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CHAPTER 1

INTRODUCTION

Since the inception of atomic physics one of the major problems has
been to observe the werkings of small cbjects such as the atom. One basic
method of examining atomic structure is through scattering experiments.

That is, if the object to be observed cannot be investigated directly,
perhaps it can be probed indirectly by hurling many small objects at it

and determining how the incident particles are affected. We thus use the
incident particles to interact with the electron cloud of the target atom,
and by increasing or decreasing the velocity and charge of the projectiles
we can probe more or less deeply into the atom. Since the atom has struc-
ture, the incoming projectiles can deposit mass-energv and momentum into
the target. Thus the initial and final target states mav be different,

and so we need to consider all combinations of initial and final states to
get a complete picture of the scattering process, This thesis is concerned
with a particular method of approximating the scattering probability in the
situation where the target atom is in its ground state initially and in its
first excited state finally.

Since the projectile mass, and target size are so small we require the
use of quantum mechanics. In quantum mechanics we can envision the incident
projectile beam as an incoming plane wave, and the scattered beam as an
outgoing spherical wave. (See Fig. 1(a).) The guantity which is most often

) ) . . dg
used in scattering theory is the differential cross section - The



Figure 1.

(a) The scattering process may be represented by an incoming plane
wave and an outgoing scattered spherical wave. (This Fig.

was taken from reference 14.)

(b) Scattering through an angle 8 of a classical particle beam
incident at impact parameter p and azimuth ¢. (This Fig., was

taken from reference 14.)
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differential cross section is the number of events recorded by the

detector (at angles 2, ¢) per unit solid angle and time normalized to the
incident flux., The differential do has units of area, and it can be seen
to be the area which, when placed at right angles to the incident beam, is
traversed by as many particles as are scattered into the unit solid angle

centered on the direction characterized by 6 and ¢. (See Fig. 1(b).) For

do

o depends primarily on the angle {(8) between

a given projectile and target,
the incident beam and the detector, and on the projectile energy. The
angular dependence of %%-gives us information about the structure of the
target.

Under certain conditions it can be shown that (See Chap. IIL.) the
differential cross section for a particle being scattered from an initial
state wi to a final state $f is proportional to the square of the matrix

element ]<®fIVI$i>|, where H = Ho + V is the total Hamiltonian, and ¢i and

Qf are defined by

The total Hamiltonian can be broken up into HO and V in several different
ways. The choice of which way to divide up H depends on the existence of
known solutions for Gf, and on the difficulty of the resultant calculation,

As long as the exact Yy and ¢f are known the choice of H0 and V will not

affect the value of the matrix element. Only in a few cases do we know



the exact form of $i, and so we are forced to make an approximate choice
for $i. Once an approximate &i is selected, the choice of Ho and V can
influence the resultant matrix element.

The (plane wave) Born approximation results from choosing V to be the
total interaction between the incident projectile and the target, and
approximating &i by the product of a plane wave and an appropriate bound
state wave function. This choice of H  and V causes ¢, also to be a plane
wave times a bound state wave function, and thus &i and ¢f are orthogonal.
This orthogonality causes the contribution to the matrix element from the
nuclear interaction to vanish. (See Chap. 2.) The Born appreximation has
for a long time been a useful tool in the high energyv regime, where the
incident projectile velocity is greater than the orbital velocity of the
atomic electrons. The simple form of the Born approximation has rendered
many of the problems of atomic physics tractable, and it has been gainfully
employed in excitation, ionization, and charge transfer.

There has of course been a continual search for ways to improve the
Born approximation while retaining the simplicity of the Born calculationm.
One particular motivation for the approximation which we use here is that
the Born approximation fails to accurately fit experimental data for
electrons impacting on hydrogen. Figure 2 shows a plot of g%-versus ¢ for
the 15-25, 2P transitions at 200 eV. The Born approximation curve fits
the data well at small values of 6, but is several orders of mapgnitude too
small at larger angles. (The curve denoted by DWBA is due to the approxi-
mation which we shall later introduce and use.) YNote that the total Born

cross section will still be in agreement with the data since the discrepancy



Figure 2,

Differential cross sections, for (15-2S5, 2P) excitation of hydrogen

by electron impact. (200 eV) The broken curve is the Born approxirmation,
the solid curve is the DWBA, and the dots are from the experiment of
Williams3g normalized at 21° to the DWBA. (This Fig. was taken from

reference 2.)
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at large angles does not greatly influence the total cross section. This
is because the curves fall so rapidly that the large angle contributions
are small., Physically, we expect large angle scattering to result from
the interaction of the projectile with a relatively massive object, in
this case, the nucleus. In the Born approximation the contribution to
the matrix element from the projectile-nucleus interaction vanishes, so
we have an explanatiocn for the discrepancies in Fig, 2,

We thus wish to include the projectile-nucleus interaction in a
manner which retains much of the simplicity of the Born approximation.
One way to do this is to choose the perturbing potential, V, to contain
only the interaction between the projectile and the atomic electrons, thus
Ho contains the projectile-nucleus interaction. This changes £ so that
it becomes a Coulomb wave (rather than a plane wave) multiplied by an
appropriate bound state wave function. We can still approximate $i by a
plane wave times a bound state wave functicn as in the Born calculation.
We will refer to this calculation as a (Coulomb) distorted wave Born
approximation, or DWBA. Since in the Born approximation the projectile-
nucleus term does not contribute, the only difference between the Born
approxiﬁation and the DWBA is that in the DWBA a Coulomb wave function
appears in the final state rather than a plane wave function. It should
be noted that since there are many ways of breaking up the Hamiltonian
into HD and V, there are many approximations which could claim the title

of DWBA. The calculation which we use is only a particular form of the

DWBA.



Recently, Geltmanl applied the DWEA to the problem of proton-hydrogen
charge transfer, By using the DWBA he was able to include the proton-proton
interaction in the unperturbed part of the problem. Geltman and Hidalgoz_5
subsequently applied the approximation to hvdrogen and helium excitation
and ionization by fast electrons. Junker6 extended the technique by
varying the amount of nuclear interaction included in Ho, thus taking into
account screening of the nuclear potential by the atomic electrons. Junker
has used his modified calculation to compute excitation cross sections of

fast electrons on hydrogen. Stauffer and Morgan have similarly
generalized the DWBA by changing the amount of nuclear interaction in Ho’
and they have applied their method to calculate cross sections for the
excitatien of sublevels of hydrogen.

This thesis will be concerned with the excitation of any hydrogenic
atom from 1S to 2S5 energy levels by electron impact in the high velocity

regime., We will be using the DWBA described above and all equaticns and

results will be written in atomic units unless otherwise noted. (In

1.) We do not take into account the effect of

6

atomic units K = e = M
exchange, which is small for incident energies greater than 100 eV.

