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Suppose that U, = [?1] have independent bivariate normal distri-

i
- 2
y o] 09,9,
butions with mean[ 1] and non-singular covariance matrix 2
o pdloz 02

for i = 1,2,...,n. A test of the hypothesis that o§ = ci against the
alternative hypothesis ci ¢ ag is desired.

Three tests statistiecs were used in this study namely the likelihood
ratio test, the F-test and modified F-test. Derivations of the likelihood
ratio test and qodified F~-test were shown. A Monte Carlo Study was done
to compare the power of the three test statistics. A procedure to gene-
rate a sample covariance matrix was introduced by P. L. Odell and
H. H. Feivenson. The generation of sample covariance matrix was done

for different combinations of p =0, .2 , .4, .6, .8, .9, .95,

2
%2
technique requires the generation of only p(p+l1)/2 random numbers while

=2, 4, 8 and n = 10, 20, 40 while cf is kept constant at 1. The

a straightforward one would require the generation of Np - p random
numbers, the greatest saving in computing time occurs when the sample
size N is large.

The results of the study show that the likelihood ratio test has
observed significance level close to the "theoretical" value with slight
differences for whatever values of p and sample size when the null
hypothesis is true, When the null hypothesis is false, the observed
power increases with increasing values of p. As sample size is increased
the observed power increases, The observed power is large when a; = 8
than when cg = 4, The F-test has observed significance level close to

the "theoretical" value when p = .2 for all sample sizes. For greater

values of p the F-test is inappropriate. When the null hypothesis 1is
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true the modified F-test shows that the observed significance level is
close to the "theoretical" value as sample size is increased with

slight differences among values of p. When the null hypothesis is

false the observed power of the modified F-test increases with increasing
values of p. The increased in power is large as sample size is increased.

The observed power is larger when u§ = 8 than when 02 = 4, Among the

2
three tests used the likelihood ratio test is the best. The F=test is
good only when o = 0 but the test still holds when p = ,2, The modi-
fied F-test is good at sample size 40 since the observed significance

level is close to the 'theoretical" value and observed power is large.
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CHAPTER 1

INTRODUCTIOH

Suppose that Ui = [§1] have independent bivariate normal distri-

4 2

u 01 pg o

bution with mean [ull and non-singular covariance matrix 2
2 pu102 02

for {1 = 1,2,...,n. A test of the hypothesis that u% = 02

2 against the

alternative hypothesis ai ¥ cg is desired.

Pitman (1939) and Morgan (1939), Biometrika, independently proposed
the same test for oi = cz. Three test procedures‘namely the likelihood
ratio test, the F-test, and modified F-test are considered in this
study. Chapter 2 gives the three test statistics. Derivations of the
likelihood ratio test and modified F-test are shown. The F-test is
appropriate only when the population correlation coefficient is zero,
that is when the two variates are independent. A Monte Carlo Study
comparing the three tests is given in Chapter 3., Tables 1, 2, 3 show
the observed power for .05, .0l and .1 significance level of the three
test statistics evaluated at varying values of population variances,
population correlation coefficient and for sample sizes 10, 20 and 40.
Bargraphs are plotted for each of the three test statistics at .05
significance level for each of the three sample sizes. Chapter 4 gives
the summary and conclusion of the study. It shows that the likelihood
ratio test is superior to the other two tests. The modified F-test
has observed significance level close to the "theoretical" value and

high power at sample size 40.



CHAPTER 2

DERIVATION OF THE LIKELIHOOD RATIO TEST

The likelihood ratio method of Neyman and Pearson has proved of
service in 2 number of instances where the appropriate criterion was
not immediately obvious. In general, a generalized likelihood ratio
test will be a good test; although there are examples where the genera-
lized likelihood ratio test makes a poor showing compared to other tests.
One possible drawback of the test is that it is sometimes difficult to
find the maximum of the likelihood function; another is that it can be
difficult to find the distribution of the test statistic. This distri-
bution is required in order to evaluate the power of the test. Summarized
briefly, it involves the following steps.

Suppose (Xi, Yi) i=1,2,...,n are n independent observations from

Bivariate Normal distribution.

