
Constructing networks and learning node features from noisy data

by

Junyao Kuang

B.S., Harbin Institute of Technology, 2016

M.Eng., Harbin Institute of Technology, 2018

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Electrical and Computer Engineering
Carl R. Ice College of Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2023



Abstract

Over the past several decades, there has been a rapid increase in the production of data

from scientific experiments and human behaviors, thanks to advancements in technology.

The data, which is often collected in various forms and may contain errors, can be effectively

analyzed using networks that store both node interactions and properties. The accuracy

of network structure estimation plays a crucial role in understanding complex systems and

downstream research, such as drug discovery, online commodity recommendations, and gene

function analysis. This dissertation contributes to the current understanding of network

structure by investigating various network estimation approaches using heterogeneous node

interaction and activity data.

First, we propose a maximum a posteriori (MAP) estimation approach to reconstruct a

target layer in a multilayer network. In this work, we have improved the SimHash algorithm

to compute similarities between layers in multilayer networks. The layers that are most

similar to the target layer are used to determine the parameters of the conjugate prior.

This model allows us to predict missing links and direct experiments to identify nodes with

similar functions. We evaluate the approach using two real-world multilayer networks, and

the results demonstrate that the MAP estimation is effective in reconstructing the target

layer, even when there are a large number of missing links.

Second, to capture the correlation between nodes, we establish a method for constructing

a gene co-expression network for the Anopheles gambiae transcriptome from 257 unique

studies obtained with different methodologies and experimental designs. We introduce the

sliding threshold approach to select node pairs with high Pearson correlation coefficients. The

resulting network, which we name AgGCN1.0, is robust to random removal of conditions and

has similar characteristics to small-world and scale-free networks. Analysis of network sub-

graphs revealed that the core is largely comprised of genes that encode components of the



mitochondrial respiratory chain and the ribosome, while different communities are enriched

for genes involved in distinct biological processes.

Building upon the network construction approach, we introduce GeCoNet-Tool, a compre-

hensive gene co-expression network construction and analysis tool. The network construction

part of the tool offers multiple options for processing gene co-expression data obtained using

different technologies. The output is an edge list with the option to assign weights to each

link. In the network analysis part, users can generate a table that includes various network

properties such as communities, cores, and centrality measures.

Finally, to identify distance relationships between nodes, we propose an unsupervised

learning framework that learns node vectors and constructs networks from noisy node activity

data. The framework involves designing a scheme to generate random node sequences from

node context sets, which are derived from raw node activity data. We utilize a three-layer

neural network to train the node sequences and obtain node vectors, which enable us to

construct networks and identify nodes with synergistic roles. Additionally, we propose an

entropy-based approach to select the most relevant neighbors for each node in the resulting

network. The effectiveness of our method is validated using both synthetic and real-world

data.

To summarize, this dissertation focuses on developing computational models to extract

network structures from heterogeneous data. The models are suitable for the analysis of

both node interaction and activity data. The results of this study are expected to enhance

our understanding of network structures and benefit the study of complex systems with rich

but noisy data.
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Chapter 1

Introduction

1.1 Background

Networks are a way to view the interactions between various components of a complex system

and analyze their relationships, as described in various works such as1;2. These interactions

can be analyzed through techniques like centrality analysis and community partition to

identify key players in the system and understand the relationships between different parts3.

In the context of gene co-expression networks, researchers can use centrality measures and

community analysis to identify synergistic genes and understand their role in biological

processes4. By simulating the dynamics of networks, researchers can gain insights into the

states and behavior of a system5;6. For example, epidemiologists can use epidemic models to

analyze the spread of infectious diseases and make predictions, as seen with the COVID-19

pandemic7. At the beginning of 2020, researchers had predicted the spread of COVID-19

using susceptible-infected-susceptible models and warned policymakers and the public to be

prepared and reduce international travel8–10.

Prior to conducting any analysis on networks, researchers must first accurately estimate

network structures from various types of data (measurements)3;11, including node-to-node

interactions and properties that have been measured at the individual node level. As a

result, the task of constructing a network can be divided into two categories based on the

1



data types involved. These categories include (1) the estimation of network structures based

on pairwise interactions between nodes, and (2) the estimation of network structures from

node activity data.

Most empirical networks can be obtained by measuring the direct interactions between

each pair of nodes in a complex system3;12. For example, in a web graph, a directed link is

established if there is a hyperlink between two web pages13;14. However, direct interactions

between nodes may not always be present or uniform, and the various measurements provide

different perspectives on the interactions or individual nodes, resulting in a more accurate

and nuanced representation of network structure than any single measurement could alone3.

For example, the interactions among people are influenced by numerous factors, including

frequently visited venues, occupations, ages, shared hobbies, etc.3. As a result, the same

group of people can be represented in different social networks, such as face-to-face, co-

working, co-authorship, online friendship networks, etc.3;15–18. Researchers often assemble

a multilayer network, where each layer represents a specific type of interaction (as shown

in Fig. 1.1). However, collecting the entire multilayer network can be expensive and time-

consuming, leading to the need for efficient algorithms to predict edges in the layer of interest

from easily measurable layers, also known as estimating a target network for a multilayer

network.

On the other hand, measuring the connections between every pair of nodes may not

always be feasible2;3;12. Instead, various experiments may be conducted to measure the

properties of individual nodes19;20. In this scenario, the produced data is abundant and

noisy, representing the properties of individual nodes rather than the interactions between

pairs of nodes. The challenge of the objective is how to accurately infer the structure of

the underlying network from such noisy node activity data21. This problem is common in

constructing brain networks, financial networks, ecological networks, biological networks,

and climate networks19;20;22–31. The data collected in these areas is often distributed in

different ranges, may contain missing or repeated observations, and is often presented in

different forms. Some data could be unreliable and error-prone3, making it hard to detect

nodes with similar properties and attribute them to specific functions. Therefore, accurately
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…

Measured layers

Target layer

Figure 1.1: A diagram of multilayer network. A multilayer network consists of a set of nodes
that are common across all layers, where each layer represents a unique type of interaction.
The edges in the measured layers can be used to infer the edges in the target layer (layer of
interest).

learning node features and estimating network structures from noisy node activity data is

crucial for understanding networked systems (as illustrated in Fig. 1.2). The node features

are d-dimensional vectors learned from node activity data, allowing researchers to identify

nodes with similar functions.

Gene co-expression data often suffer from unreliability and errors, posing challenges for

researchers studying biological activities. Next Generation Sequencing (NGS) technology

has enabled the collection of large amounts of gene expression data in various experiments,

allowing biologists, entomologists, and epidemiologists to study the expression levels of genes

in different conditions or parts of the body31–34. In the studies of Anopheles gambiae, ento-

mologists conduct different types of experiments and use microarray and NGS technologies to

observe the expression levels of genes2;35–66. However, these noisy measurements of indepen-

dent genes can make it difficult to identify their interactions and co-regulation in biological

activities. Gene co-expression networks offer a way to analyze gene functions by exploring

the relationships between genes in a given tissue sample31;34. Despite the challenges posed

by unreliable data, researchers are actively investigating methods to reduce their impact

on network construction67–71. Accurate extraction of network structures from noisy experi-
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Figure 1.2: The diagram illustrates the procedure of constructing a network from node
activity data. Each node i (1 ≤ i ≤ 5) is represented by its node activity data, Fi, a
vector composed of measurements obtained from various experimental conditions using dif-
ferent technologies. It is noteworthy that Fi may contain missing values and disproportionate
amounts of noise. The ultimate objective is to transform the node activity data into high-
dimensional node vectors, enabling the extraction of network structures.

mental data is crucial for a better understanding of complex systems and the relationships

between their different components72.

The objective of this dissertation is to make contributions to the field of network structure

estimation by proposing a novel methodology for estimating the structure of a target layer

in multilayer networks. The work also extends the application of Pearson correlation to

the analysis of diverse gene expression data, explores the use of neural networks for node

feature learning, and introduces the Reńyi entropy as a tool for extracting network structure

from node features. The proposed objectives are expected to advance the understanding

and techniques in network structure estimation and contribute to the development of new

approaches in this research area.
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1.2 Motivation

In the past years, it has been demonstrated that networks are powerful tools for analyzing

relationships between elements within complex systems. For instance, networks have been

successfully applied in a variety of fields, such as identifying critical papers in citation net-

works, individuals in social networks, and web pages in web graphs. While networks are

powerful tools, it is important to note that obtaining network structures directly is not al-

ways possible. Many scientific experiments yield noisy measurements of elements in various

forms, which can complicate the process of constructing accurate networks.

Empirical experiments often measure pairwise node interactions from various angles. For

example, in the study of the social network of university students, the measurements are

the physical proximity of students in different circumstances3;73. While these measurements

provide valuable insights into the pairwise interactions between students, they may convey

different types of information. To fully capture the complexity of such systems, we can

construct a multilayer network from these rich observational data. However, it can be chal-

lenging to obtain a specific layer of interest in real-world studies. In such cases, accurately

estimating the target layer from a multilayer network can aid our understanding of networked

systems.

At the same time, some empirical observations provide measurements of individual node

properties. Analyzing relationships between nodes often requires estimating a network struc-

ture from noisy node activity data. One such example is the study of gene expression data,

where high-throughput technologies such as microarray and RNA-seq enable simultaneous

measurement of expression levels for thousands of genes74. Constructing and analyzing gene

expression networks provides a systemic view of gene expression relationships, illuminating

connections between gene pairs. However, the large amounts of data produced by these

technologies are often susceptible to measurement errors due to various factors, including

temperature, humidity, and experimenter bias. To study relationships between nodes, an

accurate estimation of the network structure is necessary.

The main objectives of this research are to develop scalable techniques for estimating
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network structures and analyzing node features from large, diverse, and noisy data. The

focus of this dissertation will be four-fold. First, it will explore the estimation of network

structure from node interaction data by developing a maximum a posteriori estimation

approach to reconstruct a specific layer in a multilayer network. Second, the research will

focus on developing methods to construct a network from noisy Anopheles gambiae gene

co-expression data, where edges represent correlations. The third objective of the work is to

develop a user-friendly toolbox for correlation network construction and analysis. This will

make the techniques developed in this research accessible to a broader audience and facilitate

their adoption in various fields. Finally, this dissertation explores whether neural networks

can be used to learn node features and extract network structure from noisy node activity

data. The proposed techniques in this dissertation are expected to be versatile and can be

extended to diverse fields, such as constructing networks from brain, financial, ecological,

and climate data. Overall, the outcomes of this dissertation will provide valuable insights

into the analysis of large and heterogeneous data sets19;20;22–31.

1.3 Research Questions and Contributions

The first research question addresses the prediction of missing links in a network of interest,

which is considered as the target layer of a multilayer network. This study aims to solve the

problem of estimating network structure from node pairwise interaction data and further im-

prove the estimation accuracy of the target layer. The expected outcomes are advancements

in the methodology of layer reconstruction, specifically in reconstructing a target layer of

multilayer network.

The second research question focuses on the challenge of handling missing values when

constructing correlation networks from gene expression data. Conventional approaches for

network construction have limitations in addressing missing values, which can compromise

the accuracy of the constructed network. To overcome this challenge, this study aims to

develop new data processing techniques to standardize heterogeneous gene expression data,

rendering it more suitable for processing and analysis. The expected outcomes of this re-
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search include new techniques for processing and analyzing gene expression data, which can

provide more accurate estimates of gene co-expression networks. These techniques will im-

prove our understanding of biological systems and have practical applications in fields such

as immune system analysis and new drug discovery.

Based on the developed correlation network estimation and analysis scheme, we expect to

create an integrated software package for analyzing gene expression data. This package will

allow users to construct gene co-expression networks with the desired density and provide

various tools for network analysis. We aim to provide a user-friendly interface through

which users can customize the properties of their gene co-expression network and tailor their

network analyses to their specific research needs. The expected outcome of this work is a

toolbox that empowers users to efficiently analyze gene expression data, enabling them to

uncover new insights into biological systems.

The fourth research question focuses on exploring the potential of neural network models

in learning node representations from raw gene expression data. This work will investigate

the use of neural network-based techniques for learning node embeddings that reveal the

distance relationship between the nodes. The outcomes are expected to provide new insights

into learning node features from raw data rather than from a previously constructed network.

Analytical results will demonstrate the usefulness of node embeddings in understanding and

recovering nodes with similar properties.

The final research question of this dissertation focuses on the extraction of a meaningful

network structure from node embeddings obtained in the previous research question. The

objective is to develop a scalable method to preserve nodes’ roles, such as hubs and leaf

nodes, and minimize isolated nodes’ occurrence. The expected outcomes of this study will

contribute to the understanding and improvement of network structure extraction from node

embeddings. The developed method will also be applicable to a wide range of network types,

including social networks, biological networks, and financial networks.

The major contributions of the dissertation are as follows:

1. Develop a maximum a posteriori estimation-based model for reconstructing a specific
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layer in a multilayer network. The SimHash algorithm is employed to calculate the sim-

ilarities between different layers. Layers with similar structures are used to determine

the parameters of the conjugate prior, which enables us to make accurate predictions

for the target layer. The developed model is capable of predicting missing links in gene

co-expression networks and guiding experiments to find potential links75.

2. Design a robust approach to construct gene co-expression networks for Anopheles gam-

biae using the Pearson correlation method. To handle the noisy and heterogeneous

data, we introduce a sliding threshold approach to select edges for the network, which

is more effective in handling missing values and random removal of conditions compared

to conventional approaches. The robustness of our approach is tested and confirmed

through various simulation experiments. Additionally, we perform gene ontology (GO)

enrichment analysis on the resulting network, which confirms the network structure and

shows that genes with similar biological functions tend to cluster together in the net-

work74. Overall, this work provides a reliable framework for analyzing gene expression

data and uncovering the underlying biological relationships among genes.

3. Develop an executable software package GeCoNet-tool for analyzing raw gene expres-

sion data. The package integrates correlation network construction and analysis, pro-

viding users with the ability to construct gene co-expression networks with desired

density and analyze the network with various tools. The user-friendly interface allows

users to customize the properties of their gene co-expression network, including select-

ing the correlation method, setting edge thresholds, and performing network analysis,

such as centrality analysis and community detection. The package also includes visu-

alization tools to facilitate the interpretation of the network results.

4. Design a scalable and novel neural network-based approach for learning node repre-

sentations from heterogeneous and noisy data. Random node sequences are generated

for each condition to avoid re-scaling and normalizing data from various technolo-

gies. The node sequences are trained using natural language processing models to
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obtain node vectors of a consistent dimension, capturing the features of the nodes.

The dimension-reduced node vectors reveal the similarity between nodes, with those

having similar properties mapped together. The network structure is constructed by

selecting neighbors for each node based on similarities computed from the embedded

node vectors, allowing for the inclusion of all genes in the network. The method shows

promise in learning useful node representations directly from raw data, without relying

on pre-constructed networks76 .

5. Design a novel approach based on entropy to extract edges in an underlying network

structure. This approach is based on the concept of Rényi entropy and utilizes the

distribution of similarity values to select edges. The proposed methodology is capable

of constructing networks without isolating nodes while preserving the roles of nodes,

such as hubs and leaf nodes. This innovative method provides a more comprehensive

understanding of network structure and has the potential to improve the accuracy of

network reconstruction76.

1.4 Dissertation organization

The dissertation is structured as follows: Chapter 1 provides an introduction to the back-

ground, motivation, research questions, and main contributions of the study. Chapter 2

presents a maximum a posteriori estimation-based model for reconstructing a specific layer

in a multilayer network. In Chapter 3, we describe the methodology for constructing gene

co-expression correlation networks from heterogeneous and noisy Anopheles gambiae gene

expression data, and evaluate the effectiveness of the network structure in uncovering bio-

logical activities. Chapter 4 details the development of an executable software package for

network construction and analysis from raw gene expression data. In Chapter 5, we propose

a novel neural network-based approach for learning node features and introduce an entropy-

based method for extracting network structure from heterogeneous and noisy data. Finally,

Chapter 6 concludes by summarizing the main contributions of the dissertation, analyzing
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the limitations, and suggesting directions for future work.
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Chapter 2

A maximum a posteriori approach for

multilayer network reconstruction and

missing link prediction 1

2.1 Background

Network science has a wide range of applications in different fields, including the analysis of

information diffusion, infectious disease spread, and gene co-expression. By studying the re-

lationships between nodes in a network, researchers can analyze the system’s robustness and

predict future outcomes77;78. For example, epidemiologists can use network analysis to pre-

dict the spread of COVID-19 and provide policymakers with early intervention strategies to

curb its spread79. In studying gene co-expression data, one can construct gene co-expression

networks to discover crucial genes (nodes) by choosing genes with high degree centralities,

closeness centralities, or eigenvector centralities. Recently, multilayer networks have become

increasingly popular in biological research, where different layers represent various types of

molecular interactions80;81. However, obtaining a complete multilayer network through bio-

logical experiments can be expensive and time-consuming. In many cases, a layer of interest

1This chapter is a slightly modified version of a published article75.
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may be incomplete with missing links. To address this, researchers aim to reconstruct the

target layer using information from the other layers. This can be done by estimating the

target layer based on the existing layers. In other words, we can estimate the target layer

through existing layers21;80;82–84. After constructing the target layer, researchers can devote

restricted resources to detecting high-probability edges.

Various methods have been proposed for reconstructing networks and predicting miss-

ing links, with many of them based on generative models3;5;21;80;82;85–96. Generative models

reconstruct the network topology by fitting a stochastic network model21;87;88;97, using a

maximum-likelihood estimation (MLE) algorithm to determine the optimal parameters that

describe the network. For example, the authors of87;88 presented a degree-correlated stochas-

tic block model to reconstruct a single-layer network, where edges are computed through the

tensor product of node vectors, with node vectors’ entries being the nodes’ degrees in each

community. In21, the authors extended the single-layer stochastic block model to multilayer

networks, using it to predict missing links and detect overlapping communities. They val-

idated the algorithm on two real multilayer networks, hiding 20% of links and non-links.

However, when there are many layers, trying all possible layer combinations to find the

interdependent layers can be burdensome.

In multilayer networks, there could be structurally similar layers. Therefore, it is possible

to take advantage of similar layers to help reconstruct the target layer. We propose comparing

the target layer with the remaining layers if the target layer is partially known. In the

literature, multiple methods have been proposed to compare networks98–102. For instance,

the DeltaCon method introduced in99;100 compares the affinity scores of every node pair

in two networks. However, this method is sensitive to changes in the number of edges,

and removing edges leads to a significant change in the distance. Other methods for network

comparison, such as vertex/edge overlapping, vertex/edge vector similarity, and the SimHash

algorithm, are reviewed and compared in papers101;102. The vertex/edge overlapping method

applies the rule that two graphs are similar if they share many vertices and edges, but it

may not be sensitive to changes in high-quality vertices, topology, and other properties of

networks. The vertex/edge vector similarity method compares the node/edge weight vectors
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of two networks but may not be sensitive to changes in topology and other properties. To

take advantage of the features of networks, the SimHash algorithm is introduced to compare

networks. The PageRank103 together with edges are used as network features in the SimHash

algorithm to compare web page networks.

This chapter proposes a MAP-based method for target layer reconstruction and link

prediction, which aims to overcome the limitations of the MLE algorithm and entropy-

related approaches that rely heavily on known information of the target layer. The MAP

algorithm considers layers that are structurally similar to the target layer to compute the

parameters of the conjugate prior, resulting in more consistent results than the MLE method.

