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Abstract

We study the difference between the homotopy groups of spaces of smooth embeddings
and spaces topological embeddings of a sphere into four-manifolds. In particular, we show
that:

ker [m,(Emb§~ (5%, 7)) — m(Emb'°" (5%, 2))]

may have an arbitrarily high-rank summand for a some 4-manifolds. Here, Emb$~ (S2, 7))
represents the component to the embedding space containing a specific embedding S. This
behavior is found for spheres of arbitrary self-intersection. We also establish an analogous

result for homology groups.



Exotic families of embedded spheres

by

Joshua Drouin

B.S., Murray State University, 2017

M.S., Kansas State University, 2019

A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2023

Approved by:

Major Professor
Dave Auckly



Copyright

(© Joshua Drouin 2023.



Abstract

We study the difference between the homotopy groups of spaces of smooth embeddings
and spaces topological embeddings of a sphere into four-manifolds. In particular, we show
that:

ker [m,(Emb§~ (5%, 7)) — m(Emb'°" (5%, 2))]

may have an arbitrarily high-rank summand for a some 4-manifolds. Here, Emb$~ (S2, 7))
represents the component to the embedding space containing a specific embedding S. This
behavior is found for spheres of arbitrary self-intersection. We also establish an analogous

result for homology groups.



Table of Contents

List of Figures . . . . . . . . . . e viii
List of Tables . . . . . . . . . ix
Acknowledgements . . . . . . .. X
1 Introduction and Preliminaries . . . . . . .. . .. .. ... L. 1
1.1 History . . . . . . . 1

1.2 Our Results . . . . . . . 3

1.3 Conventions . . . . . . . . . . . e 3

2 Background Information . . . . . .. ... oo L 6
2.1 Definitions . . . . . . . . 6

2.2 Spaces of Embeddings . . . . . .. ... 9
2.3 Families of Diffeomorphisms . . . . . . .. ... ... 10

3 Construction of Examples . . . . . . . . . ... 19
3.1 Embellishing the Spheres . . . . . . . . . . . ... oL 19
3.2 Interesting Families of Embeddings . . . . . . ... .. ... .. .. ..... 22

4 The Invariants . . . . . . . Lo 30
4.1 Invariant Setup . . . . . . . . 30
4.2 The Twisting Invariants . . . . . . . .. .. . Lo 35
4.2.1 The Twisting Invariant and our Families . . . . . . .. ... ... .. 46

4.3 The Family Invariant . . . . . . . . . ... o L 50

vi



5 Computing the Invariant . . . . . . . . .. .. ..o 55

5.1 Associated Families . . . . . . . . . 55
5.2 Computing the Invariant . . . . . . . ... .. ... o0 62
5.3 Proofs of Main Results . . . . . . . . . . . 66
Bibliography . . . . . . . 70

vil



2.1

3.1
3.2
3.3

5.1
5.2
5.3

List of Figures

The Summing of V' Yields Appropriate Kernel in Higher Homotopy. . . . . . 17
Embellishments Configuration . . . . . . . ... .. ... ... ... ..... 20
Embellishments Example . . . . . . . . . .. ..o o L 20
Submanifold Sum allows for a Smooth Isotopy . . . . . .. .. .. ... ... 23
Isomorphisms between families . . . . . . .. ... ... ... ... ... .. 56
Blowup-surgery . . . . . .. 61
Outline of Construction . . . . . . . . . . ... . .. 61

viii



List of Tables

2.1 Table of Notation . . . . . . . . . .

X



Acknowledgments

I would like to express my deepest appreciation to my advisor Dr. Dave Auckly for his
invaluable help and infinite patience. Without his assistance this paper would have never
been completed. I want to thank you very much for your support throughout these past six
years.

Many thanks to my committee members Dr. Gerald Hoehn, Dr. Rustam Sadykov, Dr. Lado
Samushia, and Dr. Victor Turchin. Thank you not only for serving as my committee mem-
bers but also for the innumerable things I have learned from each of you. In particular, I
would like to thank Dr. Rustam Sadykov and Dr. Victor Turchin for the multitude of classes,
talks, and discussions that have formed me into the mathematician I am today.

I would also like to extend my sincere thanks to Dr. Hee Jung Kim, Dr. Paul Melvin, and
Dr. Daniel Ruberman. The work you accomplished was the very foundation of this paper,
and numerous components of your work are absolutely vital throughout. I have only been
able to meet some of you a few times, and am looking forward to more in the future.

Lastly, I'd be remiss in not mentioning my wife Dulcie Drouin. Her support throughout

this process kept me going, even in the hardest of times.



Chapter 1

Introduction and Preliminaries

1.1 History

The difference between the smooth and topological categories has been a topic of extensive
study for several decades. We seek to examine this difference via exotic k—dimensional
families of embeddings of spheres. The study of 4-dimensional exotic objects began in the
1980s, via the work of Freedman and Donaldson. Freedman classified simply-connected
topological 4-manifolds [13]. Donaldson proved that there are topological 4-manifolds that
do not admit a smooth structure [7], and developed an invariant to distinguish smooth
structures on the same topological 4-manifold [10].

Later, several authors constructed exotic embeddings of surfaces in 4-manifolds (]27],
[11], [22], [5]). Recently, authors have studied exotic families of embeddings ([23], [2],
[3]). Let Emb®" (52 X), and Emb™P(S2, X), denote the space of smooth, and respec-
tively topological, embeddings. Exotic embeddings are detected by the kernel of the map
Hy(Emb®™ (52, X)) to Hy(Emb™P(S2, X)). This naturally leads to the question of the kernel
on higher homology and homotopy groups. This kernel depends on the specific component
of the space of embeddings. Auckly and Ruberman [2] have shown that the kernels for
both homology and homotopy are large for components of spheres of self-intersection (+1).

We have generalized these results to show that the kernels have large rank summands in



components with arbitrary self-intersection.

A spherical family that is homologically non-trivial will automatically be homotopically
non-trivial. This means it is natural consider spherical families first. The homotopy group
of a spaces is constructed from maps of k—dimensional spheres into the space, and a map
between spaces induces a map between homotopy groups.

Exotic families are defined recursively, starting from an exotic embedding of surfaces.
To pass from a k—dimensional family to a (k 4+ 1)—dimensional family, one uses a process
called stabilization. Often, exotic objects become smoothly equivalent after stabilization. If
a surface is connected, the one-handle surgery is equivalent to taking the connected sum
with S! x S!. Following the work of Quinn and Perron, it was shown that closed surfaces
with the same genus representing the same homology class in a simply-connected manifold
always become smoothly isotopic after some number of two-handle surgeries ([28], [29]).
Often, exotic surfaces in a 4-manifold become equivalent after one two-handle surgery. If
a 4-manifold is simply-connected, two-handle surgery is equivalent to taking a connect-sum

with a copy of S% x S? or S?x 52



1.2 Owur Results

Theorem 1.2.1. Given any rank r and non-negative integers k, p, and n with 0 < k < p

and k =p mod 2, there exists a manifold Z,, and maps:
i 0 SF = Emb©T(S?, Z,, \ N(T))

where N(T) is the neighborhood of an embedded torus and the following conditions hold:
i) jF,(v) has self-intersection n, for v € S*.
i) the homotopy classes of [jF,] in m(EmbTO"(S?, Z,,\ N(T))) is trivial.

iii) there is a map ® : Emb®" (S?, Z,,, \ N(T)) — Emb“"™ (S?, Z,,#(S? x S?)) such that
the homotopy class of [® o j,] is trivial in mp(Emb”™ (52, Z,,#£(S? x S2))).

i) any pair of families of embeddings jfn and jzn are psuedoisotopic.
v) the homology classes of [jF,] in Hy (Emb®™ (S?, Z,.,)) are independent.

It follows that the kernel of Hy(Emb©™ (S?, Z,,)) — Hp(Emb™°(S?, Z,,)) admits a rank r

summand that is in the image of the Hurewicz map my( Emb®™ (S?, Zrp)) = H (Emb°™ (S?, Zrp))-

1.3 Conventions

There is a notable amount of notation throughout this paper. This section can be used as a
reference to quickly recall the meanings and conventions we have used as well as establishing
conditions that will be present in most constructions.

First, unless otherwise stated, we assume that all manifolds are smooth, oriented, and
compact. Additionally, to work with gauge theory invariants on a manifold, we denote
as the choice of chosen homology orientation. While many manifolds are discussed, we use

the letter Z to denote an arbitrary 4-manifold, or Z for a family of 4-manifolds, that we



wish to examine. Additionally, inside our manifolds Z we will have an embedded torus 1" of
self-intersection 0. This embedded torus allows to carefully perform submanifold sum of our
4-manifolds.

Second, we maintain the following convention to differentiate between families of diffeo-
morphisms, families of embeddings, families of spaces, and families of isotopies. Families of
diffeomorphisms, denoted by af are elements in 7 (Diff(Z)). This superscript k is consis-
tently used to represent the level of homotopy that we are examining, whether for families
of diffecomorphisms or families of embeddings. Families of embeddings, denoted by jfn are
elements in 7;(Emb(S?, 7)), and via an extension of the adjoint we will typically view them

as:

JE i SF xS S x Z

The hat notation is consistently used in families of embeddings to represent this extension
of the adjoint. If ¢ = X or ¢ =Y it will refer to families created from the initial embeddings
into the manifolds X and Y. We refer to this as the base case, and often will use the letter a
to highlight this base case, instead of 2. The letter ¢+ will be used when we refer to a collection
of embeddings ¢+ = 1,...,r. The subscript n refers to the self-intersection number of these
embedded spheres.

We also maintain consistent subscripts and superscripts for specific 4-manifolds. In the
statement of Theorem 1.2.1 we have the manifolds Z,,. The subscripts r and p are used
to record that for the manifolds Z,, the kernel of the map from the kth homotopy group
of space of smooth embeddings into the kth homotopy group of the space of topological
embeddings will have a rank r» summand for all £ < p where k£ and p have the same parity.
Contrast this subscript-only notation with the more prevalent Z*" superscript-only notation.
The r still represents the rank » summand in the kernel, and now the k represents the level
of homotopy that we are examining. To help distinguish between manifolds that involve
the parity condition or not, we will use the subscript-only notation and superscript-only
notation, respectively.

Connect sum and submanifold sum are used throughout, typically over the torus T



mentioned earlier. We develop the following convention for examining maps of summed
manifolds. Maps may be defined on manifolds using a certain name and then extended
across the sum via identity. However, to simplify notation we will continue to refer to the
extended map by its original name. For example, for manifolds X, Y, and Z, and some map
f: X — Y, we would continue denote the extension f#1, : X#7 — Y #Z as just f.
Additionally, we perform submanifold sum recursively for our main constructions. A
larger manifold may be created by summing together numerous smaller copies. Moreover,
we may be interested in how maps into the smaller copies impact maps into the larger sum,
notably how a map into the last summed copy influences the rest of the sum. To distinguish
this last summed copy we will use the tilde notation. For example, let j : S> — Z be an
embedding of sphere. Denote the manifold Z*¥ = k#,Z as k copies of Z summed together.
Into each summed portion there is a copy of the embedding 7, and to emphasize the last

summed copy, we denote this embedding by ;.



Chapter 2

Background Information

This chapter outlines the preliminary material, including standard definitions as well as a
quick summary of work by Auckly and Ruberman to create families of diffeomorphisms
that are crucial for our construction. In order to carefully construct the desired families
and invariants, a substantial amount of notation is required. To assist with this, table 2.1

contains the most important notation used throughout the entire paper.

2.1 Definitions

A basic invariant of embeddings is a family of manifolds created by submanifold sum. A sub-
manifold sum is a generalization of a connected sum. Instead of joining two manifolds along
a tubular neighborhood of points, we can join two manifolds along a tubular neighborhood

of submanifolds.

Definition 2.1.1. Let X and Y be two n—dimensional manifolds each with an embedded
k—dimensional submanifold F'. Denote the normal bundles of F inside X and Y by Nx(F)
and Ny (F'), respectively. Suppose 7 is a fibre orientation reversing isomorphism between

these normal bundles. Then we define the submanifold sum of X and Y over F by X#rY =

(X\F)U (Y \ F))/ ~, under the equivalence relation that v ~ 7 (v ||v||_2).

An important operation we will utilize in the application of our invariant, is called blow-



H Notation Meaning Page H
E(2) K3, the second elliptic surface 10
N(T) Neighborhood of embedded self-intersection 0 torus 7' 10

N! First of three nuclei of £(2). It contains N(7') 10
H#r Submanifold sum over the torus T’ 6
X E(2)#CP?, has non-zero Donaldson invariants 10
% 3CP2#20CP, Cork twist of X 10
(0 Y — X, a homeomorphism 11
© Y #CP? — X#CP?, a diffeomorphism 11
w Akbulut cork, used to create Y 10
Ja Embeddings of S? intoa=X ora=Y 12
Z Y #CP#2CP’, with embedded (+1) sphere 12
G? Topological isotopy on Z that maps jy to jx 12
F? Stable-Smooth isotopy on Z#(S? x S?) that maps jy to jx 12
K% Pseudoisotopy on Z that maps jy to jx 12
X" Xt E(2)#0™ 4 TP 14
N? and N3 Second and third nuclei of E(2), used for 2-log transforms 10
X7 Manifolds created by 2-log transforms of nuclei in X" 15
Y” (47 + 1)CP?#(20r + 34)@2, Cork twist of X" 15
( Y" — X7, collection of homeomorphisms 15
o Y HCP24#2CP — X! #CP24#2CP , collection of diffeomorphisms 15
V Special Manifold used for Parity Condition 16
707 Y #CP24#2CP, with embedded (+1) sphere 15
Zk,r Zk:,r = Zk—l,r#Tzo,r 15
ol Families of Diffeomorphisms 16
G* Family of topological isotopies on Z*" 16
FF Family of stable-smooth isotopies on Z*"#£(S? x §2) 16
Kk Family of pseudoisotopies on Z*" 16
Zrp Created by summing Z%" or Z>" to copies of V, based upon parity. 16
}an Collection of Families of Embeddings 28
jfz\; The embedding of S? into X in the last Z%" summed copy of Z¥*1" 28
G4, Collection of topological isotopies in the last summed Z°" 28
F? Collection of stable-smooth isotopies in the last summed Z%" 28
K? Collection of pseudoisotopies in the last summed Z°" 28
ya SF x §2 = ¥F x nCP, Standard Family of Embeddings 31
Zﬂ“n Family of Spaces associated to Family of Embeddings 50
DHx(Emb Invariant for Families of Embeddings 50
D Konno’s Invariant for Families of Spaces 51
DHr(Diff Auckly-Ruberman Invariant for Families of Diffeomorphisms 62

Table 2.1: Table of Notation



up surgery. First introduced by [3], it is a combination of blow-ups, blow-downs, and surgery.