A possible testing ground for our DWB calculation is the momentum
transfer cross section. The momentum transfer cross section is just the
regular cross section multiplied by a weighting factor which is an
increasing function of 6. Thus the large angle portion of the differential
cross section is amplified. It turns out that momentun transfer cross

. ; : 9,10,11
sections can be used to calculate certain plasma transport properties.
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Recall that one of the advantages of the Born approximation is its
relative simplicity. In particular the Born approximation obeys a useful
scaling relation. If excitation cross sections of hydrogenic atoms (one
electron, atomic number Z) are calculated, and if Zo 1s plotted against a

then the curve is found to be independent

scaled energy, E /|ElS - E

inc ZSI’
of Z. We are thus led to check the DWBA for a similar scaling law.

My contribution to this work consists of the following: evaluation
of the 15-2S5 DWBA matrix element from the general formula of Golden,
Junker, and McGuire,12 construction of a computer program to calculate
the differential cross section and the total cross section, application
of the calculation to the momentum transfer cross section, elucidation
of a scaling relation in the atomic number of the target Zb.

In Chapter 2 we exhibit in detail the theory involved in deriving an
expression for the scattering cross section. We also discuss the approxi-
mation leading to the Born and DWB calculations. In Chapter 3 we display
the details of the DWB calculation and put the equations derived in
Chapter 2 in a form convenient for programming. We then discuss the
computer code which we use to do the calculations. In Chapter 4 we present
our results in graphical form, and discuss their meaning. Chapter 5

contains concluding remarks and discussion. The appendix contains a

copy of the computer code.
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CHAPTER 2

THEORY

In the previous chapter we discussed our aims and motivations. Before
we set up the actual DWB calculation we must build the theoretical founda-
tions. We first define and discuss the concept of a scattering cross
section, both classically and quantum mechanically. We then use a time
dependent approach in the interaction picture to derive an expression for
the differential scattering cross section in terms of the transition matrix
T. With the T matrix in hand we discuss the Born and DWB approximations
and their regions of validity. The Born approximation is developed by
iterating an integral Green's function equation, and the distorted wave
Born approximation is achieved through the intrecduction of a two potential
formalism followed again by iterating a Green's function equation.

Classically, the differential cross section is the area within which
the projectile must strike so that a certain final configuration of
target and projectile will occur. In order to define the differential
cross section, consider a given initial flux (IO) of particles incident
on a scattering center. (See Figs. 1{(a,b).) The differential scattering

cross section is defined by

do _ I(8,4) (2.1)

dQ I ?
)

where d& = the solid angle subtended by the detector, I{(%2,%) = the number
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of events recorded per unit solid angle and time at (2,¢) by the detector,
and IO 2 the number of incident particles per unit area and time.

It is clear from the definition above that %% has the units of area.
Since Iodc = I(€,4)d it can be seen that do represents the area which,
when placed at right angles to the incident beam, 1is traversed by as many
particles as are scattered into the unit solid angle in the direction

14

characterized by e_and $.

Classically, we can show that15

do o) dp
dn ~ sine IEB—I » (2.2)

where p is the impact parameter, and 8§ is the scattering angle. (See Fig.
1(b), Chap. 1.) The classical differential cross section is determined by
the relationship between the scattering angle and the impact parameter.
This classical result is reasonable as long as the de Broglie wavelength of
the incident particle is much smaller than the size of the scatterer. If
the de Broglié wavelength of the incident particle is on the order of or
larger than the size of the scatterer, then we must consider the problem
quantum mechanically.

One can approach quantum mechanical scattering theory in at least two
ways., In the time independent or stationary state approach one considers
a monoenergetic beam of particles with a constant flux striking the target
area. 1In this thesis we consider the more formal time dependent approach
in which one considers two systems of particles which come together,

13,16

interact, and separate. The total time involved in the scattering
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experiment can be broken up into three perieds. 1In the first period

(t  -=) the two noninteracting systems are created. In the second
period (—tc <t <t.) the two systems interact and may thereby be altered.
In the third period (t - +=*) the scattered wave packet is detected in a
region where the two systems have ceased interacting, The final two
systems may be different from the initial systems due to processes such
as excitation, ionization, or charge transfer.

Time dependent quantum mechanics can be expressed in several different
pictures. 1In the Schrddinger picture the wave functions carry the time
dependence while the operators representing observables are time inde-
pendent. The Heisenberg picture places the time dependence in the
cbservables and uses time independent wave functions. The picture to be
used here is called the interaction picture, and its time dependence is
contained both in the wave functions and in the operatorg. (I will define
the interaction picture in terms of the Schrddinger picture.) 1In the
Schridinger picture the time development of the wave function, u(t), is

determined by

= Hy(t) (2.3)
wvhere H is the total Hamiltonian. Thus
-il(t - t )

ye) = e TGRS (2.4)

vhere ﬁ(to) is the wave function at some time to' The time dependence
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-iA(t - to)

is completely contained in the unitary exponential operator e
e next break up the Hamiltonian into two parts, H = HO + V, where H0 is
called the unperturbed Hamiltonian and V is called the perturbation. As
we will see later, the motivations for the way in which HO and V are chosen
are to make the perturbing potential (V) small, and to choose H0 so that
its exact eigenfunctions are known. We can now define the wave function

in the interaction picture as

5. (8) 2 e Tyt . (2.5)

If we differentiate Eq. (2.5) and use Eq. (2.4), we get

iBMJI(t) . elHotJ(t) . ielH € auct)
ot Yo ¥ 3t
iH t iH t -iH £t iH t

e O (H_ +Wyt) =e "Ve %le % ()

[

vie) v (e, (2.6)

iHot -iH t
where V(t) = e V e is the perturbation potential in the interaction
plcture. Note that both wI(t) and V(t) are time dependent. Equation (2.6)
is the interaction picture equivalent of Eq. (2.3). The equation corres-

ponding to Eq. (2.4) can be derived from Eq. (2.5) and Eq. (2.4) as follows:



where

15

iHot iHot -iH(t - to)
vI(t) = e () = e e ¢(t0)
_ eiHote~1H(t - to) —iHotod e 3
& "1
e U(t: to) wI(tO) ’ (2-7)
iHot -in(t - to) —iHoto
U(t, to) z e 2 e (2.8)

is the operator which determines the time development of the system in

the interaction picture. Some useful properties of the causal operator

U(t, ty)

are:

u(e, £y =1, (2.9)
. -iH t

ULg, £) = &hre 2 (2.10)

tie, EY) LiE", Ey) = u(e, t) (2.11)

1 iHOt iH(t - to) -iHOt
U'lt, t) = e e e = U(t, ). (2.12)

Equations (2.9), (2.10), and (2.11) are the result of direct substitution

from Eq.

(2.8).

FEquation (2.12) is the result of elementary properties
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of quantum mechanical operators.l7 We can also combine Eqs. (2.9), (2.11),
and (2.12) to show that U(t, to) is a unitary operator, since

+ -
= [I = 1! = [ =
U (t, tO)U(t, to) L(to, t)U(t, to) L(to, to) 1, and thus U (t, to)

U~l(t, to). From Eqs. (2.6) and (2.7) we can obtain

_awl ) aU(t, to)

imr = iy ':JI(tO) = V(t)U(t, to)-bl(to) g (2.13)

so that

al(e, t )

c - r T
r———gg——a— = Vv{e)Uu(t, to) . (2.13)

which is the equation of motion of U(t, to). Integrating Eq. (2.13) yields

v(t, to) =1-1 j vie")yu(e"', to)dt' :

t
o

where the constant has been evaluated with the help of Eq. (2.9).