The first contribution of this paper is to discover an incomplete target layer by computing

its edges through the inner product of node vectors. The optimal entries of node vectors are

obtained by maximizing the posterior probabilities of the stochastic model. We demonstrate

that increasing the dimension of node vectors can improve model accuracy, but there is

a diminishing improvement for large vector dimensions. Another contribution is that we

introduce the eigenvector centrality-based SimHash algorithm to detect structurally similar

layers (interdependent layers). The eigenvector centralities of nodes are extracted as network

features, which allow us to recover the structure of networks, as shown in the experimental

results. The proposed method assumes that the number of edges between any pair of nodes

follows a Poisson distribution21;87, and the Gamma distribution is the conjugate prior to

the Poisson distribution104. We compute the parameters of the conjugate prior through the

adjacency matrices of similar layers, weighting the contributions of the similar layers by

their similarities. The number of edges between each pair of nodes is calculated as the inner

product of the node vectors. In our experiments, we show that similar layers are critical in

improving the robustness of link predictions.

The chapter is organized as follows. In section two, we introduce the MAP method for

target layer reconstruction and link prediction. We then propose the eigenvector centrality-

based SimHash algorithm for identifying structurally similar layers, followed by a discussion

on the process for determining the parameters of the conjugate prior under different con-

ditions.In section three, we evaluate the performance of the eigenvector centrality-based
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SimHash algorithm on two real-world multilayer networks. Next, we evaluate the MAP

algorithm-based target layer reconstruction on these networks and compare the results with

those obtained using the MLE algorithm. Finally, we summarize the chapter in section four.

2.2 Layer reconstruction in multilayer networks

2.2.1 Maximum a posteriori based stochastic model

In this section, we define the stochastic model for both directed and undirected multilayer

networks. The adjacency matrix of the target layer is denoted by A. The reconstruction goal

is to estimate A with partial knowledge of the target layer and other layers in the multilayer

network. To reconstruct the target layer, a set of parameters is required to describe the

model, which we denote as θ. Based on Bayes’ theorem, the posterior probability of θ is

given by:

P (θ | A) =
P (A | θ)P (θ)

P (A)
, (2.1)

where P (θ | A) is the posterior probability of θ, P ( A | θ) is the likelihood of A under θ,

P (θ) is the prior probability of θ and P (A) is the marginal likelihood that contains all the

information of the network. Since P (A) is a constant, P (θ | A) is proportional to the product

of P (A | θ) and P (θ). Therefore, we have

P (θ | A) ∝ P (A | θ)P (θ). (2.2)

For any pair of nodes in the network, we use Eij to denote the expected number of links

(which could be fractional) between node i and node j. In contrast to unweighted networks

where the entries of the adjacency matrix are denoted by 0 or 1, the entries Eij are real

numbers, thus we can interpret network A as a weighted network.

Before substituting any parameters into expression (2.2), we make the following as-

sumptions. First, we assume that the links in the target layer are independent and iden-
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tically distributed, meaning that the number of edges between node i and node j does

not affect the relationship between node i and node k. Additionally, we assume that the

number of links between any pair of nodes is extracted from a Poisson distribution, i.e.,

P (Aij | Eij) =
e−Eij (Eij)

Aij

Aij !
. We can rewrite expression (2.2) after substituting Eij and Aij as

P (θ | A) ∝
∏
i,j

e−Eij(Eij)
Aij

Aij!
P (Eij). (2.3)

The prior probability P (Eij) can be neglected in the MLE algorithm since it is a constant.

In the MAP algorithm, we must specify the prior distribution of P (Eij). The conjugate prior

distribution for the Poisson distribution is the Gamma distribution:

P (Eij) =
β
αij

ij

Γ(αij)
E

αij−1
ij e−βijEij

∝ E
αij−1
ij e−βijEij , (2.4)

where αij, βij and Γ(αij) are the shape parameter, the scale parameter, and the Gamma

function of the Gamma distribution, respectively. Section 2.2.3 introduces a procedure to

determine αij and βij through the layers with high similarities. Substituting the conjugate

Gamma distribution into expression (2.3), we have

P (θ | A) ∝
∏
i,j

e−(β+1)Eij(Eij)
Aij+α−1. (2.5)

Note that we have left out constant terms.

The problem now has been simplified to finding the parameters Eij that can maximize

the posterior probability. However, an expression for Eij has not been specified. In this

work, we represent the nodes in the target layer as vectors, and compute the links between

nodes using the inner product of their corresponding vectors. The expected number of links
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Eij can be computed as follows:

Eij =
K∑
z=1

siztjz, (2.6)

where siz and tjz are respectively the zth entry of node i’s vector and node j’s vector. Here,

we use s and t to denote source and target nodes. K is the dimension of the vector. Some

MLE-related works use tensor factorization to decompose the links, and the tensor dimension

is interpreted as the number of overlapping communities. As a result, there should be an

optimal number of communities that can maximize the estimation accuracy. However, this

cannot be rigorously achieved and the tensor factorization can be simplified to the dot

product according to our analysis in appendix A.

Expression (2.5) is still intractable after substituting Eij with equation (2.6). We take

the logarithmic form of expression (2.5), which gives

L(θ | A) =
∑
i,j

[(Aij + αij − 1) logEij − (βij + 1)Eij]

=
∑
i,j

[(Aij + αij − 1) log
K∑
z

siztjz

− (βij + 1)
K∑
z

siztjz], (2.7)

where L(θ | A) is the log posterior.

To find the maximized posterior for expression (2.7), we apply the Jensen’s inequality

log x ≥ log x3, which gives

log
K∑
z

siztjz = log
K∑
z

qijz
siztjz
qijz

≥
K∑
z

qijz log
siztjz
qijz

=
K∑
z

qijz(log siztjz − log qijz). (2.8)
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Equality is satisfied when

qijz =
siztjz∑
z siztjz

. (2.9)

After substituting Eqs. (2.8) and (2.9) into Eq. (2.7), Eq. (2.7) can be simplified to

L(θ | D) =
∑
i,j,z

[(Aij + αij − 1)qijz log siztjz

− (βij + 1)siztjz]. (2.10)

Taking the derivative of Eq. (2.10) with respect to siz and tjz and equating to zero, we

obtain the optimal node vectors that maximize the posterior probability:

siz =

∑
j(Aij + αij − 1)qijz∑

j(βij + 1)tjz
, (2.11)

tjz =

∑
i(Aij + αij − 1)qijz∑

i(βij + 1)siz
. (2.12)

The procedure to obtain the optimized values of siz and tjz is to first assign random

initial values for siz and tjz. Then, we iteratively update Eqs. (2.9), (2.11), and (2.12) until

Eq. (2.7) converges. However, before applying the above iteration, we need to identify the

values of αij and βij, which are introduced in Section 2.2.2 and Section 2.2.3.

2.2.2 Similarity and layer comparison

In section 2.2.1, we detailed the procedure for computing the optimal node vectors by max-

imizing the posterior probability. To perform the posterior probability maximization, we

require the parameters αij and βij for the prior distribution. We propose to compute αij and

βij through the layers of the multilayer network that are structurally similar to the target

layer. However, it is important to note that there are missing links in the target layer, and
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the percentage of missing links is not known. Therefore, an effective network-comparing

method must not be significantly affected by the percentage of missing links.

There are several types of centralities that can be used to characterize networks, including

degree centrality, eigenvector centrality, and closeness centrality. Degree centrality quantifies

the importance of a node by counting the number of links it has. At the same time, the

eigenvector centrality can be regarded as an extension of degree centrality in which a node’s

importance is also affected by its neighbors’ importance. Closeness centrality measures the

average distance between a node and all other nodes in the network. By using one or more

of these centralities, we can capture important features of a network. To compare the target

layer with other layers in the multilayer network, we can compare the features of the layers

using centralities. For our purposes, we select eigenvector centrality as the network feature,

which is then used in the SimHash algorithm to compute similarities.

The SimHash algorithm works as follows101;102. The feature of a network can be repre-

sented as a set of token-value pairs {(vi : wi)}, where vi is a node and wi is its measure under

the feature, such as eigenvector centrality. It is worth noting that both the target layer and

the layer to be compared have the same set of tokens. In cryptography, any message can be

encrypted to a unique binary number, known as a digest. Similarly, we can represent each

token with a unique binary number with ϕ bits (2ϕ > the number of vi). For each binary

number (digest), we map every 1 to wi, and 0 to −wi. Thus, each token is mapped to a

weighted digest with ϕ digits. To obtain the weighted digest of the entire network, we sum

up all the weighted digests of the tokens. It is important to note that there is no carry in

the summation.

To measure the similarities between the target layer and the other layers, we can compare

the digests of the layers. A simple way to compare the digests is to convert the weighted

digests to binary digests. The binary digest of a network can be obtained by setting positive

digits to 1 and negative digits to 0. The similarity between the target layer m and any other
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layer r can be measured by

µm,r = 1 − Hamming(Hd
m, Hd

r )

ϕ
, (2.13)

where µm,r is the similarity between layer m and r, Hd
m is the binary digest of the target

layer, and Hd
r is the binary digest of the layer to be compared, respectively. The similarity

score ranges from 0 to 1, with 1 indicating the two layers are identical and 0 indicating they

are completely dissimilar. By comparing the similarity scores of the target layer with all

other layers, we can identify the most similar layers.

An alternative way to obtain the similarities is by computing the Pearson correlation

coefficient of the weighted digests. The estimation results based on the Pearson correlation

are shown in Appendix. B. In this work, we measure the similarity between the target

layer and the other layers through binary-based digests. The influence of the bit number is

discussed in Appendix. B.

2.2.3 Identify the parameters of the Gamma distribution prior

In this section, we introduce the procedure to determine the parameters αij and βij of the

conjugate prior. We discuss this problem in two cases.

In the first scenario, we assume that the structure of the target layer is partially known,

meaning that some entries of the adjacency matrix are missing or unknown. In this case,

we can use the layer comparison method presented earlier to compare the target layer with

other layers in the multilayer network. The top L′ layers with the highest similarities can be

selected to estimate the parameters of the conjugate priors. The parameters of the Gamma

distribution prior are computed as


αij = max(

∑L′

r=1 µm,rA
r
ij, 1)

βij = max(
∑L′

r=1 µm,r,
∑L′

r=1 µm,r∑L′
r=1 µm,rAr

ij

),

(2.14)

where m denotes the target layer, µm,r is the similarity between the target layer m and any
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layer r. Ar
ij is the adjacency matrix of layer r in L′. In equations (2.11) and (2.12), since

Aij could be zero, if αij is less than one, we obtain a negative sij. Thus, we need to limit the

range of αij. If
∑L′

r=1 µm,rA
r
ij ∈ (0, 1) , we set αij = 1, and set βij to

∑L′
r=1 µm,r∑L′

r=1 µm,rAr
ij

to maintain

the means of the Gamma distribution prior unchanged. If
∑L′

r=1 µm,rA
r
ij = 0, we will set

αij = 1, and set βij equal to a large number to ensure the MAP algorithm converges.

When the structure of the target layer is completely unknown, a heuristic approach can

be used to determine the parameters of the conjugate prior. This approach is based on iden-

tifying other functionally similar layers, which can be obtained from additional published

networks or data. These layers can be combined with the target layer to form a new multi-

layer network, and the proposed MAP algorithm can be applied to compute the parameters

of the conjugate prior. In this case, the similarities between the target layer and the func-

tional layers cannot be determined through any network comparison algorithm. Therefore,

it is assumed that the similarities between these layers are all one. We assign the parameters

of the Gamma distribution as 
αij =

∑L′

r=1 A
r
ij

βij = L′.

(2.15)

Similarly, if
∑L

r=1A
r
ij < 1, we will set αij = 1, and set βij to a large number to make the

MAP algorithm converge.

In this scenario, we have no structural information about the target layer, so setting

Aij = 0 in equations (2.11) and (2.12) would be equivalent to assuming that all edges in the

target layer are absent. To address this issue, we can instead set the entries of Aij as the

ratio of αij and βij, i.e., Aij = αij/βij. We assign these entries as the average presence over

the other layers to avoid the assumption that the target layer has no edges.
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2.3 Experimental results and discussion

In this section, we present the evaluation of the method proposed in section 2.2. Firstly,

we apply the SimHash algorithm to two real networks where links are removed uniformly

at random at different percentages. Secondly, we evaluate the effectiveness of the MAP

algorithm for the two real multilayer networks and compare it to the MLE algorithm.

The first real network we use to evaluate our proposed MAP algorithm is the FAO (Food

and Agriculture Organization) trade network105. The FAO multilayer network is composed

of 364 layers, each representing product trading among 214 countries. A link is detected

between two nodes in a layer if there is trading of the corresponding product between the

two countries. We show three layers of the FAO network in Fig. 2.1 through the KiNG

software106. As the layers in the FAO network are not ordered in any specific way, we

evaluate the method by assuming the target layer to be one of the first nine layers of the

FAO network. Note that we use all 363 remaining layers in our experiments for identifying

similar layers.

The second real network (HVR network) we use to evaluate the proposed MAP algorithm

has nine layers and 307 nodes107, representing malaria parasite genes. The nine layers

correspond to nine highly variable regions on the genes themselves. An edge is detected if

two genes share an exact match of significant length in the highly variable region. Fig. 2.1

shows three layers of the HVR network.

Figure 2.1: Three layers of the FAO (a) network and HVR (b) network. Nodes in different
layers share the same plane coordinates.
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2.3.1 Numerical results on layer comparison

The SimHash algorithm was evaluated on both the FAO and HVR networks by obtaining the

binary digest of each layer based on the eigenvector centrality of the nodes. The similarity

between any two layers was computed using Eq. (2.13). The results are shown in Fig. 2.2,

where each layer is set as the target layer, and the similarities between the target layer and

all the other layers are shown in interquartile ranges (IQR).

For the FAO network, only the first nine layers were used as target layers, and each IQR

bar contains 363 similarity values. The similarities obtained through the SimHash algorithm

are between 0 and 1where a similarity of 0 means the two layers have completely opposite

eigenvector centrality distributions, a similarity of 0.5 means the two layers are independent,

and a similarity approaching 1 means the two layers are similar. In the FAO network, the

similarities range between 0.5 and 1, indicating that there are no layers with completely

opposite eigenvector centrality distributions. In contrast, in the HVR network, most layers

are independent, as the similarities are all less than 0.8, except for layers 7 and 9.
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Figure 2.2: Layer comparison of the FAO network (a) and HVR network (b). (a) shows
the similarities between the target layer and all the other 363 layers in the FAO network.
(b) shows the similarities between the target layer and the other eight layers in the HVR
network. Note that each similarity value is averaged over 10 runs.

The network-comparing method should be able to identify structurally similar layers even

in the presence of missing links. To this end, we randomly removed 20%, 40%, 60% and 80%

of edges from the target layer to generate incomplete networks and compared them with the

target network. In Fig. 2.3(a), each layer of the FAO network (first nine layers) and HVR
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network is set as the target network, respectively, and we randomly remove 20%, 40%, 60%

and 80% of edges from the target layer. The similarities between the incomplete networks

with removed edges and the target layer are computed. From the top panels, we can observe

that even with 80% of edges randomly removed, the similarities are still greater than 0.8.

In the second experiment, we demonstrate that missing links in the target layers have

little impact on the similarity between the target layer and its similar layers. We select the

five most similar layers for each target layer from all the other layers and then randomly

remove 20%, 40%, 60% and 80% of edges from the target layer to generate incomplete

networks. The incomplete networks are compared to the five similar layers, and we can

obtain five similarities for different removal percentages. In the bottom panels of Fig. 2.3,

we show the average of the five similarities. The results for the first nine layers of the

FAO network are shown in Fig. 2.3(c). We observe that the similarities decrease slightly

even when 80% of edges are randomly removed. For the HVR network, where the layers

are heterogeneous, the similarities are maintained at low levels, even though we randomly

remove different percentages of links.

2.3.2 Validation of layer reconstruction and link prediction

The MAP method we introduced in this work aims to layer reconstruction and missing link

estimation. The similarity between the target layer and other layers can be obtained through

the SimHash algorithm, as introduced above. In this part, we show the effectiveness of the

MAP algorithm and compare the differences between the MAP algorithm and the MLE

algorithm’s performance. Other methods, such as entropy-based approaches, are equivalent

to the MLE algorithm and are discussed in Appendix. C.

Here, we use the receiver-operator characteristic (ROC) curve and the area under the

curve (AUC) to evaluate the effectiveness of our method. The area under the ROC curve

(AUC) is a summary statistic that quantifies the overall performance of the model. An AUC

of 1 means the model is perfect, while an AUC of 0.5 indicates the model performs as well

as random guessing.
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Figure 2.3: Eigenvector centrality-based SimHash algorithm. Panel (a) shows the com-
parison between the first nine layers of the FAO network and their incomplete counterparts,
where 20%, 40%, 60% and 80% edges are removed uniformly at random from the target
layer. Panel (b) shows the same experiment on the HVR network. Panel (c) compares the
incomplete networks (the first nine layers of the FAO network) with the five most similar
layers. The mean of the similarities is shown in the panel. Similarly, 20%, 40%, 60% and
80% edges are randomly removed from the target layer. Panel (d) shows the same experiment
on the HVR network. Note that each similarity value is averaged over 10 runs.

The dimension of node vectors

The dimension of the node vectors is a crucial factor for the MAP algorithm’s performance.

In experiments, we did not find any particular number of communities that maximizes the

estimation accuracy108–112. For both the FAO network and HVR network, we remove 40%

of edges from the target layer to generate incomplete networks. The five layers with the

highest SimHash similarities are used to compute the parameters of the conjugate prior.

The target layer is reconstructed through both the MLE algorithm and the MAP algorithm.

In Fig. 2.4, we can observe an increased estimation accuracy with respect to the increment

24



0 20 40 60 80 100
dimension

0.90

0.92

0.94

0.96

0.98

1.00
AU

C

(a)

L 1
L 2

L 3
L 4

L 5
L 6

L 7
L 8

L 9

0 20 40 60 80 100
dimension

0.90

0.92

0.94

0.96

0.98

1.00

AU
C

(b)

L 1
L 2

L 3
L 4

L 5
L 6

L 7
L 8

L 9

0 20 40 60 80 100
dimension

0.6

0.7

0.8

0.9

1.0

AU
C

(c)

L 1
L 2

L 3
L 4

L 5
L 6

L 7
L 8

L 9

0 20 40 60 80 100
dimension

0.6

0.7

0.8

0.9

1.0

AU
C

(d)

L 1
L 2

L 3
L 4

L 5
L 6

L 7
L 8

L 9

Figure 2.4: AUC vs. the dimension of node vectors. Panel (a) shows the MLE method
on the first nine layers of the FAO network, where each layer is set as the target layer,
respectively. Panel (b) shows the results of the MAP method when the five layers with the
highest similarities are adopted to compute the parameters of the conjugate prior. Panel (c)
shows the results of the MLE method on the HVR network. Panel (d) is the result of the
MAP method on the HVR network. Note that the results are averaged over 10 runs.

of the number of dimensions, though the gain diminishes for dimensions greater than 40.

In the following experiments, we use a dimension of 50, which balances running time and

estimation accuracy. Apart from the dimension of node vectors, the estimation accuracy is

also affected by the number of similar layers. The influence of the number of similar layers

on the estimation accuracy is analyzed in Appendix. B.