Definition 2.1.2. For X, a 4—manifold, to blow-up a point p € X is the operation where
we remove a small neighborhood around p and glue in @2, replacing the point p with CP
the 2—sphere of self-intersection 1. If this point p lies on a surface in X, this operation

reduces the self-intersection of the surface by 1.

The blow-up operation is essentially the operation that glueson X — X #@2, assuming
the point is chosen generically. Conversely to replacing a point with a 2—sphere, the blow-

down operation “crushes” such a 2—sphere back down to a point.

Definition 2.1.3. For X, a 4—manifold, we can blow-down a 2—sphere of self-intersection

+1 by collapsing the entire sphere to a point. We denote this operation as X/S.

The final component to address before we define blow-up surgery is surgery. The following
definition is generalized to an n—manifold, but in this paper we will largely be interested in

4—manifolds and 2—spheres.

Definition 2.1.4. For X, an n—manifold, with embedded k—sphere, we can surger out this

sphere by first cutting out the interior of S* x D"~* and gluing in a D¥! x Sn=F-1,

Finally, with the preliminary details defined, we can put them all together to define
blow-up surgery. Since this focus of this paper pertains to 4—manifolds and 2—spheres, our

definition will not be generalized to higher dimensions.

Definition 2.1.5. Given a 4—manifold X with an embedded 2—sphere S of some self-

intersection n, we can perform blow-up surgery by first blowing-up n points on S and surg-

ering out the resulting sphere of self-intersection 0.

Definition 2.1.6. A homology orientation [ for a 4-manifold X is:

BeANPHY(X)® ATPH? (X) @ ATP(H' (X)) \ {0}

Where H? (X) is the space of self-dual harmonic 2-forms on X [§].

8



2.2 Spaces of Embeddings

With these important tools defined, let us recall that this paper focuses on embeddings
spaces. The following section defines the important embedding spaces that we will work
with. An embedding of a space F into a space X is a homeomorphism onto its image.
An embedding j : F — X is locally flat if for every xg, an element in F', there exists
a parameterization ¥ : R¥ — F with (0) = zp, and a chart ¢ : U C X — R" with
pojoi(x)=(z,0). A smooth embedding is a topological embedding between manifolds so
that the derivative is injective at each point.

For simplicity, we will assume all of these spaces are oriented. We denote the space of em-
beddings of F to X by Emb®” (F, X), the space of locally flat embeddings by Emb™" (F, X),
and the space of smooth embeddings by EmbCN(F , X). It is easy to see that these spaces
are distinct. Indeed, let Wi (n) denote the n-trace of a knot K, that is, Wk (n) is result of
attaching a n—framed 2—handle along K in the boundary of a 4—disc. For the 1—trace of
the right-handed trefoil, W, (1), there is an element of Emb®’ (52, Wr, (1)) representing
a generator of the second the homology: map one hemisphere to the core of the 2—handle
and map the other hemisphere to the cone on the knot. However, there is not an element of
Emb™OF (52, Wr, (1)) representing a generator of the second the homology. Indeed, accord-
ing to [26, Theorem 1.2] if a homology class x in a manifold N is represented by a locally
flat sphere, then

KS(N,ON) + u(ON) = é[a(m — 2] (mod 2)

In this case, one sees that KS(Wrp,,(1),0Wr,,(1)) = 0, p(0Wr,,(1)) = 1, o(Wp, (1)) = 1,
and z-x = 1. So it is clear that there is no e0lement of Emb™F (2, Wr, ,(1)) representing a
generator of the second the homology, showing that it is distinct from Emb®” (S2, Wr,,(1)).

To examine how Emb™°" (F, X) is distinct from Emb®” (F, X), consider the 0—Whitehead
double of the trefoil, Dy(Ts3). According to [12, Theorem 1.14], Dy(T33) has a generator
in the 1—trace represented by a locally flat sphere. However, according to [15, Theorem

2.1] the 0—twisted Whitehead Double of the Trefoil has kinkiness k£ = (0, 1), and, since this



is nonzero, it cannot be smoothly slice. In fact, Gompf proves more, he shows that the
0—Whitehead Double is not 1—Shake Slice, i.e. there is no element of Emb®™ (S, Dy(Ts3))
representing a generator of the second the homology. Clearly any smooth embedding is lo-
cally flat, by the tubular neighborhood theorem, and since we are only considering continuous
embeddings: Emb®™ (F, X) ¢ Emb™"(F, X) ¢ Emb®’ (F, X). Moreover, if we do not need
to distinguish between these three embedding spaces we will use the notation Emb (F, X)
to represent any of these three. Finally, we can endow all of these embeddings spaces with

the compact-open topology.

2.3 Families of Diffeomorphisms

The focus of this paper is on families of embedding, but in order to properly define them, we
must first establish families of diffeomorphisms. We will now summarize the construction of
families of diffeomorphisms by Auckly and Ruberman in [2] starting with a base case of 2
embedded spheres before generalizing to higher rank r.

By the work of Akbulut [1], Gompf and Stipicz [16], and many others, we know that
there are two smooth 4-manifolds X := F (2)#@2, an embedded Akbulut cork W, and a
cork-twist of X along W we denote as Y. Where E(2) = K3 is the second elliptic surface
[17]. An important detail we utilize throughout is that E(2) can be fibred in three distinct
ways, such that the fibres and nuclei are disjoint [19]. Let us denote these nuclei by N, N2,
and N3. Embedded in the first nucleus is the neighborhood N(T') of our essential torus 7.
The latter two nuclei will be used later to perform 2-log transforms to further generalize our
manifolds X and Y. A final important condition that we will utilize in generalizing these
manifolds to higher rank, is that the Akbulut cork W is disjoint from the nucleus N*' [4].

These manifolds X and Y have a few notable properties, X has non-trivial Donaldson
invariants and Y has trivial Donaldson invariants. Moreover, X and Y are topologically

equivalent via a homeomorphism ¢, and are smoothly equivalent after one external stabi-

10



lization via a diffeomorphism ¢. That is:

Y %X and YT 5 xt
co Coe
where X* = X#CP? and Y+ = Y#CP?. One important detail to note is that we assume
in these maps, as well as any maps related to X and Y going forward, is that they are
identity when restricted to N(T'), a neighborhood around our essential torus 7. Among
other operations, this notably allows us to perform connect-sums carefully without worrying

about the influence of the gluing operation.

Remark. An important point about our morphisms ¢ and ¢ is that they behave similarly
on the homology of the manifolds Y and X. Precisely, they should induce the same map on

homology when we sum the identity map of CP? onto 1, that is:

H,(p) = H,(Y#1cp2)

This can be seen in [2, Proposition 3.3 and 3.6] which is a generalization of Wall’s work [32].
Wall’s results are particularly for closed manifolds, but also apply to 4-manifolds with the

boundary of a homology sphere.

Since we are interested in embeddings of spheres into these 4-manifolds, let us consider
the two following ways to embed an S? into Y*. The S? = CP! is viewed as the hyperplane
section of CP2. One embedding, jy, into Y ' is a modification standard embedding of the
hyperplane section into the CP? summand of Y+ that drags a “finger” into N(T), but still
disjoint from T'. The second embedding, jx, is defined by jx = ¢} (V#1cp2) 0 jy.

j/ 1 /\X‘
YVt e— (CPY) —— Xt —— VT
©

\_/

¢#1CP2

11



Where (CP?)” means a punctured CP?. Examining the different ways these spheres can em-
bedded is the basic idea going forward. To better examine the embedding classes, let us define
the manifold that will serve as the base of our recursive process. Let Z := Y#C]PQ#Q@Q.
By [4], we know that there is a topological isotopy GZ, a stable-smooth isotopy F'Z, and
a pseudoisotopy KZ that are identity at time 0, and at time 1 map the spheres jy to jx.

Isotopies G and F# are illustrated here, and K? is discussed later.

a7 . IXZ\} /Ixz
/ \

FZ 1 x Z#(5? x §?) > I x Z#(S? x S?%)

These isotopies have one important condition. Denote the exceptional divisors of TP as
E; for i = 1,2 and the exceptional divisor of CP? as H. When G? and F? are restricted
to I x E; we want this to also be identity. Using these exceptional divisors, we can create
diffeomorphisms that are complex conjugation in a neighborhood of H + F; + F5 and in
a neighborhood of E;, we denote these as p’*#1+F2 and p'. Composing these diffeomor-
phisms, we create a diffeomorphism:
f _ pE1pH+E1+E2
This diffeomorphism f is now combined with the diffeomorphism ¢ from before, as well as

identity maps on X and Y to create the the fundamental building block for our recursive

construction, denoted as «’'.

= (Ix#/)P(y#171)

Where the notation h? is conjugation by ¢, that is h¥ = ¢~ hy. Note that under the G#
map we can see that o/ is topologically isotopic to the identity, and under the F# map it

is smoothly isotopic to the identity after a single stabilization. Thus, we may finally define



the base case diffecomorphism for the recursion process: denote o’ : S° — Diff(Z) where
a’(1) = 1z and a®(—1) = o where we view S° = {—1,1}. In addition, by [4, Theorem C],
after stabilization the diffeomorphism a’#1g¢2, g2 is smoothly isotopic to identity via a map
we denote as F°. This F serves as the base case of our families of isotopies. From these
base cases, we can define our tower of manifolds Z**! by: Zkt! := ZF#,7% where Z° .= Z;
as well as the families of diffeomorphims «, families of topological isotopies GG, and families

of stable-smooth isotopies F' by using the commutators:

aftl = [Fk, 1zk#TOéO:|
GF = [F* 10 #7G7]

FMU = [FF 1t 7

Where the notation #; means we perform submanifold sum over the neighborhood of the
embedded torus. With these primary families defined, we move on to a fourth family that
is slightly different. Instead of a topological or smooth isotopy, this fourth family involves
psuedoisotopy. A psuedoisotopy, originally attributed to Cerf ([6]) can be thought of as a

concordance.

Definition 2.3.1. Given an n-dimensional smooth manifold X, a psuedoisotopy K, of X,

is a diffeomorphism K : X x I — X x I such that Ky, and Kpx)xs are both the identity.

Above, we were interested in how diffeomorphisms, or families of diffeomorphisms, may be
isotopic. The concept of pseudoisotopy plays quite nicely with these diffeomorphisms. Two
diffeormorphisms ag, a; € Diff(Z) are said to be pseudoisotopic if there is a pseudoisotopy

K :IxZ —1x Zsuch that K(0,z) = ap(X) and K(1,z) = a;(X).

Definition 2.3.2. An element o € m(Diff(Z)) is pseudoisotopic to identity, that is, it

pseudocontracts if there is diffeomorphism K : I x S*¥ x Z — I x S*¥ x Z such that when

restricted to S* x Z maps (0,z) — (0, a(0)(z)).

Thus, when we examine families of diffeomorphisms, we may define a new family of

diffeomorphisms similar to how we defined G4 and F# above. Much like before, Auckly and

13



Ruberman utilize the commutator, but emphasize that need to be more particular here. So,

let us define a diffeomorphism:
KM SO % Ix SMx Zy — (S x I x S*HY) X et Zg

by Kk+l<€7 r, 07 Z) = (KkD—H(Ea r, 67 Z)a K§+1(6? T 9’ Z)) where the maps:

;

(Evl[Fkale#TK]T(zr_1707z)+170)7 Tz lande=—1
Kite,r,0,2) = ? ?

(67 T, 9)7 else

PP A p# K] r(2r —1,0,2), r>2%ande=—1
K (e, r,0,2) = 2 ?

else

n

Where the map K is a pseudoisotopy that induces a self-diffeomorphism on I x S* x Z.
For consistency sake, we will shorten the notation of K*™' as: K**!' = [FF 1,47 K7].
With this collection of four families of maps, «, GG, F', and K defined, we refer to these four
families, as well as the family of spaces Z*, as the rank 1 case.

Recall that we are interested in families of any rank r. Utilizing the above constructions,
which gives us the rank one case, we now seek to generalize to higher ranks. The full
construction and properties are given in [2, Proposition 3.6], but the process is summarized
here. The first change is to the underlying manifolds X and Y. Recall, these were the
topologically, but not smoothly, equivalent manifolds that became diffeomorphic after one
stabilization. For an integer r, we create the manifold X" by starting with the base manifold
X =F (2)#@2 and, similar to the recursive construction of Z*, fibre summing over the

embedded self-intersection 0 torus inside F(2) with additional copies of E(2).
X" = X#7E(2)#0)" 4 CP?

