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Abstract

This work focuses on electromagnetic direct and inverse scattering problems for bi-
anisotropic periodic media in three dimensions. The scattering phenomenon of interest
occurs when electromagnetic waves interact with a bi-anisotropic periodic scattering object
and is governed by the time-harmonic Maxwell’s equations with Rayleigh radiation condition.
Bi-anisotropy means the object is characterized by three quantities: permittivity, permeabil-
ity and magnetoelectric coupling coefficient. These are 3 x 3 matrix-valued functions of the
spatial variable and make up two constitutive relations in addition to the Maxwell’s equa-
tions. In the equations, the incident fields which we send towards the object are known.
For the direct problem, we also know the three quantities characterizing the object, and the
goal is to solve for the scattered fields. The inverse problem, on the other hand, aims to
find the shape of the scattering object from the measurements of the scattered fields on two
planes, one above and one below the object. Both problems have many applications in real
life, especially in the study of photonic crystals.

Regarding the direct problem, we formulate the Maxwell’s equations and constitutive
relations with Rayleigh radiation condition into an equivalent integro-differential equation.
We then show, under certain constraints on the material parameters of the scattering ob-
ject, existence and uniqueness of solution. To numerically solve the problem, we utilize a
periodization technique and fast Fourier Transform to switch to solving for the Fourier coef-
ficients of the unknown. This helps avoid direct computation of the Green’s function which
has singularities. Then, we analyze convergence of a Galerkin scheme and implement it to
obtain a numerical solution to the problem. The results regarding the direct problem are
taken from the published paper?? of myself and my advisor.

For the inverse problem, we rigorously justify the Factorization method to reconstruct the

shape of the scattering medium from scattered field data. To be precise, we prove a unique



determination of the geometry of the scattering object. This determination can also be
easily implemented numerically, thus, gives a fast imaging algorithm to find the shape of the
scattering object. We also provide numerical results to show how the method performs with
different types of bi-anisotropic periodic objects, from simple to more complex geometries.
The results regarding the inverse problem are taken from the published paper?® of myself

and my advisor.
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Chapter 1

Introduction

1.1 Motivation

We study in this dissertation numerical methods for solving both direct and inverse electro-
magnetic scattering problems for bi-anisotropic periodic media. This work is motivated by
applications of electromagnetic scattering from complex periodic media (e.g. bi-anisotropic
media, chiral media) in optics and metamaterials; and nondestructive evaluations! ™.

The direct problem involves finding the scattered electric and magnetic fields given the
corresponding incident fields and the material parameters of the scattering medium. Results
on well-posedness of the direct problem for both bounded and periodic scattering media
can be found in® . To our knowledge results on numerical methods for direct and inverse
scattering problems for electromagnetic complex media are limited. The authors in'? studied
numerical analysis of a finite element method for solving the direct problem for periodic
chiral media. Spectral Galerkin methods for the integro-differential equation formulation
of the direct scattering problem were studied in'® for chiral bounded objects and in** for
bi-anisotropic bounded objects. The advantages of the spectral Galerkin method studied
in'* are that this spectral method, which is based on a periodization technique, allows us to

avoid the evaluation of the quasiperiodic Green’s tensor and to use the fast Fourier transform

in the numerical implementation of the method. In this dissertation, we study this spectral



method to solve the direct problem for bi-anisotropic periodic media by extending the results
in 415 More precisely, we follow the periodization process of'® for the integro-differential
equation. The Garding estimates for the integro-differential equation can be done similarly
as'%. The uniqueness of solution, the mapping properties of the periodized integro-differential
operators, and the numerical examples for the Galerkin method are the new ingredients of
the study for the direct scattering problem in this dissertation. The results in this part are
taken from the published paper?? of myself and my advisor.

The inverse problem aims to reconstruct the geometry of the scattering object using mea-
surement of the scattered electric or magnetic fields . We refer to'® 1 for some uniqueness
results in the case of bounded scattering objects. To numerically solve the inverse prob-
lem, the factorization method was studied in?° for the case of chiral bounded objects. This
method was also studied in?!' for periodic chiral media. The analysis of the Factorization
method for the inverse problem of interest in this dissertation is technically more compli-
cated since it is concerned with a more complex type of materials. Under some assumptions
(Assumption 1.2.1) corresponding to the absorbing material case and the smallness of one of
the coefficients, we can prove coercivity of the middle operator in the Factorization method.
This is also the key ingredient in the justification of the Factorization method. The justifi-
cation remains open if the Assumption 1.2.1 does not hold true (e.g. the coefficients are all
real-valued). The results in this part are taken from the published paper?® of myself and my

advisor.

1.2 The general setup, notation and assumptions

We are concerned with the scattering problem for a bi-anisotropic medium which is 27-
periodic in x1, x5 and bounded in x5 (here x4, xq, x3 are the three coordinates of a vector
x = (z1,79,23)" in R3). Let Dy C R?® be the interior of the medium. The problem is

governed by the time-harmonic Maxwell’s equations with frequency w > 0

curlE +iwB =0, curlH —iwD =0, inR?, (1.2.1)



where the electric field E, the magnetic field H, the electric flux density D and the magnetic
flux density B are three dimensional vector-valued functions, along with the constitutive

relations

B=pH+¢/cono E, D=cE+ &/ H (1.2.2)

where the permittivity ¢ and the permeability p are 3 x 3 matrix-valued bounded functions.
We assume that these functions are 27-periodic in x; and x5 and that they are respectively
equal piol3 and gol3 in R®\ Dy (I3 is the identity matrix). The function ¢ is related to the
magnetoelectric effect (see?!) which is also a 3 x 3 matrix-valued bounded function. This
function is also assumed to be 27-periodic in ; and 2, and to be zero in R?\ Dj.

We introduce the relative quantities

and the scaled quantities (with the same notations as the original ones)

E:=,/sE, H:=/u H.
Using these new quantities and plugging (1.2.2) into (1.2.1) we obtain
curl E — ik(pu, H+€(E) =0, curlH +ik(e,E+EH) =0 (1.2.3)

where k := w,/eglg is the wave number.
Assume that p, is invertible almost everywhere in R?, by the first equation in (1.2.3) we

can write
1

H
k

p teurl E — p Y¢E. (1.2.4)

Plugging this into the second one and rearranging the resulting equation we obtain

curl (p; 'eurl E) + ik [Ep eurl E — curl (y, '€E)| — k2 (e, — &, 'EE = 0. (1.2.5)



Let d = (dy,ds, d3) € R® be the wave vector satisfying d3 # 0 and |d| = k, we consider

the plane electromagnetic wave given by

En — (S X d)eld'x’ H" = geld* (126)
Weo

where s is the polarization vector satisfying s - d = 0. The interaction between this plane
wave and the medium gives rise to the scattered wave (E*¢, H*®), and the total wave (E, H)
given by E = E™ + E*¢, H = H™ + H*® satisfies (1.2.4)—(1.2.5). From now on we will be
working with E only since E and H are intimately related by (1.2.4).

For simplicity we denote u := E*. Note that by construction, E" satisfies
curl curl E™ — k2E™ = 0,
thus (1.2.5) can be rewritten as

curl curlu — k*u = k2 | (P — & ) (E™ + u) + %Eu;l(curl E™ 4 curlu)
+ curl [Q(curl E™ + curlu) — ik, '¢(E™ +u)]  (1.2.7)

where P :=¢, — [ and Q := [ — ! are the contrasts. It is clear that outside of Dy, &, and

1 equal the identity matrix, so P = ) = 0. Thus we have

supp(P) Usupp(Q) Usupp(§) C Dy.

We now define that for a = (ay,9,0) € R3 a function v : R® — R3 is called -

quasiperiodic if for any n = (ny,n9,0) € Z3

2miaen

v(xy + n2m, 29 + no2m, x3) =€ v(z1, 29, 73), X € R?