Compare the MAP algorithm to the MLE algorithm

Both the MLE and MAP algorithms have their own advantages and disadvantages. The

major difference between them is that the MAP method can incorporate prior information

(other similar layers), while the MLE relies solely on the available information of the target
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layer. To compare the performance of the two algorithms, we conducted experiments on both

the FAO network (first nine layers) and the HVR network. The algorithms were implemented

on incomplete layers generated by randomly removing 20%, 40%, 60%, 80%, and 100% of

edges from the two networks.
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Figure 2.5: Comparison between the MLE and MAP methods on the FAO network. Panel
(a) shows the results of the MLE method. Panel (b) shows the results of the MAP method.
Results are averaged over 10 runs of cross-validations.
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Figure 2.6: Comparison between the MLE and MAP methods on the HVR network. Panel
(a) shows the results of the MLE method. Panel (b) shows the results of the MAP method.
Results are averaged over 10 runs of cross-validations.

In Fig. 2.5(a) and Fig. 2.6(a), we can observe that the MLE algorithm’s estimation

is significantly affected by the missing links. However, the estimation robustness is greatly

improved after incorporating similar layers to reconstruct the target layer, as shown in Fig.

2.5(b). On the contrary, the estimation accuracy deteriorates if we use layers with hetero-

geneous structures to reconstruct the target layer, which is shown in Fig. 2.6(b).
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Overall, the MLE algorithm is suitable for cases where the available information of the

target layer is relatively sufficient, and the missing links do not significantly affect the esti-

mation accuracy. In contrast, the MAP algorithm can handle incomplete layers with missing

links and is more robust when the available information of the target layer is limited. By

incorporating similar layers’ information, the MAP algorithm can provide better estimates of

missing link weights and reconstruct the target layer’s structure more accurately. Therefore,

the choice of algorithm depends on the specific application and the available information

regarding the target layer.

2.4 Summary

In this chapter, we have introduced a novel algorithm based on the maximum a posteriori

(MAP) estimation for target layer reconstruction in multilayer networks. Our approach

leverages the structural similarity between layers to reconstruct the target layer. First, we

derived the MAP estimation for target layer reconstruction in multilayer networks in section

2.2. Second, we introduced the SimHash algorithm, which is based on eigenvector centrality,

to detect structurally similar layers. The SimHash algorithm compares network features,

making it robust to missing links. Third, we presented two scenarios for obtaining the

parameters of the Gamma conjugate prior. In the first scenario, where the target layer is

partially known, we used the SimHash algorithm to identify similar layers. In the second

scenario, where the target layer is completely unknown, we used functionally similar layers

to compute the parameters of the conjugate prior.

In section 2.3, we demonstrated the effectiveness of our approach. First, we showed

that the SimHash algorithm returns consistent similarity levels for different percentages of

missing links. Second, we demonstrated that the estimation accuracy could be improved

by increasing the dimensionality of node vectors, with the gain diminishing for dimensions

greater than 40. Third, we found that increasing the number of similar layers improves the

consistency of estimation results. Finally, we compared the performance of the MLE and

MAP methods on two real networks. Our experimental results showed that the MLE method
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performs better when there are less than 20% missing links, while the MAP method returns

more consistent results when the percentage of missing links is 40% or more.
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Chapter 3

A correlation coefficient approach to

construct gene co-expression networks

from heterogeneous data1

3.1 Background

Network analysis has been used widely in different areas of science19;20;22–31, including for the

construction of gene co-expression networks (GCNs) to predict gene function and regulation.

A GCN is composed of genes represented as nodes, and significant co-expression of pairs of

genes is indicated by links. Links are determined by measuring the co-expression patterns

of genes under different conditions4;31. High throughput technologies, such as microarray

and RNA-seq, allow measuring simultaneously the expression levels for thousands of genes.

Network construction and analysis of gene expression data then provide a system-level view

of gene expression relationships, identifying the connection between each pair of genes.

Gene expression data are commonly organized into a gene expression matrix that con-

sists of rows representing m genes and columns representing n conditions (or samples). To

construct a gene expression network, first, a similarity score is calculated for each gene pair.

1This chapter is a slightly modified version of a published article74.
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If the expression matrix is complete, the matrix consists of m × n data points, and each

gene has an expression vector of length n. Thus, comparison of the expression of any given

gene pair is based on n number of paired elements between their expression vectors, with a

paired element between gene a and b defined as the expression value pair aibi, where i is a

specific condition, with i = [1, 2, . . . , n]. The similarity score between gene pairs in GCNs

is commonly calculated by the Pearson correlation coefficient (PCC)31;113;114. The PCC

outperformed other means of similarity scores when constructing large gene co-expression

networks115. Once the similarity score is calculated between all gene pairs, a similarity ma-

trix m ×m is assembled, with sab elements representing the similarity score between genes

a and b. Second, based on the similarity matrix, an adjacency matrix is built, which defines

network links using a threshold T , with a link existing if the similarity score is greater than

T .

Several studies used the PCC to construct a GCN by setting a fixed threshold to de-

termine co-expression between genes, which is appropriate for homogeneous expression data

sets, where (1) expression values were obtained with the same technology, (2) the expres-

sion value distribution is comparable across all conditions, and (3) the number of paired

elements is similar for all gene pairs4;31;114. However, neither of these three prerequisites is

likely to be met, when assembling a GCN based on a large number of data sets obtained

with different technologies and under distinct experimental conditions. A striking example

of such a heterogeneous gene expression data set is that of An. gambiae, which underlies

the global expression map constructed by MacCallum et al.2. This data set does not fulfill

any of the three prerequisites detailed above for the following reasons: (1) The types of

expression values obtained from distinct technologies and downstream analyses are differ-

ent2. For example, in two-channel microarrays, expression values are expressed as ratios

between experimental and control conditions. In contrast, in single-channel microarrays and

RNA-seq, the intensity of read numbers presents expression values. (2) As a consequence,

the distributions of expression values vary widely between the different technologies. For

instance, the expression values obtained with RNA-seq are overdispersed, ranging from zero

to tens of thousands35. (3) Missing values are ubiquitous in experiments. In some data
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sets, the expression of only a subset of genes was sampled for specific purposes (e.g., the

An. gambiae detox chip116). The fact that biological data sets do not meet these criteria

presents a major challenge to network biology in general.

Prerequisites (1) and (2) can be met by applying normalization methodologies, includ-

ing median shift2 and z-score normalization. However, the missing value problem poses a

separate challenge for the following reason. According to117, under the null hypothesis that

two genes are not correlated, the number of paired elements between their expression vectors

significantly affects the PCC density distribution. The theoretical analysis shows that the

PCC distribution with 50 paired elements has a much lower variance than the distribution

with ten conditions, which means that the PCC for any given gene pair tends to be lower

when there are more paired elements in a given data set. In the An. gambiae expression

matrix, the number of paired elements for each gene pair is not identical. Thus, a fixed

threshold to determine links introduces a bias, as the co-expression of genes with a smaller

number of paired elements is favored. One way to overcome this challenge was proposed by

Lee et al.113. In their two-step protocol, initially, individual networks are constructed for

each homogeneous sub-data set, by calculating PCC similarity matrices and using a fixed

threshold to select links. The final GCN is then aggregated from the individual networks,

by confirming a link if it exists multiple times across the individual networks.

In this chapter, we propose a novel method to construct a GCN for An. gambiae genes

based on several hundred conditions from different publications and platforms. Specifically,

to avoid favoring links between gene pairs with a low number of paired elements, we propose

a sliding threshold-based method to construct a global An. gambiae GCN. To construct the

network, we first apply z-score normalization to produce equal variances and means across

all conditions. Second, we compute the PCCs of all gene pairs and divide the gene pairs

into 26 different groups according to their number of paired elements. Third, we select links

based on a sliding threshold, such that, for each group, only the gene pairs within the top

0.5th percentile of PCCs will be connected by a link. The resulting network, which we

name AgGCN1.0, remains robust with random removal of up to 15% of conditions. The

AgGCN1.0 has similar characteristics to small-world and scale-free networks, as it contains
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hub genes that are co-expressed with many other genes. Analysis of the network reveals that

both the architecture of the core sub-network and the network communities are based on

gene function, supporting the power of the proposed method for GCN construction.

3.2 Model Formulation

3.2.1 Description of the gene expression data set

The data set used for constructing the An. gambiae GCN, Anopheles-gambiae EXPR-

STATS VB-2019-02, is based on the data set used by MacCallum et al.2, which was up-

dated by addition of several new conditions. Anopheles-gambiae EXPR-STATS VB-2019-02

is available through Vectorbase (vectorbase.org;64;65) at https://tinyurl.com/mr38a7hj.

Anopheles-gambiae EXPR-STATS VB-2019-02 is based on the AgamP4.11 annotation of

the An. gambiae PEST genome, and includes log2-transformed expression values of 13,080

genes across 291 conditions, collected from 35 data sets35–63;66;118–122. Each publication con-

tributed, on average, eight conditions to the data set, ranging from 157 to 5243.

The experimental methodologies varied widely among publications, exploring gene ex-

pression changes using different experimental platforms that sampled either across the entire

or various sub-sections of An. gambiae transcriptome, using total RNA collected from vari-

ous life stages, tissues, and physiological conditions. Expression data obtained with single-

channel microarrays represented 62% of the data set37–39;41–45;48–51;54, of which 84% were ob-

tained with the Affymetrix GeneChip® Plasmodium/Anopheles Genome Array37–39;42;43;45;48–51.

Expression data for the remainder of the conditions were assessed with either dual-channel

microarrays (23% of conditions,36;40;46;47;52;54–59;63;118–122) or by RNAseq (15% of conditions,60–63;66).

With regards to life stages, 84% of all conditions were analyzed using samples derived from

adults, 91% of those from female mosquitoes, a bias that is easily explained by the fact that

only adult female mosquitoes transmit vector-borne disease pathogens123. Similarly, tissue-

specific analyses focused most commonly on the adult female midgut (33% of the conditions

that sampled individual tissues36;38;40;42;46;47;61;119), as it constitutes a major bottle-neck for
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vector-borne pathogens after being ingested by the mosquito with a blood meal from an in-

fected individual124;125. Likewise, the conditions sampled a variety of physiologies that are in-

tegral to vector biology and its control, including blood feeding (9% of conditions,38;60;63;122),

parasite infection (14% of conditions,40;46;47;51;52;61;119, and insecticide resistance (6% of con-

ditions,35;55–57;59;118;120;121.

3.2.2 Expression data set pre-processing and normalization

This initial data set was partially conflated as it contained 21 conditions36;41;54 that were

combined from other conditions in the same data set (e.g., a conflated condition presented a

ratio of two other conditions in the data set). Therefore, these 21 conditions did not represent

new data, and thus were removed from further analysis. In addition, one platform, the dual-

channel microarray LIV A. gambiae DETOX 0.25k 116, interrogated the expression of only

226 genes or 1.7% of the An. gambiae transcriptome. The inclusion of the 13 conditions

that used the LIV A. gambiae DETOX 0.25k microarray118–122 led to a large number of

missing values in the data set, and therefore were excluded from the analyses. After their

removal, the final data set (Table S1, in Supplementary Materials https://github.com/

KSUNetSE/AgGCN1.0) consisted of gene expression data across 257 conditions collected from

30 publications35–63;66.

However, direct comparison of expression values across the 257 conditions in the data

set was not possible, as the data distribution varied among conditions, not only due to the

platforms used but also due to variations between experimental designs and procedures (Ta-

ble S4, in Supplementary Materials https://github.com/KSUNetSE/AgGCN1.0/). Fig. 3.1

shows the means and variances of expression values in each of the 257 conditions. The

log2 mean gene expression values ranged from -0.9 to 10.9, with means for dual-channel

microarray data usually around 0, single-channel microarray data ranging between 4.2 and

10.9, and RNAseq data ranging from -0.9 to 2.5 (Table S2, in Supplementary Materials

https://github.com/KSUNetSE/AgGCN1.0/). The variance of log2-transformed expression

values ranged between 0.01 and 16.5, with no correlation between mean and variance across
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the data set or data obtained by RNAseq. However, expression data obtained with dual-

channel microarray platforms showed a strong positive correlation between expression mean

and variance across conditions, while data from single-channel microarrays showed a strong

negative correlation. This negative correlation can be largely explained by the data char-

acteristics of individual dual-channel microarray platforms. Data obtained with both the

OXFORD Anopheles gambiae Agilent 13k v1 and the Agilent A. gambiae 020449 44k v2

microarray had low means and high variance within conditions, data obtained with the

Affymetrix GeneChip® Plasmodium/Anopheles Genome Array showed means and vari-

ances in the middle range, and those obtained with the ND Anopheles gambiae Nimblegen

65k v1 microarray had high means and low variance. These observed differences in means

and variance across experiments would result in gene expression correlation based on exper-

imental design rather than on underlying gene regulation.

a b

Figure 3.1: Mean and variance distributions of gene expression values in the data set.
Means of expression values for each condition are shown in increasing order (a). The corre-
sponding variance of each mean is shown in (b).

To equalize the means and variance of the data across all conditions, we performed a

normalization step using the z-score, which is expressed as follows

x̂i(k) =
xi(k) − ui

δi
(3.1)

where x̂i(k) is the normalized expression value of gene k under condition i, xi(k) is the

raw expression value of gene k under condition i, ui and δi are the mean and the standard
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deviation of the expression value for all values in condition i, respectively.

number of paired elements

Figure 3.2: The distribution of the number of paired elements of all the gene pairs.

Another property of the An. gambiae gene expression matrix was the highly variable

number of paired elements between all possible gene pairs (Fig. 3.2). A paired element

between gene a and b is defined as the expression value pair aibi, where i is a specific

condition, with i = [1, 2, . . . , n]. If either ai or bi is missing in the expression matrix, there is

no paired element between gene a and b for condition i. The distribution of paired elements

across the entire z-score-normalized data set was highly heterogeneous, displaying a bimodal

distribution with a gap between 118-139 paired elements. This gap is explained by the

properties of the platforms used to obtain the gene expression data. The transcripts of

2,813 annotated genes in the data set were not represented on the Affymetrix GeneChip®

Plasmodium/Anopheles Genome Array, which was used to analyze gene expression in 139

out of 257 total conditions38;39;41–43;45;48–51. Therefore, each of these 2,813 genes in the data

set had an expression vector length that is ≤118, and the 10,433 genes represented on the

array had a vector length ≥139. While z-score normalization addressed the differences in

means and variance of the expression matrix, the variable paired element length remained

and had important implications on edge selection and edge weight assignment, which are

discussed below.
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3.2.3 Edge selection based on a sliding Pearson correlation coef-

ficient threshold

To determine the edges of the AgGCN1.0, we used the Pearson correlation coefficient (PCC),

which is a co-expression measure used commonly to detect edges for nodes in gene co-

expression networks113;117;126. We calculated PCCs for all possible gene pairs in the data

set, and constructed an initial gene expression correlation matrix, which included all PCCs.

From this matrix, we removed the PCCs from all gene pairs whose expression vectors had a

paired element length of ≤4.

The PCC rxy was calculated as

rxy =

∑n
i=1(x̂i − ux)(ŷi − uy)√∑n

i=1(x̂i − ux)2
√∑n

i=1(ŷi − uy)2
(3.2)

where n is the number of paired elements between gene x and y, x̂i is the normalized

expression value of gene x under condition i, ux is the mean of gene x across all paired

elements, ŷi is the normalized expression value of gene y under condition i, uy is the mean

of gene y across all paired elements.

From Eq. (3.2), it is apparent that the range of the PCC is [-1, 1]. It is assumed that the

two vectors are negatively and positively correlated when rxy close to -1 or 1, respectively. If

the two node-vectors are assumed independent, the density function of PCC is then expressed

as

P (r) =
1√
π

Γ(v+1
2

)

Γ(v
2
)

(1 − r2xy)
v−2
2 , (3.3)

where Γ() is the gamma function, and v = n− 2 is the degrees of freedom.

Fig. 3.3 shows the probability density distribution of the PCC as a function of paired

element length. The standard deviation of PCCs decreases with an increase in the number

of paired elements. As an example, selecting the top 3rd percentile of all PCCs at a given
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paired element number leads to a threshold PCC of ≥0.61 for ten paired elements, and a

threshold PCC of ≥0.12 for 250 paired elements (Fig. 3.3).

Figure 3.3: Comparison of the probability density function of PCCs with 10, 50, 150, and
250 paired elements. (a) Probability density functions of PCC, where the vertical lines are
the top 3% thresholds. (b) The top 3% PCC with respect to the number of paired elements.

In GCN construction, an edge between a gene pair is included if their expression vectors

are deemed to have a high PCC, most commonly using a fixed threshold, such as 0.8113.

However, a fixed threshold is only valid when the number of paired elements in the expression

matrix is constant. Given the heterogeneous distribution of paired element length in the An.

gambiae expression matrix, a fixed threshold of PCC would favor edges between gene pairs

with fewer paired elements and not capture the edges with larger numbers of paired elements,

which arguably have stronger experimental support.

To avoid this problem, we selected gene pairs among the top percentages of PCC values

and used a sliding threshold based on the number of paired elements. To do so, we divided

the PCCs into 26 groups according to the interval of the paired element length values, i.e.,

[4, 10], [11, 20], [21, 30], ..., [251, 257]. The scattered points in Fig. 3.4 show the top 0.5%,

1%, 2%, and 3% of PCCs of all gene pairs in the 26 intervals. To assign a threshold of

correlation between the expression vectors of any given paired element length, we used a

curve that fitted the scattered points. The gene pairs with PCCs above the fitted curve were
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Figure 3.4: Top 0.5%, 1%, 2%, and 3% PCC points with respect to different numbers of
paired elements. Scattered points are the top percentages computed from the data set, and
solid blue lines are the fitted curves.

assigned edges in the GCN. The equation for the curve is

f thres(x) = α− 1

η + λe−
x
β

(3.4)

where α, η, λ, and β are the four parameters that were fitted, and x is the number of

paired elements. This equation provided a good trade-off between the accuracy of the fitting

and the number of parameters to estimate. We optimized the four parameters α, η, λ, and

β iteratively, by (1) fixing parameters λ and β, and optimizing α and η, and (2) fixing α

and η, and optimizing λ and β. We evaluated the performance of the four parameters by

maximizing the coefficient of determination, R2. The solid lines in Fig. 3.5 show the fitted

curves for the top 0.5%, 1%, 2%, and 3% points, and the optimized parameters α, η, λ,

and β are shown in Table 3.1. Optimized parameters did not change substantially when a

higher interval number was chosen. For example, using 52 instead of 26 intervals to calculate

the top 3% sliding threshold curve resulted in the same values for the α, η, and minimally

changed λ, and β (52 intervals: 7.6 and 21.1; 26 intervals: 7.5 and 21.2).

Edges were included in the network if their PCC (1) was above the sliding threshold, and

(2) had a p-value smaller than δ/m, where δ and m are the significance level equal to 0.05,
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Figure 3.5: Edge weight rescaling. Sliding PCC-threshold curve (dashed lines) and rescal-
ing curves (solid lines).

and the number of gene pairs of each interval, respectively (Bonferroni-correction,127;128).