Similar to the rank 1 case constructed above, we now seek to have a Y that are homeomor-
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phic to X" and diffeomorphic after a stabilization. Recall that Y was defined to be obtained
by cork twisting of X along W. We will adapt this cork twisting construction of Y to the
generalized version of Y. However, we must be careful in this construction.

In each F(2) summand of X" there are three nuclei N*', N%2 and N*3 for i = 0,...,r
([17]). Using these nuclei, we perform log transforms of multiplicity 2 on X" along fibres in
the N%? and N3, A log transforms of multiplicity 2 means that in each nucleus we replace a
D? x T? with a second copy of D? x T? such that the new meridian wraps twice around the
original meridian. We denote the collection of manifolds resulting from these transforms as
X7, again for i = 0,...,r. By [2, Proposition 3.6], we know there is a homeomorphism from
X" — X7 and a diffeomorphism from X rACP2#2CP — Xr H#CP?#2CP° that preserve the
embedded torus T, which is the generic fibre of the N*! nucleus, and preserve the embedded
cork W. Thus, we define Y to be the result of cork twisting X" along . This construction
allows us to extend to desired homeomorphism ¢; : Y — X! and diffeomorphism from
Vi - YT#C]P2#2@2 — X7 #CIP’Z#Q@Q. Similar to how we constructed o’ in the rank 1

case, this extension of the morphisms allows us to define an (a')’ in the general rank r case.

of == (Ixr#1) 7 (Lyr# f7)

Finally, we can define the generalized spaces and families of diffeomorphisms for these
higher ranks as follows. First, denote Z%" := YT#CP2#2@2, and, similar to before, denote
ZMLr = kv 797 For the base case of a we define a?(0) = o/ and a?(1) = 1 allowing
us to define the rest of the tower in the analogous way:

k+1 .
Q;

Fika 1Z’“”“#Ta/?]

Git = [FF, 1 gea#rG7]

2

(2

[
[

EfY = [FF 1o #0F7]
[

K= [FF 1 #r K7
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In addition to higher ranks, an interesting fact we can also examine is that these families
of spaces Z*" can be modified to have rank r summands in the kernels of other homotopy
groups, not just the kth group. Stated another way, for £ < p and £k = p mod 2, the kernels
of the homotopy groups 75, will all contain rank r» summands.

As before, the full details for families of diffeomorphims are present in [2, Proposition
3.4], but are summarized here before we generalize the process to families of embeddings.
The main ingredient is a special 4-manifold V' defined by Auckly and Ruberman [2] which
is a slight alteration of a construction by Gompf [18]. Notably, V has by = 9, b, = 45,
and contains two disjoint copies of the N(2) nucleus that each contain a copy of a torus 7.
Denote these tori as 17 and T5. If ¢y € év is Poincaré dual to o; + 09 where o7 and o9
are sections in the nuclues N(2), then cy[T1] = cy[T5] =1 mod 2, and by [2, Proposition
3.5 (7)] V has non-zero Donaldson invariants, specifically ¢, v = —8. Furthermore, for, let
cy € 6‘/ be as above, let ¢z € 6@, and define cy z € C’Q#TV such that when restricted to
Z \ T, respectively V' \ T, the class cy z agrees with c;, respectively cy,. We have by |2,
Proposition 3.5 (6)] that the Donaldson invariants of the sum 0Z#V are the product of

the Donaldson invariants of Z and V', that is:

ey 7,247V = Qey,VAez,Z = _SQCZ,Z

Definition 2.3.3. Using V, we are interested in constructing a manifold Z,, from the
established manifold Z*". The argument depends upon whether p is even or odd, but they
are very similar. When p is odd we set ¢, := (p—1)/2 and when p is even we set ¢, := (p—2)/2.

We then define our manifolds in the odd and even cases as follows:

Zyp = Zl,r#Tv(#T)q" Zyp = Z2’T#TV(#T)%
0Odd Case Even Case

This summing allows us to utilize a final interesting property of V. By [33] and [2] we

have that there is an r¢ such that for any r > rq that sum V#7rFE(2r) is almost completely
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decomposable.

Definition 2.3.4. A manifold is completely decomposable if it is diffeomorphic to a con-

nected sum of copies of CP? and CP.

Definition 2.3.5. A manifold X is almost completely decomposable if X#CP? is completely

decomposable.

2 Y4 6

Z2,r

Z2T VeV

Figure 2.1: The Summing of V' Yields Appropriate Kernel in Higher Homotopy.

In either the even or odd case, for sufficiently large r, this property of V#rE(2r) and
our construction of Z*" allows us to define a sequence of diffeomorphisms. In the odd case

we have that:
Zyp = Zlvr#TV(#T)"" o~ Z3,T#Tv(#ir)q°71 ~ L Z2€+1’T#TV(#T)(107Z

and we have the analogous equality in the even case. Formally explained in [2, Proof of

Theorem 1.1}, the intuitive idea is as follows. Start with a manifold that has a Z" summand
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in the kernel of 7, summing to this manifold a copy of V' results in manifold that still has
a 7" summand in the kernel of 7, but now is diffeomorphic to the manifolds that has a Z"
summand in the kernel of 7y 5.

This fibre sum of copies of V' can be visualized in Figure 2.1. Each column represents
different levels of homotopy groups, and the top rows represent the kernel in homotopy of
the base manifold Z*", and rows represent summing on copies of V. Each concentric ring
represents an additional summation. For example, in row 1 column 1, we have a black circle
that represents the kernel of the manifold Z2", and in row 1 column 2, we have a blue circle
that represents the kernel of manifold Z*". If we sum a copy of V to Z>", we now have the
picture in row 2 column 2. We have augmented the manifold Z?" now that its 74 kernel also
contains a Z" summand, just like the kernel of m, for Z*". We can sum an additional copy
of V to Z?" to receive the picture in row 3 column 3. We have augmented the manifold Z2"

now that its 7 kernel also contains a Z" summand, just like the kernel of mg for Z%".
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Chapter 3

Construction of Examples

3.1 Embellishing the Spheres

In Section 2.3, we briefly outline the construction for interesting families of diffeomorphisms.
These diffeomorphisms form the foundation, as now we will define interesting families of
embeddings using the diffeomorphisms. To make this construction more clear, we will mirror
the construction above for families of diffeomorphisms. We will start with the base case when
there are two embedded spheres, before generalizing to a collection.

Recall in the base case we are examining two spheres being embedded into the manifold
7 = Y#(C]P’Q#2@2 with self-intersection (+1). Going forward, we are not only interested in
(41) spheres, but in spheres of non-negative self-intersection n. These (n) spheres are care-
fully constructed by using the (+1) spheres and a process called Embellishments developed
by Auckly, Kim, Melvin, and Ruberman in [3]. For any non-negative self-intersection (n),
they constructed infinite collections of spheres that were topologically equivalent, but not
smoothly equivalent, as detected by an operation called blow-up/blow-down. They refer to
the construction as embellishing a sphere. Additionally, they noticed that by changing the
orientation of the ambient manifold, they could construct spheres of negative self-intersection
as well. We are adapting this construction to families of spheres. The full process is outlined

in [3], and we will summarize it here.
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Figure 3.1: Configuration of projective lines in (CP?)° in Z, taken from [3]

In our manifold Z, fix a pair of base points, p and ¢, and isotope an embedded (+1)
sphere S so that ¢ is on S but p is not. Take a tubular neighborhood U of S that contains
both p and g. Within U choose a line T that is away from p and ¢ as well as a pencil P¢ of
d > 1 number of lines in U that are disjoint from ¢ and disjoint from 7N S. Figure 3.1 is
an illustration of this construction taken from [3]. To construct a sphere of self-intersection
n > 1, denoted by S,,, we simply need to blow-up the points p and ¢, glue, and then smooth
the configuration. More formally, to create a sphere of self-intersection (2d), we take SU P,
blow-up at p and ¢, and then smooth. To create a sphere of self-intersection (2d + 1), we
take T'U P?, blow-up at p and ¢, and then smooth. As an example, when d = 2, the picture,

also taken from (3], would appear as in figure 3.2.

Vs

o -

Figure 3.2: Example of embellishment, taken from [3]

N

7™

?K\
(J

AN

Proposition 3.1.1. Let [S,] denote the homology class of the embellished sphere as con-
structed above for a postive integer n. If S and P denote the blow-up of S at ¢, and P at

p, respectively, then [S,]?> = n. That is, S, has self-intersection n.

Proof. When n = 2d, we have that [Syy] = [S U P]. Therefore, if we denote F, as the

exceptional divisor for the blow-up at p, and E, as the exceptional divisor for the blow-up
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at ¢, we can see that
[S2d] = [SUP] =[S + E|] +d[S + E)] = (d + 1)[S] + d[E,] + [E,]
Meaning that when we examine the self-intersection [Sy4]?, we have that:
(d+1)[S]+dE)]+ [E))’ = (d+1)?—d*—1=2d

Since [S]* = 1, [E,)* = [E,]* = —1, and all of the cross-terms are zero. Similarly, when
n = 2d + 1, we have [Sy41] = [T'U P] = [S] + d[S] + d[E,]. Thus, it is easy to see that
[S2at1] = 2d + 1.

0

By [3, Proposition 3.5], using the tubular neighborhood theorem, isotopic (+1) spheres
in our manifold Z, will have isotopic embellishments. Therefore, our original isotopies on
the (+1)-sphere, GZ, FZ and K%, are also isotopies of our embellished sphere. Stated more
formally, if jy,, and jx, represent the embeddings of the embellished spheres into Y+ and
X respectively, then, at time 1, G and KZ map jy,, to jx, in the manifold Z, and FZ,
at time 1, maps jy, to jx, in the manifold Z#(S? x S?).

One particularly helpful way to view these spheres is as sections of an appropriate man-
ifold. Recall, when the sphere had self-intersection (+1) we viewed it as the section CP!
inside of CIP?, which is how we originally embedded it. Now, we interpret this embellished
sphere S, as the section of the nth Hirzebruch surface, denoted by F,,. Since (C]P’2#2@2 is

diffeomorphic to Fn#@2 by handle slides, this allows us to view our manifold

7 = YHCP*#TP = Y 4T, #CP
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3.2 Interesting Families of Embeddings

With the spheres embellished, we now will create a new tower of manifolds, embeddings, and
isotopies, similar to the diffeomorphisms before. We will begin with the base case of only
two embedded spheres, before generalizing to collections of embeddings.

First, denote Z° := Z and recursively construct Z* := Z+¥=14. 7% Second, let us view

S% = {—1,1} and define the two base cases of our tower of embeddings }%n and 39(-” by:

—~

Jym S0 x 5% = 8% x Z°
Tnle,w) = (2, jyn(w))
/j'\g(m:SOxSQ—>SO><ZO

Ty (&, w) e=1

Txnlew) =
(_17jX,n(w>> e=-1

Third, we now define the base case of our tower of stable-smooth isotopy using the original
stable-smooth isotopy FZ. Recall in our original definition in that FZ : I x (Z#(S%*x S?)) —
I x (Z#(S? x 5§?%)) such that F is identity and F¥ maps jy, to jx,. We will denote these
isotopies as the same letter from before to emphasize the similarity. We define the base

family of stable-smooth ambient isotopy by:

FO T x SO (Z9%4#(5? x 58%)) — I x 5% x (Z°#(5% x §?))

FOt,e,2) = (t,g,p. 0o FZ(1/2(1 — e)t, 2))

Where p, o FZ is projection onto the (Z#(S5? x S?)) component of FZ.

Remark. Before we define the rest of the tower, let us highlight a few important details.
Intuitively, the recursive construction of the manifold can be visualized as spokes of the
manifold Z being summed over the axle of T". Inside Z there are embedded spheres that

are topologically equivalent, smoothly distinct, but can be made smoothly equivalent after
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a stabilization. Moreover, recall that Z° = Z = Y#CP2#2CP° = Y#(S? x S?)#CP". This
means that when we proceed up the tower of manifolds to Z**! by fibre summing, we are
summing on a copy of (8% x S?), which means we are stabilizing the Z* manifold. Once the
manifold has been stabilized, the families of embedded spheres become smoothly equivalent
under the isotopy F'. This smooth isotopy, however, must interact with the new summed
copy of Z°. Since Z**! has many copies of Z \ T it has many embeddings of the sphere into
any of these copies. The embedding we care about is the embedding into the last copy, which
we denote by the tilde notation j. The interaction of the isotopy F with the embedded sphere
J in the new summed copy results in the creation of the paramterized families of embeddings
and isotopies. In Figure 3.3b we see the case when perform a single sum. The blue and
orange are embedded spheres and the pink path represents the isotopy F'. The isotopy maps
one sphere to the other in the original manifold, but creates two one-parameter families of
spheres because of the two embedded spheres in the summed Z component. The recursion
process occurs as we sum on more spokes of Z, and continue to perform the stabilization of
the previous family of spheres, thereby creating higher paramterized families with each new

spoke.

Original Z Summed Z

(a) A single copy of Z (b) Z#1Z with isotopy.

