation of multi-phase,
multi-component, non-isothermal flow in porous media. It implements several equation-

of-state modules to represent different fluid mixtures.

The dual mesh technique is natural for combining both discretization methods and is used
innovatively and effectively. A generalized approach is developed to accommodate the
switching of variables implemented in TOUGH2 to adapt the phase changes. The forward
coupling is achieved by using the thermal, hydrostatic, and poroelastic effects in the
stress calculations. The backward coupling includes the effect of strain on the fluid flow.
T2STR also allows the user to study the variation in porosity, permeability and capillary
pressure as function of mean effective stress in the porous media. Multiple materials can

be used to model the reservoir in T2STR, parallel to the implementation in TOUGH?2.

T2STR is implemented to carry out as a fully coupled, one way coupled (only
deformation as function of hydro-thermal effects), or original TOUGH2 implementation.

It provides the ability to switch on and off the thermal and/or poroelastic effects.

T2STR is developed to model the fractured porous media using discrete fractures. The

modeling of fractured porous media is limited to a staggered coupling approach. The



fluid parameters like permeability, porosity are modified based on the stresses and/or

aperture changes due to deformation.

A set of verification problems, used to validate the code and display the capabilities of
the code, are discussed. A graphical user interface is designed to pre process the
necessary data. Macros are developed for excel and Tecplot to post-process the results for

easy visualization.
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thermal expansion coefficient of the medium (1/K)

total strain tensor

volumetric strain
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thermal conductivity of solid (W/mK)
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total stress tensor (Pa)
Terzaghi’s effective stress (Pa)
Biot’s modified effective stress (Pa)

insitu stress (Pa)
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1 INTRODUCTION

1.1 Problem Statement

Geologic media, like soils and rocks, contain pores and fractures that can be filled with
fluid and are deformable. A porous medium containing multiphase fluid is called partially
saturated, while a porous medium containing only a single-phase fluid is called saturated.
Deformation of a porous medium or fractured rock can occur as a result of either a
change in external load or change in the internal pore pressure. In general, a hydro-
mechanical coupling can occur through deformation of the porous material and the pore-

fluid interaction. The two basic couplings occurring are:

(1) a solid-to-fluid coupling occurs when a change in the applied stress produces a

change in the fluid pressure or fluid mass;

(11) a fluid-to-solid coupling occurs when a change in the fluid pressure produces a

change in the volume of the porous medium.

This thesis describes the development of a computer code (T2STR) that combines
TOUGH2 and a newly developed finite element code to fulfill this requirement. The
TOUGH?2 code solves coupled problems of non-isothermal, multiphase, multi-component
fluid flow problems in complex geological systems using the integrated finite difference
method. The developed finite element code is designed to extend the application to
incorporate stress analysis and include poro-thermo-elastic effects in the analysis. The
T2STR code is fully coupled for porous media applications to solve the equation system
simultaneously without any phase lag. It is extended to fractured porous media using

staggered approach for discrete fracture networks.
1



1.2 Field Cases

Coupled thermal-hydro-mechanical (THM) processes under multiphase flow conditions
are prevalent in a number of geo-scientific applications (Rutqvist and Stephansson, 2003,
Rutqvist et al., 2002, Stephansson et al., 1996, Tsang, 1999). Some of the most important
include nuclear waste disposal in geological media, construction of underground
openings, deep underground extraction of hazardous waste, geothermal energy extraction,
micro-earthquake induced by fluid injection, enhanced recovery from oil and gas

extraction, and underground storage of natural gas.

1.2.1 Enhanced Geothermal Systems (http://egs.egi.utah.edu/)

In conventional geothermal-electricity generation, wells are drilled deep into fractured,
high-temperature rock. Naturally occurring hot, pressurized water and steam are allowed
to flow through the wells to the surface to turn steam turbines and produce electricity.
Naturally occurring geothermal reservoirs are, however, limited in size, extent and
duration. One mechanism of extending the resource is through the design and

construction of Enhanced Geothermal Systems (EGS).

geothermal reservoir

Figure 1.1 Enhanced Geothermal System (http://egs.egi.utah.edu/).



A hot, tectonically stressed region in the subsurface is identified and targeted for the
process called stimulation. In such a system, the rock cannot support fluid production at
commercially viable rates. Wells are drilled and cold water is injected under high
pressure. The increase in pore pressure and thermal stresses, allow the tectonically
stressed rock to fail in friction or shear, thus opening, extending and connecting fractures
and creating an artificial geothermal reservoir. By circulating water heat is extracted from

the rock for use in producing geothermal electric power.

1.2.2  Phlegrean Fields, Italy (Todesco et al., 2003)

The Phlegrean Fields is an active and densely populated caldera structure. Due to period
of intense magmatic degassing, there was severe subsidence causing structural damage
and loss of human life. The relation between different rates at which deep fluids are
injected into the shallow hydrothermal system leading to important changes in
composition of the reservoir was evident from the studies conducted. The gas
composition appeared to be controlled by the complex multi-phase and multi-component

nature of this system.
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Figure 1.2 Phlegrean Fields, Italy (Todesco et al., 2003).



Coupled THM simulations were successfully used to understand the relation between the
ground deformation and hydrothermal fluid circulation. The fast uplift phase followed by
slower subsidence as observed in the field was matched in the simulation. It was also
observed that maximum deformation was attained at the end of periods of intense
degassing. Such an analysis would serve an effective step toward hazard assessment,

especially in densely populated areas such as Phlegrean Fields.

1.3 Literature Survey

Various aspects are involved in the development of a numerical simulator for a coupled
thermo-hydro-mechanical problem in porous media. The governing equations and their
development, multiphase and multicomponent analysis, different coupling methods,
different discretization techniques, and further application of all these to fractured porous
media need careful consideration during the development of numerical code. We will

look at the evolution of these aspects in the geomechanics literature.

1.3.1 Poroelasticity

Terzaghi (1943) introduced the first consolidation theory for 1-D systems, by introducing
the principle of effective stresses. According to the law of the effective stress, total stress

and pore pressure are related as:

c'=c-mp (1.1)
Biot (1941) extended the Terzaghi’s concept of 1-D consolidation to a general theory of
three-dimensional consolidation. Biot based his theory on a linear stress-strain
constitutive relationship and a linear form of Darcy’s law. Biot and Willis (1957)

characterized the compressibility of the real solid material and that of the solid skeleton.
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The analytical theory of poroelasticity was further developed by the work of Pratt and

Johnson, Geertsma, Verruijt, Rice and Cleary (Lewis and Schrefler, 1987).

The earlier work in development of numerical modeling was done by Sandhu and Wilson
(1969). Ghaboussi and Wilson (1973) introduced compressibility of fluid and
Zienkiewicz et al. introduced the compressibility of the solid grains (Lewis and Schrefler,
1987) in numerical modeling. Small et al. (1976) introduced plasticity in the
consolidation analysis, using the Mohr-Coulomb model. Non-isothermal consolidation
was studied by Bear and Corapcioglu (1982) and Aboustit et al. (1982). Lewis et al.

(1976) considered the permeability changes during consolidation.

1.3.2  Multiphase Analysis

Traditionally, the theory of consolidation deals with single-phase problems. The
consolidation of partly saturated soil masses was first proposed by Bishop. Narasimhan
and Witherspoon (1976) utilized Bishop’s effective stress factor to develop a numerical
model for three dimensional water flow and one dimensional consolidation of an
unsaturated soil. Safai et al. and Chang and Duncan studied the consolidation of a
saturated-unsaturated porous medium (Lewis and Schrefler, 1987). Lewis and Schrefler
(1998) carried out multiphase analysis based on the single phase 1D thermal

consolidation problem solved by Aboustit et al. (1982, 1985).

1.3.3  Coupling Methods

The formulations of modeling the problem of poroelasticity and multiphase flow have
been categorized into three basic algorithms: One-way coupling, loose/iterative coupling,
and full coupling. In one-way coupling, two separate sets of equations are solved

independently and output from one simulator is passed as input to the other at certain
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time intervals. The information is passed only in one direction. Under specific conditions,
one-way coupling can be used effectively to obtain the correct solution (Wang, 2000).
Also, one can gain valuable insight into the physical situation, especially for fluid flow
dominated problems. The one-way coupling approach has been successfully used by

Fedrich et al., Boade et al., Sulak et al., and Cook et al. (Chen et al., 2000).

In iterative coupling, the two sets of equations are solved independently, but the
information is passed in both directions between the two simulators. The iterative
coupling has advantages like flexibility and modularity, relative ease of implementation,
and better computational efficiency. The iterative coupling is basically equivalent to the
modified Newton-Raphson version of the fully coupled method (Wan, 2002). When the
iterative process converges, the iterative analysis yields the true solution of the coupled
problem. Settari and Walters (1999) discussed the different methods of coupling and gave
iterative coupling the advantage of flexibility and reliability over other methods (Wan
2002). The iterative scheme has been used effectively by Settari and Mourtis (1998),
Minkoff et al. (1999), Rutqvist et al. (2003), and Bodvarsson et al. (2003). Chin et al
(2002) developed and implemented a parallel computing method in an iterative scheme
and indicated a increase in speed of geo-mechanical computations by an order of

magnitude.

Gutierrez and Lewis (1998) emphasized the importance of fully coupled models over
reservoir simulators using only pore compressibility parameter. Minkoff et al. (2003)
explain the convergence issues in iterative schemes if the mechanical deformation is not
linear-elastic. The main drawback to iteratively coupled approach is that the calculations

may display a first order of convergence and may require large number of iterations for
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difficult problems. Dean et al. (2003) compared these three techniques and concluded that
no technique works best for all kinds of problems. They showed that for the problems
involving geo-mechanical effects, the fully coupled approach gives faster convergence
while preserving the second order convergence of nonlinear iterations. Wan (2002)
compared the fully coupled and iteratively coupled models and prefers the fully coupled
models for internal consistency and avoiding of phase lags. She also suggests a stabilized
finite element implementation to avoid pressure oscillation situations in certain kind of
problems. But as in most cases of fully coupled analysis found in the literature, she also
considers simplified and small problems for the fully coupled analysis restricting it to the

single phase problems.

1.3.4 Discretization Methods

Several numerical codes have been developed for this purpose. Most of these codes adopt
a specialized simplified approach catering to the primary application for which they are
developed. There are several underlying assumptions in the modeling phase as well as the
development phase in the numerical codes developed for modeling and simulating the
coupled THM processes. A need for single numerical code that handles the general
coupled THM processes, including multiphase and multi-component fluid flow, has been
expressed (Rutqvist and Tsang, 2003). Different models predicting the complex effects
like of capillary pressure, relative permeability, complex rock and fluid properties and
multiphase behavior have been developed. The selection of a suitable combination of
these for a given application demands a single computer code that makes these models

available as user selected options.



One of the early attempts was ROCMAS (Noorishad et al., 1996) which is a coupled
THM formulation and finite element scheme for fractured rock. It is continuously
developed and applied to many problems in rock mechanics and related fields. Some of
the other codes developed based on finite element method are THAMES (Ohnishi and
Kobayashi, 1996), FRACON (Nguyen, 1996), ABAQUS (Borgesson, 1996), FRACture
(Kohl and Hopkirk, 1995). ABAQUS is a commercially available code to study these
phenomena. Other commercial codes are FLAC (Israelsson, 1996) which is based on
finite difference scheme and UDEC (Israelsson, 1996), a discrete element code. Lewis
and Schrefler (1998) describe a finite element based formulation used for solving
problems in geomechanics. An excellent overview of four of the existing finite element
coupled codes is given by Rutqvist et al. (2001a). Chen and Teufel (1997), and Stone et
al. (2000), extended Biot’s theory and developed their models using the finite difference

method.

Gray (1982) has compared the application of finite element and finite difference
approaches. Diersch and Koditz (2002) have discussed the concerns over local
conservation errors and local accuracy in both methods. Pyrah (1991) pointed out the
deficiency of finite difference methods in plasticity calculations (Gray, 1982). The finite
element technique has been widely used in mechanics, and the fluid flow modeling has
been widely done using the finite volume approach. A practical approach to couple
poroelasticity and multiphase flow would be to develop a hybrid finite element and finite
volume scheme. The hybrid finite element and finite volume scheme has been iteratively
coupled by Settari and Mourits (1998), Chin et al. (2002), Dean et al. (2003). The only
attempt of fully coupled hybrid approach known to the author is Wan (2002). She
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developed a combined formulation with stabilized finite element formulation to solve
force balance and pressure equations and a control-volume finite difference method to
solve the remaining component mass balance equations. But her approach is limited by
lack of local mass conservation and she advocates use of the CVFE type (dual mesh type)
grids. The CVFE type grid has been discussed by Eymard and Sonier (1994) and by
Verma and Aziz (1997) but was restricted by applications to reservoir simulations and

not applied to geomechanics.

1.3.5 Fracture modeling

The simplest way to incorporate fractures and fracture behavior is to assume that the
fractured rock is a homogeneous, isotropic, and elastic medium having elastic properties
that can be calculated from measured properties of intact rock and from ubiquitous
fractures with known properties and abundance (Berryman, 96). Goodman (1976)
developed an equivalent anisotropic medium concept to represent behavior of fractures in
the rock masses. The rock joint model adopts the non-linear behavior of a discontinuous,
homogeneous and anisotropic body of rock containing up to three orthogonal joint sets

developed by Amadei et al. (1981).

An isotropic, elastic, but inhomogeneous model can be used by assuming the domain is
homogeneous except for a few fractures that can be represented in the computer model as
interfaces where displacement is allowed, for example, FLAC (Rutqvist and Tsang,

2003), ABAQUS (Borgesson, 1996), Geocrack2D(Swenson, 1997) allow such interfaces.



1.4  Outline of Thesis

We will first derive the fully coupled conservation equations of mass and energy for the
porous media. Then we will list the hydraulic, thermal, and mechanical constitutive

equations. The variable permeability and porosity model will be discussed.

Once we look at the current implementation in TOUGH2, the approach for inclusion of

the stress effects i.e. implementation of the fully coupled equations will be discussed.

The interface fracture behavior developed to model the fractured rock will be discussed

later.

Then we will look at all the specific implementation details like formulation of the
poroelastic equilibrium equations for solution by Newton-Raphson solution technique
currently implemented in TOUGH2 and the derivations of the additional derivatives
required for Jacobian formulation due to fully coupled set of equations. The formulation
for the one-way as well as staggered coupling used for fractured rock implementation

also will be discussed.

Finally the details of the verification problems used to validate the code will be discussed

with their results and comparison.

10



2 CONSERVATION EQUATIONS FOR POROUS MEDIA

The conservation equations for the porous medium as a whole are derived using the
continuum approach. These derivations are consistent with those of Lewis and Schrefler
(1998), and Rutqvist et al.(2002a). We will first write the mass balance for the solid mass

and use the evaluated terms in the fluid mass balance.

In general, the reservoir deformation occurs very slow compared to the multiphase flow
(Wan, 2002). Hence, the small strain theory assumption is common in geomechanical

models. In this, the fluid velocity is significantly larger than the solid velocity.

2.1 Conservation of Mass of Solid

The mass balance for the solid phase of the porous medium in Eulerian form can be

written as follows

o-y)

5 5. (1-gpsvs)=0 e

Using chain rule we can write (2.1) as

[(l _¢)86L:_Ps %} + [(1 —¢)pSV Vg —PsVsVo+ (1 - ¢)VS 'VPS] =0 (22

Solving for v «V¢ , to be utilized in the fluid mass balance,

VS'V¢ZM%_%+(I_¢)V°VS+(l_¢)VS°VpS (2.3)
ps Ot Ot Os
Since generally OVS -VpS| << aLtS] is true, we can neglect the term Mvs «Vpg,
Ps

then we get
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vS.v¢=M%—%+(1—¢)v.vS 2.4)

ps Ot Ot
We know (APPENDIX B) that
oe
V e Vo R == 25
s¥5, (2.5)

Using (2.5), we can write equation (2.4) as

_(=¢)ps 3¢ _ 0
vgeVg= o a az+(1 ) - (2.6)

Figure 2.1 Causes of variation in solid density.

Assuming the solid density to be function of pressure, temperature and volumetric strain,

we can derive (Lewis and Schrefler, 1998)

Laps _ 1 |la=g)dps (. OT . \ds
ps Ot _(1—¢){ K, o @ Wyl 27

where, o is the Biot-Willis factor, «; is the thermal expansion coefficient, and the fluid

pressure in the solid phase is given as

pS:plSl+pg gzzpy/Sy/ (28)
174
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2.2 Conservation of Mass of Fluid Phase

The macroscopic balance equation for mass for the fluid flow in the differential element

of the porous media shown in Figure 2.2 can be written as follows,

a K K K K
(Mg )every+veay-0p =0 (2.9)

K K K : :
where M, I, and J, respectively denote, the mass per unit volume of the porous

medium and the advective and the diffusive/dispersive mass flux respectively, of a
component x in a phase i . Ql;f is the rate of production of component x per unit

volume.
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Figure 2.2 Diftferential Soil Element (Bear, 1988).
The total mass flux q; (mass per unit area per unit time) is composed of the advective
mass flux I;ﬁ , representing the transport of mass by the bulk motion of the fluid and the
diffusive (and/or dispersive) flux J V’j , representing the transport of mass by molecular

motion, i.e.,
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as =15 +J5 (2.10)

then (2.9) can be written as

%(M;)w.q;—g’;:o 2.11)

For a unit volume of the porous medium, the mass of a component x in a phase  can be

written as
K _ K
M, =¢S,p, (2.12)
where ¢ is porosity, S, is phase saturation, and pg denotes the density of respective
component (mass of the component x per unit volume of phase v ).