Recall in our earlier discussion of scattering that there were three

important time periods (t I -, -t <t <t , t I 4+=), With the above

c — Cc

formalism we can now write ¢

’I(+m) in terms of wI(-m), and we obtain

1}_11(+ac) = S':)I(—m) ] (2-14)
vhere
lim )
S = t, > = U(t, to) . (2.15)

t > e
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If at time t, the systems are separated such that there is no interaction

between them, then13

v = ! 2

vt ) = e vy (2.16)
where ¢i is an eigenfunction of HO and Ei is the corresponding eigenenergy.

According to Eq. (2.5),

iH t -iE.[t
ve)=e % %
170

and since to is some time when the interaction V is zero, we can choose

to = -w, Thus we have
¢I(—m) =9, (2.17)

The final state of the scattered projectile will be some superposition of
the eigenstates of Ho' The probability amplitude for the transition from

t

vy to some final state wf is the matrix element Sif which is given by

Si¢ = <wglslyy>

lim
=t +-= < lule, e )]y,
t > 4e
1im
= &+ - 2 ! 1 s &)
£ <U(0, £)4iL(0, ¢t ),i> , (2.18)
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where Eqs. (2.11) and (2.12) have been used in the last step. The Sif

are called the components of the scattering matrix S. To evaluate the
lim

matrix element Si we need to examine the expression t - *= [(0, t)$a,

£

where wa is an eigenfunction of HO. The evaluation of the above limits

is not straightforward. Due to the fact that we are using single states

with a specific energy, rather than wave packets, we may create oscilla-
i ; ; guomie 18

tions in the function as the limit is taken. We thus need to construct

a mathematical device which dampens these oscillaticns. One such device

?
which has been used by Gell-Mann and Goldbergerl is to define the limits

of a function £(t) as t + = by

. &)
lim . 1lim et' : -
£ 5 e ECE) = e > ot € e FLE")dE . (2.19a)
and
lim _ lim B e b
by e vy £(t) = . 0+ € e f{t')de . (2.19b)
o

(Note: To simplify notation, whenever ¢ appears the limit will
be implicitly assumed.) If the limits exist in the normal
sense, no oscillations, then the above expressions yield the expected

values, since

o}
1im lim et'!
= + ' '
b 5 i f(t) c+of € e f(e')de
- o o
et s BE'
_ lim PR [e () _ f'(t")e dt ]
e + 0 £ £

-0 -0
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1]

8]
lim _ lim RPN - L
o gt (£ (0} o5 [_mf (t")e = dt

£(0) - £(0) + f(-=) = f(-=)

In a similar manner we can derive the expected result for Eq. (2.19(b)).

If we introduce the Mdller operator Q+, defined by

ot = U _uo,e (2.20)
then
tlim-m U(O,t)wa _ Q+l,’)a - E:1_1:110 . flest'eth'e‘iE t'lbadt'
B alimo"“ Ea—llii e Ya- e 1)
By definitionl(Ea - Ho)wa = 0, so that
g o= MO -———}——? (ie + E_ - H )Y, = ‘,.ua"' ,(2.22)

a e+ 0 E -H+1
a

and

ie+E - H
v = )y . vy
a ie + E - H "a ie + E_ - H a
a a
lim 1
= 1 71|
Ya e+ 0 ie + Ea - H \ya

I

=
4

+

op]

+

<3

oo
[}
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+ lim g ; i
where G = o % O+ (ie + Ea - H] is the outgeing Green's function for the
2 ; + ; ;
total Hamiltonian. In this form ¢a can be recognized as a continuum wave
function of the total Hamiltonian, with energy Ea’ which satisfies outgoing

20
wave boundary conditions, Similarly we can define

- lim

Q = £ o o u{o,t) . (2.24)
and
Q zba = wa g (2.25)
with the result
= lim 1
Y, _"ba+e+0+Ea—H-—isWa ‘ (2.26)

Thus ¢a_ is the continuum eigenfunction of H with energy Ea which satisfies

: 2
incoming wave- conditions. 0 From Eqs. (2.23) and (2.26), we have

* +
V) =V, tCV, . (2.27)

+ +
We wish to write G"Vl,-’;a in terms of ¢a“ . To do this we will need the

use of the following operator identities:

pl - Q'l + P_I(Q - P)Q‘l , (2.28a)

e+ o7tq - pypt , (2.28b)
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where P and Q are operators whose inverses exist. This pair of identities

can be easily verified, since

pPla-mot= ot -t =t ot
and
etq-mrt - @lart-qleeh = - g
If we define ci =[E-H_ ¢ 1] and set P* = E-H * ie, @ = E - H_ ¢ ie,

then we can apply Eq. (2.28(b)) (since the required inverses exist) and we

get

I+

oo 1 H + ie))G™
G = G0 Go (E - o ¥ ie - (E + ie
=cT+G vVveE . (2.29)

as
If we now operate on both sides of Eq. (2.27) with Go V, then

1+

& Yo+ G vev
Gy W, ™Gy Wy o Ya

o * C + v
GO Vl,Ja + (G - B ) lpa »
which implies that

+ +
- } = ‘1" ! . 0
G,V GV, . (2.30)
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If we substitute Eq. (2.30) into Eq. (2.27), we obtain

.
| ) (2.31)

+ + %
Yy =y T Go ‘wa = ¥a T

This is called the Lippmann-Schwinger equatiomn.

Recall that the elements of the scattering matrix were defined by

- 1lim N I T N
Sif - to 5 it <L(Oat)vE,L(O;to)Qi>
t >+
- + T
= <O ¢flg by = < ]¢i >

I
A
=
[
4
-
o
+
v
+
A
<
Fh
|
=
L

I
On
+
A

= +
- wf iwi > 3 (2.32)

where the & function, 5‘f = <¢f+]w,+>, is a Dirac delta function over the energies,
i i

and a Kronecker delta function over the other (discrete) quantum numbers. From

Eq. (2.27), we obtain

- + - + 1lim 1 1
- - " - - b,
Vg =dy =6 W =0 Npw g (Ef “H-ic E -H= is) VVe

Thus Eq. (2.32) becomes
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w
]

1 1 .
if " Oqp t imy ‘(; -H -1 E_-H+ ig)\“flwi i’
e >0 f

Gif + 1lim - <¢f
e+ 0

v 1 _ 1 1‘b+
E,-H+de E -H-1ig) "1 3

1 1 +
= =l Al
Sig ¥ im (Ef - E, +ie E, - E, - ie)'“f!VI“1 g

e >0 i f i
-8+ lim ( ’212 2)‘<wflvl¢i+'> , (2.33)
e+ (B -ED" +¢

for Hermitian V and H. Using the well known 1imit2]

