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Abstract

In the study of operator algebras, C*-algebras act as a generalization of matrix algebras
over a vector space. A rich source of C*-algebras to study is the graph algebra, where
functions are chosen based on the vertices and edges of a directed graph. Eilers and Ruiz
proved in 2019 that many transformations of the graph—insplits, outsplits, and others—do
not affect the ideal structure of the graph algebra. In 2020, several of these transformations
of k-graphs (a higher-rank analog of directed graphs) were also shown to preserve Morita
equivalence but the outsplit is missing from this list. We expand on this previous work by
showing that the outsplit of a higher-rank graph will preserve Morita equivalence as well.
We then begin to elevate this discussion to N-graph algebras by showing that sink deletion,

delay, and reduction also preserve Morita equivalence.
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Introduction

Directed graphs can be used to study dynamical systems as a subject transitions between
various states. The properties of the underlying state graph reveals information about the
subject. The subject of symbolic dynamics (see [Lind and Marcus, 1995]) is an aspect of
this study, where a mathematical space (known as a shift space) inherits properties from the
associated graph. On a different note, the study of C*-algebras was developed to provide a
framework for quantum mechanics in physics. It is also useful in studying non-commutative
geometry. One can construct a C*-algebra for a directed graph by studying partial isometries
on a Hilbert space which satisfy relations known as the Cuntz-Krieger relations. Thus,
studying C*-algebras for directed graphs (known as “graph algebras”) is useful because
these graph algebras are similar to shift spaces in that their properties arise from the graph,
but include much more structure (for example, an ideal lattice) that can be studied and

used.

Several important theorems regarding classification of C*-algebras have been found using
graph algebras. For example, Drinen and Tyler proved that any approximately finite C*-
algebra is Morita equivalent to a graph algebra. Important theorems like the gauge-invariant
uniqueness theorem and Cuntz-Krieger uniqueness theorem are also widely used and rely on
graph algebra techniques. Recently, the study of graph algebras has expanded to include
higher-rank graphs, which are k-colored directed graphs whose edges satisfy certain edge
relations. Many of the important theorems for classification of directed graph algebras has

been lifted to the study of k-graph algebras.

One major question is whether the structure of the graph algebra changes when the
underlying graph is modified through a transformation such as an insplit or an outsplit. For
example, the Willams Conjecture (studied in the Lind/Marcus text mentioned above) asks

whether two directed graphs are isomorphic if their shift spaces are equivalent. In this paper,
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we add on to others’ previous results regarding certain graph transformations which preserve

the ideal structure in the graph algebra.

In Chapter 1, an overview of directed graphs is given, as well as some results in symbolic
dynamics which mirror the results later studied in the rest of the paper. One important
result in symbolic dynamics is related to knowing how the shift space of a graph changes
when the underlying graph is transformed. In addition, we introduce the notion of a k-
colored directed graph, known as a k-graph. We also showcase some results between how a

k-graph can be transformed and what happens to a related directed graph.

In Chapter 2, some related topics from functional analysis are described. The mathe-
matical structure of a C*-algebra is defined and some basic examples are given. One major
example of a C*-algebra is done by building functions on a groupoid. Some other struc-
tural elements of C*-algebra (namely, the multiplier algebra and the diagonal subalgebra)

are mentioned.

In Chapter 3, we outline the two constructions of a graph C*-algebra. The first is by
using the groupoid method mentioned in the previous chapter, using the boundary path
space of the graph. The second method is by using the well-known Cuntz-Krieger relations.
We also describe several equivalences put on graph algebras and their mirrored concepts
in symbolic dynamics. The primary equivalence is Morita equivalence, which preserves the
ideal structure of the graph algebra. These notions of graph algebras and Morita equivalence
are then lifted to k-graphs. Lastly a few propositions are given to related graphs of different

values of k.

In [Eckhardt et al., 2020], several results are proven which show that Morita equivalence
of the C*-algebra is preserved when a k-graph is transformed via insplitting, delay, sink
deletion, and reduction. The outsplit case for k-graphs is proven in Chapter 4, following a

result shown in [Eilers and Ruiz, 2019].

xil



In Chapter 5, the topics are extended further to consider C*-algebras formed with N-
graphs, which are introduced by Schenkel in [Schenkel, 2022] as the limiting case of k-graph
algebras as k — oo. Several results from [Eckhardt et al., 2020] are lifted to N-graph algebras,
namely that the sink deletion, delay, and reduction transformations of an N-graph preserve

Morita equivalence.
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Chapter 1

Graph Theory, Symbolic Dynamics,
and Higher-Rank Graphs

1.1 Directed Graphs

The notation N = {0,1,2,...} is used in this paper. Also, N¥ carries a binary operator
of componentwise addition. We use e! € N*¥ to denote the k-tuple which has 1 in the ith

position and zeros elsewhere.

A directed graph is a pair F = (V, ) of vertices and edges between these vertices. That
is, V is a set and an edge e € £ is an ordered pair (v;,vf) € V x V marking an arrow from v;
to vg. There are also maps r,s: £ — V with r(e) = vy and s(e) = v;. We assume the vertex

and edge sets are countable in size (by which we mean either finite or countably infinite).

Edges can be joined together to form a path u = ege;...e, if s(e;) = r(ej4q) for 0 <
t < n — 1. In addition, paths can be concatenated: p = ege;...e,1 and v = e €11 ...
can form pv = ey...e,. (The reader will note that paths are written “backwards” from
usual.) Let E* be the set of finite paths of E. We construct the length function d: E* — N
by saying d(eq...e,—1) = n. It is clear that d is additive: d(uv) = d(u) + d(v). We extend

the range and source maps so that r(u) = r(eg) and s(u) = s(e,,). For a graph E we denote



E™ = {u: d(u) = n}. Extending the notion, EY := V. With this in mind, the set of all finite
paths in E can also be denoted E* = U (E™. We use E* to represent the set of infinite
paths on F; that is, p € E* iff 3(e;)5°,: p = epereses ... (where again s(e;) = r(e;41) holds
for alli,soVi € N:ey...e;; € E'). In addition, we denote vE™ := {u € E™: r(u) = v} and
E" ={p € E™: s(u) =v}. Lastly vE"w = {u € E™: s(u) = w,r(p) = v} = vE™ N E"w.

The notion of F°°v does not make sense in this context.

Using matrices can assist in the understanding of graphs. Let E be a graph, and enu-
merate the vertices V = {vg,vy,...}. Note that here V is not necessarily finite. Construct
a matrix Mg € My|xv| (NU {oo}) where (Mg);; is the number of edges from v; to v;. We
call Mg the adjacency matrix associated with E. We say F is row-finite if ) ; M;; < oo
for each 7 in the adjacency matrix. (Or put another way, the set vE' = {e € £: r(e) = v}
is finite for every v € V.) In addition, given a square matrix M with M;; € N for all 1, j,
the directed graph E); can be constructed. Because of this, often describing a graph via its

adjacency matrix (e.g. £ = FE)y) is common, with vertex and edge sets Vi, Exr respectively.

We say a vertex v € E° is a sink if vE! = (). Similarly we say v is a source if Elv = ().

A vertex is an infinite receiver if |vE!| = oo.

1.2 Boundary Path Spaces

The boundary path space will be useful in Chapter 3 when defining a path groupoid.
See [Carlsen and Winger, 2018] for more details. For a directed graph E, a vertex v € E°
is called singular if r—'(v) = @ (i.e., v is a source) or |r~'(v)] = oo (i.e., v is an infinite
receiver). Then we say a vertex w is regular if w € E°\E§,,. (Note that if a directed graph
is row-finite and source free, then all vertices are regular.) We then define the boundary
path space OF to be the set of infinite paths on E or paths which end at a singular vertex.

(Again if E is row-finite and source-free then OF = E*.)

We can equip the boundary path space with a topology, using a basis of cylinder sets.



Assume F is row-finite and source-free and choose p € E*. Define
Z(p) =A{px € E=: s(p) =r(z),x € B>}

The collection {Z(p)} forms a basis for a topology on E*°. Observe that each Z(u) is closed,
open, and compact. This makes the boundary path space locally compact and Hausdorff. As
such, a groupoid can be constructed from this boundary path space using the construction

outlined in Chapter 2.

1.3 Symbolic Dynamics with Directed Graphs

The topic of symbolic dynamics uses directed graphs to illustrate the concept of shift spaces.
Much work has been done on this topic, the beginnings of which are condensed into the book
“Symbolic Dynamics and Coding,” by Lind and Marcus [Lind and Marcus, 1995]. A brief

overview follows.

Definition 1.3.1. A shift space is a set X of bi-infinite sequences x = ... T _sx_12¢.21T3 ... =
{2 }iez paired with a shift map o: X — X via o ({z;}) = {x;31}. In particular, a shift space
can be formed from a directed graph E = (E°, E',r,s) by constructing bi-infinite paths on

E,ie. x € Xg iff v = {¢;}icz where ¢; € E' Vi and s(e;) = r(ejy1).

We say two shift spaces (X and Y') are conjugate if there exists a map ®: X — Y such
that oy (®(x)) = ®(ox(x))Ve € X.

Clearly if two graphs are isomorphic then their corresponding shift spaces will be con-
jugate. However it should be noted that shift spaces can be conjugate without their corre-

sponding graphs being isomorphic.



1.4 k-graphs

Definition 1.4.1. A graph of rank & is a pair (A, d) which is defined by Kumjian and Pask
in [Kumjian and Pask, 2000] as a countable category A with a functor d: A — N satisfying
the factorisation property: for every A € A and m,n € NF with d(\) = m + n, there are
unique u,v € A such that A = pv and d(u) = m,d(v) = n. (These graphs of higher rank
are more colloquially called k-graphs.) In the same paper, the authors remark that if F is
a directed graph, then E* defines a 1-graph. Conversely, if A is a 1-graph, then a directed

graph E\ can be constructed with £* = A.

Using this idea, we present an alternative view of k-graphs. Let a k-graphical object G
be a multiple G = (V,&y,...,&) where & NE; = 0 if i # j and where each pair (V, &) is
a directed graph. (Think of a graph where the edges are colored using & different colors.)
Let G* = (Ule&-)* be the set of all finite paths in G. The length function is extended to
d: G* — NF where d(u) is defined so that d is functorial and with d(e) = €' if ¢ € & (For

such an edge, we say that it “has color 7.”)

Note that if G is a k-graphical object then (G,d) is a countable category. So (G,d)
admits a k-graph if and only if a unique factorization can be defined on its paths. In this

case, Vn: G" = Uk_ &N

It is worth mentioning that the choices of color when sketching a k-graphical object are
arbitrary. (i.e. permuting the colors in the k-graphical object doesn’t modify the k-graph
structure in any way.) The reader can include a map cy: {1,...,k} — {k colors} so that the
statement “e has color ¢” to mean “e has color ¢, (i).” For all examples of A in this paper,

red edges will be color iq, blue edges will be color s, etc.

Example 1.4.1. The following are examples of k-graphs, each built from graphs which
have (countably) infinite vertices. These examples stem from the desire to generalize the
description of types of infinite paths in [Carlsen and Winger, 2018]. For each example, a

path groupoid can be built which will later be used to build a C*-algebra. See chapters 2



and 3 for more details.

e Choose n € ZF. Let the vertices of H, be enumerated via Z, and let the edges be
defined via Hy’ = {v; = iy, }. If n = (a,b) € Z? then G(H,;) is congruent to the

groupoid Z x Z x 7Z with interesting multiplication depending on the choice of n.

e Choose n € NF. Let the vertices of H! be enumerated via N and let the edges be
defined via H{* = {v; = vi4n, }. If n = (a,b) € N? then Q(H;b) is congruent to the

groupoid N x N x Z with interesting multiplication depending on the choice of n.

e Choose n € N¥. Consider the k-graph drawn by the previous example but with arrows
reversed and a "total source” vertex with additional necessary paths. This forms H 1.
A theorem of Carlsen and Rout from [Carlsen and Rout, 2019] proves that for any

m,n € NF\{0}, the groupoids for H'™ and H™ are isomorphic.

Below are depictions of Hs ), H (Tg y and H 13:2) respectively.

- - ~ -
DS

~ - ~ - ~ - ~ - ~ -
DS P P P P
N

7 N 7 N 7 N 7 7 N N N

Definition 1.4.2. For a k-graph A, the function d: A — N* describes the length function
d of a path. Then for m € N¥, we denote A™ := {\ € A: d(\) = m}. Let d;: A — N be
the number of edges in p of color i. Then let di (i) == > ,d;(r). Finally for n € N let
A" = {\ € A: diot(\) = n}. In particular, A° is the collection of vertices in the k-graph and
Al = Ule A% is the collection of single edges (any color) in the k-graph.

We denote 1 := (1,---,1) so that A! is the collection of “rainbow paths” of length .

k



1.5 Outsplits of k-graphs

Definition 1.5.1. We say that edges f, g are outsplit conjugate at w if f,g € s~}(w) and
Jda,b € A! such that af = bg. Similarly we say that paths A\, Ao € A! are outsplit conjugate
at w if Aj, Ay € s7H(w) and Ja, b € A! such that al; = bAs.

We construct the outsplit of a higher rank graph by selecting a vertex w and partitioning
s7!(w) among n disjoint sets &. (Note some & may be empty.) We also require that edges
which are outsplit conjugate at w to share the same edge set. (We call this the pairing

condition.) Then Ay is built as follows:

o N0 ={vl:veA}u{w:2<i<n}
o NS ={ft felNa ry(f)AwU{fY ... f"ee AN ra(f) =w}
) ()Y if f e A% sa(f) #
® Sno(f7) = " 1 " ’
wh if fe AN sp(f)=w,fe€&
. ra(f)t i f e A ra(f) £ w
o Taou(f7) =
w? if feAira(f)=w

\

This builds A,y as a k-graphical object. Furthermore, because of the pairing condition, we
can set Ay as a k-graph using the following edge relations. First suppose af = bg in A. No
matter which vertex is s(f) = s(g), then we can find squares which emulate af = bg in the

outsplit. Depending on where a, b are sourced will affect the relations which follow.
o If s(a),s(b) # w then a' f! = blg' in Agys.