The ratio of area of pores through which the phase y flows to the total area (i.e. the areal

porosity) is assumed to be on average equal to the volumetric porosity (Bear, 1988).
Hence the specific (vol.) discharge (i.e. the volumetric flux per unit area per unit time) of

the fluid is given as ¢v,,, where v, denotes the velocity of the fluid with respect to a
fixed reference system. For phase y, since the saturation is S, , term ¢S, v, gives the
specific (vol.) discharge. Then the advective mass flux I, of the component x in phase

w 1s given as

15 =(¢s, v, )0k (2.13)
The problem can be considered with an extra solid phase for the case of deformable

porous media and the fluxes can be written relative to the solid, denoted by subscript 7.

The fluid velocity can be written as
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V, =V, + Vs (2.14)

where v denotes the velocity of the solid. Then the advective mass flux I can be

written as the advective mass flux of the solid and the advective flux with respect to the

moving solid particles, I7,, as follows
L, =17, +15, (2.15)
where
I;, =¢S,p,v,, and 15,=¢4S, p, Vs, (2.16)

Combining the diffusive/dispersive and advective flux with respect to the moving solids,

we can write the total mass flux of each component X within each fluid phase ¥ as
K _ Yk K
q,, =L, +J, (2.17)
while the total flux can be written as

K K K K
q, :I,,V, +IS,/, +Jy,

(2.18)
=qy, +1§,
Now, the mass balance of the fluid component, (2.11) can be written as
a ¢S pK K Ke K
(a—wt‘”)w.q,,ﬁgw +[v.(ps, prvs)l=0 2.19)

where Q(’;e is an evaporation-condensation term for water mass exchange between the
gas phase and the liquid phase. The external source term Q;f is dropped from the

equations just for simplicity of equation and can be added at any stage and only the Qy’fe

term is retained.
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Expanding the term V « (¢ S, p; v S) we can write

ols, rt)
ot

+V.q, +Q;;€}[vs Vps, pf)+ps, pSVevs|=0  (@220)

Further breaking down the first term in the second bracket we can write

{Wwa—";p"’jhv.qfw +Qv’je}+
(2.21)
s, ppvs-vorovs vis, pp+los, pp)vevs]-o
Neglecting the terms v oV(SV, pu’j) since ‘¢V g V(Sw py’f l << 6(%2—";/0';) , we get
F(wa—'”tp';)w.qfw +Q,§E}[SW pi(vs VP)+(8S, pEVevs]=0  (222)

Using the expressions from (2.5) and (2.6), and simplifying, we can write the above

equation in terms of solid density and volumetric strain as

(1-¢)dps , 05y 09
pg Ot ot ot

j =0 (2.23)

Py +V.qu+Qy’jeJ+SV,p;(

This can also be written as

8S ,OK K 1— a Kag Ke K
’ ( 2 ”*Swpw(pf)%”*”p*”a_:w‘” —_V.q~, (2.24)

Substituting from (2.7) and re-inserting the source term, we can write the fluid mass

balance equation as
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olgs, pf

—<¢ a”;p"’)+v.qfw+Q;fe—Q’( +

. ) (2.25)
_p) o> s oT ode, 0

s, e[ 42 25, —<a—¢>aT5+a%—a—fﬂ=o

The second set of terms represents the additional terms required to include the effects of
deformable porous media. We will use the above equation for implementation in fully

coupled model.

If we neglect the term reflecting the rate change of the water mass caused by change in

the grain volume from (2.23) we get

8(¢Swp$) de, O
VIV eqS +05 |+S, pf | =L -2 =0 2.26
{ ot Gy O |+ ”’p”’(at at] (2-26)

2.3 Conservation of Energy (Internal Energy Balance)
The general internal energy balance equation for a porous medium can be written as

follows

@:—V.(pUV)—V.JH—G:Vv (2.27)

where the left hand side represents the rate of increase in internal energy per unit time.

The right hand side, term by term, represents
e Net rate of addition of internal energy by convective transport (per unit volume).
e Rate of internal energy addition by heat conduction, per unit volume.

e Rate of conversion of kinetic energy into internal energy.
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2.3.1 Energy Balance using Enthalpy

Using the following thermodynamic relation between internal energy,U and enthalpy,

h=U+pV=U+2 (2.28)
P

the energy balance can be written in terms of enthalpy as

{%_%}:_v.(phv)+v.(pv)_v.JH_c:vV (229)

In component form, the energy balance for a component x of the fluid phase y can be

written as (Faust and Mercer, 1979)

o\@S, psh, | olgsS K
( Wafw t//)_ ( 6v;p'/’):_V.(pwhy,(éS./,V.,,)+v'(p<//¢SWV'/’) (2.30)

H H
V.3 v s, :V(gS,v,)

where the subscript C denotes the conductive flux and subscript D stands for the

combined diffusive and dispersive (hydrodynamic dispersion) heat flux (thermal mixing).

If we neglect the term related to the conversion of kinetic energy to internal energy, we

can write the fluid balance in component form as

o\ps, pyh,) olgS <
( y/a:;’y/ w)_ ( (;/;p'/’):—V.(py/h,/,¢Sy/Vl//)+V°(pu/¢s‘/’v‘/’) (2.31)

-VJg, -V.dp,

The energy balance equation for the solid can be written as

M):—V.(pShS(l—¢)VS)+V°(ps(l_¢)vs)

! 2.32)
VI —6s:V(1-9)vy)

18



where u” represents the specific internal energy. The last term, the viscous dissipation

term, for solids will be neglected.

The energy transfer associated with solid velocity is negligible compared to the energy
transfer by the fluid. Hence all the terms associated with the solid velocity, from the fluid
as well solid energy balance, will be neglected. Then we can write the fluid and solid

energy balance equations respectively as follows

olgs, pyh,) olgs «
( .Vafw ,)_el aipw):_v.(pwh,ﬂ(;ﬁswvw)w-(PMSWW) (2.33)

—V-ng —V-ng, -0, :V(¢SV/V“//)

and

_ E
ol(l ?IPS”S —_v.y¥ (2.34)

2.3.2 Energy Balance Equation (without K.E. term)

Taking into account (2.28) and readjusting the fluid energy balance equation (2.33), we
can write the component form with internal energy on the left hand side and the enthalpy
on the right hand side as

olps, puy)

R Uy )V oy )=V, 4V (0, 85,v,, )+ 0 239)

ry "y Dy "y
where Qf representing the inter-phase energy exchange terms.

Using the identity in (2.17) we can write

s, pie)

o :—VO(qfwhW )_V.J]gl// +V.(p’//¢SV/VVV/)+ Qf (2.36)
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and adding up the energy balance equations for three phases, the inter-phase exchange
energy terms are cancelled , and we can arrive at the energy balance equation

gy s, pruf +(1-p)psuf)

- V.35 h,)-Veal V.4 p,5,v,,)237)

where (Bear and Buchlin, 1991)
Je =290, +J5

=(¢ZW/1V,+(1—¢)/13)AT

The A s represent the thermal conductivities of the solid and fluids.

(2.38)

Neglecting the term V. (pw¢Swvrw ), since we are ignoring viscous dissipation (Garg and

Pritchett, 1977) assuming either single phase liquid or two phase condition in the

reservoir, we can write

8 S k. E 1
(¢Z l//p'//ugg;_( PS”S) (qu W) V.Ji (2.39)

This is same as the TOUGH?2 energy balance equation and hence no additional changes
are required in the TOUGH2 related to it.
2.4 Conservation of Momentum

The law of conservation of momentum can be written as

o(pv)
or

:—V.(pvv—c)+ pF (2.40)

where the left hand side represents the rate of accumulation of momentum. The first term

on the right hand side combines the rate of momentum gained by advection and diffusion,
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where o is the stress tensor that represents the diffusive flux of the momentum. The

second term on right hand side represents the supply of momentum by the body forces.

Neglecting the inertial terms and the forces due to the interaction between the non-

wetting and wetting fluid, the momentum equation becomes a static equilibrium equation

as follows (Bear and Bachmat, 1991)

V.o =pF (2.41)

which also is written as
0;;+b; =0 (2.42)
where b, denotes the body forces. Considering only the gravitational forces as body

forces, we can write

pF=p,e=18(3S,p,)+1-4)ps}e (2.43)

where g =—gz is the gravity acceleration (vector) directed downward.
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3 CONSTITUTIVE EQUATIONS FOR POROUS MEDIA

The hydraulic, thermal, and mechanical constitutive equations required to complete the

formulation and are discussed below.

3.1 Hydraulic

3.1.1 Advective Flux (Darcy’s law)

The advective mass flux of the component x of a fluid phase y is given by the

generalized Darcy law as follows

k.,

Kk
17, =-p, ﬂ“” (pr + p.,gVZ)z ~P, (Vp., —p.,g) (3.1

v v

where the k = k(¢) is the hydraulic permeability tensor which is a function of porosity
and is a property of the solid, while £, is the relative permeability function of the fluid

phases. The permeability of the porous medium as a whole can be defined as

k, =kk (3.2)

v ry

3.1.2 Diffusive Flux (Fick’s law)

The diffusive flux can been computed using the Fick’s law,
J,=—p,DmVXS =-p D mV('O—JJ (3.3)
% w7y v w7y

where D, is the effective molecular diffusion coefficient in a porous media.

The density and viscosity for fluid phases, which are functions of pressure and

temperature, can be obtained from steam tables.
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3.2 Thermal

3.2.1 Heat Conduction (Fourier’s law)

Heat conduction is governed by Fourier’s law and is given by
Ji=-2 mVT (3.4)

where A is the thermal conductivity over all phases and vectorm is[I 1 1 0 0 0] .

3.3 Mechanical

3.3.1 Strains

The total strain tensor, €, and the volumetric strain, ¢&,, assuming the small strain

condition, are defined as,

8=%(Vu+(V u)”) (3.5)
and
g, =Veu (3.6)
where u is the displacement vector.
The thermal strain is given by
Ag, =ma,; AT (3.7)
where «; is the linear thermal expansion coefficient.

The strain due to the poroelastic effect, Ae,, caused by the uniform compression of the

particles by the pore pressure is given by (Lewis and Schrefler, 1998)
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-1
Ag =| — |mA 3.8
g [31{9} Y ( )

where K represents the bulk modulus of the solid phase and Ap represents the change

in pore pressure.

3.3.2 Terzaghi’s effective stress law

The basic “unmodified” effective stress law for a partially saturated medium gives the
total stress as (Lewis and Schrefler, 1998)
c=¢—mp (3.9

where o’ represents the effective stress.

When only effective stress law is mentioned it indicates the “unmodified” effective stress

law (3.9).

The effective stress causes all relevant deformation of the solid skeleton (excluding grain
compressibility) and the constitutive equation relating the effective stress to strain, in
incremental form, is

o'=D(Ae-Ag,-Ag;)+0', (3.10)
where: D is the elastic material matrix, Ag is the total strain, Ag, is the volumetric
strain caused by uniform compression of the solid particles of the skeleton by the change
of pressure of the pore fluid, Ag, is the thermal strain, and o is the initial effective

stress.

The elastic material matrix D is
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(1-v) v v 0 0 0

v (-v) v 0 0 0

E v v (d-v) 0 0 0
D=-—— 1-2 (3.11)
0o 0 0 =20
1-2v

2

Then, using the effective stress law (3.9), the total stress can be written as
6=(D(Ae—Ag, —Ag,)+6',)—mp

=D [[Aa]{— m(:;LKJAp} —[maTAT]Jm'O—m P (3.12)

N

s

=DAe+ Dm(%{jAp -Dma, AT +6';—-mp

Using the identities,

=3K 3.13
1-2v ( )
and
£:1—05 or oczl—£ (3.14)
KS KS
we can do the following simplification,
3K -
{ 3K { -
3K -«
Dm = = =(l-a)m 3.15
3K | 0 3k | o |TUT G.15)
0 0
0 0

where « is the Biot-Willis coefficient (Wang, 2000).
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Now, the total stress can be written as
6=(DAe+(1-a)mAp - (3K o, )m AT +6'))—m p (3.16)

Substituting for p = p, + Ap, we can represent the stress as

6=(DAe+(1-a)mAp—3K a, mAT +6'y)—m(p, +Ap) (3.17)
which can be simplified as

6=DAe—-amAp-3Ka, mAT +¢';—m p, (3.18)

3.3.3 Biot’s (Modified) effective stress law

The “modified” effective stress law accounting for grain compression is given by
c=¢"-amp (3.19)
where « is the Biot-Willis factor and the effective stress in this case is given as
Ac"=D(As—As,) (3.20)
The modified effective stress causes all relevant deformation of the solid skeleton and the
constitutive equation relating the modified effective stress to strain, in incremental form,
is
¢"=Ac"+6", (3.21)
¢"=D(Ae—Ag,)+6", (3.22)
where: D is the elastic material matrix, Ag is the total strain, Ag, is the thermal strain,

and 6o is the initial effective stress.

Then, using the modified effective stress law (3.19), the total stress can be written as
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c= (D (Ae—Ag, )+ o"o)—amp
=D ([As]— [maT AT])+ ¢',—amp
=DAe-Dma, AT +6" —amp
Hence the total stress can be written as

G = (DAa—(3KaT)mAT+6"0)—amp
Substituting for p = p, + Ap, we can represent the stress as
6=(DAe-3Ka, mAT +6",)—am(p, +Ap)
which can be written as

6=DAe-3Ka, mAT —amAp+¢",—am p,

This completes the set of constitutive equations.
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4 CHANGES IN HYDRAULIC PROPERTIES FOR POROUS MEDIA

The conservation equations take into account the effects of compressibility of solid
matrix i.e. the deformable porous media on the fluid flow and the effects of pore pressure
and thermal expansion on the effective stress. We also need to include the effect on the

hydraulic properties like permeability and porosity as function of the effective stress.

The hydraulic properties of the porous media, the porosity and the permeability are
corrected using the empirical porosity-mean stress and permeability-porosity

relationships given by Davies and Davies (1999), and also used by Rutqvist et al. (2002).

4.1 Porous rock

4.1.1 Porosity

A relationship between porosity and mean effective stress is (Davies and Davies, 1999),
p=¢,+(p, 9, )Jexpla o)) 4.1)

where, @, is porosity at zero stress, ¢, is the residual porosity at high stress, a is the

constant to be determined experimentally (a material property), and o,, is the mean

effective stress.

4.1.2 Permeability

We use the permeability and porosity relation given by Rutqvist et al. (2002)

G-
k=kyet P (4.2)
where k, is the permeability at zero stress and the exponent ¢ should be determined

experimentally.
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4.1.3 Capillary Pressure

The capillary pressure is modified with permeability and porosity according to the

Leverett function (Rutqvist et al., 2002)

ky
é) (4.3)
b

Thus porosity, permeability and capillary pressure are modified as function of the mean

pc :pcO

effective stress.
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S MODELING OF FRACTURES

The fractures in T2STR are implemented as discrete fractures using joint elements. These
joint elements exhibit the fracture interaction with continuum elements. The fracture
behavior expresses the effects of surface traction due to joint contact stress (the non-
linear relationship between the joint opening and the joint stresses) and the forces due to

pressure differential in the fluid pressure between the fracture and adjacent rock element.

In T2STR, the mesh is restricted to a Cartesian mesh and hence the global and local
coordinate system orientation is same for any element. In the TOUGH2 (fluid flow,
IFDM) mesh the fracture is represented by two sets of rows. In the finite element mesh it
would be represented by a single row of the joint elements. The idea of the mesh

structure is represented in Figure 5.1.

WV
VIV\,

Figure 5.1 Mesh for fracture model (Purple color represents the fracture in both meshes).

5.1 Calculation and Modification of Fracture properties

The fracture porosities and permeabilities are as described below.
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5.1.1 Permeability

The fracture permeability is determined using the Cubic law, which is based on the
derivation for flow through fracture surfaces assuming laminar flow between parallel
plates, for the relation between the fracture apertures and permeability. The permeability
in principal direction i, is calculated from the apertures in the other two principal

directions jand k as follows (Rutqvist et al., 2002)

a : a 3
ko =—L+k 5.1
1212 -1

As the aperture gets modified based on the displacement of the fracture walls, the

permeability will automatically get modified.