£
lim + ('
e + 0 (Ef - E

= 78 _
7 2) m8(Ee - Eg)

i) + €

we can write Eq. (2.33) as

+
Syp = 845 - 2miS(E - Ei)<4;f|v|1pi >
= 8, - 2ri8(E; - EDT, . , (2.34a)
where
_ +
Tif = <¢f[v]¢i > {2.35)

defines the elements of the transition matrix T. We can also express

Sif in the form
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+
¥ —Wy ® ’ (2.36)
which leads, in the same manner as above, Lo

S =

o g ;
gg = 8yp - 27L8(E; = E)<g, Lvlmi> . (2.34b)

Comparing Eqs. (2.34(a)) and (2.34(b)), we see that when E, = Ef,

+ -
<‘*'.ffv!r‘bi > = (’;Jf !V'.T?Ji> . (2.38)

. . X 2
We now have an expression for Sif which is useable. However, lsifl

is the total probability.(for all time) that a transition occurs from state

wi to state ¢f' To get a transition probability per unit time we need to

differentiate. Define the transition probability per unit time as

_ 1lim 3 5 e W s l2
it Tt e B [ Velttelep] (2:39)
d 2
= s |<¢f|p1(t)>| . (2.40)
3 *
= <] e Ve (E)> <9 (e)> + e, (2.41)

where c.c. will be used to denote the corplex conjugate of the first term
in the expression. In order to simplify the first term in Eq. (2.41) we

need the identity

' —rf+
6 (0) =y, . (2.42)



We can derive Eq.

We

<wfl ot

and by simplifying <y

‘¢f|¢1(t)>

substitute Egs.

2

(2.42

) by starting with Eq. (2.7)

' + +
1TI‘.]-'(O) = U(Os—m)‘;’l(-m) =Q ’f-’i = "pi
i . 3
now simplify <¢f| —§E-w1(t)> to obtain
iH t -iH t
po(e)> = —i<p_le “ve oy (e)>
I f I
iH t -iH t
= —i<y ]e ve °u(t,mu (0)>
£ ? I
i t -iH t iH t
= i<y le “ve %e e (0)>
f I
iH t -iHt
= =it [ v e 2 +>
T Titvel® Y1
- 1(Ef - Ei)t .
€ if ?
f1wI(t)> we obtain
iH t
o -iHt K +
<$f|e e ¢i >
i{(E. - E.)t
f i *
e <¢f|¢i >
i(E. - E,)t
f 1 lim , 1
e (<¢f‘¢i> s gt e
i o
ei(Ef ) Ei)t & + 1 T
if Ei - Ef + 1e if
(2.43) and (2.44) into Eq. (2.41), so that

25

(2.43)

Vi +>
e ¢

(2.44)
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—i(Ef-Ei)t i(Ef—Ei)t

lim * 1 ]
Wi = ¢ 5 gt LT e . (S,¢ EE Hie Tyg? +1G.Ce
_ lim 5 i 2
= gt lar; s .+ S AT 7,1 + ¢.c.]

lim 2 i i
+ ey
2 Im(T )8, + "ot 1Tyl (Ei “E +1ic E - E_ - iz)

l2

2 In(T )8, . + 2w (E, - Ei)[Tif , (2.45)

if
where the last expression results from taking the same limit as in Eq. (2.33).
y 1s due to the fact that W, . is the transition

1f if

probability to a single continuum state. This singularity can be removed by

The Dirac delta function, §

considering the transition probability to some set of states centered at

E = Ef, with the density of these states being denoted by e(E). (p(E) = the
number of states with energies in the range E to E + dE per unit solid
angle)., If wi does not belong to such a set of states, then the transition

probability from wi to the set of states is given by

JEE + AE
w,,. = W, .o (E)dEdAQ
if E_ - AE if
£
= 210 (E) | T, | 2da (2.46)
£/ 171 ’ #

where Ei = Ef.

An expression for p(E) can be obtained by considering a free particle

in a box with periodic boundary conditions. The eigenvalues of such a

system are given (in atomic units) by22
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2
2
E = — 5 (nx + n 2 + nzz) i (2.47)
8uf ¥
where u = the mass of the particle, 22 = the dimensionof the box, and
nx, ny, nz =1,2,3, ... . Thus there is a one-to-one correspondence between

{ and eigenstates. Now consider a 3-dimensional n-space,

ordered triplets in n

whose coordinates are given by (nx, n_, nz). For every point in n-space

y
whose coordinates are positive integers, there exists an eigenstate in the
box, so that the density of states in n-space is one per unit volume. All

of the eigenstates with energy E or less will be contained in the sphere

of radius n in n-space, where

E)? . (2.48)

We can count up all such states (ni > 0) by determining the volume of the

sphere in one octant of n-space. We have
E
JN(E)dE - OF ™ . (2.49)

Of course we are making an approximation by using the discrete distribution
of states as 1f 1t were continuous, but for sufficiently high energies the

error is small.23 Thus we have

N(E)E = (9b4m’dn (2.50)
2 2
2 8ul 1 .8 L L
but n= = ( u2 E), and dn = E—( U; }?E *dE, so that

m m
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4 #EE—(UEZ)3/2
> dE .
T

N(E)dE =

We obtain p(E) by dividing N(E) by the volume of the well and the total

solid angle (4v), and thus

2
w =—-—|Tif| o .

ukf
if 4n2

But Wig is just the probability per unit time that a tramsition occurs to

some set of states near wf, and so

da
o = #of detections per unit time _ "o dQ
1f #of particles N
I R
_Vuar Mo
N u 4@ &
N ki
where Io is the incident flux, (Io =5 7:9, N is the number of incident
particles, and V is a unit volume.
Thus we have
2
do _ _u _ vk 7|2
de  k, if 2 if ’
i 4rk
i
and the total cross section is given by
2
u'k
2
g = < IT..|%aa .
2 if
b ki

We now have an expression for the differential cross section which

involves integrating a term contalning Ves the perturbing potential V, and
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+ . : 3
wi . The integration itself does not pose a problem since it can always be

done numerically if analytic techniques fail. Expressions for wf and V are

no problem since the Hamiltonian was broken up so that the wf's were knewn.
. . + . . .

The problem is how to determine wi , the solution to the total Hamiltonian.

Since we know that

* 1
W =y T EHm e
a a et Ea H £ ie

+
=y +
V. =9, G Vwa s
we essentially need to solve a Green's function equation. Unfortunately
+
exact solutions for w; are not in general available, and we are forced to
£

+
approximate ¢£. One of the easlest method of approximating $i is by taking

Eq. (2.31) and iterating it, which yields

= Hh + G % b+ % %
[ = 1 1 2]
Ya Vo o ‘Ja GO v Go ¥¢a + ...

+
- z (G —V)nw . (2.57)
o a
n=0
and thus

T,, = <b |V|v,> + <v |V +v|¢ >+

if £ i f 0 i e )

+
If only the first (n = 0) term is retained, wa_ I wa and the result is the

first Born approximation
B ,
Tye = VelVlvge

Since H may be split up into Ho and V in very many way there are many

different expansions which have the same form as Eq. (2.57). In many cases
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only the first Born approximation 1s caleculated, primarily because higher
order terms are difficult to calculate.24 It is thus important to consider
in what situations the first Born approximation is meaningful.

