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1. INTRODUCTION

The optimization of management systems frequently involves the
maximization or minimization of non-linear systems of equations. While
efficient algorithms have been developed for handling linear problems,
no general algorithms exist for solving non-linear optimization problems.
Various methods like the calculus of variations, the maximum principle
and dynamic programming have been developed in recent years. However,
only dynamic programming has been applied extensively to management
problems [1]. The main limitation with this technique is that, owing to
the dimensionality difficulties, it cannot be applied to problems with
a large number of state variables. While several techniques have been
devised to circumvent this limitation, these essentially involve trading
computer memory for computing time and are not as efficient as the
original dynamic programming algorithm.

The difficulties in obtaining analytical solutions to non-linear
optimization problems have led to the development of a large number of
direct methods of optimization. Many of them, like Rosenbrock's method
[2], the pattern search method of Hooke and Jeeves [3,4], and the simplex
method of Nelder and Mead [5], rely on an ad hoc rather tham a theoretical
approach to the problem [15]. Gradient methods, on the other hand, are
classical in origin and based on the fact that if we move in the direction
of the gradient of f(x), we will move in the direction of the maximum
rate of increase in f(x) [6,7,13]. An iterative procedure is developed
where a step is taken along the gradient and the new values of the

function and gradient computed. The process is repeated until the



gradient assumes a sufficiently small value, showing that a stationary
point has been reached. It has been well established [7] that such a
method converges too slowly for practical applications. Hestenes and
Stiefel [8] devised an ingenious scheme to accelerate the convergence
of the gradient method. They used the accumulated knowledge of the
behaviour of the function to generate new directions of search at the
end of each iteration. This technique, called the conjugate-gradient
method, is used by Fletcher and Reeves [9] to find the unconstrained
minimum or maximum of a function of several wvariables.

All gradient methods require the gradient vector, or the vector
of first partial derivatives of the function, to be evaluated. However,
it is frequently the case that it is laboriocus or practically impossible
to calculate these derivatives and there is a definite need for optimi-
zation techniques which do not require them. Powell [10] devised a
method of finding the unconstrained minimum or maximum of a function,
by searching along linearly independent directions, called conjugate
directions, generated during each iteration cycle. The method does not
require the evaluation of derivatives.

Both the methods of Fletcher and Reeves and Powell have the advantage
of being able to handle problems with a fairly large number of state
variables. They have the property of quadratic convergence, that is,
if a quadratic function of n variables is being optimized, the optimum
is reached in not more than n iterations. Both the methods can be easily
programmed. The disadvantages are: (1) it cannot recognize constraints
on the variables and (2) it may converge to a local extremum. The latter

disadvantage can be partly overcome by using different starting values.



A comparison is made of the results obtained with each technique.
Some conclusions are also drawn regarding the relative merits and

demerits of the two methods.
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2. THE CONJUGATE GRADIENT METHOD OF FLETCHER AND REEVES

Fletcher and Reeves [9] devised a method of locating the unconstrained
minimum of a function of n variables whose value f(x) and the gradient
vector g(x) can be calculated at any point X.

Assume that in the neighborhood of the required minimum h, the

function may be expanded in the form

£(x) = £(0) +3 (x = h)T A (x = h) + higher terms (1)

where A, the matrix of second-order partial derivatives, is symmetric
and positive-definite.

Virtually all iterative minimization procedures locate h as the
limit of a sequence xo, Xys Koy oeee where X is an initial approximation
to the position of the minimum. Also, for each i > O, X101 is the
position of the minimum of f(x) with respect to variations along the
line through xy in some specified direction gi. Thus, for example, the
method of steepest descent uses the direction of the negative gradient
of f(x) at X5 and the method of changing one variable at a time uses
cyclically the directions of the n coordinate axes.

In the method of Fletcher and Reeves, the successive directions of

search are A-conjugate, satisfying the condition

T . .
gi A Ej =0 for i#j (2)
Setting g(xi) =g, for each i, the step from X, to x, ., 1s determined
by the relation
T —
gi+l E1'. =a (3)



o =% T Ay &y (4)

for some scalar parameter Ai.

The advantage of using A-conjugate directions is that the convergence
is quadratic, that is, if a quadratic function of n variables is being
minimized, the minimum is reached in not more than n iterations. This
can be proved as follows:

Consider the minimization by successive linear searches of the

quadratic function
1 T
f(x) = £(h) + E—(x -h)" A (x-h) (5)
for which the gradient is

g(x) = A (x - h) (6)

By repeated use of equation (4), it is seen that

n-1
x =x_ .+ ] A & _ (7

n j+1 ffad i-~1i

for any j in 0 < j < n-1 . It then follows from equation (6), that

n—il
+ A, AL, (8)
i=j+1 * %

0
]

n gj+l
and therefore, using equation (3), that

n-1

T T
g T E. = F e Eo AL (9)
S R e 3
If the wvectors EO’ gl, 52, wi En—l are A-conjugate, satisfying equation

(2), then



As the conjugate directions EO’ El, I = are linearly independent

n-1

and form a basis,

and hence, by equation (6),
x_ = h,

which is the required minimum.
i ; ; th . : ; ;s

Thus the minimum is located in the n = iteration, or earlier if any
particular ki equals zero, if the successive directions of search are
A-conjugate.

As f(x) and g(x) are defined numerically, A is not explicitly
available. The set of A-conjugate directions is generated in Fletcher
and Reeves' method by a different procedure suggested by Hestenes and

Stiefel [8]. In this method, successive conjugate directions, satisfying

equation (2), are generated such that Ei+l is a linear combination of
~8541 and EO’ El, ‘e Ei’ as follows:
Soa1 ™ "8ga1 T A & (11)
g2
where A, = b 1 : (12)
: 2
gy

A detailed proof that this method yields successive A-conjugate directions
is given by Beckman [11].
Using this method of generating conjugate directions, Fletcher and

Reeves established the following minimization algorithm:



X, = arbitrary
gy = 8(xg)s &y = -g4
X, = position of minimum of f£(x) on the line through %y in
the direction £ (13)
Biyp = 8(%54q)

2

oa s
i ° Bi41784

i
il = epq T X &

This procedure is guaranteed, apart from rounding errors, to locate the
minimum of any quadratic function of n variables in at most n iterations.
For functions which are not quadratic, the process is iterative rather
than n-step, and a test for comnvergence is required.

During early trials with this procedure, it was noticed that errors
in the computation of the conjugate directions could accumulate and
result in successive directions being nearly parallel [9]. This could
result in slow convergence. Fletcher and Reeves modified the basic pro-
cedure so that periodically, all accumulated information about Ei was
discarded, and the search restarted from the current X, in the direction
of steepest descent, =B - The process remains quadratically convergent
so long as such restarts are not more frequent than every n iterations.
The modified procedure thus consists of (n+l) iterations.

The linear search problem in the iterative procedure (13) is basically
a single variable search along each direction Ei' As in any practical
application of the algorithm, the time spent to evaluate the function

and the gradient may take up most of the computation time, it is preferable



to use a search procedure which reduces the number of these evaluations.

Fletcher and Reeves used a linear search procedure devised by
Davidon [12] to find the minimum of the function along each direction.

The procedure is described in detail in Appendix A.

The selection of a suitable convergence criterion is very important
where the functions being minimized are not quadratic. If any gi vanishes,
the iterations must stop. This is because it is the formal requirement
for x; to be at a minimum, and alsc to avoid division by zero. However,
this condition is unlikely to be realized in practice, due to rounding
off errors. A less stringent criterion would be to compare the value of

2
g; with some tolerable assigned value. A second criterion is to compare
the function values at the end of each cycle of (n+l) iterations and to
terminate the search if the improvement is less than some small value.
In some cases, it might be sufficient to continue the iterations until
the change in each argument X is less than some assigned value. All
these three criteria have been used in solving the problems in this
report.

The minimization procedure (13) can be used to handle maximization
problems by changing -9

into g and modifying the linear search

+1 i+l
procedure into one of maximization. Another method is to use the same
procedure as for minimization and to consider the optimization problem

as one of minimizing -f(x). The latter method has been used to solve

the inventory and advertising problem in this report.



3. THE CONJUGATE DIRECTION METHOD OF POWELL

There frequently arise optimization problems where it is difficult
or practically impoésible to calculate derivatives of the function.
Powell [10] devised a method of searching along conjugate directions
generated without the use of derivatives or the gradient vector. This
method, like that of Fletcher and Reeves discussed earlier, has the
advantage of quadratic convergence. It can be used for finding only
the unconstrained minimum or maximum of a function.

The principle used in generating the conjugate directions is based

on the fact that if x. is the minimum in a space containing the direction

0

£, and Xq is also the minimum in such a space, then the direction (xl-xo

is conjugate to £. The proof is as follows:
Consider the minimization of a quadratic function of n wvariables
T
f(x) = ¥Ax + Bx + C (L

If x. is the minimum along direction &,

0

TN {f(xo + xE)} =0 at x» = 0. (2)

Hence, substituting in equation (1), it is seen that

ZAETAg + 2Ax0 +bE =0, A=20 (3)

Also, 2NETAE + 2% +bE =0, A=0 (4)
T

Hence £TA (xl - xo) =0 {5)

which is the condition for conjugacy.
The convergence of a quadratic function of n variables to a minimum
has already been proved to take place in n iteratioms, if the successive

directions of search are A-conjugate.
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Each iteration of Powell's procedure commences with a search down
n linearly independent directioms El, 52, .o En’ starting from the
best known approximation to the minimum, Xqe These directions are
chosen to be the coordinate directions initially, so that the start of
the first iteration is identical to an iteration of the method of
changing one variable at a time. In subsequent iterations, the method
is modified to generate conjugate directions, by making each iteration
define a new direction, £, and choosing the linearly independent

s, £+ An iteration

directions for the next iteration to be €2’ 53, - =il En

of the basic procedure is hence as follows:
(i) For r =1, 2, ... n calculate Kr so that f(xr_l + lrgr)
is a minimum, and define x_ = x + A E .
r r-1 r’r
(ii) Foer r =1, 2, ... n=1, replace Er by Er+l
(iii) Replace gn by (xn - xo)
{(iv) Choose A so that f{xn + )\(xn - xo)} is a minimum and replace X

by x, + A(xn - xo)

0
Powell found it necessary to modify the basic procedure in order to
ensure that the rate of convergence to the minimum was satisfactory, even
when the initial approximation was very poor. The reason was that on
some occasions, the basic procedure may choose nearly dependent directions.
The resultant directions may not hence span the full parameter space.
Considering an instance, if say Rl = 0, then the modified procedure allows
a direction other than El to be discarded, so that the new set of
directions will always be linearly independent. The modified procedure
also allows for the search to be continued along the old set of directions

in cases where it is unwise to replace any of them.



The procedure recommended by Powell is as follows:

i) F = 1; 25 saw 1, ; i
(1) For r 5 n calcu ate A so that f(xr_1 +_Argr) is a

+ A_E_ .

minimum, and define x_ = x
b r-1 r°r

(ii) T¥ind the integer m, 1 < m < m, so that {f(xm_l) - f(xm)} is a

maximum, and define A = £(x l) - f(xm)

(iii) Calculate £, = f(?.xn - xO), and define fl = f(xo) and f2 = f(xn).

3
(iv) If either f3 3_fl and/or (6)
(£, = 26, + £ = (£, = £, = 0% > L alg, - £)2
1 2 3 1 2 -2 1 3
use the old directions El’ 52, e En for the next iteration and

use X for the next X5 otherwise
(v) Define £ = (xn - xo) and calculate A so that f(xn + AE) 1is a

minimum. Use £ £3w En’ £ as the directions

45 Bgx s S gF Spalpe
and x * AL as the starting point for the next iteration.
The above modification is based on a very useful result. It is

that, if the directions El’ 52, e En are scaled so that
E.AE, =1, i=1,2, ... n

the determinant of the matrix whose columns are the vectors gi takes its
maximum value if and only if the vectors are mutually conjugate. The
proof of this result is given by Powell [10].

This result indicates that El’ 52, Ve En should be chosen to make
the corresponding determinant as large as possible. The criterion is

applied by using the new directiom, £, defined by an iteratiom, if it



can cause the determinant to increase, and by rejecting the direction
thereplacement of which causes the new determinant to be the largest.
Powell has proved that the direction which should be discarded, if any,
is & 7

» 1 <m < n, where m is such that {f(xm ) - f(xm)} is a maximum.