5.1.2 Porosity

The initial porosity, ¢, for the fracture is specified by the user. Then the fracture porosity

will be modified as function of apertures as given below (Rutqvist et al., 2002)

¢: ¢0 & (5.2)

where d denotes the principal directions.

The details of the behavior implementation will be discussed in the next chapter.
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6 DISCRETIZATION

The conservation equations derived in Chapter 2 need to be solved numerically. The
equations of conservation of mass and energy for non-isothermal, multiphase, multi-
component fluid flow in complex geological systems are solved in TOUGH2 code. The
aspect of deformable porous media is added through additional term and the conservation

of momentum for the solid phase. The dual mesh concept will be used to implement the

coupled set of equations.

Delaunay
Mesh
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Figure 6.1 An example of dual meshes, a Delaunay mesh and a Voronoi mesh (Cosmi

and Marino, 2000).

6.1 Dual Mesh Concept

The concept of a “dual mesh” is being used to implement coupled stress effects in
TOUGH2. Dual meshes are alternate representations of the same geometry. An example
is shown in Figure 6.1, which illustrates a Delaunay mesh and its dual, the Voronoi mesh.

As can be seen in the overlapped representation, the Voronoi mesh is formed by

32



perpendicular bisection of the Delaunay mesh edges. This gives a volume around each
node in the Delaunay mesh. The Delaunay mesh would be typical of a triangular finite
element mesh, while the Voronoi mesh represents the integrated finite difference

approach used in TOUGH?2 for flow.

To implement the coupled stress solution in TOUGH2, the Delaunay mesh will be used
for the stress calculations. By using the dual mesh, all the variables, pressure,
temperature, displacement, and saturation, will be placed at the same location in the finite
element and the finite volume grids. This avoids the need of averaging techniques. The
details of the dual mesh concept are elaborated in Cosmi and Marino (2000). Delaunay
and Voronoi are not the only approaches to dual meshes. The simplest mesh with a dual
is a rectangular mesh, whose dual is a shifted rectangle, Figure 6.2(a). The current

implementation is restricted to the Cartesian dual.

5 S dual of i i dual of A i dual of ki

.

Figure 6.2 Duals for different meshes (Tonti, 2001).
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Verma and Aziz (1997) have discussed in detail the application of dual mesh concept to
the flow reservoir simulations. The dual mesh methods give locally mass conservative
discretization, can handle the discontinuous coefficients the way the control volume

methods can and have the flexibility of finite element methods (Wang, 2002).

6.2 Mass and Energy Balance using IFDM (Pruess et al., 1999)

The continuum equations (2.25) and (2.39) will be discretized in space using the Integral

Finite Difference Method (IFDM) (Narasimhan and Witherspoon, 1976).

6.2.1 Original TOUGH?2 Methodology

“Using the appropriate volume averages for volume-normalized extensive quantities and
approximating the surface integral as a discrete sum of averages over surface segments

A (between the volume elements V

nm n

and V), the general balance equation, (2.11), can

be converted to a set of first-order ordinary differential equations in time as

dM* 1
n =S4 gk O 6.1
dt V nmqnm Q}'Hﬂ ( )

n m

where the nomenclature is as shown in Figure 6.3.”

Vn

4
% <

Vm

Figure 6.3 Space discretization and geometry data in the IFDM (Pruess et al., 1999).
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“Time is discretized as a first-order finite difference, and a fully implicit scheme is
adopted where the fluxes are expressed in the terms of the unknown thermodynamic
parameters at time level #*' = +At, leading to the following nonlinear algebraic

equations.

RO =Mt M —%{Z At +7, QZ;f”} (6.2)

where, R 1is the residual.” The TOUGH2 code performs a complete simultaneous

solution of these discretized mass and energy balance equations.

6.2.2 IFDM representation of volumetric strain

The source term due to volumetric strain in the mass conservation equation needs to be
discretized using either FEM or IFDM. Jacobian calculations and residual evaluation
would simplify if the representation is done using IFDM. A simple but effective
representation can be done if the mesh is restricted to Cartesian mesh. Hence we will
assume henceforth that the mesh is Cartesian and derive the expression for the volumetric

strain.

The volumetric strain is expressed as ratio of summation of displacements of the m

confining areas, and the original volume,

‘("Vn :izAnm(ﬁnm _un) (63)

where displacement i, is the absolute displacement of area A,,. Hence (i, —u,)

nm *

represents the relative displacement of the confining area A4, with respect to the center
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of the volume element V,. The displacement #,, of area 4,, is calculated by linear

interpolation from the displacements u, and u, using the connection data.

i, =u, +| - |p (6.4)
D, +D,

Hence we can write the expression for volumetric strain as

1 _

1 D, )
= Z;Anm (mj(um u,) (6.5)
:VLZAnm Dnm (um _un)

where the quantity D, {um —un} is the relative displacement of the confining area A4
with respect to the center of the volume element, which we will denote by u,, . Hence we

can write

gV = Lz Anm Upm (66)
! Vl’l m
The concept is shown in Figure 6.4.

It is important to check the direction of the connection to determine if the change in
volume is positive (expansion) or the negative (contraction). If the direction of
connection is in the negative direction of the axis then the above expression needs to be

multiplied by -1 to obtain the correct effect on the volumetric strain.
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Figure 6.4 IFDM representation of volumetric strain.

6.2.3 Mass balance

Using the similar approach (IFDM) as TOUGH2 we will discretize the mass conservation

equation, (2.25) as follows.

dt

[dM: H@f{(a¢")d(zs’fp’?)—(a—¢n)afﬂ‘%ﬂ
dt K dt dt

(24

d(z Anmunmj
+9K‘_ m

"y dt

n

1 K K
= _ZAnm Qum — Qnm +
Vn m
where
My =4,2.5,p,%;
v
O :sz/pl/’/(lef(
%
Do =22 Xy m
%

where the basic Darcy flux for each phase is given as
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Py

k
qr//,nm = knm

ry Py {pw,n B
/uy/ o Dnm

- py/,nmgnmj|

(6.9)

Again discretizing time as the first order finite difference and adopting the fully implicit

method we get

la=4.")
Mrll(,i+1_Mrll(,i+ H:,Hl K—S Z

S { v ,i+l
n n

-p! }J

(o ¢'*‘)a (7 -1))-(" -4,

(91( i+l ;(ZA m{ i+l i }j At |:Z Anm nm

n

K,i+l

- Vnerl(m + VnQI’;:’l}

(6.10)

Rearranging and omitting the phase energy exchange term since we will be writing a

combined equation for each component, we get

(a_¢ni+1) i+l
Tk 2.8y !

p:l//,i}]_(a_¢ni+l)aT(THi+l _Tni)

| S -] @1
M ’”=At{ZAnm ;‘m’“—VQ,,m}
Hence the residual becomes
Ry =M M —%[z Al - VnQ,fm}
N st )|l bl )| o

K,i+1
+| 6]

o Sk -

i)

and we can see that the last bracket on right hand side represents the additional terms

occurring due to deformable porous media.
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6.2.4 Implementation Procedure

To be consistent with the implementation, we can write it as

R:,HI — [M:,HI MK[ __|:Z Anm :mHl _V Q :|

{gmﬂ 05( MJ}
{HKHI a(z . nmj}

_{0/( i+1 ( Hl)(z Sw v, 1+1] enlc,iﬂ (0! _¢ni+1 )aTTniH _ 0ﬂk,i+l¢ni+l}_
{91{ i+l ( Hl)(z SY p J g (Ot _— )aTTni _ an,i+l¢ni}

(6.13)

6.2.5 Mass balance [Incompressible Solid Phase]

We will derive the residual formulation for incompressible solid phase since it will be

used in some of the verification problems. Using the similar approach (IFDM) as

TOUGH2 we will discretize the mass conservation equation, (2.26), as follows.

% dt

:_zAannm T Xam

Following the similar procedure as above, the residual formulation becomes
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R:,Prl — M:l(,[+1 Ml(l __|:Z Anm :l(erl _V Q }

{ anK,i+l[ [ZAM{ B nm}j (¢J“—¢J)H

6.2.6 Energy balance

The energy balance equation (2.39) is unchanged and is given by

0 S, pyu, 1_¢ 5 K
> waug:( )Psus):_v.(zqwhw)_v.Jg

The IFDM representation remains the same as (6.1) i.e.

dmy
dt - 7 z nm qnm Qnm

where
M =(1—¢n)pSCST+¢nZSV,qu£
q::m = L Dnm j—i_zh q:// nm

and the basic Darcy flux is given as

q =—k kry/loy/ Py/,n _Py/,m _p g
v ,nm nm ,Uy/ . D v ,nmS nm

nm

Hence, the general residual form for energy balance equation is as follows,

R,(l;c)kﬂ =M£K)k+1 () {z Anmqnmkﬂ n V Q k+1}
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6.3 Momentum Conservation using Finite Element Formulation

The conservation of momentum equation (2.40) is discretized using the Finite Element
method. Since the momentum equation becomes the static equilibrium equations with the

assumptions made, no time discretization is required.

Based on the principal of virtual work, the weak formulation of (2.40) is given as (Bathe,

1997)

[o,05,av—[b5u,dvV -t 6u,dS =0 (6.21)
14 vV S

or

jasTch—jaudeV—jauTtdszo (6.22)
4 4 S

6.3.1 Terzaghi’s Effective Stress Law

Substituting the definition of stress using the effective stress law, (3.9), in the above

equation gives
jaaTo'dV—jésTmpdV—jéudeV—jauTtdS:o (6.23)
Vv Vv Vv N

Using the standard finite element interpolations and same interpolation functions for

displacement, pressure and temperature, we can write

ou=Nou, (6.24)

and

Se=Bou, (6.25)

results in
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[6u,"B"6'dV —[ou,"B" mNpdV —[5u,"N"bdV —[su,"N"tdS =0 (6.26)
14 14 4 N
We also note that

jBTchszTc'dV—jBTmdiV (6.27)
4 14

Vv
Also, recognizing the fact that the nodal displacements associated with the weighting
function are constant with respect to integration and that (6.26) must hold true for all

values of the weighting function constants, gives
jBTo'dV—jBTmdiV=jNdeV+jNTtdS (6.28)
Vv vV Vv N

The displacements are interpolated using shape functions as

Au=N, Au, +NAu, (6.29)

and the strains by

Ag=B, Au, +BAu, (6.30)
where the subscript u refers to the known essential boundary conditions.

Using (3.16) in (6.28) we get
UBTDBdV]Aua = INdeV+jNTtdS—(IBTDBu a’V)Auu
1% V S V

J{—(l—a)jBTmNApdVJJ{(SKaT)jBTmNATdVJ (6.31)

+[B76', dV + [B"mNp, dV
14 14

42



Equation (6.31) is used in implementation of the poroelastic behavior. For the sake of
completeness, we will write the residual term in this finite element implementation, the

details of which will be explained in the next section.

R-= LaIBTmNAp dVJ+[(3KaT)IBTmNATdV]+IBTmNApO dv
Vv Vv

v

+[Bo', dV—[jBTDBu dVJAuu —UBTDBdV]Aua +[N"bdv + [N"tds
V V Vv V S

(6.32)

6.3.2 Biot’s (Modified) Effective Stress Law

Substituting the definition of stress using the modified effective stress law, (3.19), in the

equation (6.22) we get
[o2"6"dV - [se’am pdV —[su" bdV - [su” tdS =0 (6.33)
4 Vv 4 S

Using the standard finite element interpolations and same interpolation functions for

displacement, pressure and temperature, we can write

ou=Nou, (6.34)

and

Se=Bou, (6.35)

which results in
[ou,"B'6"dV —[su," B'amNpdy —[su," N"bdv —[su," N" tdS =0 (6.36)
14 V 4 S
We also note that
[BT6dv =[B"6"dV - [B'amNpdy (6.37)
4 V V
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Also, recognizing the fact that the nodal displacements associated with the weighting

function are constant with respect to integration and that  (6.36) must hold true for all

values of the weighting function constants, gives

jBTchszdeijTtdS
vV N

Vv
The displacements are interpolated using shape functions as
Au=N, Au, +NAu,
and the strains by
Ae=B,Au, +BAu,
where the subscript u refers to the known essential boundary conditions.

Using (3.24) in (6.38) we get
UBT{(DAa—(3KaT)mAT+6"0)—amp}dVJ= [NTbdV +[N"tdS
o v s
Using the interpolations, we can write

UBT{(D(Bu Au, +BAu,)-(3K aT)mNAT+6"0)—amNp}de

=[N'bdV +[N"tdS
Vv N

Rearranging, we get

UBTDBdV]Aua = jNdeV+jNTtdS—(jBTDBM dV)Auu
v 4 N 14

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

+((3K0{T )[BT mNATdVJ—.[BTc"O dV+[B'a mNpady
V V V
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Equation (6.43) is used in the implementation of the poroelastic behavior. Using the
alternative form of (3.24), i.e. expressing current pressure as sum of incremental pressure

and initial pressure, we can write the above equation as
UBTDB dVJ Au, = [N"bdV +[N"tds —UBTDBU dV]A u,
V V N V
—jBTo"O dv +UBTa mNp, dVJ (6.44)
4 14
+{IBT05 mNApdV}+(3KaT)jBTmNATdV
4 4

For the sake of completeness we will write the residual term in this finite element

implementation, the details of which will be explained in the next section.
R=[N'bdV +[N"tds —UBTDBM dVJA u, - UBTDB deA u,
vV S Vv 14
+[IBTa mNp, dV]+IBTa mNApdV - [B'e",dV (6.45)
V V V

+[(3KaT)£BTmNATdVJ

6.3.3 Implementation details

A conscious effort has been made to keep the coupling, between the TOUGH?2 and the
Stress, as clean as possible. The aim has been to keep the changes in TOUGH2 to
minimum. Also, the code implementation allow to carry out only the TOUGH2 (fluid
flow-heat transfer) simulation, without incorporating stress as well as switching on/off

the poroelastic and thermo-elastic effects.

45



6.3.3.1 The Volume Element
An 8-noded linear serendipity Brick element has been used for the finite element

analysis. The shape function for this element are given as,

L) (R (R (6.46)

where &,7m,and { represent the natural coordinates with the range (-1,1) in its natural

coordinate space for the 8 nodes. Figure 6.5 shows the node numbering convention for

the 8-noded Brick element.

Figure 6.5 Node numbering for mesh of 8-noded Brick Element.

6.3.3.2 Numerical Integration Scheme
The volume integrals for each element in the finite element formulation are carried out

using Gauss Quadrature as

[feyz)av, =] [ [ rlen.o\|dsdnas
v (6.47)
DWW AN TNV

The implemented integrator uses the combined gauss weights W, =W,W W, , related to

respective gauss point and hence can be written as
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[1ey.z)av,="S Wl 1(GP,) (6.48)

Ve

In the T2STR code, the higher order 8 Gauss point integration is implemented.

6.4 Fracture Behavior (Finite Element Implementation)

The finite element formulation for the fracture behavior is derived as follows. The
fracture element is a volume element with the surface tractions and pressures acting on
the faces of the fracture. Consider a single element with the node numbering as shown in

Figure 6.6.

Figure 6.6 Node numbering and representative forces in fracture behavior.

The force balance for the element due to surface traction t° from the contact, the fluid

pressure p©, and external forces F,, is given as

ext

F,,—[B'edr=0 (6.49)
4

where ¢ is used for representing the stresses due to combined effect of contact stresses

and fluid pressure as follows
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c=t"+p° (6.50)
The pressure forces due p® to are given by
F;:{IBTmNdV]p (6.51)
Vv

The forces due to surface traction t° at the joint are expressed using contact stresses o,

as
F =[B' (0., @))aV (6.52)

The residual for the element with fracture behavior can be written as

R= {F —L { B” mNdV) p} —{ ! B’ (cct(a))dVJ (6.53)

where o, is the contact stress vector corresponding to the current aperture vector a .
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7 SOLUTION TECHNIQUE

All the discretized equations are solved by the Newton-Raphson iteration technique

already implemented in TOUGH?2 to handle nonlinearity.

7.1  Original TOUGH?2 implementation

Expanding the residuals (in equation (6.2)) at p+1 iteration step in a Taylor series and

retaining only the first order terms and setting the expansion equal to zero, we obtain

K,i+1
X o, )= R ) (.1)
" mAp

Most of the terms ZR” in the Jacobian matrix are evaluated numerically in TOUGH2
X

m

code for the selected primary variables. The solution is achieved when the residual R

becomes small.

7.2 One way coupling

The initial formulation was implemented for one way coupling. The formulation was
derived to solve the FEM equations using the same solver in TOUGH2. The

implementation was based on unmodified effective stress law.

