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Abstract

Distribution theory is an important tool in studying partial differential equations. Dis-
tributions are linear functionals that act on a space of smooth test functions. Distributions
make it possible to differentiate functions whose derivatives do not exist in the classical
sense. In particular, any locally integrable function has a distributional derivative. There
are different possible choices for the space of test functions, leading to different spaces of
distributions. In this report, we take a look at some basic theory of distributions and their

Fourier transforms. And we also solve some typical exercises at the end.
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Chapter 1

Introduction

Distribution theory was developed by the French mathematician Laurent Schwartz in the
early fifties, after the work of P. Dirac, O. Heaviside, J. Leray and S. Sobolev. It is still an
important tool in mathematical analysis today.

Distributions are linear functionals that map a set of test functions into the set of real
numbers. The basic idea in distribution theory is to reinterpret functions as linear function-
als acting on a space of test functions. We often define distribution by integrating standard
functions against a test function. On distributions, we can define a (generalized) derivative
so that many of the usual rules of calculus will hold. Moreover, distributional derivatives
generalize classical derivatives: if f has a classical derivative, then its distributional derivative
is the same as the classical one.

The Fourier transform is easily defined in L' as an integral, but image of the Fourier
transformation. Hence the inverse can not always be defined as an integral. In L2, the
Fourier transform must be defined as limit, but turns out to be one-to-one onto L2. The right
space here is the space of Schwartz functions. The Fourier transform is an automorphism on
the Schwartz space, which is contained in L'. S being a topological vector space, F' induces
an automorphism on its dual, the space of tempered distributions &’.

Not all the proofs of theorems presented in this report are included. We selected a



number of them, which we believe that the proof of those will illustrate the important
techniques.

This work is mostly based on the notes of Josefina D. Alvarez Alonso!. We also consult
the books from C. Zuily? and S. Kesavan®. For necessary real analysis background, we use

the book from R. Wheeden and A. Zygmund?.



Chapter 2

The Spaces D and D’

Definition 2.1. Given a function ¢ : Q@ — C, ¢ C R™ open, the support of ¢, denoted as
supp(¢), is the closure of the set {x € Q| ¢p(x) # 0}. When a function is continuous and
has continuous derivatives of all orders, we will say that it is infinitely differentiable.

The space of infinitely differentiable function with compact support is denoted by Cg°(R™)
i R™.

Definition 2.2. Let © € R™ with coordinates (x1,...,x,). A multi-index a is an n-tuple
a=(ag,...,ap)
=t adn.

The order of a multi-index o is defined as
la] =a1 4+ ...+ a,

Given x € R, o, B multi indices, we say a < B iff a; < B;,V1 <1 <n. Fora < [, we define

(g) = (gi) . (g:) We set .
aa

o
aq "
Oxi* ... 0x¢



Definition 2.3. Let D={¢ : R* — C | ¢ is infinitely differentiable and the supp(¢) is
compact}. AndD(Q) = {¢ : Q — C | ¢ is infinitely differentiable and the supp(¢) is compact
.} We say that ¢; — ¢ in D iff 3 compact set K C R™ such that supp(¢),supp(¢;) C K,
and Va,Vj € N,
SUPgepn D@5 — D¢l — 0 as j — o0
Functions in D are called test functions.
eﬁ, lz| < 1;

Example 2.4. Let p(z) = then p in the space D and supp(p) = {z €
0, |z| > 1.

R" | |z| < 1}.

Example 2.5. If f € L, (R"), then (Ty,¢) = [ fodx defines an element of D. More

loc

examples are found in the exercises at the end of this report.

Definition 2.6. A linear funtional T : D — C is called a distribution if whenever ¢, — ¢
in D, we have (T, ¢n) — (T, ). The space of distributions, which is the dual of the space

of test functions, is denoted by D’.

Definition 2.7. A sequence {1} in D' is said to converge to the distribution T' € D' if for
cach ¢ € D, (T},6) — (T, ).

Definition 2.8. Gwen funtions f, g : R™ — C,the convolution of f with g is defined by

frg(x)= [ flz—y)g(y)dy.