The three function values fl’ f2 and f3 are used to predict the stationary
value of the function along the new direction and to develop a criterion
for the acceptance or rejection of the new direction (xn = xo) for the
next iteration. The reader is referred to Powell [10] for a detailed
derivation of the criterion.

As the Powell's proceduré is meant primarily for optimizing functions
whose derivatives are not calculated, a linear search procedure for
determining Ar, not requiring the evaluation of derivatives, would be
more suitable, The Fibonacci one dimensional search procedure has been
chosen for this purpose, to solve the problems in this report. A detailed
explanation of the method is given in Appendix A.

One convergence criterion used to terminate the search procedure is
by comparing the function values at the end of every cycle and terminating
if the improvement is less than an assigned value. This is the only
criterion that has been used with this method for solving the problems
in this report. However, other criteria could be devised like change in
value of the function argument, depending on the requirements of the
applications.

The minimization procedure (6) can easily be modified to solve
maximization problems by making the following changes:

Modify the Fibonacci search procedure so as to maximize instead of

minimize, in steps (i) and (v).



pod
L

Find integer m, 1 < m < n, so that {f(xm) - f(xm )} is a maximunm,

=1
and define A = f(xm) - f(xm_l), in step (ii).
Reverse the inequality signs in step (iv).

This modification has been used to solve the Inventory problem in

the next section of this report.



4, APPLICATIONS

Two models representing production and inventory situations were
considered.

The first model was a simple production planning situation in-
volving one state variable. The second model was more complex and
involved two state variables. Solutions were obtained by applying the
Fletcher and Reeves' method and Powell's method for both models. A
comparison of the two methods was made in each case.

All the problems were solved on an IBM 360 computer using computer

programs coded in Fortran.

AN INVENTORY MODEL WITH ONE STATE VARIABLE

This model has been solved by Lee and Shaikh [1], using the functional
gradient technique. Consider the case of a manufacturing facility where
the rate of sales Q(t) is known with certainty. The rate of change of

inventory level I(t) is given by

dI(t) _ _
gk P(t) - Q) (1)

where P(t) = rate of production at time t.

The problem is to minimize the cost functiomal:

G = IT (C (I -~ I(t))2 + C exp (B - P(t))z} dt (2)
T 0 {I'm ) P m

where CT is the total cost of inventory and production. CP is the
minimum production cost which occurs when the production rate equals Pm.

The quantity Pm can be considered as the capacity of the manufacturing

facility. An increase in production over this capacity may entail



additional equipment and manpower and can be very expensive. On the
other hand, a decrease in production to a level below capacity can be
equally expensive owing to the need for maintaining unused equipment

and idle labor which cannot be reduced because of contract agreements.
The quantity Im can be considered as the storage capacity of inventory.
CI is the cost of carrying inventory. In many practical situatioms,

the storage cost is a minimum when the storage capacity is completely
utilized. Furthermore, the cost function given by equation (2) has a
smoothing capability which is frequently desirable for many manufacturing
processes. In this case, I and P_ can be considered as the desirable

inventory and production levels, respectively. It is assumed that the

sales forecast is known and given by the linear relatiom

Q(t) = a + bt (3)

and the initial inventory is
I(0) =¢C (4)
Equation (1), on substituting for Q(t), becomes

dI{t)

T = P(t) - a - bt (5)

In order to apply the conjugate gradient techniques to solve
this problem, equations (2) and {(5) are approximated by difference
equations. Y¥rom equation (5), the following difference equation is

obtained:

x(t + At) = x(t) + (P(t) - a - bt) At (6)

where x(t) = I(t) (7}
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To obtain the cost, the integral in equation (2) has to be computed
over the limits nAt to (n+l) At. If t is small, this integral can be

approximated by

(n+l)At 2 2
i CI(Im - I(t))” + CP exp (Pm - P(t)) ] dt

= {Ci (Im - I(t))2 +_CP exp (Pm - P(t))z] At (8)

The following numerical values are assumed:

a=2 b=1 c=25
Cc. = 0.1 I = 10 P =5
T m m
Cp = 0.001 to =0 tf =1

a. Solution by Fletcher and Reeves' method

The problem was first solved by applying the conjugate gradient
method of Fletcher and Reeves. The number of stages into which the
process should be divided is generally influenced by considerations of
accuracy and computational cost. A large number of stages will give a
better approximation to a continuous process and yield more accurate
results. However, this results in increased computational time. For
this study, solutions were obtained for a 5 stage and 10 stage process.

The computer program comprised of two subroutines. Subroutine FUNCT
evaluated the inventory, function and gradient values required by the
search subroutine FMCG. Subroutine FMCG was a standard subroutine from
the IBM Scientific Subroutine Package and incorporated the Fletcher and

Reeves' search procedure. This also included the one-dimensional search



Table 1, 5-stage process by Fletcher and Reeves' method

1.7

P(t)
x(t) x{t+AL)
———-——-—-,-‘ —!%
£ t+At
t+AL x(t) P(t) x{(t+At) CT Q(t+at)
.0 0.2 5.00 7.15 5.99 0.43 2.20
o2 0.4 5.99 7.09 6.93 0.69 2.40
b 0.6 6.93 6.89 7.79 0.84 2,60
.6 0.8 7.79 6.64 8.55 0.91 2,80
.8 1.0 8.55 6.78 9.31 0.94 3.00




Table 2, 10-stage process by Fletcher and Reeves' method
lP(t)
x(t) x(t+rt)
i -
t t+AL
t t+At x(t) P(t) x(t+At) cT Q{t+AtL)
0 0.1 5.00 7.17 5.51 .24 2.10
1 0.2 5.51 7.13 6.00 A3 2.20
2 0.3 6.00 7.08 6.48 .58 2.30
3 0.4 6.48 7.03 6.94 .69 2.40
4 0.5 6.94 6.98 7.39 .77 2.50
5 0.6 7.39 6.90 7.82 .84 2.60
6 0.7 7.82 6.77 8.23 .88 2.70
7 0.8 8.23 6.62 8.61 .90 2.80
8 0.9 8.61 6.49 8.97 .92 2,90
9 1.0 8.97 6.63 9.33 .93 3.00

18



Table 3. 5-stage process by Powell's method

lP(t)

19

x(t) x(t+AL)
e Emm—
t t+AL
t t+AL x(t) P(t) x(t+At) CT Q(t+at)
0.0 0.02 5.00 7.15 5.99 0.43 2.20
0.2 0.4 5.99 7.06 6.92 0.69 2,40
0.4 0.6 6.92 6.94 779 0.84 2.60
0.6 0.8 7.79 6.76 8.58 0.91 2.80
0.8 1.0 8.58 6.42 9.27 0.93 3.00




Table 4. 1l0-stage process by Powell's method

P(t)
¥
x(t) x(t+at)
_— ——
t t+AL
t t+At x(t) P(t) x(t+At) CT Q(tt+at)
.0 0.1 5.00 7.17 5.51 0.24 2.10
.1 0.2 5.51 7.13 6.00 0.43 2.20
. & 0.3 6.00 7.08 6.48 0.57 2,30
.3 0.4 6.48 7.03 6.94 0.69 2.40
b 0.5 6.94 6.96 7.39 0.77 2.50
.5 0.6 7.39 6.89 7.82 0.84 2.60
.6 0.7 7.82 6.80 8.23 0.88 2.70
.7 0.8 8.23 6.68 8.61 0.90 2,80
w3 0.9 8.61 6.51 8.97 0.92 2.90
«9 1.0 8.97 6.15 9.29 0.93 3.00

20
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procedure of Davidon. The main program communicated the following
parameters to the subroutines through the calling sequence:
(i) the number of variables, n,
{(ii) 4initial approximation of the variables Pl’ P2’ e Pn
(iii) the required accuracy of computation, EPS,
(iv) an integer to limit the total number of iterations, LIMIT and

(v) an estimate of the value of the function at the unconstrained

optimum, EST.

The flowchart for the computer program is given in Fig. 9, Appendix B
and the program and sample results given in Appendix C.
Three different sets of values were used for the initial approximation

to the variables P Pn' It was observed that the optimal wvalues

1° P2, .
remained the same irrespective of the initial approximation used. A
summary of the results obtained is given in Tables 1 and 2. The optimal
cost was 0.94 for a 5 stage process and 0,93 for a l0-stage process.
There is no significant difference between the two values. It is there-
fore concluded that, for this particular model, the value of the optimal
cost is mot improved by increasing the number of stages. This is due to
the fact that the inventory and cost functions are smooth functions, as
can be seen from Figs. 1 and 2.

This problem has been solved by Lee and Shaikh [1] by using the
functional gradient technique and the value of the optimal cost obtained

by them was 0.94. There is thus excellent agreement with the results

obtained with the Fletcher and Reeves' method.

b. Solution by Powell's method

The same problem was next solved by applying Powell's method. As



before, solutions were obtained for a 5 stage and a 10 stage process.
The computer program comprised of three subroutines. Subroutine
POWELL incorporated Powell's search procedure. Subroutine FIBON cal-
culated the unconstrained optimum along each direction computed by
Powell's method, using the Fibonacci search procedure. Subroutine FUNCT
evaluated the inventory and function values required by the main sub-
routine POWELL. The main program communicated the following parameters
to the subroutines through the calling sequence:
(i} the number of wvariables, n,

(ii) 4dinitial approximation of the variables P P

g Bys man BL
(iii) the required accuracy of computation, EPS, and

(iv) an integer to limit the total number of iterations, LIMIT.

The flowchart for the computer program is given in Fig. 11, Appendix B
and the program and sample results given in Appendix C.

As in the case of Fletcher and Reeves' method, the problem was
solved using three different sets of values as the initial approximation

to the variables P Pn' Identical results were obtained in each

1’ PZ’ vae
case. A summary of the results is given in Tables 3 and 4. The value of
the optimal cost was seen to be 0.93 for both the 5 and 10 stage processes.
This confirms the earlier conclusion that, in this problem, an increase

in the number of stages does not yield a more accurate value of the optimal

COSt.

c. Comparisomn

A comparison of the results obtained by the two methods gave similar
values. However, Powell's method required about 35% to 130% more computing

time. This was because Powell's procedure necessitated a large number
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Table 5. Convergence rates for the 5 stage process

No. of Fletcher & Reeves' method Powell's method
Iterations Pl P3 | P5 CT P1 Pg P5 CT
Initial approximation: All Pi = 1.0
0 1.00 1.00 1.00 8889.39 1.00 1.00 1.00 8889.39
1 6.44 6.44 6.44 1.03 5.96 5.98 5.99 1.14
2 7.21 6.73 6.64 0.94 7.18 6.95 6.42 0.93
3 7.17 6.83 6.72 0.94 7.15 6.94 6.42  0.93
4 7.15 6.8 6.78 0.94
5 7.15 6.89 6.78 0.94
6 7.15  6.89 6.78 0.94
Initial approximation: All Pi = 5.0
0 5.00 5.00 5.00 1.43 5.00 5.00 5.00 1.43
1 7.29 6.11 5,66 1.00 7.20 7.16  6.41 0.94
2 7.13  6.45 5.89 0.9¢6 7.15 7.06  6.42 0.93
3 7.20 6.98 6.32 0.94
& 7.16 7.03 6.42 0.94
5 7.14 7.02 6.54 0.94
7 7.17 6,96 6.74 0.94
10 7.16 6.95 6.78 0.94
11 7.6 6.95 6.78 0.94
Initial approximation: All Pi = 10.0
0 10.00 10.00 10.00  #&#%%x 10.00 10.00 10.00  ##=%%
1 6.99 6.99 6.99 0.95 5.00 5,00 5.00 1.41
2 7.20 76.95 6.93 0.94 7.20 6.96 6.41 0.94
3 7.11 6.93 6.88 0.94 7.15 6.94 6.42 0.93
5 7.16 6.93 6.8 0.94
6 7.16 6,93 6.86 0.94




Table 6.