Xi
(y) VN (u, V)
i
o] P90,
where u = (:1) and V = 2 is a positive definite matrix.
2 P00, Ty
"ﬁﬂ
1
Then 2 = | . NH{u®jn,£)whereE-V®lIn
X
v
n

It is.of interest to test the hypothesis

2 2 2
Ho: g, =0, =0 vs., Ho: o] # 9,



The likelihood function of the parameters given the n pairs of

observations is

2 2
L (“1’ Hys G1s Oy, P} (xl, Yl)’ — (Xn, Yn))

1 e o=l
| i @B, [~ W E (Zi-u)v (Zi-u)} vaswass CL)

(2’)n|v|n/2 i=1

Tha parameter space is Q = { (ul. u2. ci, 0% p); - “_ful, uz S,

Taking the log of expression (1) one gets
n i 1
log L, = -n log (27) = = log [Vl -% T (Z, -w'v (2, - w vesesse (2a)
1 2 1=1 i i

= -n log (27) - % log o‘§ - -1-21- log (1 - pz)— % log c?i

n 2 . n
ifl(xi - "'1) ifl(xi - 1:1)('!'i - "2)
-k +p
2 2 2
01(1 -p) 0102(1 -p7)
n
(Y, - uz)z
i=1
-k veeseee (2b)
cg(l - 92)

A determination of those values of the five unknown parameters as

functions of the observations, which jointly maximize expression (l) are:



n n
3 log L IX ny Iy
S o S S i
2 2 2 2 2
&11 61(1 -p) 01(1 -p7) alcz(l -p)
pnu,
-+ =0 I )
2
6162(1 -p)
n n
3 log L Iy nu IX
S T U S =
2 2 2 2 2
3n2 02(1 -p") 02(1 -p) 0102(1 -p)
pou,
+ -0 LRI O O I ) (4)
2
0102(1 -p7)

Solving equations (3) and (4) simultaneously, we get maximum likeli-

hood estimators of ® and My

n n
. 15121 I 11:1‘1i 5
u - = x H = =Y ess e (5)
1 2 |
n n

Taking derivatives of log L1 with respect to the other parameters

and replacing u; and u, by X and Y respectively gives



n i n
3 log L, np DXy - X)2 L (X - X) (, - 1)
- -, 1zl 4 1=l
2
*® (1 -p7) ai{l - 92)2 0102(1 - pz)
n - _ n -2
(X, - X, - Y) (Y, - Y)
2 {m] * 1 g 1
+2p -p = ( csseslB)
2.2 2 2.2
°1"2(1 -p7) 02(1 -0)
n _.2 n _ _
3 log L, » L (xi - X) T (x1 =X) (Yi-\')
i=1 i=1
2 2 - 2 + - p = 0 0.-...(7)
&) 291 2% - 0% 2 033 (1 - p%)
1 172
n _ n - -
3 log I..1 & L (‘E’i -Y) z (Xi - X) (Yi-Y)
B e + i-l - p i-l . = 0 ---.--(8)
2= 2 4 2 3 2
acz 2 Ty 2 02(1 -p7) 2 0102(1 -0 )

Solving equations (6), (7) and (8) simultaneously, we get maximum

likelihood estimators of ai, 0_2.,_ and p.

n n

n
I (X —i)z (Y -?)2 T (X,-X)(Y,-Y)
R i R i . i i
2 4=l 2 i=1 i=1
g =TT, Gy =T, p = R L )
n n n -2 n -2
T (xix) L (Yi-Y)

i=] i=]



The maximum value of the probability function defined in (1) then

becomes

By @ = {2 ero, o, la -5 veene(10)

The likelihood function of n pairs of observations under the null

hypothesis is obtained by putting c"i = og expression (l).

2
LZ(ul’ My G5 P (Xl, YI)""’ (Xn’ Yn))

1
(23)" (0" (1~p2)) /2
n n
x exp [- . to® 1 ®mup? - 2007 T (Rp=u))(¥,n,)
2 U#u_pz) i=1 i=1
seavese (11)
+ %2 (Yi-uz)z}} .

i=1 :

The parameter space under Ho is Qo = {"1' Ho» cz,p ); - = < ul, My <

o < 02<=,-1_fp_§1}.