RTL

Theorem 2.9. If f € L'(R"), g € LP(R"),1 < p < oo, then the convolution f * g is

well-defined for almost everywhere x € R and further, f x g € LP(R™) with

1 * gllo@ny < ([ fll2r@mllgllze@n-

Proof. Let ¢ be the conjugate exponent of p, i.e. +% = 1. Let h € LY(R"™). Then

1
p



(x,y) — f(z —y)g(y)h(x) is measurable and,

L[ e = won@ldzdy = [ @) [ 156 - oy
=!4M@NAU@Mx—mwm
- j£|f<o|/L|h<x>ug<x——tﬂdxdt

[l La@m) gl o @y | 1| L1 ®my

IN

< +o0

where we have used Holder’s inequality and the fact that by the translation invariance of

the Lebesgue measure g(x) and g(x —t) have the same LP norm. Thus by Fubini’s theorem
[ 1)@ = gty
exists for almost all x and we can choose h(z) # 0 for all z. Also
ho [(egm

is a continuous linear functional on L4(R") with norm bounded by || g||»(rn) || f]| 21 (&) Which

shows, by the Riesz Representation Theorem, that f* g € LP(R") and ||f * g||rr@mn) <

HfHLl(R")Hg“LP(Rn) holds.

Theorem 2.10. Given K C R™ compact, and € > 0, there exist ¢ € D such that
0<o¢(z) <1,VxreR",

o(z) =1,Vx € K,

supp(¢) C K. = {z € R"|d(z, K) < €}.

5



Theorem 2.11. D s dense in LP , 1 < p < 0.

Definition 2.12. A distribution T € D is zero on an open set Q C R"™, denoted as T|g =0
if V¢ € D with supp(¢) C €,
(T, ¢)=0.

Definition 2.13. Given TinD’, the support of T is denoted as supp(T),

supp(T') = R"\U{Q C R", Tl = 0}

Theorem 2.14. Let Q C R"™ be an open set and let {Q;},i € I constitute an open cover of
Q. Let T; € D'(SY;) such that whenever Q; N QY # O, i # j, then
T;

Qiﬁﬂj - 7—1] Qiﬂﬂj
Then there ezists a unique distribution T € D'(Q) such that

Tlg, =T;,Vi € I.

Proof. Let {¢;},i € I be a locally finite C*° partition of unity subordinate to the cover
{€;}. Let ¢ € D(Q2), then the support of ¢ intersects only finitely many open sets €2; and
¢¢; has support in €2;. We define

T(¢) = 2;11-(@@-)
i€
Which makes sense since the right-hand-side is a finite sum. Let ¢,, — 0 in D(Q2). Let

K be a compact set containing supp(d;m) for all m. Let i, 19, ...4; be the indices such that

K (\supp(¢;;) is non-empty for 1 < j <1 and K [supp(¢;) = O for all other i.Thus,

l

T(¢m) = > _ T, (dmi,)

Jj=1

Note that ¢,¢;, — 0 in D(;,). Thus T(¢,,) — 0 and so T € D'()

J

We now show that T'|q, = T}, Let ¢ € D();). For any j,

¢¢j € D(QZ M QJ)

6



then Ti(od;) = Ti(¢9;)

T(6) =D Ti(00;) ZT 66;) = Zm



Chapter 3

The Spaces S. 8. &, &’

Definition 3.1. £ = {9 : R" — C,p € C*(R")}
o; — ¢ in & iff Vo € Nj

SUPepn |[D@; — D¢l — 0 as j — oc.
Definition 3.2. The Schwartz Space, or the space of rapidly decreasing functions, S, is
given by
S={fe&R") ‘ 1|im 2P D f ()| = 0 for all multi-indices o and 5}
T|—00
We say that ¢; — ¢ in S iff V multi indices «, j3,
SUp,ern [2*(DPg; — DP@)| — 0 as j — oo.
The following statements are easy to verify for f € £(R"):

1. f € S if, and only if, for every polynomial P(z) and for every differential operator L

with constant coefficients, the function
P(z)Lf(x)

is bounded in R".



2. f € S if, and only if, for any integer £ > 0, and any multi-index «, the function
(1+[x)* D f(z)

is bounded in R".
Theorem 3.3. S C LY(R™) and the inclusion is continuous.

Proof. Let f € §. Then for any integer k > 0, there exists a constant M > 0 such that

sup | f(2)|(1+ [[*)" < My

z€R"
Now, for k > n/2, it is well known that (1 + |z|*)™* € L*(R"™) (using polar coordinates).
Hence
M@lde =) f@)] 1+ [2)* (1 + |2f*)*dx
< Mk/ (1+ |z*)*da
< Ho0.

Thus f € L'(R"). Also if C' = [;.(1 + |z[*)"*dz, then

1l @y < € sup ([ f(2)](1+ [2*)").
Hence if f,, — 0 in S it follows that ||fu|z:@r) — 0 and the continuity of the inclusion
follows. N

Theorem 3.4.
DcScé,

with dense inclucions.



Theorem 3.5. &' can be identified with subset of D' of distributions of compact support.