Convergence rates for the 10 stage process
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No. of Fletcher & Reeves' method Powell's method
TOREEORS phg 2y O BB Ry %
Initial approximation: All Pi = 1.0
0 1.00 "1.00 1.00 &889.36 1.00 1.00 1.00 8889.36
1 6.44  6.44 6,44  1.02 5.85 5.90 5.99 1.16
2 7.25 6.76 6.51 0.93 7.21 6.98 6.1l4 0.93
3 7.15 6.87 6.54 0.93 7.17 6.96 6.15 0.93
4 7.16 6.95 6.57 0.93
10 7.18 6.98 6.63 0.93
11 7.17 6,98 &.63 0.93
12 7.17. 6.98 6463 0,893
Initial approximation: All Pi = 5.0
0 5.00 5.00 5.00 l.51 5.00 5.00 5.00 1.41
1 7.62 6.31 5.34 1.04 7.23 7.01 6.13 0.93
2 7.62 6.31 5.34 1.04 ki  6.97 6.10 0.93
3 7.62 6,33 5.35 1.04
4 7.52 6.47 5.38 1.01
10 7.23 7.06 5.65 0.94
15 7.22 6.92 6.17 0.93
20 7.18 7.00 6.55 0.93
21, 7.19 6.99 6.59 0.93
22 7.19 6.99 6.59 0.93
Initial approximation: All Pi = 10.0
0 10.00 10.00 10,00  #*&« 10.00 10.00 10.00 Lt
1 6.99 6.99 6.99 0.94 5.00 5.00 5.00 1.41
2 7.22 6.97 6.87 0.93 Te23 7:01 6.3 .93
3 7.11 6.96 6.76 0.93 7.17 6.96 6.15 0.93
4 7.20 6:896 6./0 U.93
10 7.18 6.97 6.69 0.93
11 7.18 6.97 6.69 0.93




of function evaluations during every iteration. As function evaluations
took up most of the computing time in both the methods, this made a
significant difference to their computing times.

In comparing the convergence rates Ior the two methods, it was found
that Powell's method required a fewer number of iterations for convergence.
Tables 5 and 6 gives the convergence rates for each method for 5 and 10
stage processes. It is evident that Powell's method is definitely faster

in converging to the optimum, though it takes more computational time.

AN INVENTORY AND ADVERTISING MODEL WITH TWO STATE VARIABLES

This model is an extension of an advertising model formulated by
Teichroew [14]. Consider a marketing situation where only a certain number
of potential customers possess information about a company's product.
Assume that the total number of persons in the group under consideration
remains constant and that diffusion of information occurs only througn
personal contact. The number of "contacts" made by an average informed
person in an arbitrary unit of time is given by a 'contact coafficient”.
This coefficient is a fixed number which is the same for all members of
the group. In a contact, the contactee receives the information if he
does not already have it; if he already has it, the contact is wasted

so far as increasing the number of people who have the information is

concerned.
Let K(0) = number of informed persoms at time O
XK(t) = number of informed persons at time t

N = total number of persons in the group
C = contact coefficient i.e the number of contacts made by

one informed person per unit time



Then K(t)/N = proportion of informed persons in the group
at time t.
1-K(t)/N = proportion of uninformed persons at time t.

ck(t) -dt = contacts made during a time interval dt.

The increase in total number of informed persons, dK(t), during a
short interval of time dt is obtained only from contacts made with un-

informed persons.

hY
Thus dR(t) = CK(t) dt [1 - &(é) J
This is the differential equation:
dK(t) _ K(t) |

Suppose that the company can increase the number of contacts by spending
money on advertising. In particular, it can increase the number of
contacts made by the informed persons, by an additional number A per
unit of time. Egn. (1) then becomes

dK(t)
dt

= K(t)(C + A(L)) [1 _ ki) ] (2)

If each successful contact results in the sale of n units of the company's

product and if Q(t) represents the sale at time t, then

Q{t) = nK(t)

Assuming n = 1 for a particular product and substituting Q(t) for K(t)

in eqn (2), we get

do(c) _ gic)
- (€ + Ad) [l =S ] (3)
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Next, the rate of change of the company's inventory is given by

S = (o) - Qo) (4)

where P(t) = production rate at time t

The production rate for the product under consideration is assumed to be

a linear function given by

B(t) = a + bt (5)

where a and b are known constants. This assumption simplifies the
model by avoiding a second control variable. The company's objective

is to maximize the profit

T

Sp = é (Fac) - ¢ (B; - x(e)” - C, (1)) dt 8

where ST is the total net profit, F is the revenue from the sale of cne

unit of the product, C_ is the inventory carrying cost and C, is the

1 A

cost of advertising. PI may be considered as the available storage
capacity for the product.

Equations (3) through (6) completely represent the system. It has
two state variables, x(t) and Q(t) and one control variable, A(t). In
order to apply the conjugate gradient techniques to solve this model,
the differential equations are approximated by difference equations.

Thus, equation (3) is reduced to

; _
Q(t + At) = Q&) + Q(t) {C + A(t)}[l - Q(;) J At (7N
\

If this equation is used, it is possible for Q(t + At) to exceed N, which
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is not possible in the physical system being considered. To overcome
this difficulty, the term (1 - Q(t)/N) is replaced by (1 - Q{(t + Lt} /X)
and this makes it impossible for Q(t + At) to exceed N. By incorporating

this change and rearranging the terms equation (7) becomes

\
Q(e) {1 + (C + A(t) t} )

Qe + At) = =5 (C + A(t)) Q(ryat/N

Equation (4) is reduced to

x(t + At) = x(t) + (P(t) - Q(t)) At (9)

To obtain the profit, the integral in equation (6) has to be computed
between limits nAt and (n+l)At. If At is small, the integral can be

approximated by

_ 2
sp = (Fae) - C (e, - x(©)” - C, AQ(t)) 2t (10)

The initial conditions and numerical values for the constants used are:

PI = 50 b = 100 x(0) = 20
CI = 0.15 a=70 Qo) = 20
CA = 1.5 c =12 T=1
N = 150 F =10

It is assumed that the company has unlimited funds for advertising and

thereby no constraint has to be imposed on the control wvariable A(t).

a) Solution by Fletcher and Reeves' method

An attempt was made to solve this problem for 5 and 10 stage processes.

The computer program was similar to the one used for solving the Inventory
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problem and comprised of two subroutines FUNCT and FMCG. As this
problem was one of maximization, subroutine FUNCT was designed to yield
the nepative of the function and gradicent values to the main subroutlne
FMCGC. Lt was thus possible to use the original IBM subroutine FMCGC,
which was designed as a minimization procedure, without making any
changes. Subroutine FUNCT evaluated the values of inventory, production
and sales, apart from function and gradient values required by the main
subroutine. The main program communicated the initial approximation to
the variables Al’ AZ’ - An to the subroutines in addition to the
parameters n, EPS and LIMIT, through the calling sequence.

It was noticed that in the very first iteration, the control variables
picked up negative values. This could not Be avoided because the Fletcher
and Reeves' method.is not designed to recognize even non-negativity
constraints on the control variables. As negative values were not
permissible in this problem, the control variable being the amount of
advertising in each stage, the problem could not be solved by this method.
Further, it can be seen that the function represented by equation (10)
is non-decreasing for all negative values of the control varizble, and
having an infinite maximum. This caused the failure of the one-dimensional
search procedure used in the subroutine FMCG and explains why the iterations
did not continue in the negative regiom.

The computer program for this problem and sample results are given

in Appendix C.

b) Solution by Powell's method

The problem was solved for both 5 stage and 10 stage processes. The
computer program conprised of three subroutines FUNCT, FIBON and POWELL.

The main subroutine POWELL was modified into a maximization method by
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making the necessary changes in the iterative procedure. The one
dimensional search procedure was also changed to one of maximizaticn

by modifying subroutine FIBON. Subroutine FUNCT was changed to evaluate
the sales, production, inventory and function values for this problem.
The main program communicated the initial approximation to the variables
Al, A2’ 6o An, to the subroutines, in addition to the parameters n, EPS
and LIMIT, through the calling sequence.

The problem was solved using two sets of values as the initial ap-
proximation to the variables Al’ A2, ‘v An. Identical results were
obtained in each case.

Powell's method, like the Fletcher and Reeves' method, was not
designed to recognize non-negativity constraints on the control variables.
However, it was possible in Powell's method to adjust the rate at which
the control variable progressed into the negative region. This was done
by setting suitable limits on the interval of interest in the Fibomnacci
search procedure, which slowed down any decrease in value of the control
variables without imposing any restriction on its increase. Thus it was
possible to choose the optimal value satisfying the non-negativity re-
quirements of the problem, even though the iteratioms continued into the
negative region.

The results are given in Tables 7 and 8. The values of the optimal
profit were 607.62 for the 5 stage process and 683.50 for the 10 stage
process. Thus a significant improvement was noticed in the case of the
10 stage process. This was because a 5 stage process with two state

1

variables is a very approximate representation of the real situation. The

profit increased from 607.62 to 683.50, an increase of 12.5%. Sales rate
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Table 7. 5-stage process by Powell's method
| A(e)
x(t) Y z{t+it)
a(t) Qe+t
t+At
t AL x{(t) Q(t) A(L) x(t+AL) Q{t+at) P(t) S

0 0.2 20.00 20.00 7.87 28.58 £7.10 70.00 -30.82
0.2 0.4 28.58 47.10 296 36.27 PSR 50.00 43.10
0.4 0.6 36.27 71.53 0.34 £5.11 85.82 110.00 205.39
C.é 0.8 45,11 85.82 0 F5555 97,78 130.00 400,02
0.8 1.0 55..55 897.78 0 67.8%4 108.58 150.00 807.62
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Table 8. 10-stage process by Powell's method
tA(L)
l
x(t) x(t+pt)
—_— N
ggggﬁ_y Q{t+at)
t t+At
t t+AL x(t) Q(t) A(tL) x(t+at) Q(t+atL) Bile) S
0 0.1 20.00 20.00 12.49 23.90 4£1.05 70.00 -46.05
- Q<2 23.90 41.05 6.14 26.81 60.89 £€0.00 -49.28
.2 0.3 26.81 60.89 2.56 29.33 74.80 80.00 - 9.59
w3 0.4 29.33 74.80 0.53 32.01 83.21 100.00 62.19
A 0.5 32.01 83.21 35.02 89.88 110.00 148.71
5 0.6 35.02 89.88 38.39 96.32 120.00  243.00
.6 0.7 38.39 96.32 42,14 102.43 130.00 344.50
o 0.8 42.14 102.43 46.30 108.14  140.00  452.44
+8 0.9 46.33 108.14 50.99 113.42 150.00 565.84
.9 1.0 50.99 113.42 56.17 118.22 160.00 683,50
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increased from 108.58 to 118.22, an increase of 9.2%Z. This was because
in a 10 stage process, the advertising expenditure was utilized better,
as tue effect of advertising was felt sooner, than in the case of a 5
stage process.

The computer program and sample results for this problem are given

in Appendix C.

¢) Ceomnarison

As no solution was obtained by the Fletcher and Reeves' method for
this problem, a comparison of the effectiveness of the two methods could
niot be made. However, in the light of the experience gained in trying to
solve this problem, a few conclusions could be drawn. The calculation
of the gradients in the case of Fletcher and Reeves' method was a
tedious affair, as both inventory and sales were functions of the control
variable, Where optimization problems involving a larger number of state
variables are being considered, this might prove to be a major drawback
with the method. Powell's method, on the other hand, does not have any
such limitation.