Let a = (a1, an,0) = (dy, do,0) and a,,, = (aq +my, an + Mo, 0) for m € Z?. Then it can



be seen that the plane wave E™ is a-quasiperiodic. It is well-known that we will seek for
the unique solution u of the direct problem as an a-quasiperiodic function.
Next we prescribe a radiation condition for u. Recall that the medium Dy is bounded in

x3, thus let h > 0 be such that
h > sup{|zs| : x € Dy} (1.2.8)

and for m € Z? define

VE? = lanl?, |am| <k
)
iv]om|? — k2, |an| >k

then u is called radiating if it can be expressed as the following Rayleigh expansion

ﬂm:

u<x> — Z ﬁ;l:nez’(am.x:tﬁm(:vﬂ:h)) for x5 2 £ (129)

meZ?

where

iThs //e_w‘m'xu(xl,xg,j:h)dxldxg, m e Z2.

"SI

Note that all but finitely many terms in (1.2.9) are exponentially decaying, which helps
us easily deduce absolute convergence of the series for every x. Moreover, we can choose o
and k such that 3, are nonzero for all m € Z?, and this will be the case for the remaining
part of this dissertation.

We now introduce notation and assumptions related to the spatial domains and function
spaces that we will be using throughout this dissertation. First, due to periodicity of all the
introduced quantities and the condition (1.2.9), we can restrict our problem from R? to one
period

Q= (—m,7)*xR.

Also, for any r > 0, we define a truncation of 2 as

Q. = (—m,m)? x (—nr,7).



Next we introduce some Sobolev spaces for vector-valued functions

LX(O) = {w = (w1, wy, w3)" : wy,wy, w3 € L*(O)},
H(curl,0) = {w € L*(O,C?) : curlw € L*(0,C?)},
Hyoo(curl,0) = {w : w|y € H(curl,V) for all VC O open, bounded},
Hq(curl,0) = {w € H(curl, Q) : w = W|p for some a-quasiperiodic
function W € Hy,c(curl ,R?)},
Haoc(curl, O) = {w € Hyye(curl,O) : w = W|p for some a-quasiperiodic

function W € Hy,c(curl ,R?)},

along with L>(R?)3*3 which is the space of 3 x 3 matrix-valued functions whose components

are functions in L>®(R3). We define the following norm on this space

[V]loe = max [|7i]] o
i,j=1,3

for v € L>®(R3)3%3,
Let D = DyNS2. It is clear that D is open and bounded. Finally, the following assumption

holds true throughout the theoretical analysis in this dissertation.

Assumption 1.2.1. Assume that D has Lipschitz boundary; &,, pi,, -, € are in L>(R3)3%3,

symmetric almost everywhere in R? and ¢ is real-valued. Moreover,

1. There exist ¢;, co > 0 such that for all z € C?

Re (i, ")z Z > cilzl’, Re(e, — &, '€z 2 > colz|”

a.e in D and that

Hm;lﬂFHoo < C169.



2. There exist c3, ¢y > 0 such that for all z € C3

—Im ()22 > cslzf*, Im(e — &)z 2 > cylz)”

a.e in D and that

1 _ .
> (€l + 1) < min feg, i}

Here the norm ||| - |p||o is defined as, for a 3 x 3 matrix-valued function A = (a;;),

3 1/2
1Al plloe = (Z |%.,2)
i,j=1

o0

An example of the parameters satisfying both Assumptions 1.2.1 is

1 + 0.75i 0 0 1-07 0 0
= 0 1409% 0 |, wm'=| 0 1-i 0 |, (1.2.10)
0 0 1+0.8i 0 0 1-09i
(001 0 0
E=10 002 0 inD, ande, =p '=1I3, £€=0 inQ\D. (1.2.11)
0 0 005

The remaining part of this dissertation is organized as follows.

e In chapter 2, we introduce two equivalent formulations for the direct problem: as a
variational problem and as an integro-differential equation. We show that the integro-
differential equation satisfies a Garding-type estimate, thus obeys Fredholm alternative.
Then, uniqueness is proved and existence follows. To find a numerical approximation
for the solution, we study a spectral Galerkin method and prove its convergence as

well as provide numerical results.

e In chapter 3, we state the inverse problem of interest and study the factorization

method to solve it. We first prove a unique characterization of the scattering medium,

7



then obtain a range identity of two important operators, and finally provide a way to

determine the geometry of the medium as a Picard criterion.

e In chapter 4, we give a brief summary of the work in this dissertation as well as possible

future work related to this topic.



Chapter 2

The Direct Problem

2.1 Integro-differential formulation and well-posedness

of the direct problem

In this section, we will formulate the direct problem into an integro-differential equation.

Define the operators

Sv:= (P - @;15)\/ + %fu;lcurlv, Tv :=Qcurlv — ikur_lfv,

~ 1 ~ -
S(vi,v2) = (P —&p ' §)va + Eé/’b;lvl7 T (Vi,v2) == Qvy — ikp, 'Eva,
then (1.2.7) can be written as
curl curlu — k*u = k*(Su + S(f, g)) + curl (Tu + T (f, g)). (2.1.1)

Note that (2.1.1) needs to be solved in the variational sense, therefore we will be seeking

solutions in Hg joc(curl, §2) and u is called a solution of (2.1.1) in the variational sense if it



satisfies

/(curlu ceurl Vv — k*u - V) dx
0

:kz/(Su—l—b;(f,g))-de+/(7'u+7~'(f,g))'cuer dx (2.1.2)

for all v € H,(curl, Q) with compact support.

First, we have some properties of the operators S, 7, S and 7.

Lemma 2.1.1. For v € Hy oc(curl,Q), Sv and Tv are compactly supported in D. More-
over, S and T are bounded linear operators from Hy(curl, D) to L?(D)>3.

For vi,vy € L*(D)?, S(vi,vs) and T (vyi,vs) are compactly support in D. Moreover, S
and T are bounded linear operators from L*(D)? x L*(D)? to L*(D)>.

Proof. The proof can be done by using Cauchy-Schwarz inequality and boundedness of the

material parameters. O

Let G} be the a-quasiperiodic Green’s function of the Helmholtz equation, then G}, has

the Fourier expansion (see?’)

v 1 AT T
Gr(x) = 5 > B—e( m xtBm@s|) (2.1.3)
mez2 7™M

for x € R3, x # (2mny,27n4,0), ny,ny € Z.
The variational problem (2.1.2) along with the radiation condition (1.2.9) is equivalent

to the following integro-differential equation

u— ASu — BTu = AS(f,g) + BT (f,g) inQ (2.1.4)

10



where

Ah(x) := (k* + Vdiv) /D Gr(x —y)h(y)dy,

Bh(x) := curl /DGk(X —y)h(y)dy

in the sense that, if a radiating u € Hgoc(curl, Q) solves (2.1.2) then u|p solves (2.1.4).
Conversely, if u € H,(curl, D) solves (2.1.4) in then u can be extended by the right-hand side
of (2.1.4) to a radiating solution of (2.1.2) in Hy joc(curl, ). The proof for this equivalence
is similar to that in?¢.

The operator I — AS — BT on the left-hand side of (2.1.4) satisfies a Garding-type
estimate, and thus the Fredholm property. Note that D C Q, so we only need to know u on
2, and then extend it to the whole €2 using integration. On the solution space H, (curl,€,),

we define the inner product

() ) Haeurt 20) = K (-, )r2(@ys + (curl -, curl ) 12(q, s

where (-, -)r2(q,)® is the usual inner product in L*(,)*.

Under Assumption 1.2.1, the following Fredholm property can be proved in a similar

manner as in 4.

Theorem 2.1.2. There exist a constant C > 0 and a compact operator K on Hq(curl, )

such that
Re (u — ASu — BTu, ) g, curt ) = CllullZ, curt ) + Re (KW, 1) g (curt 0,)-

Since the Fredholm property holds, existence of solution to (2.1.4) is equivalent to unique-

ness, therefore we show that it has a unique solution.