Theorem 3.6. Let T : D — C, the following are equivalent:
(i) T is a distribution, i.e. T € D’

(i) T is linear, and given any compact set K, I3m = m(K) € Ny and Cx > 0 s.t. V¢ € D(K)

(7.6)| < Cic sup [D"0(x)
z€ER™
la|<m

if m does not depend on K, we say that T is a distribution of order m.

Proof. (ii)= (i) is easy to show, T is linear and well-defined by (ii). V¢; — 0 in D,

(T,¢;) < Ck sup |D%@;)| — 0

So T is a distribution.
(i) = (ii) (proof by contradiction) Assume 3K C R, K compact such that Vm € N and
Cx >0, 3 ¢ with supp(¢) C K such that

(T.6) > i sup [D°6(a)
reR™
jal<m

Pick Cx = m and let ¢,, the function in D(R™) such that supp(¢,,) C K, so

(T, )| > m sup [ D ()|

WLOG, may assue (7, ¢,,) = 1, then

1
— > sup |Da¢m<$>
T

10



So ¢m — 0 in D, contradicts that (7', ¢,,) = 1. ]
Definition 3.7. D'™ is the subspace of D' form by distributions of order < m

Definition 3.8. Given m € N,

D = {¢: R — Cl|¢ has continuous derivatives for order < m and supp(¢) is compact} .
We say that ¢; — ¢ in D™ iff for any compact set K such that supp(¢), supp(é;) C K and
Va, |a| <m,

D*¢;(x) = D*¢(x) in R"

Theorem 3.9. (Leibniz’s rule)
If o, € £, given multi-index o € N |

D) =Y (O‘) DP¢D* Py

BLa ﬁ

11



Chapter 4

Differentiation of distributions

Let f € C',¢ € D, then

0
(T;Ti,gf)) = a—i(w)gb(x)dx:/ dzx,, . . / dxz/ 0x1
0
(Taafj’gb): ( fya_j)

Definition 4.1.

In any of these spaces D', &', &', we define (DT, ¢) = (—1)1°l(T, D*¢) for ¢, respectively
inD,S,€&.

Theorem 4.2. Let K be any the of spaces D',S',E’, then D% is a linear and continuous

operator from K into itself. In addition, if T € T/,

supp(DT) C supp(T)

Proof. We will show this for K = &', linearity of D* is trivial. Assume 7; — 7" in &', then

12



Vo e S, (T;,¢9) — (T, ), so

(DT, 6) = (~1)°(T;, D)
= (~1)FT, D7)

= (DT, 9)

Next to show supp(D*T) C supp(T'), assume supp(¢) C R™\supp(T'), then (T, ¢) = 0, since
supp(D*¢) C supp(¢), so (T, D*¢) = 0,

(DT, ¢) = (=1)*(T, D*¢) = 0

so supp(D*T) C supp(T). O

Definition 4.3. The translation operator T_y is defined by

Tnf(x) = flz+h)

Where h = (0,...0,h;,0,...,0)

Theorem 4.4. There exist

I =T 0T
1m =
h—0  h;j oz;

That is , V¢ € D,
(=T, 9) = (T,9) _ 0T

}ILILI%) hj - (8% ’ QS)
Proof. Y¢ € D, left hand side is
(11 T,9) —(T,9)  (T,m¢) —(T,0) (T Th) — ¢)
h; N h; S

13



Each function % has compact support independent of h, say |h| <1,

¢z —h) —¢(x), _ D(x—h) - D*¢(x)

D (03
[ h ] h

So it is sufficient to prove that %J_‘ﬁ — Td;g‘b in D as h — 0. We will show this by using

i

Mean Value Theorem twice,

0¢ 0¢

P @) = - 5@+ 5o @)
32
\a—;;(n)llx—fl

Where ¢ is between = and z — h, n is between z and £. Since |x — &| — 0 as h — 0 and ¢
has compact support, so |%(n)| is bounded. So
(T, 9) — (T,9) _  OT

fltli% hj - (8xj’

®).

]

Theorem 4.5. If T € 8, there exists a rapid decreasing function f and multi-index o € N™
such that
T=D"f

Theorem 4.6. Let T € D', and Q) € R™, Q is open such that Q is compact. Then there is

a continuous function f = f(Q) : R* — C and m = m(§2) € N such that

8mn

I'= ———
ox"...0xm

f

14



Chapter 5

Tensor Product, Convolution and

Multiplication of Distributions

Definition 5.1. Given f = f(x) : R" = C, g = g(y) : R™ — C, then the tensor product is
defined by f(z) x g(y) : R"*™ — C.
IffelL. .  andge L} then f x g € L}

loc,x loc,y’ loc’

(f xg.6) = / F(2)9(y)d(x, y)drdy

- [t { / g<y>¢<x,y>dy} da
g

- [ow) [ / f(x)eb(x,y)dx} dy

Notation: Ty is on D'y, T, on D'y, Ty, on D'y,

Definition 5.2. A function is ¢(x,y) is called a function of separated variables if ¢(x,y) =
a(x)B(y) for functions a, B. If we define W =T, x S,, then

(W, ¢(z,y)) = (Te, @) (Sy, B).

