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Abstract

Fractional Leibniz rules are reminiscent of the product rule learned in calculus classes,
describing properties of fractional differential operators applied to a product of functions. In
particular, these inequalities traditionally give estimates in the Lebesgue norm for fractional
derivatives of a product of functions in terms of the Lebesgue norms of each function and its
fractional derivatives. Fractional Leibniz rules have applications in the study of the existence
of solutions to PDEs such as Euler and Navier-Stokes equations. Moreover, partial fractional
differential operators satisfy estimates whose structure resembles the Leibniz rule for classical
partial derivatives and that also have applications in understanding the well-posedness of
PDEs.

Results of this type have been studied in a variety of settings. For instance, Lebesgue
norms can be replaced with norms associated to other function spaces. For single parame-
ter differential operators, settings studied have included Hardy, Triebel-Lizorkin, Besov, and
mixed Lebesgue spaces, as well as their weighted counterparts and weighted Lebesgue spaces.
Bi-parameter results have been demonstrated in weighted and mixed Lebesgue spaces. Frac-
tional Leibniz rules in each of these settings can be further generalized by replacing the
product of functions with a bilinear pseudodifferential operator, with varying assumptions
on the smoothness of the associated multiplier.

In this manuscript, we present fractional Leibniz rules associated to Coifman-Meyer bi-
linear pseudodifferential operators in a broad context that unifies many existing results in
addition to obtaining new ones. In particular, the use of Nikol’skii representations allows for
a flexible approach by first obtaining estimates at the level of Triebel-Lizorkin spaces based
on the function spaces of interest. We prove such estimates for Coifman-Meyer multiplier
operators in the setting of Triebel-Lizorkin and Besov spaces based on quasi-Banach function

spaces, which imply fractional Leibniz rules in the setting of quasi-Banach function spaces.



As corollaries, we obtain results in weighted mixed Lebesgue, weighted Morrey, and variable
Lebesgue spaces. Another example is the class of rearrangement invariant quasi-Banach
function spaces, which includes weighted Lebesgue, Lorentz, and Orlicz spaces. We further
demonstrate the flexibility of this method by using it to prove bi-parameter fractional Leibniz

rules in the setting of weighted Lebesgue spaces.
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Chapter 1

Introduction

The product rule for derivatives introduced in a typical calculus class says that the derivative
of the product of two functions is given by the first function multiplied by the derivative of
the second function plus the derivative of the first function multiplied by the second function.

More precisely,

(fg9) = fg' + f'g.

Higher dimension analogs also hold for partial derivatives. For functions f and g on R" and

multi-indices «, f € Nj, denoting 0% f = 97" - - - 93" f, we have

(07

(=% (5) e n@a =@ e+ s+ ¥ (S

B<a B 0<B<a

) (1) (&),

where < «a if, and only if, 5; < o, for all j € {1,...,n} and § < « if, and only if, § < «
and there exists j € {1,...,n} such that §; < ;. We note that in this more general setting,
we preserve the structure of two terms with derivatives falling entirely on one function and
not the other and introduce terms where the partial derivatives are distributed across the
two functions. Known more generally as Leibniz rules, identities such as these describe the
behavior of differential operators applied to the product of two functions in a variety of
contexts.

Fractional Leibniz rules, also known as Kato-Ponce inequalities, give normed estimates



for fractional differential operators applied to the product of two functions. In the setting
of Lebesgue spaces, for 1 < p;,py < 00, 1/2 < p < oo such that 1/p = 1/p; + 1/ps, and
s > max (0,n(1/p—1)) or s € 2N, the inequality

IE* (Do S NEFll o N9l oe + [1F | on [1E° Gl 1o (1.1)

holds true with £* = D?® or E° = J*, where D?® and J* are the homogeneous and inhomoge-
neous fractional differentiation operators of order s, respectively, defined through the Fourier

transform by D*f(€) = [€]° f(€) and J*(f)(€) = (1 + [€])*/? f(€), € € R™

The inequality (1.1) and related commutator estimates have emerged as essential tools
to study a number of nonlinear PDEs,; including Euler and Navier-Stokes equations (see
Kato-Ponce [44]) and Korteweg-de Vries equations (see Christ-Weinstein [20] and Kenig
et al. [46]), as well as the study of smoothing properties of Schrédinger semigroups (see
Gulisashvili-Kon [37]). The range 1 < p < oo is addressed in the mentioned works and the
case 3 < p < 11is treated in Grafakos-Oh [36] and Muscalu-Schlag [57] (see also Koezuka—
Tomita [47] and Naibo-Thomson [60]); for the endpoints p = co and p = 3, the reader is
referred to Bourgain—Li [12] (see also Grafakos et al. [35]) and Oh-Wu [62], respectively.

The estimate (1.1) is a particular instance of inequalities in a variety of function spaces
where the product fg is replaced by T,(f, g); here, T, is a bilinear pseudodifferential operator
associated to o = o(x,&,n), x,&,n € R", (called a symbol, or a multiplier if independent of

x) and defined by

~

T.(f,9)(x) = / o, &, m) F(E)F(m) ™= €D dedy. (1.2)

R2n

Note that for 0 = 1, we recover the product fg. Estimates using T, have the form

IE*(To(f, ) 2 S NE°Fllz, Ngllz, + I f1l 2, B9l 2, (1.3)

for function spaces Z,Z;, and Z,. For example, variants of these estimates in weighted



Lebesgue spaces associated to Muckenhoupt weights are given in Naibo-Thomson [60] for
Coifman-Meyer multiplier operators and in Cruz-Uribe-Naibo [23, 24| for 0 = 1; Hart et al.
[40] proved estimates for multiplier operators in the context of Lebesgue and mixed Lebesgue
spaces using minimal assumptions on the smoothness of the multipliers; Oh—Wu [63] obtained
results with ¢ = 1 in the setting of Lebesgue and mixed Lebesgue spaces associated to power
weights; the works Koezuka-Tomita [47] and Naibo-Thomson [60] include estimates in the
context of local Hardy spaces and weighted Hardy spaces, respectively. The estimates (1.3)
have also been studied in the scale of Besov and Triebel-Lizorkin spaces for operators with
symbols belonging to bilinear Hérmander classes; see, for instance, the works Bényi [8] and
Naibo-Thomson [59] in the scale of Besov spaces, Bényi et al. [9] in the context of Sobolev
spaces, and Naibo [58] and Koezuka—Tomita [47] for Besov and Triebel-Lizorkin spaces.
For bilinear pseudodifferential operators with symbols closely related to the Hormander
classes, Brummer—Naibo [13] proved estimates in the setting of function spaces that admit a
molecular decomposition and a p-transform in the sense of Frazier—Jawerth [32, 33], and for
Coifman-Meyer multiplier operators, Naibo-Thomson [60] worked in the context of weighted
Besov and Triebel-Lizorkin spaces with weights in the Muckenhoupt classes. We refer the
reader to the survey in Torres [67] for other considerations.

Other variations on (1.1) consider bi-parameter differential operators and have a structure
comparable to the product rule for classical partial derivatives. That is, letting n;,ny € N
be such that n = ny + ng, for 1 < py,pa < 00, 1/2 < p < oo such that 1/p = 1/p; + 1/pa,

and s, > max (0,n,(1/p — 1)), £ = 1,2, we have

1D D32 ()l o < DT D3 fll o gl oo + DT Fll o 10579 1o

D3 fll s 197 gll oo + LNl o (19T D9l o

(1.4)

where the partial fractional differential operators Dj* and D3* are defined through

~

D f(€) = &l f(&), & eR™, (=12



The estimate in (1.4) was obtained for n; = ny = 2 by Muscalu et al. [56] and generalized
by Grafakos-Oh [36] to allow for any ny,ns € N, as well as partial differential operators for
more than two parameters. Applications of (1.4) were studied by Kenig [45] for the existence
of solutions to the KP-I equation.

Bi-parameter fractional Leibniz rules have also been proven in other settings and with a
bilinear pseudodifferential operator T,(f, g) replacing the product fg. Brummer—Naibo [14,
15] consider results with a Coifman-Meyer multiplier operator in weighted Lebesgue spaces
associated to Muckenhoupt weights, while Yang et al. study estimates for pseudodifferential
operators, whose symbols have limited Sobolev regularity, in the setting of Lebesgue spaces
[70] and weighted Lebesgue spaces with flag weights [71]. Results with ¢ = 1 have been
proven in mixed Lebesgue spaces by Benea—Muscalu [4, 5], Di Plinio-Ou [28], and Oh—Wu
[62], and in weighted mixed Lebesgue spaces with power weights by Oh—Wu [63].

In this manuscript, we prove fractional Leibniz rules of the type (1.3) for Coifman-Meyer
multiplier operators in the setting of Triebel-Lizorkin and Besov spaces based on quasi-
Banach function spaces, as in Hale-Naibo [38]. We also present bi-parameter fractional
Leibniz rules in the spirit of (1.4) for bi-parameter Coifman-Meyer multiplier operators in
the setting of weighted Lebesgue spaces, reflecting the work contained in Hale—Naibo [39].

A Coifman-Meyer multiplier operator of order m € R is an operator of the type (1.2)

with a smooth, complex-valued multiplier o(£,7),£,n € R, that verifies

10800 (€,m)] < Cap(l€] + [nl)™~ (D v(g,m) € R\ {(0,0)}, (1.5)

for all multi-indices o, 8 € Nj and some constant 0 < C, 3 < o0o. We also consider an
inhomogeneous analog where o is such that (1.5) holds with 1+ |£| + || instead of || + |n].

One of the main results of this work is the following fractional Leibniz rule in the setting
of Triebel-Lizorkin spaces based on quasi-Banach function spaces (we refer the reader to

Chapters 2 and 3 for definitions of such spaces). Letting FQT and H” denote the Triebel-



Lizorkin and Hardy spaces based on a quasi-Banach function space Y, we have

IT5(f, 9)]

b, S Wiz gl g+ 11 Dol (1.6)

where 0 < p,p1,p2 < 00, 0 < r < 00, s satisfies a certain lower bound, o is a Coifman-Meyer
multiplier of order m € R, and X, X;, and X5 are quasi-Banach function spaces satisfying
appropriate properties; corresponding estimates also hold in the Besov and inhomogeneous
settings. See details in Chapter 4.

This result yields fractional Leibniz rules at the level of several function spaces. In
particular, quasi-Banach function spaces include a diverse family of function spaces such
as weighted mixed Lebesgue spaces, Morrey spaces, variable Lebesgue spaces, as well as
the large class of rearrangement invariant quasi-Banach function spaces, of which weighted
Lebesgue spaces, generalized versions of Lorentz spaces, and Orlicz spaces are specific ex-
amples. By proving the identification of quasi-Banach function spaces with spaces in the
scale of the associated Triebel-Lizorkin spaces, (1.6) implies a plethora of fractional Leibniz
rules in quasi-Banach function spaces, recovering in a unified way many results in the lit-
erature and providing new ones. For instance, we recover the following estimates proved in

Naibo-Thomson [60]:

1D*(To(f ) g S MWD Fllggon N9l izon =+ 1 gz 1979 v (1.7)

for a Coifman-Meyer multiplier o of order zero, 0 < p;,p2 < 00, 0 < p < oo such that
1/p=1/p1+1/p2, s >max (0,n(1/p — 1)), and where H? = H9(R™) denotes a Hardy space
for 0 < ¢ < 0o (recall that HY(R") = LY(R") for 1 < ¢ < o0) and the Hardy norms may be
replaced by L>°(R™) in the terms without differential operators. Notice that, when o = 1,
the estimate (1.7) improves (1.1) by allowing all indices to be in the wider range (0, co] and
by admitting the larger HP-norm on the left hand side. A weighted version of (1.7) also
holds with Hardy spaces associated to weights in the Muckenhoupt class A (R").

More generally, our estimates in Triebel-Lizorkin spaces lead to the following novel version



of (1.3) in the setting of Hardy spaces based on weighted rearrangement invariant quasi-

Banach function spaces,

1D (T (9D ey S 0D Fll st o Nl e o + U g o 1D%0 e, (18)

2 (w2)

2)’

where for a weight v and 0 < ¢ < oo, H*"(v) denotes the Hardy space based on the weighted
rearrangement invariant quasi-Banach function space X%(v), w, wy, and ws are weights in the
Muckenhoupt class A, (R™), the parameters s, p, p1, and ps satisfy appropriate conditions,

and o is a Coifman-Meyer multiplier of order zero. In turn, (1.8) implies

||DS(TU(f, g))”XP(w) < ||Dsf||Xf1(w1) ||9||X§2(w2) + ||f||Xf1(w1) HD89||X§2(w2) ) (1-9)

for appropriate indices and weights in the Muckenhoupt classes. We refer the reader to
Section 5.1 for more details.
The estimate in (1.6) also provides new results in the setting of weighted mixed Lebesgue

spaces; for instance, if ¢ is a Coifman-Meyer multiplier of order zero, we obtain

1 D*(T5(f, g))HLP(LQ(w)) S ||Dsf||Lp1(LQ1(w1)) ||g||LP2(L‘12(w2)) + ||f||LP1(L‘11(w1)) ||D89||Lp2(Lq2(w2)) ’

for 1 < p,p1,p2,q,q1,q2 < 0o such that 1/p=1/p1+1/pyand 1/q=1/q¢1 +1/go, s > 0, and
appropriate weights w, wy, and ws in ‘mixed’ versions of Muckenhoupt classes. Details can
be found in Section 5.2. Other concrete examples implied by (1.6) include Leibniz rules in
settings associated to weighted Lorentz and Orlicz spaces, as well as weighted Morrey and
variable Lebesgue spaces. Details on these results are located in Sections 5.1.1, 5.3, and 5.4,
respectively.

Some particular cases of (1.3) can be recast as

ITo(F Dy S NIl gl o + 11 oo Nlglly (1.10)

where Y is some function space associated to a smoothness parameter (for instance, a Sobolev



space, or more generally a Besov or Triebel-Lizorkin space). Such estimates, in particular
when o = 1, have played a fundamental role in the study of partial differential equations (see,
for instance, Bahouri et al. [3], Brummer—Naibo [13], Ly—Naibo [51], and Naibo-Thomson
[60], and the references therein), and they imply that Y N L>®°(R"™) is an algebra under
pointwise multiplication. Our result in (1.6) and its Besov counterpart give that (1.10) holds
for Triebel-Lizorkin or Besov spaces based on a quasi-Banach function space; as a byproduct,
the intersection of such spaces with L>°(R™) is an algebra under pointwise multiplication.