7.2.1 Formulation for Newton-Raphson solution (Unmodified stress law)

To solve the finite element equations using the same solver in TOUGH2 the formulation
is implemented as follows. The residual for the Newton-Raphson method for a finite

element formulation in its functional form is given as

f(au,")=0 (7.2)
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where,

R = t+AtFext(A *)_ t+AtFmt (Au *)

(7.3)
g /law,’)

Here * is used to denote the solution. Assume that in the iterative solution we have

@1

evaluated ““Au,""’ ; then a Taylor series Expansion gives

(A * _tHAA L (t 1)) .. (74)

t+AtAua(i—1)

£lau,”)=£(>au, )+ [d(iia)}

Substituting (7.4) in (7.3) and neglecting higher order terms, we get

()]

R’ —g-— f(t+AtA (i- 1)) |: df :| (Aua* —HAtAua(H)) (75)

d(Au,)

t+At

Assuming that the externally applied loads are independent of the deformation, the

increment in the displacement can be calculated as

) ( S(au, )" ): g f(;w Au, )

(7.6)

— Z‘+AZ‘F t+AtF(l 1)

nt

where K" is the current tangent stiffness matrix given as

MK = {—d f } (7.7)
d(Aua) t+AtAuﬂ(i—l)
Now, rearranging the (6.28) we can write
{jNdeV+INTuB]—£thdV]:O (7.8)
Vv S Vv
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Here the first two terms represent the external body forces and the third term represents

the internal forces (or the nodal point forces corresponding to the elemental stresses).

Using the (7.8) in (7.6) we can write

t+At
KD (5(Au, ) )= ( [N"bdr + [Nt de
S

Vv

t+A (i-1)
- (J. B'c d VJ
V

(7.9)

The updated displacement solution is

z+AtAua(i):t+AzAua(i—1) + 5Aua(i) (710)
with the initial conditions at the start of each iteration as "K' = ‘'K ; “*F” = 'F and

0
t+Al‘Aua( ) — tAu

The required integrations are evaluated by summing the contribution of each element.
Using the definition of stress (3.16) we can write (7.9) as

1+t numEl numkEl

> [N"bav,+ Z jNTt ds,
e=1
t+At K(i—l) (5(A u, )(i) )= VEI

- B"DB, dV, |A

(Z‘J ! J e (7.11)
t+At . (DBAll ) ( '0) (i-1)
- | X [B"|-(3Kke,)mNAT) dv,

% |+((l-a)mNAp)-(mNp)

This completes the residual formulation of finite element implementation.
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7.3 Fully coupled formulation

The fully coupled formulation was derived using modified effective stress law. The
Newton-Raphson formulation was derived for implementation using the TOUGH2 set of
solvers. Also, the FEM equations are re-written using the TOUGH2 primary variables in

addition to the displacements.

The Newton-Raphson formulation for the FEM equations can be obtained by defining the

residual R as follows

R =g f(Au,Ap,AT) (7.12)
where g represents forces independent of unknown variables, i.e. pressure, temperature,
and displacements, and f represents the internal forces and the hydrostatic forces. We

can define the residual using (6.38) as
R =UNT de+INT tdSJ—(jBT 6"dV—jBTamdiV] (7.13)
V S V V

or expanding the modified effective stress terms

R:(jNdeVJrJNTtdS—UBTDBM dV]AuM]
14 S 4

UBTDBdVJAua ~[B'a mNApay (7.14)
Vv Vv

—[(3KaT)IBTmNATdV] —UBTO{ mNp, dV] +[B'e",dv
V V V
where first parenthesis represents the independent terms g and second one represents the

variable dependent terms f. The subscript a for the unknown displacements, “u’s, is

dropped for brevity henceforth. Considering the implementation, the p, and ¢", terms
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are included in f even if they are not dependent terms. Thus function f can be

evaluated from the total stress.

Hence the solution of the FEM equations can be obtained if we make the residual zero.

i.e., using the same denomination as above,

R=0 (7.15)
= g— f(Au*, A p*, AT #) '
where * denotes the values of the variables when correct solution is obtained.
The residual at iteration i of time step ¢+ A¢ we can write
t+At Ri:t+Atg_ t+A7‘( Au’Ap’ AT)I (7.16)

Using a first order approximation of a three variable Taylor series, we can write the f at

1teration i as

=M 0 Au,Ap, AT = £( Au, Ap, AT )™
5\ 5\ 5\
+ SAu + SApY +| =L | SsATY
0 OAT

0Au Ap
(7.17)
To obtain the solution at iteration i we want to make residual ““* R’ zero, hence
AR — t+Azg_t+Atf( Au,Ap,AT)i
— t+Atg
¥ f(Au,Ap, AT (7.18)

_ (1) (1) (1)
2L sau 4| L) a4 2L sar®)
0 Au OA OAT

=0

which we can write as
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(i-1) (i-1) (i-1)
OF | sau | 2L sapt | 2L | sar®
oA OAT

0Au p (7.19)
:t+Atg_ t+Atf( Au,Ap,AT)(H)
Now we have
= UBTDBdeAua —UBTa mN deAp —[(3KaT)IBTmN dVJAT
g ’ ' (7.20)
—UBTa mN depo +[B'e", dV
Vv Vv
Hence we can write the residual equation as
(i-1) (-1)
(— [B"DB dV] 5Au" +( [B'(-am)N de sAp?
V V
(7.21)
(i-1)
+ ( [BT(-3Ka,m)N dV] SAT V=g _ % oAy A p, AT)"™)
Vv
Defining matrices K,Q,,and Q, as,
Q,=- j B[ mN]av (7.22)
vV
Q, =-[B'[3ka, )mN]av (7.23)
2
and
K, =—jBT DBdV (7.24)
Vv
we can write
(Ke )(H)5Au(f) " (Q,, )(H)5Ap(i) + (Qr )(f—1)5AT(i) - Hmf( Au,Ap, AT)(H)
(7.25)
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Hence the Newton-Raphson formulation to be implemented can be written as

t+At

(K,)sAu?
t+At
+(Q, ) sAp? |= [jNdeijTtdS—U B"DB, dV}Auuj
vV S V
+(Q, ) AT
t+At (i—l)
UBTDB de Au, - [B'amNApdy (7.26)
14 Vv
- —UBT@KaT)mNATdVJ
V
—UBTa mNp, dV]+ [B76",av
v v
or
t+4 _
t Ke)(l 1)8Au(’) 1+t
+(Q,)™sAp? |= UNdeV+'[NTtdS—UBTDBudV Auu]
(i-1) (i) v s v
+(Q, ) 8AT

(7.27)

t+At

(K.)Au, +(Q, ) ap+(Q,) AT

—UBTa mNp, dV]+ [BT6",ar
Vv vV

7.4 Fully coupled formulation for TOUGH?2 primary variables

TOUGH2 uses phase pressure and the temperature as primary variables for single phase
and gas phase pressure and gas phase saturation as primary variables for two-phase
problems. The formulation for the momentum equation will have to be expressed in

TOUGH2 variables to generate coherent coupled equations.
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7.4.1 Single phase formulation

The single phase variable is temperature for TOUGH2 as well as for the momentum
equation. But the pressure in the momentum equation is solid pressure and the
corresponding primary variable in TOUGH?2 is the phase pressure. For the single phase
condition the solid phase pressure is actually the fluid phase pressure. Hence the

formulation derived can be used as it is and can be stated as

t+At

(K.)Au""
t+A4t
+(Q, ) ™sAp? |= UNdeV+'[NTtdS—UBTDBudVJAuu]
4 S Vv
+(Q, ) sAT"

t+At

(K.)Au, +(Q, ) ap+(Q,) AT

—UBTa mNp, dV]+ [B76",ar
Vv

vV

7.4.2  Two phase formulation

The primary variables in TOUGH?2 for two phase situations are gas phase pressure and
gas phase saturation. The momentum equations will need to be reformulated to express

using those variables.

7.4.2.1 Solid phase pressure
The solid phase pressure can be written as

ps=pSi+p.S,=>.p,5, (7.29)
"4
which can be written as (Pruess et al., 1999)

p=p,S,+1-8\p,+p.)  p.<0 (7.30)
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where p_ is the capillary pressure and we will drop the subscript and use p to denote the

solid phase pressure. The above expression can be simplified to

p=p,+(1-5,)p. p. <0

We can write the change in solid pressure as

Ap=Ap,+A(1-S,)p.)

(7.31)

(7.32)

Considering that the capillary pressure is function of gas phase saturation, we can write

Ap=Ap,+(1-8,)Ap. +p. All-5,)

0
=Ap, +(1—Sg)agc

:Apg+[(1_sg)

AS,-p.AS,

4

op,
oS

g

- p, J AS,
In vector form, it can be written as

Ap=Ap,+ [C‘S’g JASg

(7.33)

(7.34)

where ng is the diagonal (square) matrix of size equal to number of nodes, given as

op.
(I_Sg)i_

P.
os,

1

_g )9Pe
5,122

and denominated as phase-coefficient matrix for pressure-saturation.
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7.4.2.2 Temperature

The temperature for the two phase problem is expressed as function of gas phase pressure

and saturation in two phase problems in TOUGH?2, i.e.

7=7(p,.S,)

g’7g

The change in temperature is calculated as

A= pp,+ L as
op, oS,

In vector form

T T
AT=C} Ap,+C} AS,

g

(7.36)

(7.37)

(7.38)

The phase coefficient matrices for temperature-pressure and for temperature-saturation

are given as

oT O
op el,
cr ) -
0 oT
L pg numNodes _|
and
_ a_T 0 _
oS el,
HE .
0 or
L 6Sg numNodes _|
respectively.
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7.4.2.3 Newton-Raphson formulation for two-phase condition
Substituting (7.34) and (7.38) in (7.14) we get

R=(INdeV+_[NTtdS—UBTDB” dVJAou

vV N vV

( [B"DB dV] Au, - [B'amN Ap, + [cgg las, lav
g (7.41)

- (3KaT jBTmN{cT Ap,+C3 AS }dVJ

UBTa mNpOdVJ [BTe",dr
14

v

Rearranging

:[jNdeV+jNTtdS—[jBTDBu dVJA uu]
14 N 14
UBTDB de Au,

—jBT[ JmNC} +a mN |Ap, dv (7:42)

—jBT[ JmNC! +amNC? ]AS dv

—jBTa mNp, dV +[B'c", dV
vV vV
Again, here first parenthesis represents g and second represents f such that

R=g—flAu,Ap,.AS,) (7.43)

Now we can write f as
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f=[B DBdV]

J
[jBT 3Ka,)mNC} +a mN]deApg
il
K

(7.44)
jBT 3Ka,)mNCL +amNC; ]dVJAS
B mNp, dV + j B"c", dV
The final Newton-Raphson formulation can be written as
t+At ) )
Ke )(l_l)ﬁAu(l) t+At
+(Q, Jaap," |= (INTb av+[N"t dS—[jBTDBu dV]A uu}
do s v b
% . » (7.45)
t+At i—-1
(Ke)Aua +(Q } Apg ( S, } g
UB a mNpOdVJ [B76",dv
where the coefficient matrices are as follows,
K, = j B'DBdJV (7.46)
Q, =-[B"|3Ka,)mNC! +a mNav (7.47)
Vv
and
Qs =—[B"|3Ka, )mNCI +amNC? Jar (7.48)
A

Since the phase-coefficient matrices are constant with respect to the element properties,

we can rewrite the coefficient matrices as
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Q, = —{jBT(3KaT)mN dV}C:g ~[B'a mNay (7.49)
V

14

and

Q,, = —{ [B(Ka, )mN dV}ng —{ [BTa mN dV}ng (7.50)

Using the notations applied in single phase for the coefficient matrices it can be written

as

Q, =—Q,C; -Q, (7.51)
and
Q, =-Q,Ci -Q,Ct (7.52)

As can be seen easily, the single phase formulation can be formulated as a special case of

the above two equations. In single phase, the independent variables are pressure and

temperature hence the phase-coefficient matrices, C;g and Cg (now C”T), will be zero.

In single phase the variables are pressure and temperature, hence the coefficient C§ will
g

be the phase coefficient matrix between temperatures and hence unity, leading to the

single phase relations.

7.5  Generalized fully coupled formulation for TOUGH?2 Variables

The general formulation, applicable for single phase or two phase condition, can be

written as
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(KA, +(Qy, S AV, +(Qy VAV,

—UBTa mNp, a’VJ+'[BT6"0 dv
vV 14

where V, and V, represent the primary variables corresponding to the phase condition

and matrices Q,, and Q,, are as given in equations (7.51) and (7.52) respectively.

7.6 Other Changes required for implementation in TOUGH?2 for Fully Coupled

formulation

To solve both these systems as a coupled system we need to find the derivatives of
residuals in (6.12) with respect to the displacements (J ), derivatives of the extra terms
in  (6.12) with respect to the TOUGH2 primary variables (J F*F), and derivatives of

residuals in (6.45) with respect to the flow primary variables i.e. pressure and temperature

(J SF ) It can be represented as:

Jer JFSijF} {RF}

= 7.54
[J s Jss | Ug Ry ( )
where the unknowns have been divided into the primary variables for the flow solution
pr and the displacements for the stress solution uy .

The Jacobian terms Jg, and J¢ can be easily obtained from (7.53).

The residuals of flow equation with respect to flow variables is represented by (J FF),

which is already implemented in TOUGH2. They will need modifications to incorporate
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the addition due to variable permeability and porosity as function of effective stress.
Also, the derivatives of the extra terms in flow equations with respect to the TOUGH2

primary variables will have to be added to J .

The J. represent the partial derivative of flow equations with respect to the

displacements and will have to be evaluated newly.

We will discuss all these derivatives required for Jacobian in the next chapter.

7.7  Staggered Coupling for Fractured media

Currently, the implementation involving fractures is carried out only in staggered
manner. The staggered approach first solves the fluid flow problem i.e. TOUGH2
simulation is carried out. The TOUGH2 variables pressure, temperature, and/or saturation
are provided to the finite element model. The finite element model calculates the
displacements and stresses and these are then used for aperture and/or permeability-
porosity modification in fracture and rock materials on the fluid flow side. The modified

data is used for the next TOUGH2 run and the cycle continues.

7.7.1  Fluid flow equations

Due to the staggered approach, the fluid flow formulation of TOUGH2 remains
untouched and the individual time step calculations of the simulation are exactly like

original TOUGH2 run.

7.7.2  Newton-Raphson formulation (Modified stress law) for Porous Media

The porous media calculations are now done using single variable formulation similar to
the one way coupling, since the pressure and temperature are not varying during the

solution of the finite element model. Hence, the Newton-Raphson formulation can be
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derived similarly to the one described in one way coupling. The Newton-Raphson

equations to be solved are as follows

t+At
i ((Ke)“*"a Aum): ( j N'b dV+J.NTt dS—{ j B'DB, dVJA uu)
% N 4

t+At

(i-1)

UBTDBdVJAu—jBTa mNApdV
’ ’ (7.55)
- —(jBT(3KaT)mNATdVJ

4

—UBTq mNp, dV]+ [BT6",dv
4 14

where the coefficient matrix, as before, is as follows,
K, = j B'DBdJV (7.56)
14

7.7.3  Newton-Raphson formulation for Fracture Behavior

To derive the Newton-Raphson formulation for finite elements with fracture behavior,

consider the residual, given earlier,

R= {F[ —[ l B” mNde p} —[ [B (cct(a))dVJ (7.57)

Vv

where o, is the contact stress vector corresponding to the current aperture vector a .