15



Theorem 5.3. LetT € D',,S € D', , then
i) Given ¢ € Dy, , the function () = (Sy, ¢(z,y)) € D,
it) The application

D,, —C

¢ — (Txa (Sya gb(:v,y))) 6 Dliﬁy'
Theorem 5.4. Functions of separate variables are dense in D,,.

Theorem 5.5. There exists a unique extension of T' x S to Dy, such that

(Te x Sy, () 5(y)) = (T, ) (S, B).

Theorem 5.6. Let T € D', S € D'y, then
i) supp(T x S) = supp(T') x supp(S)
i1) Given a € N*, f € N™

ayb o 8
DyD,)(T x S) = DT xD,S.
Definition 5.7. Given ¢ € D,

Ueos) = [ [ / f<x—y>g<y>dy] o)
= [ [ e~ wstw)ot)dndy
- / / F(@)g)o(x + y)dady

Define
(T%S,0) = (Tp xSy, p(z +y)).

16



Theorem 5.8. If T € D', S € &, then (T * S, ¢) defines a distribution on D(R*") and

supp(f * g) C supp(T) + supp(S)

Theorem 5.9. The inclusions

EcCD
Dcé&

holds, and they are continuous and dense.

17



Chapter 6

Fourier transform

Definition 6.1. Let f € L'(R"). The Fourier Transform of f, denoted by f or F[f], is a

function defined on R™ by the formula

f _ e?mx~(x)da:7 ’
n
n

where x - § = Y x;&; is the usual Euclidean inner-product in R™.
j=1

Theorem 6.2. If f € L'(R™), then F[f] is bounded, continuous and

lim FIf](€) = 0.

|€]—o0

Theorem 6.3. i) IfVf3, such that |a| < k,k > 1, DPf is continuous and integrable, then

FIDPf1(&) = (—27i&)  F[£1(£), 18] < k.

#W)If f and |x|¥f are integrable for some k > 1, then f has continuous derivatives up to

and including order k, and

A~

DPf(g) = Fl(2mix)" f](€), |8 < k.

18



Theorem 6.4. If fc L', h€ R* k € R and k # 0, then

Fln f1(€) = &7 f(€)

L 2€

FIA(kI(E) = )

Definition 6.5. Conjugate Fourier transform of f € L', denoted as F|f], is defined by

1)) = / e 2TE £(1) .

If we define f(z) = f(—z), then

Theorem 6.6. If f and F[f] € L', then
FF[f]=f a.e.
Theorem 6.7. If f € L' (L2, then f € L? and

IE[f Nz = 11f Dl e

Theorem 6.8. F and F are isomorphism from S to itself.
Given ¢ € S,

Proof. If F : S — S is continuous, then so is F since F(¢) = F(¢)
If Vo € S, FF[¢] = 6, then




Next, want to prove that F' continuous from § to S. Take ¢ € S,

sup [€DPH(E)] < ca / D ((2miz) ()| de

geR

1 w “[(2miz)’ d(x)]|dx
.| o L PR (@)l

< cq sup |(14 |2*)"TED[(2miz)P é(z) |/ (1+ |2*)" do

z€R™

Since ¢ € S, so (27miz)P¢(z) € S, by alternate definition, sup, cg» |(14]2[*)" T D[ (2miz) ¢ (x)]|
is bounded, [(1 + |z|?)~" 'dz is also bounded, then ¢(¢) € S
Next, need to show that FF(¢) = ¢,V¢ € S. Vy € R",

oty) = [ emvi@as = [ [ e roiepiniag

We could not reverse the order of the integral, however, given ¢ € S, for each j = 1,2, ...,

the following double integral exists:

[/ e-mﬂw-%(f)w(%)dmf = [eeieu

Changing variables by letting u==%,v = j(x — y), so
2miuv 4V v N
e ¢(3 + Y)Y (u)dudv = ¢(3 + y)yp(v)dv

Hence, J e FV€)p(5)dE = [ H(% +y)d(v)dv

Then we take the limit of both sides, we could do this because functions are in §. So

B(O)EFI8)(y) = o(y) / d(w)do

Then we prove this theorem if we can find a ¢ € S satisfying
$(0) =1 and [¢(v)dv =1

20



Function 1 (z) = e ™" would do this job. Since ¢) = 1) and [ dx = 1.