Figure 3.3: Submanifold Sum allows for a Smooth Isotopy

Next, for ease of definition, we will decompose the (k + 1)-sphere so that it is viewed

as SFT = (I x S%)/((0 x S¥)U (1 x S*)). Finally, we can recursively define the family of

23



embeddings }Zﬁll and the family of stable-smooth isotopies F**! by:

}f:l SR 62y GhHL o Zktl
ﬂ“;l(t,v,w) = F*(t,0, jon(w))

FFEUCT 5 SMHU (ZFH44(S% x S?)) = 1 x SPHx (ZFH (8% x 57))

F* (s t,v,2) = (s,t,v,p. 0 F*(t,v, FNZ(S, 2)))

Where a represents either X or Y, s € I, [t,v] € S¥*! and p, o F* is projection onto the
(Z FHLLL(S? x 52)) component of F*. Additionally, the embedding }; and the isotopy Fz

are happening in the Z° summand (or “newest spoke”) in Z¥* = ZF4, 20

Remark. Regarding the constructions above, we quickly clarify the map F* is not defined on
all of Z5+1 = ZF4, Y #(S? x S2)#CP", however it is only defined on Z*#(S2 x S2)\ N(¢).
Thus, we can simply extend F* by defining it to be identity on the other portion. Due to

the already substantial amount of notation, we did not wish further complicate things.

Proposition 3.2.1. The family of embeddings 3§n and the family of stable-smooth isotopies
F* as defined above, are well-defined. Furthermore, F’“(l,;{%n) = ?;n, that is, F'* is indeed

an isotopy between the families of embeddings.

Proof. We begin with the base case of k£ = 0 before continuing by induction. In our con-
struction we have implicitly stated the basepoint of S® = {—1,1} is 1; meaning that F
should be identity at the basepoint, independent of time, and the usual isotopy otherwise.

Indeed when € = 1 we have that:
FO>t,1,2) = (t,1,p. 0 FZ(0,2)) = (t,1, 2)

since F'Z was defined to be identity at time 0. When ¢ = —1 and when ¢ = 0 we have that

for w € S? the map F° is identity everywhere, and notably on the embedding ‘/j\%n:

FO(O> _1739/,71(_1710)) = (07 —1,p. 0 FZ(Oan,n(w))) = (07 _17j3f,n(w)) :}?’,n<_1vw)
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When ¢t = 1 we have that F'° maps 39,771 to ;9(771:
Fo(l’ _17310/,71(_1’11})) - (17 —1,p. 0 FZ(l’jY,n(w») - (1’ _1’jX7n(w)) :jgf,n(_lvw)

Moreover, F? at ¢ = 1 is identity away from these spheres, since the isotopy F? was de-
fined to be as well. Thus, these maps work as intended in the base case. Now, let us
consider the higher order families. For arbitrary (k + 1), we first need to ensure that
they are well-defined for our decomposition of S**!'. Recall that we decomposed S*+! =

(I x S%)/((0x S*)U (1 x S*)). Let us first examine
F* (s t,v,2) = (s,t,v,p, 0 F*(t,v, ﬁ(s, 2)))

We need to ensure when t = 0, respectively when ¢ = 1, that F**! is independent of the

choice of v. When ¢ = 0 we have that:
F*(5,0,v,2) = (5,0,v,p, o Fk(O,v,ﬁ(s, 2)))

Note that F*(0,v, FZ (s,2))) is the lower order isotopy at time zero, which by induction we
see is identity, regardless of v. Therefore, at t = 0 our map F* is also independent of v.

When ¢t = 1 we have that:
F* (s 1,v,2) = (s,1,v,p, 0 F*(1,v, ﬁ(s, 2)))

Similar to the ¢ = 0 case, we note that F*(0, v, ﬁ(s, z))) is the lower order isotopy at time
one, which, by induction, we see is identity outside a neighborhood of our embeddings of
spheres. Hence, we have that F*! is well-defined. Before we show that F**! is an isotopy

between jit! and ji7!, let us ensure that j' and %) are well-defined too.

Once again, we need to ensure when ¢ = 0, respectively when ¢t = 1, that 354721 is inde-

pendent of the choice of v, for a = X, Y. Recall that for [t,v] € S*! and for w € S? we
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have:

k1 (t, v, w) — Fk(t, v, };;:(’LU))

ja,n

Thus, these maps are wholly determined by the lower order F*, which, as shown above, are

independent of choice of v, by induction. All that remains is to ensure that at s = 0 our

map F**1 is identity, and at s = 1 our map F**! maps jfﬁnl to %“(*nl Indeed this is true,

since when s = 0 we have that F*(0, 2) is identity, which determines the rest of F**! and

when s = 1 we have that for w € S?:

FRUL G (1 v, w)) = (1t v.ps 0 FH(E 0, F2(1, i (w))
= (1,t,v,p, o F*(t, U,jy\f(n(w))) By Induction

k1
Hence, we have that the map F**! behaves as desired. O

With the family of embeddings ﬂﬁf and the family of stable-smooth isotopies F**1 as
defined above, we can now define the rest of our families. We define the families of topological

isotopies G**! and families of pseudoisotopies K**! on embeddings by:

Gk+1 T x Sk+1 % Zk:+1 ST x Sk+1 % ZkJrl
G (s, t,v,2) = (s,t,v,p, 0 F*(t,v, Cf;\é(s, 2)))
KM T S 280 [ SR Z8H

K* (s t,v,2) = (s,t,v,p. 0 F¥(t, v,/[—(\z(& 2)))

where s € I, [t,v] € S*!, and p. o F* is projection onto the (Z*"#(S? x $?)) component
of F*. Additionally, the isotopy GZ and the isotopy KZ are happening in the Z° summand
(or “newest spoke”) in Z¥*1 = Zk4£,70. The family G**1, respectively K**!, can be easily

seen to be well-defined since it is determined by F* and G#, respectively K#, which behave
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similar to F#. That is, they were constructed over the base manifold Z and are identity at
time 0, and at time 1 map the sphere jy to the sphere jx.

With these base families defined, much like in section 2.3, we now seek to generalize this
construction to higher ranks. We begin by first altering the underlying space, Z. Recall in
the earlier section, we used the base manifold X and fibred on additional copies of the F(2)
surface to create X”. We then perform log-transforms on nuclei to create { X}, performed a
cork twist to define Y7, and finally augmented the manifold Z* to Z*" using these operations.
We will follow this construction again to define our manifold Z" := Y”#(CIP’Q#2@2. Like
before we do not simply have two embedded spheres, but one for each X/, 7 =1,...,r, and
one for Y”. We define these embeddings as j; = gp]l(wi#lcw#Q@z)jyr fori=1,...,r. By
2, Proposition 3.6] and [4, Theorem C], our isotopies GZ, FZ, and KZ can be extended to
collections of isotopies GZ, FZ, and KZ. That is for each i = 1,...,7, we have that j; is
topologically isotopic to jy+ via GZ, that j; is stable-smooth isotopic to jy+ via FZ, and that
Ji is pseudoisotopic to jy- via KZ.

Once again, since we are not only interested in the self-intersection (+1) spheres, we
will need to perform embellishments on the spheres in this space like before. Since the
collection represented by j; spheres are all embedded into different components of X", and the
embellishment operation is done in a neighborhood of each sphere, we may simply embellish
each sphere one at a time which we denote by j;,,. With this collection of embedded spheres

embellished, denote Z°" := Z" and define the base families of embeddings and stable-smooth
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isotopies by:

Ty iSO x 8% — 8% x 2°
-/].\XO/T,n(g’ w) = (&, jyrn(w))
32n:50><52—>50><20

0
' jw’n(g, w) e=1
‘/7\10,n<€’ w) =

(=1, jin(w)) e=-1
FP T x SO x (Z97#(5% x S%)) = I x 8% x (Z°7#(5* x 5%))

Ft,e,2) = (t,e,p. o FZ(1/2(1 — e)t, 2))

The rest of the recursive tower construction proceeds as one expects.

Definition 3.2.2. We define Z¥*1" = ZF74. 70" and the families of embeddings and

isotopies by:

35:1 : Sk+1 « 52 N Sk—l—l x Zk—l—l,r
JE v, w) = FF(t v, jin(w))

FIF TSP (ZM (5% % 8%)) = T x S x (ZFF (57 x §7))
FE (s, t,0,2) = (s.6,0,ps 0 FF(t, 0, F(s, 2))

Gfﬂ T x SR s gL s GhFL o gkt
Gf“(s,t?v,z) = (s,t,v,p, 0 ﬂk(t,v, C}?(s,z)))

Kik—i-l T % Sk—i—l % Zk-‘,—l,r ST x Sk—i—l % Zk-l—l,r

Kf+1(s7tava Z) = (S7t7vapz o F;;k(t7’(_]’/[};Z/(8, Z)))

again where s € I, [t,v] € S*' and p, o F* is projection onto the (Z¥M#(S? x $%))
component of F*. Additionally, the isotopies é\? , 1:? , and /I—(? are happening in the Z°
summand (or “newest spoke”) in Zkt1 = ZF4,70.
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Remark. Our families of embeddings, as defined above, are actually constructed as an ex-

tension of the adjoint. These embeddings 3{“:{1 should first be viewed as:

Jint: SF — Emb(S?, ZM17)

Next, applying the adjoint we have a map S*¥ x S? — Z, and extending the adjoint to be

identity on the first component, we have our embeddings:
Eﬁl Rl o G2y gkt ghilr

To maintain convention with later constructions, the hat notation refers to the extension of

the adjoint.
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Chapter 4

The Invariants

This chapter outlines the creation of the Family Invariant used to detect the exotic families of
embeddings. We first outline the basic construction of our invariant using submanifold sum.
However, the usage of submanifold sum on general families may not be possible. Recall,
in order to perform a submanifold sum we require an orientation reversing isomorphism of
the normal bundles. In general, this may not be possible. Since these are paramterized
embeddings, the parameterization may result in “twisting.” This twisting of the parameter
component results in non-isomorphic normal bundles. To address this, we next define a
Twisting Invariant to determine if submanifold sum is possible. Once this problem of twisting
is addressed, we define our Family Invariant on families of embeddings by using Konno’s
invariant [25] on the associated family of manifolds created by the submanifold sum. Finally,
we relate Konno’s invariant on a family of manifolds to the Auckly-Ruberman invariant,

which utilizes degree 0 Donaldson invariants [2], on the associated family of diffeomorphisms.

4.1 Invariant Setup

We are interested in the topology of the embedding spaces, specifically we want to examine
mr(Emb (F, X)) and Hi(Emb (F, X)). A useful way to examine these groups is to begin

with the homotopy classes and to recall that an element of a such a homotopy group is a
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equivalence class of a sphere into the space of embeddings. Similarly, an element of the
homology is an equivalence class of singular chains which may be viewed as a map of a

k—cycle into the space of embeddings.
J:¥F = Emb (F, X)

A natural way to view this family is via the adjoint, which gives us a map: J : ©% x F — X.
We will actually extend this map J into a slightly more useful form, which is simply identity
on the first component.:

J: S« F oy x X

Let us endow Emb'(F, X)) with the compact-open topology. We first highlight that, in
general, these spaces are not path connected. Two elements in the same component of
Emb®’ (F, X) represent the same homology class; thus, if two embeddings represent different
homology classes, they cannot lie in the same path component. Indeed, if there was a
path between them, that path would be a homotopy of the two maps, and maps that are
homotopic represent the same homology class.

To create the desired invariant, we first note that for the purposes of this paper we will
restrict F' to the 2-sphere S?, meaning we are examining the embedding space Emb'(S?, X).
Any component of this space will represent a well-defined homology class. By changing
orientation of the ambient manifold, we may assume that the self-intersection number is
non-negatived. Let us denote this self-intersection number by n. To define an invariant for
a homology calss of embeddings, we will take a family submanifold sum with a standard
model to obtain a family of 4-manifolds and then apply a family invariant to this family of
4-manifolds. In principle we could use any family invariant. In this case, we will use the
Donaldson characteristic class as developed by Konno [25].

For a family of embeddings J : ¥* — Emb'(S2, X) we use the adjoint to extended this to
the analogous embedding J: 3k x 82 — ¥k x X. In the case of n > 0, the standard model

family of embeddings is fc—;z Yk x §? 5 ¥F x nCP. This map is simply identity on the
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first component, and the second component maps S? to the sphere of self-intersection (—n)
inside nCP" created by summing each of the exceptional divisors in nCP". In the case of
n = 0, denote OCP” as S* and we will consider a map where ¥¥ x S? embeds into X* x S*,
in the usual way.

We now describe how to create families of spaces from the families of embeddings using
the sub-manifold sum construction. Recall that in the definition of submanifold sum, we
needed a fibre orientation reversing isomorphism of the normal bundles of the submanifold.
So for our families, when the normal bundle of ¥* x S? in ¥* x X is fiber orientation
reversing to the normal bundle of ¥* x S? in XF x nCP" we say the family of embeddings J

has a non-negative standard normal bundle. With this, we finally can define our associated

k-dimensional family of spaces to be:

Definition 4.1.1. For J : ¥* — Emb(S?, X) with non-negative standard normal bundle we

define the associated family of spaces to be
Z; = (BF x X)#hsengz (ZF x nCP)

Where ¥* x S? embeds into the left component by J and into the right component by %.

However, are we guaranteed to have a non-negative standard normal bundle? In short:
no. We need a fibre orientation reversing isomorphism between the normal bundles, and
Since ¥F x S? is a codimension 2 submanifold, in both ¥* x X and ¥* x nCP", its normal
bundles are classified by the Euler Class. Moreover, the Euler class is an element of the
second cohomology of ¥F x S2. This poses a potential problem in case when ¥* has non-zero

second cohomology. Consider the example above when X¥ = 2.