If s(a) # w,b € &, then a' f1 = blg" in Ay

If a € &, s(b) # w then a' f™ = blg! in Ay

Ifa €&, bcé&, then al f™ = b'g" in Agy.

o If r(a) = r(b) = w then for any 1 < i < n we have a'z™ = biyP where r(z™) =

s(a’), r(y?) = s(b').



Claim 1.5.1. Let A be a row-finite, source-free k-graph and let A, be an outsplit of A at a

reqular vertex w. Then A,y is also a row-finite, source-free k-graph.

Proof. We wish to show that A, still satisfies the factorization property. To do so, we use

the lemma here (proven later as Claim 4.0.2):

Lemma 1.5.0.1. For all A\ € Ay, there exists a path X € A with d(j\) = d(\) where \ is

obtained by removing the superscripts of .

Suppose A € Aoy with d(X) = dy +do. We wish to show that there exists p, v € Agyy with
d(p) = dy,d(v) = dy, and pv = X\. By the lemma, there exists a path A € A with d(\) =
d(\) = dy + ds. By the factorization property of A, there exist ji, 7 with d(ii) = dy,d(?) = ds

and v = \. Lift fi, 7 to unique paths g, v € Aoy and note that uv = A. m

Remark 1.5.1. The pairing condition is necessary to ensure that the outsplit still satisfies
the factorization property. Indeed, if af = bg in A, then the factorization for A,y given
earlier works. In addition, consider the counterexample of an outsplit given below where the
pairing condition is not considered. Note that the factorization property is not satisfied in

the outsplit:

Definition 1.5.2. For a higher-rank graph A, we define G(A) to be the “rainbow monochromiza-
tion” of A, which is the directed graph with G° := A and G' := A

Theorem 1.5.1. Suppose A is a k-graph. Let A,,; be an outsplit of A at a reqular vertex w.
Also let G(A) be the rainbow monochromization of A. Then G(Ayut) is an outsplit of G(A)

at w.

Proof. Consider the outsplit of A at a regular vertex w. Let &, ..., &, be the partition of

s~!(w). The goal is to find a sufficient partition of s~!(w) N A so that G(A) is outsplit.



Recall that if f,g € s'(w) and af = bg then f,g € & for some i. Let &,...,&, be
a partition of s7'(w) in G(A) by A\ = uf € & & f € &. Put another way, if f,g are
outsplit conjugate in A and A; = pf and Ay = vg then Aj, Ay are outsplit conjugate in G(A).
We partition s7!(w) in G(A) following a similar pairing condition as partitioning s~!(w) in

A. ]

Example 1.5.1. On the next page is a k-graph, with s~ (w) = {dy, ds, €1, ..., €2,} and two
possible outsplits, depending on the partition of s™'(w) and the edge relations defined for
the picture. Observe that s~ (w) includes two red (dashed) loops and n blue (solid) edges.
So the partition can take one of two forms: either both red loops are in the same &; set, or
one loop is in & and the other loop is in &. Whichever blue edges are outsplit conjugate
to each loop will follow due to the pairing condition. Beside each k-graph is its associated
rainbow monochromization. Observe that a similar phenomenon occurs for the partition of
s7!(w) within G(A). Either all of the paths are filtered into one of the vertices, or the paths

are exactly split halfway.



Option 1 for G(Aou)

02D
O, O

Option 2 for G(Agu)

0250
O, — 0



Chapter 2

Functional Analysis Basics

Remark 2.0.1. For this chapter, F will refer to a field (usually R or C).

Definition 2.0.1. Let X be a vector space over a field F. An inner product on X is a
function (-,-): X x X — [ which satisfies the following properties for all a,b € X and all

x,y,z € F:
(a) (ax + by, z) = alz, 2) + by, 2);

(b) <x> ay + bZ> = a(z, y> + b(IL’, Z>;

(¢) (z,z) > 0and (r,z) =0iff x = 0;

(d) (z,y) = (y,2).
Definition 2.0.2. Let X be a vector space over a field F. A norm on X is a function
|-]|: X — R which satisfies the following properties for all a,b € X and for all A € F:

(a) ||z|| > 0 and ||z|| = 0 iff x = 0;

(b) [IAz] = [Alll];

(©) [lz+yll <zl + vl

172 Similarly,

Remark 2.0.2. An inner product induces a norm by describing ||z == (z, x)
a norm induces a metric by describing d(z,y) = ||z — y||, and in turn a metric induces a

topology known as the metric topology.

10



Definition 2.0.3. A Hilbert space is a vector space over a field F that is also equipped with
an inner product such that the space is complete with respect to the metric induced by the

inner product.

Definition 2.0.4. A Banach space is a vector space over a field F that is also equipped with

a norm such that the space is complete with respect to the distance induced by this norm.

Example 2.0.1. Vector spaces R™ and C™ are Hilbert spaces when R" is equipped with the
dot product and when C™ is equipped with the standard Hermitian inner product. Note also
that all Hilbert spaces are Banach spaces due to the norm and metric induced by the inner

product.

Definition 2.0.5. An algebra is a vector space over a field F, which is further equipped
with a bilinear product. (This also gives the algebra a ring structure.) We say an algebra
is associative if the multiplication operation is associative. We say the algebra is unital if it
contains an identity element with respect to the multiplication. (Often the field F is known

and doesn’t need to be specified. If it does, the shorthand “F-algebra” is commonly used.)

Example 2.0.2. Let M, (FF) be the set of n x n matrices with elements from a field F. This

forms an associative unital F-algebra.

Example 2.0.3. Let X be a set with the discrete topology. Define I*°(X) to be the set of
bounded functions f: X — C and equip the norm || f|| = sup,c; {|f(¢)|}. This is a Banach
space. Furthermore, define ¢o(/) to be the set of functions f: I — C such that Ve > 0, the
set {i € I:|f(i) > €} is finite. Then ¢o(1) is a Banach space as well when equipped with the
same norm. If I = N then [*°(N) consists of all bounded sequences of complex numbers, and

co(N) consises of sequences which converge to 0.

Example 2.0.4. More generally, let X be a set and let 1 < p < oo. Define [?(X) to be the
set of functions f: X — C such that S(f) = > .y [f(2)|? is finite, then define the norm
on IP(X) to be ||f||l, = S(f)*P. Then [?(X) is a Banach space.

11



Definition 2.0.6. A Banach algebra is an associative algebra (over either R or C) equpped
with a norm, such that the algebra is complete with respect to its induced metric. (Put

anotherway, a Banach algebra is an algebra and a Banach space.)

Example 2.0.5. Both R and C are Banach algebras, since multiplication is well-defined.
But R™ and C™ are not algebras if n > 1 using the typical norm, because an appropriate
multiplication is not defined between vectors. However, let the norm on R™ or C" be defined
by ||z|| == maxi<;<n |7;| and then define multiplication component-wise betwen the vectors.

This construction builds a Banach algebra.

Example 2.0.6. The algebra M, (F) from Example 2.0.2 can be equipped with a matrix

norm to make it a Banach algebra.

Example 2.0.7. Let X be a locally compact Hausdorff space and consider Cy(X) the
space of continuous function f: X — C which vanish at infinity (i.e. Ve > 0, the set
{z € X:|f(z)| > €} is compact) is a vector space over C using function addition and scalar
multiplication. Furthermore, equipping Cy(X) with the norm || f|| == sup,cx | f(z)| makes it
a Banach space. Lastly define function multiplication in the usual fashion to make Cy(X) a

Banach algebra.

Definition 2.0.7. An involution map on a Banach F-algebra £ is a function *x: 8 — %

which satisfies the following properties for all a,b € & and A € F:
(a) (a*)" =a;
(b) (ab)* = b*a%;
(c) (Ma+b)" = Aa* +b*.

Definition 2.0.8. A C*-algebra is a Banach algebra with is further equipped with an invo-

lution map which satisfies the adjoint property ||a*al| = ||a|*.

Example 2.0.8. The Banach algebra M, (C) from Example 2.0.6 has an involution map
given by the conjugate transpose. This involution map satisfies the adjoint property. So

M, (C) is a C*-algebra.
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Theorem 2.0.1. More generally, let H be a Hilbert space. Then B(H) = {f: H —
H: ||f]| < oo} is a C*-algebra.

Definition 2.0.9. Let H be a Hilbert space, and let JC(H ) represent the functions of H with
“compact support,” i.e. K(H) = {f: H— C| H\f'(0) is compact}. Note that K(H) is
a *-subalgebra of B(H) (and thus a C*-algebra also).

Definition 2.0.10. Let 7' € B(H). We say T is a compact operator if the image of each

bounded set under T is relatively compact. Denote K to be the set of bounded operators of

H.

Definition 2.0.11. Let A be a C*-algebra, and let p € A be a projection. Then pAp is a
C*-subalgebra of A known as a corner. A C*-subalgebra is full if it is not contained in any

proper (two-sided) closed ideal.

Theorem 2.0.2. Let A be a finite-dimensional C*-algebra. Then there exists a partition

dim(A) = ny + ..ny such that A = &; M, (C).

Theorem 2.0.3. Let A be a C*-algebra. Then there exists a Hilbert space H for which
A C B(H) as a subalgebra.

Proof. This is known as the Gelfand-Naimark-Segal (GNS) construction. O

Definition 2.0.12. A representation of a C*-algebra A is a pair (H, 7) where H is a Hilbert
space and 7 is a *-homomorphism 7: A — B(H). If A has an identity, it is assumed that

(1) = 1. We say the representation is faithful if 7 is injective.

To prove a space is a C*-algebra, it will often be the goal to construct a suitable Hilbert
space H and find an appropriate representation into B(H). Observe that there is a choice

of representation 7 into B(H). The “best” choice is the universal representation.

Definition 2.0.13. Let A be a C*-algebra. The universal representation of A is a *-

isomorphism A < B(H). Notice that as a #-isomorphism, this representation is faithful.
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2.1 Groupoid (C*-algebras

We can build C*-algebras from topological groups and groupoids. We will focus on the
groupoid construction. (Note that via Example 2.1.1 below that the group construction is a
specific example of the groupoid construction.)

The groupoid is a generalization of the group. Think of a groupoid as a group whose

binary operation is not fully defined for all elements.

Definition 2.1.1. A groupoid is a set G equipped with an inverse map and a partial multi-

plication map with the following multiplication properties defined:

e Multiplication is associative when possible. (i.e. for all a,b € G, if ab and ac are

defined, then so are (ab)c and a(bc). Furthermore, these two are equal.)

e aa~! and a'a are always defined.

e If ab is defined, then aa='b = b and a~'ab = b.

Note that according to the previous definition, we get (a™)”' = a and also (ab) ™ =

b~ta~!. Some further definitions which help us study groupoids are given below.

Definition 2.1.2. Let G be a groupoid. The set G° consists of the “identity elements”
of G. That is, G° = {97'glg € G}. Furthermore, for the sake of convenience denote
G* = {(f,9|f,9,fg € G}. (Think of G* as the collection of possible products.) It can be
helpful to visualize G as a graph, where G? works as the edges of the graph between the

elements of G. You can define source and range maps s,7: G — G° using s(g) = g~'g and
r(g9) =997

Example 2.1.1. A group G is a groupoid where G© = {¢}.

Example 2.1.2. Let X be a set with an equivalence relation =. Note that the equivalence
relation can be described as a set R = {(z,y) € R X R: x =y}. Then define a groupoid

with G = R and define multiplication as (x,y)(y,z) = (z,z) only when the inner parts

match.
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Often, groupoids will be given topologies. The following definitions will be helpful.

Definition 2.1.3. A topological groupoid G is étale if the maps r, s are local homeomor-
phisms, i.e. for every g € G there exist open sets U,V > g such that r(U), s(V) are open in
G and both r|y: U — r(U) and s|y: V — s(V) are homeomorphisms. For an étale groupoid
G, a subset B C G is a bisection if there is an open set B C U C G such that 7|y, s|y are

both homeomorphisms onto open subsets of G°.

Definition 2.1.4. Let G be an étale groupoid which is locally compact and Hausdorff.
Denote C.(G) to be the set of compactly supported continuous complex-valued functions on

G. Also, denote C(G) to be the set of functions in C.(G) which are supported in some G-set.

For an étale groupoid G which is locally compact and Hausdorff, we can append C.(G)
with the following additional structure so that it is a *-algebra. For A € F and z,y € C.(G),

we define:
(a) (A-z)(9) = Az(g);

(b) (x+y)(9) = z(9) +y(9);

(c) z*(g9) = z(g7");
(d) (@ *y)(9) = 2 ny=r() T(My(h~'g)

Then further equip with the norm ||a|| = sup{||=(a)|| | 7: C.(G) — B(H)} and complete the
space with respect to its norm to form a C*-algebra, denoted by C*(G). Alternatively, if we
equip with the norm ||al|, = sup{||7¥%(a)|| | v € G°} (where 7} is a specific representation)
and complete the space with respect to this norm, we form the reduced C*-algebra denoted

by CX(G).

Lemma 2.1.0.1. Let G be a groupoid for which C}(G) exists. There is a groupoid H such
that C*(H) = C*(G) @ M,,(C).

Proof. Construct H = G x ({1,...,n} x {1,...,n}) with operations and topology defined

as follows:
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e (9,(i,7)) (h, (k1)) = (gh, (i,1)), only defined if j = k and if gh is defined in G.
e 5((g,(4,7))) = (s(9), (4.4))
o 7 ((g,(4,7))) = (r(9), (i,%))

The basis for the topology of H is {U, = (U,,{i},{j}): g € U, € 7(G)}.