Definition 6.9. Given T € §',V¢ € S, define:

(F[T),6) = (T, Fl¢])

Theorem 6.10. F and F are isomorphism from S’ to itself.

Theorem 6.11. Let f € L'(R"), then
FITy) =T} in S

Theorem 6.12. If T has compact support, then
F[T)e = (T, €™&"), in the sense of Dy.

Proof. Since T' € 8&', so there exists a function f slowing increasing at oo and continuous.
) g g

Let 8 € NI such that T'= D?f. In addition, since supp(T') is compact, if x € C° such that

X = 1 on a neighborhood of supp(T), then

XT,0) = (T,x9)

D°f, x¢)
1)lel(f, D*(x9))

)l Z( )(f, D'XD*"¢)

«
y<a v

= > (3) (=D)P(D* DX, ¢)

7L«

= (Z Dﬁfﬁvqb)'

B<a

(
(
=
(

21



DF f5 is compact supported and slowly increasing at oo,

FiT] = Y FID?j

B

= > (=2mi&) F[fs]

BLa

= ) (—2mig)’ / > fa(x)

B<a

= D (=2mi&)(f5,€*™")

B<a

= D (=1)7(fs DIe*m)

B

— Z(Dﬂfﬂu e271'i§x>

BLa
— (Tm, 627”'&”).

Theorem 6.13. (Paley-Wiener) Given T € §', the following are equivalent:

i) supp(T) Cx € R" : |xy| < ¢, |za| < ey |an] < c

ii) T is a continuous function that extends as an extire function to C", satisfying:
Ve >0, JA(e) such that if z = (21,...,2,) € C", then

T(2)] < Ae)e2merallabe ),

Theorem 6.14. If ¢,y € S, then

Similarly, we can change F and F.

22



Proof.

FIoF[]] = / (6| / e T (1) da]de
= [1f emetoieuia)dolds

= [ul [ o
Flo] »

Since the double integral exists so we could change the order of integration.

Theorem 6.15. If f,g € L', then V¢ € R,

FIf % gl(§) = FIfIE)FIg(&)-

Theorem 6.16. IfT €&',S € S/,
F|T % S] = F[T|F[S], in the sense of S

23



Chapter 7

Exercises

Exercise 7.1. Demonstrate the following inclusions are strict and continuous:

LP

loc

cLl cD,1<qg<p<oo.

loc

Proof. Let f € L} . then VKcompact set, [|f[Pdx < oo, let m = §7 since p > ¢, then
K

loc?

m > 1, choose n such that % + % = 1. Then

[1sae = [15151d0
(/ (!f!q)mdx); (/ <1>"dx)’11

<
< ( / |f|p) PRTSE
< o0

So f € L. Next, need to show that the inclusion is continuous. Given f, f,, € L}  such

loc

that f, — fin L} . ie ([|f — fn]pdx)% — 0, need to show that ([ |f — fn|qdac)% — 0. If

loc)

we define function g = f — f,,, then the proof will be similar as above. Let f = #, then
x| 4q

feLl butféLl . sotheinclusion is strict.

loc? loc?

24



Let f € L], then Vo € D, (T}, ¢) = [ fedu,
(@0l < [ Ifllelda
< </|f|q>i</sop>i
< / 1) suppol?
< —+o0.
If f, > fe Lloc, then (T, f,) — (T, f). ]

Exercise 7.2. Given any ¢ € D(R), consider

lim M dx

e—0t |z|>e x

Prove that the limit exists and it defines a distribution, we will call it principal value of %,

denoted as p.v.~.

Proof. Linearity is ok since both integral and limit are linear.

i [ 2@ _ g [ f@ ) d@) —d(-w)
0" Jz>e T e=0F Jig|>e 2 2z

T
:A%)dx

By FTC, |¢(z) — ¢(—z)| = | [Z, ¢/(s)ds| < [, |¢/(s)|ds < 2||sup|¢|

[, [l
0 x - 0 T

< 2sup|d’| ldz
supp(¢)N[0,00]

= 2sup|¢’||supp(¢) N[0, o0]|

dx

25



So p.v.% is a distribution. O

Exercise 7.3. Given p € R;p < n+ 1, and a function o € D such that « = 1 in a
netghborhood of 0, show that

/ 2 [é(x) — a(e)$(0))dr, ¢ € D(R)

defines a distribution of order at most 1.