We can get an estimate of the validity of the first Born approximation

. . . 2
at high energies by making a crude approximation of the second Born term,

+
Shg 08, ViRg? = el g—
i

N
T eVl s
1
so that the ratio
(2) e
T or vl VeV |vy>
W) - Et P T
T VelViYy

if

provides a rough estimate for the error in the first Born approximation.
The expression above seems to indicate that at sufficiently high energies
the ratio will become small, implying that the first Born approximation
becomes adequate. It can in fact be shown that for two particle collisions
the Born series converges to its first term at sufficiently high energies,
however in more complicated collisions the Born series may diverge.25’26’2?

The distorted wave Born approximation is one of many methods which
have arisen in hopes of improving the Born approximation. As we mentioned
in Chapter 1 the DWBA attempts to put more of the interaction into the

unperturbed part of the Hamiltonian, thus making the perturbing potential

(V) smaller. It is thus hoped that an iterated DWB series would converge
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more rapidly than a corresponding Born series.28
Consider the splitting up of the total Hamiltenian H in two different
ways H = Hi + Vi = Hf + Vf. This 1s-particularly convenient for rearrange-
ment collisions, where Hi is the initial unperturbed Hamiltonian and Hf is
the final unperturbed Hamiltonian. From Eq. (2.27) we can write
+ lim 1

Yy =¢i+€+O+E_H+iE (H‘"Hi)\\bi ’ (2.59)

and

- 1

be =¥ tgomoge oYy o (260

since V., = H - H Y = E. Let H' be a

i g Vg ™ H - Hf, and where E, = E

i f

Hamiltonian which contains the kinetic energy terms of H and perhaps some

interaction terms also. Define

+ = 1 _.—...1_—..—_—.- r 1t 1
Ty b (' - H Y, . (2.62)
Xg “V¥¢ TE - H' - ie £/Y

Using the above two expressions, we can write

+ + 1

1
by =% tEouarae H-HDY

P .. T _
OV " TR e W - HY, . (2.63)

With the operator identity, P_l = Q-l + Q_l(Q - P)P-l, (from Eq. (2.28(b))

we can obtain
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1 } 1
E-H' + ie E ~-H+ fe

— — ' — 1 —-—-—.—-——-——._l
(1 + (E-H+1ie -E+H lE)E 0 T is

-—1 (- @-u)—1
"E-H+is(l S H)E-H‘+ie)’ 2. 55)

where P = E - H' + ie¢ and Q = E - H + ie. We can now use Eq. (2.65) to

b e e o B - (- (- B (Y - H) N
=x, f"—f11—+1£ = 10 +E_-_}T}*T-i€ (' - H)) Wy
=X e H - HOx," . (2.66)
Similarly we can obtain
T = " T ! -
Ve =X tTEopo1e - HDX 3 (2.67)
We now have
7= < v v, = < |8 -H |y, " (2.68a)
if LI L § f £171
- <¢f'|}1 - Hi[q,i:» (2.68b)

and we define
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— +
Tif = <¢'le' - Hflxi > ’ (2.69a)
= <xf—|H' - Hi|¢i> . (2.69b)
so that
i _ + - +
Tyg = Tip = <veld = Hely, ™ — < |nt - He b ™
— ' - + — __!_'_____,_ ! + —< (] +
= gl = Helyg b | (- B (H-H ) =<y [0 =R x>
) + ! 1 s ) +
= <helH - B et [ (0 - B g - 1Y) [y >
- 1 i iy, *
= <(1+E s (H—Hf))¢f|(H-H)xi >
- . +
=< [ -HY x> . (2.70)
Finally, we can write
T.,=T! + <y, |[H-H"]x * (2.71a)
if if £ i ' :

Similarly from the alternate Eqs. (2.68(b)) and (2.69(b)), we get

' = ' +
Top ™ Tie + <xg [H -8y, ">, (2.71b)

so that

PRI A PRI I L PR
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Now suppose we split up the Hamiltonian into three pieces

= J =
H Hi + Ui + hi Hf + Uf + Wf, where Hi and Hf are the unperturbed

Hamiltonians and Ui and Uf are arbitrary potentials, and define
H' = H, + Ui . (2.72a)

i

With the above choices, we have

weln' = Belx,™> + <R - H ™

-3
]

if

+ % +
<¢f[Hf Ve - W - Hf|xi >+ <y - H'fxi >

4 .
welve - Wb+ I & 1)

If we alternatively define

H'=H_ + U (2.72b)

we derive in the same manner
T, = <x. V. - W o> + <xJulo. > . (2.73b)
if f i f'71 f £
These are exact expressions for Tif’ but once again we have expressions
- 4
containing a solution to the total Hamiltonian (ﬁf 3 ¢i ) which in most

cases 1s not known exactly. The DWBA is achieved by approximating

¢f' by xf', which yields
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DWB + - +
or using the alternate forms we obtain
DWB - - +
= - ! T
B R |Vi wflui> e [hf[xi > (2.74b)

+
where we have approximated by by Xi+' As in the Born approximation we

can derive an iterated series to get a DWBA expansion

* = + +
poo= ) [em -8, (2.75)
i i
n=0
x 1
where G'~ = E-H % ie ° Equation (2.75) is the DWB series for both forms
of TifDWB; but it must be remembered that for Eq. (2.74(b)) H' and x are not

the same as the H' and y in (2.74(a)).

As in the Born approximation the convergence of the DWB series is a

g ; DWB R
sufficient condition that Tif - Tif' Arguments similar to those used for
the Born approximation lead us to believe that the DWBA is a high energy
approximation which works best for small perturbing potentials. In fact,
since the perturbing potential used in the DWBA is smaller than in the
corresponding Born calculation, we expect that the DWBA series converges
more rapidly than the Born series. However, the basic convergence problems

; i ; : 29,30

of the Born approximation are retained in the DWBA.

In the next chapter we will apply the approximations explained here to

the particular problem of high energy electrons incident on hydrogenic atoms,

which will also serve to illustrate the utility of the theory presented here.
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CHAPTER 3

APPLICATIONS

In this chapter we take the general results of the theory presented in
Chapter 2 and apply them specifically to the problem at hand by writing out
the Hamiltonian and choosing Ui and Uf. Once the particular form of TifDWB
is determined, it is then manipulated algebraically and put into a form
which is usable by the computer. The computer code is then discussed, and
finally the momentum transfer cross section is defined.

The Hamiltonian for the interaction between an incident particle Za

and a hydrogenic atom with atomic number Zb is given (in the center of mass)

byz’6 (See Fig. 3).

1.2 “p %
- % - s (3.1)

b a

YA/ Z Z
r

1,2
where - 5 VR is the projectile kinetic energy,
Z Z
ab , ; ; : 3
R IS the projectile-nucleus interaction,

1 2, :

- E-Vb is the (atomic) electron kinetic energy,
Zb

- ;f-is the interaction between the atomic electron and the nucleus,
b
za

and - —— is the interaction between the projectile and the ateomic electron.

a .

