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Abstract 

Special moment resisting frames (SMRF) are intended to protect the structure from 

earthquake motions through a ductile inelastic response.  This thesis evaluates the performance 

of reinforced concrete SMRFs with an emphasis on the second level beams.  Due to previous 

research, it is concluded that two-dimensional finite element analyses (2D-FEA) and three-

dimensional finite element analyses (3D-FEA) have different results when evaluating the same 

structure.  Due to this, the thesis used a 3D-FEA to analyze frames based on Design Example 7 

in the 2006 IBC Structural/Seismic Design Manual (Appendix A).  While looking at the frame as 

a whole, the first of two parametric studies was performed over the columns.  Using LS-DYNA 

the columns’ forces, displacement, moment, and curvature were evaluated.  From these results, it 

was concluded that in SMRF, columns are not acting per current design assumptions due to the 

elongation of beams.  Using the knowledge gained in the first parametric study, a second 

parametric study was performed on the second level floor beams.  Focusing on the beam 

elongation, this thesis evaluates multiple frames with different load combinations using LS-

DYNA to find the displacement of the reinforcement in the beams.  With the results, an equation 

to calculate the elongation of beams was proposed, as well as an average percentage of the 

elongation in reinforced concrete SMRF.  The equation and average percentage of elongation 

aim to provide a standard design consideration for the elongation of beams. 
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Chapter 1 - Introduction 

With the recent rise of natural disasters, incorporating systems to withstand the load 

conditions being applied is very important.  Special Moment Resisting Frames (SMRF) are often 

used to protect the structures from such motions caused by the natural disasters.  Typically, 

SMRF are designed and analyzed using two-dimensional finite element analyses (2D-FEA) due 

the accessibility and ease of use.  However, recent research proves that three-dimensional finite 

element analysis (3D-FEA) outperforms 2D-FEA for analyzing structures experiencing extreme 

loads.  This thesis evaluates the performance of a reinforced concrete SMRF described in Design 

Example 7 of the 2006 IBC Structural/Seismic Design Manual (Appendix A) using a 3D-FEA 

software.  This thesis focuses on the elongation occurring in the second level floor beams, in 

order to provide an equation to calculate the elongation of beams as well as an average 

percentage of the elongation in reinforced concrete SMRF.  The equation and average percentage 

of elongation aim to provide a standard design consideration into reinforced concrete SMRFs.  

To achieve this standard design consideration, two parametric studies were performed for this 

thesis. 

The first parametric study was the seven-story, five-bay, SMRF described directly out of 

Design Example 7.  Using LS DYNA, a moment vs. curvature graph was created to determine 

how each column of the frame acted under the same axial force.  Next, the total displacement of 

each base column of a seven-story building was found.  This was done by two different methods 

and then compared: the first method was using LS DYNA and the second method was hand 

calculations.  Using LS-DYNA, the curvature of the columns were found, along with the shear 

deformations, and the moment diagrams of each column.  From these results the total 
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displacement was calculated using basic mechanics.  Due to the results of the parametric study of 

the columns, the beams of the frame became the focus of the thesis. 

The second parametric study, the main focus of this thesis, was the study of beam 

elongation in SMRFs.  Using knowledge gained from the parametric study of the columns and 

adjustments made to the frame provided by Design Example 7, the beam elongation was 

analyzed for multiple frames undergoing different load combinations.  Frames from five bays to 

one bay were analyzed for both seven stories and six stories resulting in ten different SMRFs.  

Each frame was analyzed under two different load combinations as well: equation 5 – dead load 

plus live load, and equation 7 – just dead load.  Using LS-DYNA, displacements were found for 

the second level floor beams of all twenty (20) models to create beam deformation charts.  Using 

the data collected, the column drifts and rotations were calculated, the beam deformation was 

calculated, and the neutral axis at the joints was calculated.  From these results, along with 

simple trigonometry, an equation is proposed for determining the elongation of beams; and using 

algebra an average percentage of the elongation of the SMRFs was calculated. 
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Chapter 2 - Literature Review 

Concrete is used for many projects because of its ability to last for long spans of space 

and its flexibility of shape.  While concrete is a widely used material it is also a very complex 

material due to its composite nature.  When making concrete, water, cement, aggregate and sand 

are mixed together to create a pourable material that hardens and reaches its design strength in 28 

days.   From the time a project is poured until when the project is demolished, the concrete is 

exposed to elements, such as wind, seismic activity, snow, rain, ice, etc., that slowly deteriorates 

the structure of the concrete until a failure is in process.  These loads affect the design of a 

structure and how the structure fails. Due to the multiple materials, concrete is never created the 

same every time.  Because of this composite nature, concrete performs well under compression 

and does poorly under tension and due to load it will crack because of the low tensile strength 

causing the column’s stiffness level to reduce. Excessive cracking could eventually lead to 

column failure.  However, the stiffness varies from column to column and can cause an internal 

force that could crack members not yet cracked (Kara & Dundar, 2009).   Due to concrete’s 

composite nature, concrete structures handle all loads very differently than other materials.  

2.1. Special Moment Resisting Frames 

Every building experiences multiple loads, but the most extreme loading type is seismic 

loading.  When comparing the damage from an earthquake compared to a tornado, it can be 

observed that the earthquake causes greater damage on structures and this is because seismic 

loading not only produces a force in the horizontal direction but also in the vertical direction that 

cycle through rapidly.  However, the horizontal motions dominate over the vertical motions even 

during high seismic activity (Watanabe, Ohtsu & Sakamoto, 1997).  Additionally, the direction 

of the seismic loads has a significant effect on the failure mode of the columns (Pham & Li, 
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2013).  Due to the effect of earthquakes on concrete structures, ACI 318 adopted Special 

Moment-Resisting Frames (SMRF).  In the 2005 ACI 318 update, all reinforced concrete 

moment-frame structures built in high seismic areas were to be SMRF (“IBC”, 2006).  

Earthquake-resistant buildings’ main purpose is to protect the structure from earthquake motions 

through ductile inelastic response of the seismic force resisting system. To prevent collapse, 

ductile concrete frames were introduced into building codes.  These are designated as Special 

Moment-Resisting Frames (SMRF) and have special detailing requirements including location 

and amount of steel reinforcement.  One of the main ways SMRFs protect against the sway 

caused by earthquakes, is by the strong column/weak beam frame.  This concept is meant to 

produce a sway as shown in Figure 1 (b) and (c) and prevent the sway shown in Figure (a).   

 

“This strong-column/weak-beam principle is fundamental to achieving safe behavior of 

frames during strong earthquake ground shaking” (Bracci, Moore, & Bugeja, 1999).  SMRFs are 

also designed to predict the formation of plastic hinges so that the desired mechanisms can occur. 

Figure 1: Diagram of Mechanisms 
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2.2. Plastic Hinge 

As loading progress and displacement increases, plastic hinges are formed at the base of 

columns and the ends of beams (Phillippi & Hegemier, 2014), this can be seen in Figure 2.  A 

plastic hinge is the location of plastic bending occurring on a structure; typically, the most 

damage occurs at these locations.  Once a plastic hinge has formed, it allows for large amount of 

rotation to occur under a plastic moment caused by loads acting on the structure (Kozik, 2015).  

Two different types of plastics hinges can form on a frame during an extreme loading: reversing 

and unidirectional plastic hinges, these are explained in more detail in the sections to follow.   

 

2.2.1. Reversing Plastic Hinge 

When experiencing a seismic load, two plastic hinges develop on a beam, one with a 

negative bending moment and the other with a positive bending moment (Davidson & Fenwick, 

1995).  When the load direction reverses, so does the positive and negative bending moments on 

Figure 2: Diagram of plastic hinge locations 
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the plastic hinges, as seen in Figure 3.  For reversing plastic hinge, the plastic hinges form at the 

face of the column due to the maximum moment being greater than the elastic capacity.  

 

2.2.2. Unidirectional Plastic Hinge 

When the gravity shear is greater than the maximum lateral shear, unidirectional plastic 

hinges occur.  Due to the gravity shears being greater, at the mid span of the beam there is a 

shear point force of zero.  Davidson & Fenwick (1995) explain, “when the structure sways to the 

right, a negative moment hinge forms against the right-hand column face and the positive 

moment hinge develops in the span on the left-hand side of the beam center line.”  When the 

load direction reverse, so do the positive and negative sides, however there is still a point of zero 

moment at mid span.  Figure 4 shows the deformation of the beam caused by unidirectional 

plastic hinges.   

Figure 3: Diagram of reversing plastic hinge 

movement 
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2.3. Elongation in Plastic Hinges 

Plastic hinges have been researched extensively, however, the elongation of the plastic 

hinges have been typically overlooked.  While there is not much research over the topic, Richard 

C. Fenwick and others at the University of Auckland, in Auckland, New Zealand, have 

researched and published multiple articles pertaining to the elongation occurring in reinforced 

concrete SMRFs.  Fenwick and his colleagues published these articles approximately between 

the years of 1993 and 2003.   A large portion of Fenwick’s work has been aimed at the research 

towards the elongation of plastic hinges that occur in beams.  As described in the sections above, 

there are two types of plastic hinges that form during a serve earthquake: unidirectional and 

reversing.  In 1993, Fenwick and B.J. Davidson’s published Elongation in Ductile Seismic-

Resistant Reinforced Concrete Frames.  For this article, they performed the same tests on two 

Figure 4: Diagram of unidirectional plastic 

hinge movement 
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beams, these beams were tested as simple cantilevers springing from an anchorage block.  One 

beam had the loading to create an unidirectional plastic hinge, and the other the loading in which 

a reversing plastic hinge forms.  The two beams underwent the same type of loading and the 

results Fenwick and Davidson came up with are to follow. 

For the unidirectional plastic hinge forming beam, it failed at the first load cycle at a 

displacement ductility of 14.  The strains in the top of the steel yielded while the strains in the 

bottom did not.  Fenwick and Davidson were successfully able to use equation (2-1) to predict 

the elongation of an unidirectional plastic hinge.  The equation measures the elongation at mid-

depth assuming the strain is zero, in terms of rotation. 

 ���������� = 
�� − �′�/2 

� − �′ is the distance of reinforcement between top 

and bottom centroids 

(2-1) 

For the beam with a reserving plastic hinge, the failure occurred at the first load cycle of 

the displacement ductility of 10 and the failure was caused by buckling in compression.  With 

each loading cycle, the reinforcement in the compression zone elongated.  This is because “the 

reversal of loading direction causes the reinforcement in the compression zone, which had been 

yielding in tension, to not fully yield back in compression” (Fenwick & Megget, 1993).  With the 

compression zone elongation represented as e and the rotation of the plastic hinge as θ, Fenwick 

and Davidson used equation (2-2) to predict the elongation of the reversing plastic hinge. 

 ���������� = � + 
�� + ���/2 (2-2) 

Compared to the actual experiment, the predicted elongation did not match up.  This was 

due to the increased length in the compression zone, e.  As mentioned before, the elongation is 

due to effects cause by the reversing of the load, the change of loading caused the compression 
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force to be less than the tension force which caused an inelastic rotation.  The compression zone 

also increased in length because of the concrete cracking; when the concrete cracked, a wedging 

action of aggregate particles occurred, this also explained why the reinforcement could not fully 

yield back into compression. 

In the same article, Fenwick and Davidson tested a multi-story frame; this frame was 

built to the New Zealand building code at the time to withstand motions for a severe earthquake.  

They tested two different frames, one where the beams are represented by sub-assembly 

elements that included elongation effects (elongating model), and one were the beams’ plastic 

hinge zone was represented by non-elongating sub-assembly (non-elongating model).  In the 

non-elongation model, the beams acted as stiff ties ensuring the deflection profiles of all columns 

stayed the same.  For the elongation model, that was not the case, the beam elongation caused the 

columns to be pushed outwards.  Ultimately, this caused the maximum plastic hinge rotation to 

occur at the base of the columns.  At the top level of the frame, portal action associated with 

gravity loads created a larger axial compression in the beam which increased the flexural 

stiffness and decreased the elongation.  The tests performed on the frame also revealed that strain 

hardening caused an increase in the maximum moment, which caused an increase in rotation of 

the plastic hinge, and this ultimately caused an increase in elongation. 

Through the findings of Fenwick and Davidson in Elongation in Ductile Seismic-

Resistant Reinforced Concrete Frames, it was concluded that “plastic hinges elongate by two to 

four percent of the member depth before strength degradation occurs” (1995).  From this 

experiment, it can also be concluded that the lengthening of the reinforcement on compression 

zones happening from cycle to cycle, is a major contribution to the elongation in the reversing 

plastic hinges. 
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Based on the findings stated above J.G. Matthews, J.B. Mandar, and D.K. Bull, out of the 

University of Canterbury in New Zealand, proposed an analysis method and equation of their 

own to predict the total elongation of concrete elements.  In Prediction of Beam Elongation in 

Structural Concrete Members Using a Rainflow Method, Matthews, Mander, and Bull state that 

beam elongation occurs when a “new” rotation occurs (2004).  The “new” rotation is referred to 

as the additional rotation occurred that was not achieved during the previous load cycle.  Beam 

elongation only occurs when the deformation and rotation exceeds the previous deformation and 

rotation.  Due to this, the “Rainflow Counting” method was used to create an equation to predict 

elongation.  With this method, the “new” rotation was counted and Equations (2-3) and (2-4) was 

created to predict the total elongation in terms of rotation. 

For a plastic hinge at a given rotation: 

 ���� = 
��� (2-3) 

 
 is the rotation the beam undergoes  

 ���� is the eccentricity between the centroid and the 

neutral axis 

 

For the maximum beam elongation for a given frame: 

 ������ = ��
� � + �
�!� + 
"#$ ����
%

�&'
 (2-4) 

 
� 	 is the maximum positive plastic rotation  

 
�! is the maximum negative plastic rotation  

 
" is the yield drift  

 ���� is the distance between the beam centroid and 

instantaneous center of rotation (neutral axis) 
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With equation (2-3), Matthews, Mander, and Bull presented new research to compare 

their predictions to previous researched beams and frames as well as their own beams for 

research.  Testing both individual plastic hinges and a frame, the equation used for prediction 

verified the results of their research; equation (2-3) also verified the results from previous 

research done by Fenwick et al (1891), Restrepo et al (1993), and Lau (2001). 

Through the resultant equation and findings of Matthew, Mander, and Bull’s work, it can 

be concluded that rotation and the location of the beam’s neutral axis in comparison to the 

column are important factors in determining the elongation of reinforced concrete frames. 

2.4. Frame Performance 

In 2017, Donald Phillippi and Gabrielle Liuzza authored Three-Dimensional Non-Linear 

Analyses of Special Reinforced Concrete Moment Frames, the focus of this article was to 

determine the column-shear force distribution at the bottom story of the frame.  A seven story, 

five bay special moment resisting frame was used to conduct the research.  An elastic two-

dimensional finite element analysis (2D-FEA) was done on a readily available software, that is 

often used for design and analysis.  This model was compared to a model created for a three-

dimensional finite element analysis (3D-FEA).  With the 3D non-linear dynamic general-purpose 

program, the 3D-FEA model controls included a “hour-glassing, length of simulated time, 

method of vertical loading, rate of horizontal displacement, size of time steps, integration 

method, and type of integration set-up for the elements” (Phillippi & Liuzza, 2017).  The results 

of comparison between 2D-FEA and 3D-FEA are shown in Table 1.   

The results for this experiment show that what is expected to happen, does not.  The 

shear-force distribution force at the first level is significantly different that the prediction 

provided by the 2D-FEA.  For the last column of the frame (column 6) 3D-FEA predicted 
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approximately double the prediction of the 2D-FEA.  This is caused by the increased axial load 

acting on the compression columns as well as beam elongation creating drifts in the frame.  

However, the results between the 3D-FEA and 2D-FEA of the shear-force for the columns at 

level two are comparable.  The two models have a comparable drift but looking at the 3D-FEA, 

the last column’s drift is about one and a half times larger than the first column’s drift.  This can 

be explained by the frame becoming stiffer due to an increased axial over turning loads and the 

beams elongating.  