Theorem 2.1.3. The integro-differential equation (2.1.4) has a unique solution in Hy(curl, §2p,).

11



Proof. Suppose (2.1.4) has two solutions uy, uy in Hy/(curl, Q). Let u = u; — us, we have
u—ASu—-BTu=0 (2.1.5)

in Q. In particular, u|p solves the (2.1.5) in D. Therefore u|p can be extended by the right-

hand side of (2.1.5) to a radiating solution @1 € Hg joc(curl, §2) of the variational problem

/(curlﬁ ceurl Vv — K% - V) dx = / (K*(P —&py ' o) u +ikép, teurla) - v dx
0 D

+ / (Qeurlt — iky, 'én) - curl v dx  (2.1.6)
D

for all v € Hy(curl, Q) with compact support. Let ¢ € C§°(R) be a smooth cut-off function
such that ¢(t) = 1 if |[t| < h and ¢(t) = 0 if |[t| > 2h. Using the test function v(x) =
o(z3)a(x) in (2.1.6) yields

/ (curl it - curl ¢t — k%@ - 1) dx = / (K*(P — &u ')+ ikép, teurld) - @ dx
Qgh D

+ / (Qcurl it — ikp 'éq) - curlt dx. (2.1.7)
D
Since 1 is divergence-free and solves curl?t — k%t = 0 on 2y, \ 1, we have

/ (curl@ - curl ¢t — k*a1 - gua) dx
Qap

= / (Jcurla* — k*|a)?) dx + (/ —/ ) (e3 x curlt) - &t ds(x)
Q, {wa=h} {zs=—h} o

= [ et — #2fap) ax+ ( [ -] ) (aﬁ“f’) gl _ —a> ds(x).
Qp, {z3=h} {z3=—h} O3 03 0x3

Using radiation condition (1.2.9) on the boundary term then taking the imaginary part of

both sides gives

Im (curl@ - curl pu — k% - gur) dx = —4r? Z Bt |* + |, |?) < 0.

Qap, m:Bm >0

12



On the other hand, by Assumption 1.2.1,

Im (/ (K*(P — &u, ') + ik&py teurl @) - @ dx + / (Qcurl i — ik, 'éa) - curl i dx)
D

D

> k2cy|[t|® + cp||curl@||® + kRe (Ep teurl @, @) — kRe (u, *€q, curl @),

here || - || and (-,-) denote the L?*(D) norm and L*(D) inner product, respectively. Using

Cauchy-Schwarz inequality and the fact that u ! and £ are symmetric we have
kRe (g, teurl @, @) > —[|€p,  eurlaf |[ka)| > —% (pz "€l 7o (y leurl @[* + K21 ]|)
and
—kRe (p; €0, curl ) > —||kp; &l flewrl af| > —% (B2 €l Rl oo (o 1R + [Jeurl @ff?) .
Therefore

Im (/ (K*(P — &u, ') + ik&py teurl @) - @ dx + / (Qcurl i — ik, 'éa) - curl @ dx)
D

D

> C’1||curlﬁ||2 + k:26’2||ﬁ||2,
where

1 _
Ci=a — §(|||Mr YlplTepy +1) >0,

1 _
Cy = &3 = 5 (i "€l Pl (o) +1) > 0.
Combining the estimates for the two sides of (2.1.7) we have
Cullewrl ) + K2Cyl[a? < 0,

and thus @ = 0 in D or u|p = 0. Due to (2.1.5), u = 0 in Hy(curl, ), which means

13



u; = uy in Hy(curl, ). O

2.2 Periodization of the integro-differential equation

We will be focusing on solving
u— ASu-— BTu=AS(f,g) + BT (f,g), u€ Hylcurl,Qy). (2.2.1)

The idea is to transform (2.2.1) into a periodic equation so that we can utilize all the tools
of periodic integral equations, especially the fast Fourier transform (FFT), while ensuring
that the solution to this periodic equation can be used to find u that solves (2.2.1).
For R > 2h let
Kr(x) = Gr(x), x€Qr\ {0}

and then extend Kz 2R-periodically in x3 and a-quasiperiodically in z; and 5 to the entire
R3. Since G is already a-quasiperiodic and smooth everywhere but at its singularities,
extending along the z; and z5 axes will not affect the smoothness of Kr. However doing so

along the z3 axis does as G is not periodic in x3. Thus next we smoothen Kg by defining
K(x) = Kr(x)x(z3), x & R*\ {(n:2m,n22m,n32R) : ny,np,n3 € Z}
where x : R — [0, 1] is a 2R-periodic smooth function satisfying

1, —2h<t<2h
x(t) = and  X'(£R) = x"(£R) = X" (£R) = 0.
0, t==+R

The explicit formula for the Fourier coefficients of K can be found in'®.

This helps us
avoid the evaluation of g in the spectral domain. We also extend P, @), ¢ from 2y to
R3 2m-periodically in z;, o and 2R-periodically in x5, and extend f, g from Qg to R?

a-quasiperiodically in x1, x5 and 2R-periodically in x3.
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Next, for h € H} ,(Qg), we define

Ah(x) := (k* + Vdiv) /D K(x —y)h(y)dy,

Byh(x) := curl /DIC(X —y)h(y)dy

as periodized versions of A and B respectively.

We derive the following periodic integro-differential equation
u—A,Su—B,Tu=ASf g) +B,T(f,g), uc Hyy(curl,Qp). (2.2.2)

Next we will analyze the periodic integral operators in the equation. To this end, for
A > 0, we consider periodic Sobolev spaces Hy, ,(Qr) and H} ,(curl, Q) as spaces consisting

of functions in L*(Qg)? that satisfy

IWliZs om = DA +EDNWE) < oo,
P !
JEZ

~ 2
Wl ety = (I (BRGE + [ x )1 ) < .

jez3

respectively, where j = (o1 + 1, a2 + Jo, %) Note that H), ,(Qr) = L*(Qg)* and HY, ,(curl, Qg) =

Hg, p(curl, Q). Here the orthonormal basis for L?*(Qg)? is defined as

1 . TJ . S
P5(x) = \/mexp <zo¢5 X+ 1%1‘3) . i= (1,70, 73) € Z? (2.2.3)

where j = (41, j2), and for w € L?(Qg)?, the Fourier coefficients W(j) are given by

#(j) = /Q W) (2.2.4)

In fact

||W||§{é’p(curl,QR) = kQHWH?{é’p(QR) + ||Cur1W||§137p(QR)-
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Note that the extension of a function w in H, ,(curl, Qz) to the entire R*® using the

Fourier expansion

w(x) =Y W(j)ex), xR’

jezs
is a-quasiperiodic in z1, x5 and 2R-periodic in z3.
Let H), ,(Qr)**® be the space of 3x3 matrix-valued functions whose columns are functions
in H é,p(Q r). Now we prescribe an assumption on regularity of the parameters as well as the

solution u of (2.2.2).

lie
Assumption 2.2.1. Assume that &,, i, i, € € Hap?  (Qp)*® for some € > 0 and 7 > 1.

Moreover, u € Hg‘"p(curl , Q) for some A such that 0 <\ <n— %
Lemma 2.2.2. A, and B, are bounded linear operators from H), ,(Qg) to H, ,(curl,Qp).