Recall that in our previous discussion the choice of Ui and Uf were nearly
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arbitrary, we now take advantage of the arbitrariness to choose Uf in a
manner which causes one of the terms in the two potential formula to

vanish. We define

_ 1.2 _ 1,2 b
Hy = Hg = zvR—zvb-rb . (3.2)
zazb Za
Ui =0 . Wi = 3 - 'r—- 5 (3.3)
a
Zazb Za
Uf = R ” Wf = - T . (3.4)
a
With the choices above Eq. (2.74(b)) becomes
DB _ - | - +
Tye = X 1V = Welvp + o gy >
YAA
-y ahp, - a  +
= <Xf l R I‘*)i)‘ + <Xf {";;lxi L (3-5)
and where
Hiy, = El,’)i » kabf = E'\bf ’ (3.6)
(Hy + Uxy = Ex; = Hyxy s (3.7)
(B + Uy = Exg . (3.8)

Thus &i, ¢f and Xy consist of a plane wave times a bound state hydrogenic

wave functioné, and Xg satisfies the follewing differential equation
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2 71z
1 1.3 B oty . -
2% 7% - . TR e = Exg ’

(3.9

. . , L2
whose solution is a hydrogenic wave function times a Coulomb wave functien

Xg BTy = 0,0 (rdx ()

S > T
1kf'R -—2— 5 4
= ¢2S(rb)e e T(1 - 1a)lFl[1a,l,—l(kfR+kf-R)] ,(3.10)
Z.T
22 z 3/2 2y ~-2L2
_ ab _ b r b'b 2
where a = ” , and wzs(rb) = {1 - 2 1
f 2v 27
. +
We can also write out Xy as
> > T 3/2
3 iki-R 1ki-R Zb —Zbrb
X; = e Vg = e ( ) e (3.11)
Yy
For convenience of notation we define
= > >
q = ki - k¢ . A= 3/2 Z, " (3.12)
so that we can write TifDWB as
ZZ
DWB -1 ab - +
Tie = X =g 19y * <xg [Welxg
z 7. ik,-R

ab i

- > = +
= <"Dzs(rb)xf (R)lTle :;;ls(rb)z» +<xg walxi >

— +
= <Xf |Wf|xi > N
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>
since the integration over r, in the first term vanishes due to orthogon-

b
ality. Thus noting in Eq. (3.3) that Ui = 0 corresponding to a projectile

plane wave we have

>
iq+R-Ar Zr
DW
R . ch'?fdﬁ g b(%)li?l[—ic:,l,i(kfm-if-_?{)][l- b by (3.13)
a

if 2

zb3za ~mouf2 -

where C =——— e I'{l + ia), and where the dr iIntegration can elther
2*.r/_2_+ ' i_ﬁf-ﬁ

oF of e
be over dra or drb. Note that if we set ¢=0, then Xg (R) = e and thus
DWB B : - ;
T > T,_.. This gives us a convenient means for calculating the Born

if ox0 "if

approximation. We can write Eq. (3.13) as

3 ol
Z "Za —— A
TP =2 — e ? T+ s+ 2 21I0LD, (3.14)
2WJ§~
where P
e &= iin
10,9 = fd}’ [dﬁ elq.R(%)e b (Fp 1o, L i Gk RAEE LR ], (3.15)
a

Thus calculating Ti bizB is reduced to the problem cof doing the dr

f
>
and dR integrations. The problem is that there are three interrelated
- > .
vectors (R, ré, rb) only two of which are linearly independent. However,
-

if we can choose a coordinate system such that the volume element dr
contains an r, term, the T, dependence would be cancelled out, and the
integration would be made easier. Consider the equations of transformation

to ellipsoidal coordinatesal’32

R ) R 2 2,q1/2

ra=-2— (e + 1) , rb51n8b=§[(5 -1)A -n )] »
R R

rb = -E (E - T‘[) » rbCOSSb = _2- [ en - l] »

l < £ < o N -l < n _<_ ]— »

rarbdzdndﬁ ,

0|



then

-AR{e --
2

> > 2
1(,9) Jdﬁelq Rlpl[-ia,l,i(kfﬁ+ﬁf-ﬁ) 5; J (c-n)e

n)
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de dn dé¢

-2R(e - n)

> >
1 -5 ich _ ) = .+ 2 _
> JdRe lFl[ ia,1,1(kfR+kr R) IR f (¢ - nde

2

de dn.

(3.16)

We choose to do the ¢ integration first so we are faced with two integrals

of the form

) -lgﬁ 2e Rf2 2
; £ e de -T(l-'-ﬁ " (3.17)
and
® 'Ags 2o R/2
e de = LE—— (3.18)
AR
1
Substituting Eqs. (3.17) and (3.18) into Eq. (3.16) yields
-AR(1-n)
> iq-R _2 o> sl 9 2 B
> om iq- @ ; " , =& 4 =
I(x,q) = 3 J dR e R lFl[ 1&,1,1(kfR+kf R)]J_ldn R [1 R fi]s
The n integrals have the form
. ARn/2 Z AR/2 2 AR/2 2
n . N _ &g A o
J n dn e - [e (1 xR) + e (1 + AR)] , (3.19)
-1
and
1
3 R/
J dn e RV/Z 7&{ [e R/Z )Rfl] ’ (3.20)
-1
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(3.21)

:(3.22)

(3.23)

so that
2 > ig-R > 2 AR 2
> _ LT q* . : R LN (e MY (12 E-
I(x,q) = Az J dR e 1F1[ 1a,1,1(kfR+kf R)][(l+ AR)(l e )-(1 R e
> >
= 2r [ g% JPaR - - Ry L ™R 4
= lz J dR e lFl[—la,l,l(kfR+kf R ][ R~ © (2 + AR)}
= : 33,34
We can write I(X,q) in a particularly convenient form using
- R o
- e iq*R . A T
J = J — & lFl[ fo,1,1 (kR + ke R) JdR
= b 2 2 , 2-1ia
=51 v ia kg m kg = 2dukg + 7] ;
(w™ + q7)
and noting that
o ' . 2 2 ss 2.1
43 _ 4 po2e(e) in(20 - 2ik) (k; -k "-2iuk +a”) -
L R , .
. W+ qh) ok 20k ta®) f® + gl TS
so that we can write
oy = 2T [3egw = ” EAS
T0sa) = =5 L3t = 0) - 3=md) + 2 55 |,] -

Substituting Eqs. (3.21) and (3.22) into Eq.