Multiple approaches (which are based on Coifman-Meyer multiplier operators and the
bilinear Calderén-Zygmund theory, square-function estimates, vector-valued multiplier the-
orems, among others) have been put forward to prove fractional Leibniz rules in the spirit of
(1.3). We employ an alternative unifying approach used in Naibo—Thomson [60], presenting
the work contained in Hale-Naibo [38]. This method is based on Nikol’skii representations
for function spaces and was pioneered for classical spaces in Bourdaud [11], Meyer [53],
Nikol'skii [61], Triebel [68], and Yamazaki [69]. We prove such representations for the gen-
eral setting of Besov and Triebel-Lizorkin spaces based on quasi-Banach function spaces as
given in Theorem 3.4.1.

This method based on Nikol’skii representations is flexible and can be adapted to other
settings. In particular, we adapt this method for application in the weighted bi-parameter
setting. Thus, we obtain the following estimate for 7, in Theorem 4.3.1, as proven in Hale—

Naibo [39]:

17 D3 (T (f; ) oy S IOT D3 Fll o oy 191 02 gy + DT Fll 2ot ) 19279l 202 a0y

D2 Fll 1o o) 10791 102 a0y + 1 F o1 gy 197" D2 102 ) -

where s1, S9, p1, P2, and p satisfy appropriate conditions, wy, wy, and w are product Mucken-
houpt weights, and o is a bi-parameter Coifman-Meyer multiplier operator. That is, ¢ is such

that, denoting € = (£1,&2),n1 = (m1,72) € R™ x R™ | for all multi-indices a = (ay, as), 8 =



(B, B2) € Ng' x Nj2, there exists a constant 0 < C, 53 < 00 such that

Cop

|§1| + |n1|)|061|+|,31|(|§2| + |n2|)|a2|+|52|7 V(féﬂ?e) ?é (070)76 = 1;2 (].].].)

|0g0o(&,m)] < (

This result extends the work of Brummer—Naibo [14, 15] by expanding the range of values
for the orders of differentiation s; and s, and contains as particular cases results by Muscalu
et al. [56] and Grafakos—Oh [36] when 0 = 1 and w = w; = wy = 1.

This manuscript is organized as follows. We introduce notation, definitions, and prop-
erties of weights, Littlewood-Paley operators, quasi-Banach function spaces, and rearrange-
ment invariant quasi-Banach function spaces in Chapter 2. Chapter 3 contains notation and
properties pertaining to weighted Triebel-Lizorkin and Besov spaces, Triebel-Lizorkin and
Besov spaces based on quasi-Banach function spaces, and weighted bi-parameter Triebel-
Lizorkin spaces, as well as the statements and proofs of Nikol’skii representations for these
spaces. The statements of the main results on fractional Leibniz rules in Triebel-Lizorkin
and Besov spaces based on quasi-Banach function spaces as well as bi-parameter fractional
Leibniz rules in weighted Lebesgue spaces are presented in Chapter 4, along with their proofs.
In Chapter 5, we strengthen the single-parameter results in the quasi-Banach function space
settings for the particular case of rearrangement invariant quasi-Banach function spaces, and
present specific examples in weighted Lebesgue spaces, weighted Lorentz spaces and Orlicz
spaces. Other particular applications of the general theory in the setting of quasi-Banach
function spaces that are not rearrangement invariant are also given in Chapter 5 for weighted
mixed Lebesgue spaces, weighted Morrey spaces, and variable Lebesgue spaces in Sections

5.2, 5.3, and 5.4, respectively.



Chapter 2

Preliminaries

In this chapter, we provide definitions, notations, and properties related to weighted Lebesgue
spaces and Littlewood-Paley operators that will be of use in the single and bi-parameter
settings, as well as the function spaces that will serve as the setting for many of our results.
We begin here with a brief summary of notation and definitions pertaining to the Schwartz
class and related families of functions and distributions, as well as the Hardy-Littlewood
maximal operator. Section 2.1 contains a discussion on weights. Section 2.2 pertains to
Littlewood-Paley theory. An overview of quasi-Banach function spaces is given in Section
2.3, and rearrangement invariant spaces are discussed in Section 2.4.

The Schwartz class of smooth, rapidly decreasing functions on R™ will be denoted by
S(R™) and its dual, the space of tempered distributions, will be denoted by S'(R™). We use
So(R™) to indicate the subspace of functions in S(R™) with vanishing moments of all orders.
That is, So(R") = {f € S(R") : o, x*f(x)dz =0, Va € Nj}. Its dual space is the class of
tempered distributions modulo polynomials, S'(R™)/P(R"), which we represent by Sj(R™).
Also of interest are the bi-parameter counterparts of these spaces. For n = ni+no, n1,no € N,
let S(R™ x R"™) represent the Schwartz class on R™ x R™. We also define S, (R™ x R™?)
as the subspace of functions f € S(R™ x R™?) such that, denoting = (21, x2) € R™ x R"2,
Jgme @ f (@1, x2)dxe = 0 for any multi-index o € Ng*, £ = 1,2. Its dual will be denoted by
S (R™ x R™2).



The Fourier transform of a tempered distribution f € S’(R") is denoted by for Ff. In

particular, if f is integrable in R", we have

f&) = [ fla)e ™ dz, VEeR™
Rn

Given f € LL _(R™) and a compact subset A of R", we represent the average value of f

]{‘f(a:)da:: ﬁ/f‘f(x)dx

where |A| is the Lebesgue measure of A. We then denote the Hardy-Littlewood mazimal

loc

over A by

operator and the strong mazimal operator by M, f and M? f, respectively. That is,

M, f(x —Sup][lf Ndy, xeR",

where the supremum is taken over all cubes () C R™ with sides parallel to the coordinate

axes containing x, and

ME f(a) —sup][lf \dy, =cR",

zER

where the supremum is taken over all rectangles R = ()1 X ()5 containing x with ¢); and Q)
cubes with sides parallel to the coordinate axes in R™ and R"2, respectively. For 0 < h < oo,
we define M, . f () :== (M| fI")Y/", with M%), f(z) defined analogously.

Finally, for brevity, ni,n, € N will always be such that n = n; + ny. Moreover, in
the bi-parameter settings we often suppress the indication ¢ = 1,2 for expressions that are
associated to both parameters. That is, any expression with the subscript ¢ is assumed to
represent the expression for both parameters. For example, 1, € S(R™) will be used to
represent that both ¢y € S(R™) and ¢, € S(R™). Also, for two quantities A and B, we
say that A < B when A < ¢B for some constant ¢ > 0; if A < B and B < A, we use the

notation A ~ B.
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2.1 Weights

A weight on R™ is a locally integrable, nonnegative function defined on R". Given a weight
w on R" and 0 < p < oo, the weighted Lebesque space LP(w) is the collection of measurable

functions f on R"™ such that

i = ([ F0Putalae) " <

with the usual change when p = cc.
For 1 < p < oo, A,(R™) will represent the Muckenhoupt class of weights; this is the

collection of weights w on R™ such that the following constant is finite:

i)y = sup (]{2 (o)) (]{2 w(m)lp’d:cy_l,

where the supremum is over all cubes ) C R". We recall that w € A,(R™) if, and only if,
the Hardy-Littlewood maximal operator M,, is bounded on LP(w) (see Muckenhoupt [55]).
We designate the class of weights A, (R") = U2 A,(R"), and given w € A, (R"), denote
Tw =inf {7 >1:we A (R")}.

The weighted Fefferman-Stein inequality will also be of use: for 1 < p < o0, 0 < r < o0,

0 < h <min(p,r), and w € A,/(R") (equivalently, 0 < h < min(p/7,,7)), we have
1 1
()| =) (Twr) | o)
€T Lo(w) jez Lr(w)

where the implicit constant depends only on p,r, and [w]a,&n).
For 1 < p < oo, the product Muckenhoupt class A, r(R™) is the collection of weights on

R™ x R™ such that the following constant is finite:

e = sup (£ wore) (f w<x>1—p’dx)p_l, 2.2
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where the supremum is taken over all rectangles R = @)1 X Q2 with @); and ()2 cubes in
R™ and R™, respectively. We then define A z(R™) and 7, analogously to the traditional
Muckenhoupt weights.

The product Muckenhoupt class can be thought of as a bi-parameter analog of the clas-
sical Muckenhoupt class, and Bagby and Kurtz [2] characterize the relationship between

A, »(R™) and A,(R™) through the following lemma:

Lemma 2.1.1 (Lemma 1.2 from [2]). Let 1 < p < co. Then w € A,»(R") if, and only
if, w(-,x3) € Ap(R™) and w(zy, ) € A,(R™) for almost every (x1,x3) € R™ x R"™ with

constants uniform in x1 and x,.

This implies that for 1 < p < oo and w € A,z(R"), M,,, M, M,,, and M,,M,,
are bounded on LP(w). We also note that the strong maximal operator M? is bounded on
LP(w) and a corresponding Fefferman-Stein inequality holds (see Capri-Gutierrez [17]).

It is useful to note that if w; € A, (R") and wy € A,,(R™), then w}'wh? € Amax(prpo) (R")
for 01,09 € (0,1) such that oy + 05 = 1. A corresponding statement holds true for the
product Muckenhoupt class of weights.

Finally, certain results, in particular extrapolation, are given in terms of pairs of functions
(f,9). We use F to denote a family of pairs of measurable functions that are not identically

zero. If for some 0 < p < oo and w € A,(R") (or w € A;r(R™)), 1 < g < oo, we say that

- [f @) w(z)de S [ 1g(@)f w(z)dr, V(f,g9) € F, (2.3)

Rn

we mean that (2.3) holds for all pairs of functions (f, g) € F such that the left-hand side is
finite, and the implicit constant depends only on p and [w]4,&n) (or [w]a, 5 ®n)). In the case
that the LP(w) norm in (2.3) is replaced with another function space norm, the inequality

should be interpreted the same way.
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2.2 Littlewood-Paley Operators

Let ¥ € S(R") and ¥, € S(R™). For f € S'(R™) and j € Z, we define the Littlewood-Paley

operators

PYI(€) = B(2796)f(6), €eR™,

~

PY () = Tu2e) J(€), €= (61.6) € R™ x R™.

If U and \IJAg are supported in an annulus centered at the origin, we use the notation A}l’
and A;I" rather than Pj‘l’ and Pf’é, respectively. Similarly, if ¥ and @ are supported in a ball

centered at the origin and are nonzero at the origin, we use S]‘-l’ and S}I’E instead of PJ‘I’ and

ij. For ¢ € R", we also denote with T, the translation operator given by T.f(x) = f(z+c¢)

for x € R™.

Remark 2.2.1. We note that for ¥; € S(R™) and y, € R"?, we have

PY (&, y0) = U (277960 f (6, ), V&G ERMjEZ,

where f " (-1, ys) represents the Fourier transform of f (-1, yo) in R™. An analogous statement

holds for ¥y € S(R™) and y; € R™.

The following lemmas describe some relationships between Littlewood-Paley operators

and the Hardy-Littlewood maximal operator.

Lemma 2.2.2 (Lemma 3.1 in [60]). Let V,v¢ € S(R™) be such that U and ¢ have compact
supports and \TMZ: . If 0 < h <1 and e > 0,it holds that

|PFY ()] S (14 |e)TFMun(P f)(x), Va,ceR"jE€Z, feS R

Remark 2.2.3. It follows from Lemma 2.2.2 and Remark 2.2.1 that since for a fixed y, € R™2,
f € S(R™) implies that f(-1,y2) € S(R™), if Uy, € S(R™) have compact support and are

13



such that \/I/\IE = \/Il\l, we have

pla®

T f )| S (4l Mo (PP (), (2.4

for all z1,¢; € R™ y, € R™,j € Z, and f € S(R™). An analogous statement for Wy, 1)y €
S(R™) with compact support and \/11\2@ = U, also holds.

Also of use is a bi-parameter version of Lemma 2.2.2 giving estimates relating iterated

Littlewood-Paley operators with the strong maximal operator.

Lemma 2.2.4. Let ¥, v, € S(R™) be such that @ and {ﬂ\g have compact supports and
Uythy =Wy If0<h<1ande >0, it holds that

Pt P f ()| S (L )R (L4 el )7 MS (PP ) (),

Ji J2

forallz € R" ¢, € R™, j, € Z, and f € S'(R™), and where the implicit constant depends

only on ng, €, h, W,, and 1,.
The proof of Lemma 2.2.4 uses the following lemma.

Lemma 2.2.5. Let B, > 0, Ry > 1,0 < h < 1, and dy > ng/h. Consider ¢(x) =
o1(x1)pa(xs), for vr € S(R™) and © = (z1,29) € R™ x R™, and f € S'(R") such that
supp(f ) C{& € R &) < BiRy} x {& € R™ @ |&] < BaRy}. Then, denoting y =
(y1,y2) € R™ x R™ it holds that

—n1 p—no PN 1) n
ox F(@)| < B By R GTVREGT (1 4 Byl o ) (1 + Bal 2 [)2||, o MS () (@),

where the implicit constant depends only on ny, dy, and h.

Te,

. T, ‘Ilg . \I/[ w .
Proof of Lemma 2.2.4. For any j, € Z, we have P, "~ = P, "P;*. Applying Lemma 2.2.5

to the function P;flP;ﬁQf with s = oo, () = 22T, ¥, (2xy) ,dy = € + ng/h, By = 27,
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and R, > 1 such that supp(v) C {& € R™ : |&| < R/}, we have

pla ¥t ple ¥

i1 o f(x)’

S 2*j1n12*j2n2R71“(éfl)Rgz(%fl)

X H (1 4on |.1’)€+n71 (1 + 972 ‘.2|)5+n72 2j1n1T61\1,1 (23'1.1) 2j2n2TC2\112 (2j2.2)

-

x M3, (PUPEF) (@)

~ H (1 + 91 ’.1‘)€+n71 (1 + 9J2 ‘.2|)€+% TClqjl (2]'1_1) TCQ\DQ (23'2_2)

J1

e ()
<1 e+ 5L 1 e+52 MS pr pY2
S E+fal) ™ (1T+]el) wi \ P P ) (),
where in the last inequality we have used that |T., U, (z,)| < (1 + e )T (1 || )"
for any x4, c, € R™. O

The next lemma gives estimates for the supremum over bi-parameter Littlewood-Paley

operators associated to a given pair of Schwartz functions.