Table 9 gives the convergence rates for 5 and 10 stage processes by
Powell's method. This problem has again shown the ability of the method

to counverge rapidly to the optimum.
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Table 9. Convergence rates for the 5 and 10 stage processes
by Powell's method.
Xo of 5-stage process 10-stage process
Iterations Al Ag A5 S Al A5 A10 S
Initial approximation: All Ai = 5.0
0 5.00 5.00 5.00 219.95 5.00 5.00 5.00 217.97
1 4&.00 4.00 4,00 337.65 4.00 4.00 4.00  349.57
2 3.82 3.00 3,00 427.22 4.04 3.00 3.00 450.89
3 8.29 2.00 2.00 502.46 7.47 2.00 2.00_ 543.90
4 6.87 1.00 1.00 564.29 10.42 1,00 1.00 621,92
5 7.87 0.34 0 607.62 12,49 0 0 683.50
Initial approximation: All Ai = 10.0
0 10.00 10.00 10.00 -619.60 10.00 10.00 10.00 -681.38
g 9.00 9.00 9.00 -432.54 .00 9.00 9.00 -484.35
2 8.00 8.00 8.00 -252.23 8§.00 8.00 8.00 -293.08
3 7.00 7.00 7.00 - 80.94 7.00 7.00 7.00 -=106.77
4 6.00 6.00 6.00 78.05 6.00 6.00 6.00 62,27
5 5.00 5.00 5.00 219.95 5.00 5.00 5.00 217.97
6 4£.00 4.00 4.00 337.65 4,00 4.00 4.00  348.57
7 3.82 3.00 3.00 427.22 4,046 3.00 3,00 &50.69
8 5.29 2.00 2.00 502.46 7.47 2.00 2,00 543.90
9 6.87 1.00 1.00 564.29 10.42 1.00 1.00 621.82
10 7.87  0.34 0 607.62 12.49 0 o} 683.50




5. DISCUSSION

Any effective comparison of direct methods of optimization like
those studied in this report is faced with several difficulties. 1In
the first place, the relative performance of the methods is bound to
differ with the problems chosen. Secondly, while one method may
terminate with a fewer number of iterations, another may come out with
a more accurate result and take more iterations to converge to the
optimum. Leon [16] and Rosenbrock and Storey {17] have suggested the
use of accuracy, number of function evaluations and computing time as
a basis of comparison. The need for considering the number of function
evaluations arises because the most difficult problems tc handlein practice
are those where the function evaluation is very slow [17]. For example,
the function may be determined by the numerical solution of a set of
differential equations. The computing time will then depend much less
on the logic of the search and much more on the number of evaluations.

The accuracy of the results obtained by both the methods is nearly
the same. No attempt was made to count the total number of function
evaluations made by the two methods for each problem. However, it is
obvious from the computer programs that Powell's method requires more
function evaluations. In addition, Fletcher and Reeves' have used
Davidon's linear search procedure which is designed to reduce the number
of function evaluations by doubling the step size each time. In Powell's
method, the Fibonacci method is used, which results in a fixed number of
function evaluations being made every time the subroutine is called.
Davidon's search procedure regquires the evaluation of derivatives. EHence,

it was not considered advisable to incorporate it in Powell's method
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which is meant to be used primarily in cases where derivatives are dif-
ficult or impossible to calculate.

On the basis of both computing time and number of function
evaluations, Fletcher and Reeves' method appears to be superior to
Powell's method. However, by requiring fewer number of iterations for
convergence, Powellfs method has shown itself to be quite a powerful
method of optimization. It has the added advantage of not requiring any
derivatives to be calculated. Even in the relatively simple two state
variable problem, the determination of the gradient wvector, in Fletcher
and Reeves' method, involved tedious calculations.

The main drawback with both the methods is their inability to
recognize constraints on variables. This limitation restricts their
application to a very émall class of problems. Even in the case of a
management problem involving constraints, useful information can be
gained from a study of the results obtained for the unconstrained problem.
In such cases, the two methods appear to be quite suitable for use.

The problems solved by the two methods show that both the methods
have the property of quadratic convergence, even with poor approximations
to the optimum as starting-values. Thus they represent a significant

improvement over the earlier gradient methods.



47

ACKNOWLEDGIEMENT

The author wishes to express his deep sense of gratitude to Lis
major professor, Dr, E. §. Leec, for his guidance, constructive
criticism, kindness and understanding and the personal interest he has

taken in the preparation of this master's report.



10.

REFERENCES

Lee, E. 5. and Shaikh, M. A., "Optimal Production Planning by a

Gradient Techinique - I, First Variations,"

an unpublished paper,

Ransas State University, Manhattan, Kansas.

Rosenbrock, H. H., "An automatic method for finding the greatest or

the least value of a function," The Computer Journal, Vol. 3, FNo. 3,
1960, pp. 175 - 184,

Hooke, R. and Jeeves, T. A., "Direct Search Solution of Numerical

and Statistical Problems," Journal of Assoc. Computing Mach., Vol. 8,
No. 2, 1961, pp. 212 -229.

Lee, E. S., "Search Techniques," Lecture notes, Kansas State University,
Manhattan, Kansas, 1967,

Nelder, J. A. and Mead, R., "A Simplex method for function minimization,"

The Computer Journal, Vol. 7, No. 4, 1965, pp. 308 - 313.

Hadley, G., Non-linear and Dynamic Programming, Addison-Wesley,

Reading, 1964.

Wilde, D. J., Optimum Seeking Methods, Prentice-Hall, New Jersey, 1964,
Hestenes, M. R. and Stiefel, E., '"Methods of conjugate gradients for
solving linear systems,'" Journal of Research, N.B.S., Vol. 49, No. &,
1952, pp. 409 - 436,

Fletcher, R. and Reeves, C. M., "Function minimization by conjugate
gradients," The Computer Journal, Vol. 7, No. 2, 1964, pp. 149 - 154.
Powell, M. J. D., "An efficient method for finding the minimum of

a function of several variables without calculating derivatives,”

The Computer Journal, Vol. 7, No. 2, 1964, pp. 155 - 162.



it
ra

13.

}.-‘
I~

15.

i6.

47

Beckmin, ¥. 8., "The solution of linear equations by the conjupate

oradient method," in Mathematical Methods for Digital Computers,

Ralston, A. and Wilf, H. S. (Lds.), John Wiley, New York, 19%60.
Davidon, W. C., "Variable metric method for minimization," A.E.C.
Research and Development Report, ANL-5990 (Rev.), 1959.

Gue, R. L. and Thomas, M.k., Mathematical Methods in Operations

Research, The Maemillan Company, New York, 1968.

Teichroew, D., An Introduction to Management Science - Deterministic

models, John Wiley, New York, 1966.

.

Fletcher, R., "Function minimization without evaluating ccrivatives
- a review," The Computer Journal, Vol. 8, No. 1, 1965, pp. 33 - 41,
Leon, A., "A comparison among eight known optimizing procedures"

in Recent advances in Optimization, Lavi, A. and Vogl, T. P. (Eds.),

John Wiley, New York, 1966.

Rosenbrock, H. H. and Storey, C., Computational Techniques for

Chemical Engineers, Pergamon Press, Oxford, 1966.




APPENTIX A



44

DAVIDON'S LINEAR SEARCH PROCEDURE USED IN

FLETCHER & REEVES' METHOD OF OPTIMIZATION

Fletcher and Reeves have used the method adopted by Davidon in
his variable metric method for minimization [12]. The conjugate gradient
method requires the position of the maximum or minimum of the function
f(x) to be found along a line passing through the point X in the
direction Ei’ where X, and gi are computed in the main program.

Essentially, the linear search problem is to determine A such that

' -
y (Am) =0 (1)
where y{A) = f(xi o Agi) (2}
and therefore
_ T
y'(a) = Ei g (Xi + lii) (3)

Thus y(\) and y'(A) can be calculated for any X and, in particular,
the values y(0) and y'(0) at the starting points are already known.
The calculation is in three stages; the first estimates the order
of magnitude of A‘, the second establishes bounds on it, and the third
interpolates its value. The step size, h, for A 1s arbitrarily chosen
by Fletcher and Reeves to be equal to the displacement along Ei of
unit length in the x-space. This is supplemented with the requirement
that there be available an estimate, est, of the value of the function
£f(x) at the unconstrained maximum or minimum. On the assumptiomns that
this is a correct estimate, that the unconstralned maximum or miniaum
lies on the line X + lgi, and that f£(x) is quadratic, the value k for

A_ is given by



_ _ _ T 5
k = lm = 2{est fi)liigi (45

L

As the unconstrained maximum or minimum will generally not lie on the
line, equation (4) tends to over-estimate A_. This leads to the fol-
m

lowing criterion in determining the step size:

h =%k if 0<k<(Eg}-l/2
= (E?)Hl/z otherwise.

In the second stage y' is examined at the points X = 0, h, 2h, 4h, ...
a, b, where X is doubled each time, and where b is the first of these
values at which y' is non positive or nonnegative, depending on whether
the linear search is one of maximization or minimization respectively.
It then follows that Am is bounded in the interval a < Am <b .

The third stage uses cubic interpolation to determine an estimate
Ae of the stationary point hm. Assuming that the function f(x) is a
cubic equation of the form f(x) = Ax3 + Bx2 + Cx + D, and from a
kxnowledge of the values of the function and derivative at a and D, it

can be easily shown [&] that

’

Vo 3\
A = b - [_,Y (b) + w - =z b - a) (5)

y'(b) =y (a) + 2w J
where z and w are defined as follows:

_ 3v(a) - y(®)
b-a

+ y'(a) +y'(b) (6)

w =t (o - gia)g B N
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The positive value of w is used if a minimum is being located and the
negative value in case of a maximum.

For a minimization problem, if neither y(a) nor y(b) is less than
y(Ae), then Ae is accepted as the estimate of Am. Otherwise, according
as y'(ke) is positive or negative, the interpolation is repeated over
the sub-interval (a,Ae) or (ke, b), respectively.

A similar reasoning is used to repeat the interpolation over a
reduced interval in the case of a maximization problem.

The computer flowchart for the search procedure is given in
Appencix B. The program has been coded as part of the Fletcher and Reeves'
search subroutine and is given in Appendix C.

The main advantage of this search technique is that very few fuaction
and gradient evaluations are required to locate the statiomary point.
This is because the step size is doubled each time during the search.
Most of the computational time required in gradient techaniques 1s taken
up in function evaluations. Thus a reduction in these evaluations will

significantly reduce computation time.



THE FIBONACCI SEARCH PRGCEDURE USED IN

POWELL'S METLOD OF OPTIMIZATION

The {irst step in the iterative procedure of Powell's method is to
determine, for r = 1, 2, ... n the value of Ar which maximizes or minimizes
the function f(pr—l + Argr), depending on whether the problem is one of
maximization or minimization, respectively. This involves a single
varianle search for kr along each of the n directiomns, Pr_1 + krgr.

The search procedure requires the interval of uncertainty, or the
limits within which the wvalue of Ar is expected to lie, to be determined
first. The Fibonacci method [4,7] is based on the repeated evaluation
of two experiments placed symmetrically in the interval of uncertainty.
On the assumption that the function is unimodal and from the values of
the function obtained from these two experiments, a portion of the in-
terval is eliminated and the procedure repeated over the remaining
interval. The interval of uncertainty is thus progressively recuced
until it is within tolerable limits.

The problem is one of locating the {irst experiment, since the
second is placed symmetrically with respect to the first. This is done
by using the Fibonacci series of numbers where the current values of

the series is the sum of the preceding two values:

F
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Wiide [7] has shown that for a search involving n experiments or cbser-

- .

vations, the final interval of uncertainty, Lq, is inversely proportional
L.

Ty

-
[y

to the a  Fibonacci number when the original interval is of unit length.

If ¢ is the least separation between two points x; and %, for which a



ditfference between f(xl) and f(xz) can be detected, then

After ¢ and n are decided upon, the first experiment is located using

the formula

X = (b - a)

wnere (b - a) represents the length of the interval of uncertainty. The

second experiment is then located symmetrically using the relation

A portion of the interval can now be eliminated and the procedure repeated
over the remaining interval, Fig. 13 shows the progress of a search in
five experiments for a maximization preblem, with € = 0.01.

The computer flow-chart for the search procedure is given in
Appendix B. The program is coded as a Fortran subroutine and includad
with the computer program for Powell's method in Appendix C.

The Fibonacci search procedure is a very efficient one-dimensional
search method for finding the unconstraized maximum or minimum, requires
no derivarives and makes no assumption about the function other than
unimodality in the interval of uncertainty. As such, it can be usefully
appiied in Powell's method, which is devised for optiwmizing functions

whose derivatives are difficult to calculate.