Proof. The linearity is obvious. From the Fourier coefficients of K in'® there exist C;,Cy > 0
such that [K(j)] < C1j|72 and |j| < Cslj| for all j € Z3\ {0}. Let v € H), ,(Qr),
)

A G| + i x A

A1 = 2+ (12

jez3

=S e (1RG0 +3 (5 £e96)[ + i< eRaei)| )
< K*(2k* + 2|o " + K2 a?)[K(0)P[V(0)] + C3k* (2K + 205 + C3K) > (1 + [{1H)VG)-

jezA\{o}

Hence let C? = k% max {(21{:4 + 2laf* + K2|af?)|K(0)[2, C2 (2k* + 2C2 + C%k:Q)} we have

||ApV||Hg,p(cur1,QR) < C”VHHQ’P(QR)-
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On the other hand

1,71 n i = 0+ B (12

Bov(j ( +‘JXBV()‘2>

= S [ x Raea)] + i (< ko] )|
< (#lal? + o NROPRO)E + 3 (€38 +Cf) Y (L4 PG
jez3\{0}

Let C" = max {(k2ya\2 + el YK0)2, CF (C2k2 + cg)} we have
HBpV“Hg,p(curl,QR) < C/HVHHQP(QR)-

]

The operators A,S and B,7T have some interesting mapping properties. First the follow-

ing lemma will be handy.

Lemma 2.2.3. If A € H), (0r)**® and v € HY, ,(Qr) where v > 5 and 0 < v <y — 3 then

there exists C' > 0 such that
1AV 1y @) < CllvIimg,©@n)-

T
Proof. Suppose A = {81 a, 33], v = [01 Vs U3:| then

1AV, =

Zajv] < 32\@%\\2. (2.2.5)
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For 7 =1,2,3 we have

2

layvs iy @ = DL+ R 1&TGHP = Y1+ 37" D &6 - Da)

jez3 jez3 1€73
2
<Z<Zl+u @(j—l)\\@(l)\)
jez3 \lez3

<2} (Z [T+ =172 + (1 +1P)2] Ja5G - 1)II@(1)I)

jez3 \lez3

< 225y + S,)

where

Si=> (Z(l =122 - l)II@(l)|> ,

jez3 \lez3

2

S2=) (Z(l +11%)2 a5 — 1)||@(1)|> :
jez3 \lez3

Applying the Cauchy - Schwarz inequality consecutively gives

$1<), (Z(l =1 EEG - DGO D1+ 15— 1258 - 1>|)

jez3 \lez3 lezZ3
=<Z( +]1%)2 )Z\% WD L+ =122 [&( - )|
1€73 €73 jezs
2
< <Z(1 + |1|2)’é|§j(1)|> PR BHEIOE
leZ3 lez3
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and

Sy <Y (Z(l + 121856~ DIG P Y 1850 - 1)|>

jez3 \lez3 lez3
=<Z!j )Z!v] )P+ 1P a6 - D5 1)
1€73 1€73 jez3
2
< (Z(l + IIIQ)ZISE(I)I) D+ P 5P
leZ3 lez3

Thus

2
2l @) < 2% (Z(l + IIIQ)ZIBTJ-(I)I) > A+ IR 5.

1€73 lez3

Also by the Cauchy - Schwarz inequality

(Z(H %)% a; (1) > <D @I Y A+ WP EGO) 1 = Cllaglity, @

1€73 1€73 lez3

where C? = (1 4 [1|?)¥=7 (this series converges since v — v < —2). Hence
1 1€z 2
layoilZ o < 22 2C2 a3l o lVId @ (2:2.6)

By (2.2.5) and (2.2.6)
HAVH%};@(QR ZHaJUJHHV ) < 3. 22*2CY maX{HaJHHV (QR) } HVH%IQP(QR)-
Let C' = +v/3.2"11Cy m?x{HajHH;,p(QR)}, we have

AV ay @r) < CllVIEg,@p)-

]

Lemma 2.2.4. The matriz-valued functions P, Q, &uy ", u'E, '€ belong to HY, (Qg)*.
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Moreover, the operators S, T are bounded linear operators from H), ,(curl,Qg) to H} (Qg).

Proof. For the first part, we only prove for &u. 1€, the other cases are either similar or

straightforward. Suppose & = {51 & 53], then u '¢ = pte ey ptés|. For
1 € .
j=1,2,3, since pu;' € Hob? (Q7)%3 and §; € H} (Qg), by Lemma 2.2.3 there exists

¢ > 0 such that

i &5l p2m) < llésll i piam < o0

Similarly we can show that ||g,u;1£j||H27p(QR) < Nl é ) < 0o for some ¢ > 0. Thus
éfur—lf c Hg,p(QR>3X3'
Linearity of S and T is clear, we only prove their boundedness. For u € H g\‘?p(curl ,Qr),

curlu € H} (Q). Therefore by lemma 2.2.3

_ i, _
1Sullmy 0 < 1P =& E)ullay ) + Hﬁurlcuﬂu
Hé,p(QR)

S C1k||u||Héyp(QR) + CQHCUI"IUHHQP(QR)

< CHuHHg\L,p(curl QR)

and
[T ullmy @ < [Qeurlullmy (@q + ||Z‘k7M;1511||H,§,p(QR)
< Clllewlullmy ap + Cikllullmy ,@p)
< C/HuHHé’p(curl,QR)
where Cy, (Y, Cy, C4, C, C" are positive numbers. H

The following theorem gives us the the relation between the periodic equation (2.2.2) and

the original one as well as its Fredholm property.

Theorem 2.2.5. If u € Hy p(curl,Qg) is a solution to (2.2.2) then u|q, € Hq(curl, )

solves (2.2.1). Moreover, there exist a constant C > 0 and a compact operator K on
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Hq p(curl, Qpr) such that
Re (u — A,Su—B,Tu, u)Ha,p(Curl7QR) > OHUH%IQ,,,(curl Qp) T Re (Ku, U->Ha,p(curl SR):

The proof can be done using the same reasoning as in Theorem 5.2 and Theorem 5.3

in'®,

2.3 A spectral Galerkin method

For N € N, define
T
. N N
Z?V:{J:{jl Jo ]'3} €Z33—§<J1,]2,]3§5}-

Now we consider

Tn = span{gzbj (j € Z?V}

which is a finite dimensional subspace of Hy p(curl,Qg) and let Py @ Hqp(curl, Qg) — Ty

be the orthogonal projection onto 7y, i.e

Pyu= > 1(j)(x).

s 3
JEZY,

We approximate (2.2.2) by the following Galerkin equation

(LIN — ApSUN — BpT“N, WN)Hayp(curl SR)

= (A,S(£,8) + B,T(£,8), WN) o p(curl ), Un € Tn (2.3.1)
for all wy € Ty, which is equivalent to

uy — PyA,Suy — PyB,Tuy = PvA,S(f, g) + PvB,T(f,g), uy € Tx. (2.3.2)
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We will see that convergence is achieved without smoothness of the parameters, but the

smoother they are the higher order of convergence we will get.

Lemma 2.3.1. There exists C\ > 0 such that for all w € Hé7p(curl,QR)

| PNW — W|| o (curl 025) < CAN_AHWHHg,p(curl,QR)'

Proof. For w € H, (curl, Q)

1Pvw =l g = 3 (kzrww T xw0)

¢z,

- Y 0 R (PR + i< w6))
e (oeor ol
- (! NP Wl o

]

Recall that the equation (2.2.2) satisfies a Garding estimate, we have the following con-

vergence theorem for the Galerkin method.

Theorem 2.3.2. There exists Ny > 0 such that for all N > Ny, the equation (2.5.2) has a

unique solution uy and the following error estimate holds

luy — ull b, (curt0n) < C)\Ni)\HuHHé\L’p(curl,QR)

where C > 0 is a constant depending on A and u is the solution to (2.2.2).

Proof. Since (2.2.2) satisfies the Garding estimate in Theorem 2.2.5, by Theorem 4.2.9 in?7,

there exists Ny and a positive constant C' independent of N such that for all N > N,

luy — ull g, (cunt0n) < ijivl.lgfer W — | fa (el 05)-
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Moreover, according to Lemma 2.3.1,

inf ||WN - u”Ha,p(curl,QR) S ||PNU- - uHHa,p(curl,QR) S C)\N_AHUHHQ (curl ,Qpr)>»
wnETN P

therefore the desired estimate holds. O

By this theorem, we can conclude that the spectral Galerkin method converges with
arbitrarily high order provided u is sufficiently smooth. The discretization of equation (2.3.2)
as well as the process of calculating the Fourier coefficients of the involved quantities can be

done similarly as in'®, therefore are omitted here.