Lemma 2.2.6. For ¢, € S(R™) and an integrable function f on R", we have

sup | PP f(x)| S M3 f (), (2.5)

J1,J2€7Z

In particular, this implies that for 1 < p < oo and w € A, r(R"),

sup }
J1,J2€7Z

PP |

2

S Il o) - (2.6)

LP(w)

The proof of Lemma 2.2.6 requires the following result that gives an estimate associated
to the strong maximal operator. A similar lemma is proven by Chen and Lu [19, Lemma

1.2]; here we allow for ny # ns.

Lemma 2.2.7. Let g, > 0; for f € LL (R") and x = (11, 25) € R™ x R™2,

loc

ni_n |f(y17y2>| S
sup | r{'r 2/ - m dyrdys | S M, f(z).
71,720 ( P2 S (T oy — )™ (L g [ — o)
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Proof. We will split the integral

o m/ |f(y1, y2)]
172 ni+e1
ge (1471 |21 — 1)) (1 + 72|29 — 12l)

na+-e2 dyl dy2

into four regions.

First, Region 11is |z, — y1| < 7" and |25 — 95| < 75!, In this setting,

" m/ [/ (w1, 92|
PP el (U gy |z — )™ (14 7o | — sl

|z —ya|<ry

s Ayidys S M f ().

Next, Region 2 is |z — y1| > r;! and |7y — yo| < 75!, We have

fy,y
/ > 7’1145511 2) ’ no—+e2 dy]. dy2
> (14 |2y — ) (1 +72|z2 — v2l)
|2 — y2|<7"2
1f(y1,92)]
dy,d
- Z A’“ L)z — y1\<2’“+1 (1 + |$1 _ len1+61 (1 1y |$2 . y2|)n2+62 Yrayz

|z2— y2|<7"2
o0

1 Y
Z k\ni+e1 /; ‘<2k+1 -1 |f(y1 y2>| —= dyldyg
= (1 +2 G (1472 |z2 — y2l)

|2 — y2|<"‘2
) _
(2k+1)n17. n1r2 n2
~ kz% 1+ 2k ni+e1 (2k+1)n17, n17,2 n2 |x1‘,y1|§|2k+iq;1 |f(y17y2)| dyldyQ
T2—Y2|<Ty
~ry My M f ()

Region 3 is given by |z; —y1| < 77" and |y — ya| > 75! The desired estimate in this setting

follows from logic similar to that for Region 2. Finally, Region 4 is given by |z, — 31| > r{*

and |zy — 2| > 75, '. To obtain the estimate in this region, we write the integral as a sum

over the annuli 2’“7"[1 < |xp — 1y < 2’“7"[1 in both parameters and treat them both in the

same manner as 2877 < |z — ;| < 2% in the computations for Region 2.

We now prove Lemma 2.2.6.
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Proof of Lemma 2.2.6. Beginning with (2.5), we have

sup | Pf PP f(2)]

J1,J2€7Z

= sup_ [(2727"2 (p1(271)p2(2712)) * ) (2)]

J1,J2€Z

= sup
J1,J2€7Z

< sup 2/1M2Rm / L4200 oy — ) (L4 22 [z — g]) 7 [ f(y1, )| dyrdys
jl)j2€Z Rn

< sup 7”?17”32/ (I+rizr =)™ (Lo —32)) 7™ 2 [ f (1, y2) | dyrdys

r1,r2>0

giimgiana / o1 (2 (1 — 1)) a2 (2 — ) f (o, o)yl
R

n

S M3 f(@),

where the final inequality follows from Lemma 2.2.7.
The estimate in (2.6) then follows from (2.5) and the boundedness of the strong maximal

operator on LP(w) for 1 < p < oo and w € A, g(R™). O

Finally, we note the following inequality: for an integrable function f defined on R™ and

¢ € S(R™), we have

1

" S+ )" "M, f(z), ae ze€R™ (2.7)

cw( )*f( )

sup |—
>0

2.3 Quasi-Banach Function Spaces

Many of our results hold in the setting of quasi-Banach function spaces; in this section, we
introduce relevant definitions and notation, as well as describe additional conditions on the
spaces of interest. We refer the reader to Bennett—Sharpley [7] and Cruz-Uribe et al. [26]
for further details.

Let (R™, i) be a totally o-finite, nonatomic measure space and M represent the class of
measurable functions on (R™, ). A mapping p : M — [0,00] is called a Banach function

norm if it satisfies the following properties for all f,g € M:
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P1. p(f) = p(f]) and p(f) = 0 if, and only if, f =0 p-a.e.;

P2 p(f +9) < p(f) + p(9);

P3. p(af) =l|a| p(f), for all a € R;

P4 |f[ < |g| p-a.e. implies p(f) < p(g);

P5. If {fj},ez C M is such that [f;] increases to |f| p-a.e., then p(f;) increases to p(f);

P6. If £ C R” is measurable and p(FE) < oo, then

ii. [ |fldu < Cgp(f) for 0 < Cp < oo depending only on E.

Given p, we define the function space
X ={feM:|fly <o},

where || f||y = p(f), and call X a Banach function space (BFS). Note that Properties P4.
and P5. can be used to show that (X, |-||) is complete and hence a Banach space (see
Bennett—Sharpley [7, Chap. 1, Theorem 1.6]).

The associate space of X, which we represent by X', is defined through the Banach

function norm

p0) = s [ ol dazge X lol <1}

Given 0 < p < 00, define the scale of spaces
XP={feM:|f]"eX},

with norm || £l v» = ||| £17]147.

Now, if we replace Property P2. by

p(f+9) < p(f) +p(9),

18



with implicit constant depending only on p, and omit Property P6ii., X is called a quasi-
Banach function space (QBFS). A QBFS is also complete (see Caetano et al. [16, Lemma
3.6]), making it a quasi-Banach space, and the definitions of X? and X’ extend to this setting.
We note that when X is a BFS, then X? for 1 < p < oo and X’ are BFSs, while X? for
0 < p <1 can only be guaranteed to be a QBFS.

For many of our results, we require that a QBFS X is such that X?° is a Banach function

space for some 1 < pg < co. That is, denoting
p(X) =inf {py > 1: X™ is BFS},

we require that p(X) < co. We note that for X such that p(X) < oo, if 0 < p,p1,p2 < ©

are such that 1/p = 1/p; + 1/ps, then the following Holder-type inequality holds:

1F9llxe < [1fllx00 ll9]lxp2 - (2.8)

We next discuss the validity of a Fefferman-Stein-type inequality in a QBFS X as well
as the boundedness of the Hardy-Littlewood maximal operator on X.

Let X be a QBFS over (R", 1) and suppose that for a given 0 < r < oo, there exists
0 < h < oo such that the Fefferman-Stein inequality holds. That is, for all sequences { f; }j ez

of measurable functions,

3=
3=

(Z |Mn,h<fj>|’“>

JEL

S (Z |fj|r) , (2.9)

X ez X

with the usual changes when r = co. If this inequality holds for some 0 < h < oo, then it is
then valid for any 0 < A’ < h. Indeed, Hélder’s inequality gives that M,/ f(x) < My, nf(x)
for 0 < A’ < h, and the monotonicity of the quasi-norms in ¢" and X (Property P4.) give
(2.9) for M,, ;. We also note that if (2.9) holds, then M,, j is bounded on X.

With this in mind, for a QBFS X and 0 < r < oo such that (2.9) holds for some
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0 < h < 0o, we define
hx =sup{h >0: M, is bounded on X} and hx, =sup{h>0: (2.9) holds }.

We also define

#(X) :n<m—l> and  7.(X) :n(m—l>.

Note that hx > hx, and 7.(X) > 7(X).

Extrapolation results use inequalities in weighted Lebesgue spaces to imply analogous
estimates in the setting of other function spaces. Such results are central tools in obtaining
Fefferman-Stein-type inequalities as well as equivalences between spaces (see also Section 2.4
and Section 3.2.4). The following result was obtained by Cruz-Uribe et al. [26, Corollary

4.8] for BFSs satisfying certain properties.

Theorem 2.3.1. Let F be a family of pairs of measurable functions on R™ such that for

some 1 < py < 0o and every wy € Ay, (R"),

| (@) [PPwo(w)de S - lg(@)["wo(x)dz, V(f,g) € F.

If X is a BFS over (R",dx) such that the Hardy-Littlewood mazximal operator is bounded on

X', then for all 1 < p < oo,

1fllxe S Ngllxe,  V(fig) €F.

Extrapolation results are further strengthened in the setting of specific function spaces
that allow for X to be a QBFS and relax the requirement for M,, to be bounded on X’. We

direct the reader to Sections 2.4, 5.2, 5.3, and 5.4 for additional details on these instances.
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2.4 Rearrangement Invariant QBFSs

A useful property of certain QBFSs is called rearrangement invariance, which allows the
use of extrapolation theorems that imply the validity of the Fefferman-Stein inequality and
boundedness properties for the Hardy-Littlewood maximal operator. In this section, we give
definitions, notation, and properties of interest for rearrangement invariant quasi-Banach
function spaces; for further details, we refer the reader to Bennett—Sharpley [7] and Cruz-
Uribe et al. [26].

Let (R™, 1) be a measure space as in Section 2.3 such that p(R™) = oo. The distribution

function py of a measurable function f on R" is defined by

prA) = p({x e R™ | f(x)] > A}).

Measurable functions f on (R", u) and g on (R% v) are said to be equimeasurable when
pr = v, We call a BFS X over (R”, ) rearrangement invariant (vi.) if ||f|ly = llglx
whenever f and g in X are equimeasurable.
The decreasing rearrangement of f is the function f;; on [0, 00) given by
fu@) =inf {A>0:pp(N) <t}

We note that f; is equimeasurable with f. For an r.i.BFS X, this gives a representation of
X over the measure space (R*,dt). Indeed, by the Luxemburg representation theorem (see
Bennett-Sharpley [7]), there exists an r.i.BFS X over (R*,dt) such that f € X if, and only

if, fi € X, and || fllx = ||/
The Boyd indices of an r.i. BFS X are defined using its Luxemburg representation X. For

<
f € X, the dilation operator Dy, 0 < t < oo, is given by D, f(x) = f(x/t), and we define
ax(t) = HDt”B(Y),

where || D¢|| g, represents the norm of D;. The lower and upper Boyd indices are then
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respectively given by

. logt logt i
px = lim = sup and ¢x = lim

logt f logt
= ———— = inf ————.
t—oo logax(t)  1<t<oo logax(t) t—0+ logax(t)  o<t<tlogax(t)

It holds that 1 S Px S dx S oo, Pxr = (QX)/; and qxr = (px)/.
The Luxemburg representation is also used to define weighted versions of an r.i.BFS X

over (R", dz). For a weight w € A (R™), define

X(w) ={f e M:[|fllx < oo},

with norm || f||y = || f}|l%. This weighted space X (w) is also an r.i.BFS over the measure
space (R™, w(x)dzx), with associate space given by (X (w)) = X'(w).

The Luxemburg representation, Boyd indices, and weighted spaces can be extended to
the r.i.QBFS setting when the space X is such that p(X) < oo. We also note that for
0 <7r <ooand w € A(R"), we have 0 < px < gx < 00, pxr = rpx, ¢xr = rqx, and
(X ()" = X" (w).

Rearrangement invariant quasi-Banach function spaces over (R™,dx) enjoy additional
properties related to the Hardy-Littlewood maximal operator and Fefferman-Stein inequality
that are not guaranteed in the more general QBFS setting. These are in part due to the
extrapolation results that hold in the rearrangement invariant setting. In particular, we use
the following theorems from Curbera et al. [27, Theorem 2.1] and Cruz-Uribe et al. [26,

Theorem 4.10], respectively.

Theorem 2.4.1. Let F be a family of pairs of measurable functions on R™ such that for

some 0 < pg < 00 and all wy € As(R"),

| (@)["wo(z)dr S - lg(@)["wo(x)dz, V(f,g) € F.

If X is a r.i.QBFS over (R",dz) with Boyd indices 0 < px < qx < 00 and p(X) < oo, then
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for all w € A (R™), we have

1l xwy S 19llx@w > Y(fr9) €F.

Theorem 2.4.2. Let F be a family of pairs of measurable functions such that for some

1 <po < oo and every wy € Ay, (R™),
[f(@)[Pwo()de S [ g(@)Pwo(z)de,  V(f,g) € F.
Rn R

If X is a r.i.BFS over (R",dx) such that 1 < px < qx < 0o, then for all w € A, (R™), we

have

1 lxwy S N9llxqy > ¥(r9) € F.

Moreover, the boundedness of M,, on an r.i.QBFS X is given in Montgomery-Smith [54].

Theorem 2.4.3 (Theorem 5 in [54]). Let X be a r.i.QBFS over (R",dx). Then M, is

bounded on X 1if, and only if, px > 1.
This leads to the following result for the boundedness of the operator M,, ;, on X.

Corollary 2.4.4. Let X be a r.i.QBFES over (R",dx). The operator M,, , is bounded on X
if, and only if, 0 < h < px.

Proof. First, assume that 0 < h < px. Then 1 < px/h < 0o, which by Theorem 2.4.3 gives

[Maaf Il = | (Mal£1)F

1 1
=AM < 1A = 1Al
Conversely, suppose that M,, j, is bounded on X. Then

|y

LS =AM,
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Let g € X'/"; setting f = |g|'/", we have f € X. Then

11k
1Magl oy = IMal PP g = | Ml PPV ]| SIS = 1P = Nl

That is, M,, is bounded on X'/ It follows from Theorem 2.4.3 that 0 < h < py. O

Thanks to Theorem 2.4.1, the Fefferman-Stein inequality also holds in weighted r.i.QBFSs

under appropriate conditions.