  

Method Parameter 
First Floor Columns 

1 2 3 4 5 6 

2D-FEA 

Axial (kN) 381 -1300 -1287 -1285 -1255 -1665 

Shear (kN) 294 419 427 427 437 323 

Top M (kN-m) -137 -472 -461 -461 -474 -230 

Base M (kN-m) 1119 1391 1361 1360 1390 1148 

Joint Δ (mm) 8.59 8.60 8.60 8.59 8.57 8.53 

Joint θ (rad.) 0.00278 0.00238 0.00239 0.00238 0.00237 0.00263 

3D-FEA 

Axial (kN) 265 -1237 -1282 -1275 -1224 -1812 

Shear (kN) 65 281 357 447 550 647 

Top M (kN-m) 186 -19 -131 -240 -342 -356 

Base M (kN-m) 379 956 1061 1257 1476 1801 

Joint Δ (mm) 5.84 7.25 8.57 10.01 11.71 14.50 

Joint θ (rad.) 0.00178 0.00180 0.00193 0.00217 0.00243 0.00358 

            

Method Parameter 
Second Floor Beams 

1L 1R 2L 2R 3L 3R 4L 4R 5L 5R 

2D-FEA 

Axial (kN) 0 0 -8 -8 -22 -22 -35 -35 -40 -40 

Shear (kN) 96 287 80 278 86 278 86 277 93 284 

M (kN-m) 589 -787 534 -768 534 -767 532 -765 549 -807 

Elongation (mm) 0.01 0.00 -0.01 -0.02 -0.04 

3D-FEA 

Axial (kN) -81 -94 -197 -235 -334 -331 -371 -380 -337 -355 

Shear (kN) 59 217 115 262 127 267 163 331 196 349 

M (kN-m) 323 -615 461 -735 534 -820 594 -864 649 -1102 

Elongation (mm) 1.41 1.32 1.44 1.70 2.79 

            

Method Parameter 
Second Floor Columns 

1 2 3 4 5 6 

2D-FEA 

Axial (kN) 286 -1099 -1095 -1093 -1071 -1380 

Shear (kN) 219 445 441 439 442 283 

Base M (kN-m) 463 879 870 867 870 587 

3D-FEA 

Axial (kN) 222 -1139 -1078 -1078 -1082 -1464 

Shear (kN) 131 427 430 451 488 288 

Base M (kN-m) 426 898 912 899 878 390 

Table 1: Results from 2D-FEA versus 3D-FEA (Phillippi & Liuzza, 2017) 



 13 

Chapter 3 - Research Background 

3.1. 2006 IBC Example 

This thesis evaluates the performance of a reinforced concrete SMRF described in Design 

Example 7 of the 2006 IBC Structural/Seismic Design Manual (Appendix A).  This frame 

consists of four seven-story, five-bay SMRF on each perimeter wall as can be seen in Figure 5. 

 

When sizing the members, a two-dimensional analysis was used for the analysis.  Using 

the portal method, the exterior columns’ nodal forces were half the amount as the interior 

column’s nodal forces.  Using the 2D frame program forces were found and members were 

designed and detailed.  Appendix A shows the Design Example produced by IBC. 

For the beam, design members are chosen based on a cracked structure for the worst case 

scenario.  The design “considers the frame beam to a combined section including consideration 

of the adjacent slab for both compression and tension stresses” (ACI 318 Section 318 Section 

1836.2.1, 2014).  An important design for the beams is that the shear design allows for the 

Figure 5: Sketch of the seven story concrete SMRF building 



 14 

formation of plastic hinges at a certain distance from the column face.  SMRFs require a strong 

column – weak beam design to ensure the plastics hinges occur in the beams of the frame.  This 

is achieved by designing the columns to have nominal bending strengths 120 percent stronger 

than beams (ACI 318 Section 18.7.3.2, 2014).  Typically for column design, the governing shear 

strength process prohibits the column shear from exceeding the moment strength of the beams 

framing into the joints, this forced plastic hinges to form on the beams rather than the columns.  

From the Design Example 7, Figure 6 shows the detailing of the beams and columns in the 

SMRF. 

 

 

3.2. Finite Element Analyses 

Currently, the structural analysis and design of a concrete building is determined using 

computer programs such as RISA 3D and SAP2000.  While these programs work, they are not 

100% accurate due to a lack of research done on 3D models (Xiao, Kunnath, Li, Zhao & Lew, 

2015).  Another computer program, LS-DYNA, is starting to become more popular for 

Figure 6: Diagrams of the reinforcement of the building components 
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performing research due to its dynamic nature.  To follow is a comparison of each program 

based on their benefits and drawbacks.    

3.2.1. RISA 

RISA is one of the most used computer program for structural analysis and design in 

industry.  With multiple products and the ability to use all types of building material, this 

program is used for everyday design.  RISA has the ability to create a three-dimensional model 

as shown in Figure 7, and from this model, an analysis can be made for the structure. 

 

 Benefits 

RISA was the first program to introduce a graphical interface that was adept for creating 

larger and smaller structures.  For this reason, many companies in industry started utilizing RISA 

and as its popularity grew, so did its power (McNaghten, 2016).  Along with the ability to 

customize the shape properties of the components of the structures, RISA stands out among other 

programs when researching concrete (Goldberg, 2007).  Another benefit of RISA is that it is very 

Figure 7: Diagram of a RISA 3D model 
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user friendly through program tutorials and layout; this helps with speeding along the process of 

analysis and design. 

 Drawbacks 

For the research of concrete, RISA lacks the three-dimensional aspects of the behavior of 

a structure.  RISA claims to be three dimensional, however this simply means that the structure 

can be modeled in three-dimensions and that the elements have three dimensional properties.  

However, the program does not take the three-dimensional movement of the model into effect, 

nor can the user control much of the model. 

3.2.2. SAP2000 

As a finite-element analysis (FEA) program, SAP2000 is often used in industry as well as 

in research.  With the ability of multiple views, as seen in Figure 8, SAP2000 is useful for 

designing a structure. 

 

  

 

Figure 8: Diagram of a SAP2000 model 



 17 

 

 Benefits 

This software is completely integrated with the ability to analyze simple and complex 

structures; it also allows the user to, “account for the non-linear mechanical behavior of the 

material” (Pasticier, Amadio & Fragiacomo, 2008).  SAP2000 has many uses; one of the main 

uses is the analysis of a structure, this is because along with being able to view the structure in 

3D, SAP2000 can analyze the structure as a hole or an individual element of the structure (“CSI 

Introduces SAP2000”, 2009).   

 Drawbacks 

While being able to view and analyze the structure in 3D is very beneficial in research, 

SAP2000 does not properly function once an element of the concrete structure becomes plastic.  

The program does not allow automatic control of the deflection of the structure when more than 

one plastic hinge reached plastic state (Pasticier, Amadio & Fragiacomo, 2008).  This can cause 

a halt in researching because of the limitations of the software. 

3.2.3. LS-DYNA 

As a newer program, LS-DYNA is a non-linear dynamic program with the ability to 

analyze large deformation behavior in structures over time (Kenshiro, 2012).  The most common 

use for this program is car crash data, but as the program becomes more popular, structural 

dynamics was included into the software.  This can be seen in Figure 9.  
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 Benefits 

LS-DYNA solves for the equation of motion for the problem; according to Xu and Zhang 

(2015), “in LS-DYNA, the study area is spatially discretized by 2D or 3D finite elements. At 

each time step, the equations of motion for the considered dynamic system are solved at the 

integration points of each element. The strain increments are determined based on the calculated 

nodal displacements”.  Considering three-dimensional factors applied to a structure, this program 

can calculate displacement, velocity, and acceleration in terms of time.   These values are very 

important when determining the loads applied to a structure and how these loads affect the 

structure.  With the ability to use data given by LS-DYNA on other analyzing platforms, many 

components of concrete can be analyzed. 

 Drawbacks 

While not widely used in industry, LS-DYNA is starting to see an increase in use for 

researching structures.  However, because it is new to the analysis of structures, there is not a lot 

to compare research to. 

Figure 9: Diagram of LS-DYNA model 
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3.2.4. Summary of Computer Programs 

Both RISA and SAP2000 claim to be able to calculate all that is needed for analysis and 

design of a structure, however, these programs do not fully analyze every component of concrete 

due to the lack of control in design.  Additionally, Shirmohammadi (2015) explains, 

“Exploration of existing model performances for predicting the behavior of several tested 

specimens shows a need for improvement of existing algorithms”. 

Based on the computer programs described, two models were created for research 

purposes.  The models Phillippi & Liuzza created in their articles Column Seismic Shear Load 

Distribution in a Seven-Story Multi-Bay Concrete Frame and Three-Dimensional Non-Linear 

Analyses of Special Reinforced Concrete Moment Frames, are described below. 

3.2.5. Two-Dimensional Finite Element Analysis 

Using the SMRF as described in Design Guide 7, a 2D-FEA, SAP2000 model was 

created.  With the help of Design Example 7, the frame in Figure 10 was constructed of already 

made elements in the program using code suggested settings.  The materials properties included 

in the frame are: modulus of elasticity, shear modulus, Poisson’s ratio, and weight density.  

 

 

 

 

 

 

 



 20 

 

Figure 10: Diagram of the computer model used in the 2006 IBC Design Example 7 
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3.2.6. Three-Dimensional Finite Element Analysis 

Using LS-DYNA, concrete elements were modeled as continuous surface cap solid 

elements as the steel reinforcement was represented as two-dimensional beam elements modeled 

with piecewise linear plasticity.  Through the 3D-FEA, the model was controlled by the 

horizontal and vertical displacement to characterize quasi-static loading.  Figure 11 shows the 

model used in LS-DYNA.  

As mentioned above, the model is displacement controlled; this was achieved by using 

the loads and forces described in Design Example 7 from the 2006 IBC Structural/Seismic 

Design Manual.  Inputting the prescribed code forces into LS-DYNA, the displacement of the 

columns was determined at the fifth level.  With this data, the LS-DYNA model’s columns were 

set to the displacement found at the prescribed code force and then the displacements were 

continued at the resulting rate until failure.  

3.2.7. Finite Element Analysis Summary 

Different FEA give different results, this is shown in Table 2.  The Portal Method is the 

long, tedious hand calculation that is often taught in school.  It states that the shear and moment 

Figure 11: Image of the LS-DYNA model 
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for the exterior columns is half that of the interior columns.  The 2D-FEA is used for everyday 

analysis and design because its ease of use.  3D-FEA are often only used for research and 

preformation based designs. 

Table 2: 2006 IBC Frame Outcomes (Phillippi & Liuzza, 2017) 

 

For research purposes, LS-DYNA seems to be the best option due to the dynamic 

background of the software as well has user control over the model.  Due to concrete being a 

complex material, it is very hard to fully understand; many components and elements go into 

analyzing and designing a concrete structure.  Additionally, the complexity of the material 

interferes with computer programs fully grasping every component of concrete.  However, 

because of LS-DYNA’s dynamic analysis, it is able to analyze these components other programs 

seem to miss.  As a program, LS-DYNA solves for an equation of motion meaning that at each 

moment, every element is analyzed.  Due of this LS-DYNA has the ability to have an 

incremental displacement control, unlike RISA and SAP2000 which are typically load based.  

Due to this LS-DYNA can analyze structures beyond the maximum load for the structure.  Becasue 

to the abilities of control, LS-DYNA was used for the analysis of this research. 
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3.3. Governing Regulations 

For the safety, health, and welfare of the occupant, governing regulations are set in place 

for all aspects of buildings.  For the analysis of a building, ASCE publishes a standard for 

minimum design loads.  For structural concrete, ACI publishes the building code requirements 

used in the United States of America for design. 

3.3.1. ASCE 7-10 

The Minimum Design Loads for Buildings and Other Structures (ASCE 7-10) is a 

standard with a detailed guide to calculate the minimum design loads such as: dead load, live 

load, soil load, flood load, snow load, rain load, ice load, earthquake loads, and more including 

combinations of different loads.  These loads are implemented into the design of the structure. 

3.3.2. ACI 314-18 

The Building Code Requirement for Structural Concrete (ACI 318-14) is a code standard 

for the design of reinforced concrete buildings.  These regulations on design help with the 

durability of a structure.  The main purpose of the ACI 318-14 is to provide a detailed guide of 

calculating the reinforcement needed in the element being designed. 
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Chapter 4 - Parametric Study: Columns 

As mentioned in Chapter 3 Section 1, this thesis evaluates the performance of a 

reinforced concrete special moment resisting frame (SMRF) described in Design Example 7 of 

the 2006 IBC Structural/Seismic Design Manual (Appendix A).  However, the frame was 

modified to have equal column sizes as seen in the detailing of Figure 12. 

 

Using LS-DYNA, forces were simulated to act laterally on the frame and the concrete 

columns, in a moment frame, were investigated.  The effect of the load is illustrated in Figure 13.  

Since, LS-DYNA solves for an equation of motion, data produced from the program and 

structural mechanics can be used to create basic concrete analysis.  Through the research, four 

things were looked into and are discussed as follows: 

1. Forces 

2. Force vs. Displacement 

3. Moment vs. Curvature 

Figure 12: Diagram of reinforcement for the modified frame 
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4. Total Displacement 

 

4.1. LS-DNYA Model 

The SMRF are typically designed with finite element analyses using two-dimensional 

beam elements for the concrete and the steel reinforcement. In the thesis presented LS-DYNA, a 

three-dimensional FEA that includes eight node solid elements for the concrete material and two-

dimensional beam elements for the steel reinforcement, was used for analysis.  Nodes were 

selected on the members according to Figure 14.  Nodes u1, u3, u5, and u7 represent x-

displacement and the z-displacement is represented by nodes u2, u4, u6, and u8.  Figure 15 shows 

the SMRF’s column call outs for reference.  

 

 

 

Figure 13: Diagram of LS-DYNA model showing displacement 
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Figure 15: Diagram of SMRF references 
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Figure 14: Diagram of  node selection 
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4.2. Forces 

 Using the LS-DYNA model described in Section 3.2.6., the forces versus time graph was 

plotted directly from the program, the results are shown in Figure 16.  As a note, time refers to 

time steps, not the actual time.  

 

It can be seen that each column experiences a different load at any given time.  Column A 

is wayward of the load, and it experiences the lowest amount of load.  Currently, it is practiced 

that Column F (leeward of the load) should have the same amount of force as the Column A 

does, and it should be one-half than that of the inner columns.  
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 28 

4.3. Force vs. Displacement 

From the force data used above, and the x-displacement taken from LS-DYNA, a Force 

vs. Displacement graph was made.  This graph provides detail on how each column’s force is 

depended on the displacement.  The results are in Figure 17. 

 

This graph shows that every column experiences a different force due to displacement.  

This is because of the stiffness of the columns and the elongation of the beams.  

4.4. Moment vs. Curvature 

 For concrete, Moment vs. Curvature graphs are used to determine many factors.  These 

factors include determining when the concrete: begins cracking, becomes elastic, reaches 
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ultimate design, and has a total failure, it also shows when the reinforcing bars yield.  Figure 18 

shows these points in a graph. 

 

For this research, data was taken at the steel reinforcement (rebar); it was taken at the 

rebar because of the complex nature of the concrete causing errors in the data.  Because the rebar 

is embedded into the concrete, the results are similar as if the data was taken at the concrete.  

First the z-displacement was found of the columns, and then the y-moment of each column was 

found.  Using LS-DYNA, a z-displacement versus y-moment plot was created and then put into 

excel.  Using equation (4-1) the curvature was found, and then plotted versus the y-moment.  

 ) = *' − *+�  (4-1) 
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 * = Δ--  (4-2) 

 ) = �./ − .0� − �.+ − .1�ℎ�  (4-3) 

 

Figure 19 show the results and that each of the columns undergo cracking, yielding and 

failure all at different times under the same axial force.  As the moment and curvature of a 

concrete frame start to change, a shear deformation is created due to the cracking of the concrete. 