Table 3.1: Optimized parameters
Parameters α η λ β

0.5% 1.28 1.61 2.0 30
1% 1.14 1.90 4.3 23.7
2% 1.10 1.80 4.3 24.0
3% 1.00 2.00 7.5 21.2

3.2.4 Edge weight assignment

With the goal of providing a more informative network structure that identifies the relative

strength of co-expression between gene pairs, we constructed a weighted network. To do

so, we assigned a weight to every detected edge, representing the similarity score of co-

expression based on PCC and the number of paired elements. As the edges detected with

fewer paired elements tended to have higher PCCs than the edges with more paired elements

(Fig. 3.4), we rescaled the PCCs to equalize the means and medians of the PCCs across the

26 intervals. Fig. 3.5 shows the PCC-rescaling curves for the sliding thresholds. The dashed

lines are the PCC-sliding threshold curves represented by Eq. 3.4, and the solid lines are
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the corresponding rescaling curves, given by the following equation

f rescale(x) = min(f thres(z)) + max(f thres(z)) − f thres(x), (3.5)

where z ∈ [4, 257], z is the range of the number of paired elements. This curve reduced the

weight of those edges that were detected with a smaller number of paired elements. The

edge weight was computed as

Weightedge(x) = PCC × f rescale(x) (3.6)

We assigned weights to all edges that were selected based on the sliding thresholds of

top 0.5%, 1%, 2%, and 3% PCCs. Fig. 3.6 confirms that the rescaling curve normalized

the means and medians of edge weights across all intervals. As expected, the distribution of

the PCC means and medians of the selected edges across the 26 intervals of paired element

lengths followed a similar pattern to those observed for the PCC threshold curves (Fig. 3.6a

and Fig. 3.4). After the rescaling of edge weights using Eq. (3.6), the means and medians

of the edge weights in each interval were indeed similar, and thus comparable across the

intervals (Fig. 3.6b), confirming the validity of the rescaling approach.

Figure 3.6: Means and medians of the PCCs above the threshold in each interval. (a)
unnormalized means and medians of PCCs. (b) means and medians of rescaled edge weights.
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3.2.5 Network selection

To determine the PCC threshold for final network construction, we built and analyzed four

networks with the top 0.5%, 1%, 2%, and 3% sliding thresholds as introduced in Section 3.2.3.

Table 3.2 shows the statistical properties of the four networks. The curated data set contained

expression data for 13,080 genes (nodes) annotated in the An. gambiae genome. Table 3.2

shows the number of nodes connected with at least one edge, and the node percentage

represents the corresponding percentage of genes present in the network. The LCC is the

largest connected component of the network. The network density is defined as

density =
number of edges

n(n−1)
2

. (3.7)

where n is the number of nodes in the network.

All four networks contained more than 90% of nodes, with a small node percentage in-

crease with increasing thresholds. In contrast, the number of edges and network density

nearly doubled with each threshold increase. Based on these results, we selected the net-

work with the most stringent edge selection criterion (top 0.5% sliding threshold), as the

AgGCN1.0 network. This network maintains its structure with a large number of nodes

connected with the smallest number of edges. The AgGCN1.0 network, therefore, contains

nearly all genes encoded in the Ag. gambiae genome and shows co-expression between pairs

of genes only when their expression vectors have a very high correlation.

Table 3.2: Properties of the entire network with different sliding thresholds
Sliding threshold 0.5% 1% 2% 3%

No. of nodes 11825 12290 12415 12431
Node percentage 90.4% 94.0% 94.9% 95%

No. of edges 382168 685759 1307104 1896825
Network density 0.55% 0.91% 1.70% 2.46%

No. of connected components 13 4 5 5
No. of nodes in LCC 11794 12278 12401 12417
LCC node percentage 90.2% 93.9% 94.8% 94.9%
No. of edges in LCC 382144 685745 1307089 1896810

LCC density 0.55% 0.91% 1.70% 2.46%
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3.3 Methodology verification and robustness test

Next, we validated the methodology of network construction by testing for systematic errors

in the procedure and studied the robustness of the AgGCN1.0 network by randomly removing

different percentages of conditions from the data set.

3.3.1 Methodology verification

With the construction of the AgGCN1.0 completed, we next verified that the network struc-

ture was based on the underlying expression matrix rather than based on a systematic error

in the method of construction. To this end, we randomized the expression values under the

same condition and reconstructed the network with the method introduced in Section 3.2

using the following procedure:

• Step 1: Randomly reshuffle the expression values for each condition.

• Step 2: Compute the PCCs for all of the gene pairs.

• Step 3: Use the top 0.5% PCCs fitted sliding threshold to select edges.

• Step 4: Repeat step 1 to step 3 100 times.

Figure 3.7: The number of edges from the reshuffled data sets.
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Fig. 3.7 shows the distribution of the number of edges of the 100 networks. The Ag-

GCN1.0 network contains 382,168 edges, while the number of edges recovered in the re-

constructed networks is smaller or equal to ten. Based on this result, we did not detect

a systematic error in the proposed network construction method and concluded that the

structure of AgGCN1.0 is indeed based on its expression matrix.

3.3.2 Robustness test

The AgGCN1.0 network is based on a meta-analysis of expression data obtained from many

conditions, and it is unclear how sensitive the overall network structure is to the number of

conditions included in the data set. To evaluate network structure sensitivity, we randomly

removed an increasing number of conditions and reconstructed the network. The network

is considered robust if the edges in the reconstructed networks recapitulate the majority of

those in the original network.

Specifically, we randomly and iteratively (100x) removed 3 (1%), 13 (5%), and 39 (15%)

conditions and used the top 0.5% PCCs fitted sliding threshold of the AgGCN1.0 to detect

edges. Table 3.3 shows the comparison between the original network and the reconstructed

networks. The average number of edges in the reconstructed networks dropped with an

increasing number of removed conditions, with a 15% decrease in conditions leading to a

reduction of 11.3% in the number of edges. Over 90% of the edges present in the AgGCN1.0

network continued to be detected with 13 conditions removed. However, the number of over-

lapping edges decreased on average by 22.3% when 39 conditions were removed. To compare

more specifically how the removal of conditions influenced edge loss in the AgGCN1.0 net-

work, we determined which AgGCN1.0 edges in each of the 26 paired element length intervals

were retained in a sample network that was constructed after the removal of 3 (1%), 13 (5%),

and 39 (15%) conditions, respectively (Fig. 3.8). Overall, edges were largely retained as long

as the paired element length was greater than 50. As expected, the removal of 39 condi-

tions did not recover edges with fewer paired elements and thus overall low experimental

support. Together, these results show that the network construction methodology is robust
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with respect to random removal of up to 15% conditions. These results also demonstrate

that the sensitivity of the AgGCN1.0 structure to the underlying number of conditions is

mostly limited to the loss of those edges derived from the correlation of expression vectors

with few paired elements.

Table 3.3: statistical results of the original and removed networks
Removed conditions Gene pairs Ave. edges Ave. edges in common (%)

0 83,781,071 382,168 382,168 (100%)
3 83,768,208 381,010 366,104 (95.8%)
13 83,706,380 373,820 347,205 (90.9%)
39 83,511,993 350,306 300,939 (78.7%)

Figure 3.8: The distribution of remaining edges in the network after removing 1%, 5% and
15% conditions. The horizontal axis is the number of paired elements and the vertical axis
is the number of edges.

3.4 Analysis of the AgGCN1.0 largest connected com-

ponent

The AgGCN1.0 network constructed through the method introduced in Sec. 3.2 using a top

0.5% sliding threshold is composed of 13 connected components (table 3.2), the largest of
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which (the LCC) consists of 11,794 nodes and 382,144 edges. In this section, we characterized

the LCC network by computing node centralities and detecting its core and communities.

3.4.1 Node centralities

Figure 3.9: Node strength distribution of the network. (a) The strength distribution of the
AgGCN1.0 LCC network. (b) The strength distribution of the ER random network. (c) The
strength distribution of the BA random network.

Centralities of network nodes are calculated to detect nodes that can potentially play a

critical role in network connectivity, evolution, and dynamics. This general feature extends

to GCNs, where node centrality measures have been used successfully to identify genes

essential for organism survival129;130. The simplest node centrality is the node degree, which

is defined as the number of links incident on a node. When links are weighted, the node

degree becomes the node strength, defined as the sum of the weights of all node’s edges.

The LCC node strength has an average of 45.7 and spans a wide range of values, included

between 0.65 and 965.4. To better understand the characteristics of the AgGCN1.0 LCC, we
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compared its centralities with the corresponding centralities of two networks generated using

the Erdos-Renyi (ER)131 and the Barabasi-Albert (BA)132 random network models. The ER

network is the simplest network model, where for any pair of nodes a link is built with a

given probability. The BA network is a model of a scale-free growing network, where new

nodes connect based on preferential attachment and was used here to build a network with

nodes with large degrees (hubs). By design, the ER and BA networks had the same number

of nodes and a similar number of links as the LCC (Table 3.4). Since the AgGCN1.0 LLC is

a weighted network with weights approximately in the interval [0.65, 0.97], in the generation

of the two random networks, we assigned weights to the links uniformly at random from the

interval [0.65, 0.97].

Table 3.4 shows the average, minimum, and maximum node strengths of the three net-

works. While the average value remained similar across the three networks, the range of

variability of the ER network was much smaller than those of the two other networks. The

similarity of the LCC network with the BA network was also confirmed by comparing the

corresponding node strength distributions (Fig.3.9). These distributions were similar, both

showing the presence of hubs, i.e., nodes with very large strength values. The presence of

hubs is a characteristic of many real networks and provides robustness to the structure with

respect to random perturbations of nodes. To measure quantitatively how well the Ag-

GCN1.0 network satisfied the scale-free property, we adopted the model fitting index R2 on

the log-log strength distribution, obtaining values of 0.884 for the AgGCN1.0 LCC and 0.967

for the BA network. The latter value is close to one because the BA network is scale-free

by construction. This numerical test confirmed that the AgGCN1.0 LCC can be considered

approximately a scale-free network.

Two other properties of the three networks are computed and compared in Table 3.4,

namely the average clustering coefficient and the average shortest path length. While the

clustering coefficient shows how well connected are the neighbors of a given node, the average

shortest path length is a measure of the distance of node pairs in the network. The AgGCN1.0

LCC had a much higher clustering coefficient than the ER network and the BA network,

which is typical of real networks with communities. In computing the classical shortest path,
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a small edge weight represents a shorter distance between two nodes. In contrast, in the

AgGCN1.0 LCC, higher edge weights represent closer connections. Therefore, the reciprocal

of the edge (link) weight is used as the link length to calculate all shortest paths. We

then used these shortest paths to compute the average shortest path length, betweenness,

and closeness. In Table 3.4, the average shortest path length of the AgGCN1.0 LCC is

compared with that of the ER network and the BA network. The average shortest path

of the AgGCN1.0 LCC was only slightly longer in comparison. The two random network

models are characterized by the small-world property, which means that there is a path

between a pair of nodes that involves only a few short edges and the clustering coefficient

is not small. Overall, we can conclude that the AgGCN1.0 LCC also presents some small-

world characteristics. Many biological networks, including GCNs show some degree of this

property (e.g.133–135), and it may reflect an evolutionary advantage of such a structure. One

possibility is that small-world networks are more robust to random perturbations than other

networks and this would provide an advantage to biological systems that are subject to

damages, such as gene mutations.

Table 3.4: Topological properties of the co-expression network
Properties AgGCN1.0 LCC ER network BA network

Edges 382,144 382,723 376,384
Ave. node strength 45.7 52.6 51.7
Min. node strength 0.65 27.0 24.3
Max. node strength 965.4 82.0 875.3

Ave. clustering coefficient 0.24 0.0046 0.019
Ave. shortest path 4.8 3.1 2.9

Other centrality measures computed in this analysis, in addition to the node strength,

are the following three136:

• Eigenvector centrality: the centrality of a node is determined by the entry of the eigen-

vector corresponding to the largest eigenvalue of the adjacency matrix representing the

AgGCN1.0 LCC.

• Betweenness centrality: the centrality of a node is determined by the number of shortest
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paths that pass through the node itself.

• Harmonic closeness centrality: the centrality of a node is based on its distance to all

other nodes. Closeness centrality is the sum of the shortest path distance reciprocals

of a node to all other nodes. It is calculated as

C(x) =
∑
y

1

d(x, y)
(3.8)

where C(x) and d(x, y) are the closeness of node x and the shortest path distance

between node y and x, respectively.

Fig. 3.10 shows the four node centralities in the network by visualizing the size of the

node proportionally to its centrality. High-strength nodes were distributed in the areas where

nodes are tightly connected (Fig.3.10a, the left and right clusters). However, only nodes in

the right cluster also had relatively high node eigenvector centrality, as indicated by their

bigger node size (Fig.3.10b). In contrast, only few nodes had a high betweenness centrality

(Fig.3.10c), while many nodes had a similar harmonic closeness centrality (Fig.3.10d).

Overall, we did not identify any correlation between gene expression level and either of

the four centrality measures reported here (data not shown). Thus, these centrality measures

can potentially be used as additional node characteristics. However, since the AgGCN1.0

did not contain a single group of nodes that is characterized by high centrality for all four

measures, it will be critical to define the gene property to be studied and determine which

measure more closely represents such property to detect the key nodes (genes). Additionally,

if an evolutionary process would target the top central nodes in the AgGCN1.0 LCC network,

these nodes would be different on the basis of the selected centrality, providing a diversity

advantage.

3.4.2 Communities

A community in a network is a subgraph that is highly connected internally and loosely

connected with other subgraphs. Community detection for the AgGCN1.0 LCC is essential,
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Figure 3.10: Centrality measures for the AgGCN1.0 LCC. The layout of the network is
generated through Gephi with ForceAtlas 2.0 algorithm137. (a) node strength centrality. (b)
eigenvector centrality. (c) betweenness centrality. (d) harmonic closeness centrality. The
size of a node is proportional to its centrality value.

since the identified communities can help discover the underlying biological processes that

shape the network. In recent years, various community detection algorithms have been

proposed. According to108;114;138, the Louvain algorithm and the Infomap perform better

than other methods, with the extra advantage of low computational complexity. However,

the Infomap method tends to cut leaf nodes into isolated communities, which results in

numerous tiny communities. For this reason, in this work, we adopted the Louvain algorithm

to detect the communities. The Louvain algorithm is a modularity optimization method

that hierarchically identifies how nodes are clustered. Modularity measures the difference
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between the AgGCN1.0 LCC and a random network in terms of community existence. The

modularity Q of a network is calculated as follows138:

Q =
1

2m

∑
i, j

(Aij −
kikj
2m

)δ(ci, cj), (3.9)

where Q, ki, kj, m and Aij are the modularity, the degrees of node i and j, the total

number of edges in the network, and the weight of the edge between node i and j respectively.

The Kronecker delta function δ is equal to 1 if ci equals cj, which means the two nodes are in

the same community, while δ is equal to 0 when the two nodes are in different communities.

In the AgGCN1.0 LCC, we detected 15 communities using the Louvain algorithm, as

shown in Fig. 3.11. Most of the nodes are included in 13 large communities, while two

small communities contain less than 1% of nodes. In the network visualization shown in

Fig. 3.11, nodes belonging to the same community were visualized in proximity, due to

the algorithm selected to visualize the network. In particular, the layout of the network is

based on the ForceAtlas 2.0 algorithm, which produces visual densities that denote structural

densities137. Visualization of the force-directed layout of the AgGCN1.0 LCC confirmed the

existence of well-defined communities. Computing the average shortest path between pairs

of communities revealed that communities visualized in proximity are also characterized by a

relatively shorter average path length. For example, the average shortest path length between

community 11 and community 2 was 3.276, as compared to 4.764 between community 11

and community 15.

3.4.3 Cores

The k-core of a graph is a maximal subgraph in which each node has at least k neighbors after

removing nodes with degrees less than k repeatedly by starting with k = 1 and increasing k

until no nodes are left in the network. The core of the network is the subgraph obtained with

the maximum k such that there are still nodes in the subgraph, but with k+ 1, all nodes are

removed. In the case of a weighted network, node strength substitutes node degree, and the
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Figure 3.11: The 15 major communities of the LCC in AgGCN1.0. The network was
visualized with Gephi 0.9.2 using the ForceAtlas 2.0 algorithm137. Communities are numbered
consecutively based on the number of nodes they contain and colored according to the panel
on the left.

definition of coreness needs to be adapted. In the s-core decomposition, the s-core subgraph

consists of all nodes i with node strengths s(i) > s, where s is a threshold value. We define

the threshold value of the sn-core as sn−1=min s(i), among all nodes i belonging to the

sn−1-core network. The sn-core is found by the iterative removal of all nodes with strengths

s(i) ≤ sn−1. Like k-core analysis, where node degrees are recalculated for every removal, the

remaining nodes’ strengths must also be recalculated in the weighted core139.

The distribution of s-core sizes is shown in Fig. 3.12a, while in Fig. 3.12b, the red nodes

are the subgraph corresponding to the final s-core. If the threshold was above s=74.64, all

nodes were removed, showing the nodes within the final s-core are tightly connected. Green

nodes remained at a threshold s=48.54, corresponding to the first discontinuous drop distri-

bution of s-core sizes (Fig. 3.12a). When s=69.20, two separate components were maintained,

representing two densely connected parts in the network (blue nodes). After we increased

the threshold s, the blue node component in the bottom right disappeared. Note that cores
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Figure 3.12: Coreness. (a) The number of nodes left with respect to the s-core threshold.
(b) Core subgraphs for different strength thresholds. Core s=48.54 consists of 2122 nodes
(green, blue and red nodes), and core s=69.20 consists of 416 nodes (blue and red nodes).
The final core s=74.64 consists of 153 nodes (red nodes) .

with higher thresholds were included in those with lower thresholds. Nodes in the final core

are the ones that remain in the network even when many redundant connections, i.e., many

connections to other nodes with equal or smaller strength, were iteratively removed. The

final core can be seen as the most critical and internal set of nodes that guarantee network

connectivity.

The analysis of node characteristics in the final core revealed the following. Core nodes

were, on average, highly expressed across most conditions, as compared to all nodes in the

LCC, and also sampled across most conditions (≥ 230). The centrality measures (strength,

eigenvector, closeness, and betweenness) of the core nodes were also, on average, significantly

higher than those of the LCC. However, the core nodes did not include any of the top

central nodes under any of the four centrality measures (strength, eigenvector, closeness,

and betweenness). Taken together, these results show that the co-expression of core nodes is

supported by strong expression across the majority of conditions in the network. In addition,

overall gene regulation across the An. gambiae transcriptome results in a network structure

that at its core maximizes all centrality measures rather than a specific one for each core

node. This structure stabilizes the GCN, because a targeted perturbation of the highest

centrality nodes would not affect the network core, thus providing another layer of network
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robustness.

3.5 Network architecture is based on biological func-

tion

The analyses of the properties of the largest component of the AgGCN1.0 network identified

a small-world, scale-free network with a small final core and distinct communities. This sug-

gests coordinated behavior of gene expression across a large number of distinct experimental

conditions, independent of any single specific condition. Previous studies have identified the

network architecture of GCNs to be based on gene function, where co-expression modules

represented sets of genes that function within the same biological processes (e.g.140;141). To

determine whether individual subgraphs of the network were enriched for particular biologi-

cal processes, we performed a Gene Ontology (GO) and KEGG pathway enrichment analysis

in R using topGO142.