Theorem 2.4.5. If X is an r.i. BFS over (R",dx), w € A, (R"), and 1 < r < oo, then for

all sequences of measurable functions { f;} we have

JEZL’

(Z <Mnfj>r> < (Z \fjl’”)
JEZ X (w) JEZ X(w)

Furthermore, suppose X is a r.i.QBFS over (R", dz) such that 0 < px < gx < oo and
p(X) <oo. Ifwe Ax(R"), 0 <r < oo, and 0 < h < min(px /7w, 1/p(X),r), then for all

sequences of measurable functions {fj}j€Z7 we have

1

(Z/\@,hfj’“)i S (Z\fﬂ)r ,

JET X(w) jez X(w)
with the sum wn j replaced by the supremum in j when r = oo.

Proof. We begin with the case where X is an r.i.BFS, 1 <r < oo, and w € A, (R™). By the

Fefferman-Stein inequality in weighted Lebesgue spaces in (2.1) with A = 1 and Theorem

S (ijr“)i

JET

2.4.2, we have

S =

(Z <Mnfj>’“>

iz X (w) X (w)

For w € Ax(R") and an ri.QBFS X such that 0 < px < ¢gx < o0, 0 < r < o0, and
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0 < h <min(px /7w, 1/p(X),r), we have that

3|s
B

T

(Z (Mn,h(fj))r> - ( '

X(w)
hE
( (|fj|h)h)
<L X (w)

J

Z (Mn\fj|h)2>

N

1

- (ZW)T ,

JET X(w)

where the second line follows from the first case since 1 < r/h < 00,1 < px/h < qx/h < 0,
w € Ay n(R"), and XV"(w) is an r.i.BFS since 1/h > p(X).

In the case that » = oo, the summation in j is replaced by the supremum in 7 and the
m

proof remains the same.

Corollary 2.4.6. Suppose X is such that 0 < px < qx < o0 and p(X) < oo and w €

A (R™). Then, for 0 < h < min(px /7w, 1/p(X)), My is bounded on X (w).

Note that the results above imply that

hx(w) 2 min(px /7w, 1/p(X)) (2.10)
and
hx(w)r = min(px /7w, 1/p(X),r, 1), (2.11)
which also gives
1
K@) <0 (e 0D ) 212
and
! (2.13)

(X (w)) <n (min(pX/Tw, 1/p(X),r 1) B 1) '
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Chapter 3

Triebel-Lizorkin and Besov Spaces

In this chapter, we discuss Triebel-Lizorkin and Besov spaces based on weighted Lebesgue
spaces and QBFSs, as well as weighted bi-parameter Triebel-Lizorkin spaces. Many tools in
these spaces play a central role in the proofs of fractional Leibniz rules in the QBFS and
weighted bi-parameter settings. Section 3.1 contains definitions, notations, and properties for
the classical weighted Triebel-Lizorkin and Besov spaces. The QBF'S setting is discussed in
Section 3.2. Section 3.3 defines weighted bi-parameter homogeneous Triebel-Lizorkin spaces.
Finally, Nikol’skil representations in the QBFS and weighted bi-parameter settings are both

discussed in Section 3.4.

3.1 Weighted Triebel-Lizorkin and Besov Spaces

Let 1, ¢ € S(R™) be such that

supp(p) C {§ € R™ - [¢] < 2}, (3.1)

supp(v) C {€ € R": § < |¢| < 2} (3.2)
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We define A(R") as the class of ¢ € S(R™) such that ¢ satisfies (3.2) and

927 =1, vEeR"\ {0},

JEZ
and denote by A(R"™) the class of pairs (¢,%) such that ¢, € S(R"), ¢ satisfies (3.1), ¢
satisfies (3.2), and

O+ 027 =1, VEeR"

jEN

Let ¢ € A(R") and w be a weight on R™. For s €¢ R, 0 < p < o0, and 0 < r < oo, the
weighted homogeneous Triebel-Lizorkin space Flf’r(w) is the collection of all f € Sj(R™) such
that

1.f1

g p(w) ™

Z 28]A}”f)7> < 0.

JEZ L7 (w)

For s € R and 0 < p,r < oo, the weighted homogeneous Besov space B;,T(w) is the collection
of all f € S§(R™) such that

29 AY

1
< 0.
i LP(w)> >

For (p,v) € A(R™) and a weight w on R™, the weighted inhomogeneous Triebel-Lizorkin

1155, ) = (Z\
JEZL

space I3 (w) is the class of all f € §'(R") such that

/1

pe ) = 1SS oy + (Z

jEN

s AY T
23Ajf’> < 00,

LP(w)

and the weighted inhomogeneous Besov space B, (w) is the collection of f € S&'(R") such

that )
— © siatell” '
1f] B (w) — 155 fHLP(w) + (Z ‘ YA Lp(w)> < 00.
jeN
For each of these definitions, when » = oo the summation in j is replaced with the
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supremum in j. In the case that w = 1, these definitions yield classical unweighted Triebel-
Lizorkin and Besov spaces.

We note that the definitions of the Triebel-Lizorkin and Besov spaces are independent
from the choice of the functions ¥ and ¢. Moreover, they are complete, making them quasi-

Banach spaces. The following embeddings also hold:
So(R") = Fy,(w), By, (w) = S5(R™);

in particular, Sy(R™) is dense in F;T(w) and B;’T(w) for 0 < p,r < co. Analogous state-
ments hold for S(R™) and S’'(R"™) with the inhomogeneous Triebel-Lizorkin and Besov spaces.

Finally, lifting properties hold in these spaces. That is,

/]

b ~ D iy ond (1l ~ 17l - (3.3)

where p, 7, s, and w are as in the definitions, with corresponding equivalences in the Besov
spaces.

We also define the Hardy spaces as follows. Let ¢ € S(R") be such that [, ¢(x)dx # 0.
For 0 < p < 0o and w € A (R"), the weighted Hardy space HP(w) is defined as the class of

tempered distributions such that

< 00,
LP(w)

1l = | sm0_troc 1

and the weighted local Hardy space h?(w) is given by the collection of tempered distributions
such that

< 0.
Lr(w)

||f||hp(w) =

sup ‘t‘"gb(t‘l-) * f‘
0<t<1

Theorem 1.4(vi) in Qui [64] gives that for 0 < p < oo and w € A, (R"),

11 20wy ~ 1 o » (3.4)
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while Remark 4.5 in Qui [64] gives that for 1 < p < oo and w € A,(R"),

1 i) ~ 1 Doty ~ 1y - (35)

Analogous equivalences hold for F7)y(w), h?(w), and LP(w).
We refer the reader to Qui [64] and Triebel [68] for further details on the theory of

weighted and classical Triebel-Lizorkin and Besov spaces.

3.2 QBFS-Based Triebel-Lizorkin and Besov Spaces

Let X be a QBFS, 0 < r < 00, s € R, and ¢ € A(R"). The homogeneous Triebel-Lizorkin
space based on a QBFS X will be denoted by F %.» and is the collection of all f € Sy(R")

such that

/]

QSJA?)JC‘T> < 00.

X

jez

For (p,v) € A(R™), the inhomogeneous Triebel-Lizorkin space based on a QBFS X is repre-
sented by F%, and is the collection of all f € S'(R") such that

1.f1

ZSJ'A;(Jf‘T>i < 00.

X

F%, — ||Sé)0f||x + (Z

jeN

In the case that r = oo, the summation in j is replaced with the supremum in j. For
s € Rand 0 < p,r < oo, the homogeneous and inhomogeneous Besov spaces based on a
QBFS X will be denoted by B}T and B ., respectively, and are defined analogously to the
Triebel-Lizorkin spaces with the quasi-norms for X and ¢" exchanged. In the case that these
spaces are based on a weighted QBFS X (w), we use the notation F)S(’r(w), Py (w), Bﬁw(w),
and B% .(w).

Many of the properties seen in the classical and weighted Triebel-Lizorkin and Besov

spaces also hold in those based on QBFSs. We next give more details.
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3.2.1 Independence of the Norm

The definitions of the Triebel-Lizorkin and Besov spaces do not depend on the choice of ¢

and ¢ when hx, > 0 and hx > 0, respectively.

Theorem 3.2.1. The definition of the homogeneous and inhomogeneous Triebel-Lizorkin
and Besov spaces based on a QBFS X are independent of the choice of ¢ and v used to
define them. That is:

i) For 1,1y € A(R") and a QBFS X such that hx, > 0, we have

(Z ) . <22M}p2fr>r |
JEZ JEZ

X X
with an analogous expression holding for Besov spaces when X s such that hx > 0.

sj A1
29 AV f

i) For (v1,11), (p2,12) € A(R") and a QBFS X such that hx, > 0, we have

1

156" Fllx + (Z 2N f ) ~ 118§l + (Z TNV f ) ,
JeN jEN

X X

with an analogous expression holding for Besov spaces when X is such that hx > 0.

Proof. We show here the proof for the homogeneous Triebel-Lizorkin setting; the homoge-
neous Besov and inhomogeneous settings are similar.

By symmetry, it is sufficient to show that

(Z ) < (Z 281A72fr>r
JEZ JEZ

X
Note that for ¢» € A(R") and k € Z, if 28~ < [¢] < 281, then

sj A1
29I AV f

X

STG27E) = $7F) + (27 +p M) = 1.

JET

30



Thus, defining ¢, such that ¢(€) = P(1€) + s (€) + 12(2€), we have 1 (€) = da(E)11(€).

By Lemma 2.2.2, for 0 < h < 1, we have

AV ()| S M (A727) (@),

Therefore, taking 0 < h < min(1, hx,), we have

sj A1
29 AV f

(Stearsl)

X JEZ

AN

D

jEz

2

jez

D

jEz

N

5 st (527)] )

X

2N f

1
-
T)

27 (A2 f+ AP f+ AV

1
p
r)

X

)r
r
X

sj AP

X

3.2.2 Embeddings & Completeness

The Triebel-Lizorkin and Besov spaces based on a QBFS X satisfying certain conditions

enjoy the same embeddings with S(R"), So(R"), S’'(R™), and S{(R") as those in the classical

setting. Thus, we also consider the following properties for a QBFS X, with s € R and

0<r<oo:

P7. Sy(R") = F§, — S§(R") and Sy(R") — By, — Sh(R™);

P8. S(R") < Fy, < S'(R") and S(R") < By, < S'(R™);

The inclusions So(R") < F %, and So(R") — B_?Cr, their inhomogeneous counterparts,

and the inclusion S(R") < X hold if (1 4 |z])™™ € X for some N > 0. We also have
X = S'(R"), F;’“ — SH(R™) and B;w — SH(R™) if (1+|x|)™" € X’ for some N > 0. These
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claims can be proved using arguments similar to those used for corresponding results in the
classical setting (see Triebel [68]; see also Liang et al. [50]).

An additional important observation is that the Triebel-Lizorkin and Besov spaces based
on X have the Fatou property. That is, letting Y be a quasi-Banach space such that
Y — S'(R") (or Y < S|(R™)), the space Y is said to have the Fatou property if for every
sequence {fi},cy C Y that converges in S'(R") (or Sj(R™)) as & — oo, and that satisfies
lim infy o0 || filly < 00, it follows that limy_s fr € Y and ||limp_ee frlly < liminfy_e || felly

where the implicit constant is independent of { fi},cn-
Theorem 3.2.2. Let s € R, 0 <r < o0, and X be a QBFS over (R, ).
i) If F)S(’T — S{(R™), then Ffw has the Fatou property.
ii) If B;}T — S{(R™), then B}m has the Fatou property.
Corresponding statements hold for Fy . and B .

Proof. We begin with the Triebel-Lizorkin setting. Let {fi},., C F %, be such that fp — f
in S)(R™) and liminfy o || fx|

Py, < 00 We first note that fi, — f in S{(R"™) implies that
A;.l’ fr — A;g’ f in S{(R™) and pointwise. Fixing J € N, we have

T

28jAff(x)‘T)T§ (Z 2S’A}”(f—fk>(x>\r>r+ <Z 28]’A}”fk<:c>\r) ,

j:— ]:—J

(>

j=—1

where the implicit constant depends on r. Then

r

29N fi () ‘)

1
J G J
si A r .
(E QJAjf(iL')‘ ) th}ggf(é
j j
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Therefore,

J G J -
(Z 2%}%‘]) S 11}333011‘(2 2SJ'A;*fk\>
j=—J ¥ j=—J ¥
J AT
<1 . sj ¢ ‘
< hlgr_ag)lf (Z 29 A7 fr )
Jj=—J ¥

< liminf [ £z

where the first and third inequalities follow from Property P4. and the second inequality
follows from Properties P4. and P5. of X.

Property P5. also gives that f & F)S(,T, since as J — 00,
. <limi .

Now, suppose { fi}ren C B§(7T is such that fr — f in S{(R™) and liminfy_, kaHfag( <
0o. As before, note that for each j € Z, we have A?’fk — A?’f pointwise as £ — co. We

have

lim AYf|| < liminf A7
X

k—o0 HX k—o0

2341, =]

Then, using the Fatou property for £,

/]

iy, < lmint [[fill g

as desired. O

We next state and prove the completeness of the Triebel-Lizorkin and Besov spaces.

Theorem 3.2.3. Let X be a QBFS over (R™, u) such that p(X) < oo, 0 < r < 00, and
s € R.

i) If Fj”(’r — S{(R™), then Fj’w is complete.
ii) If Biw — S{(R™), then B_?w is complete.
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Corresponding statements hold for Fy . and B .

Proof. We show here the details proving the completeness of F %> the Besov and inhomoge-

neous settings are similar. Let {f; }xez be a Cauchy sequence in F % Since F % = So(R™),

there exists f € S)(R™) such that fr — f in Sj(R™). Noting that liminfy . || fx| by < 00,
Theorem 3.2.2 gives that f € F % and
1, < limint ol - (36)

It remains to show that f, — f in Ff(m. Applying (3.6) to the sequence {f — fr, }ren for

fixed ky € N, we have

If — fr,l

F5, S li]gglf [ fi = fol By,

Let € > 0. Then there exists K > 0 such that for k, ky > K,
,ggk [ fm — kaHch,r <e.