The Newton-Raphson formulation for single variable is given as

o\ |
SAu =g o oAy )i (7.58)
O0Au

where the residual at iteration i of time step ¢+ A¢ is written as
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1+A Ri:z+Azg_ t+Atf( Au)i (759)

The Newton-Raphson formulation for the joint element then can be written as

M (H)é‘Au(i)_HAt Fe — J‘BT mNdV M .[BT (G (a))dV o (7.60)
o Au B ) b A '

To evaluate the Jacobian, let us first look at the contact stresses. The contact stresses are

function of current apertures and in vector form, we can write the Jacobian term as
o)) @ [gr
—2|=——|B a)l dV
(6Auj 6AUU (G“( ))d
oo (a
= j 90.@) (7.61)
0Au

0
:J'BT 6.(a) 0a e
5 da OAu

where the vector a of current apertures is defined as

a=|a (7.62)

Since we are neglecting the shear effects due to contact, we can write

[(kn, 0 0 ]
0 kny 0
Jo.(a) _| 0 0 kn (7.63)
Oa 0O 0 O
0O 0 O
10 0 0
where the normal stiffness in direction d defined as
l_l
kn, =2 [1—“—% ! (7.64)
ma, Ay



The expression for normal stiffness is obtained for Gangi’s model which gives the

contact stress o, for given value of aperture a, as

a
— __d
o,=0, [
oq
We can write the aperture vector a as
Top
ax ux - ur
_ Top
a=ja,|=u, u,
Top
a, u, -

If we define the surface displacement vector u; as follows

then we can write

da _ Oa Ou,

Top
u X
Top
y
Top
z

u

u

Bottom
X
Bottom
y
Bottom
z

Bottom

Bottom

Bottom

u, +ta,

OAu ou, 0Au

Jar

Thus the Jacobian can be written as

EERE

vV

vV

Oa

=j-BT 06.(a) oa Ou,
ou, 0Au

(7.65)

(7.66)

(7.67)

(7.68)

(7.69)

Differentiating the aperture vector with respect to the surface displacement vector we get
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da 100-10 O
—=/{0100 -10 (7.70)
dug (001 0 0 —1
Then we can write
kn, 0O 0 —kn, 0 0 |
0 kny 0 0 —kny 0
8oct(a)_ 0 0 kn, 0 0 —kn, | Ou,
OAu | O 0 0 0 0 0 OAu
0 0 0 0 0 0 (7.71)
i 0 0 0 0 0 0 |
o oug
O0Au

where we have defined the new stiffness matrix T . Now we can write the Jacobian as

R

=[B" 2% gy
) 0Au

The surface displacements u, are calculated from the nodal displacements as follows

(7.72)

ul
u,
Z/ll
_uTop—_ i :4
o 00 0-020000O0--00 0"
u, 00 0--0N, 000 0--0N,O0]|u
w” | {0 0000 0 0 0N, 0 0 Ngl|ul 7.73)
poon | ZIN, O 0 Ny 000 Ny 0 0 =Ny 00|y :
éottoln ONl 00 O O ONS 00 O 0 us
bowon | LO O Ny 000 Ny OO 000 0] 5
!
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which in vector form is written as
ug =N Au

The complete matrix N is given as

co=2ococo
oF2ocoococo
2oocoococo
coco oo
o FZocoocoo
S oocococo
coococo 2
cooco o
2oocoococo
coXococo
cocoocoo o
S2ocoocococo
co2ococo
o2oocoo

Also, noting that

ou

S

oAu

C

we can write the expression for Jacobian as

u

:J'B

Vv

O0Au O0Au

T (acct(a)

coo 2o o
cocoococ o2
o2ocoocoo

= [B"TN.ar
)

Jar

coco oo
coococoF
coocoZo
cooZoco
co o000

Define the elemental stiffness K*(Au) for the joint element as

K*(Au)=[B" T(Au)N. d¥

=[B TN ar
V

cooco 2o
cocoo 2o o

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)

Then the Newton-Raphson formulation for the volume element with fracture behavior

can be represented as

t+At
[Ke(Au)](i_l)5Au(i)= {F”“—U

Vv
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8 EVALUATION OF JACOBIAN TERMS
8.1 Conservation of Mass

8.1.1 General Method for derivatives

Consider any term in the IFDM equations of conservations of mass and energy. It can be

represented as follows

1.k, p.T,8,u)= £6.5) £, () £,(T.5,) i (w)C (8.1)
where [ represent terms occurring in both single phase and two phase problems.
TOUGH2 uses temperature as the second primary variable for single phase problems and
saturation for the two-phase problems. C represents the terms which are constant with

respect to variable of differentiation. The functions f, represent the terms with porosity

and permeability which will be loosely coupled using the data from last time step and

hence their derivatives will not be included in the forthcoming analysis.

8.1.2  Derivative with respect to displacements (J )

Let us consider the derivative of the terms with respect to the displacement as follows

o _ o0
ou, —flfzfscau (8.2)

The partials with respect to displacement represent the solid to fluid coupling. They are
evaluated while the pore pressure remains constant, (also the other TOUGH2 primary
variable). Hence the poroelastic constants used in calculation of these terms, if any, are

evaluated at the drained condition.
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8.1.3 Derivative of additional terms with respect to TOUGH? variables (J )

Now we will consider the derivatives with respect to TOUGH2 primary variables. We

will represent the TOUGH2 primary variables P, T, and S, as X; where i= 1...3. While

evaluating these partials we are assuming that other primary variables are constant i.e. if
we are finding partial with respect to pressure then temperature, and displacement will be
held constant. So in these partials, the derivative with respect to displacement will be

Z€10.

—mm Lo rncd
(8.3)
— fiASC f FASC f

These terms represent the fluid-to-solid coupling which is the effect of the changes in
fluid pressure or fluid mass on the strain in the solids (Wang, 2000). The poroelastic
constants used, if any, while finding the partials of displacement with respect to the

TOUGH?2 primary variables are evaluated at the constant stress condition.

We also have to keep in mind that we are evaluating partial derivatives with respect to the

ofs  9fi

primary variables. Hence in the partial with respect to X, only one of A or A will

exist and the other term will be zero.
8.2 Conservation of Energy

For the terms in energy balance equation, there are no additional terms. Hence we need to
calculate only the derivatives of those terms with respect to the displacement. We also

need to take into account the additional terms arising due to the derivatives with respect
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to the porosity and permeability in the partials with respect to TOUGH2 primary
variables. Let us denote the terms in the residual formation of the energy balance

equation as

1, .k, p. 7.8, )= £(¢.5) £, (p) £, (TS, )C (8.4)

8.2.1 Derivatives with respect to displacements (J ;)

The derivative with respect to displacement required for the Jacobian can be expressed as

oy _
ou,

0 (8.5)
Since there are no additional terms in the energy equation and the effect of displacement
through variable porosity and permeability is neglected, with TOUGH2 primary variables
held constant, the derivative becomes zero. The effect of variable porosity and
permeability is second order effect through change in displacement of the solid. It is

neglected with the assumption that the small error in the calculations of the Jacobian term

will be compensated by iterative solution procedure to obtain the correct result.

8.2.2  Derivatives with respect to TOUGH2 variables (J ;)

The additional terms arising due to variable porosity and permeability do not exist and

hence we can see that there is no change in this derivative

P2y ppcds (8.6)

oly _
ox, Iy ox, ox,

One of the above two terms will be zero and the non-zero term is the one which is

calculated by TOUGH2 currently.
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8.3 Conservation of Momentum

The Jacobian formulation for the conservation of momentum equation was given in

(7.53) as
o ( e) 8Au t+At
+(o, ”SAV = UNdeijTtdS UBTDB deAuj
+(Qy, JsAV,"

t+At

(K)Au, +(Qy, ) 'AV, +(Q,, J AV,
—UBTa mNp, dVJ+jBTs"0 dv

Some of the terms required in the coefficient matrices, in particular for two phase

condition, are obtained by numerical derivatives as explained before.

8.4 Derivative common to multiple terms

We will look at the individual derivatives which occur in multiple terms and/or are

constants throughout the time-step.

Consider the IFDM representation of volumetric strain as (assuming only Cartesian

mesh)

SV = z Anm (ﬁnm - un)
m
= Z Anm Dnm (dnm _un)

m

(8.8)

Then we can write
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05, (ZAMD” u, —u )J

ou ou

n n

: : nm 71771

m

and

881/” a(; Anm Dnm (um - uVl )j

ou ou

m m

=4, D

nm nm

(8.9)

(8.10)

The following relations have not been used in the context of current modifications related

to variable porosity and permeability in the implementations. They are listed to relate the

physical quantities.

The relation between the mean modified effective stress and volumetric strain for the

drained condition (Wang, 2000) is

Hence we can evaluate,

ag:n B ﬁa:n oe, —Kﬁgl/
ou, 0O¢g, Ou, ou

=K Z nm nm

n

Using the expression for the modified effective stress we can see that
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(8.12)

(8.13)



=0 (8.14)

op,
oo

" =-3Ka 8.15
or T (8.15)

and

oS, T as, oS

g

00, 00, OT . {aT

J (8.16)

8.5 Conservation of Mass (Re-look)

Now, we can re-evaluate the partial derivatives of the terms in conservation of mass

equations using these derivatives. The partial with respect to displacement is given as

ol 0
Lo pnneds (8.17)
ou, ou,
and with respect to TOUGH2 primary variables as
ol of, of,
9 Il RN i} 8.18
oX, f“{flc(ﬂ oX, fZGX (8.18)
i i i T2
where the term denoted by T2 is already existing TOUGH2 term.
8.6 Conservation of Energy (Re-look)
The modified partial derivatives in energy balance with respect to displacement is
[
Uy =0 (8.19)
ou,

and with respect to TOUGH2 primary variable as
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o, oy, .
X, _{fl C(ﬁ X, L 8XJ

1

} (8.20)
T2

8.7 Conservation of Momentum (Re-look)

The partials with respect to the TOUGH2 primary variables added are as shown in (7.53).

8.8 Non-diagonal blocks (Connection Terms)

In conservation of mass and energy equation there will be non-diagonal terms arising due
to the connection elements. The partials of the all the above terms with respect to primary
the variables of the connection cells also need to be evaluated. These can be evaluated in

the similar manner described above using the connection data.
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9 VERIFICATION PROBLEM 1 (TERZAGHI’S PROBLEM)

This chapter describes the use of Terzaghi’s classical consolidation test, Figure 9.1 In this
test, a constant stress is applied suddenly on the surface of a fluid-saturated sample. The
piston applying the load is permeable, such that the top boundary is drained. Following
an initial step displacement, the sample consolidates gradually as fluid flows out of the

top drain. The simulation will be compared to the solution given by Detournay and

Cheng (1993).
W
‘ -“{\._r", n
s A W
AV |
p=0 p=¥ e g
A P‘% p=0
t<0 t=0" t>0 t—x

Figure 9.1 Schematic of uniaxially constrained soil consolidation (Wang, 2000).

9.1 Mathematical Model for flow problem

We will derive the mathematical model for the flow in Terzaghi’s 1D consolidation test

following Terzaghi et al. (1996).

9.1.1 Conservation of Mass

Consider the differential soil element in Figure 2.2. The discharge velocity in the z -
direction is denoted by v_ and is defined as the quantity of water that percolates per unit

time across a unit area of a section oriented normal to the flow. At the center of element
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the rate of flow in the z-direction is ¢_ dxdy . The net mass of water flowing per unit

time into the element of soil element is given by —@dx dydz .
zZ

pqﬁ@(pqz)@
0z
dx
_dlpq.) ez
Pd. % 2

Figure 9.2 Differential Soil Element (Terzaghi’s Problem).

Conservation of mass equation states that the net mass inflow of water per unit time is
equal to the change per unit time of the mass of water in the element. The volume of
water in the element, under fully saturated condition is equal to the pore volume. The

pore volume is given as
V,=¢dxdydz=¢V =V, 9.1)
where ¢ is the porosity of the soil and V, represents the volume of water (assuming that

all pores are connected).

Then, the equation of conservation of mass can be written as

—dedy iz = (pavdvdz p,) (9.2)
oz ot
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a(p.)

In many practical problems ¢, 5% << ¢§(pw) (Bear, 1988), i.e. spatial derivative in
z t

p are much smaller than the local temporal ones, hence the terms involving the spatial

derivative are neglected.

We will look at the some of the parameters to relate the solution obtained from the

reference to the poroelastic formulation used in this work.

9.1.2 Darcy’s Law and Permeability

Water flow in the soil is in response to a gradient in total or hydraulic head / defined as
h=z+2 (9.3)

which represents the potential energy per unit weight of fluid. The gradient of hydraulic

head will represent force per unit weight.

9.1.2.1 Darcy’s Law
Darcy (1856) experimentally deduced the following relationship for the discharge

velocity ¢q_,

0 dh
= _-_g= 9.4
q. R %4

where, O is the total volume of the fluid percolating in unit time, K is a constant

(coefficient of permeability or hydraulic conductivity) depending on the properties of the
fluid and the porous medium. The minus sign indicates that the flow is in the opposite

direction of increasing /.

9.1.2.2 Coefficient of permeability
The coefficient of permeability K , as customarily defined in soil mechanics, is a property

not only of the soil but also of the fluid. To separate the influence of the porous medium
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from that of the liquid, the following relation was suggested by Nutting and popularized
by Wyckoff (Bear, 1988). It can be deduced from the analytic derivations of Darcy’s law

or from dimensional analysis (Bear, 1988).
K=—" (9.5)

where, 4, the viscosity and y, the specific weight are the fluid properties and & is the

“intrinsic permeability” of the porous medium.

Darcy’s law, in differential form, then is expressed as follows (Scheidegger, 1960)

8(Z+pJ
__gdh__kpg Y (9.6)
dz y7, 0z

q.

9.1.2.3 Darcy’s law in terms of excess pressure
If the fluid is static in the initial reference state, it is useful to decompose the total

pressure into the sum of hydrostatic pressure and an excess pressure (Wang, 2000).

hydro

p=p"+p°”

9.7)
= pglzy—z)+p”

where z,—z 1is the height of the overlaying hydrostatic column. Then the total

hydrostatic head is obtained by adding the elevation head to the pressure head.

h=z+L2
Vw
o pglz,—2)+ p° (9.8)
PE
=z, +2
PE



Assuming the height of the static water column is independent of time, we can say that
the excess pressure is the same as Darcy’s head within an additive constant. Using (9.8)

Darcy’s law can be written as

q :_Kﬁ:_ﬁﬁ_p:_ﬁé_p (9.9)
: dz  uoz y Oz

where p now denotes the excess pressure and the superscript ex is dropped because the
variable p in the constitutive equations is the excess pressure relative to a hydrostatic
reference state.

9.1.3 Conservation of Mass using Darcy’s law

The conservation of mass, Eq (9.2), now can be written as

k o’p 0
— dxdydz=—I\p, V. 9.10
pw/«l aZZ y at (pw w) ( )
Using the chain rule
k o’p 0 0
— dxdydz=p,—V )+V, —(p, 9.11
pW’u aZZ X y Z pw Ot( w) w at(pw) ( )
which can be written as
2
KOP gedyaz =2 (v ) 4w | L %Pu |9 9.12)
U Oz ot p, Op )dt

Introducing the bulk modulus of water (fluid), K ,, and dividing both sides by V', we get

ko'p_1 Q(VW)J{KJ‘Z_P 9.13)

uo Vo K, ) dt

where,
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L_ 1%, 9.14)
K, p; op

The variation of fluid volume per unit volume of porous material is termed as variation of

fluid content and denoted by ¢ . Then we can write the fluid mass balance as

ko*p 0 d
£op_%, ¢ |ap 9.15)
M Oz or | K, )dt

Also, « is the Biot-Willis factor which is the ratio of the fluid volume gained (or lost) in
a material element to the volume change of that element (when the pore pressure is
allowed to return to its initial state), i.e.

s=as, (9.16)

Hence, we can write fluid mass balance as

2, 8
kop_ % | 4 |4 9.17)
U Oz ot K, )dt

9.2 Mathematical Model for displacement problem

We will derive the mathematical model for the deformation in Terzaghi’s 1D

consolidation test following Detournay and Cheng (1993).

9.2.1 Effective Stress Law

The “modified” effective stress law accounting for grain compression is given by

6=¢" —amp (9.18)

where « is the Biot-Willis factor and the effective stress in this case is given as
Ac"=D(As-Ag,) (9.19)
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The modified effective stress causes all relevant deformation of the solid skeleton and the

constitutive equation relating the modified effective stress to strain, in incremental form,
is

¢"=Ac"+6", (9.20)

¢"'=D(Ae—-Ag;)+0", (9.21)

where: D is the elastic material matrix, Ag is the total strain, Ag, is the thermal strain,

and ¢ o is the initial effective stress.

9.2.2 Force Equilibrium Equation

The body forces are neglected in the solution for Terzaghi’s problem. Since we are
representing the case of uniaxial strain, the mechanical equilibrium equations reduce to a

single equation expressed in terms of the total vertical stress o, as follows

2= (9.22)

9.2.3 Constitutive Equations

The constitutive equations for the uniaxial strain are obtained by using the constraints

) (9.23)

The stress-strain relationship for an isotropic material with poroelastic effect and

neglecting the thermal effects is given as (Lewis and Schrefler, 1998)

o= L(orrlo ) ©0.24)

1

where i # j # k and they take values x, y,and z.
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The condition ¢, =¢, yields o, "=0,". Solving the equations (9.23) with (9.24) gives

1 n 1 n 1
the expressions for 0.",0," and o, ,0, interms of 0." and o, respectively

" ( V j "
c'"=|—|o,
1-v
o _( 1% jo_ _(1—21/)
o ll-v) 1-v P

The third constitutive equation relating the stress and strain fields in the z -direction

(9.25)

yields

g = %(oz +ap) (9.26)

Hence, we can write the stress in the z -direction as

__ Ed-v) £ —ap
To=2v)(+v) ¢ (9.27)

=K,e,—ap

where K, represents the drained uniaxial bulk modulus.

The displacement in the z -direction is given by

ou
& =—2= 9.28
S5, (9.28)

Substituting the expression for o, in (9.22), we get

2
Ou, _p % (9.29)

oz oz

or
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o’u. Ou,
oz’ ~On Oz ©-30)

where

(9.31)

is Geertsma’s uniaxial expansion coefficient.

The problem is considered at isothermal conditions and hence does not include thermal
strains.