4.5. Total Displacement 

The displacement is how much the column moves during and after loading; it is very 

important for structure not to have too much deflection.  Based off the shear deformation from 

LS-DYNA and basic mechanics, the total displacement can be determined.  The total 

displacement was determined using two different methods:  
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Figure 20: Curvature vs. Height used for calculating Total Displacement 

1. Using LS DYNA and,   

2. Using hand calculations.   

Using LS-DYNA, the curvature of the columns was found using the same method 

described in section 4.4, these results are available in Appendix B.  Shear deformation was found 

using the x-displacement and z-displacements of the frame in LS-DYNA.  The data from the 

displacements was then applied to equation (4-4); as a reminder, u1, u3, u5, and u7 represent x-

displacement and the z-displacement is represented by u2, u4, u6, and u8.  

 3 = .' + .4 − .5 − .62ℎ + .+ − ./ − .0 + .12�  (4-4) 

The first part of the shear deformation equation describes the horizontal deformation 

while the second part of the equation describes the vertical deformation occurring.  The shear 

deformation of the columns can be seen in Appendix B.  With these results, a Curvature vs. 

Height graph was created to represent the displacement model; these graphs were used for the 
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hand calculations for total displacement.  Figure 20 shows the Curvature vs. Height graph for 

Column A, the other columns’ data is in Appendix B. 

 With these graphs, to the find the total displacement by mechanics the equations as 

follows. 

 For the flexure portion: 

 ∆8= �)' − )"#�� 9ℎ −
��
2: +

)"ℎ+
3 + )+ℎ

+

6  (4-5) 

The height is based on the Priestley model (Mandar, Priestley, & Park, 1988) and the 

curvatures are from LS-DYNA. 

 ℎ = = + 0.15B"�C  (4-6) 

 )' – curvature at base  

 )" – yielding curvature  

 )+ – curvature at maximum height  

 �� = 0.08ℎ��� + 0.15B"�C (4-7) 

 For the shear portion: 

 ΔE = 3�FGℎ (4-8) 

 3�FG – based on the average shear angle over the 

height of the column 

 

 Total Displacement:  

 ΔH = Δ8 ΔE (4-9) 
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 The value of the total displacement is then compared to LS-DNYA’s total displacement, 

Figure 21 shows and example calculation.  All graphs and calculations for this section are in 

Appendix B. 

 

 

It is seen that the hand calculated displacement and the computer generated displacement 

are very similar, meaning that the equation produced through this research is very close to what 

software calculated.  These graphs show that each of the six columns react differently under the 

varying axial forces; the leeward column has the largest shear deformation meaning that it 

displaces the most.  The movement of the columns cause cracking in the concrete.  As the 

cracking occurs, steel reaches its yielding strain and goes beyond then becoming plastic, and 

once the material is plastic it cannot go back to its original form causing a permanent elongation 

in the beams.   

Due to these findings, it is apparent that beam elongation has a role into why concrete 

columns act differently than what is currently thought.  The next chapter of the thesis, will look 

into the beam elongation and how to incorporate it into standard design. 

 

 

  

Figure 21: Equations used for calculating Total 

Displacement Compare to LS-DYNA Value 
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Chapter 5 - Parametric Study: Beams 

5.1. Design 

In order to produce sufficient data for comparing, multiple frames were created based off 

the frame described in the 2006 IBC Design Example 7.  Ten different frames underwent two 

different load cases for the purposes of gathering data to compare.  Using the same call out for 

reference as in Figure 14, five frames were seven stories tall, while the other five were six stories 

tall.  Of the five frames at each height, the frames varied from having five bays to four bays to 

three bays to 2 bays and down to one bay.  The different load cases acting on the frames refer to 

the gravity loads being applied; classified as equation 5, the dead and live loads were applied to 

the beam, while the loading case called equation 7 had dead load only.  The forces applied 

laterally were based off the displacement determined by 2D-FEA done in the 2006 IBC Design 

Example 7, the frames where put into LS-DYNA with displacement controlled lateral loads.  The 

frames compared are described in Table 3: 
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Table 3: Frame Call Outs 

Frame 

Label 

Number of 

Stories 

Number of 

Bays 

Gravity 

Equation 

7.5.7 7 5 7 

7.4.7 7 4 7 

7.3.7 7 3 7 

7.2.7 7 2 7 

7.1.7 7 1 7 

7.5.5 7 5 5 

7.4.5 7 4 5 

7.3.5 7 3 5 

7.2.5 7 2 5 

7.1.5 7 1 5 

6.5.7 6 5 7 

6.4.7 6 4 7 

6.3.7 6 3 7 

6.2.7 6 2 7 

6.1.7 6 1 7 

6.5.5 6 5 5 

6.4.5 6 4 5 

6.3.5 6 3 5 

6.2.5 6 2 5 

6.1.5 6 1 5 

 

5.2. Experiment 

5.2.1. Columns 

An essential part of the elongation of reinforced concrete beams is the drift and rotation 

of the columns the beams are attached to.  For this thesis, LS-DYNA was used to determine the 

drift of the columns through the time versus x-displacement data.  Using the same reference 

nodes u1, u3, u5, and u7 as shown in Figure 13, node values where taken at the exterior 

reinforcement along the fourth tie from the bottom and from the first tie beyond the second level 

floor beams.  At time equal to zero seconds, the nodes were thirty inches in width and one 

hundred fifty-one inches in height apart.  In order to find the drift of the columns Equation (5-1) 
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was used; the equation finds the average drift of each column and is then used to find the rotation 

of the column, Equation (5-2).  

 ∆= .' + .42 − .5 + .62  (5-1) 

 
 = tan!'L∆ ℎM N (5-2) 

The rotation of the columns was compared to the time in order to describe the 

relationship of the rotations, through this it was concluded that rotation has a linear relationship 

with time that can be seen since in Appendix C.  The frames used for this research were then 

created to represent the rotation occurring the columns, Figure 22 shows this representation for 

Frame 7.5.7 at the maximum time before failure.  The other frames’ column rotation 

representation are in Appendix C.  
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Figure 23: Beam Deformation 

5.2.2. Beams 

The focus of this thesis is the elongation of beams, in order to achieve this the time versus 

x-displacement and the time versus z-displacement data was taken for the second level floor 

beams of the frame.  As with the columns nodes u1, u2, u3, u4, u5, u6, u7, and u8, as shown in 

Figure 13, were taken at the steel reinforcement throughout the beams.  Shown in Figure 14 are 

the locations of the nodes on the beam.  With the results of the LS-DYNA displacements of the 

beams the deformation and neutral axis where determined. 

The frames where loaded until failure, and from the displacement values in both the x and 

z direction, the beam deformation was graphed for each beam.  The points plotted show how the 

reinforcement moved vertically and horizontally at the same time.  To find the location at the 

deformed beam, the reinforcement’s displacement at a certain time in both directions was added 

to the original location of the reinforcement in the beam.  Figure 23 shows an example of the 

beam deformation of Beam AB for Frame 7.5.7, the rest of the beam deformations can be seen in 

Appendix C.  
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Due to the importance of the of neutral axis, as discovered by previous researchers, the 

neutral axis was determined by finding the strain of the reinforcement along the beams.  The 

strain equation stated in Equation (4-2) is used to find the top and bottom strains of the 

reinforcements.  Equation (5-3) and Equation (5-4) are used for finding the top and bottom 

strains. 

 *HOP = .' − .4�  (5-3) 

 *QOHHOR = .6 − .5�  (5-4) 

From the strain, the standard design process of determining the neutral axis value, c, from 

the compression side of the beam is described in Figure 24 and Equations (5-5), (5-6), and (5-7). 

 

 *HOP
S = *HOP + *QOHHOR�  (5-5) 

 S = *HOP × � �*HOP + *QOHHOR�⁄  (5-6) 

 � − S = *QOHHOR × � �*HOP + *QOHHOR�⁄  (5-7) 

Figure 24: Diagram of the strain of 

concrete and reinforcement 
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It is important to note that for concrete the compression strain is taken at the concrete 

face while the tension strain is taken at the reinforcement.  The data taken from LS-DYNA take 

both the strains from the reinforcement in the beam.  In order to follow the standard design 

process for the neutral axis, three inches was added to the value of c. 

5.2.3. Frame 

The column drift, beam deformation, and neutral axis were all graphed as a length versus 

height graph in order to show the deformation of the frame.  Figure 25 is an example of a frame 

deformation, the other frame deformations are shown in Appendix C. 

Figure 25: Frame Deformation 
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5.3. Results 

5.3.1. Elongation Calculations 

The purpose of this thesis was to propose a standard design consideration for the 

elongation of the beams in reinforced concrete SMRFs.  With the data and graphs discussed in 

the previous section of this chapter along with simple math, an equation for elongation was 

found that can be incorporated into standard design practice.  Using the frame deformation 

graphs discussed in Section 5.2.3 the joints of the beams and columns were focused on and 

analyzed to determine how much the beams are elongating.  Using the deformation of the neutral 

axis and the location of the original centroid of the concrete beam, the elongation of the beam 

can be calculated.  Using simple trigonometry, Equation (5-8) was used to determine the 

elongation at the location where the beam and column meet. 

 V = ���� tan 
 (5-8) 

 V - elongation   

 ���� - distance between deformed neutral axis and the 

original centroid. 

 

 
 - rotation  

It should be noted that while the neutral axis location is usually taken from the 

compression face of the beams, for calculation purposes the neutral axis location is taken from 

the top face of the beam.  Meaning, for the right side of the beam the neutral axis is measured 

from the compression side, while for the left side of the beam the neutral axis is measured from 

the tension side. 
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For example, the elongation calculation of Beams AB and BC at Column B of Frame 

7.5.7 are described as follows.  Figure 26 shows the deformation of the frame due to loading at 

the maximum time of 9.60 seconds, the following figure, Figure 27, shows the calculation of the 

elongation of the left end of Beam AB and the right end of Beam BC.  

 

 

 

  

Figure 26: Deformation at the joint of Column B and the second level floor beams 
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Figure 27: Calculation of beam elongation at Column B in Frame 7.5.7 
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From the calculations shown above, the total beam elongation, as well as frame 

elongations where found and compared.  In order to compare all of the frames, the data for 

determining the elongation has a control point of seven seconds.  Using Equation (5-8) the beam 

elongations where found for the beam and column joints, individual beams, and for the total 

elongation of the beams and frame.  For the individual beams and total beams (as called in the 

result tables), the joint elongations were added as required.  The percentage of elongation was 

also calculated for the individual beams and the total beam elongation.  Using the total beam 

elongations and the column drifts, the total frame elongation was found as well as the percent of 

elongation.  Tables 4 – 8 summarizes the elongation calculations just described for the all of the 

frames at seven seconds. 

As noticed in the results, commonly the leeward beams have a shorter elongation than the 

beam adjacent.  This is caused the fact there is not another beam next to it, without this, the 

column does not get pulled by another causing a greater elongation in the beams.  
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Table 4: Elongation of the five bay frames 

Frame 7.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift (in.) 1.8080 2.2309 2.2309 2.7131 2.7131 3.2517 3.2517 3.8632 3.8632 4.6139 

Rotation (°) 0.6860 0.8464 0.8464 1.0293 1.0293 1.2336 1.2336 1.4655 1.4655 1.7502 

Neutral Axis 4.5976 27.1213 4.6524 26.2572 3.5563 25.9270 3.2499 25.6786 3.2470 21.9144 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1246 0.1791 0.1529 0.2023 0.2056 0.2353 0.2530 0.2732 0.3007 0.2113 

0.3036 0.3551 0.4409 0.5262 0.5120 

0.12% 0.14% 0.17% 0.20% 0.20% 

Total Beam 2.1379 in. 0.17% 

Total 20.6187 in. 1.40% 

Frame 7.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.5016 3.1145 3.1145 3.8350 3.8350 4.6078 4.6078 5.4534 5.4534 6.4697 

Rotation 0.9491 1.1816 1.1816 1.4548 1.4548 1.7479 1.7479 2.0683 2.0683 2.4534 

Neutral Axis 4.8927 26.7116 6.3413 25.7774 3.8741 24.7809 3.0260 23.8071 3.1625 21.1375 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1674 0.2416 0.1786 0.2737 0.2826 0.2985 0.3654 0.3181 0.4275 0.2630 

0.4090 0.4523 0.5810 0.6835 0.6905 

0.16% 0.18% 0.23% 0.26% 0.27% 

Total Beam 2.8163 in. 0.22% 

Total 28.7984 in. 1.96% 

Frame 6.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.5873 3.1586 3.1586 3.8234 3.8234 4.5361 4.5361 5.3068 5.3068 6.2189 

Rotation 0.9816 1.1983 1.1983 1.4504 1.4504 1.7207 1.7207 2.0128 2.0128 2.3584 

Neutral Axis 3.0777 26.0119 3.8594 25.1537 3.1657 23.5751 3.0964 23.3637 3.1523 18.7857 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2043 0.2303 0.2330 0.2571 0.2996 0.2576 0.3576 0.2939 0.4164 0.1559 

0.4346 0.4901 0.5572 0.6515 0.5723 

0.17% 0.19% 0.22% 0.25% 0.22% 

Total Beam 2.7058 in. 0.21% 

Total 28.3369 in. 1.93% 

Frame 6.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.5016 3.0214 3.0214 3.8350 3.8350 4.6078 4.6078 5.4534 5.4534 6.4697 

Rotation 0.9491 1.1463 1.1463 1.4548 1.4548 1.7479 1.7479 2.0683 2.0683 2.4534 

Neutral Axis 4.5843 25.9907 4.1084 24.5828 3.2522 22.5980 3.6158 22.0485 3.4336 18.7914 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1726 0.2199 0.2179 0.2434 0.2984 0.2319 0.3474 0.2546 0.4177 0.1624 

0.3925 0.4613 0.5302 0.6020 0.5802 

0.15% 0.18% 0.21% 0.23% 0.22% 

Total Beam 2.5661 in. 0.20% 

Total 28.4550 in. 1.94% 
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Table 5: Elongation of the four bay frames 

Frame 7.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 1.9719 2.4352 2.4352 2.9567 2.9567 3.5388 3.5388 4.3296 

Rotation 0.7482 0.9239 0.9239 1.1217 1.1217 1.3425 1.3425 1.6424 

Neutral Axis 4.6774 26.7809 4.4574 25.8275 3.5733 25.2582 3.2996 21.4512 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1348 0.1900 0.1700 0.2120 0.2237 0.2404 0.2742 0.1850 

0.3248 0.3820 0.4641 0.4592 

0.13% 0.15% 0.18% 0.18% 

Total Beam 1.6301 in. 0.16% 

Total 16.8622 in. 1.43% 

Frame 7.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 1.9253 2.4177 2.4177 2.9958 2.9958 3.6582 3.6582 4.5024 

Rotation 0.7305 0.9173 0.9173 1.1366 1.1366 1.3878 1.3878 1.7079 

Neutral Axis 4.8346 26.4464 5.9833 25.3069 4.1259 24.2720 3.5917 21.7310 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1296 0.1833 0.1444 0.2045 0.2157 0.2246 0.2764 0.2007 

0.3129 0.3489 0.4404 0.4771 

0.12% 0.14% 0.17% 0.18% 

Total Beam 1.5792 in. 0.15% 

Total 17.0787 in. 1.44% 

Frame 6.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.8104 3.4313 3.4313 4.1465 4.1465 4.9176 4.9176 5.9061 

Rotation 1.0663 1.3018 1.3018 1.5730 1.5730 1.8653 1.8653 2.2399 

Neutral Axis 3.1690 25.7142 3.6799 24.1424 3.1012 23.4868 3.0610 19.2151 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2202 0.2435 0.2572 0.2511 0.3267 0.2764 0.3888 0.1649 

0.4637 0.5083 0.6031 0.5537 

0.18% 0.20% 0.23% 0.21% 

Total Beam 2.1288 in. 0.21% 

Total 23.3407 in. 1.97% 

Frame 6.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.7541 3.4228 3.4228 4.2059 4.2059 5.0614 5.0614 6.0929 