10,9 = (517 [Eea) + 20y o]

where

(3.23), we obtain

(3.24)

-AR 2

(1+I§)

(3.21)

]
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2 2 '
- k9 - k2 ok, w1
_ i f i f £
CA = —= ¥ 5ia - 7 2.1 ¥ 1 >
q (A" +q7) *
2 2, Lt
CB = (A% + q°) “(ki2 < kfz - 24k + ' ,
ST CREE 1) W ety
2 ) 2 2 2
& ~ e
A q k,© - kg 21Nk + A
Recall from Eq. (3.14) that TifD{ is given by
3
7 7 z
DWB b “a -ra/?
T _ b a -ma/ r(l + ia) [1 + 7;- fsr-]l(x,a)] .
2nv 2

DWBlZ

Since the expression for the differential cross section contains [Tif .

we square the above expression, to obtain

7 6Z 2 .
DWB,2 _ “b “a _-ma o . 3 o
]Tif I =——7Fe IT(1 + ia)|° |[1 + S 110,
8r
6, 2
zZ 2 7
= b "a -Ta m ' -__‘t_,_ i s 5 9
T gl © sinhwal[l t5 W 110,90 i (3.25)

since35 \T(l + iu)\z = ma/sinh(ma).

Equation (3.25) is the expression that we wish to evaluate on the
computer. To get the differential cross section we just need to multiply
DWBIZ

|T by (uzkflhwzki), and we can then get the total cross section by

if

numerical integration. However, the form of Eq. (3.25) must be modified
-

so that it can be conveniently programmed. The expression for I(},q) is

complicated and must be broken down into bite sized chunks, which will

contain complex numbers taken to complex powers. A complex number is
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stored in the computer as an ordered pair (i.e. a+ib - (a,b)) so that the
complex terms must be written in a form such that the real and imaginary
parts are evident. An easy way of doing this is to express each complex
term as an exponential, eaeie where a and 8 are real, then the real and
imaginary parts are easily determined. This solves the problem of having

to take a complex number to a complex power since

1+ ia a-tBo i(ac + 9)
= e e

(eaeie)

=
We must also determine an expression for 81;;, ). The three above mentioned

steps are simple but tedious, and I will thus not display them here. The
appendix, which contains a copy of the coding used in the program, also
contains Eq. (3.25) in its computer digestible form.

The computer code consists of two parts, a subprogram which computes

!T, 4 and a main program which does the numerical integration. The

1fl
numerical integration technique used is that of Gauss Legendre quadrature

36,37

using five weighting factors. The program was checked out by comparing

our results with those of Junker, Geltman and Hidalgo.

Once we have a program for g%-it is easy to compute a higher moment of

the cross section such as the momentum transfer cross section. The momentum

transfer differential cross section is defined by

do k

_M_ __£ do,
= (1 ki cosf) A " (3.26)

where 8 is the scattering angle, and the total momentum transfer cross

section is given by
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k
c. = (1 - —E-cose) do o . (3.27)
M k dQ
4m i
do
It is clear that jrg is just the change in the Z-component of momentum of
&

the projectile (normalized to ki) times the differential cross section.
As we mentioned in Chapter 1, the effect of the (1 - (kf/ki)cose) term is

to amplify %% at large angles. This can be easily seen by looking at the

k k
two extremes, 6 I 0°, 8 I 180°, for if 6 - 0°, then (1 - Ei cosf) 2 1 - Eﬁ-: 0
k k i i
and if 8 I 180°, then (1 - Eﬁ cosd) I 1 + Ei 2 2, This is why momentum
i i

transfer cross sections provide a good testing ground for comparison of

DWBA Born ; ;
o and o . Momentum transfer cross sections appear in the calculation

L]

of various plasma transport properties such as diffusion and electrical

conductivity, and may thus be useful in plasma physics.g’lo
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CHAPTER 4

RESULTS

Our motivation for using the DWBA is that the Born approximation
does not yield correct angular distributions. Figure 2 (Chap. 1) shows

that chorn/

d® is several orders of magnitude too low at large angles

(for 200 eV incident energy). Physically we expect large angle scattering
to be caused by collisions between the projectile electron and the
nucleus, but the projectile-nucleus interaction does not contribute

in the Born approximation due to orthogonal initial and final states.

We are thus led to the DWB calculation in which the projectile-nucleus
interaction is treated in the unperturbed part of the problem. As

WBA/dﬂ‘; provides a better fit to the data

expected, Fig. 2 shows that doD
at large angles. Figures 4 and 5 show how the Born and DWB angular
distributions change with projectile energy. (Note that Z = 1 since we
are presently considering only hydrogen targets). In both figures the

curves tend to become more sharply peaked around. £ = 09, as the projectile

energy increases. As the projectile velocity is increased it is deflected

Born HDWBA &

through a smaller angle. Figure 6 is a plot of ¢ and s a

(IE2S » ElS! = 10.2 eV).

function of the scaled energy Einc/IEZS - ElS"

The DWBA and Born curves both approach the same high energy limit, but
they have very different low energy behavior. This is because in the
DWB calculation the projectile-nucleus interaction is treated in the
unperturbed part of the problem so that the nuclear Coulomb potential

is effective very far away from the nucleus. Figure 6 shows that
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Figure 4.

Born differential cross sections for (15-2S) excitation of hydrogenic

atoms by electron impact at various energies.
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despite the large differences between Born and DWB angular distributions,
the total cross sections agree to within 10%Z at incident energies greater
than 25 eV. The reason for this is that the vertical scale in Fig. 2 is
sharply logarithmic and thus most of the total cross section is summed up
in the first few degrees where the Born and DWB approximations agree. If
the difference between Born and DWB is to be seen, the contribution from
large angles must be more heavily weighted than the contribution from
small angles. In the last chapter, we saw that the effect of the

k
f ; . ;
(L - 7= cosf) term in the momentum transfer cross section was to weight

k.,
i
large angles more heavily. Figures 7 and 8 are plots of the differential
cross sections and differential momentum transfer cross sections in the
Born and DWB approximations at 100 eV and 500 eV respectively. From

these two figures we can see the enhancement at large angles in the

do
momentum transfer cross section. The limiting values of ’EBM (6 - 0°) are
do '
much less than a (8 » 0° so that the total momentum transfer cross

sections will also be smaller than the corresponding total cross sections.
We note that as the projectile energy increases the momentum transfer
differential cross sections also tend to be more peaked, for the same
reason as above.

In plasma physics it is the total momentum transfer cross section
which is useful. We thus wish to compare DWB and Born total momentum
transfer cross sections, and note any differences, Figure 9 shows how
the momentum transfer cross sections (DWB and Born) vary with the scaled

energy Einc/‘E - E Figure 9 has the same general shape as Fig. 6

|
28 s

(total cross section), but the momentum transfer curves have a smaller

amplitude. In order to compare the DWB and Born calculations more
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Figure 8.