Then let ¢: C(G) ® M, (C) — C(H) via (f) = D7, fij @ ei;) where fi;(g) = f(g, (i, 7)-

This homomorphism is invertible, with ¢~ (h ® e;;) = h;; where

oy = 1@ TG =(00)

0 else

Furthermore, the map indeed acts as a homomorphism. It preserves properties (a) and

(b) above by definition of a sum. To show the preservation of property (c), observe that

f(9,(2,5)) = f(g7*,(4,4)). So then for all g € G, we get

(N9 =D filg D @ey =D filg ) @eji= D filg) @ ey = (g = (6(f))"(9)

1,j=1 4,j=1 1,j=1

We need to show that property (d) persists. Let y = fi * fo € C.(H) and note that

y(g7 (le)) = (fl * f2)(97 ('Laj)) = Z fl(h)f2<h_1(ga (%])))

heH,r(h)=(g,(i,i))

_ S fila, (i, k) f2(a™ g, (K, 5))

a€g,r(a)=r(g),ke{1,- ,n}
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Thus for all g € G we get

o(f1 = f2)(9) = d(y)(g9) = Z vi;(9) ® e

matrix multiplication
7\

~
n n

= Y| X Xy o

acg,r(a)=r(g) | t.J=1 k=1

= Z (Z (f1)ir(a) ® 6ik> (Z (f2)ri(a™tg) ® ekj)

a€g,r(a)=r(g) i,k=1 k,j=1

= Y e@elp)a )

acg,r(a)=r(g)

= (o(f1) * 9(f2))(9)

2.2 The Diagonal Subalgebra

Definition 2.2.1. For a groupoid G, the diagonal subalgebra D(G) C C}(G) is defined as
D(G) = co(9").

The above definition coincides with a diagonal subalgebra of a Cuntz-Krieger algebra,

via SaSZ <~ XZ(a,a)'

2.3 The Multiplier Algebra

Definition 2.3.1. For any C*-algebra A, the multiplier algebra M (A) is the largest unital
C*-algebra containing A as an (non-degenerate) ideal. Define the set M(A) to be pairs of
maps L, R: A — A such that for all a,b € A we get aL(b) = R(a)b. Note that L, R are
both bounded linear maps, with ||L|| = ||R]||. Thus we can equip M(A) with a norm and an
adjoint map to make it a C*-algebra. Let ||(L, R)|| := ||L|| and (L, R)* = (R* L), where
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R¥(a) = R(a*)*. Addition is component-wise and multiplication is given by composition:

(Ll, Rl) + (LQ, RQ) = (L1 —+ Rl, L2 + RQ) and (Ll, R1>(L2, RQ) = (Ll e} LQ, RQ o Rl)
Example 2.3.1. If A is a unital C*-algebra, then M(A) = A.

Example 2.3.2. Let H be a Hilbert space, and let A be the set of compact operators on
H. Then M(A) = B(H).
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Chapter 3

Graph Algebras

3.1 Cuntz-Krieger relations

Definition 3.1.1. For a row-finite directed graph E = (E° E',r,s), we assign a family
of projections and isometries {P,: v € E°} U {S.: e € E'} which satisfy the following

properties:
(CK1) The projections P, are mutually orthogonal.
(CK2) For e € E', SiS. = Py(e).
(CK3) Forv e E% P, =3, ,_, 5S¢

This is known as a Cuntz-Krieger family for £. We can take the C*-closure of the family

{P,,S.} to form a C*-algebra, often denoted C*(P,, Se).

For any applicable graph F, there may be several Cuntz-Krieger families which can
be defined. Each family generates a related C*-algebra. Kumjian and Pask determined
the existence of a wuniversal graph algebra (denoted C*(FE)), such that for any graph al-
gebra generated by a Cuntz-Krieger family (for example, A = C*(Q,,T,)), there exists a
s-homomorphism ¢: C*(FE) — A such that ¢(P,) = @, and ¢(S.) = T, for all v € E° and

e € E'. This universal algebra is unique up to *-isomorphism.
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Remark 3.1.1. For apath u =e,---e; € E*, a partial isometry is formed by applying each
respective isometry in turn: s, = sc, ---s,. If E is source-free, then the universal graph
algebra C*(E) = C* (py, s.) can also be generated using A = {s,s}: u,v € G*}. To see this,
note that p, € span(A) via (CK3) and s, = ScPs(e) = Se ) spst = > SefSt € span(A). (The

other inclusion is obvious.)

The universal graph algebra admits a gauge action, which is a family of maps g: T —
Aut(C*(E)) with g,(P,) = P, and 3,(S.) = zS.. Note that the gauge action extends to
finite paths on E. For u = ene, 1---e; € E*, we have 8,(u) = 2%WS,. Furthermore,
B.(S¥) = 2718, so that 3.(S:S.) = B:(Pre)) = Pre). As seen in Theorem 3.4.6, we are
often interested in when a homomorphism between two graph algebras intertwines the gauge

action.

3.2 The path groupoid
A groupoid can of a graph can be constructed by utillizing relationships between infinite
paths. This construction is written in [Carlsen and Winger, 2018]. Consider the set

G ={(z,m—n,y) | z,y € OE, m,n € N, and o (x) = op(y)},

and define multiplication via (x, k,y)(w,l,z) = (x,k + [, z) when y = w and undefined oth-
erwise. Note that the inverse operation is (z,k,y)™' = (y, —k,z) and G% = {(z,0,z) : = €
E°}. The groupoid is further endowed with a topology given by a basis which is carried over

from the boundary path space:
Z(Um,n, V) ={(z,k,y) €Gg : ze€UyeVk=m-—n,o5(x)=0p(y)}

Each cylinder set is closed, open, and compact.
As seen in Chapter 2, two C*-algebras can be constructed from this groupoid, depending

on choice of norm. These are labeled C*(Gg) and C}(Gg) respectively.
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Theorem 3.2.1. Let E be a directed graph, and let Gg be the associated path groupoid.
Define C*(E) to be the graph’s universal C*-algebra. Then C*(E) = C¥(Gg) = C*(GE).

Proof. This is proven in the higher-rank case as Corollary 3.5 in [Kumjian and Pask, 2000].
O]

3.3 Types of shift space equivalence

In this section, we give a brief overview of different kinds of equivalence for shift spaces. As
mentioned in Chapter 1, if the underlying directed graphs F and F' are isomorphic, then
Xg = Xp. However there are some weaker conditions of equivalence between shift spaces

which are also worth studying.

Some definitions of equivalence are based on the notion of a one-sided shift space. The
collection of one-sided shift spaces has a one-to-one correspondence with the collection of
(two-sided) shift spaces, and so both can be studied. The definition of orbit equivalence and

the related theorem below are attributed to [Carlsen and Winger, 2018].

Definition 3.3.1. Let £ and F' be directed graphs. A homeomorphism h: OEF — OF is
called an orbit equivalence if there exist continuous functions k,1: 0E=! — Nand k¥/,1': 0F=! —

N such that
k(x I(z k' _ .
0" (hop()) = 03" (h(x)) and o3V (07 (0w (y)) = (k™ (4))
for all x € OE=! and for all y € OF=!. We say the graphs are orbit equivalent if there exists

such a map.

Theorem 3.3.1. Let E and F be directed graphs and let Gg,Gr be their corresponding
path groupoids. Then Gg,Gr are isomorphic if and only if there is an orbit equivalence

h: OF — OF which preserves isolated evantually periodic points.

Definition 3.3.2. Let E, F' be row-finite directed graphs. We say that F and F' are flow
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equivalent if there exists a sequence of standard transformations from E to F. (A stan-
dard graph transformation is one of six types: an insplit, outsplit, in-amalgamation, out-
amalgamation, expansion, or contraction.) We say there is a flow equivalence between adja-

cency matrices A and B if their corresponding graphs (E4 and Ep) are flow equivalent.

Shift spaces have their own definition of flow equivalence. As the naming convention
implies, if two graphs are flow equivalent then their corresponding shift spaces are also flow

equivalent.

Definition 3.3.3. For a shift space X, define an equivalence relation ~ on X x R via
(0% (z),t) ~ (x,t +n). Apply the product topology to X x R, then define the suspension of
X (denoted SX) via the quotient of X x R/ ~ equipped with the quotient topology.

Definition 3.3.4. We say two shift spaces X and Y are flow equivalent if there exists a
homeomorphism ¢: SX — SY such that whenever a,b > 0 and ([(z,t)]) = [(y,r)], then
there exists v > 0 such that ¢([(z,t + a)]) = [(y,7 4+ v)] and there exists w > 0 such that

[y, +0)]) = [(z, £+ w)].

Theorem 3.3.2. Suppose that A and B are non-negative irreducible square integer matrices,
and neither matriz is in the trivial flow equivalence class. Assume A isnxn and B is mXxm.

Then A and B are flow equivalent if and only if the following conditions are both satisfied:
o det (I, — A) =det ({,, — B)
o 7"/(I, — A)Z" =7 /(I,, — B)Z™

The values defined as PS(A) = det (I, — A) and BF(A) = Z""/(I,, — A)Z" are called the
Parry-Sullivan number and Bowen-Franks group of A, respectively. For a graph E, the
invariants are defined using their adjacency matriz: PS(E) = PS(Ag) and BF(E) =
BF(Ag).

(This theorem is known as Franks’ Theorem, as seen in [Abrams et al., 2011].)

Definition 3.3.5. Let A and B be adjacency matrices for graphs. We say that A is shift

equivalent with lag n to B (or likewise their graphs are shift equivalent with lag n) if there
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exist matrices R and S such that AR = RB, SA= BS, A" = RS and B" = SR. Often the

value of n is unimportant and is not mentioned. We use A ~gr B to denote shift equivalence.

Definition 3.3.6. Let A and B be adjacenty matrices for graphs. We say that A is strong
shift equivalent to B (or likewise their graphs are strong shift equivalent) if there exists a
finite sequence of matrices {A;}7, where A = Ay, B = A,,, and for each adjacent pair A;
and A;yq, there exist matrices R; and 5; such that A; = R;S; and A1 = S;R;. We use

A ~ssg B to denote strong shift equivalence.

Remark 3.3.1. It is worth mentioning that strong shift equivalence is a stronger condition
than flow equivalence. Furthermore, flow equivalence can be determined by studying the
graphs of the respective shift spaces and forming a sequence of constructions. The generalized
question of whether such a classification can be determined for graph algebras is studied (and

the reason for the main theorem, in the next chapter).

3.4 Morita Equivalence for graph algebras

In the language of graph algebras, the (strong) Morita equivalence is the most frequently used
correspondence. It is weaker than an isomorphism between C*-algebras but many important
properties are still preserved between Morita equivalence. (There are two types of Morita
equivalence defined between C*-algebras. Both will be defined here. It is understood that
the (strong) Morita equivalence is the desired property, and hence in all future chapters, the

(strong) will be dropped.)

Definition 3.4.1. Two unital rings R and S are said to be (weakly) Morita equivalent if

their respective categories of modules are equivalent.
Note the requirement of the rings to be unital, which C*-algebras often are not.

Definition 3.4.2. Two C*-algebras A and B are (strongly) Morita equivalent if there exists
an A — B-imprivity bimodule X (put another way, X is both a full left Hilbert A-module

and a full Hilbert right B-module which also satisfies the inner product properties below).
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(a) For all 2,y € X,a € A,b € B, we have that (a - z,y)p = (x,a* - y)p and also

alz-byy) = alw,y-b).
(b) For all z,y,z € X, we have that 4(z,y) -z =z - (y, 2) 5.

For an in-depth look on properties which are preserved under the (strong) Morita equiv-

alence of C*-algebras, see [an Huef et al., 2005].

Definition 3.4.3. Two C*-algebras A and B are stably isomorphic if there exists an iso-

morphism between A ® K(H) and B @ IC(H) where H is a separable Hilbert space.

The following important theorems regarding Morita equivalence between C*-algebras

come from [Raeburn and Williams].
Theorem 3.4.1. Stable isomorphism implies Morita equivalence.

Theorem 3.4.2. Two C*-algebras A and B are Morita equivalent if and only if there exists
a C*-algebra C with complementary full corners isomorphic to A and B respectively. (That
is, there exist projections p,q € M(C) such that A = pCp, B = qCq and p+q = Ly cy.) We
call C' the linking algebra.

Theorem 3.4.3. If A and B are Morita equivalent, then there exists a lattice isomorphism
between the sets of closed (two-sided) ideals Z(A) — Z(B). This is known as the Rieffel

CO?”?"BSpO?’LdG’I”LCG.

Proposition 3.4.1. Let A,B be Morita equivalent C*-algebras with J € Z(A), K € Z(B).
Then A/J and B/K are C*-algebras, and A/J, B/K are Morita equivalent.

Theorem 3.4.4. (Brown-Green-Rieffel Theorem) Morita equivalence implies stable isomor-

phism.

In the case of directed graphs, Morita equivalence of the graph algebra coincides nicely
with the shift equivalences learned for shift spaces. For example, Bates and Pask proved

in 2004 that for row-finite graphs £ and F', we have E ~gsp F = C*(E) ~yp C*(F).
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(See [Bates and Pask, 2004].) Furthermore, the algebras formed via the below definition also

gives rise to Morita equivalence between the two graph algebras.

Definition 3.4.4. Let E be a row-finite graph, and let K be a field. The Leavitt path K-
algebra is the K-algebra generated by a set of pairwise orthogonal idempotents {P,: v € E'}

and a set of variables {S., S}: e € E'}, satisfying the following properties:
® Py)Se = SePre) = Se for all e € B
® P oSt =5:Py=S;foralle e E.
o SiS. =6ce Py forall e, ¢’ € EL.
® Py =3 recm.: s(e)— SeS; for every v € E° for which s™'(v) # 0.