3.5.1 The Network core is enriched in genes required for Oxidative

Phosphorylation and Translation

The first subgraph we analyzed for GO and KEGG pathway enrichment was the final core

s = 74.64, which consists of 153 genes, representing 1.3% of genes that comprise the largest

connected component. The top GO categories significantly enriched in the s-core group

encompass the biological processes of translation and oxidative phosphorylation (Fig. 3.13,

Table S1). Indeed, the s-core contains 64 of the 131 genes identified to make up the ribosome

of An. gambiae (KEGG pathway aga03010), and 38 of the 107 genes that comprise oxidative

phosphorylation (KEGG pathway aga00190). We next analyzed GO enrichment in the two

larger cores, Core s = 48.54 and core s = 69.20 (Fig. S2 and 3). Similarly to the final Core

74.64, the GO terms enriched the most belonged to the biological processes of mitochondrial

electron transport and translation (Table S1). However, the enrichment was largely due

53



to the presence of genes in the final core, with the larger cores adding less than half of

the enriched genes that make up the ribosome and mitochondrial electron transport chain.

Given the fundamental need for ATP and proteins for all cellular function, it is perhaps not

too surprising that the expression of these genes is most central and integrated across the

entire An. gambiae transcriptome.

Figure 3.13: The network core is enriched for genes that function in oxidative phosphory-
lation and translation. The X-axis represents the statistical significance of the gene ontology
(GO) categories (y-axis) after adjustment for multiple testing. The size of the dot is propor-
tional to the number of genes in the given GO category.

3.5.2 Network communities are enriched for gene sets with func-

tions in distinct biological processes

We next analyzed the community subgraphs for enrichment of GO terms and KEGG path-

ways among their annotated genes (results are summarized in Table 3.5, all data in Table

S2, Fig. S3-S17). We found each community enriched for distinct biological processes, which

dependent on community, ranged from fundamental cell functions to specialized physiologies

executed by specific organs or tissues.

Manual analysis of enriched GO and KEGG terms within each community revealed an

additional clustering of individual biological processes that together are required for funda-

mental cellular functions. For example, Community 1 is enriched for genes with GO terms
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that broadly fall into the biological processes of DNA repair, Transcription, RNA process-

ing, and Translation, indicating co-expression of genes that belong to the functionally related

cellular functions of gene expression (Fig. S3). A second example is Community 5, which

contains an overrepresentation of genes with GO term annotations belonging to glycolysis,

tricarboxylic acid (TCA) cycle, and Oxidative phosphorylation, and cell redox homeostasis,

indicating that the genes required for oxidative energy production are co-regulated (Fig. S7).

In addition, Community 5 is also enriched for genes with function in translation and protein

processing, suggesting that the generation of proteins and their turnover are co-regulated on

a transcriptional level (Fig. S7). A third example is Community 8, which is enriched for

genes that encode nuclear proteins that function in DNA replication and repair, Cytokinesis,

and Cell cycle.

Table 3.5: Nodes distribution in each community and GO term enrichment

Community
(% of network)

Enriched Biological Functions

1 (23.6) DNA repair, Transcription, RNA processing, Translation
2 (16.4) Neurogenesis/neuronal function, Sensory perception
3 (13.6) Cuticle metabolism, Cytoskeleton organization, Muscle development
4 (7.62) Intracellular Signal transduction, Protein phosphorylation, Neuron

function
5 (6.54) Aerobic respiration, Glycolysis/TCA cycle, Redox homeostasis, Trans-

lation, Protein processing
6 (4.15) Neuronal function, Signal transduction, Sensory perception
7 (3.97) Innate immunity, Lipid metabolism
8 (3.65) DNA replication/repair, Cell cycle, Cell division, Meiosis/Oogenesis
9 (1.83) Digestion, Drug metabolism, Chitin metabolism, Transmembrane trans-

port, Innate immunity
10 (1.81) Chitin metabolism, Lipid metabolism, Proteolysis
11 (1.08) Cytoskeleton, Axoneme
12 (1.06) Gluconate shunt, Signaling
13 (1.01) Cuticle metabolism
14 (0.27) Proteolysis
15 (0.24) Salivary gland proteins, Smell

∗

∗
GO term “smell” due to enrichment of the D7 family salivary gland protein genes, which are odorant
binding proteins.

Community 15 presents the most striking example of a set of co-expressed genes that have

a highly specialized function, as it is enriched for genes with known functions in blood feeding
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(Fig. S17). About 93% of all genes in Community 15 encode known salivary gland proteins.

Indeed, this community contains 51% of all genes identified by Arca et al. as salivary

gland protein genes143. Furthermore, Community 15 is enriched specifically in salivary gland

proteins that are expressed in adult female salivary glands, including the majority of the D7

family, all members of the SG1 family and SG7/SG7-2 family, as well as gVAG (g ambiae

Venom AllerGen), apyrase and 5́-nucleotidase. In contrast, salivary gland protein genes

expressed in male and female salivary glands, including salivary gland amylase, maltase,

members of the SG2 protein family, SG9, and the gene encoding the 55.3 kDa salivary gland

protein are located in community 9.

Community 7 presents a second example of a set of co-expressed genes that have a highly

specialized function, as it is highly enriched for genes encoding proteins with known function

in innate immunity (Fig. S. 9). The An. gambiae genome encodes 347 canonical immunity

genes belonging to the immune modules of recognition, modulation, signal transduction, and

effectors144. Of these, 23.6% (82 genes) are part of community 7, while the entire community

only represents 4.1% of the network. Community 7 includes 20.5% of putative recognition

genes, 37.9% of modulation genes, and 26.7% of effector genes, but only 1 (TOLL5D) of

53 annotated immune signal transduction genes. The largest immune protein family to be

overrepresented is the CLIP-domain containing serine proteases (CLIPs)145, with 37 of 88 of

annotated CLIPs are present in Community 7.

In addition to higher-order clustering of biological processes within communities, we also

compared enriched GO terms between communities. We found that in many instances,

related biological processes are enriched in neighboring communities. For example, Com-

munities 3, 10, and 13 map to the same region of the 2D visualized network (Fig. 12) and

are enriched for genes with GO term annotations related to chitin metabolism. These GO

terms are partially explained by the enrichment of Communities 3 and 10 for genes encoding

CPR proteins, which are characterized by a Rebers and Riddiford Consensus (RR) domain

and are major components of the insect cuticle. CPR proteins fall into two evolutionary

subgroups, based on their RR domain type, which are referred to as RR1 and RR2. The

An. gambiae genome encodes 55 RR1 and 102 RR2 genes146, of which 47 RR1 and 92 RR2
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genes are present in the AgGCN1.0. Community 3 contains 45% of CPR genes, while only

containing 13.6% of genes in the network. Community 13 contains 19% of RR1 genes, while

only containing 1.0% of genes in the network.

Other examples are of shared GO terms across neighboring communities are the enrich-

ment of innate immunity genes in communities 7 and 9, as well as the enrichment of salivary

gland protein genes in communities 15 and 9 (Fig. 3.13). The algorithm of the Force Atlas

2.0 network layout pulls together nodes that are connected by links, while repelling nodes137,

thus the expression of genes within neighboring communities is likely more similar than to

communities that are more distant to each other.

3.6 Summary

In this chapter, we constructed a global gene co-expression network for An. gambiae based

on the meta-analysis of 30 gene expression studies. The rich information produced by dif-

ferent experiments made it challenging with existing methodologies to analyze the relations

of genes based on co-expression, as different methodologies were used to process the data.

Current approaches cannot directly construct a GCN from many conditions that are tested

with various methodologies. The raw expression values of each condition, therefore, required

normalization before applying any network construction methods. In this work, we adopted

the z-score normalization, by which the expression values in different conditions are normal-

ized with zero mean and unity variance. The co-expression of genes was then quantified by

the Pearson correlation coefficient, which is computed for each pair of genes based on the

normalized expression. However, the number of paired elements between genes was hetero-

geneously distributed, given that only a subset of genes was tested under each condition, and

missing values are ubiquitous in experimental data. Thus, a unique threshold or criterion

was not appropriate for selecting edges. Instead, we categorized the PCCs into different

intervals according to the number of paired elements, and the fitted sliding threshold was

used to select edges for the GCN. In addition, the PCCs were rescaled by the reversed curve

of the fitted sliding thresholds to obtain the edge weights.
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Analyses of the resulting AgGCN1.0 network showed that it is robust with respect to

random removal of up to 15% conditions. In addition, the sensitivity of the AgGCN1.0

structure to the underlying number of conditions mostly affected the loss of those edges

derived from a few experimental data. Studies of the topological properties of the network

showed that AgGCN1.0 is dominated by hub nodes and approximates a scale-free property.

Scale-free properties are typical for real-world networks147;148, including GCNs and other

biological networks34;135. This property likely provides network robustness and protects

against random perturbations, e.g., mutations that protect the global architecture of the

network. In addition, the global architecture is also protected against targeted perturbations,

due to the node properties of the AgGCN1.0 network core, where all centrality measures are

maximized rather than a specific one for each core node. It will be interesting to compare

whether this feature is common of global GCNs, and whether it is a consequence of specific

biological gene properties or functions.

Scale-free and small-world networks are characterized by the existence of communities,

which are groups of nodes that are well-connected inside and loosely connected with other

communities. This translates to GCNs, in which genes are often grouped into modules that

are characterized by a similar function. The 15 communities of the AgGCN1.0 are indeed en-

riched for different GO and KEGG terms, thus constituting biologically meaningful groups.

This finding provides additional validation of the updated GCN construction methodology

reported in this study. Not surprisingly, many communities were enriched functions that

constitute fundamental biological processes required for cellular function regardless of cell or

tissue type. This is largely explained by the non-model organism status of mosquitoes. With

limited functional characterization of lineage-specific genes, gene annotation often relies on

orthology and thus biasing even further the inherent incompleteness of gene ontology149.

While mosquito-specific GO terms have been defined based on anatomy150, several phys-

iologies highly relevant to mosquito biology are either not included in the GO database

(e.g., hematopaghy) or are underutilized in annotations (e.g., host-seeking). Nevertheless,

community structure in the AgGCN1.0 is clearly defined by functional clustering of genes.

The GO term and KEGG pathway enrichment analysis also revealed an interesting pat-
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tern that may extend beyond the AgGCN1.0 to other gene co-expression networks. The

architecture of the AgGCN1.0 at its s-core is defined by genes required for respiration and

translation, both fundamental processes required for survival at the cellular level. The ex-

pression of these genes is further integrated into the expression of genes required for aerobic

energy production and cellular protein genesis and homeostasis. Not surprisingly, these

genes are well-conserved evolutionarily at the metazoa and arthopoda level151. This not

only demonstrates integration of these processes at the transcriptional level, but also per-

haps that the transcriptional regulation of these genes evolved early and has been maintained

throughout evolution. In contrast, communities at the periphery of the network (e.g., com-

munities 11 and 15) are enriched in genes that contribute to specialized biological processes,

including blood feeding143 and potentially sensory neuron and/or sperm function152. Genes

in these communities also tended to be more lineage-specific, suggesting that integration of

novel biological processes into the An. gambiae transcriptome may not require rewiring of

the regulatory circuity. In the future, it will be interesting to determine whether gene age is

a principle that governs global gene co-expression patterns in An. gambiae and beyond.

In summary, this manuscript provides a correlation-based methodology to build GCNs

from highly heterogeneous expression data. This methodology was then applied success-

fully to build a robust global GCN for An. gambiae, updating the previous meta-analysis

performed by2. This network is available freely to the scientific community at https:

//github.com/KSUNetSE/AgGCN1.0. Analysis of the AgGCN1.0 LCC suggests that the ar-

chitecture of the An. gambiae transcriptome maximizes the integration of essential cellular

processes and enables evolutionary flexibility to integrate the expression of novel biological

functions.
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Chapter 4

A software package for gene

co-expression network construction

and analysis

4.1 Background

In Chapter. 3, we developed a data processing scheme to construct a gene co-expression

network for An. gambiae. Our experimental results demonstrated the effectiveness of this

approach in revealing gene functions and patterns, even when dealing with different exper-

imental technologies and a large number of missing values. In this chapter, we developed

an integrated tool–GeCoNet-Tool for gene co-expression network construction and analy-

sis. This tool streamlines the process of network construction and provides a user-friendly

interface for network analysis.

4.2 Implementation

The GeCoNet-Tool is an open-source software package that combines gene co-expression

network construction and analysis. It is an improved implementation of our previously
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published work74, which presents a scheme to study gene expression data across a large

number of conditions. The tool is an executable file written in Python and features a user-

friendly graphical interface that simplifies configuration for various data types (as illustrated

in Fig. 4.1). The use of GeCoNet-Tool can be divided into two independent parts: network

construction and network analysis.

4.2.1 Data processing and network generation

To generate a gene co-expression network edge list using GeCoNet-Tool, the user needs

to provide a gene co-expression matrix in .csv format. This matrix should have N rows

representing genes and M columns representing experimental conditions.

The tool offers various options for processing the input data based on the data type. For

example, if the input data is obtained through RNA-seq153, users can choose to remove zeros,

re-scale expression values by log2, or normalize columns by z-score. Additionally, users can

choose to save the processed data in .csv format. These options allow users to customize the

data processing step to suit their specific needs and ensure accurate network construction.

The Pearson Correlation Coefficient (PCC) is calculated between every pair of genes

based on the processed data using GeCoNet-Tool. If the user chooses to save the PCC

matrix, it is stored as an upper triangular matrix4;114. In our previous work74, we found

that the number of experimental conditions could significantly affect the PCC of two genes.

Therefore, GeCoNet-Tool determines the number of paired elements between every pair of

genes, and the user can save this data as an additional upper triangular matrix.

GeCoNet-Tool uses a classification system to categorize PCC values into different inter-

vals based on the number of paired conditions for each gene pair. The user can specify the

size of the intervals, referred to as the bin size, in the tool’s interface. To select edges based

on PCC value, the user also needs to input the cutoff value expressed as the chosen top

percentage of all PCCs in a given interval (e.g., 0.5%, 1%, or 2%). This cutoff value is used
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Figure 4.1: The GeCoNet-Tool user interface.

to determine the sliding threshold by fitting a curve to the PCC values:

f thres(x) = α− 1

η + λe−
x
β

(4.1)

where α, η, λ, and β are the four parameters that are estimated through the fitting process,

and x represents the number of paired elements. This equation strikes a balance between

fitting accuracy and the number of parameters estimated74. Once the curve is fitted, the

optimal values of the four parameters are updated and displayed in the input boxes labeled

α, η, λ, and β in the tool’s interface.

To optimize the four parameters for the fitted curve, GeCoNet-Tool uses an optimization

algorithm instead of manual optimization, as in our previous work74. The coefficient of

determination (R-squared) for the fitted curve is displayed in the Running Status box to

give users an indication of the goodness-of-fit for the curve. The edges of the co-expression

network are selected through the fitted curve and based on the number of paired elements74.

The user can construct networks with different edge densities by adjusting the cutoff value.
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This allows users to explore different co-expression network topologies and focus on specific

genes or gene clusters of interest.

Finally, the user can choose to save the edge list and fitted threshold curve for further

analysis. The edge list of the co-expression network and the threshold curve will be saved to

the same folder as the input data. This enables the user to perform downstream analysis,

such as centrality, gene ontology, and pathway enrichment analysis.

4.2.2 Network analysis

Once a gene co-expression network is constructed using GeCoNet-Tool, various properties

of the network can be analyzed through the second part of the tool. GeCoNet-Tool enables

users to analyze the following network properties:

• community: The community is defined as a subgraph that is highly connected internally

and loosely connected to other subgraphs. GeCoNet-Tool detects the communities of

the network through the Louvain algorithm108.

• core: The core of the network is obtained by repeatedly removing nodes with a degree

less than k by starting with k = 1 and increasing k until no nodes are left in the

network139.

• degree: GeCoNet-Tool calculates node degree if the network is unweighted and calcu-

lates node strength if the network is weighted1.

• eigenvector: GeCoNet-Tool calculates the eigenvector centrality, which is determined

by the entry of the eigenvector corresponding to the largest eigenvalue of the adjacency

matrix of the network154.

• betweenness: GeCoNet-Tool calculates the betweenness centrality, determined by the

number of shortest paths that pass through the node itself155.

• closeness: GeCoNet-Tool calculates the closeness centrality, which is based on the

distances between nodes. Closeness centrality is the sum of the shortest path distance
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reciprocals of a node to all other nodes156.

In the package, the user can choose to analyze the entire network or only the largest

connected component, and use unweighted or weighted edges for the analysis. The output of

GeCoNet-Tool includes a table containing all properties that the user has selected, as well as

figures of the node degree distribution, community distribution, and core distribution. These

figures help the user to better understand the topological characteristics of the network.

4.3 Results

To keep the user informed, GeCoNet-Tool displays the running status in the Running Status

window, which shows the progress of the current task. Meanwhile, network statistics, such

as the number of nodes, edges, and core nodes, will be displayed in the Results window as

soon as the network is constructed or analyzed. This allows the user to monitor the progress

of their analysis and quickly obtain important network properties.

In the experiment, we used An. gambiae gene expression data and constructed a gene

co-expression network using the default settings in GeCoNet-Tool. The gene expression

data is publicly available through VectorBase (www.vectorbase.org) at the following URL:

https://tinyurl.com/mr38a7hj. Figure. 4.2(a) shows the sliding threshold curve with a cutoff

value of 0.005, and the R-squared value is 0.908, indicating that the curve fits the raw data

well.

In the second part, users can analyze the constructed network and produce a table to

store the properties of the network. In the An. gambiae gene co-expression network, there

are 12,660 nodes, 381,760 edges, and 164 core nodes. GeCoNet-Tool employs the force-

directed algorithm Fruchterman-Reingold layout157 to visualize the community distribution

(Fig. 4.2(b)) and core nodes (Fig. 4.2(c)). However, the layout shown in the results window

is not interactive. We recommend users to use interactive network visualization algorithms

such as Gephi137 to show the generated network and its properties. GeCoNet-Tool also

generates a node degree distribution as shown in Fig. 4.2(d).
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Figure 4.2: Examples of figure outputs from GeCoNet-Tool using An. gambiae expression
data. (a) The fitted threshold curve, (b) communities, (c) core nodes, and (d) degree distri-
bution of the An. gambiae gene co-expression network.

4.4 Summary

GeCoNet-Tool is a free and user-friendly research tool that does not require coding knowl-

edge. The package comprises two parts: 1) network construction and 2) network analysis. In

the first part, the relationship between every pair of nodes is evaluated by PCC and by the

number of paired conditions. GeCoNet-Tool allows users to input different expression data

types, such as RNA-seq and microarray. The user can choose how the data is processed,

including removing zeros and log2-rescaling. In the second part, GeCoNet-Tool provides

multiple tools for network analysis. For example, the community analysis will classify nodes

into different communities to identify genes with similar biological functions.
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Chapter 5

Learning node features and network

structure from noisy node activity

data1

5.1 Background

A network is a system-level view of pairwise interactions between nodes, genes, or elements

in a complex system5;21;76;79;82;87;89;90;97;158–160. To analyze a networked system, the first step

is to construct the network from data obtained through different technologies. In most

cases, network structures can be determined through direct measurements where pairwise

relationships between nodes can be observed directly. For instance, friendship networks can

be probed through various ways including using questionnaires, checking Facebook or Twitter

friendship, and investigating face-to-face interactions. Similarly, edges in web graphs can be

directly determined by checking if hyperlinks exist between web pages3;15;17;80;161. However,

there are cases where the relationships between nodes cannot be observed directly2. Instead,

we may only have node activity data that reflect the properties of nodes from various aspects.