Taking log of expression (l1) one gets

4.1

2
3 log (1-p7)

log L2 = -n log (27) - -1-21- log ©



n 2 n n 5
- —————— p - semsacw (12)
2 o?(1-0%) e%(1-0%) 20% (1-0%)
The value of u which maximizes (l1) is, as before
T n T
I X
gui *
n n X
u = = Y L BN B W) (13)
n -
Iy, L
i=1
n

Taking derivatives of log L2 with respect to the other parameters

and replacing u; and u, by X and Y respectively gives

n _2 n _ _
I (X,-X) I (X,-X)(Y =-Y)
3 log L2 np {=1 i 1=1 i i
% Lep™) P10 >y* o (lnp™)
n - - n -2
 (X,-X)(Y,-Y) z (Y, ,-Y)
2 jm) & £ je *+
+29 - T — -omd t...l.(l&)
2
02(1-92)2 uz(l-pz)
n _2 n - _ n -2
3leg L, -n iil(xi—X) ifl(xi'x)(Yi'Y) 131(Y1-Y)
= + —— -pD + ‘0 0..-.(15)

4
- 2 2 a*1-p%) o (1=p?) 2 0% (1-p%)



Solving equations (14) and (15) simultaneously, we get the values

of likelihood estimators of 02 and p which maximize (11) are

n -2 n -2 n _ _
I (X,-X) z (Y,-Y) I (X,-X(Y,-Y)
n2 =] T j=1 3 S ) D
g = { + }/2 and p = = cera(16)
A . r x,-B% 5 (7,-H?
i=1 i=1
2
n2 ~2 A a R #1092
It is interesting to note that g = % (ul + 02) and that p = —————,
2 *2
(cl+02)/2

The maximum value of the probability function defined in expression

(11) then becomes

% l_-z" N ¥ A3 *2 "2 -q
L2 (w) = { en (al + 02) -4 p I 02} sian 5 &+ CLT)

The likelihood ratio criterion is then

5 *2 * ~2 n
L, (w) 4 g7 o (1=p7) -
A w2 = { A . ssns s s (1)
- 2, 2 2 "2 "2
Ll (n) (61+ 2) -4 e 01 0'2
(03-a2)? 3
= {1- } looqo-o(lab)

“2 *2.2 ~2 "2 *2
(01+o2) -4p 9 9



To complete the test it is necessary to know the sampling distri-
bution of A, or of a single valued function of A when the hypothesis being
tested is true,

Pitman derived the same test by using a different argument. It holds
for any value p of the populafion correlation between X and Y. However,
if p is zero, the ordinary F-test should be used, since it is slightly
more powerful., Pitman's derivation is described as follows.

po,0,

X %
If () ~ N (CD, [ 2 s
¥y palaz 52

Then let D 'X-Y Il""(lg)
S =X+Y cecans (20)
2 2 2
o, = % + 9, = 2 PO, » vieas s 021D
2 2 2
9 9, + 0, + 2 PO, 0, » and wonad § (22
Cov(D, S) = Cov [(X-Y), (X+Y)] veeeas(23a)
= af - og thus eeeses(23b)
o] - %
DDS - -~ . -.-.-.(24)
2, 2,2 ,222
J(°1+°2) =4p 019,

The necessary and sufficient condition that the hypothesis tested is true,

or that a§ = og is that

pns -D ......(25)
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Since X and Y are normally distributed variables, the appropriate

criterion to test the hypothesis, = 0, is the sample correlation

°ns

coefficient between the transformed variables, i.e. T If the hypo-

Ds*
thesis is true, it is well-known that

has the t=distribution with n-2 degrees of freedom.