Rotation 1.0449 1.2985 1.2985 1.5955 1.5955 1.9198 1.9198 2.3107 

Neutral Axis 4.5240 25.5876 3.6834 23.4972 3.2943 22.0068 3.2743 32.9340 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1911 0.2400 0.2565 0.2367 0.3260 0.2349 0.3930 0.7236 

0.4311 0.4932 0.5609 1.1167 

0.17% 0.19% 0.22% 0.43% 

Total Beam 2.6019 in. 0.25% 

Total 24.1389 in. 2.04% 
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Table 6: Elongation of the three bay frames 

Frame 7.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.1891 2.6913 2.6913 3.2637 3.2637 4.0290 

Rotation 0.8306 1.0211 1.0211 1.2382 1.2382 1.5284 

Neutral Axis 3.5800 26.4647 4.5276 25.5756 3.7322 22.3009 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1656 0.2043 0.1867 0.2286 0.2435 0.1948 

0.3699 0.4152 0.4383 

0.14% 0.16% 0.17% 

Total Beam 1.2235 in. 0.16% 

Total 13.3966 in. 1.50% 

Frame 7.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 2.1573 2.6975 2.6975 3.3360 3.3360 4.1490 

Rotation 0.8185 1.0234 1.0234 1.2656 1.2656 1.5739 

Neutral Axis 4.7660 26.0353 5.6360 25.1522 4.3635 22.1019 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1462 0.1971 0.1673 0.2243 0.2350 0.1951 

0.3433 0.3916 0.4301 

0.13% 0.15% 0.17% 

Total Beam 1.1650 in. 0.15% 

Total 13.5049 in. 1.51% 

Frame 6.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 3.0949 3.7762 3.7762 4.5438 4.5438 5.5251 

Rotation 1.1742 1.4325 1.4325 1.7236 1.7236 2.0955 

Neutral Axis 3.0838 25.0179 3.4478 23.6544 3.0915 19.1760 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2442 0.2505 0.2889 0.2604 0.3583 0.1528 

0.4948 0.5493 0.5111 

0.19% 0.21% 0.20% 

Total Beam 1.5552 in. 0.20% 

Total 18.4952 in. 2.07% 

Frame 6.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 7.0000 7.0000 

Drift 3.0417 3.7712 3.7712 4.6177 4.6177 5.6423 

Rotation 1.1540 1.4307 1.4307 1.7516 1.7516 2.1399 

Neutral Axis 4.2637 24.4067 3.4857 22.0350 3.0408 19.0062 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2163 0.2349 0.2876 0.2151 0.3657 0.1497 

0.4512 0.5027 0.5154 

0.17% 0.19% 0.20% 

Total Beam 1.4693 in. 0.19% 

Total 18.5423 in. 2.07% 



 47 

  

Table 8: Elongation of the 

one bay frames 

Frame 7.1.7 

Location 
Column A Column B 

Right Left 

Time 7.0000 7.0000 

Drift 2.5001 3.1589 

Rotation 0.9486 1.1984 

Neutral Axis 4.0249 24.3315 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.1817 0.1952 

0.3769 

0.15% 

Total Beam 0.3769 in. 0.15% 

Total 6.0359 in. 1.90% 

Frame 7.1.5 

Location 
Column A Column B 

Right Left 

Time 7.0000 7.0000 

Drift 2.4797 3.1630 

Rotation 0.9408 1.2000 

Neutral Axis 4.6234 24.5643 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.1704 0.2003 

0.3708 

0.14% 

Total Beam 0.3708 in. 0.14% 

Total 6.0135 in. 1.89% 

Frame 6.1.7 

Location 
Column A Column B 

Right Left 

Time 7.0000 7.0000 

Drift 3.6061 4.5220 

Rotation 1.3681 1.7153 

Neutral Axis 4.2430 21.1722 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.2569 0.1848 

0.4417 

0.17% 

Total Beam 0.4417 in. 0.17% 

Total 8.5698 in. 2.69% 

Frame 6.1.5 

Location 
Column A Column B 

Right Left 

Time 7.0000 7.0000 

Drift 3.5996 4.5296 

Rotation 1.3656 1.7182 

Neutral Axis 4.2133 21.0661 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.2571 0.1820 

0.4391 

0.17% 

Total Beam 0.4391 in. 0.17% 

Total 8.5683 in. 2.69% 

 

Table 7: Elongation of the two bay frames 

Frame 7.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 

Drift 2.4145 2.9531 2.9531 3.6836 

Rotation 0.9161 1.1204 1.1204 1.3974 

Neutral Axis 3.3355 26.5995 4.4100 23.5644 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1865 0.2269 0.2071 0.2089 

0.4134 0.4160 

0.16% 0.16% 

Total Beam 0.8294 in. 0.16% 

Total 9.8806 in. 1.63% 

Frame 7.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 

Drift 2.3825 2.9738 2.9738 3.7446 

Rotation 0.9039 1.1282 1.1282 1.4206 

Neutral Axis 4.6900 25.4003 5.3865 23.5285 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1627 0.2048 0.1893 0.2115 

0.3675 0.4008 

0.14% 0.16% 

Total Beam 0.7683 in. 0.15% 

Total 9.8692 in. 1.63% 

Frame 6.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 

Drift 3.3952 4.1328 4.1328 5.0969 

Rotation 1.2881 1.5678 1.5678 1.9333 

Neutral Axis 3.0427 24.0376 3.3749 20.3694 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2689 0.2474 0.3182 0.1812 

0.5162 0.4994 

0.20% 0.19% 

Total Beam 1.0156 in. 0.20% 

Total 13.6405 in. 2.25% 

Frame 6.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time 7.0000 7.0000 7.0000 7.0000 

Drift 3.3647 4.1602 4.1602 5.1618 

Rotation 1.2765 1.5782 1.5782 1.9578 

Neutral Axis 4.1077 23.4825 3.9212 19.9877 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2427 0.2337 0.3052 0.1705 

0.4764 0.4757 

0.18% 0.18% 

Total Beam 0.9521 in. 0.18% 

Total 13.6389 in. 2.25% 
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  Table 9 compares the average elongation of the individual beams, the beams as one in a 

frame, as well as the frame elongation by bay, story, equation, and the story and equation 

combination. 

Table 9: Elongation averages at seven seconds 

Time @ 
Individual 

Beam 

Elongation Percentage 

Total 

Beam 

Elongation Percentage 

Frame 

Drift and 

Elongation Percentage 7.00 sec 

5 Bay 0.4870 in. 0.20% 2.5565 in. 0.20% 26.5522 in. 1.81% 

4 Bay 0.4962 in. 0.19% 1.9850 in. 0.19% 20.3551 in. 1.72% 

3 Bay 0.4511 in. 0.17% 1.3533 in. 0.17% 15.9847 in. 1.79% 

2 Bay 0.4457 in. 0.17% 0.8914 in. 0.17% 11.7573 in. 1.94% 

1 Bay 0.4071 in. 0.16% 0.4071 in. 0.16% 7.2969 in. 2.29% 

7 Story 0.4299 in. 0.17% 1.2897 in. 0.16% 14.2059 in. 1.68% 

6 Story 0.5292 in. 0.21% 1.5876 in. 0.20% 18.5726 in. 2.24% 

Equation 7 0.4682 in. 0.18% 1.4045 in. 0.18% 15.9177 in. 1.92% 

Equation 5 0.4909 in. 0.19% 1.4728 in. 0.18% 16.8608 in. 1.99% 

7 St. Eq. 7 0.4132 in. 0.16% 1.2396 in. 0.16% 13.3588 in. 1.61% 

7 St. Eq. 5 0.4466 in. 0.17% 1.3399 in. 0.16% 15.0529 in. 1.75% 

6 St. Eq. 7 0.5231 in. 0.20% 1.5694 in. 0.20% 18.4766 in. 2.24% 

6 St. Eq. 5 0.5352 in. 0.21% 1.6057 in. 0.20% 18.6687 in. 2.24% 

Total 0.4597 in. 0.19% 1.4387 in. 0.18% 16.3893 in. 1.91% 

 

The results from the elongation calculations provide information that individual beams 

are elongating on average 0.4597 inches with a total of 1.4387 inches for the beams of the entire 

frame.  When the column drift is included, the average elongation of the entire frame is 16.3893 

inches.  On average, the frame elongates 1.91% at seven seconds when comparing all of the 

frames.  From the table, it can be concluded that the frame size has the largest effect for the 

elongation of a frame.  The six story frame elongates almost a quarter more than the seven story, 

and according to the results, the less bays there are, the more the SMRF elongates.  However, the 

results of this section are at controlled time, in order to incorporated the elongation of beams into 
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a standard design consideration the elongation was looked at over time.  The results are to 

follow. 

5.3.2. Time Comparison 

Due to the varying time durations during an extreme loading case there is no definite time 

to compare the beam elongations with, so instead comparing what is happening to the structure 

leading up to failure is more proactive.  Each frame was evaluated until failure; this section will 

go over the time leading up to that failure for each frame.  The frames were analyzed at one 

second, two seconds, three seconds, four seconds, five seconds, six seconds, and seven seconds; 

as mentioned before, in this thesis the time in seconds refers to time steps created by LS-DYNA. 

To understand the elongation through the time, first the rotation at each time needs to be 

analyzed.  As stated in section 5.2.1 the rotation and time have a linear relationship, Tables 10, 

11, 12, 13, and 14 show the drift and rotation at each time.   
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Figure 28: Neutral axis location for Frame 7.5.7 

As mentioned before, the neutral axis is very important for the calculation of the 

elongation of beams.  For this thesis the neutral axis distance was measured from the top face of 

the concrete beam, usually the neutral axis is measured from the compression face of the beam.  

With the deformation of the beam, at the right side of the beam the compression face is the at the 

top; while for the left side of the beam, compression face is at the bottom of the beam.  Tables 

12, 16, 17, 18, and 19 show the data for the neutral axis throughout time.  It is important to point 

out that as the time increases so does the distance of the neutral axis from the compression face 

for the left sides of all of the beams. 

 Figure 28 shows the relationship for the neutral axis on Frame 7.5.7.  Taking the neutral 

axis measurements from the top face of the beam, the right end of the beam has a neutral axis 

location of three to four inches from the compression side.  For the left end of the beams, the 

neutral axis location ranges from 17 to 26 inches from the top of the beam face.  The neutral axis 

location increases, from the compression face (bottom), as the beam is moving away from the 

location of the applied load. 
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Table 15: Neutral axis data for five bay frames 

Frame 7.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 7.1735 28.7510 4.5108 28.5954 3.5769 26.0233 4.0656 28.2312 3.4369 32.3793 

2.00 sec 6.2078 28.9397 4.2721 28.7480 4.1630 28.2591 4.0569 30.4863 4.6834 28.8140 

3.00 sec 5.2213 29.0290 5.4760 29.0278 4.5640 28.9190 4.7602 29.6711 4.9835 27.3424 

4.00 sec 4.9190 28.8287 6.3061 28.1607 5.0429 28.4172 4.8621 28.5871 4.7391 26.1206 

5.00 sec 4.9570 28.1789 6.0972 27.4937 4.8218 27.4760 4.3338 27.8139 4.1538 24.8182 

6.00 sec 4.8331 27.5731 5.7529 26.9440 3.9101 26.9167 3.4972 26.7367 3.5155 23.3268 

7.00 sec 4.5976 27.1213 4.6524 26.2572 3.5563 25.9270 3.2499 25.6786 3.2470 21.9144 

Max. 4.0048 26.6639 4.0194 24.8983 3.2864 23.7584 3.1269 21.2069 3.1984 17.5472 

Frame 7.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 4.8383 28.5679 4.6278 28.0802 4.9917 27.6668 4.9955 27.6731 4.1248 27.4313 

2.00 sec 3.2335 29.1337 3.2241 28.6467 3.3985 28.2647 3.1210 28.2179 3.5928 26.9057 

3.00 sec 3.7448 29.0081 4.8687 28.3795 4.8702 27.9006 4.9985 27.6491 4.9528 26.1936 

4.00 sec 4.3830 28.5422 6.1801 27.7194 5.7536 27.1147 5.2813 26.7974 5.0125 25.1482 

5.00 sec 4.7817 27.8978 6.5480 27.0943 5.6938 26.4238 4.7820 25.9124 4.3336 23.8178 

6.00 sec 4.8995 27.2749 6.6280 26.4680 5.0528 25.6626 3.8312 24.8612 3.3914 22.3580 

7.00 sec 4.8927 26.7116 6.3413 25.7774 3.8741 24.7809 3.0260 23.8071 3.1625 21.1375 

Max. 4.8927 26.7116 6.3413 25.7774 3.8741 24.7809 3.0260 23.8071 3.1625 21.1375 

Frame 6.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 4.9624 29.7050 4.3413 28.4618 3.7919 28.9351 3.8155 29.4106 3.9078 29.3873 

2.00 sec 3.9930 29.5091 5.1387 29.1780 4.8884 29.5120 4.9779 30.5575 4.7753 27.0455 

3.00 sec 3.5440 29.0587 5.4442 28.6036 4.9907 28.5653 4.7854 29.6235 4.5457 25.7119 

4.00 sec 3.4057 28.1501 5.3846 27.6111 4.3207 27.3252 3.9525 28.5464 3.8345 24.3761 

5.00 sec 3.3287 27.2064 4.7115 26.7763 3.5981 26.1397 3.3406 27.3267 3.3281 22.9042 

6.00 sec 3.2190 26.5345 4.0663 25.9343 3.3162 24.8395 3.0839 25.6423 3.0533 20.9987 

7.00 sec 3.0777 26.0119 3.8594 25.1537 3.1657 23.5751 3.0964 23.3637 3.1523 18.7857 

Max. 3.1478 25.0128 3.5897 23.6124 3.0533 21.6736 3.2799 18.7249 3.3614 14.7197 

Frame 6.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 5.0930 28.8730 3.5733 28.5529 3.9683 28.3045 4.0072 28.3683 3.7820 27.6857 

2.00 sec 3.5172 29.0377 5.0860 28.3286 4.5187 28.0127 4.5386 28.1172 3.1949 26.6708 

3.00 sec 4.5385 28.4745 6.2855 27.7339 5.2750 27.3338 5.0836 27.3573 6.1140 25.6212 

4.00 sec 4.9655 27.6857 6.6575 26.8712 5.0929 26.2553 4.2319 26.2218 3.8451 24.2212 

5.00 sec 4.9737 27.0324 6.3866 26.0848 3.9993 25.1793 3.1584 25.1785 3.1909 22.7318 

6.00 sec 4.8672 26.3197 5.2119 25.2483 3.0952 23.9407 3.3757 23.8611 3.2099 20.8554 

7.00 sec 4.5843 25.9907 4.1084 24.5828 3.2522 22.5980 3.6158 22.0485 3.4336 18.7914 

Max. 4.3509 25.7273 3.8077 24.2056 3.3574 21.8140 3.6716 20.8302 3.4233 16.7412 
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Table 16: Neutral axis data for four bay frames 

Frame 7.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.)  (from compression side of the beam) 

1.00 sec 7.2043 28.5503 3.1570 28.3976 3.1692 28.7442 3.2239 27.4286 

2.00 sec 6.2957 29.0650 4.5043 28.9921 4.6361 29.7854 4.7739 28.0435 

3.00 sec 5.5171 29.1200 5.4570 28.9637 5.1671 29.3835 5.1196 26.9490 

4.00 sec 5.2484 28.7604 5.8676 28.2319 5.2375 28.3330 4.9267 26.0070 

5.00 sec 5.1581 28.0470 5.7265 27.3691 4.8340 27.4507 4.3659 24.7466 

6.00 sec 4.9263 27.3518 5.2415 26.6035 4.1087 26.4249 3.6420 23.1701 

7.00 sec 4.6774 26.7809 4.4574 25.8275 3.5733 25.2582 3.2996 21.4512 

Max. 3.7372 24.1121 3.4561 22.7227 3.0207 18.3529 3.3560 13.7825 

Frame 7.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.)  (from compression side of the beam) 