The Leavitt-path K-algebra is denoted Lk(FE). Often if the field is not important to the
discussion, the K is dropped and the algebra is labeled L(F).

The following theorem comes from [Abrams and Tomforde, 2009].

Theorem 3.4.5. Let E and F be row-finite graphs. If Lc(E) is Morita equivalent to Le(F)
then C*(E) is (strongly) Morita equivalent to C*(F).

We finish this section with a few important uniqueness theorems for directed graphs,
quoted from [Raeburn, 2005]. These uniqueness theorems have been generalized to work for

k-graphs as well. (For example, see [Kumjian and Pask, 2000] and [Brown et al., 2014].)

Theorem 3.4.6. (Gauge Invariant Uniqueness Theorem)Let G be a row-finite directed
graph, and suppose that {T,Q} is a Cuntz-Krieger G-family in a C*-algebra B where each
Q. is nonzero. Suppose there is a continuous action 5: T — Aut B such that 5,(T,) = =T,
for every e € G' and B.(Q,) = Q, for all v € G°. Then the representation wr.q is an
isomorphism of C*(G) onto C*(T, Q).
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Theorem 3.4.7. (Cuntz-Krieger Uniqueness Theorem (1)) Let G be a row-finite directed
graph in which every cycle has an entry, and suppose that {T,Q} is a Cuntz-Krieger G-

family in a C*-algebra B where each Q, is nonzero. Then the homomorphism C*(G) — B
is an isomorphism of C*(G) onto C*(T, Q).

Corollary 3.4.1. (Cuntz-Krieger Uniqueness Theorem (2))Let G be a row-finite directed
graph in which every cycle has an entry. Suppose that {S, P} and {T,Q} are both Cuntz-
Krieger G-families on some Hilbert space where each P, and @), are monzero. Then there
exists an isomorphism ¢ from C*(S, P) onto C*(T, Q) such that ¢(S.) = Tk for every edge
and ¢(P,) = Q, for every vertex.

As mentioned in 3.3.1, a motivating question for graph algebras is whether a classifcation
exists between directed graphs which preserve Morita equivalence. In addition, the question

remains whether such a classification extends to k-graphs.

3.5 k-graphs

Definition 3.5.1. For a k-graph A = (A%, A1, ... A®), we assign a family of projections

and isometries {P,: v € A"} U{S,: e € A'} which satisfy the following properties:
(CK1) The projections P, are mutually orthogonal.
(CK2) For e € A', 555, = Pye).
(CK3) Forve A%, P, = >t wynae Sy for 1 < i < k.
(CK4) If f, g are paired via af = bg, then S,Sf = SpS,.

This is a Cuntz-Krieger family which generates a C'*-algebra. Note that in the k = 1 case,
a 1-graph is equivalent to a directed graph. Similar to the graph algebra experience, there

exists a unique (up to x-isomorphism) universal C*-algebra, typically denoted C*(A).
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Much work has been done on finding transformations of k-graphs which preserve Morita
equivalence (see [Eckhardt et al., 2020]). Their work involves utilizing a result from [Allen,

2005]. The core of the argument is copied below.

Definition 3.5.2. For a k-graph A, let X C A°. Define the saturation of X (denoted $(X))

to be the smallest set S such that X C S and which satisfies the following properties:
(Heredity) If v € S and A € vA, then s(\) € S.
(Saturation) If {s(\): A € vA"} C S for some n € N¥, then v € S.

Remark 3.5.1. Saturated and hereditary sets are useful helpful in finding ideals of C*-

algebras formed from directed graphs. See Theorem 4.9 from [Raeburn, 2005].

Theorem 3.5.1. Let A be an row-finite k-graph and let X C A°. Define Px == >, .x Do
(note that Px € M(C*(A))). Then PxC*(\)Px is Morita equivalent to C*(A) if ©(X) = A°.

We end the chapter with two propositions which allow comparison between graph algebras
of varying values of k. The proofs require building a Cuntz-Krieger family and applying the

gauge invariant uniqueness theorem.

Proposition 3.5.1. Let A be a row-finite, source-free (k + 1)-graph, and let *A be the k-
graph which is obtained by deleting all edges of color (k+1). Then *A is also row-finite and

source-free, and C*(¥A) C C*(A) as a x-subalgebra.

Proof. Let ¢: *A — A be the standard inclusion map. Let {p,,s.} generate C*(A) and
construct {Q,, 7.} a Cuntz-Krieger *A-family in C*(A) via Q, = p,(») and T, = s,(). H

Proposition 3.5.2. Let A be a k-graph and let G(A) be the rainbow monochromization of
A as in Definition 1.5.2. Then C*(G(A)) C C*(A) as a x-subalgebra.

Proof. Every e = e, € G(A) exists as a path A € A'. Let {p,,s.} generate C*(A) and
construct {Q,, T.} a Cuntz-Krieger G(A)-family in C*(A) via @, = p, and T, = s,. O
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Chapter 4

Outsplit Proof

We now prove the main theorems of the paper.

Theorem 4.0.1. Let A be a (row-finite, source-free) k-graph and let w € A° be a reqular
vertez. Partition s~'(w) as a finite disjoint union of (possibly empty) subsets &;, asserting
E # 0 if sTHw) # 0. Define v: C*(A) — C*(Apws) by ¥(py) = por for v € A% and for all
e e A set

Sel if sa(e) # w
Zfergl(w)mﬂ Se1spisp if sa(e) = w and e € &;

Then 1 is an injective x-homomorphism such that Y2 o1 = oy® (C*(A)) = ¢C* (Aow)q,

and Y(Dy) = ¢Dy,,, where ¢ = Zver Dot .

Proof. Set P, = p,1 for all v € A%, and for all e € A® set

Sel if sp(e) #w

Zfergl(w)m\ﬂ Seaspish  if sp(e) = w and e € &

We will first show that {P,, S.} is a Cuntz-Krieger A-family in C*(Aqy). Note that for any
e, f € AL,
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(

s* s if e, f ¢ s, (w)

. Zg@;l(w)m\l Sg187;8p S ifee & and f ¢ syt (w)
SiSy =

Zg@gl(w)ml Sg1Sf18gi ST if fe& ande ¢ s, (w)

* * * :
\Zg,h@"xl(w)ﬁl\l Sg1S75Su1S p1Spm Sp1 ifee & and f €&,

(

5e,fPsA(e) if €, f ¢ le(w)

= 567}0 zgerxl(w)ﬁAl Sg1 821 if e, f € (c:j

0 otherwise
\

Furthermore, for any e € A!,

)
Se18%1 if sp(e) #w

S.Sr =

Kzf,gerxl(w)ﬁ/\l Se18i8h8psyse if sa(e) =w and e € &;
)

S5e18%1 if sa(e) # w

\Zfa;l(w)ml Se18fi87;55  if sa(e) =w and e € &

(
Se18% if sp(e) #w

Sepyish if sp(e) =w and e € &;
\
= 3615:1 < perut (el) — PTA(G)'

Let v be a regular vertex in A. Then v' is a regular vertex in A,y and TXolut (vl) =

{e': e € ry'(v)}. Therefore, for any 1 <i < k we have

Py=pp= Y  sash= Y S5

eErXI(U)ﬂAei eEer(v)ﬁAei
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These observations show that CK1, CK2, and CK3 hold for this A-family within Ay. To

show that CK4 holds, we introduce a lemma:

Lemma 4.0.1.1. Let z € r (w) N A% and let 1 < j <n. Then

Z SfiSLSz1 = S
fer—H(w)nNAT
To prove the lemma, first rewrite any f € r~'(w) N A so that the last edge (fz) is
color e;. Observe that the Cuntz-Krieger properties of A,y require that s’}k s,1 = 0 unless

fr = x'. So without loss of generality, we can assume f = zu in the sum (i.e., f* = u'z’

*

for the equivalent ' € Agy). Therefore sfjs}lsml = SgiSuS),

* _ ) *
1Sy Szt = SpiSws,,. By CK3,

> S Sy = Ds(zi) and the proof is complete.
Suppose that ax = by in A. We split into cases. First, assume that s(z) = s(y) # w.

There are four cases depending on s(a) and s(b).

e Case 1: If sy(a), sp(b) # w, then a'z' = b'y! in Ay. Furthermore, we have

SaSz = 841851 = 5p15,0 = SpSy.

o Case 2: If sp(a) # w and b € &, then a'x! = by’ in Ayy. Furthermore, we have

SaSz = 841851 = Sp18,i = E SpSfispsy = SpSy.

fGer (w)NAL

o Case 3: If a € & and s5(b) # w, then a*z? = bl'y' in Agy. This case is equivalent to

Case 2.
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e Case 4: If a € & and b € &;, then a'a? = b'y" in Ayy. Furthermore, we have

SuSy = E SalSfiSp18z1 = Sq1 84
feryH(w)nAl
= SplSyi
= E Sp1 SfiquSyl = SbSy.
fEer(w)ﬁA]l

Now assume that s(z) = s(y) = w. Then z,y are outsplit conjugate and belong in the same

partition &. Once again there are four cases depending on s(a) and s(b).

e Case 1: If sy(a), sp(b) # w, then a'z' = b'y! in Ayy. Furthermore, we have

SaSy = Sg18,1 Z kaqu = Sp1Sy1 Z sfks}l = SpSy.

feryH(w)nAt feryt(w)nAt

e Case 2: If sp(a) # w and b € &, then a'z! = b'y’ in A,y. Furthermore, we have

SuSy = §415,1 Z SkSH

f€rX1 (w)NA?

= Sp15y E SRS

fET‘XI (w)NAT

* *
= E Sp1SgiS1SyLSpaS 1 = SpSy.
fgeryt(w)nAL

e Case 3: If a € & and s, (b) # w, then a'z? = b'y' in Ayy. This case is equivalent to
Case 2.
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e Case 4: If a € & and b € &;, then a'a? = b'y" in Ayy. Furthermore, we have

SuSy = E SalSgiSg1SplSprS L = Sq1 8y g SprSp
frgeryt(w)nAt feryt(w)nat
*
= Spl Syi E ka8f1
fev’xl(w)ﬁAj1

= E SpLShi S8y SRS = SpiSy.
fiherH(w)nAT

This proves that {P,,S.} is a Cuntz-Krieger A-family in C*(Aoy). By the universal
property of C*(A), there exists a x-homomorphism ©: C*(A) — C*(Ayy) such that ¥(p,) =
P, and 9(s.) = S.. It’s clear that 2« o9 = ¥ o v* on {p,,s.} and thus the two are
equivalent on C*(A). Since ¥(p,) # 0 for all v € A°, the gauge-invariant uniqueness theorem
for k-graphs gives that 1 is injective.

It remains to be shown that ¢¥(C*(A)) = ¢C*(Aou)q and (Dp) = gDy, -

Claim 4.0.1. For any finite path v = emem—_1...e2¢1 € A2, there exists a finite path

w € Nous such that vy, (1) € {vt: v e A"},

out

sale)' ifer & syt (w)
SAout(/J“) = Y
wj Zf e € (C/’j

and

Su if eq sxlw
U(sy) = Pt

S ZfE’/‘Xl(w)ﬁA]l Sfjs}l Zf €1 € gj

We will prove the claim by induction on the length of the paths. Suppose v = e € Al. Then

Set if e; ¢ sy (w)

Sel Zferxl(w)m/\l spish ifer €&

32



Set u=e'. Then ry,, (1) = ra(e)’,

sale)t if sple) #w
SAout(el) = )
w’ ife €&

and

Sy if e ¢ sy'(w)

w(se) =
Sp Zfergl(w)m\n Sij}l ifeecé;

Now suppose the claim is true for any path in A with length m. Let v = e,,e,_1... €160 €

A™L 'We consider the following cases:

e Suppose sp(e1) # w and sy(eg) # w. Then s(e,, ...e1) = r(ey) = v # w. By induction
hypothesis, there exists ' € Ay such that ry,, (/) € {v': v € A}, sp,. (1) = v! and
V(Se,,.er) = S 1t follows that sy, (1) = vt = ra,,. (ef) which implies that p = p'e

with the desired conditions.

e Suppose sy(er) # w and ey € ;. By induction hypothesis, there exists p' € Agyt such

that TAout(/’L/) E {Ul v E AO}’ SAout(lLL,) = SA(61>1 and w(sem-..m) = S,Ufl' Set /’L = /‘Lleé

which will satisfy the conditions.

e Suppose e; € & and ey ¢ s, (w). Again by induction on e,, . . . e; There exists it € Aoy

with 7, (1) € {01 0 € A%Y, s (1) = 0, and ¥(serer) = S0 X per gyt $7555n-

Note that s, (1) = w? = ry(eo)" which allows p = pi/e to satisfy the conditions.

e Suppose e; € & and ey € &,. Inducting on e, ...e; gives ' € Aoy with ra,, (1) €

{/Ul v e AO}? SAout<ILL,) = wJ? and w(‘se'mn--el) = S/'L/ Zf@"Xl(w)ﬂAl Sfjsf;l NOte that
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Ay (€0) = w? = sy, (1) thus setting u = p'e)) will satisfy the conditions. We have

U(s) =d(s)vleo) = [ 5w Y. spsi Y. sqsmsh

gery H(w)NAT feryH(w)nAl
—SH/ Se(])Sf]Sfl —S/_L Sijfl
f@’Xl('w)ﬁA]1 f@’Xl('w)ﬁA]1

The above bullets prove Claim 1.

Claim 4.0.2. For all p € A,y there exists a path v, € A with d(v,) = d(u) where v, is

obtained by removing the superscripts of .