9.3 Mathematical Model for Fluid (re-evaluated)

Differentiating the expression for the stress in z direction, equation (9.27), with respect

to time, we get

oe. _ a(-2v)1+v) op
ot E(1-v) ot

(9.32)
_adp
K, ot

The fluid mass balance equation (9.17) can be rewritten using the expression for the

strain in z direction as

2
kop__ adp, i}d_P

poz K, ot K, )dt
(9.33)
(e, ¢ |
K, K, )dt

This can be written as
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op k 1 o’p

r_r =0 9.34
ot 2] az ¢ 622 ( )
- +7
K, K,
which is in the form of the diffusion equation
op 0'p
——c—>=0 9.35
ot oz* ©-33)
where
k 1
©= 2
Hla” ¢
K, K,
(9.36)
_k !
Hla’(d-2v)(1+v) 4
E(1-v) K,

9.4 Mathematical Model for Incompressible Fluid and Solid

Differentiating the expression for the stress in z direction, equation with respect to time,

and assuming an incompressible solid (a=1), we get

o¢. _ (1-2v)1+v)dp
ot E(l-v) ot

(9.37)
L op

K, ot
The fluid mass balance equation (9.17) can be rewritten using the expression for the

strain in z direction and assuming incompressible fluid (K, =) as
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This can be written as

2
op _CO P _y
ot 0z*
where
c:kKV
7,
kE(1-v)

T u(-2v)1+v)

9.5 Analytical Solution

(9.38)

(9.39)

(9.40)

(9.41)

The solution details for the pressure and displacements are followed from Detournay and

Cheng (1993). A constant stress —o, is applied suddenly on the surface z=0 of a fluid

saturated sample of length L. The consolidation test is assumed to satisfy the uniaxial

strain condition. As the load is applied, the load produces an instantaneous undrained

response, p(z,07)=p“, throughout the sample column. The sample consolidates

gradually as fluid flows out from the top boundary.
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9.5.1 Parameter Definitions

The different parameters and constants used in the analytical solution are explained here
(Detournay and Cheng, 1993, Wang, 2000) to be able to relate the analytical solution to
the formulation used in this work. These parameters are defined here for invariable

porosity i.e. the compressibility of pores K, is neglected while deriving the parameter
formulae where concerned and the analytical solution.

9.5.1.1 Shear modulus
The shear modulus G is given in terms of Young’s modulus £ and Poisson’s ratio v as

follows

G= £ (9.42)
2(1+v)
9.5.1.2 Undrained bulk modulus
The undrained bulk modulus K, defined as follows
2
K
.= f9) g {1 + i (9.43)
vl (l—a)(a—gzﬁ)Kf +¢K

9.5.1.3 Undrained Poisson’s ratio
The undrained Poisson’s ration is given as

_ 2R, m26 (9.44)

"Bk, +6)

9.5.1.4 Skempton’s coefficient
The Skempton’s coefficient B defined as the ratio of the induced pore pressure to the

change in applied stress for undrained conditions, is given as

- @k, (9.45)
o (a-¢(-a)K,+¢K '

¢=

oy
Q)ng)
SIS
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9.5.1.5 Biot Modulus and Storage Coefficient
M called as Biot modulus and is the inverse of the storage coefficient.

1 ¢  (a—9)
m (9.46)

The constant S called as storage coefficient defined under the conditions of uniaxial

strain and constant normal stress in the direction of strain, is related to M as

(=, Ji-2v)
5= M(1-vi-2v,) ©-47)

Note that under the case when v =v, S=1/M .

9.5.1.6 Poroelastic stress coefficient
The poroelastic stress coefficient 77 can be expressed in terms of the fundamental

constants as

_all-2v)

= ir) (9.48)

9.5.2 Initial and Boundary conditions

The experimental conditions translate into following initial and boundary conditions.

p(0,)=0 (9.49)

9.5.3 Pore Pressure

no,

The initial pore pressure is the undrained response, p“ = . The initial and boundary

conditions are the same as for a classical heat-conduction problem (Wang, 2000). The
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solution is given in terms of dimensionless coordinate y =2 7 and dimensionless time

ct

T="/ 3 follows
no
plat)=- I-F(r7) (9.50)
where
> 4 |\mry 2 5
F =1- - 9.51
1(;(,2') mlz; (m;r) s1n{ 5 }exp[ m°rzw r] ( )

such that Fl(;(,0+>= 0 and F(y,)=1.

9.5.4 Displacement

A finite column length means that the initial instantaneous displacement, on application
of load, is finite. The total displacement at any time is the sum of the instantaneous
undrained response and the time dependent response during the pore pressure diffusion

phase. The initial displacement is obtained as

uo(z)=%(l—z) (9.52)

The additional displacement during drainage is given as

O'L(V —V)
A = 0 u F 9.53
u(z,t) 2G(1—V)(1—Vu) 2(7(:7) ( )
where
d 8 mrw
}72(;(,1):”1; mzﬁzcos{ 2;1(1—exp[—m27r22']) (9.54)

seen

Note again that F, (;(,O*)z 0 and F,(y,0)=1-y.
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9.6 Simulations

To simulate the uniaxial strain problem, a long column of size 50m x Im x 1m is created
with the grid of size 78 x 3 x 3 in TOUGH2. The dual mesh in G3D represents a single
long column. To keep the domain size as close as possible, the top and bottom most
layers as well as the side layers in TOUGH2 were kept thin. Gravity was neglected for
the simulation. TOUGH2 needs to have some finite value for the atmospheric pressure.
The analytical solution developed is based on zero atmospheric pressure. To have an
effective atmospheric pressure to be zero, at the start of the simulation, the correct initial

stress was used to compensate for non-zero initial pressure.

9.7 Results and Comparison (Set 1 [a=1])

The simulation run assumed the matrix to be incompressible. The simulation parameters
are listed in Table 9.1. The pressures and the additional displacements at three different

times are compared in the following sections.

9.7.1 Pressure

The plot of the comparison of the analytically obtained pore pressure and the simulated
result are as shown in Figure 9.3. The plots are shown at three different times, close to the
start, intermediate and at steady state. Initially, the pressure in the fluid is zero. When the
load is applied, the pressure instantly increases by a value (1.4058E6 Pa) which is the
portion of the load carried by the fluid. Then, as time increases, the fluid is drained and
the pressure is reduced. At long times, the pressure will approach zero and all the load is
carried by the porous media and not the fluid. As can be seen, the comparison between

the analytic and calculated pressures is very good.
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Table 9.1 Simulation Parameters (Terzaghi’s Problem Set 1).

Parameter Value
Rock Density 2600 kg/m"3
Porosity 0.2
Permeability (x, y, z) le-14
Heat Conductivity 2 W/mC
Specific Heat 1000 J/kg C
Poisson’s ratio 0.2
Young’s Modulus 1.44¢10 Pa
Biot-Willis Factor 1.0
Gravity 0
Initial Stress -2.00e6 Pa
1.40E+06 -
1.35E+06 -
1.30E+06 -
g 1.25E+06 |
o
> 1.20E+06 -
?
®
O 1.15E+06 -
1.10E+06 1|
f L » T2STR (25) Analytical (25)
¢ u e + T2STR (250) —— Analytical (250) |
1.OSE+08 i~ #* . T2STR (2200) Analytical (2200)
s+ T2STR (5000) Analytical (5000)
1.00E+06 1 1 1 1 1
0 10 20 30 40 50
Depth (m)

Figure 9.3 Comparison of pressures in column for times following the step load (Set 1).
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9.7.2 Displacements

The additional displacement during drainage is shown in Figure 9.4. As can be seen,
initially the drainage displacement is only near the top. However, as more fluid is
drained, this displacement becomes larger. Again, the comparison between the analytic

and calculated displacements is very good.

0.0E+00
-5.0E-04 -
£ -1.0E-03
=
(]
£ -1.5E-03 -
(&)
©
=
%]
& -2.0E-03
/"‘ . T2STR (25) Analytical (25)
5 5E.03 e » T2STR (250) —— Analytical (250) |
' s/ s+ T2STR (2200) Analytical (2200)
s« T2STR (5000) Analytical (5000)
'3.0E'03 1 1 1 1 1
0 10 20 30 40 50
Depth (m)

Figure 9.4 Comparison of drainage displacements (Set 1).

9.8 Results and Comparison (Set 2 [a=0.778])

This simulation assumes the matrix and fluid, both to be compressible. The simulation
parameters are listed in Table 9.2. As seen in the parameters, the initial external load

applied is not same as in the case of a=1. The external load for the analysis is assumed

as 1e6. To cancel the effect of non-zero initial pressure in the reservoir, the external load
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need to be increased with the factor of o p. Hence the external applied load is 1.778e6
Pa and not 2e6 Pa as in the case of a=1. Similar to the earlier set, the pressures and the

additional displacements at three different times are compared in the following sections.

9.8.1 Pressure

The plot of the comparison of the analytically obtained pore pressure and the simulated is
shown in Figure 9.5. The plots are shown at three different times, close to the start,
intermediate and at steady state. Initially, the pressure in the fluid is zero. When the load
is applied, the pressure instantly reaches value of 1.334E6 Pa. This is the portion of the
load carried by the fluid. Then, as time increases, the fluid is drained and the pressure is
reduced. At long times, the pressure will approach zero and all the load is carried by the

porous media and not the fluid.

Table 9.2 Simulation Parameters (Terzaghi’s Problem - Set 2).

Parameter Value
Rock Density 2600 kg/m"3
Porosity 0.20
Permeability (x, y, z) le-14
Heat Conductivity 2W/mC
Specific Heat 1000 J/kg C
Poisson’s ratio 0.2
Young’s Modulus 1.44¢10 Pa
Biot-Willis Factor 0.778
Gravity 0
Initial Stress -1.778e6Pa
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Pressure (Pa)

1.35E+06

1.30E+06
1.25E+06
1.20E+06
1.15E+06
1.10E+06
T2STR (25)
1.05E+06 T2STR (250)
T2STR (2200)
T2STR (5000)
1.00E+06
0 10 20 30
Depth (m)

—— Analytical (25)
—— Analytical (250)
—— Analytical (2200)
~— Analytical (5000)

40 50

Figure 9.5 Comparison of pressured in column for times following the step load (Set 2).

Displacement (m)

0.0E+00

-5.0E-04
-1.0E-03
-1.5E-03
-2.0E-03
T2STR (25)
-2 5E-03 T2STR (250)
T2STR (2200)
T2STR (5000)
-3.0E-03
0 10 20 30
Depth (m)

—— Analytical (25)
—— Analytical (250)
—— Analytical (2200)
~ Analytical (5000)

40 50

Figure 9.6 Comparison of drainage displacements (Set 2).
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9.8.2 Displacements

The additional displacement during drainage is shown in Figure 9.6. As can be seen,
initially the drainage displacement is only near the top. However, as more fluid is
drained, this displacement becomes larger. Again, the comparison between the analytic

and calculated displacements is very good.

9.9 Results and Comparison (Set 3 [a= 1, Kf =c0] )

The simulation parameters and model is same as in Set 1 but the fluid is made
incompressible by invoking the incompressibility option (modification in COWAT). The

analytical solution is obtained using the coefficient derived in (9.41).

9.9.1 Pressure

The plot of the comparison of the analytically obtained pore pressure and the simulated is
shown in Figure 9.7. When the load is applied, the pressure instantly reaches a value
(2.0E6 Pa) that is equal to the applied load. Since the fluid as well as solid is
incompressible the fluid, the applied load has to be carried by the fluid initially. Then, as
time increases, the fluid is drained and the pressure is reduced to the initial pressure and

load is carried by the porous media. The comparison is very good.

9.9.2 Displacements

The additional displacement during drainage is shown in Figure 9.8. As can be seen,
initially the drainage displacement is only near the top. However, as more fluid is
drained, this displacement becomes larger. Again, the comparison between the analytic

and calculated displacements is very good.
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2.00E+06
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Figure 9.7 Comparison of pressured in column for times following the step load (Set 3).

0.0E+00
-5.0E-04
-1.0E-03
g
S -1.5E-03
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8 -2.0E-03
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-3.5E-03
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Depth (m)

Figure 9.8 Comparison of drainage displacements (Set 3).
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9.10 Conclusion

The full coupling established is verified using the uniaxial strain problem of Terzaghi’s
classical 1D consolidation test. The fluid compressibility as well as the solid
compressibility are taken into account while doing the analysis. The fully coupled T2STR
code and the analytically obtained results are found to be in good agreement and validate

the code.
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10 VERIFICATION PROBLEM 2 (GIBSON’S 2D PROBLEM)

This chapter discusses a two dimensional plain strain consolidation problem studied by
Gibson et al. (1970) is used for verification purpose. Gibson et al. (1970) provided the
exact analytical solution to the problem. The solution is expressed using the

dimensionless parameters and obtained using two displacement functions.

We consider a finite strip loaded over the center as shown in Figure 10.1. Due to

symmetry only half of the reservoir is modeled.

Symmetry Line

Uniform Load

vV VY Perfectly Drained Surface
. A
D
Infinite Extent Az Infinite Extent
(Set Permeable) (Set Permeable)
h
Y Y

Impermeable and Rigid

Figure 10.1 Schematic of plain strain consolidation on a smooth impervious boundary.

10.1 Mathematical Model for flow problem

The fluid flow equation, neglecting the diffusive flux, is written as
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(10.1)

The plain strain problem is solved by Gibson et al. (1970) by neglecting gravity, without
any source, under isothermal and single phase conditions, with invariant porosity and
assuming incompressible solid and incompressible fluid. The fluid flow equation, then

reduces to

—V’p= (10.2)

10.2 Mathematical Model for displacement problem

The plain strain problem is characterized so that the displacement components are
independent of x. The static equilibrium equation, in absence of body forces and

considering the plain strain conditions, can be written as follows

oo,
L=0 i,j={y,z} (10.3)
ox;
where the stresses are given as
6=DAs-m(p+p,) (10.4)

under isothermal conditions and without any initial stresses, assuming incompressible

solid.
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10.3 Analytical Solution

The solution details are followed from Gibson et al. (1970). A constant stress —o, is
applied suddenly on the surface z=0 over the width b (2b for the entire model) of a

fluid saturated sample of height /4. The consolidation test is assumed to satisfy the plain

strain condition.

10.3.1 Initial and Boundary conditions

The experimental conditions translate into following initial and boundary conditions.

c.(0t)=—c, Vx|<b,t>0 (10.5)

In addition to the applied load on the surface, the other boundary conditions are an

impermeable surface at the bottom of the reservoir, and a permeable boundary at the top.

p(ZZO,t):po
(10.6)
@
aZ z=—h

The displacements at the symmetry line are set to zero due to symmetry condition. Under
plain strain conditions, the strain in x direction is zero and the surface at the bottom of

the reservoir is assumed to be rigid.

w(z=—h,t)=0
v(y=0,¢)=0 (10.7)
u(x,t)z 0
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10.3.2 Displacement

The solution is obtained using two displacement functions E and ¥, each being function
of two space variables and time and satisfying the following equations (Gibson et al.,

1970)

cV'E=V?(0E/ot), V*¥=0 (10.8)
where ¢, the coefficient of consolidation is given as

o 2Gkn

(10.9)
Vi
Also, the coefficient used for plotting ¢" is given as
C‘=£=2G_K (10.10)
m 7w
The permeability coefficient x is calculated using the permeability relation
o= (10.11)

Y7,

where y, denotes the specific weight of water, k£ the permeability of the medium and u
denotes the fluid viscosity.

The solution at the corner (y=0,z=0) is given for different conditions. The final

settlement is given by

)= 1n0h
wo( )—2(277_1)0 (10.12)

where 7 is an auxiliary elastic constant given by

I-v
1-2v)

= 10.13
n ( ( )
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The “immediate” settlement is given by

wy(0)= (10.14)

The time evolution of the surface displacement for different 4/b ratios and for different

values of Poisson’s ratio is given in the paper.

10.4 Simulations

To simulate the plain strain problem, a domain of size 2m x 150m x 10m is created with
the grid of size 2 x 125 x 23 in TOUGH2. The load is applied over 10m. Gravity effects
were neglected for the simulation to be consistent with the assumption in the solution

obtained by Gibson et al. (1970).

TOUGH2 needs to have some finite value for the atmospheric pressure. The analytical
solution developed is based on the assumption of zero atmospheric pressure. To have an
effective atmospheric pressure to be zero, the correct initial stress was used to cancel the

effect of non-zero initial pressure at the start of the simulation.

Also, TOUGH2 includes the fluid compressibility by default. An option was introduced
in the Record “T2STR” where the fluid can be simulated as incompressible with user-

defined value of fluid compressibility.

10.5 Results and Comparison (Set 1 [h/b=1,v=10])

The simulation parameters are listed in Table 10.1. Figure 10.2 and Figure 10.3 show the

comparative results of the fully coupled code with the analytical solution provided by

Gibson et al. (1970).
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The results compare very well except for a small deviation at the start of the simulation.

The deviation can be attributed to coarser mesh and comparatively smaller time step.

Table 10.1 Simulation Parameters (Gibson’s Problem - Set 1).