1.00 sec 4.7679 28.5396 4.7281 28.2091 4.7861 27.9914 4.6088 27.6519 

2.00 sec 3.2484 29.1432 3.0429 28.7494 3.0464 28.5159 3.5728 27.6387 

3.00 sec 3.8339 28.9704 5.3337 28.3595 5.3642 27.9901 5.2157 26.8884 

4.00 sec 4.5083 28.3984 6.4944 27.5610 5.9644 27.1122 5.4072 25.8560 

5.00 sec 4.8140 27.7207 6.5789 26.8824 5.7082 26.2553 5.0514 24.6635 

6.00 sec 4.8942 27.0696 6.4846 26.1621 5.1440 25.3272 4.3470 23.2831 

7.00 sec 4.8346 26.4464 5.9833 25.3069 4.1259 24.2720 3.5917 21.7310 

Max. 3.7741 24.5241 3.0675 21.9145 3.6260 18.3193 3.6457 14.9736 

Frame 6.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.)  (from compression side of the beam) 

1.00 sec 5.1656 28.4079 4.0483 29.4587 4.5237 30.0288 4.3442 27.7357 

2.00 sec 3.9394 29.0496 4.9055 29.8494 5.1759 30.6490 4.9809 27.3862 

3.00 sec 3.3176 28.8010 5.2481 28.9237 5.1529 29.4706 4.8411 26.1605 

4.00 sec 3.1775 27.9214 5.1461 27.6435 4.5435 28.2446 4.0693 24.6716 

5.00 sec 3.0772 26.9958 4.5352 26.3953 3.7556 26.9762 3.4539 23.1407 

6.00 sec 3.0457 26.3008 3.9259 25.1658 3.3186 25.4444 3.1420 21.3545 

7.00 sec 3.1690 25.7142 3.6799 24.1424 3.1012 23.4868 3.0610 19.2151 

Max. 3.4977 23.9064 3.3497 21.6215 3.1880 18.0249 3.3814 13.6433 

Frame 6.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Neutral Axis (in.)  (from compression side of the beam) 

1.00 sec 3.5698 29.0071 3.6339 28.7581 3.8863 28.7387 3.3567 32.8726 

2.00 sec 3.6341 29.0998 4.7504 28.6702 4.5934 28.4596 4.5608 32.9014 

3.00 sec 4.4285 28.4916 6.2325 27.8411 5.7318 27.3788 4.9801 32.9203 

4.00 sec 4.9174 27.6783 6.2739 26.8959 5.3037 26.2304 4.4861 32.9294 

5.00 sec 4.9592 26.8861 5.9129 25.8708 4.2181 24.9683 3.6414 32.9338 

6.00 sec 4.7966 26.1292 4.6968 24.6943 3.1943 23.5874 3.0106 32.9351 

7.00 sec 4.5240 25.5876 3.6834 23.4972 3.2943 22.0068 3.2743 32.9340 

Max. 3.8105 24.3738 3.0347 21.4737 3.6510 18.2134 3.5683 32.9760 
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Table 17: Neutral axis data for three bay frames 

Frame 7.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 3.6294 27.6524 4.4815 28.8162 3.5717 27.6043 

2.00 sec 3.7779 28.6029 4.1009 29.9347 4.9377 27.9528 

3.00 sec 3.8149 28.9787 5.6250 29.8837 5.2534 27.3338 

4.00 sec 3.7424 28.8153 6.1203 28.5569 5.2339 26.3199 

5.00 sec 3.5477 28.0678 5.6247 27.6554 4.8577 25.1757 

6.00 sec 3.1050 27.2403 5.1881 26.7193 4.3179 23.8573 

7.00 sec 3.5800 26.4647 4.5276 25.5756 3.7322 22.3009 

Max. 8.7592 23.5980 3.2371 20.2414 3.1532 10.6510 

Frame 7.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 4.4701 28.6200 4.5346 28.1757 4.6181 27.8791 

2.00 sec 3.0500 29.2031 3.2361 28.8238 3.6014 27.9390 

3.00 sec 4.0308 28.9184 5.6010 28.4277 5.5419 27.2096 

4.00 sec 4.6286 28.2248 6.5186 27.6580 5.9153 26.2153 

5.00 sec 4.8206 27.5035 6.4837 26.9605 5.6229 25.0932 

6.00 sec 4.8641 26.7957 6.2398 26.1404 4.9970 23.7273 

7.00 sec 4.7660 26.0353 5.6360 25.1522 4.3635 22.1019 

Max. 3.8431 23.9516 3.1034 20.9804 3.3503 30.8928 

Frame 6.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 4.8799 28.9067 3.9429 28.7627 3.9822 27.9096 

2.00 sec 4.0365 29.4139 5.2503 29.9217 4.9550 27.5116 

3.00 sec 3.7197 28.9297 5.5539 28.9761 5.0497 26.3370 

4.00 sec 3.6553 27.8473 5.2626 27.7807 4.5547 24.7672 

5.00 sec 3.5173 26.7579 4.5434 26.6137 3.8307 22.9365 

6.00 sec 3.2939 25.7636 3.8132 25.2109 3.3555 21.0677 

7.00 sec 3.0838 25.0179 3.4478 23.6544 3.0915 19.1760 

Max. 3.2743 23.2136 3.1080 20.4037 3.2525 14.8991 

Frame 6.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Neutral Axis (in.) 

1.00 sec 3.6255 29.0280 3.4247 28.7606 3.3397 28.0098 

2.00 sec 3.7255 29.0319 4.9571 28.6662 5.0104 27.5800 

3.00 sec 4.5371 28.2867 6.2479 27.6107 5.7339 26.3313 

4.00 sec 4.8830 27.3448 6.0730 26.4299 5.3156 24.8094 

5.00 sec 4.8622 26.3474 5.5297 25.1074 4.5033 23.0235 

6.00 sec 4.6411 25.2913 4.4898 23.5968 3.6380 21.0016 

7.00 sec 4.2637 24.4067 3.4857 22.0350 3.0408 19.0062 

Max. 3.6584 23.2865 3.2771 19.9934 3.3668 26.8335 
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Table 19: Neutral axis 

data for one bay frames 

Frame 7.1.7 

Location 
Column A Column B 

Right Left 

Time Neutral Axis (in.) 

1.00 sec 6.6482 28.1707 

2.00 sec 5.5483 28.5685 

3.00 sec 4.8012 28.1566 

4.00 sec 4.5594 27.3065 

5.00 sec 4.4022 26.3293 

6.00 sec 4.2454 25.3824 

7.00 sec 4.0249 24.3315 

Max. 3.1613 15.7295 

Frame 7.1.5 

Location 
Column A Column B 

Right Left 

Time Neutral Axis (in.) 

1.00 sec 4.2962 28.4121 

2.00 sec 3.2704 28.7530 

3.00 sec 4.2388 28.2874 

4.00 sec 4.6103 27.4539 

5.00 sec 4.7374 26.5807 

6.00 sec 4.7139 25.6801 

7.00 sec 4.6234 24.5643 

Max. 3.9581 20.0684 

Frame 6.1.7 

Location 
Column A Column B 

Right Left 

Time Neutral Axis (in.) 

1.00 sec 7.6424 28.5951 

2.00 sec 6.0829 28.3502 

3.00 sec 5.3511 27.4195 

4.00 sec 5.0430 26.1761 

5.00 sec 4.7787 24.8332 

6.00 sec 4.5121 23.1629 

7.00 sec 4.2430 21.1722 

Max. 3.2586 21.6530 

Frame 6.1.5 

Location 
Column A Column B 

Right Left 

Time Neutral Axis (in.) 

1.00 sec 3.5665 28.6495 

2.00 sec 3.9020 28.3962 

3.00 sec 4.6808 27.3156 

4.00 sec 4.8711 26.1420 

5.00 sec 4.7513 24.7573 

Table 18: Neutral axis data for two bay 

frames 

Frame 7.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Neutral Axis (in.) (from compression side of the beam) 

1.00 sec 5.4110 28.9459 4.0045 27.9218 

2.00 sec 4.5159 29.7052 5.0389 28.2686 

3.00 sec 3.8808 29.6669 5.3659 27.7845 

4.00 sec 3.6448 29.0344 5.5174 26.8474 

5.00 sec 3.6111 28.1810 5.3058 25.8930 

6.00 sec 3.5234 27.4416 4.9277 24.8359 

7.00 sec 3.3355 26.5995 4.4100 23.5644 

Max. 3.4575 22.3058 3.1028 15.6863 

Frame 7.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Neutral Axis (in.) (from compression side of the beam) 

1.00 sec 4.4113 28.7824 4.1168 28.0367 

2.00 sec 3.0885 29.2785 3.7267 28.2417 

3.00 sec 4.1643 28.8443 5.8858 27.6927 

4.00 sec 4.6524 28.0130 6.5892 26.8256 

5.00 sec 4.7969 27.1758 6.3960 25.8929 

6.00 sec 4.7964 26.3417 5.9504 24.8051 

7.00 sec 4.6900 25.4003 5.3865 23.5285 

Max. 3.2345 20.7552 3.2564 19.2643 

Frame 6.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Neutral Axis (in.) (from compression side of the beam) 

1.00 sec 4.9736 29.3530 4.4331 28.2368 

2.00 sec 4.0052 29.9654 5.1971 27.9925 

3.00 sec 3.7261 29.2999 5.3196 26.9631 

4.00 sec 3.6804 28.1262 5.0001 25.6889 

5.00 sec 3.5403 26.9379 4.4935 24.1960 

6.00 sec 3.2893 25.4878 3.8699 22.4040 

7.00 sec 3.0427 24.0376 3.3749 20.3694 

Max. 3.4377 20.5626 3.2389 14.1394 

Frame 6.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Neutral Axis (in.) (from compression side of the beam) 

1.00 sec 3.7289 29.2869 3.2643 28.2392 

2.00 sec 3.8408 29.1077 5.1718 27.9589 

3.00 sec 4.5586 28.1728 6.3028 26.8408 

4.00 sec 4.7112 27.1001 6.0846 25.5354 

5.00 sec 4.6548 26.0321 5.4387 23.9555 
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 With the rotation, neutral axis location, and Equation (5-8), the beam and frame 

elongations were found at one second, two seconds, three seconds, four seconds, five seconds, 

six seconds, and seven seconds. Table 20 compares the average total elongation of all the frames 

at the stated times.   

Table 20: Average elongations at the time steps 

Time  

Individual 

Beam 

Elongation Percentage 

Total 

Beam 

Elongation Percentage 

Frame 

Drift and 

Elongation Percentage 

1.00 sec 0.0568 in. 0.02% 0.1778 in. 0.02% 1.6379 in. 0.19% 

2.00 sec 0.1290 in. 0.05% 0.4093 in. 0.05% 3.7582 in. 0.44% 

3.00 sec 0.1951 in. 0.08% 0.6105 in. 0.08% 5.9002 in. 0.68% 

4.00 sec 0.2627 in. 0.11% 0.8289 in. 0.10% 8.3358 in. 0.96% 

5.00 sec 0.3331 in. 0.14% 1.0523 in. 0.13% 10.9443 in. 1.27% 

6.00 sec 0.4011 in. 0.16% 1.2621 in. 0.16% 13.6542 in. 1.59% 

7.00 sec 0.4597 in. 0.19% 1.4387 in. 0.18% 16.3893 in. 1.91% 

 

The results show how the elongation is changing over time, the greatest time of 

elongation change is from one to two seconds with an average of increased elongation by about 

one and half times the original elongation.  As the time increases, the average elongation 

decreases by 20 to 30 percent as the frames reach closer to failure.  This is due to the fact that the 

frames are reaching the plastic state in which no more deformation occurs and it becomes 

permanent.   

5.3.3. Failure Comparison 

The final time that was analyzed was the failure time of the frames. For this thesis, failure 

is defined as the time in which LS-DYNA has given insufficient values.  The insufficient values 

are at time steps in which the frames are starting to collapse and when LS-DYNA deems the data 

invalid.  All of the frames were analyzed using LS-DYNA until they fell apart.  The data used for 

calculations was set at the time step before blow out and failure began, Table 21 shows these 
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times.  Generally, the frames with a higher number of bays fail before those with a lower number 

of bays, this can be correlated to the findings in Chapter 4 about the column stiffness and how 

the column forces are affected by the other columns. 

Table 21: Maximum times for the frames 

Frame Max Time Frame Max Time Frame Max Time Frame Max Time 

7.5.7 9.60 7.5.5 7.30 6.5.7 8.80 6.5.5 7.60 

7.4.7 13.50 7.4.5 12.80 6.4.7 9.90 6.4.5 9.30 

7.3.7 13.20 7.3.5 11.20 6.3.7 9.40 6.3.5 8.40 

7.2.7 13.40 7.2.5 13.00 6.2.7 10.80 6.2.5 8.50 

7.1.7 13.00 7.1.5 12.60 6.1.7 11.90 6.1.5 10.50 

 

Based off the maximum times of each frame the elongations of individual beams, total 

beams in a frame, and of the frame were calculated using Equation (5-8), the results are shown in 

Tables 22 – 26.  Every frame undergoes a different failure rate causing the comparison of the 

elongation at the failure times to apply best to design.  The average of the total elongations is 

summarized in Table 27.  
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Table 22: Elongation data of failure comparison of the five bay frames 

Frame 7.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. Max. Max. 

Drift (in.) 2.5232 3.0945 3.0945 3.7681 3.7681 4.5260 4.5260 5.3408 5.3408 6.3202 

Rotation (°) 0.9573 1.1740 1.1740 1.4295 1.4295 1.7168 1.7168 2.0257 2.0257 2.3967 

Neutral Axis 4.0048 26.6639 4.0194 24.8983 3.2864 23.7584 3.1269 21.2069 3.1984 17.5472 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1837 0.2390 0.2250 0.2470 0.2923 0.2625 0.3559 0.2195 0.4174 0.1066 

0.4228 0.4720 0.5548 0.5754 0.5240 

0.16% 0.18% 0.22% 0.22% 0.20% 

Total Beam 2.5491 in. 0.20% 

Total 28.1218 in. 1.91% 

Frame 7.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 2.7713 3.4437 3.4437 4.2379 4.2379 5.0808 5.0808 5.9989 5.9989 7.1114 

Rotation 1.0514 1.3065 1.3065 1.6076 1.6076 1.9271 1.9271 2.2750 2.2750 2.6964 

Neutral Axis 4.8927 26.7116 6.3413 25.7774 3.8741 24.7809 3.0260 23.8071 3.1625 21.1375 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1855 0.2671 0.1975 0.3025 0.3123 0.3291 0.4029 0.3499 0.4703 0.2890 

0.4526 0.4999 0.6414 0.7528 0.7593 

0.18% 0.19% 0.25% 0.29% 0.29% 

Total Beam 3.1060 in. 0.24% 

Total 31.7501 in. 2.16% 

Frame 6.5.7 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 3.3526 4.0814 4.0814 4.9477 4.9477 5.8491 5.8491 6.8117 6.8117 7.9453 

Rotation 1.2719 1.5483 1.5483 1.8767 1.8767 2.2183 2.2183 2.5829 2.5829 3.0120 

Neutral Axis 3.1478 25.0128 3.5897 23.6124 3.0533 21.6736 3.2799 18.7249 3.3614 14.7197 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2631 0.2706 0.3084 0.2822 0.3914 0.2585 0.4540 0.1680 0.5250 0.0147 

0.5338 0.5906 0.6500 0.6220 0.5398 

0.21% 0.23% 0.25% 0.24% 0.21% 

Total Beam 2.9361 in. 0.23% 

Total 35.9239 in. 2.44% 

Frame 6.5.5 

Location 
Column A Column B Column C Column D Column E Column F 

Right Left Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 2.7713 3.3377 3.3377 4.2379 4.2379 5.0808 5.0808 5.9989 5.9989 7.1114 

Rotation 1.0514 1.2663 1.2663 1.6076 1.6076 1.9271 1.9271 2.2750 2.2750 2.6964 

Neutral Axis 4.3509 25.7273 3.8077 24.2056 3.3574 21.8140 3.6716 20.8302 3.4233 16.7412 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1954 0.2371 0.2474 0.2584 0.3268 0.2293 0.3812 0.2316 0.4599 0.0820 

0.4326 0.5058 0.5560 0.6128 0.5419 

0.17% 0.20% 0.22% 0.24% 0.21% 

Total Beam 2.6491 in. 0.21% 

Total 31.1871 in. 2.12% 



62 

Table 23: Elongation data of failure comparison of the four bay frames 

Frame 7.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 3.8599 4.7230 4.7230 5.7543 5.7543 6.8398 6.8398 8.2820 

Rotation 1.4643 1.7915 1.7915 2.1824 2.1824 2.5935 2.5935 3.1394 

Neutral Axis 3.7372 24.1121 3.4561 22.7227 3.0207 18.3529 3.3560 13.7825 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2879 0.2850 0.3611 0.2943 0.4565 0.1519 0.5274 0.0668 

0.5729 0.6554 0.6084 0.5942 

0.22% 0.25% 0.24% 0.23% 

Total Beam 2.4309 in. 0.24% 

Total 31.8900 in. 2.70% 

Frame 7.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 3.6141 4.4969 4.4969 5.5356 5.5356 6.6419 6.6419 7.9935 

Rotation 1.3711 1.7058 1.7058 2.0995 2.0995 2.5186 2.5186 3.0302 

Neutral Axis 3.7741 24.5241 3.0675 21.9145 3.6260 18.3193 3.6457 14.9736 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2687 0.2836 0.3554 0.2535 0.4170 0.1460 0.4994 0.0014 

0.5523 0.6088 0.5630 0.5008 

0.21% 0.24% 0.22% 0.19% 

Total Beam 2.2250 in. 0.22% 

Total 30.5070 in. 2.58% 

Frame 6.4.7 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 4.0478 4.9300 4.9300 5.9686 5.9686 7.0268 7.0268 8.3368 

Rotation 1.5355 1.8700 1.8700 2.2635 2.2635 2.6643 2.6643 3.1601 

Neutral Axis 3.4977 23.9064 3.3497 21.6215 3.1880 18.0249 3.3814 13.6433 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.3083 0.2908 0.3804 0.2617 0.4669 0.1408 0.5407 0.0749 

0.5991 0.6421 0.6077 0.6156 

0.23% 0.25% 0.24% 0.24% 

Total Beam 2.4644 in. 0.24% 

Total 32.7744 in. 2.77% 

Frame 6.4.5 

Location 
Column A Column B Column C Column D Column E 

Right Left Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. Max. Max. 