2.4 Numerical examples

We now present numerical results for the Galerkin method. The computational domain is the
rectangular box (—m,7)? x (—1,1) (h = 1) which is partitioned uniformly in each dimension
into N3 grid points for some N € N. The wave number k = 37/2. We choose the following

a-quasiperiodic plane wave as the incident electric field

1
Ein (X) = |1 eikmg, )

0

We ran the simulation in MATLAB and observed the scattered electric field u at x =
(0,0,1.5) when N varies from 20 to 100 with step size 10. For each value of N, we calculated

the relative error between u of the current step and that of the previous one, that means

|uNj (X) —Un;_, (X)|

|uNj—1(X)|

error; = , Jg=12,...,8.

Here Ny = 20 and N; = N;_;+10. We consider three test cases in the numerical simulations.

Small smooth spheres
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The first case is a medium consisting of a small sphere in each period with the geometry

given by
D={x€Q,:a]+ux]+2; <02}

and, for x € €, the material parameters are
er(x) = I + 70(x)diag {0.2,0.4,0.1},

ot (x) = I + yo(x)diag {0.3,0.1,0.2} ,

£(x) = vo(x)diag {0.01,0.02,0.05) } ,

where 7o : R® — [0,1] is a smooth function that equals 1 at the center of the sphere and 0

outside it. More specifically, for x € D,

( ) 1 0.22
X) = ex — )
o p 0.22 — 23 — 23 — 23

The three-dimensional image for the geometry as well as the relative errors for increasing

values of N are shown in Figure 2.1. The error decreases as N increases and the difference

between N = 90 and N = 100 is very slim.

100 -

’ 102}

N
107
10°® ‘ ‘ ] ‘ ‘ ' ‘
30 40 50 60 70 80 90 100
N
(a) Periodic structure (9 periods) (b) Relative errors of u at (0,0,1.5)

Figure 2.1: Solving the direct scattering problem for periodically aligned spheres.

Smooth rectangular boxes
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Next we consider a medium that consists of one rectangular box in each period. The

geometry is given by

D = {X € Qh . ’331‘ < 05, ’mg‘ < 05, ’1'3’ < 02}

and, for x € (2;,, the material parameters are

er(X) = I + 71 (x1)y2(22)y3(23)diag {0.2,0.4,0.1} ,
gt (x) = T+ (1) ya(22)73(x3)diag {0.3,0.1,0.2}

£(x) = y1(z1)y2(z2)y3(23)diag {0.01,0.02,0.05) } ,

where 71,72,73 : R — [0, 1] are smooth functions such that their product equals 1 at the

center of the box and 0 outside it. For x € D, they are given by

0,52
— 1—
raloa) = (1= 557 )
0.22
v3(w3) = exp (1 T 032 x%)

Figure 2.2 shows the true geometry and relative errors for the rectangular box. Overall,
the error decreases from N = 30 to N = 100. There is an abnormal rise in error from N = 60
to N = 70, but the error is already very small at this point so this might be due to roundoff
€rrors.

Smooth flat strip

The last scattering medium is a strip that spans the entire period horizontally. The
geometry is

D:{XEQ}L . |.133| <04}
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(a) Periodic structure (9 periods) (b) Relative errors of u at (0,0,1.5)

Figure 2.2: Solving the direct scattering problem for periodically aligned boxes.

and, for x € ;,, the material parameters are

er(x) = I + y4(x)diag {0.2,0.4,0.1},
ot (x) = I + yu(x)diag {0.3,0.1,0.2} ,

£(x) = v4(x)diag {0.01,0.02,0.05) } ,

where
exp <1 ﬂ) ifxeD,

_ T 04223
Ya(x) =
0 if x € ), \ D.

In this case, the error gradually decreases as N increases, see Figure 2.3.

In summary, the spectral method converges numerically for all examples. The periodiza-
tion of the integro-differential equation along with the use of the fast Fourier transform helps
significantly improve computational time and accuracy since we can avoid direct computation

of the a-quasiperiodic Green’s function.
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(a) Periodic structure (9 periods) (b) Relative errors of u at (0,0,1.5)

Figure 2.3: Solving the direct scattering problem for a flat strip
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Chapter 3

The Inverse Problem

3.1 Formulation of the inverse problem

In this section, we formulate the inverse problem that we are interested in solving. First,
let us recall that u € Hy joc(curl, Q) is called a radiating variational solution to the direct

problem if it satisfies the Rayleigh radiation condition

u(x) = Z Uk ellamxEBn(@Fh) - for g0 > 4h (3.1.1)

meZ?

and

/(curlu ceurl Vv — k*u - V) dx
0

= k2 / (Su+S(f,g)) - v dx + / (Tu+T(f, ) curl¥ dx (3.1.2)
D D
for all v € Hy(curl, Q) with compact support. The operators S, 7, S and T are defined by
Svi= (P —¢&uto)v + %fu;lcurlv, Tv := Qcurl v — iku, ‘v,

S(vi,v2) = (P — &u ) va + %fﬂ;lvlv T (vi,v2) i= Qvy — ikp,  Evo.
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An equivalent integro-differential equation to the above variational problem is
u— ASu— BTu = AS(f,g) + BT (f,g) inQ (3.1.3)
where

Ah(x) = (K + Vdiv) /D Gil(x — y)h(y)dy,

Bh(x) := curl /DGk(X —y)h(y)dy.

We have shown that the direct problem is well-posed, thus we can define the solution

operator S : L*(D,C3) x L*(D,C3) — (*(Z*,C*)

.

S(f7 g) = (a;rm,l’ a;z,lu ukr;,% u;m,2)m622

~— A~ .

where (@71,um71,u;72,u;72)m622 are the Rayleigh sequences of the first two components
(0),,ez2 of the radiating solution u of (3.1.2).
For x = (71,72, 73) ", we denote X = (1,75, —x3) . For the inverse problem, we consider

many incident plane waves as follows

pOE = D gilamactBnzs) 4 5D gilamx—bnes) | =1 9 m € 72, (3.1.4)
where the polarizations pg), p%) are linearly independent vectors such that ]pg,ll)| = ]pg)| =1

and gpgl)i are divergence-free. One possible choice could be

(1) _ (075m7_04m,2)—|— p(g) _ (—ﬁm,(), Oémyl)—r .
T Ve P+ 1Bl T Vlama P+ 8m?

(3.1.5)

Note that these incident plane waves were proposed in?® for the analysis of the Factorization
method for the Maxwell’s equations in non-magnetic periodic structures. We now define

the Herglotz operator H : (*(Z*,C*") — L*(D,C3) x L*(D,C?) that maps a sequence of

29



coefficients (a,,) = (a |, a1, a5, a4, o) mezz into

al a+ a it
> <ﬁ’”1 curlgo(l)++ﬁ curl(,o( )++ﬁ’”1 curl o'~ +6’”2 curl 2~ >

a+ 2 a,, 1)— a,, 2)—
> ( L gofn) + g soﬁn)J“ + g L goﬁn) + —5mu’f’;L gogn) >

mez2 Bmw Wm

(3.1.6)

where the weights

i, lam| < k B 1, lam| < k )
w, = ‘ . w,, = ' , m e Z
e~ Bmh oy, | > k e"#Bmh |y, > k

are to help simplify the calculations in the proofs of some analytical properties of H, see?!
Here these weights are kept in the definition of H for the convenience of the presentation.
From?! we know that H is a compact and injective operator.