To prove the claim, first suppose pu = v* for some v € A", Then v, = v satisfies the claim.
Now let p = eim ... eRel! € Apy. We want to show v, = e, ...e; is a path in A (i.e. that

ra(e;) = sa(ej1) for 1 < j <m —1). Again this breaks into cases.
Ti+1

e Suppose 7a(e;) # w. Then i; = 1 and s, (e]f]) = sa(ej41)'. But erut(ej-j) =

sAout(e;ﬂ:) = sa(ej+1)", so we conclude sp(ej41) # w and thus sy(e41)t = sAout(e;ﬁf) =
Taow (€7) = ra(e;)".

e Suppose r5(e;) = w. Then sAout(ej-jjll) = TAout(ej-j) = w'. But this implies e;4; € &;
and therefore sy(ej11) = w.

The above bullets prove Claim 2.

Claim 4.0.3. Suppose j1 € Ay and v, € A as defined in the previous claim. Then

5 if $ap() = 01 Jorv# w

Su Zfeer(w)mAl Sfi 5;1 if 58, (1) = W

Once again we use induction to prove, this time on the length of p. First, if len(u) = 0 then
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WLOG p = v! for some vertex v € A. So v, = v and

.
Dot if v 7é w
V(Py,) =P =
Pt fv=w

\
(

Dot if v #w

\pwl Zfer;l(w)ﬁAl Sflsj;l lf V=W
(

Sy if sp,,, (1) = v! for v # w

| Si Lperytinar Spr8pn 1 s (1) = w?

Now suppose that the claim is true for any p € A(l)ei(“ =™ and let e A (Say, po= p'e’

where p/ € Alt,.) Let v, and v, be the corresponding paths in A for y and p' respectively.

out-

Note that by construction, v, = v,ye. There are four cases:

e Suppose sy, (1) = v' with v # w and s, (¢) # w’. Then sz(v) # w and ¥(s,,,) =

s, Note rp(e) = sp(v) # w, therefore e = e! and
w(slﬁt) = w<5uul)w(56) = SH/SE1 = S,U/Sei = SN'

e Suppose sa,,. (1) = o' with v £ wand sy, (1) = wl. Then ¥(s,,,) = s ¥ e, (s 5557

and rp(e)’ = ra,,, (€') = sa,.. (') = w’. This implies r5(e) = w and i = j.Thus, we get

U(sy,) = w<5vu/)w(56) = Sw Z SfiSpLSel = SuSei = Sy

ferxl(w)ﬂ/\l

e Suppose sp,,, (1) = w’ and sy, (1) = v! with v # w. Then sp(vy) =# w, Y(sy,) =
Suy and sp,, (€") = sa.. () = w?. Note that this implies e € £;. Observe also that
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ra(e) = sa(vy) # w, so ' = el and

¢(5Vu) = 1/}<SVH/)¢(56) = Su Z Selsfjsjt‘l = Su Z Sij?l.

]‘67‘/:1(111)NA]1 ]‘67‘/:1(111)NA]1

e Suppose sy, (1) = w’ and sy, (') = w™. Then

V(s )= Sy Z Sgn Syt and P(se) = Z SeSpiSh

geryt(w)NAT fery(w)nA?

since sa,., (1) = Sa,., (1) = w?. So we get

w(Su#) = w<31/u/)w<se) = Sy Z SgnS;1 Z selsfjs;ll

gery (w)NAL feryH(w)nal

Observe that w™ = sy, (V) = ra,. (€') = ra(e)’ thus we get sp(e) = w and i = n. In

addition,

¢(Syu) = S/'Ll Z Sgn821 Z Sesfjs;l

geryt (w)NAL feryH(w)nAl

= 5,/8en E ans;l

fETXl (w)NAlL

= 5,/ 5¢i E Sfisp

fE?“Xl(w)ﬁAIl
=5, Z 5 5}1.

fEer('w)ﬁA]l

These bullets prove Claim 3. Using these claims, we can finish the proof. First, note that
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Y(C*(A)) C qC*(Aous)g by observing

U(susy) = Y (Pry) ¥ (5055)0(Pry )
= pTA(V)1¢(SV)¢(SV)*pTA(V)1

- Q¢($u)¢($u)*Q-

We next show that ¢Dy,,, = ¥(Da). To prove ¥)(Dp) C ¢Dy,,,, assume v € A. If v is a

out out ?

vertex, then ¥ (p,) = p,1 € ¢Dy Otherwise assume v = e,,...e;. From Claim 1, there

out *

exists a path pu € Ay such that ra,, (1) € {v!: v € A%},

saler)t if e ¢ syt (w)
SAout (:u) = )
w’ if e; € &;

and
Sy if e ¢ sxl(w)

Sp z:fer,(l(w)mIl Sij}l if e; €&

Then observe that

if e ¢ 73 (w)
¢(Sy5z) =3 :

P

SMS; if e, §é S/_\l(w)

P

qsu5;, if e; ¢ sy (w)

kq Zfergl(w)mﬂ Sufi Sy s if e € &;

(since ra,, (1) € {v': v € A°}). This shows that (Dy) C qDy

out *

We still need to show ¢C*(Aout)g € (C*(A)) and ¢Dy,,, € ¥(Dy). Let py, o € Ay such
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that sa,, (1) = sag, (12) and ra,, (1), 7, (2) € {v': v € A’} By Claim 2, there exist

corresponding paths vy = v, and v, = v,, in A. Then by Claim 3,

(
* Sﬂlszz 1f SAout (/’1’1) = SAout (/’[Q) = Ul for v % w
¢(8V18V2) =
\Zf,gerxl(w)ﬂAl Sﬂ/l Sf] 5}1891 SZJ SZ,Q lf sAout (lLLl) = SAout (/‘Lz) = wj
p
S/LIS/*LQ lf SAout (/’Ll) = SAout (/’62) = /UI for v # w
\ZfGT’Xl(w)ﬂAl SHl Sfj ST;J' SZQ 1f SAout (,LLl) = SAout (IMQ) = w]
= Sm S/*Q

where the last equality occurs since sy, (11) = w’ and p,; = Zfergl(w)mﬂ Sfi5%;. This
proves both that gC*(A)g C ¥(C*(Aou)) and gDy, € (D) as desired. O

Theorem 4.0.2. Let A be a (row-finite, source-free) k-graph and let w € A° be a regular

vertez. Partition s~'(w) as a finite disjoint union of (possibly empty) subsets,
s_l(w) :51|_|821_I---|_|5n

with & # 0O if s7H(w) # 0. Let {e;;} be a system of matriz units in M, (C). Set p =
ZUGAO\{w} Do ® €11+Ppw®1m, ). Then there exists a x-isomorphism ®: C*(Ayy) — p(C*(A)®
M, (C))p such that ®(Dy.,) = p(Ds @ co({1....n})), and (1. ® idus,) o = & 0 for all

zeT.

Proof. Let ¢: C*(A) — C*(Aous) be the injective x-homomorphism and ¢ the projection

given in the previous theorem. Set ¥ = ¢ ® idwm,,(c) and set

V = Z Do X 6171 + Z Z SflSjci X 67;71.

vEA\{w} =1 fer it (w)nat
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Note that

VAV = Z Dot @ €11 + Z Z (sfish @ e1:)(8g18, @ €j1)

veA\ fw} 63=1 fgery (w)nA!

= Z Dot ®e11 + Z Z Sf1 S}i @ e11

veA\{uw} i=1 fery!(w)nA?

— Z pv1®€11+zpwl®€ll

v€AO\{w}

= 10* (Aow) ® €11

and

VV* = Z Dot ® €11 + Z Z (5157 @ €i1) (84557 @ e1)

veAO\ {w} L3=1 fgery !t (w)nAl

- 5 mea oo
vEA%\{w}

= Z pv1®611+2pw®6“
vEAO\{w}

= Z Pyt & €1,1 + Pyt @ 1Mn((c)'
vEAO\{w}

This shows that V' is a partial isometry in C*(Agut) ® My, (C) such that V¥V = 1o« p,,) ®e1,1,
VV* =3 caofu) Pot @ €11 + Pyt @ 1w, (c) and (V2o @ idwm, () (V) =V for all z € T.

Define 5: C*(Aout) = Q (C*(Aout) ® M,,(C)) @ by f(z) = VaV*, where

Q=VV*= Z Dot @ €11 + Pyt @ Im, (o),
vEAO\{w}

39



Then f is a x-isomorphism such that

(v2o" @ idm, () © B)(z) = (v2" @ idwm,(c))(VaV™)
= V(v @ idm, ) (z)V*

= (Bo (v @idm,(c))(z)

for all x € O*(Aout) & €1,1. Note also that (@ZJ & 1dMn(C))(p) = Q and Q =q® e +
Z?:z Puwt @ €5 < q® 1w, (c)- Thus

(¥ @ idwm, ) (p(C*(A) @ M, (C))p) = Q¥ ® idwm, () (C*(E) ® M,(C))Q
= Q(qC" (Aouw)g ® M,,(C))Q
= Q(q ® In, () (C* (Aouwr) ® My (C)) (¢ ® Im, ()@

= Q(C"(Aow) ® M, (C))Q

and

(lb ® idMn((C))(p(DA ® CO({L 2,... 7n})) - Q(w & idMn(C))(DA & CO({L 2,... 7n}))
= Q(qDAout ® CO({L 2,... 7n}))
= Q(q ® 1Mn(C))(DAout ® CO({lv 27 s 7n}))

= Q(Dp, ® c0({1,2,...,n})).

Define ®: C*(Aou) — p(C*(A) ® M, (C))p by ®(a) = ((¢v ® idMn(c))_l of)(a®ery). Then
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® is a x-isomorphism and

(’}/é\ X ldMn((C)) @) (I)(a) = ((’}/ﬁ X idMn((C)) o) (¢ X idMn(C))_l e} B) (a X 6171)
= (¥ ®@idu,() " o (V2 @idm, () © B) (a® e1n)
= ((w ® idMn((C)>_l offo ('Yé\m ® idMn((C))) (a®ern)

= (¥ ®@idm,(c)) ' o B) (Y2 (a) ® e11)

for all @ € C*(Aouy)-
We are left to show that ®(Djy,,,) = p(Da @ ¢({1,2,...,n})). We prove the stronger result
below.

Claim 4.0.4. B(DA(,M & 6171) = V(DA,,M & 61’1)‘/* = Q(DAout & Co({l, 2, e ,n}))

(Note the first equality is the definition of the map §. The second equality is the claim.)

For the first inclusion, assume p € Ay and note that

n
VS,uS; ® €1,1 = Z Dot 02y €1,1 + Z Z Sf1 S}i ® €i1 (SNSZ ® 6171)
veAN\{w} i=1 fE?“Xl(w)ﬂAIl
(
su55 ® €11 if ra,, (@) = v! with v #w
> spsusus,®ejn i rag, (1) = w
\f€rX1(w)ﬂA1

therefore
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(
855 @ €11 if rp,, (n) = o' with v £ w
V(S#SZ & 61,1>V* =

Z SflejSuS“SgJ Sgl X €47 if T Aout (M) =w
[ f.g€ry t(w)nAL

885 @ e if ra,, (1) = v! with v # w

> spsususspsh @y i () = w!
L ]‘67‘/:1(111)NA]1

From here we break into two cases.

e Suppose 7, (1) = v' where v # w. Then s,5%®e11 € (Pp1®e1,1)(Da,y @co({1,2,...,1n})) C
Q(Dp,,, @ c0({1,2,...,n})).

e Suppose 74, () = w’. Then

g Sp18pSuS,Spisp & €55 = 8518881 @ €
fGTXl(w)ﬁA]l

€ (pur ®@€;)(Dpg @ c0({1,2,...,n})).

Then observe that (p,1 ®e;;)(Dao @co({1,2,...,1n})) C Q(Da,,.. ®co({1,2,...,n})).

In either case, V(s,s;, ®e11)V* € Q(Da,,, ®co({1,2,...,n})). In addition, observe that for
all v € AO\{w}:

V(per @ e11)V  =pa®ers € Q(Dy,,, ®co({1,2,...,n}))
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and also, if v = w’:

V(pwj & €j7j)V* = Z Z SflS}i & €i,1 pwg & 637] Z Z SflS}i & €i1

=1 fert(w)nAl =1 fert(w)nAl

= > (spsp @e)(Pw ®er)(spsh @ e )
feryH(w)nAl

= Y spsh®ey

feryt(w)nAl

= (P ®lme) >, spsh Deg,
feryt(w)nAl

€ Q(Dy,,, @ co({1,2,...,n})).

This proves the forward inclusion. To prove the reverse inclusion, consider Susz ® ey €

Q(Dp... ® c({1,2,...,n})). Then we get

(58, @e)V = (su8), @ eq) Z Dot @e11 + Z Z SpL8y @ e

veAO\{w} =1 fery (w)nAt

;
(SMS ® 6171) E pvl ® 6171 + E Sfls 1 ® 61’1 lf l — 1
H f

- veA\{w} fery (w)nAt
(SMSZ ® ery) > Sfls}l ® e ifl#£1
\ fEer(w)ﬁA]l
)
(sush @ e11)(q @ e1) if =1

> sus;sfw;il Qe ifl#1
L fery(w)nAt

which then gives

qsus;;q ®eq ifl=1
V*(SH»SZ ® el,l)V = .
> s zsglsMsZsf1s;l ®ep; ifl#1
f,gEer(w)ﬁA]l
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We split into two cases.
e Suppose [ = 1. Then clearly qsus;q ®e11 € gDy, ®e11 € Dy, Qe

e On the other hand, suppose [ # 1. Then

* * * _ * *
E Sgi8g15u8,Sf18p Key = E SfiSu Sy Sy Ke1
fgery !t (w)nAl feryt(w)nat

€ Dy, ®e1,1

In either case, V*(Q(Da,,, @ co({1,2,...,n})))V C Dy, ® ey;1. This implies

Q(Da,,. ®co({1,2,...,n})) =VV*(Da,, ®co({1,2,...,n}))VV*
C V(Dy,, ®e11)V*

C QDo ® co({1,2,...,1})).