Parameter Value
Rock Density 2600 kg/m"3
Porosity 0.1
Permeability (X, y, z) le-14
Poisson’s ratio 0.0
Young’s Modulus 1.8e9 Pa
Biot-Willis Factor 1.0
Gravity 0
Initial Stress (+y & z s/c) -1.00e6 Pa

0.25
HEI

A\\A\R\ —A—T2STR (h/b=1)
0.30 \\ = Gibson (h/b=1) il

0.35 |

0.40 |

Gw/bf

0.45

0.50

0.55 T
1E-03 1E-02 1E-01 1E+00 1E+01
c't/h~2

Figure 10.2 Comparison of Corner Node displacement (dimensionless) for v=0.
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0.70
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Figure 10.3 Comparison of U[(w—w, )/(w, —w, )] at corner node for v=0.

10.6 Results and Comparison (Set 2 [h/b=1,v =0.2 ])

The Poisson’s effect due to non-zero v can be seen in reduced final settlement.

Table 10.2 Simulation Parameters (Gibson’s Problem - Set 2).

Parameter Value
Rock Density 2600 kg/m"3
Porosity 0.10
Permeability (x, y, z) le-14 m"2
Poisson’s ratio 0.2
Young’s Modulus 1.8e9 Pa
Biot-Willis Factor 1.0
Gravity 0
Initial Stress (+y & z s/c) -1 e6Pa
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Figure 10.4 Comparison of Corner Node displacement (dimensionless) for v=0.2.

The dimensionless displacements compare very well as seen in Figure 10.4. The
difference at the initial stages of the simulation can be attributed to the coarser mesh and

comparatively smaller time steps.

10.7 Conclusion

The full coupling established between in T2STR is verified using the 2D plain strain
problem solved analytically using displacement functions by Gibson et al. (1970). The
fully coupled T2STR code and the analytically obtained results are found to be in

excellent agreement and validate the correctness of code.
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11 VERIFICATION PROBLEM 3 (1D THM PROBLEM, LEWIS-SCHREFLER)

Aboustit et al. (1982, 1985) have given the coupled finite element formulation of quasi-
static, linear thermoelastic consolidation assuming infinitesimal strain. Lewis and
Schrefler (1998) have solved the same problem studying the isothermal consolidation,
thermo-elastic deformation, and non-isothermal consolidation as well. Gatmiri and
DeLage (1997) also have studied the problem using a new concept of thermal void ratio
state surface. An analysis, similar to that of Lewis and Schrefler (1998), is carried out

using T2STR.

LLLLILLY

Permeable AT

-

Tm

2m

~
b 4

Inpermeable
77 IR 7

Figure 11.1 One dimensional model of thermo-elastic consolidation problem.

The problem consists of a column subjected to surface load F, and a constant surface

temperature 7', differing by AT from the reservoir initial temperature of 7;. The fluid
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and solid are considered incompressible and the thermal expansion of fluid is neglected.
In the heat transfer problem the convective heat transfer is also neglected by Lewis &
Schrefler (1998). The variation in viscosity with temperature and pressure is neglected in
the problem, as well. The top surface is permeable and the sides and bottom are
supported on rollers. The analysis is done in three steps, initially only the isothermal
consolidation is compared, then only surface temperature is applied and the deformation
due to only thermal effects are studied and finally a couple thermo-hydro-mechanical

problem i.e. non-isothermal consolidation problem is solved.

11.1 Governing Equations

Considering the above assumptions, the equation of conversation of mass reduces to

oS, p, . . 0¢
[¢(Va—tvj)+v'qu+Swpwa_::0 (11.1)

where the terms due to solid and fluid compressibility are neglected and no external

source is present.

In the case of non-isothermal analysis, the conservation of energy equation is given as

o#> s, prut +(1-g)psut)

. - v.(>q,h, )-v.5! (11.2)

where

Je =2 J¢,+J¢

(¢34, +(1-g)2, )T -
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The As represent the thermal conductivities of the solid and fluids. Neglecting the

convective heat transfer term and considering heat transfer only in one dimension, the

energy equation becomes

rs.p 0-Ppi) (452 5 (_g)a,)2L

Ot oz

where the thermal conductivities have been assumed constant with respect to time.

TOUGH?2 calculates the internal energy term of fluid using the enthalpy relation

u=h-2
P

such that

a(¢z s, p;[hw —p'”] +(1-¢)p, cSAT]
Py
. {63, 2+ 0-02,)

and Lewis et al. express the internal energy using the specific heat capacity as

a(¢ZSWp$cw+(l—¢)pscs) (¢Z 2, + )6T

Ot 0z

or using the average heat capacity can be written as

ApelaT ;) o
ot “ 0z

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)

In the implementation using T2STR, to match the average heat capacity and avoid its

variation with temperature and pressure, the fluid internal energy term is zeroed and

equivalent constant value is added to obtain the correct average heat capacity.
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11.2 Simulation

The parameters required for the simulation were obtained from the relevant references.
The values and/or units of some of the parameters are inconsistent in all of the references.
Hence the parameter value selection (from the different sets) was done using the

simulation results. The parameters used were as listed in Table 11.1.

Table 11.1 Simulation Parameters (Thermo-elastic consolidation).

Parameter Value
Size 2m x 2m x 7m
Mesh 3x3x49
Young’s Modulus, E 5.886¢7 Pa
Poisson’s ratio, v 0.4
Permeability, k 7.3e-13 m*
Avg. Thermal Conductivity, 4 836.8 W/mC
Avg. heat capacity, (p c)u 40 kCal/ m’C
Specific Heat (derived from heat cap.), ¢ 104.67 J/ kg C
Thermal Expansion Coefficient, «, 0.3e-6 1/C
Biot-Willis Coefficient, o 1.0
Density of rock, p 2200 kg /m’
Density of water, p 1000 kg/m’
External Load, F le4 Pa
Initial reservoir pressure, p, le5 Pa
Initial reservoir temperature, 7 5C
Applied surface temperature, T 55C
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While determining the simulation parameters, the already established hydro-mechanical
coupling was taken as reference and comparing the results for it, some parameter values

were confirmed.
11.3 Results and Comparison

The results were compared with the plots given by Lewis et al. (1998) and are shown in

Figure 11.2.
“6.0B-04 T T 171 6.08-04
H-M (Lewis)
-5.0E-04 | H-M (T2STR) 5.0E-04
THM (Lewis) /
THM (T2STR) p N
-4.0E-04 | M (Lewis) j / N 4.0E-04
- T-M (T2STR) N
E Nl
o -3.0E-04 - / 2 3.0E-04
-2.0E-04 y 2.0E-04
/‘/
/
-1.0E-04 1.0E-04
o —
—"T
\’\ ‘ —T 1] ‘ ‘
0.0E+00 0.0E+00
1.E+00 1.E+01 1.6402 1.E+03 1.E+04 1.E+05
Time (sec)

Figure 11.2 Comparison of displacements at the top.

The slight variations in the plots can be attributed to the adjusted parameter values to
obtain similar effect, assumptions regarding constant parameters (values not available)

and differences in the implementation. Considering that, the results compare very well.

This verifies the accuracy of the coupled thermo-hydro-mechanical T2STR code.
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12 VERIFICATION PROBLEM 4 (WELL TEST ANALYSIS)
The following verification problem is well test analysis compared with analytical

solution. The analytic solution for an infinite reservoir derived by Horner (1967) is given

below. The analytic solutions used to check the implementation in T2STR.

12.1 Analytic Solution

The governing equation of flow by Horner (1967) is given as

2
5_§+16_P=(%]8_P (12.1)
or r or k ot

The analytic solution for the case of a well at the center of an infinite circular reservoir is

then given as:

2
qu | .| rguc,
I P 12.2
PP 47zkh{ ’( 4t j} (122

where, Ei is the exponential integral function, ¢, is the total compressibility.

12.2 Simulation

A T2STR model, with parameters specified in Table 12.1, was used to simulate the
infinite reservoir model. The reservoir boundary was assumed to be at 700 m and hence
the far-field effects are negligible prompting the comparison with the infinite reservoir
model. A quarter model of the reservoir was modeled using the symmetry conditions.
The corner well cells were of the size, 0.025m, obtained approximately equivalent to
same cross sectional area using the well radius of 0.035m. The height of TOUGH2 model

was 13.65 m. The flow rate condition was specified at the well cells.
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Table 12.1 Simulation Parameters (Well test analysis).

Parameters Values
Initial reservoir pressure, p, 530 KPa
Constant Flow rate, ¢, 3.5¢-2 kg/s
Viscosity, u 0.00105 Ns/m’
Formation thickness(withdrawal height), 4 13.65 m
Porosity, ¢ 0.05
Well radius, 7, 0.035 m
Radius of the boundary, 7, 700 m
Young’s Modulus, E 1e9 Pa
Poisson’s ratio, v 0.1
Biot-Willis Coefficient, « 0.7091

The total compressibility, c,, is the combined compressibility of the solid and fluid and
the value used in the analytic solution is 4.83e-10 1/Pa. The fluid compressibility is
calculated by TOUGH2 as function of pressure and temperature. Since the temperature is
constant, the variation in fluid compressibility is going to be negligible and we can
assume it to be constant. The solid compressibility in T2STR is decided through the Biot-
Willis coefficient « . The reservoir model in the analysis is subjected to boundary
conditions of roller support on all sides. Hence the volumetric strain is going to be zero.
The governing equation of fluid flow without the source term, then becomes

{ng-i-V.qw}{pw[Maﬁﬂ—O (12.3)

ot Ky ot
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Using Darcy’s Law and comparing the coefficients of the term with pressure variation

with time, we can find the relation between compressibilities as follows

¢ (a9) (12.4)

Using the relation (3.14) we can obtain the Biot-Willis coefficient by solving for

compressibility.

12.3 Results and Conclusion

The comparison of the analytical solution and the simulation results using T2STR are
shown in Figure 12.1. As seen the pressures at the well compare very well. The negligible
variation can be attributed to the varying viscosity (the variation is also negligible) in

T2STR with pressure and assumption of constant viscosity in the analytical model.

530 &
520 . .. . H
—&— Analytic Infinite Reservoir
510 —T2STR | |
$ ol
< 500
9 4
=}
B 490
o
o
480
470
460 T T T T T T T
0 5 10 15 20 25 30 35 40
Time After Start of Test, hours

Figure 12.1 Comparison of pressures at the well during withdrawal test.
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The well test analysis confirms the accuracy of implementation of the effects of the solid

grain compressibility in the fluid flow equation.

114



13 DEMONSTRATION PROBLEM 1 (1D THM PROBLEM, TWO-PHASE)

The same 1D thermo-elastic consolidation problem was solved with two phase condition.
Lewis and Schrefler (1998) have done it for lower temperature and taking into account

the air as a third phase.

LI

Permeable |AT

Tmo g 08

2m

Impermeable

77 I 7

Figure 13.1 One dimensional thermo-elastic consolidation problem (Two-phase).

Currently T2STR can simulate using EOS1 module (water) of TOUGH2. Hence the
problem was done only for two phase analysis. But the temperature was kept high enough
to see the phase change effects prominently in the simulation.

The problem consists of a column subjected to surface load F, and a constant surface
temperature 7, differing by AT from the reservoir initial temperature of 7. The fluid is

considered compressible but the solid is incompressible. The variation in viscosity with

temperature and pressure is not neglected in this problem. The top surface is permeable
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and the sides and bottom are supported on rollers. The analysis is done as a thermo-

hydro-mechanical problem i.e. non-isothermal consolidation problem is solved.

13.1 Governing Equations

The governing equations are same as stated in single phase problem since it is general
formulation. In the implementation using T2STR, no changes were made in TOUGH2

code and hence the analysis carried out is general.

13.2 Simulation

The parameters required for the simulation was mostly similar to the single-phase
consolidation problem. The initial conditions were changed to demonstrate the
implementation for a two phase problem. The parameters used were as listed in Table

13.1.

13.3 Results and Comparison

There is no analytical solution available for this problem and hence the results are shown

and are discussed with the physical understanding of the problem.

The variation in pressure, temperature and saturation is seen in Figure 13.2, Figure 13.3,
and Figure 13.4 at time 10, 1e4 and le7 seconds respectively. The displacement plots

under different simulation runs are also shown in Figure 13.5.
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Table 13.1 Simulation Parameters (Two Phase).

Parameter Value
Size 2m x 2m x 7m
Mesh 3x3x49
Young’s Modulus, E 5.886€7 Pa
Poisson’s ratio, v 0.4
Permeability, k& 7.3e-13 m’
Avg. Thermal Conductivity, 4 836.8 W/mC
Specific Heat (derived from heat cap.), ¢ 100/ kg C
Thermal Expansion Coefficient, « 0.31e-6 1/C
Biot-Willis Coefficient, o 1.0
Density of rock, p 2200 kg /m’
Density of water, p 1000 kg/m’
External Load, F; le4 Pa
Initial reservoir pressure, p, le5 Pa
Initial gas saturation, S, 0.08
Applied surface temperature, T 150 C
Initial reservoir temperature, T 99.6 C

(corresponding to given p,and S,)

117

As is evident, since there is small amount of gas, initially the load is taken by the solid
and hence we see the downward displacement corresponding to the load. This
displacement can be easily calculated using the simple elasticity calculations and is
verified. In the case of a single phase isothermal problem, the load would shift to the
liquid and the pressure would increase. But since there is highly compressible gas

existing in the reservoir, we should not expect significant rise in pressure. However, this




problem includes heating at the top of the reservoir. This causes vaporization and
increased pressure in the heated cells. Due to the relatively low permeability of the

reservoir, the drainage is not rapid.

As the pressure increases in the reservoir with increase in temperature, the reservoir
expands and we see positive displacement at the surface. As seen from the displacement
plots, Figure 13.5, major part of the expansion of the reservoir is due to the increase in
pressure and the thermal expansion contributes to a smaller part. In the later times, the
reservoir is full of gas and it starts draining through the surface. Thus we can see the

pressure dropping rapidly.

Eventually pressure reaches the atmospheric pressure value of 1e5 Pa with temperature of
150C and the column is fully saturated with gas. Due to the drop in pressure the surface
falls down and the final displacement of the surface is, as expected, equal to the resultant

of the displacements due to the thermal expansion of the column and due to the external
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Figure 13.2 Comparison of pressures and deformation of the column (Two Phase).

load applied.
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Figure 13.3 Comparison of temperature and deformation of the column (Two Phase).

Figure 13.4 Comparison of saturation of gas in the column (Two Phase).

0.000

In the displacement plots, Figure 13.5, the simulations other than the complete THM is
carried out using one way coupling. This helps to see the individual effects of pressure

and temperature on the column.
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Figure 13.5 Comparison of displacements for analysis of two phase problem.

The “Hydro-Mech” plot indicates the one way coupling simulation under isothermal
conditions. Hence it shows the deformation mainly due to the externally applied load
only, since there is negligible pressure change in the column as the small quantity of the

compressible gas is already present in the column.

The “Thermo-Mech” displacement plot shows the combined effect of the externally
applied load and the thermal effects. This was achieved by turning off the poroelastic

effects using the respective flag in the T2STR record in the TOUGH?2 input file.

The “Hydro-Mech (T)” indicates the simulation, where in, TOUGH2 run was done using
non-isothermal conditions, thus capturing the pressure variation due to the phase changes
and increase in pressure due to undrained condition as explained above. But the thermal
effects on displacement were neglected by setting the flag in T2STR record of the

TOUGH2 input file to zero. Hence in “Hydro-Mech (T)” displacement plot, we see the
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final deformation exactly equal to the initial deformation, which is solely due to

externally applied load.
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Figure 13.6 Pressure and Temperature comparisons between 1500 to 3000 secs.
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Figure 13.7 Pressure and Gas Saturation comparisons between 1500 to 3000 secs.
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In the “THM” simulation, there is a clear jump in the displacements between time 2500
sec to 3000 sec and later at time 1.4e6 seconds. Consider Figure 13.6, Figure 13.7, and
Figure 13.8, which show the comparison of pressure, temperature and saturation between
different time steps. Note that in Figure 13.8, the saturation legend is between 0.1 and 0.0

and not 1.0 and 0.0.

As the phase change from liquid to gas due to heating from the top of the column
happens, the phase change travels from the top of the reservoir to the bottom. Since we
have not included gravity in the analysis, presence of gas below the liquid phase can be
explained in line with the initial conditions. Also the movement of the fluid phases is
controlled by the extent of the heating due to conduction from the top to the bottom in the
reservoir. The transitional phase-line, i.e. the depth at which the phase change is
occurring at the instance in time, moves down as the heating progresses. As the
transitional phase-line moves, the location of the maximum pressure in the column moves
with it. The top of the column is fixed at lower pressure and the bottom of the reservoir is
at lower pressure due to gaseous phase and absence of gravitational load. With the fluid
movement to equilibrate the pressure in the column inducing the increase in pressure in
the bottom of the transitional phase-line, the phase change from gas to fluid occurs. Due
to phase change then, there is sudden change in the pressure resulting in the sudden jump

in displacement.