We consider a near field measurement which is motivated by uniqueness results in?’
and applications in near field optics. Let N : (?(Z?,C*) — (*(Z* C*) be the near field
operator which maps a sequence (a,,) € ¢*(Z* C*) to the Rayleigh sequences of the first
two components of the radiating variational solution u of (3.1.2) with (f,g) = H(ay,), that

means

/\_l'_ A~— . A~—

— +
N((lm) - (U’m,h U, 1) Ui 25 um,2)m€Z2 :
Now we are ready to state the inverse problem of interest.

Inverse problem. Given the near-field operator N, find the shape D of the scatterer

in 2.

3.2 A characterization of the scatterer

In this section we will show that D can be characterized by the range of the adjoint operator

H* of the Herglotz operator H defined in (3.1.6). Let us introduce two auxiliary operators
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which are E : L?(D,C3) x L*(D,C?) — (*(Z?,C*) and W : (?(Z?,C*) — (*(Z?,C") defined
by

~—

E(f,g) = (@2,1: a;z,h @TT;,Q? Um,2)m622

where u is the radiating variational solution to

curl >u — k*u = curlf + g (3.2.1)
and ) o )
et (1 (1 e (1 e (1
wm+p£n,)1 wm+ gn,)2 wm+p£n,)1 wm+ £n?2 av—;,l
w4, (2) w+, (2) w1+, (2) . (2) -
2 wm+pm,l wm+pm,2 wm+pm71 wm+pm72 am,l
W(am) = 8 M ® M )
W Pt Woy Pt — Wy Dt —Wey Prila ajr_z,Q
w—, (2) w—, (2) w—, (2) . (2) -
| Wiy Py W P2 — Wy Pl — Wy, P2 1 L Um 2 ]
where
e~ WBmh o | < k ie”Pmh oy, <k
wit = o . wh = o : m € 7*
i, || >k i, || > K

and p,%), pg) are given by (3.1.5). Note that E is well-defined thanks to well-posedness of
(3.2.1) for all frequencies k > 0 (see®’). In addition, we will extend f and g in (3.2.1) by
zero outside of D if needed.

The proof of the following lemma can be done as in?!.

Lemma 3.2.1. The adjoint operator H* : L*(D,C3) x L*(D,C?) — (*(Z?,C*) satisfies
H* =WE.

Next we introduce the a-quasiperiodic Green’s tensor

1

Gr(x,2) = Gi(x —z) I3 + 12

Vidivi(Gr(x — z)13), x,2 € Q, x3 # 23
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where G, is given by (2.1.3) and Vy, divy are taken componentwise and columnwise respec-

tively. Note that for a fixed z € Q, Gx(x, z) solves
curl curl Gi(x,z) — k*Gy(x,2) = 0,(x)13 (3.2.2)

in the sense of distribution and it satisfies the Rayleigh expansion radiation condition (the
curl is taken columnwise).

Let p = (p1,po2,p3)" € R and VU, (x) = k*Gy(x,z)p. Denote by

o~

(Vo) = (9, 1(2), V57 1 (2), U, 5(2), Ui (2)) ez

the Rayleigh sequences of the first two components of ¥,. Then (\szm) can be explicitly

given by
(k* — O‘?n,l)Glj,m(Zh)l - Oém,loém,sz,m(Z)m - Oém,lﬁmGZm(Z)p:&
((I\’ ) = (k* — a?’n,l)a];m(z)pl - O‘m,lamﬂél;m(z)lb + am,lﬁmal;m(z)pi%

1+ (kQ - a?n Q)G\Km(Z)pQ - am,2ﬁméz_,m(z)p3

)

(2)D2 + O 2B G, (2)ps

meZ?

where (@im(z))mezz are the Rayleigh sequences of Gy(- — z).
Denote by R(A) the range of some operator A. The domain D can be characterized by
the R(H*) as follows.

Theorem 3.2.2. A point z € Q belongs to D if and only if W (W,.,,) € R(H?).
Proof. The proof can be done similarly as that of Lemma 7 in%. O

Note that since the definition of H* involves D, we can’t compute D using this charac-
terization. However, this characterization will serve as an intermediate step to connect D to
the near field operator N that is given. This is the goal of the Factorization method that is

studied in the next section.
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3.3 The Factorization method

This section is dedicated to the analysis of the Factorization method. Let T : L*(D,C?) x
L*(D,C?) — L*(D,C3) x L*(D,C?) be defined by

Q —ikp € f + curlu

k&t KA(P —Ep ') g+u

T(f> g) =

where u is the radiating solution to (3.1.3).
Lemma 3.3.1. T is a bounded linear operator on L*(D,C3) x L*(D,C?).

Proof. Linearity of T follows from linearity and well-posedness of (3.1.2). We will show its
boundedness. For (f,g) € L*(D,C?) x L*(D, C?)

IT°(£, g)H%Q(D,(C?’)XL?(D,(C?’) = [|Su + S(f, g)H%Q(D,(ﬁ) + | Tu+T1(f, g)“é(p,@)‘

Let u € H,oc(curl, ) be the solution of (3.1.3). Thanks to well-posedness of the equation,
the operator I — AS — BT is boundedly invertible and

u= (I -AS - BT) '[AS(f,g) + BT (f,g)].

Since A, B are bounded and the scatterer’s parameters are in L>°(R3, C?*3), it follows that

there exists ¢ > 0 such that
HUHH(curl,D) < CH<f>g)HLQ(D,C3)><L2(D,<C3)-
This implies

g+ UHL2(D,¢:3) < (c+ D|(f, g)”L?(D,@)xL?(D,@S),

||f + Curl U-HLQ(D,(C3) S (C + 1)||(f, g) |’L2(D,C3)><L2(D,(C3)'
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Therefore by the definition of S and 7 there exist ¢y, ¢y > 0 such that

|
mathcal Su + S(f, g)||L2(DVC3) < ||(f, g)||L2(D7(C3)XL2(D7(C3),

1Tu+ T(£,8)llr2cs) < c2ll(, &)l r2(pcsyxr2(p,co),s

and the boundedness of T follows. O]

Let Im T be the imaginary part of 1" defined by
1
ImT =—(T-T7).
21

In the next lemma we prove the coercivity of Im 7T which is the key ingredient in the analysis

of the Factorization method.

Lemma 3.3.2. There exists ¢ > 0 such that for all (f,g) € L*(D,C?) x L*(D,C?)

(ImT(f, ), (f, ) 2n.coyxr2p.cs) = cll(F, &) 122008y 120,05 (3.3.1)

Proof. For the convenience of the presentation of this proof we will use (-,-) and || - || in-
distinctively for the inner product and norm of L*(D,C?) and L?(D,C3) x L*(D,C3). Let

h; = f + curlu, hy = g + u we have

(T(f, g)v (fv g)) = /D<Qh1 - Zk’,ur_lghg) . (Hl — Cuﬂﬁ) dX
" / (k€ 0y + K2(P — Eu O)hy) - (1, — 1) dx
D

251_82)
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where

S1 = (Qhy, hy) + E*((P — &p, ') hy, hy) + ik(Ep, 'hy, hy) — ik(p, 'Ehy, hy),

Sy = / (Qhy — iku; '€hy) - curlw dx + / (ik&p " hy + K2 (P — Eut€)hy) -1 dx.
D D

Therefore, with the fact that

(Im T'(f, g), (f, g)) = Im (T'(f, g), (f, 8))

we have

(Im7T'(f,g),(f,g)) =ImS; —Im S,.

Let us first consider Im S;. From Assumption 1.2.1 we have
Im .S > C|[hy[* + k*Cy|[ha||* + kRe(&p thy, hy) — kRe(p; '€y, hy).
Recall that p! and € are symmetric. We estimate

kRe(&py 'hy, hy) = Re(£u; thy, khy)

(€p " + Kho||* — [|€p, T [|* — &7[|hy*)

N — DN =

_ 2 _
> = (Ol bl = ks l)* = flgp hull® — & s ?)