APPENDIX B

54



mn
3

T TR I

| Initialize n,=z,EPS, LIMU] !

i
= M
1 Compute & printout valuces of function & gradient |
>
|
! ! Search for minimimum of function along
| | &
: dircetion of stcepest descent by Davidon's method

Search for minimum of function by Davidon's pro-
cedure along n directions £ computed by Conjugate

i N— E
gradgena_ method

v

Compute values of function and gradient and
nrintout function values

s

Compute difference between new & old argument

}
1
|
1\
i
!
|
14
|
:
N |
vectors |

Length

of difference

vector greater

EPS?

function value .
of gradient greatern  vygg

decreased 7

thigs IP5 2

| Save wvaluz E
o ;

—_— o .
i L gracl ent , \!,
Fig., 9 Flowchart for minimization by the Fletcher & Reeves' method



fﬁ Inieialize o5ty Ry & |
Y
| Compute step size f{or linear scarch |

Sy

¥
Step function argument along direction § |

b

Compute and save new values of
function and gradient

T
1

directional
derivative

iy s s o

directional

cderivative
incdicate extremun
has been passed?

Double
step size

¢YES

Interpolate cubicelly in the interval
contained within last step size Ifor estimate oI

extremun
M -
Compute values 0I Iunctlon and gradciend
for interpolzted vzlue of argument
i interpolated
i func:ion Value a1 7 ~ Take aestimate
i tremum wW.r.t ins B o serrvemun
5 cerval ends} | the extremum
~ - 1
| STC2 &
| ate] :
i i Comnute directicnal derivative i
! = : P . :
N Eiixinate portion oI 1Intelvas nct containing extredum
L—ﬁ and repeat cubic Interpolation over

|
: . N I
raduced interval B

Fig. 10 Flowchart for Davidon's Linear Search procedure



n
~J

Compute & pri

intout function values§

o

=3
L}

Compute minimum of

function

along each direction £., ...
of function argument Pl’ -

by Fibonacci method
En and define wvalues

193

R

T
¥

Determine directi

on q aiong which improvement
in function value is best

by Powell's method

é,

sh

Deiine minimum point i
aleong direction g &
corresponding function
argument as new starting
point

s e

whether search
otid he con-
tinued along

directions

X0

cid

1{.-. PR——

Replace £_ by new directicn

£ computed by Powell's methcd

|
!

T
TCompute and printout new
E function values

[]

1

s
fference
between
new & old functicn
values greater tha
E?S?

diff
e

Compute minimum of function
thro Pn zlong directicn g
and define ccrresponding
function argument as new
starting point

L

-

less than LIMIT?

5]
[
09

11 Flow chart for minimizati

on by the Powell's method




| Initialize 2, b, €, 0 i

¥
!
Generate and save Fibonacci numbers
for n experiments

i it

Locate position of first experiment,
X5 in intervzl ab using Fibonacci numbers

1

—

Place second experiment at %,
symmetrically with respect to X,

Compute function values corresponding to *p 5%y

i Eliminate portion of interval not con-
! taining the extremum being sought
H

e

o

¥

Redefine interval ab

YES

b

Fig. 12 TFlowchart for the Fibonacel search procedure

(3N



0 0.376 0.624 1.0
!
| | |
0 0.248 0.376 0.624
|
!
;
i
1
| — 1
0.376 0.496
0.248 ; 0.624
||
0.696 'i 0.506
N/ L, = 0.13
0.376 0.624
Fig. 13. Fibomnacci search for 5 experiments with

e = 0.01 and unit interval of uncertainty



APPENDIX C

o



OO0

61

COMPUTER PROGRAM AND RESULTS FOR INVENTORY CONTROL PROBLEM WITH
ONE STATE VARIABLE BY THE CONJUGATE GRADIENT METHOD OF FLETCHER
AND REEVES

EXTERNAL FUNCT

DIMENSION X{20),G120),H{20),XX1201,Q25(20),5{20)
N=10

Nl1=N#+1

X{1)=1

Xi2)=1

X{3)=1

Xla)=1

X{5)=1

X{6)=1

X(7)=1

X{8)=1

X(9)=1

X(10)=1

EST=1

LIMIT=600

EPS=10.%%(-2)

CALL FMCGINsNlyXsFoGsESTEPSyLIMIT,TER,HsXX3QS5+5)
STOP

END
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SUBRCUTINE FUNCTI(NyNLsX9sFsGaXXQ5,:5)
DIMENSION X(20),G120)4XX120),Q5(20),5(20),RP(20),RX(20)
DIMENSION RY{20),RW{20)
AQ=2
BQ=1
C=5
CI=0.1
QS(1)=AQ
Xx{1)=C
XM=1C
PM=5
CP=0.001
DT=0- 1
DO 1 I=2,N1
QS{I)=AQ+BQ*(I-1)*0T
XX(I)=XX(I-1Y+{(X{I-1)-QS(I))*DT
1 CONTINUE
DO 2 I=1,N
AP(II)=(CPE{PM=X(TI))ZEXP({PM=X(T))%*2) )% (-2.)%DT
RHWI{I)=XM=XX(1)/2.
2 CONTINUE
DO 4 I=24N1
AX(I)=2%XM=-3.%xXX(I1})/2.
RY([)=2%XM=-2.%XX(1])
4 CONTINUE
RI=2+*XM=2 XX (N)-XX{NL1)
DD=-CI*{DT**2)
RL=2 ¢ XM=F.=XX{(N}/2.-XX(N1)
RM=XM=XX{N)/2.—-XX(N1)/2.
S{1)=(CIH(XM=XX(2)/2e—XX(1)/2)%¥%2+CPEEXP((PM—=X1{1))%*%2))*DT
D0 3 [=2,.N
3 SII)=SUI=1)+(CIH{XM=XX{I+1)/2.~XX(T1)/2.)**¥2+CPREXP((PM-X(I))%%2))*
9DT
F=5(N)
GU1)=RP{1)+CD*(RWIL)+RX(2)+RY(3)+RY(4)V+RY(S)+RY(6)+RY(T)+RY(8)+
LRY{9})}+RZ)
G(2)=RP{2)+DD=(RW(2)+RX(3)4+RY(4)+RY(S)+RY(6)+4RY{T)+RY(B)+RY(9)+
2R17)
G(3)=RP(3)+DD*(RW(3)+RX(4)+RY(S5)+RY(6)I+RY(T)+RY{8)+RY(3)+RZ)
Gla)=RP(4)+DD®(RW{4)+RX(5)+RY(6)Y+RY(T)I+RY(B)+RY(9)+RZ)
G{5)=RP{S5)+DDX(RWIS5)I+RX(6)+RY(TI+RY{8)+RY(9)+RZ)
GI6)=RP(6)+DD=(RWI6I+RX(TI+RY(8)+RY(9)+RZ)
GI7)=RP{T)+DD*(RW(TI+RX(8)+RY{3F)+RZ)
G(8)=RP(8)+DD*(RW(8)+RX(9)+RZ)
GI(9)=RP{9)+DD*(RKW(9)+RL)
G({10)=RP(10)+DD*{RW{10}+RM)
RETURN
END
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SUBRCUTINE FMCG(NgyNLyXyF9sGoESTHEPS,LIMITHIER,HyXX5Q5,5)
DIMENSION X{20),G(20)4XX(20),Q5(20),S(20),H(20)
KOUNT=0
CALL FUNCTI(NyNLsX FpGyXXyQSsS)
PRINT 77
77 FORMATH(Y *,///171)
PRINT 66
66 FORMAT{" STAGE 1 STAGE 2 STAGE
5 3 STAGE 4 STAGE 5 STAGE & STAGE 7 STAGE 8 STAGE 9 S
6TAGE 10°')
PRINT S5,KOUNTIX{I)eI=14N)y{QS{TI)sI=24N1){XX(1)sI=2,N1)s(SLI),I=

L1l4N)
55 FORMAT{® ITERATION NO.'I3,//"
1 P = "10F10.2,/" Q@ = '"10F10.2+/°
2 X = "10F10.2,4/" COST = *10F10
2.24/) :
IER=C
N1=N+1

1 DO 43 II=1,4N1
KOUNT=KOUNT+1
OLDF=F
GNRM=C,

DO 2 J=1.N

2 GNRM=GNRM+G{J)*G(J)
IF{GNRM) 46,4643

3 IF(II-1)44446

4 DO 5 J=1,N

5 H{J)=-G(J)

GO TC 8

6 AMBDA=GNRM/OLDG
DO 7 J=1,.N

T HUJ)=AMBDA*H{J)-G{J)

8 DY=0-

HNRM=C.

DO 9 J=1.N

K=J+N

HIK)=X(J)

. HNRM=HNRM+ABS(H(J))

9 DY=DY+H{J)*G(J)
IF(DY)104,42,42

10 SNRM=1./HNRM
FY=F
ALFA=2.*%(EST-F) /DY
AMBDA=SNRM
IF(ALFA)13,13,11

11 IF(ALFA-AMBDA)12,13,13

12 AMBODA=ALFA

13 ALFA=C.

14 FX=FY
DX=DY
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DO 15 I=14N
15 X{I)=X({I)+AMBDA*HI(I)
CALL FUNCTI(NgNL ) XsF3GyXX,0S,5S)
FY=F
DY=0.
DO 1€ I=1,N
16 DY=DY+G(I)*HI(I)
IF(DY)17,4,38,20
17 IFIFY=-FX)18B,20,20
18 AMBDA=AMBDA+ALFA
ALFA=AMBDA
IF{HNRM*AMBDA-1.E10)14,14,19
19 TER=2
PRINT SSoKOUNT U X{I) e I=1sN)s{QS(I)3I=2¢NL)(XX{I)sI=24,N1),({S(1),I=
11l.N)
RETURN
20 T=0.
21 IF{AMBDA)22,+,38,22
22 I=3.%{FX-FY)/AMBDA+DX+DY
ALFA=AMAX1(ABS{Z),ABS{DX),ABS{DY))
DALFA=Z/ALFA
DALFA=DALFA*DALFA-DX/ALFA*DY/ALFA
IF{DALFA)23,27,27
23 DO 24 J=1,N
K=N+J
24 X{J)=KE(K)
CALL FUNCTIN N1 sXsFsGeXX9pQS,S)
25 IF{IER)&4T 426447
26 1ER=-1
PRINT 55, KOUNT {X{I)sI=1yN)s{QS{I)pI=24N1)(XX{I)eI=2,N1),(S{I),I=
L11.,N)
GOTO 1
27 W=ALFA*SQRT{DALFA)
ALFA=(DY+W—-Z)*AMBDA/{DY+2..%¥W-DX)
DO 28 1=14N
28 X{I)=X{I1)+{T—ALFA)Y*H(I)
CALL FUNCT{NyNLlsXsFy3GyXX,05,S)
IF(F-FX)29,29,30
29 IF{F-FY)38,38,30
30 DALFA=0.
DO 31 I=1,N
31 DALFA=DALFA+G(I)*H(T)
IFIDALFA}32,35,35
32 IF{F-FX)34,33,35
33 IF(DX-DALFA)34,38,34
34 FX=F
DX=DALFA
T=ALFA
AMBDA=ALFA
GO TC 21
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35 IF{FY-F)37,36,37
36 IF{OY-DALFA)37,38,37
37 FY=F
DY=DALFA
AMBDA=AMBDA-ALFA
GO TC 20
38 T=0.
DO 35 J=1,N
K=J+N
HIK)=X{J}-H{K)
39 T=T+ABS{H(K)})
IF{KCUNT-N1}41,40,40
40 IF{T-EPS)45,45,41
41 IF{CLCF-F+EPS5)19,25+42
42 OLDG=GNRM
PRINT 55yKBUNT1 [X{I],I=1'N).{QSH}.I=2,N1}¢(XX{I1,I=2.N11,{S{I]'I=
IEl,N)
IF{KCUNT-LIMIT) 43,444,444
43 [ER=C
GO TC 1
44 1ER=1
IF(GNRM-EPS) 46440441
45 IFIGNRM—EPS)46,46,48
48 IF(IER.EQ.0) GO TC 49
GO TC 47
46 1ER=C
47 PRINT 554KOUNT {X{I)4I=1,N){QS{T)sI=2,N1) (XX{I),I=24N1){S(I)sI=
L1+N)
RETURN
49 IER=-1
PRINT 55, KOUNT  {X{TI)sI=14N)o{QST{I)+I=2y N1} IXX{T}pI=24N1),{S{I)s1I=
I1.N)
GO TC 1
END
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STAGE 1 STAGE 2 STAGE 3 STAGE 4 STAGE 5 STAGE 6 STAGE 7 STAGE 8 STAGE 9 STAGE 10
ITERATION NO. O