In these cases, we need to estimate the underlying network structure from nodal data. Such a

1This chapter is a slightly modified version of a published article76.

66



problem exists in many areas, including the construction of financial, biological, and climate

networks19;20;22–31. In these areas, measurements of pairwise relationships are not always

feasible2;3;159. Instead, we can conduct various experiments to measure node activities under

different conditions162.

This chapter explores whether we can use neural networks to learn node representations

from noisy and heterogeneous data and tries to use an entropy-based method to extract

network structures. Specifically, we investigate the problems of feature learning and network

construction for gene co-expression data. Different high throughput technologies, including

microarray and RNA-sequencing, allow simultaneous evaluation of thousands of gene expres-

sion data. Usually, the data can be organized into a matrix that consists of rows representing

N genes (nodes) and columns representing M experimental conditions. To construct a net-

work from such expression data, we need to consider three problems. (1) The expression data

are often distributed over various ranges, as they are measured using different experimental

technologies. This can result in values that are dispersed from zero to tens of thousands, and

which do not follow any specific distribution. (2) Missing values are frequently present in

the dataset. This can occur because some experiments only test a subset of genes for specific

purposes or because some experimental data for certain genes (nodes) are not available. (3)

The levels of noise are not constant, as environmental factors such as humidity, temperature,

and light intensity can potentially influence the accuracy of the devices and the measured

node activity data. To address these challenges, the method for network construction is

expected to be slightly or not affected by missing values and noise.

There are diverse approaches aiming at constructing networks from nodal data. A signifi-

cant volume of works uses the correlation coefficient to measure the degree to which a pair of

nodes is related, and edges are selected by thresholding the correlation coefficients31;163;164. In

Chapter. 3, we demonstrated that Pearson Correlation Coefficient is very effective in network

construction. However, the drawbacks of the correlation methods are that: 1) the expression

data are required to follow a (quasi-) normal distribution, 2) the correlation coefficients are

significantly affected by outliers, and 3) the correlation coefficient does not have any bearings

on the Euclidean distance of two vectors163;164. Mutual Information (MI) and its variants
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are also used to construct gene co-expression networks. The MI models do not require the

data to follow the normal distribution. Still, the MI models are even more complex, since

we are expected to find the joint probability distribution for every pair of genes165. Some

researchers have proposed using rescaling and normalization methodologies to obtain quasi-

normal distributed data from the raw node activity data166. According to117, the number

of experimental conditions significantly influences the correlation coefficients under the null

hypothesis that two nodes are not correlated. Theoretical analysis shows that correlations

based on ten conditions tend to be higher than those computed with 50 conditions. Missing

values lead to node pairs with a different number of paired elements, meaning that the node

pairs with fewer paired elements are more likely to have high correlation coefficients. There-

fore, some works use imputation, interpolation or sliding threshold to solve the problem

(2)74;167. The complex data processing procedures pose a severe challenge to the principle

of parsimony when we further study the resulting network structure168.

Edge selection is another issue we need to consider when constructing networks from

node activity data. Both correlation and MI methods return coefficients between -1 and 1.

Many researchers construct unweighted networks by applying a threshold to select edges of

the network corresponding to node pairs with the highest coefficients. However, choosing

a threshold is always tricky since a high threshold could generate singleton nodes, while a

low threshold generates networks with many weakly connected node pairs83;166. Though the

problem can be solved by fixing the minimum number of neighbors of each node, the choice

of the threshold influences the node degree distribution, meaning that nodes’ roles in the

resulting network are related to the choice of thresholds. As an alternative, we propose an

entropy-based network construction method, which has better performance in maintaining

nodes’ roles (e.g., hubs and leaf nodes) and avoiding isolating nodes.

This chapter presents a novel approach for constructing networks from noisy node activity

data, which involves a neural network-based method to extract node representations and an

entropy-based approach to extract network structure. Inspired by the application of neural

networks in natural language processing (NLP)169–174, we propose generating node sequences

from node activity data to simulate sentences in documents. The neural network model can
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embed node sequences into vectors of identical dimensions, which allows us to study node

features and construct networks. The main contributions of the chapter are as follows:

Firstly, it offers a simple and direct data processing scheme that generates random node

sequences from M conditions, without the need for any specific data distribution, re-scaling

or normalization. Moreover, the M conditions are processed separately, minimizing negative

impacts from missing data and outliers. Secondly, the node sequences are trained with

a neural network model that builds on the hypothesis that nodes with similar properties

tend to have similar neighbors, resulting in similar nodes having similarly trained node

vectors174. Thirdly, an entropy-based method is proposed to construct the corresponding

network where selected edges can recover node roles. Finally, the proposed approach is

validated experimentally using both synthetic and real data105;175. Overall, this approach

presents a promising solution for constructing networks from noisy node activity data, which

can provide insights into the structure and function of complex systems.

5.2 Feature vectors from node activity data

This section introduces the key components of our proposed approach, including the defini-

tion of the context set, the node sequence generation process, and the entropy-based method

for network construction.

In language, words with similar meanings tend to appear in similar contexts169. Simi-

larly, nodes with similar properties in different conditions tend to appear in similar neigh-

borhoods. By leveraging natural language processing (NLP) techniques, we can learn node

representations from node sequences that capture the local structural and dynamic features

of the nodes. The measurements of nodes in different conditions represent different prop-

erties, similar to words in various topics that may have different meanings. Building on

these observations, we design a scalable node sequence generation strategy to process the M

conditions separately.
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5.2.1 Generate context sets from node activity data

Suppose we have N nodes that are measured in M conditions. Let vi (i ≤ N) denote a node,

and let vi(ω) denote its value in the ωth condition. To generate node sequences, we define

the context set of node vi in the ωth condition as follows:

Cω(vi) = {vj : |vj(ω) − vi(ω)| ≤ δωi }. (5.1)

where the tolerance δωi can be a parameter such that δωi = βωvi(ω). By employing the param-

eter βω, we can tune the size of the context set per the error levels of different technologies.

In practice, when a missing value is present in the ωth condition for node vi, we skip the

generation of Cω(vi) and do not predict the missing values from other conditions. This

approach helps to minimize the impact of missing data and outliers on the node sequences.

Formally, the context set of node vi is composed of nodes with measurements falling in

the range [vi(ω) − δωi , vi(ω) + δωi ]. Therefore, the number of elements of the intersection set

Cω(vi) ∩ Cω(vk) is related to the measurements of the two nodes vi and vk. For example,

assume the measurements of the three nodes vx, vy, and vz in the ωth condition are respec-

tively vx(ω) = 1000, vy(ω) = 990, and vz(ω) = 950. It is clear that vy(ω) is closer to vx(ω)

than vz(ω), i.e.,

|vx(ω) − vy(ω)| < |vx(ω) − vz(ω)|. (5.2)

Therefore, we have the following inequality:

|Cω(vx) ∩ Cω(vy)| ≥ |Cω(vx) ∩ Cω(vz)|, (5.3)

where | · | denotes the cardinality of the intersection set. The context set Cω(vy) recapitulates

more elements of Cω(vx) than the context set Cω(vz). For any node vj ∈ Cω(vx), we have
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the probability

P (vj ∈ Cω(vy)) ≥ P (vj ∈ Cω(vz)). (5.4)

Furthermore, we assume Gω(vi) is a set consisting of nodes whose context set contains

node vi, such that

Gω(vi) = {vj : vi ∈ Cω(vj)}. (5.5)

Based on the same example above, we can say that there are more context sets containing

simultaneously vx and vy than containing simultaneously vx and vz. Therefore, we have

|Gω(vx) ∩Gω(vy)| ≥ |Gω(vx) ∩Gω(vz)|, (5.6)

meaning that the nodes with closer values are more likely to be present in the same context

sets. Similarly, for any node vj ∈ Gω(vx), we have the probability

P (vj ∈ Gω(vy)) ≥ P (vj ∈ Gω(vz)). (5.7)

In the generation of node sequences, we always sample the subsequent node from the

context set of the current node. For example, given a node sequence l, suppose the ith node

is vx, i.e., li = vx. Then, we have a node sequence

{· · · , li−1 ∈ Gω(vx), li = vx, li+1 ∈ Cω(vx), · · · }. (5.8)

Based on Eqs. 5.4 and 5.7, li+1 is more likely to be in Cω(vy) than in Cω(vz), and li−1 is

more likely to be in Gω(vy) than in Gω(vz). This implies that the context nodes of vx tend

to be the context nodes of vy rather than of vz, since vy(ω) is closer to vx(ω) than vz(ω).

Thus, in the generated node sequences, nodes with closer measurements tend to appear in

similar contexts.
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5.2.2 Generate random node sequences

The simplest approach to generating node sequences from context sets is to randomly sample

the next node from the context set of the current node. This approach corresponds to a first-

order Markov chain176. Specifically, assuming that the ith node in a node sequence is denoted

as li, the next node li+1 ∈ Cω(li) is selected with a probability given by:

p(li+1 | li) =
1

|Cω(li)|
. (5.9)

Under this assumption, the nodes in the context set Cω(li) have an equal probability of

being chosen as the subsequent node.

Alternatively, we can generate biased random node sequences. Suppose we are currently

at node li, having just traversed node li−1. In this case, the probability of sampling the next

node li+1 can be biased by the previous node li−1. To introduce this bias, we use a parameter

ρ, and the unnormalized probability of the next node is defined as follows:

p(li+1 | li, li−1) =


1 if if li+1 ∈ Cω(li−1) ∪ {li−1}

ρ else,

(5.10)

where li+1 ∈ Cω(li). The sampling strategy resembles a second-order Markov chain176, where

the probability of adding the next node is influenced not only by the current node but also

by the previous node. The parameter ρ is introduced to bias the probability of the next node

given the previous node. A low value of ρ increases the likelihood of sampling an element

from Cω(li−1), while a high value of ρ increases the probability of exploring a node further

away from li−1. Higher values of ρ allow sampling a node in Cω(li) but not in Cω(li−1). When

ρ = 1, Eq.5.10 becomes equivalent to Eq.5.9.

In the ωth condition, we generate K random node sequences starting from each node.

Repeating the process for all the M conditions, we obtain a corpus T containing KNM−KZ

node sequences, where Z represents the number of missing values.

The goal of generating random node sequences is to feed the corpus T to a three-layer
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neural network to obtain node vectors172–174;177;178.

5.2.3 The skip-gram model

The objective of generating random node sequences is to provide the corpus T as input to

neural networks for training node vectors. We adopt a simple three-layer skip-gram model,

illustrated in Fig. 5.1, as our neural network architecture172–174;177;178. The model consists

of an input layer, a hidden layer, and an output layer. In this work, we aim to obtain

d-dimensional vectors for each of the N nodes.

In our assumption, nodes with similar values tend to appear in similar contexts. Given a

neighborhood H consisting of 2c nodes, we denote P (vx | H) as the conditional probability

of node vx neighboring the 2c nodes in H. Based on Bayes’ theorem, we can write:

P (vx | H) =
P (H | vx)P (vx)

P (H)
, (5.11)

where P (H) and P (vx) are respectively the probability of H and vx, and P (H) and P (vx)

can be regarded as constants. Then, we have

P (vx | H) ∝ P (H | vx). (5.12)

Now, let us consider one of the node sequences from the corpus. Let li denote the ith

node of the sequence, and H = li−c, . . . , li−1, li+1, . . . , li+c. That is, we have an outcome H

given li. Since the goal is to determine f(li), we can replace vx in Eq. 5.12 with f(li), and

assuming the 2c nodes are independent179, we have

P (f(li) | H) ∝ P (H | f(li)) =∏
−c≤j≤c,j ̸=0

P (li+j | f(li)), (5.13)

where P (li+j | f(li)) is the occurring probability of node li+j given the vector f(li). To
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determine f(li), we have the optimization problem after taking the log form of Eq. 5.13:

E = −min
f

∑
−c≤j≤c,j ̸=0

logP (li+j | f(li)). (5.14)

Input layer Hidden layer Output layer

Figure 5.1: The three-layer neural network model (The skip-gram model). Each input node
is associated with an N-dimensional one-hot vector172, which is mapped to the node vector
f(vi) (the hidden layer) of dimension d by matrix W1. The hidden layer is mapped to the
output vector by matrix W2. The elements of W1 and W2 are initialized with random values,
which are expected to be optimized by backpropagation173.

The model projects the node vector f(li) to an N -dimensional output vector ui, as

shown in Fig. 5.1. Each dimension of ui is associated with a node in the corpus, and we

use the softmax function173;174;180 to convert the entries of ui into probabilities, which form

a probability distribution. For example, the probability of the rth entry of ui given f(li) is

P (vr | f(li)) =
exp(ur

i )∑
r′∈N exp(ur′

i )
, (5.15)

where ur
i is rth entry of ui and P (vr | f(li)) is the probability of node vr to be the context

of li. According to Eq. 5.15, nodes in H have higher probabilities of being the context of

node li. Combining Eq. 5.14 and Eq. 5.15, we have the loss function181;182

E = −min
f

∑
−c≤j≤c,j ̸=0

ui+j + log(
∑
r′∈N

exp(ur′

i )). (5.16)
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which is applied to every node in the sequence. Eq. 5.16 is optimized by using the stochastic

gradient descent approach169;173;174, which backpropagates180 errors to update the elements

of the matrices W1 and W2 in Fig. 5.1.

The method we have introduced falls in the category of semi-supervised learning, in

which we learn node vectors from node activity data. The node vectors can be used to

extract networks or detect nodes with similar properties.

5.3 Network structure from trained node vectors

After training the neural network model, we obtain N vectors for the N nodes. With these

node vectors, we can predict relationships between the nodes, visualize the global structures

of the nodes, and construct a corresponding network.

A common approach to selecting edges is to globally threshold the cosine similarities

to filter out weak links and obtain a backbone of the underlying network. This method,

known as globally thresholding edges (GTE), is widely used in determining gene co-expression

networks164. However, the drawback of GTE is that some nodes may become isolated from

the network if the threshold is too high. Although we can force isolated nodes to connect to

other nodes, the degree distribution of the resulting network is still affected by the choice of

threshold, meaning that the roles of nodes in the network may be sensitive to this choice. To

avoid these issues, we propose a Rényi entropy-based method (REM) to extract a network

from the trained node vectors175;183–187.

Once we have the node vectors, we can compute the cosine similarity to quantify the

connection strength for each pair of nodes. Here, we define S0(vi) as the initial neighbor

set of node vi. S0(vi) is composed of nodes that are positively similar to vi, i.e., S0(vi) =

{vj : s(vi, vj) > 0}, where s(vi, vj) is the cosine similarity between vi and vj. However, the

network constructed from S0(vi), ∀i < N is not helpful in real applications because most

node pairs are weakly connected.

Inspired by the application of entropy in ecology, we regard the nodes in the set S0(vi)

are the states of the system vi. Then, we associate each state with a probability, which is
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computed from the similarity values, such that:

s0i (vj) =
s(vi, vj)∑

vj∈S0(vi)
s(vi, vj)

. (5.17)

In information theory, entropy depicts the diversity and randomness of a system21. The

Rényi entropy for node vi with order α is

H1
α(vi) =

1

1 − α
ln

∑
vj∈S0(vi)

(s0i (j))
α, (5.18)

where α > 0.

Note that the Rényi entropy converges to the Shannon entropy as α → 1, i.e., H1
α(vi) =∑

vj∈S0(vi)
s0i (vj) log s0i (vj). For any α, the entropy H1

α(vi) ranges from zero to ln |S0(vi)|. In

the case of a certain event, i.e., ∃ vj ∈ S0(vi), where s0i (vj) = 1 and Hα(vi) = 0. Conversely,

the entropy H1
α(vi) = ln |S0(vi)| when s0i (vj) follows a uniform distribution. The diversity

index D1
α(vi) is

D1
α(vi) = exp(H1

α(vi)) =

 ∑
vj∈S0(vi)

(s0i (vj))
α

1/(1−α)

, (5.19)

which is also known as the Hill numbers183. It is unsurprising that s0i (vj) is not uniformly

distributed, and H1
α(vi) ∈ [0, ln |S0(vi)|]. In ecology, the diversity index quantifies the

abundance of species in a community. The diversity index approaches the total number of

species when the species are equally abundant and approaches one if there is a dominant

species. In Eq. 5.19, the order α influences the sensitivity of the diversity index. Increasing

α strengthens the weights of the most abundant species. That is, higher α allows us to select

the more abundant species, while lower α will detect more species. Therefore, we can use α

to control the number of neighbors of node vi.

We pick the top ⌊D1
α(vi)⌉ nodes with the highest similarities from S0(vi) to be the effective

number of neighbors of node vi. These selected neighbors form a new neighbor set, S1(vi),
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which are more strongly connected to vi than the nodes in S0(vi). The resulting network

constructed from S1(vi),∀i ≤ N is denser than that constructed from S0(vi),∀i ≤ N .We

can then iteratively apply Eqs. 5.17, 5.18, and 5.19 to obtain a network with desired edge

density. Let ⌊Dk
α(vi)⌉ be the diversity index at the kth iteration, then we can express the

process as:

Sk(vi) = {vj ∈ Sk−1(vi) :

|{vz ∈ Sk−1(vi) : s(vi, vj) < s(vi, vz)}| < ⌊Dk
α(vi)⌉}, (5.20)

where k ≥ 1. In each iteration, top ⌊Dk
α(vi)⌉ nodes with the highest similarity values are

selected as the neighbors of vi. By repeating this process, the REM effectively filters out

weak links for vi, leaving only the most meaningful neighbors in the set Sk(vi). As a result,

the network constructed from Sk(vi) becomes progressively denser and more informative

about the connectivity patterns of the nodes.

In real-world networks, nodes can be classified into two categories: leaf nodes and hubs.

Leaf nodes are those connected to a small number of others, while hubs have many neigh-

bors. Considering the property of entropy184;187, the size of the resulting neighbor set Sk(vi)

is relatively small if the similarity value distribution of S0(vi) is right-skewed. On the con-

trary, the size of Sk(vi) is much larger if the similarity value distribution of S0(vi) is left-

skewed175;183;185. This indicates that the role of node vi in the network is closely related to

the distribution of similarity values.

5.4 Results of Feature learning

The method we have presented falls in the category of semi-supervised learning. In this

section, we use both synthetic and real data to evaluate the performance of the proposed

approach in recovering global and local structures in terms of feature learning and network

reconstruction.
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5.4.1 Results on synthetic data

In this part, we used two case studies with N1 = 5000 and N2 = 5500 nodes to evaluate the

performance of the proposed approach in recovering a global structure.

The preparation of synthetic data

In two case studies, nodes are measured in six different conditions (M1, M2, · · · , M6) and

distributed across five communities (G1, G2, · · · , G5). In the first case study, there are

five communities of equal size, with each group consisting of 1,000 nodes. In contrast, in

the second case study, the communities have different sizes, with G1 = 1000, G2 = 1500,

G3 = 500, G4 = 750, and G5 = 1750 nodes, which were randomly chosen. Note that

the sixth condition is a perturbation. In each condition, nodes in the same community are

assigned random values from one of the intervals: A = [1, 100], B = [101, 200], C = [201, 300],

D = [301, 400], E = [401, 500], and R = [1, 500]. We created four datasets for each case study,

as shown in Tables 5.1, 5.2, 5.3, and 5.4. In Table. 5.1 (Data.1), G1 and G2 are adjacent

but not overlapped. In Tables 5.2 (Data.2), 5.3 (Data.3), and 5.4 (Data.4), nodes from G1

and G2 are assigned values from two, three, and four overlapping intervals, respectively, as

indicated in bold font. As the number of overlapping intervals increases, the relative distance

between G1 and G2 is expected to decrease.