— 1€y hy ||| K|

1 _
> — (1160 e 2 + 12 o))

(€m0 1 + B[ %)

DO | —
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and similarly

—kRe(u; "€ha, hy) = —Re(kp; "€ha, )

o €ha — by ||* — K2l €ha | — [[hu]]?)

DN | =
N =~~~

> =5 (K[l "€l p 1T Do |* + 1 %) -

Therefore, we obtain

1 _ 1 _
tn 1> |G 5 (1 €lelle + 1)) Il + 8 [Ca = 5 (N el + 1) el

= c1||/hy|* + Kz hy?
where

1 _
¢ =01 — 5 (|||Mr 15|F||%<><> + 1) >0,

1 .
&2 = Ca = 5 (Il €l +1) > 0.

In order to estimate Im .Sy we note that since u is the radiating solution to (3.1.2), for all

v € H,(curl, Q) with compact support we have

/(curlu ceurl Vv — E*u - v) dx = / (Qhy — ikp_'€hy) - curl v dx
Q D

" / (ik€p "By + K2(P — &7 "€)hy) - ¥ dx.
D

Let 2, = {x € Q: |z3] <7} and consider r > 0 such that D C €2,. Consider a scalar cut-off
function ¢ € C*°(R) such that ¢(t) = 1 for |[t| < r and ¢ = 0 for |t| > 2r. Then setting
v(x) = @(x3)u(x) it belongs to H,(curl, Q) with compact support in €. Substituting v in

the above variational form yields
/(curlu -curl (p0) — k*u - (o)) dx = S,.
Q
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Therefore, using Green’s identities and the fact that u solves curl?u — k*u = 0 in Q, \ 0,

we have

Sy = / (Jcurlul* — &*|u)?)dx + (curlu - curl (pu) — k*u - (pu))dx
Qr

S~

QQT\QT

:/ (|curlu* — k?|u)?)dx +

T

o
{zz=r}NQ {zz=—r}NQ
:/ (|curlu)? — £*|u|?)dx + (/ —/ ) (e3 X curlu) - udx.
Q. {zz=r}nQ {zz=—r}NQ

Therefore, taking the imaginary part of both sides we have

ImS; =Im (/ —/ ) (e3 x curlu) - udx.
{zz=r}nQ {zz=—r}NQ

Using the Rayleigh expansion radiation condition for u and a straightforward calculation

. (curl*u — k*u) - (pu)dx

S~

(e3 X curlu) - wdx

N—

give

lim (/ —/ ) (e3 x curlu) - udx = —idn? B ([T + |7, 7).
r—reo {z3=r}nQ {zz=—r}NQ Z

m:Bm >0

We thus obtain
Im Sy = —4x* Y Bu(liy, | +[4,[*) <0.

m:Bm >0
From the estimates for Im S} and Im Sy and the fact that (Im7'(f, g), (f,g)) = Im S; —Im Sy,
we obtain

(Im T(f,g). (f,8)) > cif[hul]” + kca|he*. (3.3.2)

Now suppose that there is no ¢ > 0 such that (3.3.1) holds. Then there exists a sequence
{(f5.8))}; C L*(D,C?) x L*(D, C?) such that ||(f;, g;)|| = 1 and

Jj—o0

(ImT(£;,g;), (f5,8;)) — 0.

37



By (3.3.2) we have hi = f; + curlu; 222% 0 and h) = g; +u; 2225 0 in L*(D, C3) where u,

is the radiating variational solution to
CUI'1211j - k?Qllj = k‘2(Sllj + S(fj, g])) + curl (Tllj + 7~1<fj, g]))
Then u; also satisfies

llj = .A(Su]‘ -+ g(fj, gj)) —+ B(Suj -+ S(fj, g]))
=A %gurl(fj + curluy) 4+ (P — &y '6) (g5 + uy)

+B [Q(fj + curluy) — ik, 'é(g; + uj)} .
Hence, there exist c3,cqs > 0 such that

1 _ _
Il < s (116 Ll + curt |+ 1P = €€l ey + )

+ca (11QUr Il £ + corlw || + Kl €l ol 2|85 + wyll) -

Thus u; 2% 0 in H(curl, D) and therefore (£;,85) 2% 0 in L2(D, C%) x L*(D, C3) which
contradicts ||(f;, g;)|| = 1. O

Lemma 3.3.3. We have the following factorization
WN = H*TH.

Proof. Together with H* = W E from Lemma 3.2.1, the proof follows from the factorizations
N = SH and S = ET that can be easily verified. m

From the above lemma we obtain

Im (WN) = H*(ImT)H,
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and more importantly, we can deduce the following result about the connection between the

ranges of H* and Im (WN).

Theorem 3.3.4. Im (WN) is a positive definite, compact and self-adjoint operator on

(2(Z2,C*) with an eigensystem (N, (¢2,))jen. Thus its square root
(Im (WN 1/2 77Z}m Z \/ ¢m7 42(22 (C4)¢m7 (¢m) € €2(2’27 C4)7

1s well-defined and
R(H*) = R((Im (WN))"/2).

Proof. Im (W N) is clearly self-adjoint and its compactness follows from the compactness of

H. Moreover, for (a,,) € (*(Z* C*) that is a nonzero sequence we have

(Im (WN)(am), (am))e@z,ct) = (H (ImT)H (an), (am))ez2,c4)
= ((Im T)H(am), H(am))LQ(D@s)XLQ(D’Cs)

> || H (am)122p.csyx2(pc2y > 0

for some ¢ > 0 thanks to the coercivity of Im 7" and injectivity of H. Hence all the eigenvalues

of Im (W N) are positive. The range identity follows directly from the Corollary 1.22 in3!. [

Combining Theorem 3.2.2 and Theorem 3.3.4 we have the following characterization of

D.

Theorem 3.3.5. A point z € Q belongs to D if and only if W (V) € R((Im (WN))Y/2). If
we denote by (N\;, (¢7.))jen the eigensystem of Im (W N) then the above criterion is equivalent

to
2

o (W (W), (62,
Z<W\P — >€2(ZQ’C4’ < 0. (3.3.3)

j=0 J

This is a necessary and sufficient characterization for D from the range of (Im (W N))/2

which gives us the unique determination of D. It also provides a fast way to reconstruct D
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by plotting the reciprocal value of the series (3.3.3) for many points z sampling some domain

that contains D.

3.4 Numerical examples

We present in this section some numerical examples for imaging of bi-anisotropic periodic

structures via the Picard criterion (3.3.3). For M € N, we set
Ziyy =17 =(r.j2) €2®: =M /241 < j1,jo < M/2}.

To generate the synthetic near-field data for the numerical examples we solve the direct
problem using the spectral solver studied in'®. More precisely, the direct problem is solved
for the incident plane waves gogl)i for j € Z3,, and the Rayleigh coefficients of the scattered
fields are computed on x3 = +1, again for all indices in Z3,. Let IN; be the block matrix of

the discretized near-field operator N

() () (@) (@)

| (@), () (), (@), |
(@) (@) (@) (@)
(@5™),, (@"7),, (@), (@)

where the indices j,n in each subblock belong both to Z2%,, and aﬁ 9y A€ the first two

components of the Rayleigh coefficients of the scattered field in (3.1.1). The notation ( - )gl)i

for [ = 1,2 indicates the dependence of these coefficients on the corresponding incident wave
I+

o
Let W Ny, be the discretization of WN. The Hermitian matrix Im (W N,,) has an

eigendecomposition Im (W Ny;) = VDV ! where D is the diagonal matrix containing 4>

eigenvalues A, of Im (W N,,;) and V' is an orthogonal matrix containing the eigenvectors
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(¢j,n)§¥12~ Then
(Im (WNy))/? =V |D|"? v~ (3.4.2)

Then the criterion (3.3.3) is numerically exploited for imaging by plotting the function

z — Py(z) = 7 : (3.4.3)

4M?
2 |An(2)?
n=1 An

where A, (z) = ijff W(\TIZJ)E If the series in (3.4.3) approximates the true value of the
exact Picard series in (3.3.3), then Py, should be very small outside of D and considerably
larger inside D.