Thus B(Da,,, ® €11) = V(Dyp,,, ® €11)V* = Q(Dy,,, ® co({1,2,...,n})) as claimed.

Using the claim, we get

®(Dp,) = (¢ @ idw,(©) ™" © B)(Da., ® e1,1)
= (¥ ®@idm, () (Q(Dro ® c0({1,2,...,1n})))

= p(Dp,,, ® co({1,2,...,n})).

The next theorem will show that the outsplit process preserves Morita equivalence.

Theorem 4.0.3. There exists a x-isomorphism ©: C*(Ayy) ® K — C*(A) ® K such that
O(Da,,, @ co) = Dr ® ¢y and (72 @ idc) 0 © = O o (yAout @ iddy).
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Proof. This proof relies on (9) = (8) of Corollary 11.3 from [Carlsen et al., 2021], which for
reference is quoted as a lemma here.

Lemma 4.0.3.1. Let T" be a discrete group, and let (G1,c1), (Ga, c2) be second-countable T'-

o

graded ample Hausdorff groupoids such that each Iso(c; ' (idp))° is torsion-free and abelian.

Then the following are equivalent:

(9) There are C*(c; *(e))-full projections p; € M(C'O(GZ(O))) and an isomorphism ¢: p1CF(G1)p1 —
p2C (Ga)pa such that $(p1Co(G”)) = psCo(GY) and 8., 0 ¢ = (6 @ ides(ry) © 8¢, on
p1Cr(G1)pr-

(8) There is an isomorphism ©: C¥(G1) @ K — C(G1) ® K satisfying @(OO(Gﬁo)) ®C) =
Co(GY) @ C and (3e, @ idic) 0 © = (O @ ides(ry) © (5, @ idyc).

To use their notation in the corollary, let I' = Z* be the discrete group. Let G; = G(Aoyt)
be the path groupoid with ¢; = d, the degree map the groupoid. Note that C*(G;) =
C*(Aout) Vvia the groupoid construction of the space. Similarly, let Go = H be the groupoid
constructed to extend G(A) using Lemma 2.1.0.1 so that Cf(Gy) = C*(A)®@M,,(C). Let ¢ =.
Let p; be the identity map on C*(Agyt) so that p1Cr(G1)p1 = p1C*(Aout)P1 = C*(Aout). Let
p2 = p, the projection defined in Theorem 4.0.2. We make several claims in order to satisfy

the requirements of (9) in the lemma:
1. p; and py are indeed full projections in their respective space.
2. There exists an isomorphism ¢: C*(Agu) — p(C*(A) @ M, (C))p.
3. ¢(p100(G§0))) = pzco(Ggo))-
4. bey 09 = (¢ ®ides(zr)) ® 0, on 1O (Gr)pr-

(Observe that Claims 2, 3, and 4 are satisfied via Theorem 4.0.2 since plCO(Ggo) ) =Dy
p2Co(GP) =Dy @ ¢o({1,...,n}), 6o, = A2, and 8., = 7. @ idw,(c)-)
We prove Claim 1. First, clearly the identity projection is full in C*(Ayy). Let A be the

out ?

closed (two-sided) ideal in C*(A) ® M,,(C) generated by p(S,S; ® ey,,)p. It suffices to show
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that (5,55 ®e;;) € A for all a, 8 € A and for all 4, j. Denote vy, be the vertex such that

the vertex projection p,, = pmm, and let v, = r(a), v, = r(8). We get
(SQS:; & ei,m) (pm7mS»yS§pn,n ® em,n) (S&SE ® €n7j) = SaS:pm,msfysgpn,nS(SSE@ei,j = SaS;®ei,j~

Then by Lemma 4.0.3.1 there is an isomorphism ©: C*(G;) ® K — C*(G2) ® K (which
itself is isomorphic to C*(A)® ). Furthermore, the isomorphism satisfies @(C’O(Ggo)) ®C) =
Co(Ggo)) ®C and (d., ®idx) 0O = (O ®ides(zr)) © (e, ®idg). Retranslating, this means that
O(Dp, ®C) = Da®@co({1, ..., n}) and ((7:®idw, () ®idx) 0O = (O®idc; @) o (2 ®id).

These equations simpilfy to the desired ones, which completes the proof. O
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Chapter 5

N-graphs

5.1 N-graphs and N-graph algebras

Definition 5.1.1. An N-graph A is an infinite sequence of sets, (A%, A®, A®2 .. ), equipped
with range and source maps r, s: |J;=, A% — AP satisfying the factorization property. (Often

the notation A' := J;°, A% is used instead for brevity.)

Observe that like k-graphs, the factorization property of an N-graph can be checked

sufficiently on tricolor paths.

Lemma 5.1.0.1. Let A be an N-colored graph with a complete collection of edge relations
(“squares”). Then A satisfies the factorization property (and thus A is an N-graph) if and
only if it satisfies the factorization property for the set A3 ={ A € G :d(\) =e;+e;+ e, i #
J£ ).

Proof. Clearly Aj is satisfied if A is an N-graph. We focus on the other case. Assume Aj
satisfies the factorization property and consider A € A. If X is formed with only one color,
then the factorization property is automatically satisfied. Similarly, if A is formed with only
two colors, then the complete collection of edge relations satisfies the factorization for A.
So assume A is formed with 3 or more colors. Let d; + ds = d(\). We wish to construct

i, v € A such that d(u) = dy,d(v) = do, and X\ = pv. Let A = A\, A,—1--- AoA; and consider
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V = Nyl A1. If d(v) = dy then we are finished. Otherwise there exists A; € v which
does not belong. Consequently there also must also exist A\; € p which does not belong.
If i € {|da],|ds| — 1,|ds|} then using the factorization of the subpath Ajg,|Ajay|—1Ad,—2 We
can rewrite so that the unwanted edge is at Az, Otherwise if i € {|da| — 3, |da| — 4} then
using the factorization of Ajg,|—2A|dy|—3A|d,|—4 We can write so that the unwanted edge is at
5\‘(12‘_2 and then apply factorization to the leading triple to get the unwanted edge to 5\|d2‘.
Follow the same process inductively to see that v can be rewritten with the unwanted edge
at the end. A similar process can be done to move the unwanted edge of p to the front.
Suppose this new version is written A = i (note that i = p and 7 = v but with different
orders of edge colors). Apply an edge relation to fi17|4,| to form fi and 0. Observe that
A = v = g but now u, v are each one color closer to being correct. Repeat this process
for each unwanted edge pair, rewriting pu, v so that the colors are properly sorted. When

d(v) = dy, then the end result is a factorization of A. O
Definition 5.1.2. An N-graph A is row-finite if [r~!(v) N A%| < oo for all v € A® and 7 € N.
Definition 5.1.3. A vertex v € A" is a sink if s7!(v) N A% = ) for some i € N.

Definition 5.1.4. For an N-graph A = (A A®,...), we assign a family of projections and

isometries {P,: v € A’} U {S.: e € A'} which satisfy the following properties:
(CK1) The projections P, are mutually orthogonal.
(CK2) For e € A', SiS. = Py).
(CK3) Forve A%, P, = D r-twynas Oed; for i € N
(CK4) If f, g are paired via af = bg, then S,Sf = Sp,S,.
This is a Cuntz-Krieger family which generates C*(A).

Much work has already been done in generalizing theorems for k-graphs to N-graphs. For
example, the gauge invariant uniqueness theorem and Cuntz-Krieger uniqueness theorem
are both generalized. (See [Schenkel, 2022]). One interesting result from Schenkel’s work is

written below.
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Theorem 5.1.1. Let A be a row-finite N-graph with no sources. Define A = {\ €

A: den(N) = 0 when n > k}. Then *A is a k-graph, and furthermore, C*(A) = U,y C*(FA).

In this section we focus on lifting some of the graph transformations known for k-graphs
which preserve Morita equivalence to N-graph algebras. These results will largely follow
the work done in [Eckhardt et al., 2020] which also uses results from [Allen, 2005]. These

necessary results will first need to be lifted to N-graphs, as shown below.

Definition 5.1.5. For A\, € A, we define the set of minimal common extensions as
AN 1) = { (o, 8): Aa = pB,d(Aa) = d(N\) V d(n)}. We say that A is finitely aligned
if Amin(\, 1) is finite (possibly empty) for all X, u € A.

Definition 5.1.6. A set F C vA is called exhaustive if for every p € vA there exists A € F
such that A™™(\, p) # 0.

Remark 5.1.1. Note that if A is row-finite and source-free then any possible vA”™ is finite

and exhaustive.

Definition 5.1.7. Let A be a row-finite N-graph and let X C A° be non-empty. A Cuntz-
Krieger (A, X) family is a collection of partial isometries {T,, 5: a, f € XA and s(a) = s(8)}
subject to the following relations (for any «, 3, A, p € XA with s(a) = s(8) and s(\) = s(p)):

(i) T;,B =Tpa;
(11) Ta,ﬁT)\,}L - Z(B/,)\/)GAmin(g,)\) Ta,B’,}LA'; a‘nd
(iii) [[yep (7w — Tax) = 0 for all v € X and finite exhaustive £ C vA.

Remark 5.1.2. Because of (i) and (ii) above, the set {T\ x: A € XA} is a set of commuting
projections, and in particular, the set {7, : v € X} is a set of mutually orthogonal projections.

Furthermore, when X = A° the above definition reduces to a Cuntz-Krieger A-family.

As a collection of partial isometries, completing the space with respect to the norm gives

rise to a C*-algebra. We define the universal C*-algebra as usual:

C*(A, X) =span{Tyz: o, € XA, s(a) = s(6)}.
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Because of the universality of C*(A, X), there is a strongly continuous gauge action
(labeled ) of TV via 7,(T,3) = 244 T, 5. Allen produces a gauge-invariant uniqueness

theorem for these C'*-algebras, which can be lifted as seen below.

Theorem 5.1.2. Let A be a row-finite N-graph with X C A°. Let {to 3} be a Cuntz-Krieger
(A, X)-family and let ™ be a representation of C*(A, X) such that 7(Tnp) = tas. Suppose
that for each v € A° with X Av # () there exists a path p, € xAv with 7(T,,) # 0, and suppose
that there is a strongly continuous action & of TN on C*(tas) such that 6, om = 7oy, for

all z € TN. Then = is faithful.

Remark 5.1.3. The definition used in [Allen, 2005] for both 5.1.7 and 5.1.2 above only
requires A to be finitely aligned, which is less restrictive than requiring it to be row-finite.

Perhaps in later work the proofs which follow in this chapter can be generalized further?
The focus for this section is on the following result and its consequences:

Corollary 5.1.1. Let A be a row-finite N-graph and {s\} be a Cuntz-Krieger A-family. Let
X C A and {T, 3} be a Cuntz-Krieger (A, X)-family. Define Px =3, _y s, and note that
Px € M(C*(A)). Then PxC*(A)Px = C*(A, X).

Proof. Define a map ¢: C*(A, X) — PxC*(A)Px via ¢(T, 3) = sa5j. Then ¢ is a surjective
homomorphism which commutes with the gauge action. Furthermore, ¢(7) ) = sxsy # 0

for all A € XAv. So by Theorem 5.1.2, ¢ is also injective. O]

Definition 5.1.8. Let v,w € AY. We say w < v if there exists a finite path A € A such that
s(A) = v and r(\) = w.

We generalize the definition of the saturation of a vertex set (see Definition ?7) from

k-graphs to N-graphs.

Definition 5.1.9. Let A be an N-graph and let X C A°. We define the saturation of X
(denoted (X)) as the smallest set S C A° such that X C S and which satisfies the following

properties:
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(Heredity) If v € S and A € vA, then s(\) € S.
(Saturation) If {s(\): A € vA"} C S for some n € NY, then v € S.

In order to invoke the relevant gauge-invariant uniqueness theorem in the delay and

reduction cases, the following lemma is useful.

Lemma 5.1.2.1. Let A be a row-finite source-free N-graph. Let R: A — ZN and consider
the function B: TN — Aut(C*(A)) via B, (t,t:) = 2RW=RW¢ t* for all u,v € A and for all
2z € TN. Then B is an action of TN on C*(A).

The proofs which show Morita equivalence between an original N-graph A and the trans-

formation rely on a few results derived from [Allen, 2005] and [Eckhardt et al., 2020].

Proposition 5.1.1. Let A be a row-finite N-graph and let X C A°. Then C*(A, X) is Morita
equivalent to C*(A, X(X)).

Proof. The ideal generated by Py is the same as the ideal generated by Py (x). O]

Theorem 5.1.3. Let A be an row-finite N-graph and let X C A°. Define Px = Y wex Po
(note that Px € M(C*(A))). Then PxC*(A)Px is Morita equivalent to C*(A) if (X)) = A°.

Proof. By Corollary 5.1.1, we have PxC*(A)Px = C*(A, X). Then by Proposition 5.1.1, we
have C*(A, X)) is Morita equivalent to C*(A,X(X)). Finally observe from Corollary 5.1.1
that C*(A, B(X)) 2 Pg(x)C*(A) Pr(x). But note that PyoC*(A)Pyo = C*(A). O

5.2 Sink Deletion

Definition 5.2.1. Suppose A is a row-finite N-graph with a sink v € A°. Define A%, =
AN{w: w < v} and AG, = A%\, . {e: s(e) = w} U {e: r(e) = w}. Inherit edge relations

from A to Agp. This is defined as the sink deletion of A at v.

In the figure below, observe that v is a 1-sink. This is the vertex chosen in forming Agp.
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It will be useful to have the following lemma later.

Lemma 5.2.0.1. Let A be an N-graph and let v € A° be an e'-sink. Then any w < v is also

an e'-sink.