In the later part of the simulation, due to heating there is complete phase change from
liquid to gas, which also is accompanied by the drainage from the top resulting in sudden

pressure drop inducing the compaction of the column.

122



SG
0.100

0.0750

0.0500

0.0250

1500 sec 2000 sec 2500 sec 2800 sec 3000 sec

0.000

Figure 13.8 Saturation comparison between 1500 and 3000 seconds.

The simulation results are consistent with the physical understanding of the problem and
show the ability of T2STR code to simulate two-phase problems. It also shows how the
different options of the code allow us to gain deeper understanding into the physical

phenomena and study the individual effects into the coupled process.
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14 VERIFICATION PROBLEM 6 (FRACTURE BEHAVIOR)

To verify the fracture element implementation two different problems were solved testing

the two aspects, pressure forces and contact stresses, of the fracture behavior.

14.1 Verification Problem A (Contact Stresses)

This problem verifies the correct implementation of the effects of contact stresses in the
fracture behavior. The pressure forces between the rock and the fracture are in
equilibrium. The insitu stresses are set to zero. The initial aperture of the fracture is
induces contact stresses according to Gangi’s model and are responsible for the

deformation which will establish equilibrium condition.

14.1.1 Simulation

A 2 x 2 x4 TOUGH2 mesh was used to generate a three element (Im x 1m x 1m) finite
element model as shown in Figure 5.1. In TOUGH2, the inner two layers in Z -direction
represent the fracture, constituting the center (finite) element as the element with fracture
behavior. The problem parameters are listed in Table 14.1. The displacement obtained

from the simulation is 5.5398e-6 m.

14.1.2 Analytical Solution

The analytical solution is obtained by solving the problem shown in the schematic in
Figure 14.1. Due to the symmetry, as seen in Figure 14.1 (a), we can solve the problem

in Figure 14.1 (b) with the aperture modified using twice the displacement of the node.
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(2) (k)

Figure 14.1 Schematic representation to obtain analytical solution.

Table 14.1 Simulation Parameters (Fracture).

Parameter Value
Young’s Modulus, E 8.512¢10 Pa
Poisson’s ratio, v 0.0
Fracture- Initial Aperture, q, 8.62e-5m
Fracture- Zero Stress Aperture, a, 1.85¢-4 m
Fracture- Closing contact stress, o, 5¢7 Pa
Fracture- Gangi’s model index, m 0.16

Writing the force balance, we get

—kRu+O'C,(u).A:0

(14.1)

3 |-

A=0

—kRu+a{1—a"+2u}

a
Considering the problem parameters i.e. zero Poisson’s ratio, the non-linear equation to

be solved for the displacement becomes
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1
_(A—LEju+o-c[l—a"+2u]n.A=O (14.2)

4
Solving the non-linear equation in MATLAB using “fsolve”, we obtain the displacement

to be 5.5398e-6 m.

The results match exactly and hence the contact stress implementation is verified.

14.2 Verification Problem B (Pressure Forces)

The same problem is solved without any contact stresses and adding source to the

fracture element in TOUGH?2.

The pressure in the fracture element increases exerting the force on the rock elements.
The pressure variation in the rock element is linear due to the linear volume element,
varying between initial pressure in the rock and the increased pressure in the fracture.
Thus the pressure difference exerting the force on the rock is equivalent to half of the
actual pressure rise in the fracture element. The simulated results and analytical
calculations give the exact same result of 1.0468e-5 m for the displacement of the

fracture walls or the rock elements. This verifies the pressure force implementation.

It can be seen from both the verification problems that the fracture behavior
implementation is correct and is verified.

14.3 Demonstration examples

Two problems demonstrating the fracture implementation are described here.

The first problem is an axisymmetric 3D problem with a single planar fracture. Cold

water is injected into the fracture and the thermal effects on the fracture aperture are
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emphasized. The fracture opening is shown in the Figure 14.2 in middle of the simulation

run.

TEMP
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1.10E+02

Figure 14.2 3D fracture implementation demonstration problem with planar fracture.

The second problem demonstrates the ability to handle multiple fracture networks. A set
of fractures in both directions are introduced in the domain for this 2D problem. Cold
water is injected and the effect of thermal stresses on the aperture and flow is visualized.
The multiple material assignments are shown in Figure 14.3. The deformed meshes with

thermal contours at different times are also shown in Figure 14.4.
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Figure 14.3 Material assignment for multiple fracture problem.
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Figure 14.4 Deformed mesh with pressure contours at 10secs and temperature contours at

5e5 secs.
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15 DEMONSTRATION PROBLEM 2 (5§ SPOT EXAMPLE - ONE WAY)

The following problem considers a large field with wells arranged in a “five-spot”
geometric pattern as shown in Figure 15.1. This is an example problem 4 in TOUGH2

user’s manual (Pruess et al., 1999). Only half of the domain is modeled due to symmetry.

\D‘epth =300 m

Injection \
al

Production ST

o L=1I]I]I]mJ

Figure 15.1 Five-spot geothermal well pattern model.

The problem is solved using one way coupling and only porous media assumption. The
boundary conditions for the displacement problem are roller support on all the sides and

bottom of the reservoir, and the top surface is free.

15.1 Simulation

A 21 x 11 x 6 TOUGH2 mesh was used to generate a finite element model for the five-
spot problem. The problem parameters are listed in Table 15.1. The simulation was
carried in two stages. Initially, a steady state run was carried out to obtain the equilibrium

condition and then a transient run to model the five-spot problem.
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Table 15.1 Simulation Parameters (Five-Spot Example).

Parameter Value
Young’s Modulus, E 1.44¢10 Pa
Poisson’s ratio, v 0.2
Permeability, k 6.0e-15 m*
Thermal Conductivity, A 2.1WmC
Specific Heat, ¢ 1000 J/ kg C
Thermal Expansion Coefficient, o, 7.5e-71/C
Biot-Willis Coefficient, « 1.0
Density of rock, p 2650 kg /m’
Initial reservoir temperature, p, 300 C
Initial gas saturation, S, 0.01
Injection rate (full well basis) 30 kg/s
Injection enthalpy 500 kJ/ kg
Production rate (full well basis) 30 kg/s

15.2 Results and conclusion

During this initial run, the liquid phase in the reservoir settles down due to gravity as seen
in Figure 15.2 and hence the pressure will increase in the lower part of the reservoir. Due

to this pressure increase the reservoir expands as shown in Figure 15.3.

Then the transient one way simulation is carried out with the injection and production

rates as specified in the parameter table.
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Figure 15.2 Gas phase saturation at the end of steady state simulation run.
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Figure 15.3 Pressure and deformation at equilibrium condition.

131



0.750

0.500

0.250

0.000

STRESS_Z

9.00E+06
350E+06
8.00E+06
750E+06
7 00E+06
6.50E+06
6.00E+06
5.50E+06
S5.00E+06
4 50E+06
4 00E+06
3 50E+06
3.00E+06

Figure 15.5 Stress in Z direction and deformation of the reservoir after 36.5 years.

The injection is done at lower temperature than the reservoir temperature. The profiles of

gas phase saturations and stresses in Z direction at the end of 36.5 years are shown in
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Figure 15.4 and Figure 15.5 respectively. Due to cooling, the rock near the injection well
contracts and a trench like formation is seen in the cooled region. But near the injection
well there is an expansion due to increase pressure due to injection. Also, we can see the
increased gas phase saturation near the production well areas due to the lowered pressure

due to production.

The simulation shows the ability of T2STR to model field case problems. It also shows
the restart capability of T2STR allowing the user to obtain the equilibrium condition and
then carry out the transient simulation. This also would enable user to carry out the

history matching simulation and use the end result for a predictive model.
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16 CONCLUSIONS AND RECOMMENDATIONS

This work developed a fully coupled geomechanics and fluid flow simulator, T2STR, for
multiphase flow in porous media combining two different discretization techniques viz.
finite element method to solve the momentum equation and integrated finite difference
method (IFDM) to solve the mass balance and energy balance equations. The simulator is
also capable of simulating the coupled THM processes in fractured porous media in a

staggered manner.

16.1 Summary and Conclusions

e A general set of fully coupled equations is derived for multiphase, multi-component

fluid flow, heat transfer and deformation in porous media.

e A novel, simple but effective approach is developed to combine any cell based
method and node based method. A cell based representation for volumetric strain,
“the volumetric strain is approximated as summation of displacements of confining

areas”, is proposed and used effectively to communicate with the node based method.

e A generalized formulation is obtained to tackle the switching variable implementation
used in multiphase flow analysis for the finite element code. A set of phase
coefficient matrices is defined which automatically compensate for switching of

variables to evaluate accurate Jacobian matrices in either condition.

e A discrete fracture behavior is implemented to model fractures using a re-derived
fracture joint model exhibiting the fluid pressure and contact stress effects. Hence,

T2STR can simulate discrete fracture networks (DFN) in the reservoir model.
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The fractured porous media formulation is implemented using staggered approach in
which the flow simulator calculations are finished and the results are used for the
deformation calculations. The effect of deformation on fluid flow 1is then

implemented through varying permeability and porosity as function of deformation.

Several options are made available in T2STR for user to study one way, staggered or
fully coupled approach. Also, T2STR is capable to switch on/off the thermal or
poroelastic effects. This provides ability to study individual effects and gain deeper

understanding into the physics of the problem.

A set of verification problems is used to validate the code. The data is provided with

the results to allow exact duplication of the problems.

The T2STR is limited to EOS1 module of TOUGH2 i.e. only water components can

be modeled.

16.2 Recommendations

Extend the current work to other EOS modules in TOUGH?2.

Extend the model for Brick20 volume element to be consistent with fluid flow model.

Implement a fully coupled THM model for fractured porous media.

Study the convergence and stability issues related to the geomechanics problem in
comparison to other fully coupled approaches as well as in comparison to one way

and iteratively coupled approaches.

Realistic field scale problems should be used to test the stability and full capability of

T2STR code.
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APPENDIX A MATERIAL DERIVATIVE

The material derivative of a variable G with respect to a particle is the (temporal) rate of
change of that variable for the considered particle. It is denoted and expressed as (Bear

and Bachmat, 1991)

DG _0G(&,1)|
Dt ot

&E=const

where & is the initial position vector. Is also can be interpreted as the rate of change of

variable G of a fixed particle to an observer situated on that particle. It can be expressed

in terms of the spatial or Eulerian description as follows

DG 0G 0G

—=—+—,

Dt ot ox,
=8—G+V-VG
ot

where v denotes the instantaneous velocity of the particle at the given point. The first
term represents the local rate of change of G at the specified point and second term
represents the convective rate of change of the quantity G. The convective rate of change

is due to the variation of G along the path of the particle.
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APPENDIX B SOLID VELOCITY AND VOLUMETRIC STRAIN
Consider the Lagrangian derivative of the volume of a differential element as follows
(V)= (dxdydz)
— dx dydz +dy dxdz +dz dxdy

As the volume dV is being displaced and deformed, the material derivative of the length

dx; 1s related to the velocities at the end points x, + dx; and x,, by

(d;Ci) = (xi +. dx, )‘ (321 )

=Vg

— V.
X;+dx; Si X;

Hence, for i =1,2,3, we can write

(d )= Vs g

ox;,
Substituting in the expression for the (d.V) ,
*y 0 ov 0
(dv)= Vi dxdydz +—>2 dxdydz + Vs: dxdydz
ox oy Z

Hence using the definition of volumetric strain &, ,

6'. :(dV):aVSx +avsy+8VSz
oar ax oy oz
ZV-VS

Now using the definition of material derivative
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and since Vg, << a—V , we have
4
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APPENDIX C PRE-PROCESSOR AND POST-PROCESSORS

C.1 Java based GUI for Pre-processor
In T2STR, a dual mesh concept is used for coupling the poroelasticity with the flow

simulation. The finite element mesh is derived from the TOUGH?2 finite difference mesh.
TOUGH2 creates a MESH file which stores all the information related to its mesh. A
translator, a GUI using JAVA, was created to generate the finite element mesh, the dual
of the finite difference mesh, by reading the respective TOUGH2 MESH file. This
translator generates the Tough2Geo.g3d file which holds the finite element mesh and the
constants related to the stress analysis. Figure shows the example menu of the Java based

GUI pre-processor.

£ Create G3D File

Select File || Elemerts | Rock-1 (10 13 || Fracture-1 (ID: 2) | Boundary Conditions || Write G3D | Inttial Conditions | T2STR

T25TR Options

Type of Coupling (MNStre): Stagnered Coupling w

Thermal Effect (MTemp): Maon-lzcthermal e

Poro-Elastic (MPora): Pare pressure accourted

Restart required (NRestart): Start-up e

Insitu Stress specific (WNStrn): Birick & specified e

Compressibility (INCOMPR): Compressible '
Detisity:

Disp Residual Tol (UTOL): 1 .Ue-4|

WRITE T25TR RECORD ” MEXTEXIT

Figure: C.1 Example GUI of the Java based pre-processor.
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The pre-processor also allows the specification of the displacement and load boundary
conditions at the surfaces of the analysis domain. Boundary conditions at other locations

in the domain can be inserted manually into the Tough2Geo.g3d file.

It also allows the user to select the number of materials, rock and/or fractures, depending
on the material assignments in the MESH file. The user can also specify the rock and
fracture properties for multiple materials and related modification lines are generated

which can be cut-pasted in the TOUGH2 input file.

The T2STR record required to be added at the end of the TOUGH?2 input file is generated
based on the information provided by the user. INSITU file to specify the insitu stresses

is generated according to the user input.

C.2 Post-processor
The results in T2STR are written in output files so that they are compatible with PetraSim

as well as Tecplot and Excel. A set of macros are written to post-process the data. These
will be publicly available with the information on how to run these macros to generate

specific kind of visualization for the results of the T2STR simulation.
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APPENDIX D JACOBIAN ANALYSIS

D.1 Conservation of Mass (Term by term)

D.1.1 Derivative with respect to displacements

K,i

K,i+1
1 K,i+1 K, K VK K VK
r=mM;"-M, _(¢"ZSV/pV/XV/J _[¢"ZSV/pV/XV/j
v n v

n

a(r")
ou

n

=0

2 = |:Z Anm :mHl - VnQ:mj|

or) _ ( {ZA'” :”T_V"Q;”D

ou ou,

n

which can be written as

gmﬂﬁo‘_‘/ﬁl”)(zy{ wit _ }J

— 0Kl+1( ¢z+1)a (TH—I i)




€K1+1(¢1+1 ¢nz)

91{14—15[214”[{ i+l u;m}j

n

a(T6)_ xjitl X .
W_en IV(Z( Aannm)]

n m

D.1.2 Derivative with respect to TOUGH?2 primary variables

We will represent the partials already calculated in TOUGH2 by “T2 term”. For new

ND

terms, we will use —|  to indicate derivatives calculated using the incremental values.

T2

K,

K,i+1
T =M M = [¢n stpm} {@ stp;X;J
4 n v

n

[ZAM L Ao }

0x1+1( ’”)(st{ virl }j
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T4 = _enk,i+1(a_¢ni+l)aT(]—;1i+l _Tni)

T5 = _gnx,i+1(¢ni+l _¢nz)

6(TS)Z[é(TS)

ox, | ox,

1

ND
T2

Even if the porosity is not varying and the displacements are assumed to constant while

varying the TOUGH2 primary variables, the term 6 could vary hence

n

T6 = an,i+1 %[Z A {u;;ll _urfm }j

olre) _ [G(TG)IN”J

ox, | ox, |

LT2

D.1.3 Non-diagonal derivatives

The non-diagonal terms will arise from connection relations.

D.1.3.1 Derivative with respect to displacements

n

T — an,m %(Z A {u,i;l _u’;'m }j
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D.1.3.2 Derivative with respect to primary variables

The original terms’ partials do not change from currently implemented values and there
are no cross-terms in the newly added terms to the mass equation, there are no additions

in the non-diagonal terms.

D.2 Conservation of Energy (Term by term)

D.2.1 Derivative with respect to displacements

1 _ K,i+1 K,i
T'=M*" - M

K,

KL+l
_((1_@ )ps CT +¢nzSy/ P,,,”.fJ
; 1%

:[(1_¢n)pSCST+¢nzSy/py/ulfJ

n

D.2.2 Derivative with respect to TOUGH?2 primary variables

Since there are no new terms in the Energy equation, there is no change in any terms in

energy equations. The current TOUGH2 terms will be all.
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D.2.3 Non-diagonal derivatives

There will not be any additional non-diagonal Jacobian terms in the energy equation.

D.2.3.1 Derivative with respect to displacements

There are no displacement effects in the old term if we assume constant porosity and

permeability during individual time step.

D.2.3.2 Derivative with respect to primary variables

The non-diagonal terms in Jacobian due to original equation are already implemented.
There are no cross effect terms in the newly added terms and hence there are no non-

diagonal additions due to them.

This concludes the analysis and evaluation of Jacobian terms.
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