P = 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Q = 2.10 2.20 2.30 2.40 2.50 2.60 2.70 2.80 2«90 3.00
X = 4.89 477 he b4 4.50 4,35 4419 4.02 3.84 3.65 3.45
COST = 888.87 177774 2666.64 3555.54 444b,46 5333.40 6222.36 T111.33 8000.33 8889.36

ITERATION NO. 1

P = ba44 Golth bah4 bettt 644 6.44 6ed4 bet4 6.44 ba.b44

Q = 2.10 2.20 2.30 2440 2.50 2.60 2.70 2.80 2.90 3.00

X = 5.43 5.86 6.27 b.68 7.07 T+45 7.63 8.19 8.55 65.89

COST = 0.23 0.42 0.58 0.70 0.80 0.88 0.93 0.97 1.00 l.02
ITERATION NO. 2

P = T.25 T.11 6.98 6.87 6.T6 6.67 6.59 6.53 Gatad 6.51

Q= 2.10 2.20 2.30 2.40 2450 2.60 2.70 2.80 2.90 3.00

X = 5.52 6.01 64T 6.92 T«35 T.75 B.l4 B.52 8.87 9.22

COST = 0.24 0.43 0.58 0.69 077 0.83 0.88 0.91 0.92 0.93
ITERATION NO. 3

P = 7.15 T.19 T.11 6.99 6.87 6.75 &.64 6455 6.48 6.5%

Q= 2.10 2.20 2.30 2.40 2.50 2.60 2.70 2.80 2.90 3.00

X = 5.51 6.00 6.49 6.94 T.38 T80 8.19 8.57 8.92 9.28

COST = 0.24 D43 0.58 0.69 Q.77 0.83 D.88 0.90 0.92 0.93
ITERATION NO. 4

P = T.16 7.12 T.12 7.06 6.95 6.82 6.69 6.58 6.48 6.57

Q = 2.10 2.20 2430 2.40 250 2460 2.70 2. 80 2.90 3.00

X = 5.51 6.00 6.48 6.95 Te39 7.81 8.21 B8.59 8,95 9.31

CAOST = Q.24 0.43 0.58 0.69 0.78 O.84% G.88 0.90 0.92 0.93
ITERATION NO. 5

P = T-18 T7.11 T.09 T-06 6.98 6.87 6.73 6.60 [T 6.60

Q = 2.10 2+20 2.30 2.40 2.50 2.60 2.70 2.80 2.90 3.00

X = 5.51 6.00 6.48 6.94 7.39 T.82 8.22 8.60 8.96 9.32

COST = 024 0.43 0.58 0«69 0.78 0.84 0.88 0.90 0.92 0.93
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12

T.18
2.10
5.51
Q.24

7.18
2.10
5.51
0.24

718
2.10
5.51
Q24

7.18
2.10
5.51
0.24

T-18
2.10
5.51
Oa24

T«17
2.10
5.51
O.24

T.17
2.10
5.51
0.24

T.13
2.20
6.00
0.43

T«13
2.20
6.00
0.43

T.13
2.20
6.00
0.43

T.13
2.20
6.00
0.43

Ta13
2.20
6.00
Oa43

T.13
220
6.00
O.43

7.13
2.20
6.00
0.43

T.07
2.30
6.48
0.58

7,07
2.30
6.48
0.58

7.07
2.30
6.48
0.58

T.07
2.30
6.48
D.58

707
2.30
6.48
0.58

7.08
2430
6.48
0.58

T.08
2.30
6.48
0.58

7.03
240
6.94
0.69

T.03
2.40
6494
0.69

T7.03
2.40
6494
0.69

7.03
2.40
6494
0.69

7.03
2440
694
0.69

7.03
2.40
6.94
0.69

T.03
2.40
6.94
0.69

6.99
2.50
7.39
0.78

6.99
2.50
T.39
0.78

6.98
2.50
7.39
0.78

6.98
2.50
7«39
0.78

6.98
2.50
T«39
0.78

6.98
2.50
T.39
0.77

6.98
250
739
0.77

6.89
2.60
T.82
0.84

6.89
260
T.82
0.84

6490
2460
Ta82
Q.84

6.90
2.60
782
0.84

6.90
2.60
7.82
0.84

6.90
2.60
Ta82
0D.84

6.90
2.60
T.82
O0.84

b.76
2.70
8-23
0.88

6-T6
2.70
8.23
0.88

617
2.70
8.23
0.88

6.T7
2.70
8.23
0.88

6.77
2.70
8.23
0.88

6.77
2.70
8.23
0.88

6.77
2.70
8.23
0.88

6.62
2.80
8.61
0.90

b.62
2.80
Ba.61
0.90

6a.62
2.80
8.61
0.90

bab2
2480
B.61
0.90

6a.062
2.80
8.61
0.90

ba.b2
2. 60
B.61
0.90

6.62
2.80
8.61
0.90

6.49
2.90
B.97
0.92

6.49
2. 90
B.97
0.92

6.49
2.90
8.97
D.32

649
2.90
8.97
0.92

6 .49
2490
8.97
0.92

649
2490
8.97
0.92

6449
2490
B.97
0.92

€7

6.62
3.00
Q.33
0.93

6.63
3.00
9.33
0-93

6.63
3.00
9.33
0.93

6.63
3.00
9.33
0.93

6.63
3.00
9.33
0.93

6.63
3.00
9.33
0.93

6.63
3.00
9.33
0.93
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COMPUTER PROGRAM AND RESULTS FOR INVENTORY CONTROL PROBLEM WITH
ONE STATE VARIABLE BY THE METHOD OF POWELL
EXTERNAL FUNCT,FLBON

DIMENSION A(20)3QS5(20),X120),5(20)

N=5

All)=1

Al2})=1

A{3)=1

Al4)=1

A(S5)=1

LIMIT=600

EPS=10.%%(-2)

CALL POWELL(N,A,EPS,LIMIT,KOUNTsN1,QS+X+S)
STOP

END



69

SUBRCUTINE FUNCTiN.N1+A4Q5:X2S)
DIMENSION A{20)+,Q5(20),X{20),5120)
AQ=2

80=1

£=5

Ci=0a41

QA5({13)=A0

X{1)=C

XM=10

PM=5S

CP=0.001

0D7T=0.2

DO 1 I=24N1

QS511)=A0+BO*([-11*DT
XLD)=X{I-1)¥(A{I-1)=Q5(I})*=DT
CONTINUE
SIL)=ICT*{XM=X{2)/2.—X{1) /2. )% 24CPREXP{(PM—A{LF)%%2))*0T
DO 2 [=2,N
S{D)=S{I-1)+{CIR{XM=X{I+1)1/2.=X{1)/2.)%%2+CPREXPIPM=A(T))%%2))=DT
CONTINUE

RETURN

END



1
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SUBRCUTINE FIBON{QyNyNlyJsEsELL)
DIMENSION FIB(50),Q(20),X1(20),X2(20),E(20,20),Q5(20)}
DIMENSION X{20)5S{20)
ERR=10,.,**(-2)

FIB(1)=1.

FIR(2)=2.

DO 1 L=3,20
FIB{L)=FIBIL-1)+FIB(L=2)
CONTINUE

A=—-5

B=5

DO 8 L=1,20

K=21-L

W=—1%%K
ELI={(FIB(K—1)+W*ERR)/FIB(K))*(B-A)}+A
EL2=A+B-EL1

DO 2 1I=14N
XI{I)=Q(I)+4ELL1*E{1,J)
X2(I)=Q(I)+EL2*EL]1,J)
CONTINUE

CALL FUNCTI{NsN1sX1,QS5+Xy5)
S1=S{N)

CALL FUNCT(N,N14X25Q5+%X,S)
52=51(N)

IF{S1-5S2) 5,43,3

B=EL1

GO TC 7

A=EL2

IF(ABS{B-A).LE.ERR) GO T0 9
CONTINUE

ELL=A

RETURN

END

70
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SUBRCUTINE POWELLI{MN,AyEPS,LIMIT:KOUNTsN1yQSsXsS)
DIMENSION A{20)3E1(204,20)4Q(20)+EL{20),P(20,20),Y120),FAL120)
DIMENSION X{20)3QS5{20),5120),DEL{20C),R(20)
Ni=N+1
D0 1 J=1sN
DO 1 I=14N
ElI.4)=0
1 CONTINUE
DO 2 I=1.N
E{l,1)=1
2 CONTINUE
KOUNT=0
CALL FUNCTI(N,N1sA,QSsXs5)
PRINT 77
T7 FORMATI(Y Y, /17 711)
PRINT 44
44 FORMBATI(?® STAGE 1 STAGE 2 STAGE
53 STAGE 4 STAGE 57')
PRINT 22,KOUNT,{A{I)3I=1sN)o{QS{T)sI=2,N1)4(X{I)yI=2,N1),(S(I).1=
2L+M)
22 FORMATI(? ITERATION NGO."13,.//"
I P = '5F10.2./1 Q = "5F10.2,/"
2 X = '5F10.2,/" COST = '"S5F10.24
47)
33 CONTINUE
D0 3 I=14N
PLI,1)=Af1)
3 CONTINUE
CALL FUNCTINyN13A;Q5:X,5)
FA(L)=5(N)
DO 6 K=14N
DD 4 I=14N
J=K
& QUI)=P(I,J)
CALL FIBON(QsNsN1,Jd,E,ELL)
EL(J)}=ELL
DO 5 I=1+N
PLIJ+1)=P({14J)+EL{JI*E(]J)
5 R{IT)=P{IyJ+1)
CALL FUNCT(NyN13R,QS¢X,5)
FA{K+1)=5(N)}
&6 CONTINUE
DO 7 K=14N
7 DELIK)I=FAIK)—-FA{K+1)
DMAX=AMAX1(DEL{1)Y,DEL(2),DEL{3),DEL(4),DEBL{(5))
DO 8 K=14N
IF{DMAX.EQ.DELI(K)Y) GO TO 9
8 CONTINUE
9 J=K
DO 13 I=1,.N



T2

YII)=2.%¥P{T4N1)-P(I,1)
13 CONTINUE
CALL FUNCTI{N,NL3Y,05:X,5)
FY=S{N)
IFIFY.GELFALLY) GO TO 17
QO=(FAl1V-2.%FA(NL)}+FY)*{ (FA{L)-FA(NL)-DOMAX)*%2)
AR={{FALL)-FY)*x2 )% [DMAX/2.)
IFIgQ.GE.RR) GO 7O 17
DO 14 I=1.N
14 E{T4J)1=PLI4NL)=-P1I,1)
DO 15 I=1,N
15 Q{I)=PLI,N1}
CALL FIBON{QsN,N1,JyE+ELL)
EL({JI=ELL
DO 16 I=1,N
16 A{I)=PII4N1I+ELLJIZE(I,J)
CALL FUNCTIN,NL1,A,QS5+X45)
FNEW=SINY
GO TG 19
17 CONTINUE
DO 18 [=1.,N
18 A{I)=P(1I,N1)
CALL FUNCTIN,N134,Q5,:X,S)
FNEW=SI(N)
19 KOUNT=KOUNT+1
PRINT 221KUUNT1‘ﬁil),l-’-ir”)gIQS‘Il;I=2!N1),(X‘I,pI:zyﬁl,!(S‘[lsl=
21N}
IF{ABS(FA(1)-FNEW)-EPS) 21,21,20
20 IF{KBUNT-LIMLT)33,33,21
21 RETURN
END



T3

STAGE 1 STAGE 2 STAGE 3 STAGE 4 STAGE 5
ITERATION NO. O

P = 1.00 1.00 1.00 1.00 1.00
Q = 2.20 2.40 2.60 2.80 3.00
X = 4.76 4.48 4.16 3.80 3.40
COST = 1777.75 3555455 5333.41 7111.36 8889.39