Table 5.1: The synthetic dataset 1 (Data.1)
Conditions

group M1 M2 M3 M4 M5 M6

G1 A B C D E R
G2 B C D E A R
G3 C D E A B R
G4 D E A B C R
G5 E A B C D R
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Table 5.2: The synthetic dataset 2 (Data.2)
Conditions

group M1 M2 M3 M4 M5 M6

G1 A B C D E R
G2 A B D E D R
G3 B C E A C R
G4 C D A B B R
G5 D E B C A R

Table 5.3: The synthetic dataset 3 (Data.3)
Conditions

group M1 M2 M3 M4 M5 M6

G1 A B C D E R
G2 A B C E D R
G3 B C D A C R
G4 C D E B A R
G5 D E B C B R

Table 5.4: The synthetic dataset 4 (Data.4)
Conditions

group M1 M2 M3 M4 M5 M6

G1 A B C D E R
G2 A B C D D R
G3 B C D E C R
G4 C D E A B R
G5 D E B C A R

Experimental results on synthetic data

Based on the approach introduced in Section 5.2, we generated context sets for our exper-

iments with a tolerance of δωi = βωvi(ω), where βω was set to 0.1. In the experiments, we

generated K = 10 random node sequences of length l = 80 starting from each node in each

of the six conditions. Consequently, the corpus T1 and T2 consist of 300000 and 330000 node

sequences, respectively. In the neural network, we set the node vector dimension to d = 128.

To evaluate the training results qualitatively, we mapped the trained node vectors to a

2D plane using the Principle component analysis (PCA)188;189. In Fig. 5.2(a) and 5.3(a),
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Figure 5.2: The node vectors trained from the first case study are visualized via PCA.
The five communities have an equal number of nodes. Panels (a) to (d) are respectively the
training results of Data.1 to Data.4.

the nodes from the same communities are mapped to the same areas, meaning that the

proposed method can recover the global structure of the dataset. As previously mentioned,

nodes in G1 and G2 are assigned to values from two, three, and four overlapped sub-intervals

from Data.2 to Data.4. Therefore, the distance between G1 and G2 is assumed to be

decreasing for Data.2, Data.3, and Data.4. In Fig. 5.2(b) and 5.3(b), we observed the

relative distance between G1 and G2 was closer than that in Fig. 5.2(a) and 5.3(a). Similarly,

the relative distance between G1 and G2 was even closer in Fig. 5.2(c) and 5.3(c), and the

two communities were almost merged in Fig. 5.2(d) and 5.3(d). The results for the two

case studies (eight datasets in total) demonstrated that the node vectors could reflect the

relative distances of the node communities, which are affected by the number of overlapped

sub-intervals.
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Figure 5.3: The node vectors trained from the second case study are visualized via the
PCA. The five communities have 1000, 1500, 500, 750, and 1250 nodes. Panels (a) to (d)
are, respectively, the training results of Data.1 to Data.4.

Table 5.5: The relative distance between G1 and G2 and classification accuracy
First case study Second case study

Data. Distance Accuracy(%) Distance Accuracy(%)
1 2.18 99.98 2.14 100
2 1.82 99.96 1.86 99.98
3 1.52 99.96 1.49 99.90
4 1.18 79.84 1.16 77.92

To quantify our results, we computed the distance between G1 and G2. We achieved this

by calculating the cosine distance (1-cosine similarity) between every pair of nodes. The

distance between G1 and G2 was computed as the sum of all possible node pairs between the

two communities. For instance, the cosine distance between G1 and G2 can be expressed as
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follows:

Dis(G1, G2) =
∑

vi∈G1,vj∈G2

1 − s(vi, vj). (5.21)

Then, we calculate the relative distance between G1 and G2 as:

RelaDis(G1, G2) =
Dis(G1, G2) ∗Dis(G1, G2)

Dis(G1, G1) ∗Dis(G2, G2)
. (5.22)

In addition, we applied the simple K -means clustering method190 to classify the trained

node vectors into five distinct communities. We then compared the resulting classification

with the ground-truth communities.

Table 5.5 shows the relative distances between G1 and G2, as well as the classification

results. As expected, the cosine distance between G1 and G2 decreases from Data.1 to

Data.4, which is consistent with the visualizations presented in Fig. 5.2 and Fig. 5.3.

Notably, the distance is close to one for Data.4, indicating that the two communities have

almost merged. The classification results also agree with the visualization. The classification

results also align with the visualizations, with a classification accuracy of over 99% for Data.1,

Data.2, and Data.3. However, the accuracy drops significantly for Data.4 due to the high

degree of overlap between the two communities, resulting in nodes being incorrectly classified.

Overall, the node vectors successfully recover the mesoscopic structure of the nodes. For the

following experiments, we will focus only on the first case study for further analysis.

Table 5.6: The influence of missing values on the distance between G1 and G2 and classifi-
cation accuracy

10% missing values 20% missing values
Data. Distance Accuracy(%) Distance Accuracy(%)

1 2.19 100 2.16 99.92
2 1.77 99.92 1.76 99.72
3 1.49 99.64 1.47 98.76
4 1.15 79.68 1.14 79.96

To investigate the impact of missing values, we generated incomplete datasets by ran-

82



G1

G2

G3

G4

G5(a)

G1

G2

G3

G4

G5
(b)

G1

G2

G3

G4

G5(c)

G1

G2

G3

G4

G5(d)

Figure 5.4: Visualization of node vectors trained from the first example with 20% missing
values. Panels (a) to (d) are, respectively, the training results of Data.1 to Data.4.

domly removing 10% and 20% of values from each condition. Using the same parameters as

before, we trained the neural network and present the results in Table 5.6. Interestingly, we

observed that the relative distances between G1 and G2, as well as the classification accu-

racies, were not significantly affected by the missing values. In addition, Fig. 5.4 illustrates

that the global structure of the nodes can still be recovered even when 20% of the data is

randomly removed. These findings suggest that the proposed method is robust to missing

values.

The training results exhibit robustness to the selection of training parameters. To regulate

the size of the context set δiω in the generation of node sequences, we assigned distinct values

to βω. Subsequently, we trained the node sequences utilizing a neural network model with

ρ = 1. Moreover, we calculated the relative distances between G1 and G2, along with the

classification accuracy. Based on the data in Table 5.7, it can be inferred that the relative
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Table 5.7: The relative distance between G1 and G2 and classification accuracy w.r.t. the
variation of βω ∈ {0.05, 0.1, 0.15, 0.2}

Distance Accuracy(%)
Data. 0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2

1 2.08 2.18 2.22 2.16 100 99.98 99.86 99.86
2 1.78 1.82 1.82 1.76 99.98 99.96 99.86 99.88
3 1.49 1.52 1.48 1.47 99.92 99.96 99.06 99.84
4 1.15 1.18 1.16 1.14 80.72 79.84 80.86 81.34

distances between the same datasets are consistent, and the classification accuracies are not

significantly influenced by βω. This implies that the global structure remains intact, despite

varying βω. Hence, the selection of βω has a limited impact on the embedded node vectors.

To compare the proposed approach with the commonly used correlation approach117;164,

we generated four networks from synthetic data and trained them with semi-supervised

learning algorithms to obtain node vectors. Prior to training, we normalized the values of

each condition using the z-score method:

vi(ω) =
vi(ω) − µω

σω

(5.23)

where µω is the mean of all the values in the ωth condition, σω is the standard deviation,

and vi(ω) is the normalized expression value.

The Pearson correlation coefficient (PCC) of any two nodes is:

r(vx,vy) =

∑M
i=1(vx(ω) − vx)(vy(ω) − vy)√∑M

i=1(vx(ω) − vx)2
√∑M

i=1(vy(ω) − vy)2
(5.24)

where r(vx,vy) is the PCC between node vx and vy, and vx is the mean of node vx across the

M conditions. The PCC measures how much the two genes are related164;166. In this experi-

ment, we did not consider the missing value problem, which could substantially influence the

correlation coefficients according to the results in117. The edges are selected by thresholding

correlation coefficients, such that PCC ≥ 0.95127;166. All four networks have edge densities

of over 5%, as shown in Table 5.8.
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Table 5.8: The relative distance between G1 and G2 and the classification accuracy of the
PCC networks

Data. Edge density Distance Accuracy(%)
1 6.30% 6.13 100
2 5.81% 3.64 81.30
3 5.21% 2.66 80.82
4 5.73% 1.17 64.26

Various methodologies are employed to derive node vectors from network structures for

studying node properties88;169–171. In this study, we utilized the node2vec approach in-

troduced in169 to obtain node vectors from the constructed networks. This approach has

demonstrated remarkable performance in network reconstruction. Furthermore, we com-

puted the relative distances between G1 and G2 from the trained node vectors, and the

results are presented in Table 5.8. It was observed that the relative distances between the

two communities for the first three networks were considerably higher than in our proposed

approach (Table 5.5). Although G1 and G2 were assumed to overlap in the synthetic datasets

partially, this characteristic was not captured in the trained node vectors, as demonstrated

in the visualization of Fig. 5.5. The PCC method is susceptible to errors introduced in

data normalization, network construction, and feature learning, which may consequently

affect the accuracy of trained node vectors. In contrast, our proposed approach trains the

node vectors directly from the raw data, allowing for a more accurate representation of the

underlying network structure.

We investigate the impact of ρ on the relative distance between G1 and G2, and the

results are presented in Tables 5.9 and 5.10. It was observed that the distance between the

two communities slightly increased when a low value of ρ was employed, as a small ρ promotes

the addition of nodes that also exist in the context set of the previous node. Consequently,

far-away nodes tend to become closer, resulting in a decreased distance between the two

communities. Nonetheless, the results were not significantly influenced by ρ, since the relative

distances between the two communities remained at the same level for the same dataset.

Therefore, we suggest using ρ = 1 in most scenarios.
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Figure 5.5: The visualization of node vectors trained from the Pearson correlation network.
Panels (a) to (d) are, respectively, the visualizations of Data.1 to Data.4.

Table 5.9: The relative distance between G1 and G2 w.r.t. ρ
Data. 1/10 1/5 1/3 3 5 10

1 2.23 2.22 2.19 2.18 2.17 2.07
2 1.84 1.83 1.82 1.80 1.78 1.67
3 1.53 1.52 1.52 1.48 1.42 1.32
4 1.22 1.21 1.20 1.17 1.16 1.13

5.4.2 Results on real data

Data description

We utilized two real An. gambiae gene expression datasets2;74 to demonstrate that the

learned node vectors could capture the local structure of the nodes. The first dataset com-

prises 10,433 An. gambiae genes that were measured in time series after desiccation stress,
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Table 5.10: The prediction accuracy (%) w.r.t. ρ
Data. 1/10 1/5 1/3 3 5 10

1 98.24 98.24 98.72 98.80 98.90 98.82
2 98.26 97.22 98.68 98.00 97.30 98.12
3 97.52 97.48 97.72 98.22 97.58 97.32
4 78.14 78.58 78.62 79.72 79.32 79.78

with five conditions45. The five measurements (conditions) of each gene were almost at the

same level, and the distributions of the coefficient of variation (CV ) and means of the 10,433

genes are displayed in Fig. 5.6(a) and (c). The second dataset measured gene expression

values after mating, with four measurements (also in time series)50. The distributions of the

CV and means are presented in Fig. 5.6(b) and (d).
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Figure 5.6: The properties of the two real datasets. Panels (a) (first dataset) and (b)
(second dataset) are the distributions of the CV of the expression values. Panels (c) (first
dataset) and (d) (second dataset) are the distributions of means of the expression values.

In Fig. 5.6(a) and (b), we observe that the CV s of most genes are at a low level.
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Therefore, we can set the tolerance δωi as the average CV of all the nodes, such that

CV =
1

N

∑
i

σi

mi

, (5.25)

where mi is the mean value of gene vi, σi is the standard deviation, and σi

mi
is the CV of

gene vi. The CV s of the two data sets are respectively 0.086 and 0.12. Therefore, we set

βω = CV .
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Figure 5.7: Visualization of the gene vectors via t-SNE, the genes are colored by the expres-
sion values. Panels (a) (first dataset) and (b) are the visualizations of node vectors trained
from raw data. Panels (c) (first dataset) and (d) (second dataset) are the visualizations of
node vectors trained from incomplete datasets with 20% values randomly removed from each
condition.

Experimental results

The node vectors that have been trained are displayed in Fig. 5.7 using the t-distributed

stochastic neighbor embedding (t-SNE) method191. Unlike other methods, t-SNE constructs
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a probability distribution over pairs of vectors and does not retain the distances between

node pairs, but their probabilities. Therefore, t-SNE has a better performance in preserving

local structure. As shown in Fig. 5.7, genes with similar expression values are mapped closer

together, even when 20% of values have been removed from each condition.

1

7

50

358

2544

18069

Figure 5.8: The visualization of node vectors trained from the PCC network.

We created a PCC network for the first real dataset to provide a comparison. The raw

expression values were rescaled using log22;166 and normalized using Eq. 5.23 because the

distribution of the raw data was heterogeneous, as shown in Fig. 5.6(c). We constructed

the PCC network by setting the edge threshold to PCC≥ 0.95 (the resulting network was

not sparse) and contained 756,330 edges. We also trained the node2vec model to obtain

node vectors in the same manner as before. However, as shown in Fig. 5.8, we observed

that nodes were distributed randomly in the 2D plane, indicating that nodes with similar

values were not mapped to the same area. For example, the expression values of two genes,

AGAP004677 and AGAP012093, were [2764, 2869, 3276, 3690, 3671] and [129, 149, 184,
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221, 265], respectively, and it was clear that their expression values were at different levels.

However, the PCC between the two genes was 0.983, indicating that the two nodes were

highly related. This is because the PCC method does not consider the scale of expression

values but only detects the linear dependence of two genes. In contrast, our approach assumes

that similar nodes have more shared elements in their context sets.

5.5 Results of network structure extraction

5.5.1 Compare the GTE and REM

Thresholding similarity values is the most commonly used approach in network construction.

However, this approach can lead to some nodes being isolated from the network because

they may have relatively low similarities to all other nodes. In Fig. 5.9, we applied different

thresholds to the cosine similarities computed from the node vectors trained with the syn-

thetic data (Fig. 5.2(a)) and the real data (Fig. 5.6(a)). We observed that the percentage of

isolated nodes increased rapidly when the thresholds exceeded 0.8 (for synthetic data) and

0.95 (for real data), respectively. In this chapter, we refer to such a threshold as the critical

value. If we use a threshold smaller than the critical value, most nodes will be connected to

at least one other node. However, if the threshold is larger than the critical value, we may

obtain a network with a large percentage of singleton nodes.

In real applications, we can force isolated nodes to connect with highly similar nodes.

However, the neighbors selected through a single threshold are not influenced by the dis-

tribution of similarity values. It is not uncommon for hubs to be connected to many other

nodes with relatively low similarity values, while leaf nodes may only connect to a small

number of nodes with high similarities. In other words, the distribution of similarity values

is not taken into account when selecting edges.

The proposed REM method ensures that every node is connected to at least one other

node by determining the ”threshold” of each node based on the distribution of similarity

values per Eq. 5.19. In the experiments, we applied the REM method to the two datasets
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Figure 5.9: Experimental results when different thresholds are applied. (a) shows the
percentages of isolated nodes w.r.t. the thresholds. (b) shows the edge densities of networks
when different thresholds are used.

used in Fig. 5.9, and the results are shown in Fig. 5.10. We observed that the edge density

decreases rapidly in the first few iterations, and then decreases gradually. This is because

weakly connected edges are removed immediately from the network in the first few cycles,

while the remaining edges have relatively high similarities, which are removed at a slower

rate. Additionally, the parameter α can be used to control the removal speed and edge

density. Higher values of α remove weak links more efficiently, as discussed in Sec. 5.3. In

real applications, we can fix α and iteratively update Eq. 5.17 until we obtain a network

with the desired edge density.
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Figure 5.10: Edge density analysis of the REM. (a) Synthetic data. (b) Real data.

To further evaluate the performance of the proposed REM, we compared it with the

widely used GTE method in network construction. Specifically, we generated four GTE-
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Table 5.11: The properties of networks constructed with the GTE and REM

<CT 1(Syn.2) — =CT (Syn.) <CT (Real.3) =CT (Real)
Property GTE REM GTE REM GTE REM GTE REM
Threshold 0.7 - 0.8 - 0.92 - 0.95 -

Isolated nodes 0 0 287 0 372 0 849 0
Edge density 1.03% 0.972% 0.164% 0.160% 2.88% 2.81% 1.18% 1.18%
Ave. degree 51.5 48.6 8.2 8 300.8 293.2 123.2 123.4

Ave. clustering 0.46 0.41 0.38 0.32 0.66 0.55 0.59 0.37
1 CT denotes Critical threshold
2 Syn. denotes the synthetic data used in Fig. 5.9 and 5.10
3 Real. denotes the real data used in Fig. 5.9 and 5.10

based networks with different thresholds for the datasets used in Fig. 5.9 and compared

their properties with those of the four REM networks. The results are summarized in Table

5.11. The GTE networks were generated using thresholds that were less than or equal to

the critical thresholds. In addition, we ensured that the edge densities of the GTE and

REM networks were similar. In Table 5.11, we found that both GTE and REM return

networks with similar average degrees when the edge densities are the same. However, the

GTE networks always have a higher average clustering coefficient, indicating that nodes

in the GTE networks are more likely to cluster together. In Fig. 5.11, we compared the

degree distributions of the eight networks. We observed that the degree distributions of

the GTE and REM networks almost overlap when the thresholds are less than the critical

values (panels (a) and (c)). When the thresholds are at the critical values (panels (b) and

(d)), some nodes in the REM networks still have high degrees, which are similar to the hubs

in many real networks. Furthermore, we observed that all four REM networks had many

low-degree nodes, which account for the lower average clustering coefficients in Table 5.11.

In the analysis of the effect of edge density on node roles, we plotted a scatter diagram

in Fig. 5.12, where each point represents a node. The horizontal axis shows the node’s

degree in the densely connected network, while the vertical axis represents the degree in the

sparse network. Our observations revealed that the node degree of the GTE networks is

significantly impacted by the threshold selection. The highest node degrees decreased from

345 to 73 for synthetic data and from 704 to 370 for real data. In the REM network, the

highest node degrees have dropped from 321 to 210 for the synthetic data and 682 to 493 for
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Figure 5.11: The degree distributions of networks generated from the GTE and REM.
(a) and (b) are the degree distributions of the networks constructed from synthetic data. (c)
and (d) are the degree distributions of the networks constructed from real data. Panels (a)
and (c) show the results of densely connected networks, while (b) and (d) are the results of
sparsely connected networks.
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Figure 5.12: The comparison of node degrees between densely and sparsely connected
networks.

the real data. Notably, the REM approach tends to eliminate edges from low-degree nodes

while proportionally removing edges from high-degree nodes, thereby maintaining their roles
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without significant influence from edge densities (as shown in Fig. 5.12). In contrast, the

resulting GTE networks are heavily influenced by the chosen edge density. As shown in Fig.

5.12(b), the points of the GTE networks are over-dispersed in the diagram.