Proof. Let r € R be a small number, then a = 1 in B(0,r), let K = supp(¢)

o(x) —a()e(0) , ~ _ ¢(z) — a(z) 1 ¢z) — a(2)$(0) ,
/]R /B(O,r) . * /]R\B(O,r)

|2|P 2] |z [Pt [P
) 1 ¢(x) — a(z)9(0)
= /B(O,r)cesBuéLr)|¢<C)||x|p_1dx+/ﬂ§\3(0,r) |z[P dm
. 0
< GOl iy, + [ Aoy,
ek @ Jr\B(0,r) |[P
< cupel+ [ A=y,
K\B(0,r) |
[ AR, [ e,
K\B(0,r) [P — JK\B(O) |z[P
< [ Moo,
K\B(0,r) |z[P

1
< Jllz=(lallz~ + 1) / L

K\B(0,r) [P

< CE)llz= (el + 1)

Since ¢, a € D, then they are bounded. |p(z)| < ||¢||L~, |a(x)| < ||a||z~ and fK\B( —dx

0,r) |afp

is a constant depending on K.

26



Exercise 7.4. Given T € D', show that there exists an infinite number of distributions S

€ D' such that S=T.

Proof. Let H ={y € D: [7_1 =0} define ¢(x) = [*__(t)dt
Fix 79 € D to be some function so that ffooo Y = 1, then for Vy € D,v = Ay + ¢ when
A= ffooofy and ¢ € H. Define (S,¢) = —(T,¢),Vi € H. Let v € D, then

(9,7 = (5 ) +(5,¢)
= M50+ (5:9)

Make a choice ¢ € C and set (S,7) = ¢, then (S,vy) = Ac + (S, v), Since S € D’

<S/a7> = _<Sv>‘7,>
= _)‘<Sa )‘7[/)> - <S7 ¢/>
= =S — (S,9)

Next, claim that ~,v¢’ € H, recall that ffooo Yo = 1,ff0001/) = 0,7%(z) = 0 as © — Fo0, so
[ =0, 7 ¢ =0, hence
S = (50) = =Nz [ s+ (3 [ wa
= <T7 )‘PYO + w>

= (T,)

So S’ =T in D’. Since c is arbitrary chosen, so we will have infinite number of distributions

S € D' such that ' =T. O]

Exercise 7.5. If f € L', prove that
f = lim f‘§|<R e~2miw s f(£)dE | in the sense of S'.

R—o00
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Proof. Let fr= [ e 2™ ¢ f(€)x|e1<rd€, need to show that Vo € S, (T}, ) — (T}, ©)

R—o0 R—o0

lim (Ty,, ) = lim [ ¢(z) 4<Re2m”€f(§)d§dx

- A / / p(x)e X< f (§)dEdr

R—o

~ lim / fleraen [ ele)e=Odads
_ / e

= f(§)790(§))

)

,p(x))

)

I Il
/\ /\
‘Go

I
‘6

Using the Fubini’s theorem and Dominated Convergence theorem. O
Exercise 7.6. Prove that the derivative D* is continuous from D™ to D'FleD
Proof. First need to show that if T € D'™, then DT € D™D Let K be any compact

set such that Vi € CS°(R™), supp(p) C K, since T € D™

(T, ¢)| < Ck sup [|[D%¢||

|B]<m
C is any constant depends on K, then we have

(DT, @) = |(=1)*(T, D%

< Ck sup [|[D"D%w

|B]<m

< Ckg sup [[D7"¢]leo
[v|<m+|c]

So DT € D™D Next need to show that if T; — T in D™, then D*T; — DT in
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Dol o if 3T; € D such that V¢ € D, the Nlim (Zjvzl Tj, ) exists. Then
—00

N
i ar. — 1)l a
M QD) = (-1 ZT e
]:

exists because if ¢ € D, then ¢y = D*p € D, so D*T; — DT in p!(mtlal)

Exercise 7.7. Calculate z%6® for k1 € N
Proof. Yo € C*(R)

("0, 0) = (8", ")

— (—1)!(5, D'a*y)

— 52()1}]@”)

1>k, Dizk=k(k—1)...(k—j—1)2¥7 =0, when j —k >0

526( >DJ D p) = li(l)pﬂ S, k(k—1)...(k—j—1)z" D)

Jj=0 Jj= J

= 52()1)]’@”)

= 0,ifk—75>0

aslo =0 if £k — 7 > 0, so it only has value when j = k and [ > k, therefore,

(30.) = (-1 () D e0)
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Exercise 7.8. If T € D'™ and a € D®),p > m, show that
(aT, ) = (T, ), ¢ € D™

defines a distribution of order < m.