ITERATICN NO. 1

P = 596 5.95 5.98 5.95 5.99

Q = 2.20 2.40 2.60 2.80 3.00

X = 5.75 b.46 Tel4 ?.77 8.36

COST = Oe43 0.73 0.94 1.07 le14
ITERATICN NO. 2

P = T.18 T.08 6.95 6.76 6be4l

Q = 2.20 2.40 2.60 2.80 3.00

X = 6.00 6.93 7-80 8.60 9.28

COST = .43 0.69 O0.84 0.91 0.93
ITERATION NO. 3

P = 7«15 T.06 6.594 6.T76 6.42

Q = 220 2.40 2.60 2.80 3.00

X = 5.99 6.92 T.79 8.58 9-27

COST = O.43 0.69 0.84 0.91 0.93



T4

COMPUTER PROGRAM AND RESULTS FOR INVENTORY AND ADVERTISING PROBLEM
WITH TWO STATE VARIABLES BY THE METHOD OF FLETCHER AND REEVES
EXTERNAL FUNCT

DIMENSION X(20),G(20),H{20)+XX(20),QS(20),PP(20),5(20)

N=5

Nl=N+1

X{1)=8

X{2)=5

X13)=1

Xl4)=1

X{s5)=1

EST=-6C0

LIMIT=600

EPS=10.%%(-2)

CALL FMCG{N’NlieriG'ESTrEPS'LIHIT!IERUH’xx'QS!PP'S}

STOP

END
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SUBRCUTINE FUNCT(NyN14XsFsGeXXyQS,PP,4S)

DIMENSION X{(20),G(20),XX{20),QS(20)4,PP(20)+5(20)

DIMENSION RC{20)4RP(20)4RX120),RT(20),RQ(20),RS(20),RF(20)
XX(1)=20

Qs(1)=20

F=10

AP=T70

BP=1CC

PP(1)=AP

PN=15C

CA=1.5

CI=0.15

PI=5C

c=2

DT=0.2

DO 1 I=2,N1

PPII)=AP+BP*(I-1)%*DT
QSUII=(QS(T-1)%=(1+(C+X(I-1))*DT) )/ (1+(C+X(I-1))*QS{I-1)*DT/PN)
AX(I)=XX(I-1)+{(PP(I-1)-QS{I-1))%DT

CONTINUE

SIL)=(F%QS(2)-CI*(PI-XX(2))**2-CA*X{1)*QS(2))*DT

DO 2 I=24N
S(I)=S{I-1)+(F=QS(I+1)-CI*(PI-XX(I[+1))**2-CAXX(I)*QS(I+1))*DT
CONT INUE

F=—S{N)

DO 3 [=24N1

RCIT)=—CA*QS({I)*DT

RP{I)=PI-XX{1)

CONTINUE

DC=—2.*%CI*DT

DO 4 I=1,N

RT(II={1+{C+X(II)*DT}/ {1+ (C+X{TI))*QS(I)*DT/PN)**2)
ROUII={QS{T)*{DT*%x2)%(1-QS(I)/PN) )/ {1+ (C+X(T1))*QS(T)*DT/PN)**2)
RF(I)=F-CA*XI(1)

CONTINUE
G(1)=RC{2)+RQI1)*(RF(L)+RF(2)*RT{2)+RF(3)*RT(3)*RT(2)+RF{4)*RT(4)*
IRT{I)I*RTI2)+RF(S)*RTISI*RT{4)*RT(3)*RT(2)+DC*(RP{3)+RP{4}*(1+RT(2)
2)+RP(5)%(14RT(2)+RT(2)*RT(3))I+RP(6)I*(L+RT(2)+RT(2)*RT(3)+RT(2)*
3RTI3)*RT(4))))
G(2)=RC(3)+RQI2)*(RF(2)+RF(3)*RT(3)+RF(4)*RT{4)*RT(3)+RF(5)*RT(5)*
4RT14)*RT(3)4DCE(RP(4)+RP(S)I*(1+RT(3) )+RP(E)*({1+RT{3)+RT{3)*RT(4)
5)1)
G(3)=RC(4)+RQI3)X(RF(3)+RF(4)*RT{4)+RF(5)*RT(5)*RT(4)+DC*(RP(5)+
4RP(6)*(1+RT(4))))

Gl4)=RCI5)+RQI4)*(RF(4)+RF(5)*RT(5)+DC*RP(6})
G(5)=RC(6}+RQ(5)*RF{5)

pa s [=1,<N

G(I)=—-GI(I)

CONT INUE

RETURN

END
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SUBRCUTINE FMCGI(NgyNLlyXeFyGoyEST,EPSyLIMIT,IER,HyXX,QS5,PP,45S)
DIMENSION X{20),G{20)4H(20)45(20),4%XX(20),QS(20),PP(20)
KOUNT=0
CALL FUNCTI(NyNLyX4F3G4XX3QS,PP,4S)
PRINT 77
TT FORMAT(Y ', ////71)
PRINT 66
66 FORMAT{® STAGE 1 STAGE 2 STAGE
5 3 STAGE 4 STAGE 5')
PRINT 55,KOUNT o (X{I)yI=1,N)s{PP{I),I=2,N1)4(QS{T)sI=2,N1)y(XX(I),yI
2=2'N1,1(S[I]11=1fN,

55 FORMATI(® ITERATION NO.'13,//"
2 A = 'S5SF10.2./" P = '5F10.2,4/"
3 Q = *5F10.2,/° X = 'SF10.2,4/
G0 PROFIT = '"S5F10.2,+/)
1ER=C
N1=N+1

1 DO 43 TI=1,N1
KOUNT=KOUNT+1
OLDF=F
GNRM=C.

DO 2 J=1,N

2 GNRM=GNRM+G({J)*G(J)
IFIGANRM) 4644643

3 IF(II-1)4444+6

4 DO 5 J=14N

5 H{J)==-G(J)

GO TC 8

6 AMBDA=GNRM/OLDG
DO 7 J=1.N

7 HUJ)=AMBDA*H{J)-G(J)

8 DY=0.

HNRM=C.

DO 9 J=1,4N

K=J+N

HIK)1=X1{J)
HNRM=HNRM+ABS(H{J))

9 DY=DY+H{J)*G(J)
IF{DY)10,42,42

10 SNRM=1l./HNRM

FY=F
ALFA=2.%(EST-F) /DY
AMBDA=SNRM

IF(ALFA)13,13,11
11 IF(ALFA-AMBDA)12,13,13
12 AMBCA=ALFA
13 ALFA=C.
14 FX=FY
OX=DY
DO 15 I=1,N
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15 X{I)=X{I)+AMBDA*HI{I)
CALL FUNCTIN NLyX3F3G4XXyQS4PP,45S)
FY=F
DY=0.
DO 16 I=1,4N
16 DY=DY+G{I)*H{I)
IFIDY)174+38,20
17 IF{FY-FX)18,20,20
18 AMBDA=AMBDA+ALFA
ALFA=AMBDA
[F{HNRMX*AMBDA-1.ELC)14,14,19
19 [ER=2
PRINT SS,KGUNT,txt!l,1=1.Nl.(PP{I),I=2.N1),{QS(I),I=2,Nllrl!x{13,l
2=2'N1]1IS{I)QI=1|~N]
RETURN
20 T=0.
21 IF{AMBDA)Z22,38,22
22 I=3.*%(FX-FY)/AMBDA+DX+DY
ALFA=AMAX1(ABS{Z),ABS(DX),ABS(DY))
DALFA=Z/ALFA
DALFA=DALFA*DALFA-DX/ALFA*DY/ALFA
IFIDALFA) 23,2727
23 DO 24 J=1,N
K=N+J
24 X({J)=HIK)
CALL FUNCT{NsN1,XsF3GyXX,Q54PP,;S)
25 IFUIER)4T 26447
26 I1ER=-1
PRINT 55,K0UNT|IX(I)t[:le)r(?P(IltI=2;N111{Q5‘I):I=2|N1}|{XX(I):[
2=2N1)2(S{I)sI=1,N)
GOTO 1
27 W=ALFA*SQRTI(CALFA)
ALFA=(DY+W—-Z)*AMBDA/ (DY+2.*W-DX)
DO 28 I=1.N
28 X({I)=X{TI)+{T-ALFA)*H{I)
CALL FUNCT(NyNLlyXsFsGyXXsQS,PP,S)
IF{F-FX)29+429,30
29 1F{F-FY)38,38,30
30 DALFA=0.
DO 31 I=1,.N
31 DALFA=DALFA+G(I)*H{I)
IF{DALFA)32,35,35
32 IF(F-FX)34,33,35
33 IF{DX-DALFA)34,38,34
34 FX=F
DX=DALFA
T=ALFA
AMBDA=ALFA
GO TC 21
35 IF(FY-F)37,36,37
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36 IF{DY-DALFA)37,38,37
37 FY=F
OY=DALFA
AMBDA=AMBDA—-ALFA
GO0 TC 20
38 T=0.
D0 35 J=1,N
K=J+N
HIK)=X(J)-HIK)
39 T=T+ABS{H{K)]
IF{XKCUNT-N1)41,40,40
40 IFIT-EPS)45,45,41
41 IF{CLDF-F+4EPS)19,25,42
42 OLDG=GNRM
PRINT 554KOUNT o (X{T)eI=14N)y(PP(I)yI=2,NL)4(QS{TI),I=2,N1),(XX(T),I
2'—-’2;”1}9{5‘1 ’1i=11-N]
IFIKCUNT-LIMIT)43,44,44
43 1ER=C
GO TC 1
44 [ER=1
IFIGNRM-EPS) 46,4647
45 [F{GNRM-EPS)464+46,48
48 IF{TER.EQ.0} GO TO 49
G0 TC &7
46 IER=C
47 PRINT 55,KOUNT, {X(I)eI=19gN) g (PP{I)yI=2,N1),{QS(T),I=2,N1),{XX(1),I
2=23N1) s (S{T),I=1,N)
RETURN
49 JER=-1
PRINT S5, KOUNT {X{TI)eI=1,NY(PPLI}1=2,N1)(QS{I)I=2,N1)(XX{I),I
22y N1) 4 {S1{I)4I=1,N)
60 TC 1
END



ITERATICN NO.

=DV
Woow oo

ITERATION NO.

A
P
Q
X
PROFIT

ITERATION NO.

XD U>
[ T [ VA 1]

ITERATION NO.

A
P
Q
X
T

[ [ T I 1]

PROFI

ITERATICN NO.

-0 VP>
| | O [ |

ITERATION NO.

STAGE 1

8.00
90.00
47.37
30.00

-30.95

6.78
930.00
44 .67
30.00

=13.57

6.78
90.00
44 .65
30.00

=-13.47

6.78
90.00
44,65
30.00

6.77
90.00
44465
30.00

=-13.45

STAGE 2

5.00
110.00
78.83
38.53
4.52

3.79
110.00
71.68
39.07
44.69

3.78
110.00
71.64
39.07
44,92

3.78
110.00
71.63
39.07
44,94

3.78
110.00
71.63
39.07
44,96

STAGE 3

1.00
130.00
95.89
44,76
166.71

-0. 26
130.00
82.84
46,73
216.57

-0.27
130.00
82.74
46. 74
216.81

"0027
130.00
82.74
46.74
216.84

"0027
130.00
B2.73
46.74
216.86

STAGE 4

1.00
150.00
110.89

51.58
355.16

0.23
150.00
96.11
56.16
401.01

0.23
150.00
96.00
56.19
401.18

0.22
150.00
95.99
56.20
401.19

0.22
150.00
95.98
56.20
401.21

T2

STAGE 5

1.00
170.00
122.91

59.40
561.45

O.64
170.00
109.74

66.94
590.73

O.64
170.00
109.64

66.99
590, 74

0.64
170.00
109.63

67.00
590.74

0.64
170.00
109.62

67.00
590.74



XD O

[ T T O | I

PRCFIT

ITERATION NO

A
P
Q
X
PROFIT

ITERATION NO

ITERATICN NO

A
P
Q
X
PROFIT

ITERATION NO

. LU T T T I * wonouonn ] [ | B T [} ]

hownwon

677
90. 00
L4, 64
30.00

-13.41

6.77
90.00
4b4eb4
30.00

6.77
30.00
44,64
30.00

-13.37

6. 77
90.00
44.64
30.00

6.77
90.00
44 .64
30.00

—=13.36

3.78
110.00
T1l.61
39.07
45,05

3.78
110.00
71.61
39.07
45,05

3.78
110.00
T1.59
39.07
45.14

3.78
110.00
71.59
39.07
45,14

3.77
110.00
71‘ 59
39,07
45,16

'-0. 28
130.00
82.69
46.75
216.96

-0.28
130.00
82.69
46.75
216.96

-0.28
130.00
82.65
46475
217.06

-0128
130.00
82.65
46.75
217.06

-0.28
130.00
82.64
46.76
217,08

0.22
150.00
95.93
56.21
401.28

0.22
150.00
95.93
56.21
401.28

0.22
150.00
95.89
56.22
401.35

0.22
150.00
95.89
56.22
401.35

0.22
150.00
95.88
56423
401.36

8o

O.64
170.00
109.58

67.02
590.74

064
170.00
109.58

67.02
590.74

O0.64
170.00
109.53

67.05
590.74

O.64
170.00
109.53

6T7.05
590. 74

O. 564
170.00
109.53

67.05
590.74



FUNCTICN MAXIMATION BY METHOD OF POWELL
INVENTORY CONTROL PRUBLEM WITH TWO STATE VARTABLES
EXTERNAL FUNCT,FIBON

DIMENSION A(20),Q5(20),X(20),PP(20},5(20)
N=10

A{l)=5

Al2)=5

A(3)=5

Al4)=5

Al5)=5

Al&)=5

AlLT7)=5

AlB)=5

Al9)=5

A{10)=5

LIMIT=600

EPS=10.%%(-2)