Differential cross sections and momentum transfer cross sections in
the Born and DWB approximations for (15-2S) excitation of hvdrogenic
atoms by electron impact at 500 eV. The dashed curves are for the

momentum transfer cross sections.
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DWB/GBorn

clearly we have plotted the ratio ¢ against the scaled energy

for both regular and momentum transfer cross sections in Fig. 10. The

height of the top curve tells us how much larger CMDWBA is than GMBorn,

and the bottom curve tells us how much larger GDWBA is than cBorn. The

difference in height of the two curves gives us an idea of how much
difference there is between OM and Y. Since both the Born and DWB are
high energy appro;imations, we expect that the curves are not reliable
for incident velocities below the mean velocity of a 1S electron. The
energy of a 1S electron is 13.6 eV, which yields a scaled energy of
about 1.3, (Note that this is the same scaled energy at which < and UM
have a maximum value, in Figs. 6 and 9). In the range of scaled energies
from about 1.6 to 2.6 Fig. 10 yields about 30% to 20%Z difference between
DWBA Born

g o
M and M p

In Chapter 1 we also expressed an interest in certain scaling laws

4 Born Born

In particular if one considers Z o , Where ¢ is the Born calculated
cross section for excitation of a hydrogenic target of atomic number Z,
; 4 _Born ,

then one finds that Z'0 is independent of Z at the scaled energy
E, - E . T ild f 1i relati is clear. 1If
1nc/‘EZS lSl he utility of such a scaling relation
we calculate cross sections at all energies for Z = 1, we can easily
obtain the cross section for any hydrogenic (Z = n) target at any energy
by a simple multiplication. What we wish to determine is whether or not
the DWB calculations and the momentum transfer cross sections scale in
the same manner. Figure 4 shows that at each scaled energy the Born

: : : -4 .
differential cross sections scale as Z ', and Fig. 5 shows that at each
scaled energy the DWB differential cross sections also scale as 2 .

Clearly GBorn and GDwB must also scale similarly as is shown in Fig. 6.
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Figures 11 and 12 show that the Born and DWB calculated momentum transfer
differential cross sections scale as Z_4 at each scaled energy and Fig. 9
verifies the scaling law for the corresponding total momentum transfer

cross sections. In other words, all of the calculated cross sections

scale in the same manner.

For our hydrogen-like wavefunctions the scaling relation above

- +
follows from the DWBA matrix element: T??BA = <Xg !wflxi > =

- % + > > 1 - ;
jf(xf ) foi derb. If we scale R = and v « Z (courresporniling to our

2 - 2 + 3/2 - -
scaled energy, E « Z27), then Xg 23/ N wf « 7, X3 Z / , dR = Z 3
4
- ( DWBA 2 -
DUBA _ 2 _ 52 (hich yields 92 «|7D"BA|Z%.z™4,
7 dQ if

g dr =z hat T
an rb = so that if

in accord with our results.
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Figure 11,

Born differential momentum transfer cross section for (15-2S5) excitation

of hydrogenic atoms by electron impact at various energies.
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CHAPTER 5

CONCLUSIONS

The Born approximation is a widely used calculation in scattering
theory. One reason for this usefulness is that the calculation yields
reliable total cross sections in the high energy region while retaining
a reasonably simple form. However we see that for incident energies in
the region around 200 eV the differential cross sections predicted by
the Born approximation for electrons on hydrogen (1S - 25 and 2P exci-
tation) are too small at large angles. We thus choose to use a modified
Born (DWB) technique in which the projectile-nucleus interaction is
taken into account by using a Coulomb wave for the final outgoing wave
function rather than a plane wave. This results in angular distributiocns
which more nearly fit the data.

We find that momentum transfer cross sections, which may be useful
in plasma physics, tend to weight more heavily the large angle portion
of the angular distribution, and thus present us with a convenient
testing ground for comparing Born and DWB approximations. The comparison
shows that the DWB calculation is as much as 30% greater than the
corresponding Born calculation.

We also know that a particular manifestation of the simplicity of
the Born approximation is the existence of a scaling relation in Z. That
is, if the Born cross sections for hydrogenic targets of different atomic
number are calculated as a function of a scaled incident energy

%

(Einc/IEZS - ElSI)’ then these cross sections are proportional to Z .



70

We check the differential and total cross sections (both regular and
momentum transfer), and find that in the DWBA the same scaling relation
is maintained.

There are several directions which could be taken to continue the
work done here. The present computer code can easily be adjusted to do
corresponding calculations using incident protons. The calculation could
also be extended to excitation and ionization. It would also be possible,
after some additional algebra, to use Coulomb waves for the initial

state as well as the final state.
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APPENDIX

After the algebraic manipulations and simplifications mentioned in

Chapter 3, the expression for the DWBA differential cross section becomes

“ f |TDWB
dg 4ﬂ2k if

dGDWB u k |2

qu

pA
f -To. o b 3 D
=—1— T (2 |h+ 5 =TT,
32Tr3ki sinh(mra) 2 3A

vhere I(},q) = [%F]zf%{CA) + 2(cB) (€A1,

2 2,ia 2 2 2, ia
(ki = kf ) (ki = kf & Zikkf + A7)

CA = : - . ,
q2 + 2ia (AZ 3 q2)1 + io

) Ela(ek - zeq) - 26q i e+1a(8 - BA) = alp - 5

I AR S B ( S W POV SO b

3

o L Y k.2 k.2 - 2iakhC
9 i £ Th%e
—Gl -i6 - B
= -(1+ ta)de "+ 1a(x - ik)e ¥ ,
where we have defined
k2 o eek 8. = tn(k,% - k.%)
i £ ; k MYy kg ,



q=-¢ed
" 16
- 213k, + A7 = pe P
8
p
9, .
A

I+ [5‘{—"—]2[ ?27 (CA) +-§- (CB) (CE - CD - E)]
A

2 2
ki - kf
2 2
(A" +q7) =
and
_ 2
ar )
di

+ [%fiz[—z(cc)(CB)(CE - CD - E) + 2(CB)(CF - CH - ¢ (F-

where

CD

CE

Cr

CG

]

1]

8

(Zkf

_g}k
2)e (1 + ia)

2kfa

2
1+ 412kf“/(e6k - Az)z
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What follows is

[}

1

a

2
2
P

ok 2

62 % @ 2k,

-8 212

k —
1 + ia)e 1 - .2 2
( e 1=z 2]

copy of the computer code used.
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Cross sections for 15 - 25 excitation of hydrogenic targets have
been computed in thé Born approximaticn and the DWBA as a function of the
charge, Z, of the target and the velocity, V, of the projectile. We
compare the Born and DWB calculations in three areas: angular distributions,
momentum transfer cross sections, and scaling laws. When the Born and DWB
differential cross sections for 1§ - 25, 2P excitation are compared with
experimental data, it is found that the Born results are several orders of
magnitude too small at large angles (for 200 eV incident energy). The
DWBA fits the data much better at large angles, and both approximations
agree with the data at small angles. We exploit the difference in angular
distributions by comparing Born and DWB calculated momentum transfer cross
sections. Momentum transfer cross sections may be used in plasma physics
to calculate certain transport properties, and they have the affect of
amplifying the large angle portioﬁ of the angular distriﬁution. We find
that the Born and DWB momentum transfer cross sections differ by as much
as 25% at high velocities. When Z4UBoru is plotted against a scaled
energy, Einc/IElS - EESI’ the resultant curve is independent of Z (for
hydrogenic targets). We find that in the DWBA the differential and total

cross sections also scale in the same way, and that the momentum transfer

cross sections obey the same scaling relation in both Born and DWB.