Proof. Let K C R™ be compact, take ¢, p € C*, such that supp(¢) C K. Since T' € D
50 |(T, ¢)| < Ck supji<,, ID°@|. Want to show |(aT, ¢)| < Ck supsi<,, |D°¢]

(T @) = [T, ap)

< Ck sup |D’agl
[B|<m
B

= Cxsup | Y <‘)DjaD5—jso|

e 3 ()ivalios oyl

0<y<pB

IN

A

CxM > IDP | 1oy

0<5<p

Cx M sup | D" p(z)|
B—J

IN

Exercise 7.9. Cualculate the following the derivative in D’
a) 8333—2ﬁY(x), where

1 ifx1>0,...2, >0;

0 else
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Proof. When n = 2, let ¢ € C°(R?),

0? 0?
Y. - (Y —
<8x18x2 ) ( ’(‘3901813290)

= / / 8$1 (81’2 (3171, IQ)) d?[fld[EQ
= / I%]_r}n / 8.2;‘ (83} 1‘1, x2)> dzidxs
0 o0 1 2

= / lim —go(xl,xg)’ dxs
0

R—o0 83:2

< Op . .
= /O —a—@(o,m)dmg (smcel%gI;OSO(RaJ??)_o)

dyp
= — 0, x9)dx
/082< )z

R
= = lim (0, 22)|

= (:0<07 0)

Using the same way, we can get the (axl‘?ﬁ}/, ©) = (=1)"¢(0,...,0) O

Exercise 7.10. We set with r = (3. 22)1/2 #£0,

i=1

logr if n=2;

r2=" ifn >3

a) Prove that E,, belongs to D'(R™).
b) Let A = > 5722. Compute AE, in the sense of distributions.
j=1 7%

Proof. a) It is easy to see that the function F, is locally integrable in R". Indeed if we use
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polar coordinates we get

—27 fol rlogrdr =% ifn=2;

/x|<1 B, (2)]da =

27 fol rdr ifn>3

b) We have < AE,, p >=< E,, Ap >. Vo € D(R"), so

< AE,,p >= / E,(z)Ap(z)dx

R

Since not all the derivatives of E,, are locally integrable we cannot integrate by parts in the
above integral. We shall overcome this difficulty in the following way. Since FE), is locally

integrable, by Lebesgue’s theorem, we can write

< AE,,p >=lim E,(zv)Ap(z)dx = lir% I
e—

e—0 ‘$|Z€

Now E,, € C* for |z| =r > e and ¢ € D(R"), so we have

I = /m|ze AE,(z)p(z)dr — /M_E(Eng—f — goain)dae
Let us compute AE,, in {z : |z| > €}.
1. n=2
a% log(a? +y?) = x22fy2
aa—; log(z?* + v*) (2522_:;;;22
O logla +) =
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So AEQ =0

2. Ifn>3:
0 2 —
o, r2n = 5 . 2e-r "= 2—-—n)x; - r "
0 -n —-n —n—2

7

n

So AE,=(2—n) -nr"—=n(2—-n)(> ;

=1 i=1

dp oF,
—I, = /MZE(ETLE —p e )do.

Therefore

To compute I, we use polar coordinates

xi:r-fi(ﬁl,...,é’n_l) izl,...,n

so we get
dr = F(@l, ce 79,1,1)7”71716101 c. d9n,1

and the measure on the sphere of radius € is equal to

dO'E = Enle(el’ . ,9n71>d01 . dQn,l = nildO'l

where doy = F(by,...,0,-1)d0; ...d0,_; is the measure on the unit sphere.

On the other hand:
0 "9 Oz "z O
or ;3@ or g?ax,
since % = fi01,...,0h_1) = 7.

Let us compute now the limit of I, when € goes to 0.
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Oy 1 dp /
—I. = loge— — ¢ - —)edoy = log e=—doy — d
/;v|e(0g€a7" 6)6 o1 /|x|e€ og e -doy Ix‘zggo o

(.

-~ -~

<1> <2>

[ <1, so we get

n
| < Zsup|%| since

<1>:}/ elogea—(pdal §Clelogea—¢]-/dal
|z|=€ or or

So this term tends to 0 when € — 0. For the second term we write
<2>= —/6(6,9)0[01 where ¢(¢€,0) = p(rcosf, rsind)

When ¢ — 0, by Lebesgue’s theorem < 2 >— —(0,6) - [ doy and since $(0,0) =
©(0,0) we get

lim I, = 27p(0,0) =27 < §, ¢ >

e—0

: 1
—I. = / a_(’pen—ld01 — / o(e,01,...,0,1)(2—n)- . o

_ €2 0r en—1
= / 62—¢d01+(n—2>/ &(6,81,...,9n_1)d01
r=€ r r=€

The first term tends to 0 since |g—f[ < sup ]%| <C.
R k2

By Lebesgue’s theorem the second term tends to

(=200 [ dn}
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SO

limI, = Ch(2—n)p(0) = (2—n)C, < d,p >

e—0

where C), is the measure of the unit sphere in R".