CALL POWELL(NSAZEPSyLIMIT,KOUNT4NL,QSyX4PP,5)
STOP

END

81
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SUBROUTINE FUNCTINyNL,AyQS+XsPP,yS)

DIMENSION A(20),QS5(20),X(20)},PP(20),S5(20)
X{1}1=20

Qs(1)=20

F=10

AP=T70

BP=1C0

PP(1)=AP

PN=150

CA=1.5

CI=0.15

PI=50

C=2

0T=0.1

DO 1 I=2,N1

PP{I)=AP+BP*(I-1)*DT
QS{I)={QSIT-1)1*(1+(C+A(I=-1))*DT) )/ (1+(C+AL{I-1))*QS{I-1)*DT/PN)
X{T)=X{I=-1)+(PP(I)-QS(I))*DT

CONTINUE
SIL)=(F*QS{2)-CI*(PI-X(2))**2-CA%A(1)*QS(2))*DT
DO 2 I=2,N
SIT)=S{TI-1)+(F*QS(I+1)=CI*(PI-X(T+1))**x2-CA*A{T)*QS(I+1))*DT
CONTINUE

RETURN

END



(WY

O @~

SUBRCUTINE FIBON(Q NyNLyJyE,ELL)
DIMENSION FIB(50),Q(20),X1(20),X2(20),E(20,20C),Q5(20)
DIMENSION X{(20),PP(201},5(20)
ERR=10.%*%(-2)

FIg2(l)=1.

FIB(2)=2.

00 1 L=3,20
FIB(L)=FIB(L-1)+FIB(L-2)

CONT INUE

A=-1

B=50

DG 8 L=1,20

K=21-L

W=—1%%xK
EL1=((FIB(K-1)+W*ERR)/FIB(K))*(B-A)+A
EL2=A+B-EL1

DG 2 Izl'-N
XL{I)=QUI)+ELL*E(I,4)
XK2UI)=QUI)+EL2*E(I,J)
CONTINUE

CALL FUNCT(N,N1,X1,QS+X4PP,S)
S1=S(N)

CALL FUNCT(NyN1,X2,0S,X,PP,5)
S2=S(N)

IF(S1-52) 345,5

B=EL1

Go 1TC 7

A=ELZ2

IF{ABS{B-A).LE.ERR) GD TO 9
CONTINUE

ELL=A

RETURN

END

83
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SUBROUTINE POWELL(N,A,EPS,LIMIT,KOUNT,N1,QS5:sX,PP,5)
DIMENSION A(20),E{20,20),Q(20),EL{20),P(20,20),Y(20),FA(20)
DIMENSION X(20)+QS5(20),PP(20},5(201,DEL(201,R(20])
Ni=HN+1
DO 1 J=1,N
D0 1 I=14N
Ell,4)=0

1 CONTIMUE
DO 2 I=1,N
E(l.1)=1

Z2 CONTINUE
KOUNT=0
CALL FUNCT(NyNLsA,0S,X,PP,5)
PRINT 77

T7 FORMATH(Y *,/7//777)
PRINT 44
44 FORMAT(Y STAGE 1 STAGE 2 STAGE

5 3 STAGE 4 STAGE 5 STAGE & STAGE 7 STAGE 8 STAGE 9 5
6TAGE 10")
pQINT 22'KDUNT!lA(I}’I=1'N]1(PP(I}1I=2’N1i'(QS[I)II=21N1)|{X{I)II=
124N1), (SUT) o I=1,N)

22 FORMATI(? ITERATION HO.'I3,//?
1 A = "10F10.24+/" P = '"10F10.24/"
2 Q = "10F10.2,/" X = T10F1l0
324/ PROFIT = '10F10C.24+/)
33 CONTINUE
Do 3 I=1!N
Pl{I,1)=A(T1)
3 CONTINUE

CALL FUNCTIN,M1,A,Q5,X,PP,5)
FA(L)=5(N)
DO 6 K=14N
DO 4 I=1,N
J=K
4 QUI)=P(1,J)
CALL FIBON{QsNsN1,J,E,ELL)
EL{J)=ELL
DO 5 I=1,N
Pl J+1L)=PIJI+EL(JI*ELT+J)
5 RIT)=P{1,J+1)
CALL FUNCT{(MyNLsRsQ5,X,PP,5)
FA{K+1)=S{N)
6 CONTIMNUE
DO 7 K=1.N
7 DEL{K)=FA[K+1)-FA(K)
DMAX=AMAX1(DEL(1),DEL{2)+DFEL{3),DELI4),DELI5),DEL{6),DEL(T),DEL(8)
1,DEL(9),DEL(10))
DO B K=1,N
[F{DMAX.EQ.DEL(K)) GO TO 9
8 CONTINUE
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9 J=K
DO 13 [=1,N
Y{I)=2.%P(I,N1)=P(I,1)
13 CONTINUE
CALL FUNCTINGNLsYQS+X,4PP,S)
FY=S(N)
[IFI(FY.LE.FA{1)) GO TO 17
QOA=(FA(1)=2.%FA(NL)+FY)*{ (FAIL)-FA(N1)}-DMAX)**2)
RR=((FA(L)-FY)*%2)%(DMAX/2.)
IFICQL.LELRR) GO TO 17
14 E(I,J)=P{I4N1)-P(I,1)
DO 15 I=1,N
15 QIT)=P{I4N1)
CALL FIBON(Q.NsNLl,J,E,ELL)
EL{JY¥=ELL
DO 16 I=1fN
16 A(TI)=Pl{I NLI+EL(JI*E(T4+J)
CALL FUNCT(M,NL1,A,0SyX,PP,5)
FNEW=S(N)
GO TC 19
17 CONTINUE
DO 18 I=14N
18 A{I)=P{I,N1)
CALL FUNCTI(N,N1+A,QS5,X,PP,5S)
FNEW=S{N)
19 KOUNT=KDUNT+1
PRINT 223KOUNT9 (A(T),I=14N) o (PPLL)I=2,N1)s(QSUI),I=2,N1),(X(I),I=
121N11’(S‘[)11=11N]
IF(ABS{FA(1)-FNEW)-EPS) 21,21,20
20 IF({KCUNT-LIMIT)33,33,21
21 RETURN
END



ITERATION NU.

A
P
0
X
T

L 1A R | R 1}

PROFL

[TERATTION NO.

A
p
Q
X
T

nmonoaoun

PROFT

ITERATION MO

wou u oo

A
P
Q
X
PROFIT

ITERATINN MO,

A
P
Q
X
[

womnwow o

PROFL

TTERATION NO.

A
P
Q
X
T

nu uwnn

PIROFI

ITERATICN NO.

4

w1

STAGE 1

5.00
80.00
3l.10
24.89
-1.68

4,00
80.00
249.63
25.04

2450

4a04%
d0.00
29.69
25.03
235

Taa7
80.00
34,58
244 5%

10.42
B0.00
3847
24,15
-31.69

STAGE 2

5.00
90.00
46.17
29.27

3.41

4.00
90,00
42.38
29.80
13.34

3.00
90.00
40.52
29.98
18.62

3.34
20.00
47.23
28.82

2.94

4.68
90.00
54.78
27,68

-22.81

STAGE 3

5.00
100.00
6457
32.82
15.13

4,00
100.00
57.98
34.00
32.69

3.00
100.00
53.55
34,62
44.53

2.00
100.00
58.72
32.495
39.69

1.84
100.00
6650
31.03
19.90

STAGE 4

5.00
110.00
B4435
35.38
33.01

4.00
110.00
75.31
37.47
60.46

3.00
[110.0G
68.16
38.81
80.14

2.00
110.00
71.08
36.84
Bb6.84

1.00
110.00
76430
34.40
8l.10

STAGE 5

5.00
120.00
102.30

i7T.09
56424

4,00
120.00
92.60
40.21
36.06

3.00
120.00
83.31
42.48
125.11

2.00
120.00
83.66
40.47
144404

1.00
120.00
86.05
37.79
152.01

STAGE 6

5.00
130.00
118.148

38.27
83.72

4.00
130.00
108.11

42440
138.44

3.00
130.00
37.80
45470
17B.62

2.00
130.00
5.76
43.90
210.51

1L.00
130.00
25, 44
41.25
231.99

STAGE 7

5.00
140.00
129,49

39.33
114.38

4.00
140.00
120.76

44432
186.26

3,00
140,00
110.64

48.63
239.45

2.00
140.00
106.79

4T7.22
285.15%

1.00
140.00
104419

44483
320.15

STAGE 8

5. 00
150.00
137.21

40.60
14736

4,00
150,00
130.28

46429
238.17

3.00
150.00
121.24

5l.%1
306.10

2.00
150.00
116437

50.58
366.60

1.00
150.00
112.09

48.62
415.40

STAGE 9

5.00
160,00
142.21

42.38
182.04

4.00
160.00
137.04

48.59
292.95

3.00
160,00
129.52

54.56
377.02

2.00
160.00
124.33

54.15
453438

1.00
160400
119.03

52.72
516.46
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STAGE 10

5.00
170.00
145,31

44.85
217.97

4.00
170.00
141.63

51.43
349457

3.00
170.00
135.70

57.99
450469

2.00
170.00
130.72

58.08
543490

1.00
170.00
124.99

57.22
62l.92
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The difficulties in obtaining analytical solutiomns to non-linear
irect

optimization problems have led to the develcpment of several ¢
Among these, the methods

methods of optimization in recent years.
utilizing the knowledge of the gradient of the function being optimized
These gradient methods have the ad-

arce perhaps the most impeortant.
vantage oif being able to handle a large number of state variables and

Their chief drawback has been the slow convergenc

are easily programmed.

rate to the optimum.
Hestenes and Stiefel, in 1952, devised an ingenious scheme to accelerate

the convergence of the gradient method. They used the accumulated
knowledge of the behaviour of the function to generate new directions

of search, called conjugate directions, at the end of each iteration.

Using this scheme, Fletcher and Reeves developed the conjugate gradient

method of optimizing an unconstrained function of several variables.

Powell developed a technique based on generating conjugate directions
This method of optimizaticn is

of search without evaluating derivatives.
particularly useful in cases where it is tedicus or practically impossible

to evazluate derivatives of the functions.
The purpose of this report is to apply the two techniques to industrial

management systems and make a critical analysis of the results obtained and

the computational procedure used.
Two models

First the two techniques are described in some detail.
The first model

in production and inventory control are then considered.
The second

involves the minimization of production and inventory costs.

imization of proiit.

model considers the effect of advertising on the sales rate in a productio

and inventory situation and involves the max

-

ad



The purpose of this report is to apply the two tcchniques descrioed
w1 S PR Sow T T 4 = T . Ll‘;ld f sroduction
above, to solve a few optimization problems in the fieid of production
and iaventory control. Though these methods have been develcped about

five years back, very little has been published regarding their appli-

[¢]

ation to industrial and management problems. The results obtained with
both the methods are compared and a few conclusions drawn about their

relative merits and demerits.