This implies that for all ky > K,

h]?lg)lf ||fk: — fk0| F)s(ﬂ“ § E.

Therefore, for all kg > K,
1f = frol

F>S(,7- 5 87
and we conclude that f, — f in F)S(’T. O]

Remark 3.2.4. Let w € A (R"). Theorem 6.6 in Bennett-Sharpley [7] gives that for an
riBFS X
LY(w)N L® — X(w) — L'(w) + L*. (3.7)

Now, for any N € N, (1 + |z|)™™ € L* since (1 + |z|)™" is bounded. Moreover, using the

boundedness properties of the Hardy-Littlewood maximal operator, it can be shown that for
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N sufficiently large,

[+ o)™y [ wladde <o

|z|<1
giving (1+ |z|)™ € L'(w) N L*> for sufficiently large N. Therefore, for an r.i.QBFS X such
that p(X) < co and p > p(X), (3.7) implies that (1 + |z|)™" € XP(w) for some N > 0; the
same is true of (X?(w))" as (XP(w)) = (X?)'(w).

3.2.3 Lifting Property

The following lifting properties hold in Triebel-Lizorkin and Besov spaces based on QBFSs:

Theorem 3.2.5. Let 0 < r < oo and suppose X is a QBES over (R", u) such that hx, > 0.
For o,s € R, the following hold:

i) D7 maps F)s(r isomorphically onto F)S(_T” and || D? f fio ™ /] Py

i) J? maps Fx, isomorphically onto F.7 and ||J° f| Fie ™ | f] Fy -

Analogous statements hold in the Besov settings.

The proof follows similar computations to those for such equivalences in the classical
Triebel-Lizorkin and Besov setting (see Triebel [68, Sections 2.3.8 and 5.2.3]), so we do not

include the details here.

3.2.4 Equivalences between Spaces

We define Hardy spaces in the setting of QBFSs and establish equivalences between these
spaces, the Triebel-Lizorkin spaces, and BFSs.
Let ¢ € S(R™) be such that [, ¢(z)dz # 0. Given a QBFS X, the Hardy space based

on X is denoted HX and defined as the collection of tempered distributions such that

1AW e =

< 00,
X

sup ‘t’”d)(t’l-) * f‘
0<t<oo
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while the local Hardy space based on X, denoted h*, is the collection of tempered distribu-

tions such that

1/ llpx =

sup ’t_"gb(t_l-) * f’ < 00.
o<1 X

Note that we have
1fllx < Mfllpx < fllgx, Ve SRY, (3.8)

due to Property P4. of X and the fact that

f(z)] < sup [t ot ) * f| < Sup [t ot )« f|.

When X satisfies appropriate conditions, it follows immediately from (3.5) and extrapo-
lation in Theorem 2.3.1 that we also have equivalences between the Triebel-Lizorkin spaces,

Hardy spaces, and X? for 1 < p < oo.
Theorem 3.2.6. Let X be a BES over (R",dx) such that the Hardy-Littlewood mazimal
operator is bounded on X'. Then for 1 < p < oo,

0 _ 0 _ XP_ XP_ P
Fpog=Fypo=H" =h" = X"

with equivalent norms.

We note that in the rearrangement invariant setting, stronger extrapolation results are
available and we can state equivalences between the Triebel-Lizorkin and Hardy spaces based

on r.i.QBFSs. In particular, Theorem 2.4.1 and Theorem 2.4.2 imply the following result:
Theorem 3.2.7. Let X be a r.i.QBFS over (R",dx) such that p(X) < oo.

i) If X has Boyd indices 0 < px < gx < 00 and w € Ax(R™), then
F)O(,z(w) = HX(“’) and F)O(,z(w> = hX<w)a

with equivalent quasi-norms.
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i) If X is a r.i. BFS with Boyd indices 1 < px < gx < oo and w € A,, (R"), then
F)Oc,Q(w) = F?(,z(w) = X(w),

with equivalent norms.

Similarly, in other specific settings, such as Morrey and variable Lebesgue spaces, extrap-
olation results that exist in these spaces permit the use of quasi-norms in the equivalences

with the corresponding Hardy spaces; see Section 5.3 and Section 5.4 for further details.

3.3 Weighted Bi-Parameter Triebel-Lizorkin Spaces

Our results on fractional Leibniz rules in the weighted bi-parameter setting rely only on tools
in the context of Triebel-Lizorkin spaces. Let 1, € A(R”f), sseR, 0<p<oo, 0<r < oo,
and w be a weight on R™ x R™. The weighted homogeneous bi-parameter Triebel-Lizorkin

space F;};SQ (w) is the collection of all f € S (R™ x R"?) such that

/]

2

2 (w) — ( Z

J1,J2€%L

s1j1+s272 A V1 A Y2 "
1J1 2J]2
2 AGTA; f‘ < 0.

LP(w)

Properties analogous to the classical setting hold in such spaces as well. In particular,
the definition of the weighted bi-parameter Triebel-Lizorkin spaces is independent of the
functions ¢, and 1, used in their definition. We also note that the following inclusions hold

for 1l <p<oo,0<q<oo,and s1,5 € R
So(R™ x R"™) < F502 (w) — Sp(R™ x R™).

Moreover, a lifting property holds in the bi-parameter setting analogous to that in the

traditional setting.

Theorem 3.3.1. If 0y,50 € R, 0 < p,r < 00, and w € A r(R™), then D' D3> maps
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F;}vS?(w) isomorphically onto FI;G}70'1732*O'2 (w) and

I1D7* D3* f|

FELTO152792 () ~ HfHF;lT% (w) *

Proof of the properties above follow the same arguments as in the classical and QBFS
case and we do not include them here.

Finally, due to Lemma 2.2b from Brummer—Naibo [14], the following relationships be-
tween the weighted bi-parameter Triebel-Lizorkin and weighted Lebesgue spaces hold. First,

for 1 <p < ooand w € A,(R"), we have

1 lioguy ~ 17050y (3.9)

Moreover, for 0 < p < co and w € A, r(R"™),

1 lioguy S 171 2000y (3.10)

3.4 Nikol’skii Representations

Nikol’skii representations give estimates for Triebel-Lizorkin and Besov space norms. These
estimates play a central role in the proofs to obtain fractional Leibniz rules in QBFSs and
the bi-parameter setting. In this section, we state and prove these results.

First, we have Nikol’skii representations for the QBFS-based Triebel-Lizorkin and Besov

spaces.

Theorem 3.4.1. For D >0, let {u;},., C S'(R") be such that
supp(u;) C B(0,D27), jE€Z,

and let X be a QBFS over (R", ) satisfying Properties P7. and P8. for r and s as given

below.
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i) Let 0 < r < oo. If hx, >0, s > 7.(X), and < 00, then the

(Selul)’

series ) icq u; converges in Sy(R") to an element in F%, and

X

2

JEZ

1
< (Z |25juj\’") : (3.11)
F)s(”‘ JGZ X

where the implicit constant depends only on n,D,s, r, X, and the function i used in

the definition of Ffw. An analogous statement with j € Ny holds true for F%, (where

convergence is in S'(R™)).

1

ii) Let 0 <r <oo. If hx >0, s > 7(X), and <Zjez ||28J'uj||7"X>r < 00, then the series

> jez Uy converges in Bfw (in SH(R™) if r = o00) and

2

JET

1
< (Zuzsjuj\\;) , 12
B;{,r

jez

where the implicit constant depends only on n,D,s, r, X, and the function 1 used in
the definition of B;T An analogous statement with j € Ny holds true for B, (when

r = 0o, the convergence is in S'(R™)).

Corresponding Nikol’skii representations are also valid for weighted bi-parameter Triebel-

Lizorkin spaces.

Theorem 3.4.2. Given Dy > 0, suppose {uj, j, }j1.joez C S'(R™ x R™) satisfies
supp(tij, j,) C {& € R™ 1 [&] < D127} x {& € R™ [&] < D27}, je € L.

Let w € Awr(R™), 0 < p,r < 00, and sg > n, (1/min(p/7y,r, 1) — 1). If

3=

s1j1+s252,, . |T
( § : ‘2 Uhm{) < 00,

J1,J2€7Z L(w)
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. ) ‘51752
then 3, ez Wi g converges in F2*2(w) and

s1j1+s252,, . . |"
S ( E |2 ujmz‘) )

J1:J2€Z LP(w)

E Ujy 5o

J1,J2€7Z

L2 (w)

where the implicit constant depends only on ny, s¢, Dy, p, , and 1, used in the definition of

Fuo2(w).

The proof of Theorem 3.4.1 follows the same ideas as those for the weighted Lebesgue
spaces (see Naibo—Thomson [60, Theorem 3.2]) with some modifications due to the fact
that a dominated convergence theorem may not hold in X. The proof of the weighted bi-
parameter Nikol’skil representations follow the same argument as that for Theorem 3.4.1,
with appropriate alterations for the bi-parameter setting. In this section, we give the proof
of the estimates in the QBF'S setting and omit the proof for the bi-parameter estimates.

Before proving Theorem 3.4.1, we introduce some notation. For a QBFS X, 0 < r < oo,

and a sequence of functions { f;};ez, denote

|t ien

1
— £ ]
» (;n I

We also use the following lemmas. The first is Lemma A.1 and the second is similar to

)X(ﬁ) = || (Z |fj|’”) | H{fj}jez
JEZ

X

Lemma A.2, modified for the QBFS setting, both from Naibo-Thomson [60].

Lemma 3.4.3. Suppose 0 < h <1, A>0, R>1, andd > n/h. If p € S(R") and f is

~

such that supp(f) C {£ € R™: || < AR}, it holds that
6% f()] S B"GTDAT|(1+ 1A+ 0] oo Maf (),

where the implicit constant is independent of A, R, ¢, and f.

Lemma 3.4.4. Suppose X is a QBFS such that hx > 0. Let A >0,R>1, andd > b >
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~

n/min(hx,1). If ¢ € S(R™) and f is such that supp(f) C {¢ € R™ : || < AR}, it holds that

lo* fllx SR TA™

(a+14-D%| 7l

where the implicit constant is independent of A, R, ¢, and f.
We will also use Lemma A.3 from Naibo-Thomson [60].

Lemma 3.4.5. Let v < 0, A € R, 0 < r < o0, and kg € Z. Then for any sequence
{d;};cz C [0,00), it holds that

Y
o

{Z 2“/k2>\(j+k)dj+k} < H{Qm‘dj }jeZ
jEZ [r

k=ko

where the implicit constant only depends on kg, v, A, and r.

We now prove Theorem 3.4.1.

Proof of Theorem 3.4.1. We begin by proving the result for finite families of functions. Here,
we show the homogeneous case, but the logic for the inhomogeneous case is similar.

Let {uj}jGZ be such that u; = 0, except for finitely many j € Z. Suppose D, X, r, and
s are as in the hypotheses of the theorem and that ¢ € A(R™). Choosing ko € Z such that

2ko—1 < D < 2% for any m € Z, we have
supp(@m) C B(0,2™D) C B(0,2m+k0).

Defining u =)

mez Um, We note that

supp (J(Q_j')@> C B(0,2™ )N {Qj—l < ¢ < 2j+1} ‘
This intersection is empty for any m < j — ko; therefore, we have the following identity:

A?’u = Z A?um = i A;.bum = i A}buﬁk. (3.13)

meZ m=j—ko k=—ko
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We first prove (3.11). Fix 0 < h < min (hx,, 1) such that s > n(1/h—1). We apply Lemma
3.4.3 with ¢(z) = 27")(29z), f = ujip, A =29, R=2FM L j €7 k> —ky and d > n/h

to obtain

‘A?uj%(x)‘ < (2k+ko)n(%—1) (2)"

(1+ 27 |)Ul2j”¢(2j-)HLoo M k()

< 270D Mo a),
where the implicit constant depends only on the parameters stated and . This gives
298w 4(0)| S 27029 My () = 27 F D20 My (@),

Therefore, by (3.13), we have

QSjA}pu(x)) <SS 2GR, (o).
k=—ko

We now apply Lemma 3.4.5 with v = n(1/h — 1 —s/n), A = s, and dj1, = M, pupk().
Note that by definition v < 0. This yields

[{prasucs]}

QSjA;-pu(:c)

or

o
< { Z an(%*lfi)QS(ﬁk)Mn huj+k($)}

k=—ko ezl

S {29 M pus(2) }

JEZL or ’

The desired inequality follows from the monotonicity of the quasi-norm associated to X and
the Fefferman-Stein inequality.

We now prove (3.12) for finite families. We apply similar logic, but working instead with
the norm inequality from Lemma 3.4.4. Using ¢(z) = 27"¢(2x), f = ujip, A = 29, R =

ktho ki€ Z,k > —ko,d > b, and n/min(hx,1) < b < n+ s, we have

P k+ko)(b—n)o—ijn
HAJ' Uj+kHX < ko) (b=n)9—

(1+ ‘Qj'})denw (27) HLOO el ~ 257 el
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where the implicit constants depend only on the parameters stated and .

Setting p* such that ||| ~ |I-[lx and [|lf +gl[" < [/ + llgll[”" (Aoki-Rolewicz

Theorem), we obtain

QSjA;ﬁu QSjAg’ujJrk

p* s
N

k=—ko

p
X

oo
sjp* ok(b—n)p* ) p*
N E 202 “J+kHX
k=—ko
o0
_ sp* (j+k) ok(b—n—s)p* ||, ||P
= E , 2 2 ujiilly -
k=—ko

Taking ¢"/?" norms (quasi-norms when r/p* < 1) and applying Lemma 3.4.5 with v =
(b—n—s)p*, A =sp*, and dj4y = |]uj+k|\§;, we have the desired result.
We now show that the result holds for infinite families of functions. We first show the

homogeneous Besov space case for 0 < r < oo. Let {u;} X,r, and s be as in the

JEL
hypotheses.
Let UN = ZN

je—n ;- For M <N, {u;},,, ;< satisfies the conditions of the theorem,

and since the theorem has been shown to hold for finite families of functions, we have

|Un — U]

)

e (X)

. < 8Jq, .
By, ~ {2 uJ}M+1§|j|§N

where the implicit constant is independent of M, N, and the family {u;}, ;.