From equations (19) and (20), the sample correlation coefficient between

the variables D and S is given by

n
ifl(Di-D)(Si-S)
rDs- = = -00-0(26)
t 0,57  (s,-B)?
i=1 i=1
= n Di _ n Si
Substituting Di = Xi-Yi, D= [ == Si = x1+Yi' and S = [ = in
i=1 i=1
equation (26) one gets
e - g
1 2
rDS = ;i IIOIQ(27)
s I R 827222
{(al+az) - 4 pToj0, }

Hence, the likelihood criterion of expression (18b) is

n
.2
1. (1 —rDS) 1'010(28)
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and as the hypothesis tested becomes less and less likely, A + 0 or

2

Tns l. The test may therefore be carried out by referring

t e ,————— .....-.(29)

to "students'" distribution with degrees of freedom v = n-2 and rejecting

the hypothesis at 100aZ significance level if |t| > tu/2 v,
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F-TEST

Although the usual F-test for testing ci = o§ is not appropriate
for the problem being considered here, it is of interest to examine how

well it performs in comparison to other tests. The usual F-test

2 2 2
statistic can be given as F = § max/S nip ¥here S is the larger of

the two variances and Si " is the smaller. It is known that if the

i
population correlation coefficient, p = 0; i.e., if two variates are

independent then the F-test is the uniformly most powerful unbiased
test of Ho.

The hypothesis ai = cg is rejected at the 1000Z significance level

_ 2
where Voax is the degrees of freedom of Smax

2
min’

it E > Fu/l' Ymax’ “min

and v a is the degrees of freedom of S

mi
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A MODIFIED F-TEST

The Bartlett test is used for testing homogeneity of variance of
several populations. If we have p populations of equal sample size n
Bartlett's statistics is then

P
M, = = (n=1)p log p + (n-1)p log ( E Siz)

. i=1

2

i -n.-oo(l)

P
- (n-1) T log S
i=1

For our study we consider only 2 populations of equal sample size. From

equation (1) our test statistics becomes

2

M, = = (a-1) 2 log 2 + (n-1) 2 log (I si)
1=1
2 2
- (n=1) I log Si eeeseel(2)
f=1

We can replace (n-1) by n when the sample size n is large. Using the

Taylor series, we expand Hl around ci. The terms with power greater than-

2 are omitted for large sample size since the log Si are consistent

estimators for log oi. When the null hypothesis is true, that is

ai = og = az, equation (2) can be written as

M, ™ %‘[(103 S2 - log 02)2 + (log S§ - log 02)2

H 1

- 2 (log 52

1 -rlog oz)klog Sg - log 62)] R 1% )
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To complete the test we must know the sampling distribution of

Hl or a single valued function of Hl when the hypothesis being tested is

true.
If we let U, = lo S2
1 € %) and ceeena(d)
2
Z log Si
= i=]
U‘ u.ub"(s)
2
Equation (3) can be written as
n - =2
Ml - E iEI(Ui = U) n.o-oo(ﬁ)

Using the following lemma (Rao, 1965, p. 158) the large sample distri-

bution of equation (6) can be achieved.

Lemma. If Ui’ i=1,2,...,p are normally distributed and have common
variance V, and every pair has covariance C, then Z(Ui - ﬁ)z has a
{v=-C) xz distribution with p-1 degrees of freedom,

The distribution of U, is asymptotically multivariate normal with

i
2 2 292
E(Ui) = log gy, Var (Ui) i and Cov (Ui, Uj) -
2 = 2 2. -1 2
Therefore by the lemma, I (Ui - U)” has 2(1 = p")n ~ ¥~ (1) distribution
i=1

which implies that Hll(l - pz) is x2 (1) asymptotically. We call

Hll(l - pz) the modified F-test.
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Equation (3) can be written as

M n
1 = (log S2

l-log Si)z 010011(7)
2 2
(1-p7) 4(1-p")

The above equation has a y* distribution with one degree of freedom.
In practice p2 is usually unknown and is replaced by r2 where r is the
sample correlation coefficient,

Taking the square root of both sides of equatioq (7) and replacing

p2 by rz we have

M i log Si - log Sg
1 = '....lcs)
(1-r%) 4(1-r%)
n
vhers §2 = 82 and 82 = B2, and substit in the ab 1
ere S, max 209 5, min 20d subst uting in t ove equation
we have %
2 2
i log S - log S
M max min .
-_L— = 000014(9)
(1-£%) 4(1-r2)
\ n

The above statistic is approximately distributed with the standard
normal distribution. We reject the hypothesis when the statistic in (9)

is greater than Zu/Z'
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CHAPTER 3

MONTE CARLO STUDY

A procedure to generate a sample covariance matrix was introduced
by P. L. Odell and H. H. Feivenson [Odell, P. L. and Feivenson, A. H.
(1966). A Numerical Procedure to Generate a Sample Covariance Matrix,
Amer. Statist. Assoc. 61, pp. 196-203].