Example 4.1.2. Let X := S? x S? and consider two spherical families in the class [b x S?],

where b is a fixed point in S?. We define these spherical families as:
§?x S B S xX by Jolr,y) = (z, (by))

PxPB P X by Jiry) = (z ()
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We will now show that these two families have distinct normal bundles. Since these
are codimension two submanifolds, we must examine the second homology of our domain:
Hy(S? x S?) = Z®Z. Therefore, we have two generators A = by x 5% and B = S? x by, where
by is the basepoint. Next, restrict the families Ji and Jp to these generators. Beginning with

J1, we can observe that:

j1 o A(z) = jl(bo;y) = (bo, (bo, ¥))

Ji 0 B(z) = Ji(x,by) = (z, (x, b)) (4.1)

The map (4.1) simply returns the diagonal of S? x S? x by. Next, let us consider the following

diagram:
(r,y) —————

(z,y) S2x 8 —F 5 52 x
I Js b
(z,2,y) S?x 8% x §2 —— 52 x §? (x,7)

(w,z,y) —— (w0, )

We now claim that the normal bundle of the jl is the pull-back of the normal bundle of j;.
Noting that Ji(zs,4:) = (ji(z),u:), for any t, we can observe that that derivative of this
map is: (J1)s(#0,90) = (js (o), 90). Therefore, as we examine the normal bundle, we have

that:

T(S? x 8% x S2) /() (@0, 90) = (T(S?) x T(S?) x T(S?)) /(j.(0), %0)

~ (T(S%) x T(S%)) /a (o)

Combining this observation with the fact that j; is simply the diagonal map on its image, we
note that j; can be represented by the generators of the second homology in the form: j; =

B+ A. Meaning that j7 = 2, and, more importantly, that the Euler class is e(N(j;))(S?) = 2.
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Since characteristic classes are natural with respect to the pull back, we may also note that:

e(N(J1))(A) = e(¢" (N (4)))(A) e(N(J1))(B) = e(¢"(N(4)))(B)
= e(N(4))(px(A)) - = e(N(5))(¢«(B))
= e(N())(0) = e(N(4))(5?)
=0 =2

However, if we repeat the above process with :];) we arrive at a slightly different outcome.

The first observation is jz) applied to the generators,

Jo o A(w) = Jo(bo,y) = (bo, (b,1))

Jo o B(x) = Jo(x,by) = (z, (b, by)) (4.2)

Similar to the jl case, if we observe the map 4.2 above, the map returns simply the first S2.

Let us observe a familiar diagram:

(r,y) ———— x

(z,y) S2x 8 —F 4 52 T
] Js B
(x,b,y) 5% x 8% x §%7 —— 5% x 52 (x,0)

(w,z,y) ——— (w, )

Like before, the normal bundle of the jo is the pull-back of the normal bundle of jj, and

34



following the analogous steps as above, we can conclude that:

T(S* x S x §%)/(Jo)u (0, o) = (T(5%) x T(5%) x T(S%)) /(o) (o), §0)

~ (T(5%) x T(5)) /(jo)« (o)

In this case, however, we note that j, can be represented by the generators of the second
homology in the form: j, = B. Meaning that j2 = 0, and, more importantly, that the Euler
class is also 0. Like before, since characteristic classes are natural with respect to the pull

back, we can finally observe that:

e(N(Jo))(A) = e(¢" (N (jo)))(A) e(N(Jo))(B) = e(¢"(N(jo)))(B)
= e(N(jo))(¢+(A)) - = e(N(jo))(¢+(B))
= (N (5))(0) = e(N(5))(5%)
=0 =0

We can now easily observe that the normal bundles of jo and jl are distinct and not
isomorphic. When restricted to generator A, both bundles had the same Euler number, but
when we restricted to generator B had different numbers. The B generator corresponded
to the first S? component, that is: the parameter component. So, in this example, the
problem only existed in the parameter component and not in the embedding component, i.e.
the second S?. In general, our constructed families J may also have this problem with the
parameter component, and for this reason we refer to this as “parameter twisting”, or just

“twisting”.

4.2 The Twisting Invariants

To address this problem of parameter twisting, we will create an invariant on our families
of embeddings that will detect if a submanifold sum is possible. To create this invariant we

utilize the universal normal bundle.
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Lemma 4.2.1. Consider the commutative diagram below where J € Hy,(Emb(S?, X)) and J

is the induced adjoint; along with the map u(j,v) = (j,j(v)).

Emb(S?, X) x §? «—*— Emb(S?* X) x X

JXlsQT JXle

Yk x §2 « J y Y x X

If J x 1x is transverse to Emb(S? X) x S?%, then the normal bundle of j, denoted by
Nwa(v)Ek x S? is isomorphic to (J x 1g2)*N, the pullback of the normal bundle of u

Definition 4.2.2. Given a smooth map f : X — Y where Z is a submanifold of Y via an
embedding ¢, we say that f is transverse to Z if for every z € Z

T (TZ) @ (T(f) T X = Ty Y

Lemma 4.2.3. The map J X 1x is transverse to the submanifold Emb(S?, X) x S2.

Proof. To show that J x 1x is transverse to the submanifold Emb(S? X) x S? we need
to find a (Di,v) € T(Emb(S? X) x S?) and a (w,y) € T(XF x X) such that for any
(Dj,2) € T(Emb(S?, X) x X) the following equivalence is true:

(Dj, &) = (T(gpyt) (Di, ) + (Tl (o)) S™ x X) (10, 9)

To find such elements, let us examine the components of the right-hand side above. By

definition, we have that:

(T(Jw,v)u) (DZ,’U) = %U’(jt; 'Ut)’t:O = (D’l, DZ(UO) +]*U)

(T(wa(v)))Ek X X) (w7y) = %(‘] X 1X)(wt7yt)|t:0 = (J*(w)vy)

Therefore, by setting ¢ = j, w =0, 9 =0, and y = £ — Dj(vy) we have found elements (D1, )
and (1, 7y) showing that J x 1x is transverse to the submanifold Emb(S?, X) x S2. O
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Utilizing this arugment about transversality, we can now can examine the normal bundles

of these spaces in the commutative diagram above.

Proof of Lemma 4.2.1. We first view the bundles as quotient bundles:

N

T,y (Emb(S?*, X) x X)) /(T (Emb(5%, X) x S?))

I

T;Emb(S?, X) x Ty X) / (TEmb(S?, X) x T5?)

I

waaw(v)zk X 52

(T4
= (
((75Emb(S%, X)) / (TEmb(S®, X)) x (LX) / (T5%))
(T ey (57 x X)) /(T (2F x 5%))

(

1%

TE" ) TER) X (T X/TS?)

Next, let ¢ : N, = Njw)S? by ¢([D;, 2]) = [#]. To show this is well-defined, first suppose

[Dj,, 1] ~ [Dj,, &3], which more precisely means that there is a [D;,, 9] € Emb(5?, X) x S?

such that [Dj,, 1] = [Dj,, &2] + [Dj,, v]. With this, we have that:
@([Djoa U]) = [i‘Q + U]

However, in Nj(,)S? the class of [i5 + 9] is equivalent to the class [#,]. Hence, it is clear that
@ is well-defined. To show this is an isomorphism, let us first note that the left component
of Nj, is can be defined by the short exact sequence:

. T;Emb(S?% X) .
) l1a ’ JZEmb(SQ,X) > 0

0 — T (Emb(S2 X)) —— T (Emb(S%, X
However, we clearly note an isomorphism between 7' (Emb(S?, X)) and T (Emb(S?, X)) |14,

meaning that 7;Emb(S?, X)/TEmb(S?, X) 2 0. A similar argument shows that T, %% /T3F =

0. Thus, we need only examine:

(TjwX) /(T5?)  and  (Ty,wX) / (TS?)
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By Guillemin and Pollack [20], we know that if a smooth map f : X — Y is transverse
to a submanifold Z, the preimage of that submanifold under the map is a submanifold, i.e.
f~YZ) C X is a submanifold. Therefore, since (J x 1x) is transverse to Emb(S?, X) x S?,
we have that (J x 1x) 1(Emb(S?, X) x S?) is a submanifold in X*¥ x X. This means that
whether under the map J or under the composition (J x 1x)o(J x S?) the output in XF x X
should be the same. Chiefly, this means that J,(v), the induced embedding J,, created from

w € ¥ is equivalent to j(v) when viewed via the composition. That is:

(Juy ) 1 r (Juws Juw(v))

AN AN

Emb(S2 ) x §? —“— Emb(S?, X) x X

(/x
Ix1g & Lxlx

><52' 8

(w,v) s (w0, Ju(v))

Thus, we have that T}, X/T'S* = T,y X/T'S?, which finally implies that N, s, S" x S?

is isomorphic to N via the pullback. O

Utilizing this isomorphism, let us now examine the Euler class of the universal normal

bundle. Since the bundles are isomorphic via the pullback, we have the following:
(J X 152)*6(/\/) = €(N2kxx(zk X 52))
The right-hand side of this equality is an element of H?(XF x S?%). Set % : ¥F — ¥F x G2

where i%(0) = (0,v) and set i% : S? — ¥* x S% where i%(v) = (0,v). By the Kiinneth

theorem, the map:

((%)*, (i%)%) : H*(S* x S?) — H*(E¥) x H?(S?)
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is an isormorphism. Thus, we consider the two elements

(1) (J x 1g2)"e(N) = (J x v)"e(N) € H*(Z*)

(Z%)*(J X 152)*6(/\/) = (Q X 152)*6(/\/) S H2(SZ)

Where v and @ are constant maps. Hence, the Euler class of the neighborhood of the
embedding e( Ny, x (3F x S?)) is completely determined by: (J xv)*e(N) and (0 x 1g2)e(N).
Since we embedded the original S? into our manifold X with self-intersection n, we know
that the latter (8 X 1g2)*e(N') = n. The former highlights the concern we have discussed in
that the parameter component may incur some “twisting”. It is this twisting that we seek
to avoid. So, to define the twisting invariant, let us now define a sub-set, in fact normal

subgroup, I' of Hy(Emb(S5?, X)) by:
[':={vy € Hy(Emb(5* X)) |y = [J: ¥ = Emb(5*, X)], (J x v)*e(N) =0}

Proposition 4.2.4. T is a normal subgroup of H;(Emb(S?, X)).

Proof. Since Hj(Emb(S?, X)) is abelian if " is a subgroup, it is a normal subgroup. First,
the identity element in 0 € Hy(Emb(S?, X)) can be represented by a map Jy that maps the
¥ simplex to the trivial embedding of S?. Meaning that (Jy X v)*e(N) = 0. Second, for
v € I', it can be represented by a map J, : ¥* — Emb(S?, X). This simplex X% := Yayoy,
where each o : A¥ — Emb(S? X), can be thought of as a polytope created by gluing
together standard simplices o, with a weight a;, = £1. Meaning that the element y~! can
be simply represented as a map J,-1 : —X% — Emb(S5?, X), where —X* is created from X*
by simply multiplying the weights by -1. Finally, all that remains to be shown is that for
any 7,72 € I' that 7, + v € I'. Since 71,72 € I, they can be represented by maps J,, on
¥ and J,, on Xy. Thus, let us define a map J,, -, on 3 L3, that is simply J,, on 3; and

J,, on 9. Hence, since cohomology distributes across disjoint union we have that:

(J’YlJr’Yz X Q)* 6<N) =0
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]

Definition 4.2.5 (Twisting Invariant). Given a family of embeddings J : ¥* — Emb(S?, X),

we define an invariant to detect parameter twisting called 7, where:

0 Hy(Emb(S2, X)) — Hy,(Emb(S2, X))/T

by n(J) = [J : ¥¥ — Emb(S?, X)]

Remark. In the definition of the twisting invariant, we did not specify if the embedding
space was of smooth or topological (locally flat) embeddings. In reality, it is defined in the
locally flat case. In the smooth case, there is no issue with the existence of a normal bundle,
but one may worry in the locally flat case. By Hatcher ([21]), we know that over a locally
flat space the fibres of normal bundles on charts can all be made parallel. Despite now
being parallel, the fibres may not be sufficiently compatible to be called a normal bundle.
In our case, these fibres are real 2-dimensional, and standardizing the fibres is a map in
Emb((R?,0), (R?,0)), that is, a map on R? that fixes the origin. Kister showed in [24] that
Emb((R?,0), (R?,0)) deformation retracts onto Homeo(R?,0). Moreover, Friberg shows in
[14] that SO(2) deformation retracts onto Homeo(R?,0). A bundle is classified by maps
into its classifying space, up to homotopy. Therefore, our bundle is classified by maps into
BSO(2). The classifying space of SO(2) ~ S' is §°/S' ~ CP*. By examining the long
exact sequence of homotopy groups, the Hurewicz morphism, and Poincaré duality, we have
that H?(CP>) ~ Z is generated by the Euler class, the same that we use for the definition
of the twisting invariant. Therefore, our twisting invariant is properly defined on locally flat

embeddings and smooth embeddings.

This invariant allows us to detect twisting in the parameter component. Informally, if
a family of embeddings is zero under 7 there is no twisting in the normal bundles that will
prevent a creation of submanifold sum, but if the family is non-zero, then there is some

obstruction to the creation of a submanifold sum. Formally, we have that:
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Theorem 4.2.6. Given a family of embeddings J : ¥* — Emb(S% X), if n[J] = 0,
there exists an orientation reversing isomorphism of the normal bundles of Ny, x(J) and

Ny 752 (Je52)-

Proof. 1t is enough to show that the Euler classes of the two bundles sum to zero. By Lemma

4.2.1, since n[J] = 0, we know that:
(J x 1g2)* : H*(Emb(S?, X) x S%) — H*(¥F) @ H*(S?)

when restricted to ¥* x {pt} maps only to the first component, and specifically to zero
in the first component. Thus, the map restricted to {pt} x S? completely determines the
Euler class. More precisely, the S? is embedded into X with self-intersection n. Hence,

Y )), let us recall that

e(Nskyx(J)) = n. Similarly, when we examine e(N, 5

Ekxn@2(
%:ZkXS2—>2kxn@2

is identity on the first component and embeds S? into nCP" as the sum the of the ex-
ceptional divisors. Once again, the second component wholly determines the Fuler class.
Since the sum of the exceptional divisors in nCP" has self-intersection —n, the Euler class
of e(Ngy, 752 (Jap2)) = —n.