By the assumption that H{Qsjuj}

STay.
jez ’ET(X) < 00, the value of H{Q Ujtara<)jl<n )

must tend to zero as M approaches co. Therefore, {Uy} v, is a Cauchy sequence in B% .y

and by the completeness of Bf’;{’r, the sum ), u; converges in B§{r

Similarly, we see that

0, < €290} yeyen],
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where the implicit constant is independent of N and the family {uj}j cz» implying that

2w

JEZ

S H {QSjUJ' }jeZ

T

. €r(X)
B

with implicit constant independent of {u;}, ;.
We now consider the case of infinite families for F’ % With 0 <7 < oo as well as B}g{,w

Note that {2(S_a)juj}j>0 and {20+)y; }j<0 belong to ¢*(X) for any € > 0. Indeed, we have

H {202y,

320

=D 29279 Juyllx S {29 }520 /|y S 12705 200l
=0

1(X)

where the final expression is finite by assumption. Similar logic gives that H {2(5+8)j uj}

I<00ler (x)
is also finite.

Choosing ¢ > 0 such that s —e > 7(X), by the case when 0 < r < oo, it follows
that Z;V:o u; and Z;zl_ N Uj converge in B_i{f and B;;“f , respectively. Therefore, {Un} ey
converges in Sj(R™). Applying the case for finite sequences for the space F %> we have

Uy € F;(7r and

1UN]

Fs, S “{ZSjuj}_NgjgN‘)X(gr) < H{Qsjuj}jez ‘X(ZT)'

By the Fatou Property for F %> We have

lim Uy =) w; € FS%.  and
N—o00 N Z J Xor

2w

JEZ

< 29wt

. ‘X(ZT) ’
Fs%..

JEZL

For B?{,oo’ similar reasoning can be applied. [
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Chapter 4

Fractional Leibniz Rule Results

In this chapter, we state and prove fractional Leibniz rules in QBFS and weighted bi-
parameter settings. Section 4.1 contains the statement of the main result in QBFS-based
Triebel-Lizorkin and Besov spaces, as well as inferring particular cases in BFSs; its proof
is presented in Section 4.2. The generality of this result implies estimates in the setting
of a variety of QBFSs; we direct the reader to Chapter 5 for applications in the specific
instances of r.i.QBFSs and weighted mixed Lebesgue spaces, weighted Morrey spaces, and
variable Lebesgue spaces. Bi-parameter fractional Leibniz rules in the setting of weighted
Lebesgue spaces are proven in Section 4.3, where we employ analogous arguments adapted

to the bi-parameter setting.

4.1 Fractional Leibniz Rules in QBFSs

The main result of this section is the following theorem giving estimates associated to T, in
the setting of Triebel-Lizorkin and Besov spaces based on powers of QBFSs; from this, we

obtain fractional Leibniz rules in the setting of BFSs.

Theorem 4.1.1. Let 0 < r < 00, 0 < p,p1,p2 < 00, and o(&,m),&,n € R™, be a Coifman-
Meyer multiplier of order m, with m € R. Suppose X, X1, and X5 are QBFSs over (R", ),
(R™, 1), and (R™, us), respectively, such that p(X),p(X1),p(X2) < oo, Properties P7. and
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P8. are satisfied by XP with r as given and s as below, and the following Holder-type in-
equality 1s valid:

1£9lxe S IflLcn lgllpe  VF € XD, g € XP2 (4.1)

i) If hxo o hxr o hxre >0 and s > 7,.(X?), then

IT5(f, )|

Py, S ||f||p)s%;jr gll ,xz2 + ([ F1] 0 ||9||F;§;’ir~ (4.2)

it) If hxv, hxri, hxr: >0 and s > 7(X?), then

57 M, S W8 e ol + 10 il (4.3
Moreover, if hxr, >0 and s > 7,(XP),
ITo(F- )y, S 1l Mgl + 17 gl (1.4)

with a corresponding statement for the Besov spaces if hx > 0 and s > 7(XP).

We can apply the lifting property in Theorem 3.2.5 to recast (4.2) and (4.3) in the form

of fractional Leibniz rules as

1D (T 0y, S 10 i, Nolgsge U1t 1D, (49
D" (T D g, S 10" T, N9l + 1 s 1%, - (46)

Analogous estimates hold for (4.4) and its Besov counterpart.
Moreover, due to Theorem 3.2.6, if X, X;, and X, are BFSs over (R", dz) such that M,,

is bounded on X', X/, and X, and if r = 2 and ¢ is a Coifman-Meyer multiplier of order 0,
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then for 1 < p,p1,p2 < 0o, we write (4.5) and (4.4) in the setting of BFSs as

1D (T (F. 9D w S 1D F L Ngllze + 117 Lxer 1Dl e (4.7)

ID*(T6 (f, 9o S 1D° Fllo 91l oo + 171l oo [1D0%9 ]l x - (4.8)

In the particular case when o = 1, (4.7) and (4.8) give the following fractional Leibniz rules:

1D*(F9)llr S 1D* Fllyrs lgllxgs + 1 lLxes 1Dl e (4.9)

1D*(fo)llxe S D Fllxo gl poe + 17N oo 1079l o - (4.10)

Moreover, a version of Theorem 4.1.1 along with the corresponding estimates (4.5) -
(4.10) hold in the inhomogeneous setting with an inhomogeneous Coifman-Meyer multiplier

and J? instead of D°.

Remark 4.1.2. Due to (2.8), if X is a QBFS over (R", ) such that p(X) < oo, the
assumptions in Items i) and ii) are satisfied, and Properties P7. and P8. are satisfied for

XP?, then Theorem 4.1.1 holds true with X; = Xo = X and 1/p = 1/p; + 1/ps.

Remark 4.1.3. The proof of Theorem 4.1.1 shows that different pairs of p; and py and X;
and X, can be used in each term on the right hand side of (4.2) and (4.3) as long as the

corresponding Holder-type inequality in (4.1) holds for both pairs.

4.2 Proof of Theorem 4.1.1

We now prove Theorem 4.1.1, following ideas presented in Naibo-Thomson [60] and ex-
tending the logic to the more general QBFS setting. We show here the details for the
homogeneous Triebel-Lizorkin and Besov space settings. The proof of the corresponding

result for the inhomogeneous spaces is similar.

Proof of Theorem 4.1.1. As in Naibo-Thomson [60], we begin with a decomposition of T,
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due to the work of Coifman-Meyer [21]. Fix ¥ € A(R") and choose ® € S(R") such that

O0) =1, D(&)=) W27, VEeR"\{0}.

Jj<0
Given sufficiently large N, we write T, = T} + T? where, for f,g € Sy(R"),

10w = Y T o G DA @ ) @)

a,beZm JEZ

with coefficients C(a, b) that are bounded uniformly in a,b € Z". That is,
Cj(a, )| S 2™, Va,b€Z",j €L,

with implicit constant depending on o. The term 77 is defined analogously, with the roles
of f and ¢ interchanged and constants C;(a,b) that are slightly different but still bounded
uniformly in a,b € Z".

It suffices to work with 7! and show that

1731, 9)]

s, SIF

potm[|g]]  xz2
FXplr g HX2 )
1

|175(f.9)]

5, S

Hs+m || || p2
Bxfl . g HX2
>

p/po
with corresponding estimates for (4.4) and its Besov counterpart. Moreover, ||>° ez i P
XP,r
2 jez il i;/;; for pg > max(p(X),p,p/r), with a similar inequality holding in Bj’(w. Thus,

it suffices to prove that given € > 0, there exist 0 < hy, hy < 1 such that for any f, g € So(R"™),

[7°(f.9)]

et = e+7-
by S LD RS Dol (@11

[7*"(f.9)]

s S a) TR+ )T || £
XP r

B gl xz2 (4.12)
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where

T(f,9) = 32 Cyla,b) (A7) (577

JEZ

with implicit constants independent of a,b € Z". Estimates corresponding to (4.11) and

(4.12) suffice for the fractional Leibniz rule in (4.4) and its Besov counterpart as well.

We show here the case when r is finite; the usual changes apply when r = oco. Let

~

v € S(R™) be such that ¢ has compact support and » = 1 on supp(®). Define ¢ such that

b(€)

(I\!(%é) +W(E) + W(2€), then v=1on supp(¥). Note that due to the supports of ¥

and ®, we have that for all j € Z and a,b € Z",

supp (ff [C’j(a,b) (A;r“qu) (S;-T”(bgﬂ) - {5 eR": [¢] < Qj}.

We start with the proof of (4.11). Theorem 3.4.1, the bound on the coefficients |C;(a, b)|,

and (4.1) give us that

[T*(f.9)]

s
FXP,T

AN

IN

1
T
T)

> [29C5(a,0) (AT p) (57%9))]

JEZ

Xp
:
S| (a0 (55%)] ) o
W=/ o
i) | el
jEZ ]GZ X§2

p1
Xl

Let 0 < hy < min(hxfl o~ 1); by Lemma 2.2.2 and the Fefferman-Stein inequality, we have

=

1

1
S+ ‘a’)s—&-n/hl (Z 9(s+m)jr Mp, (Aff)‘ )
X1 ]GZ Xfl
1
S (1 + ‘a’)a-‘rn/hl <Z 2(S+m)jr A;bf‘ )
jEZ lel

e4+n/h
~ (14 a7 f]

~S+m
Fopr o
107
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where the implicit constants are independent of a and f.

Now let 0 < hy < min(hxgz, 1). Applying Lemma 2.2.2 and the boundedness of M,, 5,

on X% we have

< (14 [p])=/"e
X152

sup S;qu’g‘

JEZ

M, h, <sup |ng‘)
jEZ

P2
X2

S (L o) (4.14)

sup |57 g]
JEZL X§2

~ (L )T gl s

where the constants are independent of b and g.

All together, this gives (4.11).

For (4.12), we again apply Theorem 3.4.1, the bound on |C;(a,b)|, and the Holder-type
inequality in (4.1) to obtain

1

r r
Xp

[T (f.9)]

290,(a.5) (A7) (57%),

B}(p,r ~ .
JEZL

1
< (s+m)jr Ta ¥ ( Tp® >) " 4.15
< ijz (AT f) (87" X) (4.15)
< Z o(s+m)jr H (Agl‘alllf) Her) sup S;qu)g’ ‘ )

jez 1 JEZ xP2

Set 0 < hy < min(hxfl, 1); apply Lemma 2.2.2 and the boundedness of M,, 5, on X{* to get

“A;anlfllel 5 (1 + ’a,|)€+n/h1 ,S (1 + ‘a|)s+n/h1

o (311)

NVl

)
P1 p1
X7 X!

where the implicit constant is independent of a and f. Therefore,

NV

1
r s
p1
X3

1
(Z 9(s+m)jr “A;anlf}erfl> S <Z 9(s+m)jr (1 + |a|)(€+n/h1)r
JEZ

JEZ

~ (14 a7 f]

Bs+m .
Xfl T
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The factor ||sup S;qu) g is treated as in (4.14). This gives the desired inequality (4.12).
JEL xP2
For (4.4) and its Besov2counterpart, we proceed as in (4.13) and (4.15) with X? instead

]

Ty @
5|

of X{* and sup;.y ‘ S;qu)gHLoo instead of HSHPJEZ

P2’
X5

4.3 Weighted Bi-Parameter Fractional Leibniz Rules

In this section, we state and prove fractional Leibniz rules associated to partial fractional
differential operators in the setting of weighted Lebesgue spaces. Analogous to the QBFS
case, the proof of these estimates employs tools in homogeneous weighted bi-parameter
Triebel-Lizorkin spaces. We first present the statement of the main result, followed by its

proof broken into three subsections.

Theorem 4.3.1. Denoting £ = (&1,&),n = (m,1m2) € R™ X R, let 0 = o(&,n) be a bi-
parameter Coifman-Meyer multiplier, and suppose 1 < pi,ps < oo and % < p < o are
such that 1/p = 1/p1 + 1/pa. If wy € Ay 2(R") Jwy € Ay, z(R™), w = WP uwbP | and
s¢ > e (1/min(p/7,, 1) — 1), then for all f,g € S(R™ x R™) it holds that

107 D2 (T6 (f> )| 2oy S NPT D3 fll o () 191 202 sy + 1D Fll o (1) 19279 L2 )

+ ”DSQfHLm(wl) ||Dilg||[,pz(w2) + ||f||LP1(w1) ||DT1D§29HLP2(UJ2) .

The proof of Theorem 4.3.1 follows ideas contained in Hale-Naibo [39] and Naibo—
Thomson [60], modified using techniques from Brummer—Naibo [14] to accommodate bi-
parameter function spaces and operators. The argument is divided into three parts. In
Section 4.3.1, we obtain a paraproduct decomposition of T, and in Sections 4.3.2 and 4.3.3,

we analyze representative components of the decomposition to obtain the desired estimates.
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4.3.1 Decomposition of T

Let ¥, € A(R™) and define ®, € S(R™) via

D(0) =1, D&))=Y Wy(277€), Vg € R™\ {0},

7j<-2

Then & = 1 on {&eR™:|&] < 1}, Supp(@) C{& e R™: || < 1}, and for any k € Z,

®277) = D ®(278), V& e R™\ {0}

j<k—2

Following the work in Brummer-Naibo [14], we write T, as a finite sum of bilinear multiplier

operators, which will be grouped into cases for study in Sections 4.3.2 and 4.3.3. We have

/ a(&,n) F(€)g(n)eX = E+ndgdy
RQn

_/ (&) ( (27 6) T (2 >> (.Z @(2]’252)@(2'“2772))

J2,k2€Z

Q.