5.5.2 Study the REM approach with AUC metrics on real data

In this section, we evaluate the proposed approach using two real datasets that contain

both network structure and node activity data. It is challenging to establish a quantitative

relationship between network structure and node activity data as they describe the nodes’

properties from different perspectives. To address this, we adopt a methodology where we

first learn node vectors from the node activity data and then calculate their similarity to

construct the networks. We compare the constructed networks with the actual network

structures, and we use the Area Under the Curve (AUC) metric to evaluate the effectiveness

of our REM approach.

The cora dataset

The Cora dataset192 consists of a sparse citation network containing 2708 nodes and 5278

edges, resulting in an edge density of 0.144%. The nodes in the network represent publica-

tions, and the edges represent the citation relationships between the papers. Each node is

represented by a binary word vector with 1433 unique words, which indicates the presence

or absence of the corresponding word in the publication. The dictionary includes only those

words that appear at least ten times in one of the 2708 publications.

The pubmed dataset

The PubMed dataset193 contains a sparse citation network comprising 19717 nodes and

44324 edges, resulting in an edge density of 0.0228%. The nodes in the network represent

publications, and the edges represent the citation relationships between the papers. Each

node is described by a TF/IDF weighted word vector from a dictionary that consists of 500

words.
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We applied the proposed approach to the Cora and PubMed datasets to generate 128-

dimensional node vectors from the feature datasets. We then computed the similarity be-

tween each pair of nodes, and the performance of the approach was evaluated by comparing

the constructed networks to the true citation networks. The AUC values for the Cora and

PubMed datasets were 0.81 and 0.73, respectively. Although the true relationship between

network structure and node activity data is unknown, the results suggest that there is a re-

lationship between the node activity data and the network structure. One of the advantages

of our approach is that it enables us to compare and integrate two different types of data,

which is valuable for gaining insights into complex systems.

5.6 Summary

This chapter presents a neural network-based approach for learning node vectors from noisy

node activity data. The primary advantage of the proposed method is that data are not

required to follow any specific distribution. The approach generates context sets from raw

data for each condition, which allows it to be more flexible and adaptable to different data

types. Moreover, this approach can handle missing values that are commonly found in

experimental results. Inspired by the application of neural networks in natural language

processing, we generate a corpus of node sequences to simulate sentences in documents. The

corpus is fed into a three-layer neural network model, which produces node vectors that

enable the comparison and identification of nodes with synergistic roles.

The experimental results show that the proposed approach is robust to the choice of

parameters and missing values. In addition, we offer an alternative method to select edges

for the underlying network. This is accomplished through the REM method, which is based

on the Rényi entropy and selects edges based on the distribution of similarity values. By

doing so, the proposed approach can construct networks without isolating nodes and can

recover the roles of nodes.

In this study, we conducted two experiments to evaluate the effectiveness of the proposed

method. Using both synthetic and real data, we demonstrated that the method is capable
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of uncovering the global and local structure of nodal data, even when up to 20% of values

are randomly removed from the datasets. These results indicate that the proposed method

is robust to missing data and can effectively learn nodal representations from noisy input.

Moreover, we evaluated the performance of the proposed entropy-based network extraction

method. By adjusting the parameter α and the number of iterations, we were able to obtain

a network with the desired edge density without isolating any nodes. This suggests that the

proposed method can construct networks that preserve the connectivity and roles of nodes,

which is essential for accurate analysis and interpretation of the data.

Overall, the proposed approach offers several advantages over existing methods for learn-

ing node vectors from noisy data. Its flexibility, robustness, and ability to handle missing

values make it a promising technique for analyzing complex datasets with noisy node activity

data.
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Chapter 6

Conclusion and Future work

6.1 Conclusion

In this dissertation, we have investigated the problems of network construction and feature

learning from node interaction and activity data. Specifically, this dissertation conducted

the research and illustrated models by studying biological data. Gene co-expression networks

are well-known examples of how networks are used to solve practical problems31;164. Data

produced by different biological experiments are often rich and multimodal3. Network science

provides a variety of tools for biologists to identify how genes interact with each other and

co-regulate in biological activities. With this background, this dissertation aims at solving

the problems of layer reconstruction and missing link prediction in multilayer networks and

network structure extraction from gene expression data. The models designed in chapters 2,

3, 4, and 5 are also applicable to study other data types.

In Chapter. 2, we introduced a MAP model to reconstruct a target layer of a multilayer

network. We employed the SimHash algorithm to detect layers that are structurally similar

to the (incomplete) target layer. Those structurally similar layers are used to compute the

parameters of the conjugate prior, which enables us to make accurate predictions for the

target layer. In our experiments, we compared the proposed approach to the widely used

MLE method. We found that the proposed approach has better performance when there are
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40% or more missing links in the target layer. While MLE is a good choice when there are

no structurally similar layers.

In Chapter. 3, we analyzed gene expression data from the An. gambiae species, collected

from 30 publications. The expression values are normalized using the z-score normalization

method, which results in zero mean and unit variance. The Pearson correlation coefficient

is calculated for each gene pair based on the normalized expression data. To account for

the ubiquitously encountered missing values, we use a fitted sliding threshold to select edges

for the correlation network, which is determined by the number of paired elements of gene

pairs. Our method demonstrates robustness against random removal of up to 15% of the

experimental conditions. The Gene Ontology (GO) term and KEGG pathway enrichment

analysis of the constructed network suggest that the An. gambiae transcriptome architecture

optimizes the integration of essential cellular processes and enables evolutionary flexibility

to integrate the expression of novel biological functions.

In Chapter. 4, we presented the GeCoNet-tool, an integrated tool for gene co-expression

network construction and analysis. The first part of the tool offers users various options for

processing gene co-expression data obtained from different technologies. The tool’s output

is an edge list, which may optionally include weights associated with each edge. In the

second part, users can generate a table containing several network properties, including

communities, cores, and some centrality measures.

In Chapter. 5, we proposed a neural network-based method for learning node representa-

tions from noisy node activity data. Instead of detecting node correlations, the proposed ap-

proach discovers the distance relationships between nodes from heterogeneously distributed

node activity data. We created a corpus of node sequences from context sets extracted from

raw node activity data. The node sequences are then trained using a neural network model,

producing node representations that enable comparison and identification of nodes with syn-

ergistic roles. Our experiments showed that the proposed method is resilient to changes in

neural network parameters and missing values in the node activity data. To construct the

underlying network, we introduced a Rényi entropy-based approach to select edges from the

trained node representations for the underlying network. The resulting network construction
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method does not isolate nodes and accurately recovers their roles.

6.2 Future Work

In this section, we provide some recommendations for future work based on the limitations

of this dissertation.

In the model described in Chapter. 2, it is necessary for the layers used to calculate the

conjugate prior to being similar to the target layer. This similarity is either predetermined or

detected through feature comparisons. Future work could explore using different properties

within the SimHash algorithm to find the most similar layers. Additionally, we evaluated

different values for the number of communities (K) and determined the optimal value by

balancing convergence time and maximum posterior. Further research could potentially

quantify the relationship between the number of communities and estimation accuracy.

The study in Chapter. 3 was limited to the analysis of An. gambiae genes. Future

research should consider analyzing genes from other species to strengthen the conclusions

drawn from this study. Additionally, the sliding threshold used in this study was selected

by the rule of thumb. It would be valuable to investigate whether other curves could be

used as sliding thresholds in future studies. Moreover, in this study, the Louvain algorithm

was used to detect communities in the constructed network. However, the choice of the

network community detection algorithm should be based on GO term and KEGG pathway

enrichment. Therefore, other community detection algorithms, such as the Girvan-Newman

algorithm111, should be evaluated. These algorithms perhaps provide further insights into

the network structures of genes and their functional relationships.

Chapter. 4 presented an integrated software package for gene co-expression network con-

struction and analysis. Although the package allows users to analyze network structures

from various perspectives, we only provide the Fruchterman-Reingold layout157 for network

visualization. In the future, it would be beneficial to incorporate additional network visu-

alization layouts into the package, such as the force atlas algorithm137. This would provide

users with more options to visualize and interpret the network structures in a way that
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best suits their research needs. By incorporating different visualization methods, we can

enhance the usability of the software package and make it more accessible to a wider range

of researchers.

In Chapter. 5, the experiments demonstrated the potential of the proposed approach in

detecting global and local structures from noisy node activity data. One of the primary

advantages of the proposed approach is that it eliminates the need for missing value inter-

polation or prediction. However, in the generation of context sets, elements in the set are

determined based on value differences, meaning that we can only detect nodes with close

values. In future work, data normalization algorithms (e.g., row normalize) can be used to

extend the application of the model in solving real-world problems. By applying normaliza-

tion techniques, we can ensure that the context sets are generated based on relative rather

than absolute values. This would allow the model to handle data with different scales and

ranges better, leading to more accurate and reliable results.
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[184] Karol Życzkowski. Rényi extrapolation of shannon entropy. Open Systems & Infor-

mation Dynamics, 10(3):297–310, 2003.

[185] Robert J Hill. Superlative index numbers: not all of them are super. Journal of

Econometrics, 130(1):25–43, 2006.

[186] Anne Chao, Nicholas J Gotelli, TC Hsieh, Elizabeth L Sander, KH Ma, Robert K

Colwell, and Aaron M Ellison. Rarefaction and extrapolation with hill numbers: a

framework for sampling and estimation in species diversity studies. Ecological mono-

graphs, 84(1):45–67, 2014.

[187] Lou Jost. Entropy and diversity. Oikos, 113(2):363–375, 2006.

[188] Svante Wold, Kim Esbensen, and Paul Geladi. Principal component analysis. Chemo-

metrics and intelligent laboratory systems, 2(1-3):37–52, 1987.

[189] Peter Filzmoser, Karel Hron, and Clemens Reimann. Principal component analysis

for compositional data with outliers. Environmetrics: The Official Journal of the

International Environmetrics Society, 20(6):621–632, 2009.

[190] Aristidis Likas, Nikos Vlassis, and Jakob J Verbeek. The global k-means clustering

algorithm. Pattern recognition, 36(2):451–461, 2003.

[191] Laurens Van Der Maaten. Learning a parametric embedding by preserving local struc-

ture. In Artificial intelligence and statistics, pages 384–391. PMLR, 2009.

[192] Arnaud Barragao. The cora dataset. URL https://relational.fit.cvut.cz/

dataset/CORA.

123

https://relational.fit.cvut.cz/dataset/CORA
https://relational.fit.cvut.cz/dataset/CORA


[193] Jan Motl. The pubmed dataset. URL https://relational.fit.cvut.cz/dataset/

CORA.

[194] Jacob Devlin Ming-Wei Chang Kenton and Lee Kristina Toutanova. Bert: Pre-training

of deep bidirectional transformers for language understanding. In Proceedings of naacL-

HLT, pages 4171–4186, 2019.

[195] Jeffrey Pennington, Richard Socher, and Christopher D Manning. Glove: Global vec-

tors for word representation. In Proceedings of the 2014 conference on empirical meth-

ods in natural language processing (EMNLP), pages 1532–1543, 2014.

124

https://relational.fit.cvut.cz/dataset/CORA
https://relational.fit.cvut.cz/dataset/CORA


Appendix A

Tensor factorization

In21;87;88, nodes are factorized by membership vectors. The dimension of membership vectors

is interpreted as the number of overlapping communities. In addition, each edge is computed

through the tensor product of the membership vectors. The number of communities is

obtained by maximizing the likelihood. Vectorization is also used in some natural language

processing algorithms173;174;179;194;195 in which words are embedded as vectors to preserve

their relations to contexts. However, the dimension of word vectors does not have any

semantic meaning, rather the choice of the vector dimension is first affected by the data

set size. According to174;195, larger dimensions can improve model accuracy, but the gain

diminishes for vectors larger than 200 dimensions. The choice of dimension is also related

to the available resources, and it is better to reduce the dimension as long as the choice

does not affect the estimation accuracy substantially. In fact, the tensor factorization can

be simplified to dot product. We prove this point as follows.

We assume the number of edges between any two nodes is the tensor product of two

node vectors and the control matrix, i.e., Eij =
∑

siktjlwkl. wkl (k is not equal to l) is the

parameter that controls the edges from any source node i (in community k) to any target
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node j (in the community l). Then, we have

Eij =
∑

siktjlwkl

= siktjkwkk + siktjlwkl + siltjlwll

+ (
∑

simtjnwmn − siktjkwkk − siktjlwkl − siltjlwll). (A.1)

In equation A.1, we denote the sum of the first three terms as Ekl
ij . Then, we can

incorporate wkk into sik, and denote it as s′ik = sikwkk. Similarly, s′il = silwll. Therefore, we

have

Ekl
ij = s′iktjk + s′iktjl

wkl

wkk

+ s′iltjl

= s′iktjk + (s′ik
wkl

wkk

+ s′il)tjl. (A.2)

Since nodes between different communities are loosely connected, we have wkl < wkk,

and we assume ϵ = wkl/wkk. Then, equation A.2 can be written as

Ekl
ij = s′iktjk + (ϵs′ik + s′il)tjl

= s′iktjk + s′′iltjl, (A.3)

where s′′il = ϵs′ik + s′il. For every inter-community edge originating from node i in community

k, we can incorporate it into community l by incrementing ϵsik to s′il. Edges can be factorized

through the dot product of node vectors. Therefore, the tensor factorization is equivalent to

the dot product.
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Appendix B

Comparison between the MAP and

MLE

B.1 Estimation based on the Pearson correlation

With the SimHash algorithm, the weighted digest of each layer can be obtained. The sim-

ilarity between any two layers can be measured by computing the Pearson correlation of

the weighted digests. In Fig. B.1, we show the estimation results based on the Pearson

correlation coefficient. We observe that the estimation is as consistent as the results based

on the Hamming distance. Therefore, the correlation can be an alternative for the Hamming

distance.

B.2 The choice of the number of bits

The choice of ϕ affects the resolution and the consistency of the similarity. If the number

of tokens is large, it is recommended to employ large ϕ. In our work, the sizes of the

two networks are not too large, so we adopt ϕ = 512 bits. In Fig. B.2, we validate this

choice on the FAO network. We set each of the first nine layers of the FAO network as the
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Figure B.1: The estimation results are based on the Pearson correlation of the weighted
digest.
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Figure B.2: Study the choice of the number of digits (based on the Hamming distance).
The four panels show the results based on 20% (a), 40% (b), 60% (c), and 80% (d) of edges
randomly removed.
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target network (original network), and randomly remove 20%, 40%, 60% and 80% of edges

from the target network to generate incomplete networks. We then compare the incomplete

networks with the original network. In the experiments, we adopt ϕ = 16, 64, 256, and 512

digits, respectively. We can observe that the similarities obtained with 256 digits are close

to that obtained with 512 digits, while the similarities obtained with 16 and 64 digits vary

remarkably.

B.3 The number of similar layers on the estimation

accuracy
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Figure B.3: The number of similar layers on the estimation results. 20% (a), 40% (b), 60%
(c), and 80% (d) of edges are randomly removed from the target layer. Different numbers of
similar layers are used to compute the parameters of the conjugate prior. The experiments
are conducted on the first nine layers of the FAO network. Each AUC is averaged over 10
runs of cross-validations.

129



If more similar layers are employed to compute the parameters of the conjugate prior,

the influence of similar layers on the reconstruction will be promoted. Consequently, the

influence of the known part of the target layer will be down-weighted. On the contrary, if we

trust the known part of the target layer, we can employ less similar layers to compute the

parameters of the conjugate prior. The experimental results are shown in Fig. B.3, top 3,

5, 10, and 20 similar layers are adopted to compute the parameters of the conjugate prior.

We observe that the estimation based on 10 and 20 similar layers is robust with respect to

the missing links, while the estimation based on three and five similar layers is influenced by

the missing links significantly.
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Appendix C

Comparison between the MLE

algorithm and entropy-based

approaches

In section 2.2.2, we compared the MAP algorithm with the MLE algorithm. In fact, the

entropy-based approaches are equivalent to the MLE algorithm. In the following, we prove

that the MLE algorithm is equivalent to the entropy-based approaches.

Given a network G, we assume the number of nodes is fixed, and the edge weights are

variables. Thus, we can define the entropy of a network in terms of edge weights as

H(G) = −
∑
G

∑
u

pU(u) log pU(u)

=
∑
G

∑
u

pU(u) log
1

pU(u)
, (C.1)

where U is any edge in the network G, u is the weight of edge U . pU(u) is the precise

probability of edge U with weight u. We assume for any edge U , it can take as many as

nU values. If the nU values follow uniform distribution, then we have pU(u) = 1
nU

. In this

case, the network has the largest entropy, which means the network is totally uncertain. On

the other hand, for any edge U , if there is a value us with pU(us) = 1, the entropy of the
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network will be zero, which indicates all the edge weights in the network are known.

In our problem, the goal is to find a model to reconstruct the target layer. Thus, we

need a set of parameters to describe the model. If the model is close to the true network,

the entropy of the model is minimized. Hence, the problem is transformed into finding the

parameters of a model with minimum entropy, i.e., reducing uncertainty.

Equation C.1 can be written in expectation form

H(p) =
∑
G

EU∼pU (u)(log
1

pU(u)
). (C.2)

Consider the Kullback-Leibler divergence (KL divergence). We assume θ is the parameter

set that can describe the model, the probability of edge U with weight u is qU(u; θ). Thus,

the relative entropy is

Dkl(p||q) =
∑
G

∑
u

pU(u) log
pU(u)

qU(u; θ)

=
∑
G

EU∼pU (u)(log
pU(u)

qU(u; θ)
)

=
∑
G

EU∼pU (u)(log
1

qU(u; θ)
)

−
∑
G

EU∼pU (u)(log
1

pU(u)
). (C.3)

The second term in the right-hand side is equation C.2 and the first term in the right-hand

side is the cross entropy, which is

H(p, q) =
∑
G

EU∼pU (u) log
1

qU(u; θ)
. (C.4)

Recall that our problem is to reconstruct the target layer and equation C.2 is the entropy

of the target layer. Equation C.2 is determined by the data (network) solely. Thus, the

problem can be simplified to minimise the cross entropy, i.e., minimizing equation C.4.

Then, we consider the MLE method. The MLE algorithm is to find the parameter set θ
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that most likely fit a given set of data (network) D. We skip some intermediate steps and

use the logarithm form directly as following

θ = argmaxθP (G | θ)

= argmaxθ

∑
G

∑
u

log pU(u; θ). (C.5)

pU(u; θ) is the model with parameter set θ to describe the true data D. We assume that

edge U can take nU values and the nU values follow the uniform distribution, then we have

pUMLE(u) = 1
nU

. Introducing pUMLE to equation C.5 does not change the results, we have

θ = argmaxθ

∑
G

∑
u

1

nU

log pU(u; θ)

= argmaxθ

∑
G

Eu∼pUMLE(u)(log pU(u; θ)). (C.6)

Our goal is still to find a set of parameters that can reconstruct the layer. Then, we

can generalize this problem by replacing pUMLE(u) with pU(u), and replacing pU(u; θ) with

qU(u; θ). The replacements can be regarded as taking real data (network) into equation C.6.

We have

θ = argmaxθ

∑
G

Eu∼pU (u) log qU(u; θ)

= argmaxθ

∑
G

−Eu∼pU (u) log qU(u; θ)

= argmaxθ

∑
G

Eu∼pU (u) log
1

qU(u; θ)
. (C.7)

Thus, the MLE algorithm is equivalent to minimizing the cross entropy.
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