The method can be summarized by the following:
Algorithm: Given a p x n covariance matrix R in a factored form
R= CCT, a sample of size N, a sequence of independent standardized

normal random variates'{liij; 1=1,2,.00,Py J =1,2500.4p, 1 <31} and

a sequence of independent Chi-square variates {V , 1 =1,2,.0.,p } where

3

for each j, V, has N-j degrees of freedom; then a sample covariance

]
matrix is given by

Sh = A*/N where A* = CB*CT and

the elements b;j of the p x p symmetric matrix B* can be generated by

computing

* =
Bls * Y

j'l 2
b = V. + L N

E R PR T I

My = Yy N

i-1
b;j = Hij I Vi + kfl Hki Nkj i <j=2,3,...,p
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One method [Odell, P. L, and Feivenson, A. H. (1966). A Numerical
Procedure to Generate a Sample Covariance Matrix. Amer. Statist. Assoc.
61, pp. 196-203] of obtaining V, is to generate a standard normal

3

variate Nj and substitute it into the equation below which is called the
Wilson-Hifferty Chi-square approximation. The approximation can be

written

v, = [N-3] [1-2/9 Q=3) + Ny 2/9 (-3 71

Since this technique requires the generation of only p(p+l)/2
random numbers while a straightforward one would require the generation
of Np-p random numbers, the greatest saving in computing time occurs when
the sample size N is large, The remaining arithmetic, if the Wilson-
Hilferty approximation is used, to highest order in p, amounts to about
p2 additions, and multiplications, and p square roots, which is again
less work than the remaining arithmetic for the direct method mentioned
above.

Using the sbove procedure, a sample covariance matrix was generated
and three tests statistics were computed. First 5000 sets of samples of
size 10 were generated; all the three tests statistics namely the likeli-
hood ratio statistics, F-statistics, and modified F-statistics were
computed for each set. The procedure was repeated for 2500 and 1250
sets of samples of size 20 and 40 respectively., The rejection rate of
each of the three tests statistics was computed for .05, .0l and .l
significance level. The above process was carried out for various

combinations of o5 = 1, 4, 8 and p =0, .2, .4, .6, .8, .9, .95 while
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ci was kept constant at 1, The results are shown in Tables 1, 2, and 3.
Table 1 whows the rejection rate for test of significance level,

a = .05 when ci = 1., Column (1) shows the sample size used for the

different tests for the varying values of p shown in column (2).

Columns (3), (4) and (5) show the rejection rate of the three tests

statistics when 02

2
of the likelihood ratio test differs slightly from the ,05 "theoretical"

= 1, From column (3) the observed significance level

value with slight differences for different values of p and sample size.
It can be seen in column (4) that the observed significance level of the
F-test is close to the "theoretical" value when p = 0 and p = .2 for
all.sample sizes. For greater values of p the observed significance
level decreases to zero with increasing values of p for all sample
sizes. The observed significance level of the modified F-test in column
(5) is twice as large as the "theoretical” value for n = 10 with slight
differences among values of p, As the sample size is increased the
observed significance level approaches the "theoretical" value. Columns
(6), (7) and (8) show the rejection rate of the three tests statistics
when cg = 4. The observed power of the likelihood ratio test in column
(6) increases with increasing values of p for #11 sample sizes, The
observed power increases with increasing sample size. When n = 40 the
observed power increases to almost onme. The observed power of the
F-test in column (7) does not vary much for different values of p when
n = 10, As the sample size is increased the observed power increases
with increasing values of p and the power approaches to one when n = 40,
In column (8) the modified F-test is seen to behave similarly as the

likelihood ratio test although the observed power of the modified F-test
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is larger for each values of p than the F-test when n = 10 and 20,