G € dgdn

= Z I, 0, (f, 9) (),

t1,t2=1

where II;, 4, is the bilinear multiplier operator with symbol

Oty.42(€,m) = o (& MM* (&1, m) My (€2,m2),

and

M} (Ene) = > Ta(270&)Tg(27 ) =Y Wi(27960) Dy(277my),

Je,ke€Z Je€Z
ke<je—2
MF (&, me) = E ‘I’e 277t&)) ‘I’z E ‘I)z “kegy) ‘I’e ‘M),
Je,ke€Z ko€EZ
Je<ke—2
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2
M (&, me) = Z LZ Ty (27706, Wy (2~ G+,

5=—2 Ljecz

Without loss of generality, we focus on the case § = 0 for M. That is, we work with

M (&ome) =Y Ty (277€)Ty(277n).
Je€L
We prove appropriate estimates for each bilinear multiplier operator II,, +,, focusing our
attention on analyzing II,, ;, that are representative of the computations needed for analogous
paraproducts. In particular, we look at II; ; to represent Il 5, II; o to represent Il 5, II; 3 to
represent 1y 3,113, and Il34, and finally II3 3 stands on its own.
Let 1y, ¢y € S(R™) be such that QZg is supported on an annulus with @Z\g = 1 on the

support of \/I’\[ and qgg is supported on a ball centered at the origin with qge = 1 on the

support of @ We then write the symbol of 11, ; as

a(&,m) <Z ‘/1/\1(2_j1§1)6\1(2_j1n1)> <Z @(2—j2§2)@(2—j2772>>
J1€EZ =
- Z 03'173'2(2_j1€1’2_j252a2_j177172_j2772)\/1’\1(2_j1§1)6\1(2_j1771)

J1,J2€7Z

X Wy (27726,) By (27 721py),

where

~

Oinin(€01) = 0 (27€1, 2265, 27017y, 225, (€)1 (1 ) Pl €2) D (172)-

~

Now let D = [—4,4]?" where d is such that supp(c;, ;,) C D, and let ¢;, j,(a,b),a,b € Z",

be the Fourier coefficients of a periodic extension of o, ;,xp. Then we have

031,52 (27j1€17 27]'2527 27j17717 27j2772>
- < > ciila b)e%’”(%b)'(?“&72”5272”?7172]’2772))
1,J2 )
a,beZ™

X Xp(2771&1, 277265, 277y, 2772 ).
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Defining Cj, j,(a,b) = (1 + |a|> + |b]*)N¢j, j,(a,b) for sufficiently large N, it can be shown

that |C}, j,(a,b)| are uniformly bounded in j, € Z and a,b € Z™. Thus, we represent II; ; as

1 1 a 2 b 1 by ¥2
W 9@) = > Gramgpme 2 Crn@ AT AL 1@, 5,2 @)

a,bezn J1,J2€Z

where we have set T,F(-) = F'(- + %) and denote a = (ay,a2),b = (b1, by) € Z™ X Z™ (see

also Brummer—Naibo [14]). Analogous computations give

1 Tay U1 (Ta,® Ty, @1  Tp., ¥
H172(f7g)<x) = Z 1 2 b N Z C]l J2 CL b [A ' ISjQQ 2f](x>[sj1b1 1Aj2b2 29](1‘)7
a,bezn ( - |a| + | | J1,J2€Z
1 Tay U1 A TayTs Ty, @1 A Tp, ¥
I 3(f, 9)(7) = Z 1 21 b)Y Z g (@, D)[AG AR f] (x)[sjlb 1Aj2b g](2),
a,beZ™ ( + |CL| - | ‘ J1,J2€7Z
1 al\Ijl Ta v T 1‘1/1 T \IJQ
H3,3(f7 g)(x) = Z ( + ’CLP T ’b‘ )N Z le \J2 CL b)[A A ? Zf](m)[Ajlb Aj2b2 g](l’),
a,beZm J1,J2€7Z
where the coefficients C}, j,(a,b) are slightly different in each line.
For a,b € 7™, we denote
a ’H‘a Uy o Tay® Ty, @1 , Ty, Vo
OEY(fo9)(@) = D Cha(a,0)[A; TS5 fl(2)[S;," ™ A= gl (@),

J1,J2€7Z

with H‘f;g, H‘f;g, and Hgg defined analogously.

In view of the supports of ¥ and ®, it follows that supp(u;, ;) C {& € R™ : [&] S
21} x {& € R™ 1 |&| < 272} for all jy € Z, where uj, j, is the (i, j») term in TI7], TITS, TI%,
or Hgg

The bi-parameter lifting property in Theorem 3.3.1 along with (3.10) imply that

1DV D (T (s 9D oy S N T (S50,

Fpl™ (w) -

Thus, it is enough to prove that given ¢ > 0, there exists 0 < h < 1 such that for all
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f’g € ‘S’oo(]Rn1 X Rn2), we have

HH (f, g)‘ 02y < (L Jar )T (L + Jas])= % (1 + [by )75 (1 + |by| )T 7
X |IDT D3 fll o1 gy 191 202 (1) 5
HH‘fg(f, g)‘ ) < (1 |an]) ™ (1 A+ Jag) 2 (1 4 [be]) ™ (1 + [b]) 72
p2 \W

XAIDY fll o o) 195° 91 203 0

HH (f, g)‘ 02y <L+ |a])FTR (L + Jas))TH 7 (14 (b )T (1 + |by))=H 7
X ||Di§lD§2f||LP1(w1) ||g||Lp2(w2) 5
|13 9] 1, 0y, = Ol D (0 las) 5 (0 o) (1 o)
p,2 w

X HDTIDSQfHLm(wl) HQHLW(W) )

where sy > ny(1/ min(p/7y, 1) — 1).
The estimates associated to H1 by f;, and T3 3 can be treated similarly, and are addressed

in Section 4.3.2, with the estimates corresponding to 1_[17’2 discussed in Section 4.3.3.
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4.3.2 Estimates for Hcll:ll’, H‘fjg, and Hgg

Fixing 0 < h < min(py/Tw,, P2/Tw,, 1) and € > 0, we begin with H‘f:ll’(f, g). Theorem 3.4.2

the uniform bound for |Cj, ;,(a,b)|, and Hélder’s inequality give us that

a,b
HHM(fvg)) 51,59
Fp,2’ (’Ll))
1
Ty @1 Tyds 1|2\
y ; T \\ T v b 1 b 2
< § 51J1+5272 a1 T A fag®2 ! “bo
~ 2 [Ah AJz f] [Sh sz g]
J1,J2€7Z Lo ()
1
Ty, &1 Ty, 2\ 2
by F1 bg 2 31j1+32j2 Tal\I}l TaQ\IIQ
S sup S]l 5]2 g E 2 A]l Ajz f
J1,J2€Z e
J1,J2€7Z L (w)
1
Z A Ty &1 Ty, &
i ; To, ¥ Te, W
s1J1+8272 ap *1 ag *2 by P1 by P2
< 2 Ajl Aj2 f‘ ASI,H;Z Sj1 Sj? 9
J1,j2€Z L1 (wn) Ji.72 LP2 (ws)

Let ¢ € S(R™) be defined through ¢, (&) = W(16,) + Uy(&) + Wy(2,); then Wyihy = V.
Applying Lemma 2.2.4 and the Fefferman—Stein inequality associated to the strong maximal

operator, we obtain

1

9 2
; ; Teo, ¥ v
s1J1+s272 a1 *1 ag *2
2 ATA f‘ )

J

(¥

J1,J2€Z Lpl(wl)
1
S (1 a5 (14 Jao ) (Z 2 M (AT A >‘)
j17.j2€Z Lpl(’wl)
%
S (1 Jar )75 (1 + a7 ( > |rnayagy )
J1:32€2 L1 (wr)

~ (L Jaa )78 (1 + faz] )7 || £

Fpp2? (wn)

3R 2 S S
~ (L4 ]ar)™ 7 (1 + Jaz)* 7 |1 DY Dl 1o ()

where the final inequality follows from the bi-parameter lifting property in Theorem 3.3.1
and (3.9).
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Choosing ¢, € S(R™) supported in a ball centered at the origin satisfying @q/ﬁ\g = @, we

also get
Ty, @1 Ty,
sup | S8, g
J1,J2€Z LP2 (wy)
< (1 b e+ 1 b e+52 S¢15¢2
S (Ao )T (1 + b2]) n| osup |S51STg
J1,J2€Z Lp2(w2)

< (1 b z—:+n71 1 b s+n72 S¢15¢>2
S X+ o)A (1 + [baf) sup [S5157%g

J1,J2€Z LP2 (wy)

ny na
S (LA b)) (LA B2 Mgl o g -

with the last line following from Lemma 2.2.6.

Similar logic can also be applied to obtain the desired estimates corresponding to H‘fg( f,9)

and I15%(f, ).

4.3.3 Estimates for H‘fg

Beginning as with the estimates corresponding to II7’ 11’, Iy g, and H3 3, by Theorem 3.4.2, the

uniform bound for |C}, ;,(a,b)|, the estimate (2.7), and Hélder’s inequality, we obtain

b
2]
p72 (w)
Ty, ®1 , Ty, ¥ 2 :
5 E 2S1j1+82j20 i <CL b) |:ATa1\Ifls;'I;a2¢’2f:| |:Sj1b1 1Aj2b2 QQ:H
J1,J2€Z

LP(w)

S (L Ja) 72 (1 + [by )

NS i)

J1EZ

(NI

(S femaiz])

J2€Z

N
=

+Jaz) (1 4 [bu )

x (Z 27 M, AT‘”%f]Z)

J1EZ

=

9 2
S [, A7)
LP1 (wl) j2€Z P2 (w2)
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For wy € A, g(R") and wy, € A,, x(R"), Lemma 2.1.1 along with the Fefferman-Stein

inequality for M,,, imply that

S (L + a2 (14 by )

Fp ™ (w)
, (Z

J1EZ

|msser.9)]

1

9 2
(2 : 252]2AT’72\I}2 )
J2€Z

231]1 Talwlf‘ )

LP1(w1) LP2(w2)

As before, let 1, € S(R™) be defined through ¢y (&) = ( &)+ Uy(&) + U,y(26,); then
Ef\g’ll}\g = @. Using Remark 2.2.3, Lemma 2.1.1, and the Fefferman-Stein inequality on each

of the factors above, we obtain

I8 9)|[s, S  Laa) 8 (1 fag) 72 (0 [ ]) 47 (1 [l 72

Sl 52( )

1

(She) | (S Eesea])

jlez Pl (wl) J2€Z

S (L [an )7L+ Jao) 7 (L fbou )T (L [Bao]) 2

1S

J1EZ

LPr2 (U)2)

1
95272 sz

. 2\ ?
(Z jo 9 )
J2€Z

. 2 %
9511 A;#llf‘

LP1 (wl) LP2 (wg)

Now, note that

11P1

29N f (-1, o)

g . "
J1 J1
J1EZ J1EZ

LPr1 (wl)

LP1 (w1 (-1,y2)) || pp1
v2

and that wy € Ay, z(R") implies wq(-1,y2) € A, (R™) for almost every y, € R™ with

uniform constants by Lemma 2.1.1. Therefore, by Remark 2.2.1, the lifting property in
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weighted Lebesgue spaces (3.3), and the equivalences in (3.5),

2N AT f (1, s)

(=

J1EZ

9 2
> ~ ||Dilf('17 y2)||LP1(w1('17y2)) )

LP1(w1(-1,y2))

Hence,
1
(Z 25“'1M1f\2> ~ |IDP £
J1 1 Pr1 (wl) .
J1€EZ L7t (wr)
The same logic gives that
%
(Z 2w Al ) ~ [ D3gl
o 2 9l Lr2 (w,) -
J2€ZL P2 (w2)
Therefore,
HH‘fjg(f, g)‘ ) < (14 |an ) (1 + Ja) 2 (1 4 b ) (L + [by|) 172
p2 W

X ||Df1fHLP1 w1 HD;2g”LPQ wy) *
(w1) (w2)

59



Chapter 5

Fractional Leibniz Rules

in Specific Function Spaces

Theorem 4.1.1 gave fractional Leibniz rules in Triebel-Lizorkin and Besov spaces based on
QBFSs. In this chapter, we apply these estimates in different function spaces. Section
5.1 gives fractional Leibniz rules in the setting of r.i.QBFSs. Examples of rearrangement
invariant settings include Lebesgue, Lorentz, and Orlicz spaces, as well as weighted versions
of each of these. There are also applications of Theorem 4.1.1 in non-rearrangement invariant
settings, particular instances of which are discussed in this chapter as well. Specifically,
Section 5.2 contains results in the setting of weighted mixed Lebesgue spaces and Section
5.3 shows results in the context of weighted Morrey spaces, both including applications with

power weights. Finally, Section 5.4 gives estimates in the variable Lebesgue spaces.

5.1 Results in Rearrangement Invariant Spaces

We now present our results for fractional Leibniz rules in the setting of r.i.QBFSs. While
we show only the results in the homogeneous case, corresponding results also hold with an
inhomogeneous Coifman-Meyer multiplier and the inhomogeneous differential operator J°.

We first have a corollary to Theorem 4.1.1 giving estimates associated to T, in the setting
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of Triebel-Lizorkin and Besov spaces based on r.i.QBFSs.

Corollary 5.1.1. Let m € R, 0 < r < 00, 0 < p,p1,p2 < 00, d(&,1n), &,n € R, be a
Coifman-Meyer multiplier of order m, and w,wy,wy € Ax(R™). Suppose X, X1, and X
are 1.i.QQBFSs over (R",dz) with finite Boyd indices such that p(X),p(X1),p(X2) < oo,
Properties P7. and P8. are satisfied by X?(w) with r as given and s as below, and the
following Hélder inequality holds:

179l ey S I Lxrr oy 19l xz2(0yy > VS € X7 (1), g € X5%(w2).

. 1
Z) ]fS >n <min(pr/Tw,1/P(Xp)vT) N 1)) then

) S IFllgs

ITo(F. ), i o 19053 gy W s Wiy - 51

27

.. 1
i) If s >n (min(pr/Twl/p(Xp)) — 1>, then

1T ),y S IS

bt o 190522+ s Wl - (52)

- 1
Moreover, if s >n ( . ) 1),

min(ppx /Tw,1/p

170 (F, ),

w) < 1]

pimi) 19l e + 1 191l gy » (5.3)

with a corresponding estimate for the Besov spaces if s > n (min(ppx/m’l/p(xp)) — 1).