To consider noise in the scattering data we add a complex-valued noise matrix X con-
taining random numbers whose real and imaginary parts are uniformly distributed on (—1, 1)

to the data matrix IN;;. Denoting by § the noise level, the noisy data matrix (IN)s is then

given by
(Na)s = Nag + 05 [N
m)s = Nar + 00— [[ V]| ,
X
where the matrix norm || - || is the Frobenius norm. For such noisy data, the eigenvalue

decomposition in (3.4.2) has to be replaced by a singular value decomposition, that will not
be detailed here. We truncate the singular values to regularize the Factorization method.
For all of the examples below we only keep the singular values that are greater than or equal
to 1072 for the regularization.

We consider four numerical examples for which the periodic structures are motivated
by two-dimensional photonic crystals. Here are the detailed information of the periodic
structures we consider in this section.

a) We consider the structure of periodically aligned balls. The reconstruction result for

this example is presented in Figure 3.1. Recall that D = [supp(Q) Usupp(P) Usupp(£)]NQ.
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In this example D is given by

+ a3 < 0.62}

/N
8
5
|
B
N——
no
+
/N
8
[\
|
e
N——
no

D — {(.Tl, T, I3>T

[\V]
V]

+

\_/%\_/
_l_
/N N N
NS
+
N[N o oy

2
+
8
)

|

U {(xly'r27x3)—l—

+ a3 < 0.62}
+ 13 < 0.62}

U {(931,$2,:B3)T
2

)

[\)

+ 23 <0.62}.

_|_
&
_l_

= =
+ |

U {(I’l, X2, x3)T

b) We consider the structure of periodically aligned bars. The reconstruction result for

this example is presented in Figure 3.2. In this example D is given by
7\ 2
D = {(1}1,$2,IE3)T . .T% +$§ < (g) }

U {<x1,x2,x3)T (- )+ af < (%)2}

U {(xl,xQ,xg)T (2 4 m)? 42l < (%)2} .

c) We consider the structure of periodically aligned cubes. The reconstruction result for

this example is presented in Figure 3.3. In this example D is given by
T

T
D= {($1,$2,$3)T : ‘1’1’ < 5, |1‘2’ < 9 ’mg‘ < 03} .

d) We consider a strip with periodically aligned holes. The reconstruction result for this

example is presented in Figure 3.4. In this example D is given by

2
D = {(ml,xg,xg)T L ad + a5 > (g) , zs] < 0.3}.

The numerical implementation is done using Matlab. In all of the examples in this section
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we use the following parameters.

sampling domain = (-7, 7)? x (—1,1), k=,
M = 20 (i.e. 1600 incident plane waves),

0 = 2% (noise level), «a = (7/2,7/2,0).

The sampling domain is probed by 322 sampling points. Recall that the data are measured
at {3 = £1}. The matrix-valued coefficients &, u; ', £ are given by (1.2.10)—(1.2.11) in all of
the examples. The Rayleigh expansion in the radiation condition for u is truncated in Z3,.
Hence, for M = 20, we have 400 Rayleigh coefficients in each block of the data matrix (3.4.1).
There are 32 coefficients corresponding to propagating modes in these 400 Rayleigh coef-
ficients, and the rest corresponds to evanescent modes which are necessarily important for
the quality of the reconstructions. The important role of evanescent modes in the numerical
implementation has also been observed in previous works, see for example?%3233. We can see
in the Figures 3.1,3.2,3.3, and 3.4 that the Factorization method is able to provide reasonable

reconstructions for different types of bi-anisotropic periodic structures.
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(c) Exact geometry in (—3m,3m)% x (—2,2) (d) Reconstruction

Figure 3.1: Shape reconstruction of periodically aligned balls. There is 2% artificial noise in
the data. The isovalue for the isosurface plotting is chosen to be one third of the maximal
value of the computed image.

44



- -3
-3 -2 -1 0 1 2 3 -3 -2 -1
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X X
(a) Exact geometry viewed at 2N (b) Reconstruction viewed at € N
{z =10} {z=0}

(c) Exact geometry in (—3m,3m)% x (—2,2) (d) Reconstruction

Figure 3.2: Shape reconstruction of periodically aligned bars. There is 2% artificial noise in
the data. The isovalue for the isosurface plotting is chosen to be one third of the maximal
value of the computed image.
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(a) Exact geometry viewed at 2N (b) Reconstruction viewed at € N

{z=0} {z =0}

@ ) 2

(c) Exact geometry in (—3m,3m)% x (—2,2) (d) Reconstruction

Figure 3.3: Shape reconstruction of periodically aligned cubes. There is 2% artificial noise
in the data. The isovalue for the isosurface plotting is chosen to be one third of the maximal
value of the computed image.
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X X

(a) Exact geometry viewed at 2N (b) Reconstruction viewed at € N

{z=0} {z =0}

(c) Exact geometry in (—3m,3m)% x (—2,2) (d) Reconstruction

Figure 3.4: Shape reconstruction of a strip with periodically aligned holes. There is 2%
artificial noise in the data. The isovalue for the isosurface plotting is chosen to be one third
of the maximal value of the computed image.
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Chapter 4

Conclusion

In conclusion, we have presented results for both direct and inverse scattering problems for
bi-anisotropic periodic scattering media in the electromagnetic setting.

For the direct problem, we introduced a variational formulation of the problem and
an equivalent integro-differential equation. We then showed that this equation satisfies a
Garding-type estimate under some positivity assumptions on the real parts of permittivity,
permeability and smallness assumptions on the magnetoelectric coupling coefficient. This
leads to the fact that Fredholm alternative applies and we only needed to show uniqueness
of solutions to establish well-posedness of the problem. Uniqueness was proved under some
extra assumptions on positivity of the imaginary parts of the permittivity and permeability,
as well as smallness of the magnetoelectric coupling coefficient. In order to find a good
numerical solution, we periodized the integro-differential equation and looked for the Fourier
coefficients of the unknown with respect to a Fourier-like basis. This technique helps avoid
direct calculation of the a-quasiperiodic Green’s function which has singularities and utilize
fast Fourier Transform to reduce computational time. Convergence of the method can be
obtained without any additional smoothness assumptions on the true solution, but we also
showed that the more regular the true solution is the faster the convergence. Numerical
results for three different bi-anisotropic periodic media further confirm convergence of the

method.

48



In the future, we wish to show well-posedness of the problem with more relaxed condi-
tions. For example, we would like to study the case where the physical parameters of the
object are real-valued or have not too large imaginary parts. We can also attempt to extend
the technique to more difficult cases, such as scattering problems for materials in which the
constitutive relations are more complex.

Regarding the inverse problem, we reconstructed the geometry of the scattering object
from near-field measurement of the scattered electric fields. The factorization method was
the tool of interest to solve this problem. We first proved a characterization for the geometry
of the scattering medium which involves the range of H* (where H is the Herglotz operator).
However, the range of H* is still unknown since it depends on the object. We then showed
a factorization of the near-field operator in terms H, H* and a middle operator T'. After
that, we were able to connect the range of H* with the range of a known operator. The key
ingredient is coercivity of Im 7T which we fully justified. Finally, a unique determination of
the geometry of the medium was established and we were able to solve the problem. Numer-
ical results showed that the factorization method performs well for different bi-anisotropic
periodic scattering media.

In order to prove that ImT" is coercive, we once again needed to use the positivity and
smallness assumptions similar to the direct problem. Therefore, future work may involve
attempts to relax these conditions. Moreover, we are interested in studying and develop-
ing other shape reconstruction methods for bi-anisotropic periodic media that can handle

scattering data with high levels of noise, or with flexible types of incident fields.
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