Note, the Euler classes are the same number, but with opposite orientation. Thus, we

can conclude that there is an orientation reversing isomorphism of the normal bundles. [J

Using Theorem 4.2.6 and the twisting invariant we can now detect when a submanifold
sum is possible or not. This means that for any family of embeddings J such that n[J] =0,
we are guaranteed a family of spaces Z;, as in definition 4.1.1.

Recall, we aim to define a family invariant, to detect exotic smooth structures, using
these families of spaces. If the conditions of Theorem 4.2.6 are satisfied, we know that an
isomorphism to create such a family of spaces does exist, but is this isomorphism unique?

Thankfully, it is unique. The following lemmas are used to prove this in Theorem 4.2.9.
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Lemma 4.2.7. If K_,, denotes the sphere of self-intersection (—n) in nCP’ created by sum-
ming together the exceptional divisors, then there is an S action on nCP such that K_, is

in the fixed point set of this circle action.

Proof. We will proceed by induction on n. In the base case of n = 0, we assume our
embedded sphere has no self-intersection and is embedded into the usual 4-sphere. Viewing
the 4-sphere as:

St={(w,z) eR* x C| Jw|® + |2]* = 1}

we can easily see the circle action on S* by A[w, z] = [w, Az]. The fixed point of this action is
when z = 0, which means that the set is all vectors in R?® with norm one, i.e. the equatorial
2-sphere with zero self-intersection.

When we consider n = 1, we select a point on the equatorial 2-sphere and blow-up. This
blow-up changes the underlying 4-manifold to CP’. We may view the circle action on CcP
similar to the n = 0 case:

AMzo 21t 29) = [20 1 21 1 Az2)

To examine the fixed-point set, we have two cases: either zo = 0, or both zg = z; = 0. Thus,
our fixed point set is the embedded CP! = S? and a single point [0,0,1]. To transition to
higher n, we continue to select a point on the embedded CP! and blow-up. It is sufficient to
examine the n = 2 case, as all higher cases rely on a similar argument. In the n = 2 case,
we are examining a self-intersection —2 sphere embedded into 9CP . To examine the circle

action, we will analyze the blow-up in greater detail:

—9 —1 2 W wWq
BLCP =L_, = ([Zo : 21],UJO,U}1) eCP xC | =0

20 21

We may view the circle action, similar to before, as multiplication by A to the right-factors:

AM[z0 @ 21, wo, wy) = ([20 : Az1], wo, Awy)
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Therefore, the fixed point set requires that w; = 0, implying two cases we need to examine:
either wy is also zero, or wy is nonzero. If wy # 0, then z; must be zero, and zy can be turned
into 1. If wy = 0, then either zy or z; may be zero, but not both of them. In summary, we

have the following components of our fixed-point set:
([1 : 0], wo,0) ([1:0],0,0) ([0:1],0,0)

where wy # 0. Thus, similar to the n = 1 case, the fixed-point set is comprised of our
section with self-intersection —2 and two points. Proceeding by induction shows that the

circle action preserves the underlying submanifold: K_,,. O]

Lemma 4.2.8. Given a family of embeddings J : ¥* — Emb(S?, X) with n[J] = 0, suppose

p1 and py are orientation reversing isomorphisms of the normal bundles:

Since these bundles are isomorphic, denote them as N. Then, the automorphism group of

N s isomorphic to the set of maps from XF x S? to S', that is:
Aut(N) = Maps(X* x S%, 8"

Proof. First, let us recall for a principal G-bundle P over X, that the automorphisms of P
are isomorphic to sections of the adjoint bundle Ad(P). Second, let us note that our normal

bundle N is an oriented R? bundle:

R2 —— N
|

Yk x §2

Via the Borel construction, we observe that N = SO(N) xgo(2) R?, and from this we see that

43



Aut(N) = SO(N) X aa80(2) SO(2). Moreover, note that S* = SO(2) is abelian, meaning that
it is trivial under the adjoint action and so Ad(SO(N)) = 3F x 5% x SO(2), and we conclude
that sections of Ad(SO(N)) are identified with Maps(3* x S2, ). O

Theorem 4.2.9. Given a family of embeddings J : X¥ — Emb(S?, X) with n[J] = 0, if there

are two orientation reversing isomorphisms of the normal bundles @, and @s:

1

/_\
NszX<J) _NZan@2(J)
W

then the associated families of spaces, denoted by Z, and Z5, created via submanifold sum

using @1 and @s, respectively, are isomorphic.

Proof. By Lemma 4.2.8, we know that the connected components of Aut(/N) are in bijection
with the homotopy classes of maps from ¥* x 52 to S*, that is: mo(Aut(N)) = [£* x 52, 51].
This use of homotopy classes of maps allows us to utilize a nice property of Eilenberg-

MacLane spaces. Since S = K(Z,1), we may relate these automorphisms to the first

cohomology:

mo(Aut(N)) = [EF x §°, 5]

>~ [2F x S* K(Z,1)]

1%

HY(SF x S%:7)

Now, we utilize the universal coefficient theorem followed by the Kiinneth theorem, to reduce
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this cohomology of the product, to simply the cohomology of X*.

HY(SF x S%:7) = Hom(H, (XF x S%),7) U.C.T.
>~ Hom ((Ho(X") ® Hi(S%)) @ (Hi(X") ® Ho(S?)),Z)  Kiinneth
=~ Hom (H,(X"),Z)

~ g'(xk; 7) U.C.T.

Therefore, by one final use of the nice property of Eilenberg-MacLane spaces, we have that:
mo(Aut(N)) = [£F, S']. Thus, for the automorphism class [A] := [p5 ' 0¢1], we can represent

[A] as a map X : % — S, From this, we define a family diffeomorphism A:

A:E’“xn@2 >kan@2

~ .

Ek

by A(s,x) = (s, A(s) - x), where A(s) - x is the circle action defined in Lemma 4.2.7. Finally,

we can construct an isomorphism ® between the families of spaces:

CD:Zl >ZQ

N

Ek

To create ®, first recall that

2= ((EF x X))\ (28 x $%) ((z'f « nCP") \ (ZF x 52))
1
and Z, is given by the analogous construction using ¢s. Given this presentation, we define
our map P by:

Id ,on (3F x X))\ (XF x $?)
o =

A, on (5F x nCP) \ (2 x S2)
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By Lemma 4.2.7 we know that the circle action of A extends over the entire manifold,

therefore, by the pasting lemma, we have that ® is an isomorphism.

4.2.1 The Twisting Invariant and our Families

The twisting invariant we have defined here applies to any family. Now, let us emphasize
how it applies to our constructed families. Recall that in the construction of our families of

embeddings, we defined jzkn : Sk x §% — §2 x Z®" which is an extension of the adjoint from:
jt, o S¥ = Emb(S?, Z*")

This family is parameterized by S*, which makes these calculations markedly easier. Recall
that the twisting invariant is utilized to detect obstructions to a submanifold sum between
a given family and a special family (Zc—;z. In general there can be an obstruction, but when
our families are paramterized by k-spheres, k # 2, we do not have this obstruction.

Indeed, in order to perform a submanifold sum in our case, we need to examine the Euler
class of the normal bundles of S* x S2 inside S* x Z* and inside S* x nCP". By construction
of

Tge - 5% x 52 = S* x nCP”

we have that it is identity on the first component, and maps to the sum of the exceptional
divisors in the second component. This means that the Euler class is completely determined
by the second component. So, the Euler class of this normal bundle is (—n)PD[S* x v],
where PD is the Poincaré dual.

The potential obstruction appears when we examine the families E“n For our construc-

tions, since the Euler class is an element of the second cohomology, we have that:

e(Nsinx (7f,)) € HA(S* x %) = H*(5?)
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Thus, the second component once again determines the Euler class. Meaning that the Euler
class of this normal bundle is also n, since the S? is embedded into Z with self-intersection
n.

One may worry that when k = 2, the existence of cohomology in the parameter compo-
nent may prove an obstruction. However, due to how the families are created, we do not

have an obstruction.

Proposition 4.2.10. The twisting invariant applied to our families of embeddings satisfies

n ([7a]) =0

Proof. By definition of n, we know that n ([jfn]) = 0 if and only if there is a representative
J such that:
[j7n] = [J : &% — Emb(S?, Z>7)]

with (J x v)*e¢(N) = 0. Thus, let us take J = j7, and X* = S% and we simply need to
show that: (j7, X v)*e(N') = 0. By Lemma 4.2.1 we know that the normal bundle of 3371 is

isomorphic to the pullback of A" under (j7,, X 1g2):
NS2><Z2,7‘(SQ X 52) = (]in X 152)*/\/

Recall in our original construction of jy, respectively jx, in section 2.3, that the embedding
of $? in Y+ was a modification standard embedding of the hyperplane section into the CIP?
summand of Y where we push a “finger” of the sphere into N(T'), but still disjoint from
T. If we select our point v such that j7,(f,v) € N(T)\ T we observe that all maps and
constructions have been trivial on N(T'). Let B, be a standard ball around j7, (6, v) = 2,
and denote the ball B, as a ball in S? around v via the inverse of j?,.

Let us now define several maps and normal bundles guided by the diagram. Let ¢ be
simple inclusion maps and let i%(0) = (6,v) and i5(0,w) = (6,w). The normal bundles,

listed in the third column, are defined as follows. Denote the bundle A/ as the universal
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normal bundle, the bundle Ng2, z2.-(S? X S?) as the bundle defined over }fm and the bundle

Ns2p,, (5% x B,) as the bundle defined over ;fn] S2xB,-

IN:

\

Emb(S?, Z*") x §? —“— Emb(S?, Z*") x Z*"

N52xz2,r(52 X S2) jinX152 ji2,n><lz2ﬂ"

S? x 52 - y S22 x 727
2 .
NSQXBZU(S X Bv) il L
\ ) 3i2’n|S2XB’U ) J
S< x B, > S* X B,
ig

S% x {v}

By repeated use of Lemma 4.2.1, we have the following chain of equalities when evaluated

on the fundamental class of the parameter S?:

(G0 % ©)"e(N)[S%] = (i) (i§) " (jFa X Ls2)"e(N)[S?]
= (1%)" (i§) " e((32, X Ls2)"N)[S”]
= (i8)" (i§)" e(Ng2uz2- (S* x S%))[S”]
= (i%)" e(Ns2xp., (5* x B,))[S”]

= e((i5)" Nszx,, (57 x B,))[S7]

To finally show that the parameter S? does not influence the calculation, let us define one
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more normal bundle Np, (B,) guided by the following diagram:

NSQXBzO (52 X Bv)

\ )

2
Jinls2xp
S? x B, “=5"5% x B,,

NBzO (BU) Py Py

\ /jzn|Bv

B, ——— B

20

Where P, is simply projection onto the second factor. By one final use of Lemma 4.2.1 we

note that N2 p, (5* X B,) &= Py Np, (B,). Thus we have that:

(j7 ¥ ©)*e(N)[S%] = e((i%)" Ns2xp., (S x B,))[S?]
= e((i8)" P; Np,, (B.))[S”]
= e((Py 0 i%)*Ng, (B,))[S?
= e(Np., (B.)[(Py 0 i%).(5?)]

=0

Since (P, 0 i%).(S?) is trivial, since the maps P, and % are independent of the parameter
S2. ]

Hence, we see that there is no obstruction to the creation of families of manifolds via
submanifold sum using our families of embeddings jy\zkn and the standard family j@z for any

k.

Definition 4.2.11. We define these families of manifolds created by submanifold sum be-

tween our constructed families of embeddings Efn and the standard family j@Q by:

Zy = (SF X 257V gh, g2 (S* x nCP)

Ji,n
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4.3 The Family Invariant

We have shown that for nice families of embeddings the isomorphism required for submanifold
sum both exists and is unique. Finally, we can define our family invariant in order to
show the exotic nature of our families of embeddings. This family invariant is based upon
Konno’s invariant from [25]. Konno’s invariant associates to a family of 4-manifolds, with
auxilary data, a cohomology class in the base. Let X be a closed 4-manifold and let 3 be
an equivalence class of an SO(3) bundle where wy() # 0. Let O be data to specify an

orientation on the Yang-Mills moduli space of X. Denote
DIff(X, 8, 0) := {f € Dift*(X) | f*B =P, [0 = O}

Konno defines a characteristic class D(X, B, O) € H"(BDiff(X,, 0); Z)

Remark. In [8], Donaldson uses an equivalence class of a spin® lift of the SO(3) bundle
together with a homology orientation to define an orientation on the Yang-Mills moduli
space. We are denoting the spin® lift as c € 6;“( and the homology orientation by 5. Auckly
and Ruberman use this data to define their orientation on the Yang-Mills moduli space. In
the proof of Proposition 3.25 in [8], Donaldson notices that after taking connect-sums with
sufficiently many copies of S? x S?, any 4-manifold will admit an almost complex structure.
This leads to an alternate way one could define orientation on the Yang-Mills moduli space.
Notice that the element c € 6;“( determines the isomorphism class B3, and one could view

the orientation data O as the data (c, 3). Thus, we will denote Konno’s characteristic class
by D(X, B, (c, B)).