Drift 3.8149 4.7240 4.7240 5.7922 5.7922 6.9050 6.9050 8.5595 

Rotation 1.4472 1.7919 1.7919 2.1967 2.1967 2.6182 2.6182 3.2444 

Neutral Axis 3.8105 24.3738 3.0347 21.4737 3.6510 18.2134 3.5683 32.9760 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2827 0.2933 0.3743 0.2483 0.4353 0.1469 0.5228 1.0190 

0.5760 0.6227 0.5823 1.5417 

0.22% 0.24% 0.23% 0.60% 

Total Beam 3.3226 in. 0.32% 

Total 33.1182 in. 2.80% 
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Table 24: Elongation data of failure comparison of the three bay frames 

Frame 7.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. 

Drift 4.1659 5.0962 5.0962 6.1859 6.1859 7.5253 

Rotation 1.5803 1.9330 1.9330 2.3459 2.3459 2.8531 

Neutral Axis 8.7592 23.5980 3.2371 20.2414 3.1532 10.6510 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.1722 0.2902 0.3970 0.2147 0.4853 0.2167 

0.4624 0.6117 0.7021 

0.18% 0.24% 0.27% 

Total Beam 1.7761 in. 0.23% 

Total 24.7495 in. 2.77% 

Frame 7.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. 

Drift 3.6670 4.5570 4.5570 5.5841 5.5841 7.1853 

Rotation 1.3911 1.7286 1.7286 2.1179 2.1179 2.7243 

Neutral Axis 3.8431 23.9516 3.1034 20.9804 3.3503 30.8928 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2709 0.2702 0.3590 0.2212 0.4308 0.7562 

0.5411 0.5802 1.1871 

0.21% 0.22% 0.46% 

Total Beam 2.3083 in. 0.30% 

Total 23.3017 in. 2.61% 

Frame 6.3.7 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. 

Drift 4.2584 5.1907 5.1907 6.2516 6.2516 7.5237 

Rotation 1.6154 1.9688 1.9688 2.3708 2.3708 2.8525 

Neutral Axis 3.2743 23.2136 3.1080 20.4037 3.2525 14.8991 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.3307 0.2823 0.4088 0.2237 0.4864 0.0050 

0.6130 0.6325 0.4914 

0.24% 0.25% 0.19% 

Total Beam 1.7369 in. 0.22% 

Total 24.9614 in. 2.79% 

Frame 6.3.5 

Location 
Column A Column B Column C Column D 

Right Left Right Left Right Left 

Time Max. Max. Max. Max. Max. Max. 

Drift 3.8792 4.7875 4.7875 5.8346 5.8346 7.7308 

Rotation 1.4716 1.8160 1.8160 2.2128 2.2128 2.9308 

Neutral Axis 3.6584 23.2865 3.2771 19.9934 3.3668 26.8335 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.2914 0.2627 0.3717 0.1929 0.4495 0.6058 

0.5541 0.5646 1.0554 

0.21% 0.22% 0.41% 

Total Beam 2.1741 in. 0.28% 

Total 24.4063 in. 2.73% 
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Table 26: Elongation data 

of failure comparison of 

the one bay frames 

Frame 7.1.7 

Location 
Column A Column B 

Right Left 

Time Max. Max. 

Drift 5.5115 6.8872 

Rotation 2.0904 2.6115 

Neutral Axis 3.1613 15.7295 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.4321 0.0333 

0.4654 

0.18% 

Total Beam 0.4654 in. 0.18% 

Total 12.8641 in. 4.05% 

Frame 7.1.5 

Location 
Column A Column B 

Right Left 

Time Max. Max. 

Drift 4.7426 5.9813 

Rotation 1.7990 2.2684 

Neutral Axis 3.9581 20.0684 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.3468 0.2008 

0.5476 

0.21% 

Total Beam 0.5476 in. 0.21% 

Total 11.2715 in. 3.54% 

Frame 6.1.7 

Location 
Column A Column B 

Right Left 

Time Max. Max. 

Drift 6.2825 8.0924 

Rotation 2.3825 3.0676 

Neutral Axis 3.2586 21.6530 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.4885 0.3565 

0.8451 

0.33% 

Total Beam 0.8451 in. 0.33% 

Total 15.2199 in. 4.79% 

Frame 6.1.5 

Location 
Column A Column B 

Right Left 

Time Max. Max. 

Drift 5.5192 6.8927 

Rotation 2.0933 2.6136 

Neutral Axis 3.1246 15.5006 

Top of Conc. 36.0000 36.0000 

Centroid 15.0000 15.0000 

 
Elongation 

0.4341 0.0228 

0.4569 

0.18% 

Total Beam 0.4569 in. 0.18% 

Total 12.8689 in. 4.05% 

 

Table 25: Elongation data of failure 

comparison of the two bay frames 

Frame 7.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Max. Max. Max. Max. 

Drift 4.6668 5.6934 5.6934 7.0196 

Rotation 1.7702 2.1593 2.1593 2.6616 

Neutral Axis 3.4575 22.3058 3.1028 15.6863 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.3567 0.2755 0.4486 0.0319 

0.6322 0.4805 

0.25% 0.19% 

Total Beam 1.1127 in. 0.22% 

Total 18.4924 in. 3.05% 

Frame 7.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Max. Max. Max. Max. 

Drift 4.6367 5.7452 5.7452 7.3752 

Rotation 1.7588 2.1789 2.1789 2.7962 

Neutral Axis 3.2345 20.7552 3.2564 19.2643 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.3613 0.2190 0.4468 0.2083 

0.5802 0.6551 

0.22% 0.25% 

Total Beam 1.2353 in. 0.24% 

Total 18.9923 in. 3.13% 

Frame 6.2.7 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Max. Max. Max. Max. 

Drift 5.2403 6.3700 6.3700 7.7836 

Rotation 1.9876 2.4156 2.4156 2.9508 

Neutral Axis 3.4377 20.5626 3.2389 14.1394 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.4013 0.2347 0.4961 0.0444 

0.6359 0.5405 

0.25% 0.21% 

Total Beam 1.1764 in. 0.23% 

Total 20.5703 in. 3.39% 

Frame 6.2.5 

Location 
Column A Column B Column C 

Right Left Right Left 

Time Max. Max. Max. Max. 

Drift 4.4842 5.5200 5.5200 6.7003 

Rotation 1.7010 2.0936 2.0936 2.5407 

Neutral Axis 3.2814 21.3864 3.1296 32.8542 

Top of Conc. 36.0000 36.0000 36.0000 36.0000 

Centroid 15.0000 15.0000 15.0000 15.0000 

 
Elongation 

0.3480 0.2335 0.4339 0.7922 

0.5815 1.2262 

0.23% 0.48% 

Total Beam 1.8077 in. 0.35% 

Total 18.5122 in. 3.05% 
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Table 27: Elongation averages at maximum time 

Time @ 
Individual 

Beam 

Elongation Percentage 

Total 

Beam 

Elongation Percentage 

Frame 

Drift and 

Elongation Percentage Max. 

5 Bay 0.5353 in. 0.22% 2.8101 in. 0.22% 31.7457 in. 2.16% 

4 Bay 0.6527 in. 0.25% 2.6107 in. 0.25% 32.0724 in. 2.71% 

3 Bay 0.6663 in. 0.26% 1.9989 in. 0.26% 24.3547 in. 2.72% 

2 Bay 0.6665 in. 0.26% 1.3330 in. 0.26% 19.1418 in. 3.16% 

1 Bay 0.5787 in. 0.22% 0.5787 in. 0.24% 13.0561 in. 4.11% 

7 Story 0.5919 in. 0.23% 1.7756 in. 0.23% 23.1940 in. 2.90% 

6 Story 0.6523 in. 0.25% 1.9569 in. 0.26% 24.9543 in. 3.17% 

Equation 7 0.5831 in. 0.23% 1.7493 in. 0.23% 24.5568 in. 3.15% 

Equation 5 0.6611 in. 0.26% 1.9833 in. 0.25% 23.5915 in. 2.92% 

7 St. Eq. 7 0.5556 in. 0.22% 1.6668 in. 0.21% 23.2236 in. 2.94% 

7 St. Eq. 5 0.6281 in. 0.24% 1.8844 in. 0.24% 23.1645 in. 2.86% 

6 St. Eq. 7 0.6106 in. 0.24% 1.8318 in. 0.25% 25.8900 in. 3.35% 

6 St. Eq. 5 0.6940 in. 0.27% 2.0821 in. 0.27% 24.0185 in. 2.99% 

Total 0.6363 in. 0.24% 1.8663 in. 0.24% 24.0742 in. 2.97% 

 

Looking at the averages of the results, as seen in Table 27, at the maximum time as well 

as with comparing multiple factors, the individual beams elongate no more than 0.7 inches and 

no less than 0.5 inches, with an average of 0.6363 inches.  The percentage of elongation for the 

individual beams is around 0.24%, once again while comparing multiple factors such as time, 

bay size, number of stories, and equations.  With these results, it can be concluded that no matter 

what the time step is, once the beams reach that plastic yield and achieve permanent 

deformation, they will have elongated about 0.24%.   

While looking at the total beam elongation, the percentage of elongation averages are the 

same as for the individual beams, however size seems to affect how much elongation will really 

occur.  When comparing the number of bays in the frame, the results range from an average 

elongation of 0.5787 inches for the frames with one bay, to an average elongation of 2.8101 

inches for the frames with five bays.  Due to the fact that there are more beams to consider in the 
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five bay frames than the one bay frames, the results make sense; and when looking the 

percentage of the total beam elongation of the one bay frames to the five bay frames it is 

comparable.   

When comparing all of the factors of frame elongation, the frames elongated on average 

24.0742 inches, which is 2.97% from the original size.  When comparing the bay sizes, the 

percentage of elongation increases as the number of bays decreases, as discussed before this 

most likely has to do with the column stiffness and the column forces affected by the other 

columns stated in Chapter 4.  Comparing the elongation averages at the controlled times and at 

the maximum times, the beam elongations are affected the most by the size of the frames.  The 

smaller the frames, the larger the elongation percentage; this might have to do with the weight of 

the frame, the less weight there is to resist the load, the more the load can affect the frame and 

cause a greater elongation.  The results from the comparison of the factors at the maximum time 

of each frame as discussed can be applied to standard design practices to consider the elongation 

of the beams and frames.  
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Chapter 6 - Conclusion 

The focus of this thesis was the study of beam elongation in SMFRs and how to 

incorporate these findings into standard design practice.  By evaluating columns, beams, and 

joints in 20 different configurations of SMRFs based on the Design Example 7 of the 2006 IBC 

Structural/Seismic Design Manual, an equation was developed to predict beam elongation.  

Equations (5-8) incorporates the rotation of the column, along with the centroid and the changing 

location of the neutral axis of the beam to calculate the elongation occurring where the beam and 

the column meet.   

 V = ���� tan 
 (5-8) 

For standard design consideration of this equation, two factors must be addressed: 

rotation and the location of the neutral axis.  The rotation of the columns can be found by using 

the process of finding the story drift in accordance to Section 12.8.6 of the ASCE 7-10.  The 

other factor needed in order to predict the elongation is the difference of the centroid and neutral 

axis location at the face of the rotated column.  The centroid is found by standard equations 

while the location of the neutral axis is more difficult to determine.  Through the results of this 

research the neutral axis location was compared to the time steps in order to evaluate the 

relationship.  However, to incorporate the elongation of beams into design practice, a way to 

predict the neutral axis location at the necessary location and time is needed.  Once the two 

factors are determined at the same time step, Equation (5-8) can be applied to find the elongation 

of the beam at one end of a joint. 

Previous research indicated that 2D-FEA and 3D-FEA have different results.  As 

mentioned in Phillippi & Liuzza’s (2017) work, the 3D-FEA has a shear force distribution for the 

last column about twice as large as that of the 2D-FEA.  Looking at the moment, the results of 
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the 3D-FEA at the end column is about 1.6 times as large as well.  Through this thesis, it can be 

concluded that the reason behind this is because the 2D-FEA does not include the changing 

section properties into the analysis.  These changing properties, specifically the changing of the 

neutral axis location, are factors that are altering the results between the 2D-FEA and the 3D-

FEA dramatically.  In order to incorporate these findings into 2D-FEA programs, Equation (5-8) 

can be added to each end of the beams to account for the elongation, and the prediction of the 

location of the neutral axis should be included.  

This thesis also provided an average percent of elongation for the SMRFs.  By using the 

beam elongation and the drifts of the columns, the average elongation of the frames were found 

and compared by many different factors and control points.  The results go into multiple 

comparisons of the average frame elongation but using the results from the failure comparison 

can be applied to the standard design practice the most.  On average, the SMRFs were elongating 

by about three percent at the time step right before failure.  Knowing this happens, provisions 

can be made to the detailing requirements, such as adding more reinforcement, to prevent such 

from happening. 

With the results of this thesis, SMRFs were proven not to perform as the way current 

analysis and design predict.  With the columns experiencing different loads than expected, the 

columns’ reactions to the loading differ from what is thought.  This, with the combination of 

beam elongation, need to be considered into the analysis and design. 