Proof. First suppose w € A%wv for some j € N (by assumption j # i). Call the edge h.
Assume for contradition that there exists e € A% N s™!(w). By the factorization property of
A, there edges f, g such that fg = eh with f € A% g € A%. In particular, s(g) = v, thereby
making v not an e’-sink. This is a contradiction. Thus any vertex one edge away from v

must be an e;-sink. Induct on the rest of the vertices w < v to finish the proof. O

Claim 5.2.1. If A is a source-free, row-finite N-graph and v € A° is a sink, then Agp is a

source-free, row-finite N-graph.

Proof. Let i € N be the color for which v is a sink (so A%v = (}). Suppose w < v and note
that Aw = () also since the paths in A satisfy the factorization property. Let ¢: Agp — A
be the standard inclusion map.

We wish to show that the paths in Agp also satisfy the factorization property. Suppose
i is a finite path in Agp. Since () avoids any vertex w < v in A, any factorization of ¢(u)
in A will also be present in Agp as appropriate edges. Thus Agp satisfies the factorization
property, and so Agp is a N-graph. Also, since no edges were added, Agp must be row-finite.

Lastly, we show Agp is source-free by contradiction. Let z € A%, be a source for color
J € N. Since A is source-free, then I\ € 77!(1(2)) N A% which was deleted in forming Agp.

Thus ¢(z) < v, meaning z ¢ A%,. This is a contradiction. O
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Theorem 5.2.1. C*(A) =y 5 C*(Asp).

Proof. Let {p,,s\} be the canonical projections and isometries for C*(A). For v € A%, \ €
Agp, let Qy = pyo) and T = s,(r). We claim that {Q,, T} is a Cuntz-Krieger Agp family
in C*(A).

To prove this claim, we first show that {Q,, T\ } satisfies the four Cuntz-Krieger properties

outlined in 5.1.4.
e Since the projections {p,} are mutually orthogonal, so are {Q,} by definition.
e Let e € A}S‘D Then T:T)\ = ST(A)SL(A) = Ds(u(N\) = QS()\).

o Let v € AYp,i € N. Then Q, = p,v) = Zrl(b(y))m% Sue)Si(e) = Zrl(u)nA?D T.T:.
e Suppose af = bg in AL,,. Then ToTs = sua)Sup) = Su)Sutg) = To Ty

Let {g,,t.} be the canonical projections and isometries for C*(Asp). By the universal
property in C*(Agp), there exists a homomorphism 7: C*(Agp) — C*(A) satistying 7(q,) =
Q, and 7(t.) = T, for v € A%, and e € A},. Furthermore, note that 7 intertwines the
standard gauge actions on C*(A) and C*(Agp). Therefore, the gauge invariant uniqueness
theorem (Theorem 3.1 from [Schenkel, 2022]) applies. So 7 must be injective.

Now consider p = ZveA%D Puw) € span({p,}) S M(C*(A)). We wish to show that

pC*(A)p = C*(Agp) to complete the proof of Morita equivalence. Note the following:

pC*(A)p = span{sys,,: r(A),r(pn) € X}
= span{sys;: r(A), r(u) € A\{w: w < v}}
— span{sxs,: r(N), 1(p) £ v}
Furthermore, if 7(\) € v then s(\) £ v. This shows that pC*(A)p C Im(7) = C*(Asp). For
the other direction, let sy be a generator of Im(m). Then s, € C*(A) and must be formed

from generators which avoid v. Therefore sy, € pC*(A)p. Lastly, we claim X(X) = A? and

invoke Corollary 5.1.3 to finish the proof. To prove the claim, observe that w ¢ X if and
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only if w < v. By Lemma 5.2.0.1, any such w is an e;-sink. Also, since A is source-free,
we have that w)\% # (). But every z € s™'(wA%) is by defintion not an e;-sink, therefore
every such z is in X. So by the saturation property of 3(X), any w < v is in 3(X). This

completes the claim. O

5.3 Delay

For directed graphs, an edge can be delayed by splitting the edge into two, and creating a
new vertex in the middle. The work done in [Eckhardt et al., 2020] shows that the delay

transformation is much more involved in k-graphs, but can still be done.

Definition 5.3.1. Let A be a row-finite, source-free N-graph with fixed edge f € A“.
(Without loss of generality, let i = 1 for the rest of this definition.) The e;-delay collection

of f is the set recursively defined as follows:
e Ay ={f}U{geA:ag= fbor ga=>bf where a,b € A% for i > 2},
e A, ={e€ A®:ag=ebor ga=be where a,b € A% for i > 2,9 € A,,_1};

[ ] 561 = UjEN Aj.

Observe that £ C A°. From the above definition, sets of affected edges of other colors can
also be defined via £% := {g € A%: g € Alr(a) Us(a)A,a € £}
Lastly, we define £} == {g',¢*: g € E%} and (i # 1) £fi = {en: @ = ga € A T4 g €

& a € A%} to be the delayed edge sets (to be used in the construction of the new graph).

Definition 5.3.2. Let A be a row-finite, source-free N-graph with fixed edge f € A%.
(Without loss of generality, let ¢ = 1 for the rest of this definition.) Let £% denote the
e;-delay collections as defined above. Define a new N-graph (labeled Ap) according to the

following;:
o A) =AU{v,: ge &}
o AY = (A\EMUES
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s(e) € A if e € A\E

o (Ve e AD) sple) =1 s(e) ife=g' €&, ge&s
v, ife=g*€&,ge &

r(e) € A ifee A\Ex

o (Ve A) rple) = q o, ife=g'€&p, g€t
r(e) ife=g?€&y,ge &
\

o (i£1) NG =A% UEY

(

s(e) ifeeA™

(Ve € A%, i #£ 1) sp(e) = <

vy,  if e = e, and a = bg for some g € A%
\

(

r(e) ifee A%

(Vee AD,i#1) rp(e) =
vy, if e = e, and o = ha for some h € A%

\

For such an N-graph and its delay, it will be helpful to use a partially defined inclusion map
v: Ap = Afor v e AQ\{v.: e € €9} and e € Ap\{U,.y €5 }- Lastly, edge relations for Ap

are defined for the bicolor path fe in the following way (assume j,n # 1):

o If (e € A, f € A%), then by the factorization property of A, there exists b,g € A’
such that ¢(f)c(e) = gb. These paths exist in Ap as well, so the edge relation fe =
171 (g)¢71(b) is inherited.

o If (e = ¢? € £%,f € A%), then by the factorization property of A, there exists
b,g € A such that o := 1(f)e = gb. (Note g € £°'.) The edge relation is inherited via

fe? = g%e,.

o If (e=c' €&, f €ER), then f = e, for some v, which means there exists h, b, g € A!
such that o = he = gb. (Note g € £°* and b € £%.) The edge relation is inherited via

ea' = gtt7H(D).
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o If (e € A, f € A%), then follow the first bullet point.

e If (e, € £, e5 € E]), then there exist paths a,b,¢,d € £, w,z € £, y,z € £% such
that @ = wa = bx and = yc = dz. Furthermore, since v, = rp(e,) = sp(eg) = v, it
must be that b = ¢. Consider the tricolor path ycx € AT+ By the factorization
property of A, there exist paths f € A®, ¢g,¢’,€ A%, and h,h’ € A°" such that
yexr = dzx = ywa = dhg = h'¢g’a = h'fg and such that all included squares work
(specifically, dh = W' f = v and fg = ¢'a = § and h'¢’ = yw). In particular, f € £
so there exist e, € £, es € & with sp(e,) = vy = rp(es) and sp(es) = v, = sp(eq)

and rp(ey) = vq = rp(eg). So define the factorization via ege, = e es.

(All other options are impossible since the sources/ranges of the two edges do not align.)

The new N-graph is called the delayed graph of A at f.

Below is an example of an N-graph A with a path f € A° which is delayed to form Ap. (In
this figure, the subscript denotes the color of the edge, i.e. x; denotes an edge with color i.)
The edge relations are unique, except two possibilities with {h;e; = h;e;} and {hje; = g:h;}
if ¢ # 1. Similar choices are available on the other side of the graph: {k;p; = kip;} and
{k;p; = rik;}. In order for the factorization property to hold in A, the choices on either side
must be the same. Consider the path k; fie; € A3. Note that fie, = pnfi, knfi = mih,, and

mign = rpmy are required for all n # 1. If hje; = h;e; is chosen, then we get

kipifi = kjfie; = mihje; = mihie; = ki fie; = kip; fi

and therefore k;p; = k;p;. A similar argument shows that if hje; = g;h; is chosen instead,

then k;p; = r;k; is forced.

In forming Ap, observe that since £ = {f,m}, then m is delayed as well. Furthermore,
for i # 1 we have &J; consisting of the affected length-2 paths, so the new vertices have new
edges added in order to preserve the factorization property. Note that 0 < |E| < oo for all

1€ N.
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Here is another example. Again the delay occurs at f € I'°’, but notice that £ =
{f,g,h} so the other two paths are delayed also. For readability, the loops which contain
edges of colors ¢ > 3 have the labels omitted in I'p. The edge relations do not need to be

specified since they are unique.

Theorem 5.3.1. Let A be a row-finite, source-free N-graph with fixed edge f € A%. Then

the delayed N-graph Ap at f is also a row-finite, source-free N-graph.

Proof. Without loss of generality, assume f € A“. We wish to show that the paths in Ap
satisfy the factorization property. By Lemma 5.1.0.1, it is sufficient to show that any A\ € A%,

can be factorized. There are four cases:

e Case 1: If AN <Uj€N 53) = (), then )\ avoids the affected edges altogether and so the
path t71(\) € A exists. Follow the factorization from A.
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e Case 2a: Assume AN EY # 0. (Note that d;(\) = 1 in this case.) If s(\) € AY then
A = egeof! = ese, f! for some f € £ and a = af = gb, B = cg = hd, v = pf = 2q,
0 = rx = ys (where g,h,x,y € £, a,b,r,s € %, ¢,d,p,q € £%). Complete the
“cubes” formed via the paths caf,rpf € A using the factorization property from A.

Namely, there exist b, § € £, ¢,d, p,§ € £, a,b, 7, § € £% such that
caf = cgb = aéf = ahd = hdb = hbd and rpf = raq = ysq = yis = pys = prf

as well as satisfying all inner edge relations. Label o/ = @h = hb so that ey € &y and

note that the following factorization works:

egeaft = eser f1 = eqt H(h)Hd) = bt (B) T (d) = eggteT (D) = WY (d) (D).

(A similar factorization comes from the cube with v, which will show that many of

the edges between the two cubes are in the same.)

e Case 2b: Assume ANER # 0. (Again note di(\) = 1.) If s(\) = v,, then A = yzg? =
2’y g* for some g € %, x, 2’ € A%, y, 3y € A°. Thus there are edge relations «, 3,7, d

so that xg? = g?e, and y'¢g* = ges and 2'¢g*> = g*e, and y'g? = g?e5. Thus we get
yrg® = 1'y'g° = yg’en = 7' g%es = g e5 = g esca.

It remains to be shown that e,eg = ese, which can be done by applying a similar

method from Case 2a, describing the cubes formed from the paths in A.

e Case 3: Assume AN EY = 0 but AN (U#I 53) # (. Then A = e ege,. By edge

: : IRl A A RA AR A AO
relations, there exist o/, 8,4/, &, 8,79, aB, 7, a® such that
€1€3€n = €4€n €3 = €4€4 €5 = 60;636:y = 636@6@ = e[;e:yeao

For this factorization to work, we need @ = a° (equivalently, e e = eBe:,). Again
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describe the cubes as in Step 2a to check that everything aligns.

In all four cases, the factorization property is satisfied.

To show that Ap is source-free, note that v € A° C AOD are not sources. Consider
v € {v,: g € £ and observe via construction that r~*(v,) N A% # 0. To show that Ap

= |s7(v) N A%] < oo if v € A° C A}, Consider

is row-finite, observe that |s~'(v) N A%

< 0. O

v € {v,: g € £ and again observe via construction that [s™*(v,) N A%

Theorem 5.3.2. Let A be a row-finite,source-free N-graph and let Ap be a delay of A at the
edge f € A%. Then C*(Ap) =nme C*(A).

Proof. Without loss of generality, assume f € A, Let {p,,s.: v € A%, e € AL} be the
canonical Cuntz-Krieger Ap-framily generating C*(Ap). Let {Q,, T.} be defined for v €
A% e € Al via

S.-1(e) ifeg &
Qv = Pv T, =
Se28a ife € &

We claim that {Q,, 7.} is a Cuntz-Krieger A-family in C*(Ap).

e Since the projections {p,} are orthogonal, so are {Q,} by definition.

*

. . Sb—l(e)srl(e) if e Q/ & Ps(.—1(e)) if e ¢ &
o Let e € Al. Then T/T, = = = Qs(e)-
551555028, ife€ &Y Ps(-1(er)) if e € £

e Let v € A’ i € N. Note that for any h € £ we have 7' (v,) N A% = {h;}. Thus
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Do, = Sp15y1. Thus, if i =1 we get

Q=pow= Y wsi= Y st e

Hw)AR vAC1\Ee1 vEel
= E ThT,f%—g Sp2Sp1Sp1Sh2
vAe1\E1 vE€l
* *
vAC1\Ee1 vEClL
§ T, T}
v)Acl

Furthermore, if i # 1 then there are no concerns, since .~ (v)€% = 0. So Q, = p,-1() =
e Suppose ah = bg in A'. Then

¢

SL—l(a)SL—l(h) if a, h ¢ 561
T.Th = S,-1(q)Sp28pt ifa & £ h € £

Sa28a15,~1(h) ifae & hg&

\
(

S:=1(b)Si—1(g) ifa,h & £

= Y Sp2Sp1S.-1(g) ifag & he&

S=1(b)Sql S g2 ifae & h g A

\

—T,T,.