Let X < X — = be a continuous family with structure group D(X, B, (c, 5)), where = is
a (k+1)-cycle. This bundle is determined by a classifying map fy : = — BDiff(X, B, (c, 5)).
In this case, one obtains a number D(X,Be, (c, B))[fF[Z]].
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Definition 4.3.1 (Family Invariant). For a k-dimensional family of embeddings J such that

n[J] = 0, we define the Family Invariant ng(Emb) to be:

DI (1) 1= D(Z, e, (c, B))[fZ[E]

That is, the invariant on a family of embeddings is Konno’s invariant applied to the asso-

ciated family of spaces.

We now show that Konno’s invariant ([25]) on a family of spaces is equivalent to the
Auckly-Ruberman invariant ([2]) on the associated family of diffeomorphisms. Auckly and
Ruberman use parameterized Donaldson invariants. These invariants are created by extend-
ing the degree zero Donaldson invariants to families of manifolds. The degree zero invariants
are defined on an SO(3) bundle, P, over a specific manifold Z. This bundle is related to
a class ¢ € ﬁg where 5§ is the set of integral lifts of cohomology classes on Z, modulo
some equivalence relations fully outlined in [2, Section 4]. For a (k + 1)-dimensional-chain
of metrics, {gg}, created from a k-dimensional family of diffeomorphisms on our manifold
on Z, the invariant is a signed count of a finite moduli space of anti-self-dual connections,
#M({ge}).

A priori these two invariants are not equivalent, but given the specific construction of

families of diffeomorphisms by Auckly and Ruberman, they are equivalent.

Theorem 4.3.2. Suppose = is a closed, smooth, oriented manifold of dimension k + 1 and
c € (7; Let Z — = be a smooth family supporting a bundle P, whose restriction to each
fibre Z is isomorphic to P,. This bundle is classified by a map f% : = — BDifAC,Be., (¢, 3)).

Let B, be the isomorphism class of P, and (3 be the homology orientation on Z. If {gs}ye=
is a good family of metrics then D(Z,Be, (¢, B))[[Z[E]] = #M ({90} pez)-

Proof. The key idea is that, for a good family of metrics, the virtual neighborhood, U, used
in Konno’s invariant, is equivalent to the moduli space, M, used in the Auckly-Ruberman
invariant. The notation used is quite different in each paper, but the ideas are similar. Konno

uses cellular homology and Auckly-Ruberman use a variant of singular homology. Auckly
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and Ruberman use generic metrics to get a signed count of points, while Konno uses virtual
neighborhoods to get proper counts, even when the metrics are not generic.

We review both definitions to fix notation. Let =, Z, and ¢ be as in the theorem
statement. Represent = as a sum of transverse singular simplices, see [2, Definition 4.1].

Consider now the parameterized configuration space

B (A) = | | B*(2)
N
Where B*(Zy) are irreducible connections, modulo gauge, on Zy. Konno uses 2" to denote
this space. One distinction is that Auckly-Ruberman use L? connections with curvature in
L? to define their configuration space. Konno uses L? connections for large k to define his
configuration space, ensuring that it is a Hilbert manifold. The fact that these constructions
give equivalent moduli spaces will follow from elliptic regularity theory see, for example,
Donaldson and Kronheimer [9, Section 7.2.3] for a comparison and discussion the various
functions spaces. Notice there is a natural projection 2" = B*(A) — A.

Konno first represents cycles in BDiff(C, B¢, (c, 8)) via CW complexes, and then extends
to arbitrary spaces representing cycles via a result from algebraic topology [25, Lemma 6.8].
Any simplicial complex is a CW complex; therefore, the Auckly-Ruberman setting is covered
Konno’s construction.

To define the value of Konno’s characteristic class on a CW complex representing a cycle
in BDIiff(C,*B., (c, 3)), Konno defines an inductive section of the bundle of fibre-metrics over
the base space. These will be fibre-metrics so that the paramterized moduli space over the
k-skeleta vanish. The good family of metrics {gg},.= defines such an inductive section.

The paramterized Yang-Mills may be encoded in a section of a Hilbert manifold over

B*(A). Let {go}yc= be a good family of metrics, as in the theorem statement. Now, define

£ ({9o}sen) = || A*(Po) xg, QL(AdF)
feA

Where P is the restriction of P, to the fibre Zy, A*(F) is the space of irreducible connections
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on Py, Gy is the gauge group on Py, and Q7 (Ad, FPp) is the space of 2-forms that are self-dual
with respect to go. Konno denotes this bundle by &.

By varying 6, one could define a vector bundle with fibres Q2 (Ad,Fy) over Z. Since the
space of metrics is contractible, this bundle is trivial. Donaldson and Kronheimer [9] intro-
duced a specific trivialization based conformal geometry and a reference metric h. Auckly

and Ruberman use this formulation and define a map:
Fn:Zx A— Q2 (h)

Such that F,(6,.A) = 0 if and only if A is anti-self-dual with respect to gy [2, Definition 6.5].
Via a change of coordinates, this generates a section of the bundle £ — B*, which Konno

denotes by s : & — 2. We define this section by:
s(0. [A]) = (0.4, F;™))

Where F:‘rg % is the gy-self-dual part of the curvature.

Since {gp}yc= is a good family of metrics, the derivative of the section, ds, is surjective
2, Definition 6.6]. To define Konno’s invariant, Konno uses a family version of Ruan’s ([30])
virtual neighborhood technique requiring the addition of a real vector space and a collection
linear function in order to create a finite dimensional perturbation of the section, he denotes
by §. Since the derivative of our section is already surjective we take the real vector space
to be the zero space. Thus, the finite dimensional perturbation of the section is simply the
section s itself.

This means that the family virtual neighborhood, which Konno denotes by U, is equiv-
alent to the moduli space M({gg}). Moreover, the projection map U — 2 is simply the
inclusion map M ({gs}) — B*. The value of Konno’s characteristic class on the cell repre-
sented by the simplex A is the fibre integral of the cap product of the Euler class of the
trivial bundle U x RY — U with the pullback of [1] € H°(Z"). In our case, N = 0, and U is
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M({ge}), and the pullback of [1] is just [1]; thus,

]D(Zu mm (Ca 6))[A] = #M({QQ}GEA)

We are writing = = Ya,7 where 7 : A*! — BDIff(C,*Be, (¢, ). Summing over the trans-

verse simplices, 7 gives the desired result. O
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Chapter 5

Computing the Invariant

5.1 Associated Families

With the invariant defined, we now examine the families of spaces Z associated to our
constructed family of embeddings Elkn Recall in section 4.2.11 we used submanifold sum to
define:

Ze = (Sk X Zk’r)#skxse(sk X n@Q)

ji,n

This is a fibre bundle over S*:

Zk’r#s2n@2 — Z}k = (Sk X Zk’r)#gkxsz(sk X n@Q)

|

Skz

Any such family of spaces is classified by the (k — 1)-homotopy group of diffeomorphisms of
its fiber. This correspondence may be nicely understand via something called the clutching
construction. Given v : S¥=1 — Diff(Z), let us define a standardized bundle 2?7, similar to
Zﬂgn, but where we view the sphere as two hemispheres glued to a thickened equator (or

collar). Let us decompose the k-dimensional sphere by:

Sk = (DFEuDE (I x SF 1)/ ~
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Where (0,60, 2) ~ (—,0,2) and (1,6, z) ~ (4,0, z). Using this decomposition, we define the
standardized bundle by

Z, = (DL UDE (I x S5 1) x Z) [ ~

|

Sk

Where the submanifold S* x S? is embedded into (D* LI D* LI (I x S¥71)) x Z such that it is
the trivial embedding in the lower hemisphere, and by ~ in the upper hemisphere. In other
words, the upper hemisphere is attached to the collar by: (1,6,2) ~ (+,6,7(0,2)) and the
lower hemisphere is attached to the collar by (0,6, z) ~ (—,0,z). Using this standardized

bundle, we will next define two family isomorphisms.

Sk« nCP" Sk« nCP" Sk s nCP"

~ ~
Z k-1 Z k-1
fe%) 1 __ a; 1 .
i #T YT #CP2 #2CP2 i #T XT#CP2#2TP

Z Z[Y"] Z i1y

X7 #(n+1)CP?

Figure 5.1: Isomorphisms between families

To define these isomorphisms, we refer to Figure 5.1 as a schematic. The top row of
cylinders represents the standard family of embeddings j@z . % x §% 5 S* x nCP" from
section 4.1. Visualized in lime-green is this family j@z, embedded in a standard way. The

bottom-left cylinder represents the family of embeddings j]\zkn that we constructed in section
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3.2.2. Visualized in orange is this family }an, pictured more “curvy” as we hope to understand
it better. The submanifold sum between the top-left and bottom-left cylinders over the
families j\@g and Ezkn yields the family of manifolds Z;zk,n'

The second column of cylinders represents the submanifold sum between the families j@2

and j/;l Sk x 2 5 Sk x Z -1y , where the latter are visualized in pink. Recall
: @ T yr 4cp242CP?

Jin was the collection of embeddings defined in section 3.2 by embellishing the collection
of embeddings j; = ¢, 1(1@#1@>2 #2@2) jyr. Additionally, recall that the tilde notation j/;l
means we restrict to the family j;, in the last summand Z%" in Z*" = ZF-1rgtp 707,
Finally, the underline notation means that this family is constant in the S* component.
This submanifold sum in the second column results in the family of manifolds

Z[Y] = 2y Hsixs2(S* x nCP)

YT #CP2 42CP2

Similarly, the third column of cylinders represents the submanifold sum between the families

~

J@fz and ixr,, where the latter are visualized in blue. The family ¢ xrn is the embellished

version of ixr : S < CP?, where this codomain is the CP? summand of X7 #CP2#2@2
from section 2.3. More formally, ixr = 1#7(Vidt] pe #2@2) Jyrn)), where 1 represents
identity on all other portions of X #CPQ#Q@Z except CP2. This submanifold sum in the
third column results in the family of manifolds

5,

1
j #TlX,}"#(n+1)@2

We seek to better understand our bundle Z3 with a bundle created via the clutching
construction. To do this, we will define family isomorphisms ¥ and & in the following ways.
Define the map:

U:Z[YT] = 2oy

Ji,n
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(—,0,2) — (—,0,2)
(t,0,2) — (t,0, FF71(t,0,2))

(+,0,2) — (+,0, 2)

To define the map ® let us first recall from section 2.3 that the diffeomorphisms ¢; :
YT#CP2#2@2 — X7 #CP2#2@2 and can be thought of as extensions of the original map
¢: YT — XT after we perform the log-transforms. Since ¢; are defined on YT#CP2#2@2
we can extend them via the identity to 1#7p; so that 1#1¢; is now defined on the whole of
Zkr . 'With this, we define the map:

O Z[Y] = Zpoy,

XT#(n+1)CP

(_7 07 Z) = (_7 (1#T90i)(0’ 2))
(t,0,2) — (t, 1#1pi) (0, 2))

(_'_a 67 Z) = (_'_a (1#T90i>(97 Z))

Lemma 5.1.1. The maps V¥ and ®, as defined above, are well-defined family isomorphisms.
Moreover, we have that:

i) Vo jin = jt,

i) ®0ji, =ixrn
Proof. We begin by examining ¥. When ¢ = 0 we have that: (0,6, z) = (0,0, FF(0,0, 2)) =
(—,0,z2) since FF' is identity at time zero. When t = 1 we have that: W(1,6,2) =
(1,0, FF1(1,0,2)) = (1,0, '#71

veaminee (05 2)) = (+,0,2) by our standard clutch-

ing construction. Thus W is well-defined and since W is either identity, or is determined by
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Ek_l, which is a smooth isotopy, ¥ is a family isomorphism. Hence, let us now observe:

Vo ji,n - \Ij(tv 8,]:;1(2))
= \II(ta 07 1#T90i_1(¢i#1(c[p2#2@2)jYT,n)
= (4,0, FF 7 (4,0, 14007 (0] g g iven )

= (ta 07 Fz‘k_l <tv 97 %))

- ji,n

Next, we examine ®. When ¢ = 0 we have that: ®(0,6, z) = (0, (1#1rv:)(0, 2)) = (—, (1#71¢:) (0, 2)).

When ¢ = 1, recall in construction of clutching that we had:

(]-7 07 Z) ~ (+7 67 af_l#ler#(nJrl)@Z (Qa Z))

Thus, we need to show that the following bottom-row equivalency is true:

~ k—
(1972’) (+797ai 1#T1yr#(n+1)@2(9? Z))

I I

(1, (1#r0)(0, ) —— (+ (1Hreal el e(6,2))

If we analyze the right column we see that:

(4,0, 05 Bl (0.2))) = (L (e (05 ey o (60,2))))
— (L (Lo ad ™) #r(pi 0 Ly sye) (6:2))
= (L (0™ o D#r(Lyy e © 90)(6.2))
= (L (0F Ly ) (1200 (6, 2))

~ (17 (1#T90i)<07 2))
Moreover, since ® is well-defined and completely determined by the diffeomorphisms ¢;, it is
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a family isomorphism. Thus, all that remains to be shown is that ® o 37; = ixr . Consider

o .7/1\;1 = (t’ (1#T(pz)(£)(‘97 z))
= (ta I#T(Soigpi_l(¢i#lcp2#2@2)j§”,n))

= (ta 1#T (%#1@2#2@2 )jY’”,n))

=1XI'n

]

Therefore, our constructed families of spaces Zs. are diffeomorphic to the families of

created via the clutching construction. Recall that via the clutch-

spaces Z k-1
i #(n+1)TF

#rlyr
1

ing construction, the families é\al_c—l are classified by the (k — 1)—homotopy

#TIX;‘#(WH»I)@Z
group of diffeomorphisms of its fibre. Thus, let us examine the fibre, namely: Z*"# g nCP" .