6.1. Recommendations 

Future research is needed in order to fully incorporate the beam elongation into codes and 

design practices.  Additional frames could be studied to compare the average elongation in order 

to create detailing to accommodate the elongation.  Physical research should also be performed 
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to conform the results provided in this these.  Most importantly, a way to predict the location of 

the neutral axis at any given location along the beam and time needs to be determined.  With the 

results from this thesis and further research, a way to design for the prevention of elongation can 

be discovered and make SMRFs an even better lateral system than they already are. 
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Appendix A - 2006 IBC Structural/Seismic Design Manual 

Figure 29: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 30: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 31: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 32: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 33: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 



77 

 

Figure 34: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 35: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 36: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 37: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 



81 

 
 

Figure 38: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 39: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 40: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 41: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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 Figure 42: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 



86 

 
Figure 43: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 44: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 45: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 46: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 47: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 48: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 49: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 50: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 51: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 52: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 53: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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 Figure 54: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 55: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 56: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 57: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 58: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 59: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Figure 60: Design Example 7 from 2006 IBC Structural/Seismic Design Manual 
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Appendix B - Total Displacement of Columns 

 Total Displacement According to LS-DYNA 

 

Table 28: X-Displacements for Frame 7.5.7  

Column Time (sec) X-Displacement (in.) 

A 9.00 1.88 

B 9.00 2.48 

C 9.00 3.12 

D 9.00 3.83 

E 9.00 4.61 

F 9.00 5.54 

 

 

 

Figure 61: LS-DYNA Displacement 
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 Total Displacement by Hand Calculations 

Constants: fy = 68 ksi db = 1.27 in. hclr = 132 in. 
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Figure 63: Curvature vs. Height Graph 

Figure 62: Displacement Calculations 
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Column B 

 

 

0

20

40

60

80

100

120

140

-0.0005 0 0.0005 0.001 0.0015 0.002

H
e
ig

h
t 

a
lo

n
g
 C

o
lu

m
n

 (
in

.)

Curvature (radians/in)

COLUMN B

Shear = 98k

Shear = 157k

Shear = 180k

Shear = 187k

Shear = 195k

Figure 64: Curvature vs. Height Graph 

Figure 65: Displacement Calculations 
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Column C 
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Figure 66: Curvature vs. Height Graph 

Figure 67: Displacement Calculations 
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Column D 
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Figure 68: Curvature vs. Height Graph 

Figure 69: Displacement Calculations 
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Column E 
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Figure 70: Curvature vs. Height Graph 

Figure 71: Displacement Calculations 
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Column F 
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Figure 73: Displacement Calculations 
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Figure 75: Beam Deformation 

Figure 74: Column Rotation 

Appendix C - Frame Deformations 
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Figure 77: Joint at Column A 

Figure 76: Frame Deformation 
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Figure 79: Joint at Column C 

Figure 78: Joint at Column B  

110

115

120

125

130

135

140

145

150

250 270 290 310 330 350 370

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column B

110

115

120

125

130

135

140

145

150

520 540 560 580 600 620 640 660

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column C



114 

 

110

115

120

125

130

135

140

145

150

820 840 860 880 900 920 940 960

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column D

110

115

120

125

130

135

140

145

150

1100 1120 1140 1160 1180 1200 1220 1240

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column E

Figure 80: Joint at Column D 

Figure 81: Joint at Column E 
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Figure 82: Joint at Column F 

Figure 83: Column Rotation 
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Figure 85: Frame Deformation 

Figure 84: Beam Deformation 
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Figure 86: Joint at Column A 

Figure 87: Joint at Column B 
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Figure 88: Joint at Column C 

Figure 89: Joint at Column D 
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Figure 91: Joint at Column F 

Figure 90: Joint at Column E 
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 Frame 6.5.7 
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Figure 92: Column Rotation 

Figure 93: Beam Deformation 
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Figure 95: Joint at Column A 

Figure 94: Frame Deformation 
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Figure 97: Joint at Column C 

Figure 96: Joint at Column B 



123 

 

110

115

120

125

130

135

140

145

150

820 840 860 880 900 920 940 960

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column D

110

115

120

125

130

135

140

145

150

1100 1120 1140 1160 1180 1200 1220 1240

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column E

Figure 99: Joint at Column E 

Figure 98: Joint at Column D 
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Figure 101: Column Rotation 

Figure 100: Joint at Column F 
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Figure 103: Frame Deformation 

Figure 102: Beam Deformation 
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Figure 104: Joint at Column A 

Figure 105: Joint at Column B 



127 

Figure 107: Joint at Column D 

Figure 106: Joint at Column C  
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Figure 109: Joint at Column F 

Figure 108: Joint at Column E 
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Figure 111: Beam Deformation 

Figure 110: Column Rotation 
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Figure 112: Joint at Column A 

Figure 113: Frame Deformation 
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Figure 115: Joint at Column C 

Figure 114: Joint at Column B  
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Figure 117: Joint at Column E 

Figure 116: Joint at Column D  
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Figure 119: Beam Deformation 

Figure 118: Column Rotation 
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Figure 120: Frame Deformation 

Figure 121: Joint at Column A 
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Figure 123: Joint at Column C 

Figure 122: Joint at Column B  
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Figure 124: Joint at Column D 

Figure 125: Joint at Column E 
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Figure 127: Beam Deformation 

Figure 126: Column Rotation 

 Frame 6.4.7 

0

20

40

60

80

100

120

140

160

-5 195 395 595 795 995 1195

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column Rotation

-5

0

5

10

15

20

25

30

35

-5 195 395 595 795 995 1195

H
e
ig

h
t 

(i
n

)

Width (in)

Beam Deformation



138 

 

110

115

120

125

130

135

140

145

150

-5 195 395 595 795 995 1195

H
e
ig

h
t 

(i
n

.)

Length (in.)

Frame Deformation

110

115

120

125

130

135

140

145

150

-3 7 17 27 37 47 57 67 77

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column A

Figure 129: Joint at Column A 

Figure 128: Frame Deformation 
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Figure 131: Joint at Column C 

Figure 130: Joint at Column B  
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Figure 133: Joint at Column E 

Figure 132: Joint at Column D 
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Figure 134: Column Rotation 

Figure 135: Beam Deformation 
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Figure 137: Joint at Column A 

Figure 136: Frame Deformation 
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Figure 139: Joint at Column C 

Figure 138: Joint at Column B  
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Figure 141: Joint at Column E 

Figure 140: Joint at Column D 
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Figure 143: Beam Deformation 

Figure 142: Column Rotation 
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Figure 144: Frame Deformation 

Figure 145: Joint at Column A 
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Figure 147: Joint at Column C 

Figure 146: Joint at Column B 
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Figure 148: Joint at Column D 

Figure 149: Column Rotation 
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Figure 151: Frame Deformation 

Figure 150: Beam Deformation 
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Figure 153: Joint at Column B 

Figure 152: Joint at Column A  
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Figure 155: Joint at Column D 

Figure 154: Joint at Column C 
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Figure 156: Column Rotation 
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Figure 157: Beam Deformation 
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Figure 159: Joint at Column A 

Figure 158: Frame Deformation 
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Figure 160: Joint at Column B 

Figure 161: Joint at Column C 
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Figure 162: Joint at Column D 

Figure 163: Column Rotation 
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Figure 165: Frame Deformation 

Figure 164: Beam Deformation  
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Figure 167: Joint at Column B 

Figure 166: Joint at Column A  
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Figure 169: Joint at Column D 

Figure 168: Joint at Column C 
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 Frame 7.2.7 
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Figure 170: Column Rotation 

Figure 171: Beam Deformation 
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Figure 172: Frame Deformations  
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Figure 173: Joint at Column A 
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Figure 174: Joint at Column B  
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Figure 175: Joint at Column C 
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Figure 177: Beam Deformation 

 Frame 7.2.5 
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Figure 176: Column Rotation 



163 

Figure 179: Frame Deformation 

Figure 180: Joint at Column A 
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Figure 181: Joint at Column B 

Figure 182: Joint at Column C 
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Figure 183: Column Rotation 

Figure 184: Beam Deformation 

 Frame 6.2.7 
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Figure 185: Frame Deformation 

Figure 186: Joint at Column A 
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Figure 187: Joint at Column B 

Figure 188: Joint at Column C 
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Figure 189: Column Rotation 

Figure 190: Beam Deformation 

 Frame 6.2.5 
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Figure 191: Frame Deformation 

Figure 192: Joint at Column A 
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Figure 193: Joint at Column B 

Figure 194: Joint at Column C 
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Figure 195: Column Rotation 

Figure 196: Beam Deformation 

 Frame 7.1.7 

 

 

0

20

40

60

80

100

120

140

160

-5 45 95 145 195 245 295 345

H
e
ig

h
t 

(i
n

.)

Length (in.)

Column Rotation

-5

0

5

10

15

20

25

30

35

-5 45 95 145 195 245 295

H
e
ig

h
t 

(i
n

)

Width (in)

Beam Deformation



172 

Figure 197: Frame Deformation 

Figure 198: Joint at Column A 
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Figure 199: Joint at Column B 

Figure 200: Column Rotation 
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Figure 201: Frame Deformation 

Figure 202: Beam Deformation 
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Figure 203: Joint at Column A 

Figure 204: Joint at Column B 
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Figure 205: Column Rotation 

Figure 206: Beam Deformation 
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Figure 207: Frame Deformation 

Figure 208: Joint at Column A 
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Figure 209: Joint at Column B 

Figure 210: Column Rotation 
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Figure 211: Beam Deformation 

Figure 212: Frame Deformation 
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Figure 213: Joint at Column A 

Figure 214: Joint at Column B 
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Appendix D - Elongation Calculations 

 Calculations for 5.3.2 

One Second 

Table 29: Elongation at one second for the five bay frames 
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Table 30: Elongation at one second for the four bay frames 
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Table 31: Elongation at one second for the three bay frames 
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Table 33: Elongation at one second for the 

two bay frames 

Table 32: Elongation at one 

second for the one bay frames 
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Two Seconds 

 

Table 34: Elongation at two seconds for the five bay frames 



186 

 

Table 35: Elongation at two seconds for the four bay frames 
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 Table 36: Elongation at two seconds for the three bay frames 
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Table 37: Elongation at two seconds for the 

two bay frames 

Table 38: Elongation at two 

seconds for the one bay frames 
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Three Seconds 

 

Table 39: Elongation at three seconds for the five bay frames 
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Table 40: Elongation at three seconds for the four bay frames 
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Table 41: Elongation at three seconds for the three bay frames 
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Table 43: Elongation at three 

seconds for the one bay frames 

Table 42: Elongation at three seconds for the 

two bay frames 
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Four Seconds 

Table 44: Elongation at four seconds for the five bay frames 
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Table 45: Elongation at four seconds for the four bay frames 
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Table 46: Elongation at four seconds for the three bay frames 
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Table 47: Elongation at four seconds for the 

two bay frames 

Table 48: Elongation at four 

seconds for the one bay frames 
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Five Seconds 

 

Table 49: Elongation at five seconds for the five bay frames 
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Table 50: Elongation at five seconds for the four bay frames 
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Table 51: Elongation at five seconds for the three bay frames 
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Table 52: Elongation at five seconds for the 

two bay frames 

Table 53: Elongation at five 

seconds for the one bay frames 
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Six Seconds 

 

Table 54: Elongation at six seconds for the five bay frames 
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Table 55: Elongation at six seconds for the four bay frames 



203 

 

 

 

Table 56: Elongation at six seconds for the three bay frames 
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Table 57: Elongation at six seconds for the 

two bay frames 

Table 58: Elongation at six 

seconds for the one bay frames 
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 Calculations for Seven Seconds 



Column

in. in.

° °

Beam

in. in.

in. in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

in. ecri = in.

in. x = in.

7.0000

4.6524

15.0000

all measurements are taken from 

the top face of the beam

12.1213 10.3476

7.0000

2.2309

0.8464

7.0000

27.1213

15.0000

x =

ecri =

drift, ∆ =
rotation, ϴ =

time, t =

drift, ∆ =
rotation, ϴ =

neutral axis, n.a. =

time, t =

centroid, c.c. =

neutral axis, n.a. =

time, t =

centroid, c.c. =

0.1529

7.0000

2.2309

0.8464

7.5.7

sec sec

Right Side of Column BLeft Side of Column B

time, t =

0.1791

due to similar triangles

sec sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri =h = in.

x = in. x = in.

2.7131 2.7131

1.0293 1.0293

7.0000 sec 7.0000

7.5.7

Left Side of Column C Right Side of Column C

7.0000 sec 7.0000 sec

all measurements are taken from 

the top of the beam

11.2572 11.4437

sec

26.2572 3.5563

15.0000 15.0000

0.2023 0.2056

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

sec 7.0000 sec

7.5.7

Left Side of Column D Right Side of Column D

7.0000 sec 7.0000 sec

3.2517 3.2517

1.2336 1.2336

7.0000

10.9270 11.7501

0.2353 0.2530

25.9270 3.2499

15.0000 15.0000

all measurements are taken from 

the top of the beam

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �

208



Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

3.8632 3.8632

1.4655 1.4655

7.0000 sec 7.0000

7.5.7

Left Side of Column D Right Side of Column D

7.0000 sec 7.0000 sec

all measurements are taken from 

the top of the beam

10.6786 11.7530

sec

25.6786 3.2470

15.0000 15.0000

0.2732 0.3007

θ

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.9144

0.2113

21.9144

15.0000

all measurements are taken from 

the top of the beam

sec7.0000

7.5.7

Left Side of Column F

7.0000 sec

4.6139

1.7502

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.5.5

7.0000 sec

Right Side of Column A

2.5016

0.9491

4.8927

all measurements are taken from 

the top of the beam

0.1674

10.1073

15.0000

7.0000 sec

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.5.5

7.0000 sec

Left Side of Column B Right Side of Column B

7.0000 sec

3.1145 3.1145

1.1816 1.1816

26.7116 6.3413

all measurements are taken from 

the top of the beam

15.0000 15.0000

7.0000 sec

0.2416 0.1786

11.7116 8.6587

7.0000 sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.5.5

Left Side of Column C Right Side of Column C

sec 7.0000 sec

3.8350 3.8350

7.0000

7.0000 sec

1.4548 1.4548

25.7774 3.8741

all measurements are taken from 

the top of the beam

15.0000 15.0000

0.2737 0.2826

10.7774 11.1259

7.0000 sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.5.5

Left Side of Column D Right Side of Column D

sec

4.6078 4.6078

7.0000 sec 7.0000

1.7479 1.7479

24.7809 3.0260

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000 15.0000

7.0000

9.7809 11.9740

0.2985 0.3654

sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.5.5

Left Side of Column D Right Side of Column D

5.4534 5.4534

7.0000 sec 7.0000 sec

2.0683 2.0683

23.8071 3.1625

sec7.0000 sec 7.0000

all measurements are taken from 

the top of the beam

15.0000 15.0000

8.8071 11.8375

0.3181 0.4275

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �

215



Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.5.5

2.4534

Left Side of Column E

6.4697

7.0000 sec

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000

21.1375

0.2630

6.1375

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �

216



Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.5.7

7.0000 sec

Right Side of Column A

2.5873

0.9816

3.0777

all measurements are taken from 

the top of the beam

0.2043

11.9223

15.0000

7.0000 sec

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.7

7.0000 sec

Left Side of Column B Right Side of Column B

3.1586 3.1586

1.1983 1.1983

sec7.0000

26.0119 3.8594

all measurements are taken from 

the top of the beam

15.0000 15.0000

7.0000 sec

0.2303 0.2330

11.0119 11.1406

7.0000 sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.7

Left Side of Column C Right Side of Column C

3.8234 3.8234

1.4504 1.4504

sec

sec 7.0000 sec

sec 7.00007.0000

25.1537 3.1657

all measurements are taken from 

the top of the beam

15.0000 15.0000

0.2571 0.2996

10.1537 11.8343

7.0000

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.7

Left Side of Column D Right Side of Column D

4.5361 4.5361

7.0000 sec 7.0000

1.7207 1.7207

23.5751 3.0964

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000 15.0000

7.0000

8.5751 11.9036

0.2576 0.3576

sec

sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.7

Left Side of Column D Right Side of Column D

5.3068 5.3068

7.0000 sec 7.0000 sec

2.0128 2.0128

23.3637 3.1523

sec7.0000 sec 7.0000

all measurements are taken from 

the top of the beam

15.0000 15.0000

8.3637 11.8477

0.2939 0.4164

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.5.7

2.3584

6.2189

7.0000 sec

Left Side of Column E

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000

18.7857

0.1559

3.7857

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

h = in.

x = in.