Columns {(9),(10), and (11) show the rejection rate of the three tests
statistics when og
with increasing values of p and increasing sample size. The three tests

= 8§, The observed power of the three tests increases

increases with increasing values of p and increasing sample size. The
three tests have the same observed power of almost one when n = 40 for
all values of p. The observed power is larger for all of the three

tests when ug = 8 than when 02 = 4,

2
Table 2 shows the rejection rate whan a = ,0l and ai = 1. Columms
(3), (4), and (5) show the rejection rate of the three tests statistics.
The likelihood ratio test in column (3) shows that the observed signi-
ficance level is close to the "theoretical" .0l value with slight
differences for varying values of p and sample size. In column (4) the
observed significance level of the F-test i{s close to the "theoretical"
value when p = 0 and p = ,2 for all sample sizes. For greater values
of p the observed significance level decreases to zero with increasing
values of p for all sample sizes. The modified F-test in columm (5)
shows that the observed significance level increases up to five times
the "theoretical"™ value with increasing values of p when n = 10. How-
ever, when n = 20 and 40 the observed significance level is closer to
the "theoretical" value with slight differences for different values of
p. Columns (6), (7), and (8) show the rejection rate of the three tests
statistics when cé = 4, The likelihood ratio test in column (6) shows
that the observed power increases with increasing values of p for all

sample sizes. The increase in power is large among different values of

p when n = 10. The observed power increases with increasing sample size
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and when n = 40 the observed power increases to cne. The F-test in
column (7) shows that the observed power decreases with increasing
values of p when n = 10. Forn = 20 and n = 40 the observed power in-
creases with increasing values of p. The observed power increases to
one when n = 40, The observed power of the modified F-test in column
(8) increases with increasing values of p and sample size. When n = 40
the observed power increases to one. Columns (9), (10), and (11) show
the rejection rate when u§ = 8, The observed power of the three tests
increases with increasing values of p for all sample sizes. As the
sample size is increased the observed power is also increased. When

a = 40 the observed power of the three tests is almost one for all values
of p. The observed power is larger for all of the three tests when

G§ = 8 than when °§ = 4,

Table 3 shows the rejection rate of the three tests when a = .10
and ai = 1, Columms (3), (4), and (5) show the rejection rate of the
three tests statistics when ag = 1, The likelihood ratio test in column
(3) shows that the observed significance level is close to the "theoretical"
.10 value for all sample sizes and for all values of p. The F-test in
column (4) shows that the observed significance level decreases to zero
with in;reasing values of p for all sample sizes. When p = 0 and p = .2
the observed significance level is close to the "theoretical" value for
all three sample sizes. The modified F-test in column (5) shows that
the observed significance level is closer to the "theoretical” value
for larger sample sizes for all values of p. Colummns (6), (7), and (8)
show the rejection rate of the three tests statistics when ci = 4, The

three tests show that the observed power increases with increasing values



21

of p and sample size., When n = 40 the observed power is very close to .
one. Columms (9), (i0), and (11) show the rejection rate of the three
tests statistics when ag = 8, The observad power of the three tests
increases with increasing values of p and sample size. When n = 40 all
the three tests have observed power of one for all values of p. The
observed power is larger for all of the three tests when ug = 8 than

when u§ = 4,
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CHAPTER 4

DISCUSSION OF RESULTS AND CONCLUSION

From Bargraphs 1, 2, and 3 when the null hypothesis is true, the
rejection rate of the likelihood ratio test seems to be very close to
the .05 significance level for whatever values of population correlation
coefficient, p and sample size. When the null hypothesis is false, the
test tends to reject more and the observed power increases as p and
sample size increase. The observed power is larger when ug = § than
when og = 4, When cg = 8 and n = 40 the power is almost one for what-
ever values of p,.