Recall that Z%" = (Z* 17 4, ( X #F,#CP")), so our fibre is:

Zk,r#s2n@2 _ (Zk—l,r#TXir) #@Z#FH#SZH@Q

*

This starred sum is the interesting part of the fibre. To analyze F,#g2 nCP" we utilize
an operation called blowup-surgery. First introduced in [3, Definition 3.1], this operation
was used in [3] to demonstrate that collections of spheres constructed by embellishments are
smoothly distinct. We adapt this operation to families and observe that blowup-surgery on
F, is F,/S? = nCP’. This blowup-surgery, can be viewed of as the following four steps:
first a usual connect sum of F,, and n@g, then perform handle slides, surger out one of the
spheres of self-intersection 0, and finally a handle cancellation. The Kirby diagram of this
operation is illustrated in Figure 5.2. Thus, the starred submanifold sum is simply reduced

to n@2. This reduction allows us to view the entire fibre of 27 as:

ZFV (X4 (n + 1)CP)
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n, n 0
-1
0 _ 0 -1 [ 0

,-1
2
Connect sum of nCP 1 Handle slides, . Handle slides.
blue over orange. : orange over red.

LN
[

0

1
-1 -1
Hnull( \lulzs ‘:mf,m out blue Handle
-1 — L]
mang( over Caneellation .

-1

Figure 5.2: Blowup-surgery on F,, #g2 nCP"

Hence, using our diffeomorphisms ® and ¥, we can see that our constructed families of

spaces ZA are classified by the families of diffeomorphisms af’l#l X7 4t 1)CP?

Remark. There is a notable amount of construction throughout this paper, and is it illus-
trated in Figure 5.3. Intuitively, we began with families of embeddings, we used submanifold
sum to create associated families of spaces from these families of embeddings, and now clas-
sify these families of spaces by families of diffeomorphisms. This construction allows us to
utilize Konno’s invariant [25] and the Auckly-Ruberman invariant [2] to prove the exotic

nature of our families of embeddings.

Families of Families of Families of
Embeddmgs Spaces Diffeomorphisms
k—1
]zn ij Q; #]'XZ#(n+1)@2

Figure 5.3: Families of Embeddings to Families of Diffeomorphisms
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5.2 Computing the Invariant

Stated by Auckly and Ruberman in [2, Proposition 4.12] and proven by us in Theorem
4.3.2, for a good family of metrics, Konno’s invariant D applied to the family of spaces is
equivalent to the Auckly-Ruberman D1 invariant applied to the associated family
of diffeomorphisms. That is, for the parameterizing space = = S* ¢; € 6@, homology

orientation 5 we have that

Z-

- it Hy,_1 (Diff -
]D(Zk’ 7§Bc]~7 (Cja 5))[]0* [52“ = ch-],cﬁ i )(af 1#1X{#(n+1)@2>

Since the family of space Zo I8 classified by the family of diffeomorphisms af’l#l X7 4(n+ 1T
as discussed in section 5.1. Diagrammatically, our constructions can be viewed as below.
Where the maps h are all Hurewicz morphisms, the map 7 is the isomorphism evidenced

by clutching and the fibration sequence, and the map s represents the submanifold sum

construction from an associated family of embeddings.

mr-1(Diff(Z)) —"— Hy_1(Diff(Z))

|7

m(Emb(S?, 7)) : » m,(BDIff(Z)) DHk—1 (DD

| J

H,(Emh(52, Z)) +—— ker(n) —— H,(BDiff(Z)) —— Maps(Cy_1,7Z)

I

Hy_»(Emb(S2, 2))

With the construction of all of these components completed, all that remains to be shown

is that the families of embeddings are indeed smoothly distinct.
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Theorem 5.2.1. Given families of embeddings j,ffn, as constructed in section 3.2, we can
create an associated family of spaces, as shown in section 4.2.11, such that when we apply

our family invariant we have that:

Hi(Emb) Sk \ k,r ijn 2
ch”g (]i,n) = ]D)(Z ,mcja (Cju 6))[f* [S H

#LXT 4 (1) TR
= D(Z"" B, , (¢;, B)If- 1 [5°]]

_ pHe—1(Diff) (k-1
- Dcﬁﬁ 1 (o #1X;#(n+1)@2)

k—
= 28716,

where 0;; is the Kronecker delta.

Proof. The first equality is by definition of our invariant in section 4.3.1, the second equality
is shown by our family diffeomorphism W in section 5.1, and the third equality is by Theorem
4.3.2. Thus, all the remains to be shown is that

Hy_1(Diff) ; k-1 _ ok—2
DCjIjB 1 (ai #1X{#(n+1)@2) =2 (51-1-

So, we simply need to examine the Auckly-Ruberman invariant on our associated families of

1

diffeomorphisms. Recall from section 2.3 that ozf_ is defined via the commutator, and so

we have:

Hy_1(Diff) /  k—1 _ Hr-1(Diff) k—2 0
Dcﬁﬁ ' (ai #1)({#(”4_1)@2) - chicﬁ ' ([F’z ) 1Zk—27T#Taij| #TlX;#(n—l—l)@Q)

Expanding the commutator yields

— Dgicﬁ—l(Diﬁ‘) (((F’Zk_Q) (1Zk—2,7‘#Ta?) (Fik:—Q)_l (]_Zk_z,r#TQ{?)71)#T1X2‘#(n+1)@2>

Since Dg’“ﬂ‘ 1) 55 a homomorphism [2, Proposition 4.7], we can distribute the summed

63



identity map and then view the right-most inverse as subtraction, giving us the following:

— Hy— (Dlﬁ) k—2 0 k—2 -1
= chig 1 ((FZ #T1X{#(n+l)@2> <1zk72,r#T@i #TlXZ#(n+1)@2> <FZ #Tle#(nJrl)@?) )

Hj,_ 1 (Diff) 0
_ chljﬁl (<1zk72,7»#TOéi #TlXiT#(n—f—l)@Q))

Note, that 1zk—2,r#TCY?#T1Xr#(n+l)@2 is independent of our parameter component 6 € S*.

Thus, it represents zero in Hy_1(Diff), and so the invariant applied to it is zero. That is, the
right-most subtracted component above is simply zero. To further simplify notation, let us

denote

P (Bl o) and (1#ral) = (Tpeardtral#irly o)

Combining this notation with the definition of o we have:

_ AHi_1(Diff) [ 7 0\ -1
= chfﬁl (F (1#1’%) F )
Hy,_ (Diff) [ £ , Z1N e
= chfﬂl( ) (F (e # N5 (W #f7H)) F 1)
Since the superscript ¢; notation represents conjugation by ¢; we have that (1 xrif fF =
(o)) Y (1x+# f)pi. Thus, we can distribute the sum with the identity map across this product

to get:
= DI O (F(tre) ™ (Lo ) (W) (e by ) )

Similar to before, to simplify notation, sums between identities will be combined and list
only the important component. That is, let us denote: 1#rlxr = 1x and 1#7lyr = 1y,

and this yields

= D50 (F(1tro) ™ (Lt ) (o) (v ) B )

Inserting F~'F in the middle of this expression and using the homomorphism property of
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the invariant, we have the following:

— plli (ﬁ(l#Tm HUx#r ) (W) FTUF (Ly#r f) 7 F )
_DH" | (Diff) (F(l#T%) Yx#rf) (100 F ( F(ly#rf)F~ )1)

— DH" 1 (Diff) <F(1#T<Pz‘)_1(1X#Tf)(1#T90i>F_l> — Dy (DI <F(1Y#Tf)ﬁ_l>

Similar to before this subtracted component is simply zero, this time because the mani-

fold Y was defined to have zero Donaldson invariants. Next, we may add and subtract

Dkal(DiH)

e (1#7p;) and, once again using the homomorphism property of the invariant, we

have the following:

DHk DI (1 DHk L (Diff) (F(I#Tgoi)_l(1X#Tf>(1#T90i)F_l> — kaﬁl D) (1 4p0)

_DH’“ 1(Diff) ((I#Tgo,;)ﬁ(l#T%) NI f) (W) FH (1)~ 1)

If we repeat the conjugation superscript notation where FO#7¢)™" .= F(141¢;)~", then our

H —1 iff ] #T -1

Hence, by [2, Theorem 4.10], we have the vital recursive step in calculating this invariant.

The above expression at homology level (k—1) can be reduced to homology level (k —2) by:

o Hj._o(Diff k—2
= 2chk 2( ) ((OCz #TlX{#(n-‘,—l)@g))

Utilizing this recursion step, by [31] and [2], we can repeat this process until we have reduced

this expression to the Donaldson invariant g., corresponding to our cohomology class c;,
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applied to the underlying manifold.

_ ok—1 yHo(Diff 0
=2 DC]'O( ) ((a #Tl){;#(nﬂ)@z))

_ ok—1
=2 De; X7 4 (n+1)CP?

Moreover, by [19], we have that the Donaldson invariants of X[ and the invariants of X7 #@2

coincide. Thus, our expression is simply:
_ ok-1
=27 Gy

The cohomology class ¢; were chosen so that the Donaldson invariant of q.; xr = 1 for i = j
and zero elsewhere. Therefore, our expression is simply the Kronecker delta ¢;;, yielding

that:

Hy(Emb) ™k \ _ ok—1
e Uin) =270y

5.3 Proofs of Main Results

Finally, using Theorem 5.2.1, we may show that our families of embeddings create the desired

rank r summand in the kernel and allow us to prove the result of our main theorem.

Proof of Theorem 1.2.1. The first several conditions in our theorem are proven in earlier

sections.

i) By the embellishments process in section 3.1, proposition 3.1.1, and our definition of

}f’n on page 28, our embedded spheres have self-intersection n.

ii) The families of topological isotopies G¥ defined on page 28 show that the classes are

trivial.
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iii) The map @ is defined first by inclusion, and then the contraction is given by the families

of stable-smooth isotopies F¥ defined on page 28.

iv) The families of psuedoisotopies KF defined on page 28 show that the families are

psuedoisotopic.

For part (v) and conclusion, recall in section 2.3, the special manifold V' was constructed
and used to define our manifolds Z, , based upon the parity of p. When p is odd we set
¢o := (p —1)/2 and when p is even we set ¢. := (p — 2)/2. We then define our manifolds in

the odd and even cases as follows:

Zpp = Zl,r#Tv(#T)q" Ty = ZQ,T#Tv(#T)qe
Odd Case Even Case

Moreover, recall that V' contains two disjoint copies of the N(2) nucleus that each contain a
torus 7. Denote these tori as T} and T5. If ¢y, € C*V is Poincaré dual to o1 + 09 where o1 and
o9 are sections in the nuclei N(2), then cy[T1] = cy[I3] =1 mod 2, and by [2, Proposition

3.5 (7)] the Donaldson invariants of V' are

q0v,V == _8

Notably, this is non-zero. Therefore, let ¢y € 6\/ be as above and c; € 65 be as in Theorem
5.2.1. Notice that ¢;[T] = 1, and define cy; € CA'E#TV such that when restricted to Z \ T,
respectively V' \ 7', the class cy; agrees with c;, respectively cy. Thus, depending on the

parity of p, we replace X in all of our constructions with:

XZ?"#TV(#T)‘IO or X;’#Tv(#T)‘k
Odd Case Even Case

and then extend all maps onto the summed V' portions by identity. Also, extend cy,; to Cy#aw. ;
and t0 Cy#q. j, in the odd and even cases, respectively. Note that the Donaldson invariants

will split nicely over these sums [2, Proposition 3.5 (6)]. In particular, if ¢,[T] = ¢,[T] =1
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mod 2, then qe, tc, U#rW = Gey,Uqc,,w- Thus, we have:

de xrgrv = (=8)%qe, xr = (=8)%d;; and Goypae p X1tV = (=8)%qe, x7 = (—8)%6;;

V#QO g7

Note, replacing X as we have done above, does not greatly change the rest of the construc-
tion, since the copies of V' are summed over the essential torus T'. The only change is altering
the Donaldson invariants by a nonzero multiple. Therefore, we will examine the case where
we do not sum on copies of V', for simplicity.

To show that the classes [jF = 0, we need to show

k. are independent, suppose Sa;[jF, ]

that a; = 0. In theorem 5.2.1 we had that DH’“(Emb)(

") = 2"16;;. Note that jm is simply
the extension of the adjoint of jm as discussed on page 29. In theorem 5.2.1 we were not
summing-on copies of V. Therefore, let us denote %’; as the coefficients of d;;, in the general

case when we sum on copies of V. Note, 7]’5 is essentially 2 to some power, the fact that it

is non-zero is what is important. Combining these facts, for any ¢, we have that:
Hy(Emb e Hy(Emb) /% f
0= DI (Sailf]) = 0 DI () = o

Then, we have that v} = ngéEmb)([ .]) # 0, which implies that a, = 0. So, the classes
[jfn] are independent. Futhermore, recalling the construction of the twisting invariant 7 in

section 4.2, we may view our invariant as a map:
DﬁBEmb) ker(n) — Maps(ag,Z)

The independence of the classes above shows us that the collection {DT“(Emb)([ m])} is

Hk(Emb). This image, denoted Im(DHfg(Emb)% is a subset of

independent in the image of D
Maps(C'Z, Z), which is free, and so Im(DHfféEmb)) is also free. This means that there is a
map:

s : Im(D™F™)) 5 er(n) ¢ Hy(Emb©™ (52, Z,.,))

Such that (D ,ﬂ(Emb) o s) is identity on Im(D™ ’B(Emb)) Finally, (Im(DH,kg(Emb ) is the desired
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subgroup of Hy,(Emb®™ (S?, Z,,,)) that will be of rank at least r.
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