This shows that {Q,,T.} is a Cuntz-Krieger A-family in C*(Ap). Let {q.,,t.} be the gen-
erators of the universal algebra C*(A) and observe that because of the universal property
in C*(Ap) there exists a homomorphism 7: C*(A) — C*(Ap) such that 7(g,) = @, and
7(t.) = T.. We wish to show that 7 is injective which will require the use of the gauge-

invariant uniqueness theorem. The canonical actions between the two algebras may not
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intertwine, so Lemma 5.1.2.1 will be helpful. Let o be the canonical gauge action on C*(A)

and construct § as an action on C*(Ap) via the following:

2e)s, ifeg {g':gec &}
ﬁz(}%) = Dv Bz(se) =
Se ifee{g':ge &}
Then we get
zd(e)qu(e) ife g £

d(

2U)s 05,0 if e € &S

\

/BZ(SL_I(S)> ife ¢ ga

B.(se28.) ifee€ &

\

= ﬁz(Te) = Bz(ﬂ(te))

The reader can check that the gauge actions intertwine similarly on the vertex projections.

So we get that 7 is injective (in particular, C*(A) = Im(n)).

Now let X =7 1(AY) = AQ\{v,: g € £}. We wish to show that 3(X) = AY. Note that
for any v,, we get v,A® = {g'} and s(g") = s(g) € X. Thus since X(X) is saturated, we get
{vy} € X(X) and therefore ¥(X) = AY,. Let Px = Y, .y p» and observe via Theorem 5.1.3
that PxC*(Ap)Px ~ur C*(Ap).

Lastly we wish to show that Im(7) = PxC*(Ap)Px. Clearly any T, € Im(7) is also in
PxC*(Ap)Px, so the first inclusion is automatically satisfied. Therefore, we focus on the

other inclusion, PxC*(Ap)Px C Im(m).

First, recall from earlier that p,, = sgu Sp1 and observe that for any g € £°, we have
Sg2Sya = SgySq187187, = T,T; € Im(7). Next, we claim that any path A = A\ Ay-1--- A1 €

Ap oflength |A| = n > 2 with 7(\) € X can be written in a way that containsno h € | J;=, 5.
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Since r(\) € X, then A\, € A% (in which case s(\,) € X) or A, = g, for some g € £. If
s(A,) € X then we continue the argument with the preceding edge, A, 1. If A, = ¢2, then
r(An-1) = vy and s0 A\,—1 = ¢* (so s(\,—1 € X and continue the argument with \,_») or
An—1 = €, for some o = ha and h € A°'. In particular, d(e,) # el so the pair M, 1 = g%eq
can be rewritten using the factorization property of Ap. So there exists A, X/, _; = g?e,. Note
that (X)) = r(¢%) € X,d()\,) = d(e,), and s(\,_;) = s(eq),d(N,_;) = d(g*?) = e;. Observe
that A/, & £%a) and X),_; is h? for some h € £ (in which case, use the argument on A, _»).
In this way, the entire path A can be written without using edges from |J;-, £%. Observe
that for any such ), if g2 is present in the path then it must immediately be preceded by ¢!
unless s(A\) € X. So, if s(A\) € X then s, can be written using the above method to describe

a path X € A with sy =T\ € Im(n).

Consider s,s; € PxC*(Ap)Px. (Note that s(u) = s(v) and r(p),7(v) € X.) If s(pu) =
s(v) € X, then by above, then there exist p/,v’ with s,s5 = T,,T.;, € Im(w). On the other
hand, if s(u) = s(v) = v, then i = pg' and 7 = vg' fits the above description, and

* * ¥ o oF
SuSy, = SuSq18;18,, = spsy € Im(m). O

5.4 Reduction

For directed graphs, a reduction occurs by deleting a vertex between two edges and “gluing”
the two related edges together. (Put another way, the reduction inverts a delay.) However,
in order for the modification to preserve the N-graph structure, only certain edges can be

reduced.

Definition 5.4.1. Let A big an N-graph. The set £ C A! is called a complete edge if it has

the following properties:
e F contains exactly one edge of each color;
e s(e) =s(f) and r(e) = r(f) for every e, f € F;
e if e € F and a,b € A! such that ea = fb, then f € E.
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Essentially put, the idea of a complete edge describes N arrows from one vertex to another.

Notice that the definition depends on the edge relations which describe the factorization

property.
O T
fi

Observe there are two possibilities for relations in the above picture which can define an
N-graph: {f;e; = fiej,9;fi = 9:f;} or {fje; = gif;}. With the first option, there are three

complete edges (namely, {e;}ien, {fi}ien, {gi fien) but with the second option there are none.

Definition 5.4.2. Let A be an N-graph. Fix v € A° such that both A'v and vAl are
complete edges and such that w = r(A'w) # v. Let {f;} = A% N Alv. We define a new

N-graph via the following:

r(e) ifr(e) #wv
Ap=AMN\{v}  AF=A"\{fi}  snle)=s(e)  rr(e)=

w if r(e) =v

(we use the inclusion map ¢: A, UAY — AU A®). To establish edge relations so that the

factorization property is satisfied, we say:
ae =g bg if

(Note that since Alv is a complete edge, the chosen f = f; ends up being the unique e;-choice
for any related path ae =g bg.) When this occurs, we call Ag the graph of A reduced at

v e A

Below are two examples of reduction for N-graphs. In both cases, v is the “redundant”

vertex which is removed through the reduction process.
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Theorem 5.4.1. Let A be a row-finite, source-free N-graph and let Ar be a reduction of A

atv € A. Then A is also a row-finite, source-free N-graph.

Proof. The factorization is established so that Ay satisfies the factorization property. Sup-
pose A € Ag and let d;+dy = d(\). Then there exists a path A € A which coincides with ¢(\)
when possible (note that A\’ might include additional edges from Alv in order to coincide with
t(A)). Then via the factorization property of A, there exist paths ', " such that p'v/ = X
and d(y') = d},d(V') = dj, for any d| + d, = d()\'). Projecting these paths down to Ag will
yield a unique factorization u,v € Ag such that pr = X and d(p) = dy,d(v) = dy. Fur-
thermore, no edges were added during the reduction process so the result is still row-finite.
Lastly any edges which were deleted are from wA! (thus w is the only possible candidate for
being a source in Ag). However, wA}L inherits all edges in vA'. Since v was not a source in

A, then w cannot be a source in Ag. n

Theorem 5.4.2. Let A be a row-finite, source-free N-graph and let Ar be a reduction of A
at v € A°. Then C*(AR) Zpr C*(A).

Proof. Let {p,,s.: v € A% e € A'} be the canonical Cuntz-Krieger A-family generating
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C*(A). Fix f € Alv. For v € A% e € AL, define

Su(e) if r(c(e)) # v
Qv = Di(v) T, =

s¢sue)  ifr(ule)) =wv
and observe that {Q,, 7.} is a Cuntz-Krieger Ag-family in C*(A):

e Since the projections p, are mutually orthogonal, so are ), by definition.

e Let e € AL, Then,

. sj‘(e)sb(e) if r(u(e)) # v Ps(u(e) if r(u(e)) # v
Te T, = = = Qs(e)

Sl S5 r5ue) i r(e(e)) = v SiePusue) i r((e)) = v

o Let z € A%, 7 € N. Note that if ¢(z) # w then Q, = p,) = D r1(u(a))nhes SeSe =
Yo (@) PAS T.T? as desired since T, = s,(). So consider x = w. Then, note that since
vA! = {g;} is also a complete edge, we have p, = s,, sy, for any i € N. Furthermore, we
have the relation g;f; = g;fi, so we get sy, = sy,s,,s; for any 7,7 € N. In particular,
since f = f; for some j € N, we get sys} = (55,89, 5,,)(5£,5¢;55,)" = $1,59;57,59,54,57, =

sy, sy, for all @ € N. Therefore,

Qw = Di(w) = Z SL(E)SL(e) - Z Si(e)S, e) + Z Si(e)S

r=1((w))NA®i Aciv wA%i\A%iv
= Sfis;i + Z SL(B)ST(G)
t(w)ACi\A%iv
= sy57 + Z T.T;
w)A%\A%v
= SfSu(gi)SugnSF T Z 1.1
t(w)A%i\A%iv
=T, Tp+ Y, T.I;= Z T.T;
wAS T\Aciy —L(w) ﬁA i
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e Suppose ae =g bg in A%. Recall that c(a)fi(e) = (b) fi(g) in A2 if r(u(€)),r(c(g)) = v.
Then,

Su(a)Sue) if r(v(a)), r(u(e)) # v
Swsrsie) 1 r(e(a)) # v,r((e)) = v
sisuasie) 1 r(e(a)) =v,r((e)) # v
| sr8u@srsue i r(ula))r(ele)) = v
(8L<b>SL<g> if 7(¢(a)), r(c(e)) # v

Su(b)S £Su(g) if r(v(a)) #v,r(le)) =wv

v,r(e(e)) #v

SFSu(b)Su(g) if r(¢(a))

| 5£5.0)5151(9) if r(c(a)),r(e(e)) = v

—T,T,

Let C*(ARr) = C*({qu,t.}). By the universal property of C*(Ag), there exists a homomor-
phism 7: C*(Ag) — C*(A) with 7(g,) = @, and 7(t.) = T.. There is a typical gauge action
a on C*(AR), i.e. ay(mr(t.)) = 2T, = mr(a,(te)) and a.(7r(qy)) = Qv = Tr(.(gy)). This
gauge action may not intertwine with the canonical gauge action on C*(A) and the projec-
tion 7. But we can use a different gauge action on C*(A) and invoke Lemma 5.1.2.1. Define

R: A — ZN via the following:
e R(v) =0 forveA®
d(e) if e e Al s(e) #v
dle) —d(f) ifee Al
o R\ = RO for A=Ay A €A

Observe that R(\) simply counts the number of edges which move from v to w and subtracts

the color of the chosen edge f that many times. So then R is a well-defined function and
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thus 3, (s,s?) = 2W=EWM) g s* is a gauge action on C*(A). For e € Ak, note that s(i(e)) # v

and so R(t(e)) = d(i(e)). Furthermore,

(

Zd(L(e))SL(e) if r(u(e)) # v
m(as(te)) = m(247@t,) = 2T, =

2D sps, i Le) € vA!
\
(

ZR(L(G))SL(G) if r(u(e)) # v

RO RN g 15,0 if 1(e) € vAL
\
)

Ba(sule)) i r(u(e)) # v

5Z(stL(e)) if L(@) € UAI

\

= BZ(TE) = BZ(W(te))

since R(f) = 0. The reader can easily check that the actions intertwine on the vertex projec-
tions also. Thus, since these gauge actions are intertwined, the gauge-invariant uniqueness
theorem tells us that 7 is injective. (In particular, C*(Ag) = Im(7).) Next, we use Theo-
rem 5.1.3 to show Morita equivalence. Let X = 1(A%) = A°\{v} and observe that w € X,
therefore s(wA') C 3(X) by heredity. But v € s(wA'). Lastly, we wish to show that
PxC*(A)Px = Im(7) to finish the proof. For the first inclusion, consider A € Ar. Then
as before there exists a corresponding path X' € A with possibly added edges from Alv to
coincide with ¢(A). Observe that s(\'),r(N) # v. Thus w(ty) = Ty = sy € PxC*(A)Px. To

prove the other inclusion, we first consider the following two claims.
Claim 5.4.1. For any fi, f; € A'v, we have sy,s} € Im(m).

Recall that sy, = sy, 4,5, , thus

* * * *
Sf: Sy, = Sf;59:59,57, = Sf;59:(S;84;)"

If f=f;, then sys5, = spsy, = T,-1g,) and sp,54, = sp5,, = T,-1(4,), both in Im(m). On the

g;5)»

other hand, suppose f # f;. As seen in Theorem 5.2.1, we can assume that A has no sinks
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without sacrificing Morita equivalence, and in particular, w is not a sink. Then Je, g € Alw

such that ef; = gf. In that case, we get

Sf;Sg; = PwSf;Sg; = stesfj Sgi = S¢S¢Sf5g;
4
St (8457)Sg, ifr(e)=r(g) € X
sZ(s}sf)sgsfsgi if r(e) =r(g) =v

\

T T Tugy  ifr(e) =r(g) € X

\ (575¢)"(5754)(5p8g,) if r(e) =7(g) =v
=T o i1 Tim1(g)

€ Im(n)

as desired. A similar calculation shows that s s, € Im(7) as well.
Claim 5.4.2. For any A\ € A with s(\) # v, then s, € Im(m).

There are two possibilities. If A does not go through v, then sy = T,-1(y) € Im(7).
Suppose A goes through v. Then because A'v and vA! are complete edges, every possible
“rainbow” way to rewrite A results in going through v. Write sy = s/A| - - - 55,5\, where each
A is an edge. If \; € Ao, then \; = f; for some j € N. Replace s, via sy, = sgspsy for some
e,h € AMw, as seen Claim 5.4.1. Now s, is written using only s; and not sy, for f; # f. By
Claim 5.4.1, sy € Im(7).

With the above two claims, we can prove the other inclusion. Let sys) € PxC*(A)Px
(so r(p),r(A) € X). If s(A) = s(u) # v, then by Claim 5.4.2, sys; € Im(7), as desired.

On the other hand, write s\s% = s, sy, sy, 55, Where sy, ,8,,, € im(7) by Claim 5.4.2.

H1 7 ot
Furthermore, since A1, u; € A'v, we have that Ay, g = f;, f; for some 4,5 € N. Thus by
Claim 5.4.1, sy sy, = sy,s}, € Im(m). Thus every generator of pxC*(A)px is in Im(),

completing the inclusion. This completes the proof. O]
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