Bargraphs 4, 5, and 6 describes the behavior of the power of the
F-test at sample size 10, 20, and 40 at .05 significance level. When
the hypothesis is true the rejection rate of the F-test seems to attain
the .05 significance level when p = 0 and p = .2 for all of the three
sample sizes, However, the test tends to accept more that is, less than
the .05 significance level as p is increased for all of the sample sizes.
When the null hypothesis is not true, the power of the test tends to
increase with increasing values of p and sample size. fhe observed power

is larger when a§ = 8§ than when ai = 4, When the sample size is 40 and

ag = 8, the power of the test approaches one for whatever values of p.
Bargraphs 7, 8, and 9 tells us about the modified F-test at .05
significance level for sample size 10, 20, and 40. When the null hypo-
thesis is true at sample size 10, the modified F-test tends to reject

more than the desired significance level with almost no differences

for varying values of p. However, when the sample size is increased to
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20 the observed significance level decreases and the desired significance
level is almost attained at sample size 40 with no differences for what-
ever values of p., When the null hypothesis is false, the behavior of

the power seems to be the same as for both the other two tests.

The results of the study from Tables (1), (2), and (3) show that
the behavior of the rejection rate of the likelihood ratio test is the
same for all of the significance levels of .05, .0l, and .l. The F-test
seems to behave similarly for all of the significance levels except when
the null hypothesis is false that is, when a§ = 4 at sample size 10.

From Table 1 when a = .05 the observed power of the F-test vary slightly
for different values of p. The observed éawer of the F=test from Table 2
when a = .0l decreases with increasing values of p. From Table 3 when

a = .10 the observed power increases as p increases, The modified F-test
exhibits the same behavior for all of the three significance levels.

From the study, the likelihood ratio test is the best among the
three tests for any values of p and sample size, The power of the test
seems to increase with increasing sample size, The F-test is found to be
the uniformly most powerful unbiased test when p = 0, that is when the
two variates are independent, The F-test seems to hold when p = .2. For
greater values of p the F-test is inappropriate. The modified F-test
has observed significance level close to the theoretical value at

sample size 40 with very high observed power.
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Suppose that Ui = fﬁi] have independent bivariate normal distri-
' uz po. g
butions with mean[:ll and non-singular covariance matrix 1 lzé]
2 pg.d, 0y j
for i = 1,2,...,n0. A test of the hypothesis that ai = og against the
alternative hypothesis-ai # ag is desired.
Three tests statistics were used in this study namely the likelihood
" ratio test, the F-test and modified F-test. Derivations of the likelihood
ratio test and modified F-test were shown. A Monte Carlo Study was done
to compare the power of the three test statistics, A procedure to gene-
rate a sample covariance matrix was introduced by P. L. Odell and
H. H. Feivenson. The generation of sample covariancefmatrix was done

for different combinations of p = 0, .2, .4, .6, .8, .9, .95,
%
technique requires the generation of only p(p+1)/2 random numbers while

=2, 4, 8 and n = 10, 20, 40 while ci is kept constant at 1. The

a straightforward one would require the generation of Np - p random
numbers, the greatest saving in computing time occurs when the sample
size N is large. i

The results of the study show that the likelihood ratio test has
observed significance level close to the "theoretical® value with slight
differences for whatever values of p and sample size when the null
hypothesis is true. When the null hypothesis i1s false, the observed
power increases with increasing values of p. As sample size is increased
the observed power increases. The observed power is large when ai = §
than when ag = 4, ghe F-test has observed significance level close to

the "theoretical" value when p = .2 for all sample sizes. For greater

values of p the F-test is inappropriate. When the null hypothesis is



true the modified F-test shows that the observe& significance level is
close to the "theoretical" value as s2mple size is increased with

slight differences among values of p. When the null hypothesis is

false the observed power of the modified F-test increases with increasing
. values of p. The incteased in power is large as sample size is increased.
The observed power 1s larger when og = 8 than when Ui = 4, Among the
three tests used the likelihood ratioc test is the best. The F-test is
good only when p = 0 but the test still holds when p = ,2. The modi-
fied F-test is good at sample size 40 since the observed significance

level is close to the "theoratical" value and observed power is large.