6.5.5

7.0000 sec

Right Side of Column A

0.9491

2.5016

7.0000 sec

15.0000

4.5843

all measurements are taken from 

the top of the beam

10.4157

0.1726

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

h = in. h = in.

x = in. x = in.

6.5.5

7.0000 sec

Left Side of Column B Right Side of Column B

sec

15.0000

1.1463 1.1463

sec

0.2179

3.0214 3.0214

7.0000 sec 7.0000

7.0000

15.0000

10.8916

0.2199

25.9907 4.1084

all measurements are taken from 

the top of the beam

10.9907

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

h = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. h = in.

x = in. x = in.

6.5.5

Left Side of Column C Right Side of Column C

sec 7.00007.0000

15.0000 15.0000

sec

1.4548 1.4548

9.5828

0.2434

11.7478

0.2984

3.8350 3.8350

24.5828 3.2522

all measurements are taken from 

the top of the beam

7.0000 sec 7.0000 sec

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

h = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.5

Left Side of Column D Right Side of Column D

sec 7.0000 sec

7.5980 11.3842

0.2319 0.3474

4.6078 4.6078

22.5980 3.6158

1.7479 1.7479

all measurements are taken from 

the top of the beam

15.0000 15.0000

7.0000 sec 7.0000 sec

7.0000

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.5.5

Left Side of Column D Right Side of Column D

sec

7.0485 11.5664

5.4534 5.4534

7.0000

22.0485 3.4336

sec7.0000

all measurements are taken from 

the top of the beam

15.0000 15.0000

sec 7.0000

0.2546 0.4177

2.0683 2.0683

sec 7.0000

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.5.5

7.0000 sec

Left Side of Column E

7.0000 sec

15.0000

18.7914

0.1624

3.7914

all measurements are taken from 

the top of the beam

2.4534

6.4697

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = sec

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t = sec

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.4.7

Right Side of Column A

1.9719

7.0000

4.6774

0.7482

7.0000

15.0000

all measurements are taken from the 

top of the beam

10.3226

0.1348

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.4.7

Left Side of Column B Right Side of Column B

sec 7.0000 sec7.0000

0.9239 0.9239

2.4352 2.4352

7.0000 sec 7.0000 sec

15.0000 15.0000

26.7809 4.4574

all measurements are taken from 

the top of the beam

11.7809 10.5426

0.1900 0.1700

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

Left Side of Column C Right Side of Column C

sec 7.0000 sec

7.4.7

2.9567 2.9567

7.0000

7.0000 sec 7.0000 sec

1.1217 1.1217

25.8275 3.5733

all measurements are taken from 

the top of the beam

15.0000 15.0000

10.8275 11.4267

0.2120 0.2237

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.4.7

7.0000 sec 7.0000 sec

Left Side of Column D Right Side of Column D

1.3425 1.3425

3.5388 3.5388

7.0000 sec 7.0000 sec

15.0000 15.0000

25.2582 3.2996

all measurements are taken from 

the top of the beam

10.2582 11.7004

0.2404 0.2742

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.4.7

7.0000 sec

Left Side of Column D

1.6424

4.3296

7.0000 sec

15.0000

21.4512

all measurements are taken from 

the top of the beam

6.4512

0.1850

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.4.5

Right Side of Column A

1.9253

7.0000 sec

4.8346

0.7305

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

10.1654

0.1296

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.4.5

Left Side of Column B Right Side of Column B

7.0000 sec

0.9173 0.9173

7.0000 sec

2.4177 2.4177

7.0000 sec 7.0000 sec

15.0000 15.0000

26.4464 5.9833

all measurements are taken from 

the top of the beam

11.4464 9.0167

0.1833 0.1444

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

Left Side of Column C Right Side of Column C

7.4.5

2.9958 2.9958

7.0000 sec 7.0000 sec

1.1366 1.1366

7.0000 sec 7.0000 sec

25.3069 4.1259

all measurements are taken from 

the top of the beam

15.0000 15.0000

10.3069 10.8741

0.2045 0.2157

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.4.5

7.0000 sec

Left Side of Column D Right Side of Column D

7.0000 sec

1.3878 1.3878

3.6582 3.6582

7.0000 sec 7.0000 sec

15.0000 15.0000

24.2720 3.5917

all measurements are taken from 

the top of the beam

9.2720 11.4083

0.2246 0.2764

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.4.5

7.0000 sec

Left Side of Column D

1.7079

4.5024

7.0000 sec

15.0000

21.7310

all measurements are taken from 

the top of the beam

6.7310

0.2007

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.4.7

Right Side of Column A

2.8104

7.0000 sec

3.1690

1.0663

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

11.8310

0.2202

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.4.7

Left Side of Column B Right Side of Column B

3.4313

7.0000 sec

1.3018 1.3018

7.0000 sec

3.4313

7.0000 sec 7.0000 sec

15.0000 15.0000

25.7142 3.6799

all measurements are taken from 

the top of the beam

10.7142 11.3201

0.2435 0.2572

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

Left Side of Column C Right Side of Column C

7.0000 sec

6.4.7

4.1465 4.1465

7.0000 sec

1.5730 1.5730

7.0000 sec 7.0000 sec

24.1424 3.1012

all measurements are taken from 

the top of the beam

15.0000 15.0000

9.1424 11.8988

0.2511 0.3267

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.4.7

Left Side of Column D Right Side of Column D

7.0000 sec7.0000 sec

1.8653 1.8653

4.9176 4.9176

7.0000 sec 7.0000 sec

15.0000 15.0000

23.4868 3.0610

all measurements are taken from 

the top of the beam

8.4868 11.9390

0.2764 0.3888

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.4.7

Left Side of Column D

7.0000 sec

2.2399

5.9061

7.0000 sec

15.0000

19.2151

all measurements are taken from 

the top of the beam

4.2151

0.1649

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.4.5

sec

2.7541

Right Side of Column A

7.0000

sec

4.5240

1.0449

15.0000

7.0000

10.4760

0.1911

all measurements are taken from 

the top of the beam

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.4.5

Left Side of Column B Right Side of Column B

7.0000 sec

3.4228

1.2985 1.2985

7.0000 sec

3.4228

7.0000 sec 7.0000 sec

25.5876 3.6834

15.0000 15.0000

all measurements are taken from 

the top of the beam

10.5876 11.3166

0.2400 0.2565

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.4.5

Left Side of Column C Right Side of Column C

7.0000 sec 7.0000 sec

4.2059 4.2059

1.5955 1.5955

7.0000 sec 7.0000 sec

23.4972 3.2943

15.0000 15.0000

all measurements are taken from 

the top of the beam

8.4972 11.7057

0.2367 0.3260

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

h = in. ecri = in.

x = in. x = in.

6.4.5

Left Side of Column D Right Side of Column D

7.0000 sec7.0000 sec

5.0614 5.0614

1.9198 1.9198

7.0000 sec 7.0000 sec

22.0068 3.2743

15.0000 15.0000

all measurements are taken from 

the top of the beam

7.0068 11.7257

0.2349 0.3930

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.4.5

Left Side of Column D

7.0000 sec

6.0929

2.3107

7.0000 sec

32.9340

15.0000

all measurements are taken from 

the top of the beam

17.9340

0.7236

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = sec

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t = sec

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.3.7

Right Side of Column A

2.1891

7.0000

3.5800

0.8306

7.0000

15.0000

all measurements are taken from the 

top of the beam

11.4200

0.1656

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.3.7

Left Side of Column B Right Side of Column B

sec 7.0000 sec7.0000

1.0211 1.0211

2.6913 2.6913

7.0000 sec 7.0000 sec

15.0000 15.0000

26.4647 4.5276

all measurements are taken from 

the top of the beam

11.4647 10.4724

0.2043 0.1867

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.3.7

Left Side of Column C Right Side of Column C

3.2637 3.2637

7.0000 sec 7.0000

7.0000 sec 7.0000 sec

1.2382 1.2382

sec

25.5756 3.7322

all measurements are taken from 

the top of the beam

15.0000 15.0000

10.5756 11.2678

0.2286 0.2435

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.3.7

7.0000 sec

Left Side of Column D

1.5284

4.0290

7.0000 sec

15.0000

22.3009

all measurements are taken from 

the top of the beam

7.3009

0.1948

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.3.5

Right Side of Column A

2.1573

7.0000 sec

4.7660

0.8185

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

10.2340

0.1462

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.3.5

Left Side of Column B Right Side of Column B

7.0000 sec

1.0234 1.0234

7.0000 sec

2.6975 2.6975

7.0000 sec 7.0000 sec

15.0000 15.0000

26.0353 5.6360

all measurements are taken from 

the top of the beam

11.0353 9.3640

0.1971 0.1673

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

Right Side of Column C

7.3.5

Left Side of Column C

3.3360 3.3360

7.0000 sec 7.0000 sec

1.2656 1.2656

25.1522 4.3635

7.0000 sec 7.0000 sec

all measurements are taken from 

the top of the beam

15.0000 15.0000

10.1522 10.6365

0.2243 0.2350

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.3.5

7.0000 sec

Left Side of Column D

1.5739

4.1490

7.0000 sec

15.0000

22.1019

all measurements are taken from 

the top of the beam

7.1019

0.1951

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.3.7

Right Side of Column A

3.0949

7.0000 sec

3.0838

1.1742

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

11.9162

0.2442

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.3.7

Left Side of Column B Right Side of Column B

3.7762

7.0000 sec

1.4325 1.4325

7.0000 sec

3.7762

7.0000 sec 7.0000 sec

15.0000 15.0000

25.0179 3.4478

all measurements are taken from 

the top of the beam

10.0179 11.5522

0.2505 0.2889

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

Left Side of Column C Right Side of Column C

6.3.7

4.5438 4.5438

7.0000 sec 7.0000 sec

1.7236 1.7236

23.6544 3.0915

7.0000 sec 7.0000 sec

all measurements are taken from 

the top of the beam

15.0000 15.0000

8.6544 11.9085

0.2604 0.3583

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.3.7

Left Side of Column D

7.0000 sec

2.0955

5.5251

7.0000 sec

15.0000

19.1760

all measurements are taken from 

the top of the beam

4.1760

0.1528

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.3.5

sec

3.0417

Right Side of Column A

7.0000

sec

4.2637

1.1540

15.0000

7.0000

10.7363

0.2163

all measurements are taken from 

the top of the beam

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.3.5

Left Side of Column B Right Side of Column B

7.0000 sec

3.7712

1.4307 1.4307

7.0000 sec

3.7712

7.0000 sec 7.0000 sec

24.4067 3.4857

15.0000 15.0000

all measurements are taken from 

the top of the beam

9.4067 11.5143

0.28760.2349

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = sec time, t = sec

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = sec time, t = sec

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

all 

m

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

4.6177 4.6177

1.7516

22.0350 3.0408

7.0000

1.7516

15.0000 15.0000

6.3.5

Left Side of Column C

7.0000 7.0000

7.0000

7.0350

0.2151

11.9592

0.3657

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.3.5

Left Side of Column D

7.0000 sec

5.6423

2.1399

7.0000 sec

19.0062

15.0000

all measurements are taken from 

the top of the beam

4.0062

0.1497

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = sec

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t = sec

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.2.7

Right Side of Column A

2.4145

7.0000

3.3355

0.9161

7.0000

15.0000

all measurements are taken from the 

top of the beam

11.6645

0.1865

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.2.7

Left Side of Column B Right Side of Column B

sec 7.0000 sec7.0000

1.1204 1.1204

2.9531 2.9531

7.0000 sec 7.0000 sec

15.0000 15.0000

26.5995 4.4100

all measurements are taken from 

the top of the beam

11.5995 10.5900

0.2269 0.2071

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.2.7

Left Side of Column C

3.6836

7.0000 sec

1.3974

23.5644

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000

8.5644

0.2089

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.2.5

Right Side of Column A

2.3825

7.0000 sec

4.6900

0.9039

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

10.3100

0.1627

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

7.2.5

Left Side of Column B Right Side of Column B

7.0000 sec

1.1282 1.1282

7.0000 sec

2.9738 2.9738

7.0000 sec 7.0000 sec

15.0000 15.0000

25.4003 5.3865

all measurements are taken from 

the top of the beam

10.4003 9.6135

0.2048 0.1893

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.2.5

Left Side of Column C

3.7446

7.0000 sec

1.4206

23.5285

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000

8.5285

0.2115

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.2.7

Right Side of Column A

3.3952

7.0000 sec

3.0427

1.2881

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

11.9573

0.2689

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.2.7

Left Side of Column B Right Side of Column B

4.1328

7.0000 sec

1.5678 1.5678

7.0000 sec

4.1328

7.0000 sec 7.0000 sec

15.0000 15.0000

24.0376 3.3749

all measurements are taken from 

the top of the beam

9.0376 11.6251

0.2474 0.3182

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

Left Side of Column C

6.2.7

5.0969

7.0000 sec

1.9333

20.3694

7.0000 sec

all measurements are taken from 

the top of the beam

15.0000

5.3694

0.1812

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.2.5

sec

3.3647

Right Side of Column A

7.0000

sec

4.1077

1.2765

15.0000

7.0000

10.8923

0.2427

all measurements are taken from 

the top of the beam

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = time, t =

drift, ∆ = in. drift, ∆ = in.

rotation, ϴ = ° rotation, ϴ = °

Beam

time, t = time, t =

neutral axis, n.a. = in. neutral axis, n.a. = in.

centroid, c.c. = in. centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in. ecri = in.

x = in. x = in.

6.2.5

Left Side of Column B Right Side of Column B

7.0000 sec

4.1602

1.5782 1.5782

7.0000 sec

4.1602

7.0000 sec 7.0000 sec

23.4825 3.9212

15.0000 15.0000

all measurements are taken from 

the top of the beam

8.4825 11.0788

0.30520.2337

tan � �
�����	
�

������

tan � �

�����	
�

������


tan � �
�

����

� � ���� tan �

tan � �
�

����

� � ���� tan �
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Column

time, t = sec

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t = sec

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

all measurements are taken from 

the top of the beam

5.1618

19.9877

1.9578

15.0000

0.1705

6.2.5

Left Side of Column C

7.0000

7.0000

4.9877

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t = sec

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t = sec

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.1.7

Right Side of Column A

2.5001

7.0000

4.0249

0.9486

7.0000

15.0000

all measurements are taken from the 

top of the beam

10.9751

0.1817

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.1.7

Left Side of Column B

sec7.0000

1.1984

3.1589

7.0000 sec

15.0000

24.3315

all measurements are taken from the 

top of the beam

9.3315

0.1952

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

7.1.5

Right Side of Column A

2.4797

7.0000 sec

4.6234

0.9408

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

10.3766

0.1704

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

1

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

7.1.5

Left Side of Column B

7.0000 sec

1.2000

3.1630

7.0000 sec

15.0000

24.5643

all measurements are taken from 

the top of the beam

9.5643

0.2003

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.1.7

Right Side of Column A

3.6061

7.0000 sec

4.2430

1.3681

7.0000 sec

15.0000

all measurements are taken from 

the top of the beam

10.7570

0.2569

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.1.7

Left Side of Column B

1.7153

7.0000 sec

4.5220

7.0000 sec

15.0000

21.1722

all measurements are taken from 

the top of the beam

6.1722

0.1848

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

due to similar triangles

ecri = in.

x = in.

6.1.5

sec

3.5996

Right Side of Column A

7.0000

sec

4.2133

1.3656

15.0000

7.0000

10.7867

0.2571

all measurements are taken from 

the top of the beam

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �
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Column

time, t =

drift, ∆ = in.

rotation, ϴ = °

Beam

time, t =

neutral axis, n.a. = in.

centroid, c.c. = in.

Calculations

q = rotation

ecri = distance between the n.a. and c.c.

x = elongation

ecri = in.

x = in.

6.1.5

Left Side of Column B

1.7182

7.0000 sec

4.5296

7.0000 sec

21.0661

15.0000

all measurements are taken from 

the top of the beam

6.0661

0.1820

tan � �
�����	
�

������


tan � �
�

����

� � ���� tan �

284
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