Therefore in all cases we have AFE, = a,,0 where a,, is a constant. O

Exercise 7.11. Let f(z) = e ", 2 € R". Find the Fourier Transfrom of f.

Proof. Tt is easy to see that f € L'(R"). We first compute the Fourier transform when
n = 1. Thus for £ € R,

o) = / o27%9) ()
_ / T () (i) g

—00

We can evaluate this integral using Cauchy’s theorem in the complex plane since the function
4
is holomorphic. Consider the contour I' = | J I'; shown in the following figure:
i=1

N
ins M

V4
AY

AN

¥
L3 \r\z

Y

Figure 7.1: Contour I’

By Cauchy’s theorem, fr e(—*)dz = 0. Further
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2 Trg 0\ 2
‘/ e ? dz’ = ‘/ e~ (R+w) dy‘
Ty 0

[e3 )
= ‘ / e*RQe*Q’RyeXp(yZ)dy’
0
Ce F

and so this integral tends to 0 as R — +o0.

Similarly
lim e dz = 0.
R—+oo Jp
Thus
/ e~ @TTO? p — _ lim e dz
o R—o0 r,

as is well-known. Hence,

Now for any general n,

=)
7a2%

) = /e_QWi”"fe_'zzdx
L S® (224 2mim £
_ / o T
~ S 22
= (\/7_T)ne fz::lﬂ ’

= (W)n/2€_ﬂ2|€‘2
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Exercise 7.12. Let S € £'(R) and T € D'(R). Show that for k € N:

FS*T) = i() 27 9) * (x*7IT)

Proof. By definition, for ¢ € D(R),

(S xT),p >=< SxT,2"p >=< S,, < T, (v +y)fp(x +y) >>

Now

It follows that

" (S*T),p >=<S,,<T, Z() o(x +y) >
Now
< T, > ()oly oty =3 () < Ty Tple+y) >
= o Y
and

< T,y oz +y) >=<y* 7T, p(x +y) >
< Sy, ¥ >=< 278, ¥ > for all U € C°(R)

It follows that

k . .
() <21 Sa, <Y IT, ol +y) >>

J

]~

" (S*T), p> =

0

- (j) < (£98) * (25T, o >

=0

.
= |l

.
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Exercise 7.13. Let p € D(R") be such that p > 0 and [, p(x)dz = 1. For e > 0 we set
pe(x) = =p(%), and for u € D'(R"), uc = u* p.. Show that when € — 0:

o [fue LP(R"), 1 <p <400, uc — u in LP(R™), and prove the inequality ||v * pe||r <
lvl|ze, Yo € LP(R™).

Proof. First of all p. — 0 in & when € — 0. Indeed suppp C {|z| < M} and

/ﬁxwmex—/Fmpww&@¢v Vi € CX(R")

Then:
o p(x)p(ex) — p(x)p(0) a.e. if e — 0

o |ljei<anp(x)p(ex)] < supy,<pr lo(y)|p(x) € L'(R™)

The result follows from the Lebesgue theorem and from the fact that [ prdz = 1.

Let u € LP(R™). Since C?(R") is dense in LP, there exists a sequence (u;) in C? such that

(0%

(W)Va >0,3J:7>J=|lu; —ullr < 3

Let jp be fixed, jo > J. Then
2)llwx pe = ullLr < Jlus pe = wjo * pellr + [luje * pe — wjo |l + [y — ullLr

It follows from (1)

(0%
@iy~ uller < 5

Moreover we have

Va > 0,36y : € < €9 = sup |uy, * pe(x) — ujo(x)] <9
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Now

g * pe — wlle = ( /K o % pe() — gy (2)]7)

< Csup fus, * @) = s (@)

< C6
So if € < ¢
Q@
(4)||uj0 * Pe — ujOHLP < §
Let us assume the following inequality has been proved
B)v*pller < |lvllee VoeLP

Then we shall have

!
(O)lfw* pe = wjo * pellzw < JJuzy —ull < 3

Using (2), (3), (4) and (6) we shall get

Va > 0,36 e < e = ||luxpe—ulp < a
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