Proof. This follows by applying Theorem 4.1.1 with the r.i. QBFSs X (w), X1 (w;), and Xs(w,).
Indeed, since (X (w))? = XP°(w), whenever X7 is a BFS, (X (w))? is as well, giving that
p(X(w)) < p(X) < oo; similarly, p(Xi(wy)), p(Xa(wz)) < co. Moreover, (2.11) applied to
XP, X7', and X3* implies that hxe(w)rs Ryt () Rx22 (), > 0, while (2.13) applied to X7

implies s > 7,.(X?(w)). The argument for (5.2) is similar. O
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Applying the lifting property, we obtain the following versions of (5.1) and (5.2):

IIDS(Ta(f,g))||pg(pyT(w)§||D5f|lp)r;f1yr(w1) gl xez T Wt ||Dsg||pm ) (54

D" (T, 0Dl S WD g,y 1902y + 10t 1D G,y (55)

Moreover, using Theorem 3.2.7 and (5.4), we obtain the following estimates when the

symbol ¢ is of order zero:

1D (T (f, 9D prxer oy S NP Fll oz s 190 gz oy + 1 g 100 g e (5:6)
In particular, if o = 1, this implies
1D ) sy < 1Dy o Mol g oy + Ut N0 g - (520

Estimates analogous to (5.4) - (5.7) also hold for (5.3) and its Besov counterpart.
Finally, due to Theorem 3.2.7 and (3.8), the estimate in (5.6) implies the following frac-
tional Leibniz rule in weighted r.i.QBFSs.

Corollary 5.1.2. Let 0(§,n),&,n € R™, be a Coifman-Meyer multiplier of order zero and let
w € Ao (R™). Suppose X, X, and X5 are r.1.QBFSs over (R™, dz) with finite Boyd indices
such that p(X),p(X1),p(X2) < oo and Properties P7. and PS8. are satisfied by X?(w) with
r =2 and s as given below. Suppose that 0 < p < oo, p(X;) < p1 < 00, p(X3) < p2 < 00,

wi € Appy, (R"), wa € Ap,p (R™), and

1PX,
190 o) S W xrt o) 190 52200y - VI € XT(w1), g € X5 (w2).
. 1
Then if s > n (min<ppx/m,1/p<m>) - 1)7

1D°(T6 (fs 9Dy S WD Fllxcor oy 191 xz2 ) + 1 Lzt oy 1991 22 iy -
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In particular,

1D*(F9) oy S 1D* Fllrs oy 19022y + 11 oy 1070 2

Moreover, if p(X) < p < o0, w € Ay, (R™), and s > n (mm(ppx/é”l/p(xp)) - 1),

1D*(To (f, 9 xpwy S N1D° Nl xoguy 190 o + 1F 2 1979l x () (5-8)

and in particular,

1D (F D xrwy S 1D Fll oy 9 zoe + 1o 1D°9l sy - (5.9)

Remark 5.1.3. As a consequence of Remark 4.1.2, Corollary 5.1.1 holds in the particular
case that X is r.i.QBFS over (R", dx) with finite Boyd indices, p(X) < oo, X1 = Xo = X,
w=w; = wy, wE Ax(R™), 0 < p,p1,ps < oo are such that 1/p = 1/p; + 1/ps, and XP(w)
satisfies Properties P7. and P8. for 0 < r < oo and s as given in the statement of Corollary

5.1.1.

Remark 5.1.4. Due to Remark 4.1.3, different pairs of X;, X5 and p;, ps can be used on
the right hand side of (5.1) and (5.2).

5.1.1 Examples

We now give explicit examples of r.i.QBFSs where Corollary 5.1.1 may be applied, specifically
considering weighted Lebesgue spaces, classical weighted Lorentz spaces, Lorentz A-spaces,

and weighted Orlicz spaces.

Weighted Lebesgue Spaces

Corollary 5.1.1 gives as a particular case the previously known fractional Leibniz rules in
Triebel-Lizorkin and Besov spaces based on weighted Lebesgue spaces proved in Naibo—

Thomson [60], as well as (1.7) in the Hardy space setting and its weighted version. In this
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case, we have X = X; = Xy = L'(R"), 0 < p,p1,p2 < oo such that 1/p = 1/p; + 1/ps,
Wy, ws € An(R™), and w = w?’P'w?P. Therefore, p(X) = p(X1) = p(X2) = 1, px = qx = 1,
XP(w) = LP(w), XP*(wy) = LP*(wy), and XP2(we) = LP2(wy); the lower bounds for s are
n (m — 1) in the Triebel-Lizorkin case and n (W — 1) in the Besov setting.

Corollary 5.1.2 then gives the fractional Leibniz rules in the weighted Lebesgue spaces for

1< D1, P2 < 00, 1/p = 1/p1 + 1/p27 wy € Apl (Rn% wa € Ap2<]Rn), and s >n (min(pl/Tw,l) o 1>

1

and versions with L> for p > 1, w € A,(R"), and s > n (m

— 1) ; in particular, we

recover the unweighted version (1.1) presented in the introduction when o = 1.

Classical Lorentz Spaces

Given 0 < p,q < 00, the classical Lorentz spaces LP4(R™) are r.i.QBFSs defined through the

£ = ([ w(f*(s)siv@); | (5.10)

S

quasi-norm given by

where f* = f* with w = 1. These spaces extend the scale of Lebesgue spaces since LPP(R") =
LP(R™).

The Boyd indices for L»4(R™) are given by px = gx = p. We note that if 1 < p,q <
oo, LP(R") is a r.iBFS, and since (LP¢(R"™))P0 = LPPo:20(R™) we have p(LP4(R")) =
1/min(p,q,1). If X = LPYR"), then X (w) is given by (5.10) by replacing f* with f;.
Therefore, Corollary 5.1.1 gives fractional Leibniz rules for Triebel-Lizorkin and Besov spaces
based on weighted Lorentz spaces (see also Naibo-Thomson [60]). In this case, we have
0 < p.p1,p2,q,q1,q2 < oo satisfying 1/p = 1/p1 + 1/p; and 1/q = 1/q1 + 1/qe, X =
Lbvav X = [ha/m Xy, = [be/P2and w = w; = wy with w € A (R™). Therefore,
px = qx = 1, XP(w) = LPY(w), X7 (w) = LP*"(w), and X5?(w) = LP»%2(w) (see Hunt
[41, Theorem 4.5] for Holder’s inequality between these spaces). The lower bound for s
isn (m — 1) for the Triebel-Lizorkin case and n (W — 1> for the Besov
setting.

Corollary 5.1.2 then gives the following fractional Leibniz rule for weighted Lorentz
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Spaces:
1D*(T6 (f, )| oy S D Flloreas oy 191 ozaz oy + Il Lovar gy 1979l o202 ) »

with w S Amin(pl,p2)<Rn)u 1< P1,DP2,4q1,q2 < OO, 1/p = ]-/pl + ]-/p27 1/q = 1/Q1 + 1/@2’ and
s>n <m — 1), with corresponding counterparts for (5.8) and (5.9) if 1 < p,q < o©
and w € A,(R"). See also Cruz-Uribe-Naibo [23, 24] for the case 0 = 1.

Lorentz A-Spaces

The Lorentz A-spaces A are defined to be the collection of measurable functions f defined

1l = ( | f*(s)%(s)ds)é < oo,

where 0 < ¢ < 0o and v is a weight on (0, 00) (see Carro et al. [18]).

on R"™ such that

The classical Lorentz spaces presented above are a specific case of the Lorentz-A spaces,
since A? = LP4(R") for v(s) = s/P~1. Choosing v(s) = s/P~}(1+log¥(1/s))*, we obtain the
Lorentz-Zygmund spaces A9 = LP%(log L)* (see Bennett—Rudnick [6]). Alternatively, letting
v(s) = s¥P7H(1 4 log™(1/s))*(1 + log™ log™(1/5))?, then A? = LP%(log L)*(loglog L)? are
the generalized Lorentz-Zygmund spaces (see Evans et al. [31]).

As shown in Curbera et al. [27], X = A? has finite upper Boyd index ¢y whenever

1

¢
;/ v(z)dr So(t), t>0.
0

Moreover, if v satisfies

00 1 t
/ v(z)zr™Pdr S — | v(x)dz, t>0,
t

~Y
tpo 0

for large enough pg, (A2) is a Banach space, so p(A?) < oo (see Sawyer [66] and Carro et

al. [18]).
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Orlicz Spaces

Let ¢ be a Young function; that is, ¢ : [0,00) — [0,00) is continuous, convex, strictly
increasing, and
t t
lim @:0 and lim@:oo

t—0+ ¢ t—oco T

The Orlicz space L? is the collection of measurable functions f defined on R™ such that

||f||L¢:inf{A>o;/n¢<@) dxgl} < . (5.11)

It can be shown that Orlicz spaces are 1.i.BFSs. For X = L? and w a weight in R, the
weighted Orlicz space X (w) is given by replacing dz with w(z)dz in (5.11) (see Bennett—
Sharpley [7], Cruz-Uribe et al. [26], and Curbera et al. [27]).

We see that the Orlicz spaces also extend Lebesgue spaces, since in the case that ¢(z) =
2P, 1 < p < oo, we obtain the Lebesgue space LP(R™). Moreover, the Zygmund spaces
LP(log L)* for 1 < p < oo and a € R, a particular case of the Lorentz-Zygmund spaces of
Section 5.1.1, result when ¢(t) = t?(1+log™ t)®. These spaces have Boyd indices px = gx = p,
and (LP(log L)*)P = LPPo(log L)*. Other examples of Orlicz spaces include LP + L9 and
LP N L%, which are associated with ¢(t) ~ max(t?,t9) and ¢(t) = min(t?,t?), respectively,

and have Boyd indices px = min(p, ¢) and gx = max(p, q).

5.2 Results in Weighted Mixed Lebesgue Spaces

Theorem 4.1.1 also has applications to QBFSs that are not rearrangement invariant. In this
section, we obtain fractional Leibniz rules in Triebel-Lizorkin and Besov spaces based on
weighted mixed Lebesgue spaces as corollaries of Theorem 4.1.1 and show that particular
cases of these estimates include fractional Leibniz rules in weighted mixed Lebesgue spaces.

We then analyze these results for spaces with power weights.
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5.2.1 Preliminaries

For 0 < p,q < oo and a weight w on R", we define the weighted mixed Lebesque space

LP(L9(w)) as the collection of all measurable functions f defined on R™ such that

||f||Lp(Lq(w)) = (/ </ |f(x1,x2)|qw(x17x2)dx2) daﬁ) < 00.
R \JRn2

We note that taking p = ¢ recovers the weighted Lebesgue space LP(w).
In this setting, we consider a ‘mixed’ version of the Muckenhoupt classes, which we denote
A,(A,). Following the work of Kurtz [49], we define A,(A,) to be the collection of weights

on R™ x R™ such that the following constant is finite:

Y p-1
!

[w]4,(a,) = sup ][ (][ w(xl,:BQ)dxg)qul ][ (][ w(xl,xz)l—q'dxz)q drq ,
Q1,Q2 Q1 Q2 Q1 Q2

where the supremum is taken over all cubes ()1 C R™ and (s C R™. In the case that p = g,
we have A4,(4,) = A, z(R").

We restrict our attention to weights of the following form: if 0 < p, ¢ < co, we consider
w(xy, 19) = u(zy)v(zs), where u?/? € A (R™) and v € Ay, (R"). The following relationship
between these types of weights and the traditional Muckenhoupt weights was proven by
Kurtz [49].

Lemma 5.2.1 (Lemma 3 from [49]). The weight w(z1, z2) = u(xy)v(xs) is in Ap(A,) if, and
only if, uP/1 € A,(R™) and v € A (R™2). Moreover, [uP/9a ®m) < [W]a,(a,): [V]a,@ne) <

[w] 5 4 and [w]aya,) < [0/ 4, [0 s

In general, the mixed Lebesgue spaces LP(L?(w)) are not necessarily rearrangement
invariant (see Blozinski [10]); however, it easily follows that LP(L%(w)) is a QBFS over
(R™, uP/? x v). In this setting, Property P6i. is only required for measurable sets £ C R"
such that £ C I; x I, where I; and I, are measurable sets in R™ and R"™ with finite mea-

sures with respect to u?/(z;)dz; and v(xs)dzs, respectively (see Blozinski [10]). In the case
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that 1 < p,q < oo, LP(L4(w)) also fulfills Properties P2. and P6ii., where the same change
made for P6i. is implemented for P6ii.. We next note that (LP(L9(w)))? = LPP(L%(w)),
and therefore p(LP(LY(w))) = 1/ min(p, g, 1).

The following extrapolation theorem in weighted mixed Lebesgue spaces allows us to also
obtain the Fefferman-Stein inequality and necessary equivalences between spaces. The result
shown here is similar to that by Kurtz [49, Theorem 2|, but for pairs of functions; its proof

follows the same argument.

Theorem 5.1. Let F be a family of pairs of measurable functions such that for some 1 <

po < 0o and for all wy € Ay, =(R™), we have
[f@)Prwo(z)de S | g(@)["wo(x)dz,  Y(f,.g) € F.
R Rn

If 1 < p,q < oo, then for every w € A,(A,) such that w(xy,x2) = u(zy)v(x2), we have

||f||LP(Lq(w)) S ||g||LP(Lq(w))v v(f,9) € F.

Using this, the following Fefferman-Stein inequality holds. Its proof is similar to that of
Theorem 2.4.5.

Theorem 5.2.2. Suppose 0 < p,q < 00, 0 < r < 00, w(xy,x9) = u(x)v(xs) with uP/? €
A (R™) and v € Axo(R™), and 0 < h < min(p/7Typsa,q/T0,7). Then for all sequences of

measurable functions {f;};ez, we have

RIS
3=

(Z |Mn,h(fj>|’">

JET

S (Z Ifj\r> : (5.12)

L2 (L3 (w)) jcz LP(La(w))
with the sum in j replaced by the supremum in j when r = oco.

Remark 5.2.3. We note that for p = ¢, 0 < h < min(p,r), and w € A, z(R"), (2.1)
implies (5.12), since A,/ =(R™) C Ap/n(R™).
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This Fefferman-Stein inequality in the weighted mixed Lebesgue spaces immediately im-

plies the boundedness of M,, ;, on LP(L%(w)).

Theorem 5.2.4. If 0 < p,q < oo, w(x1,29) = u(wy)v(xy) with uP/1 € A (R™) and v €
Axo(R™), and 0 < h < min(p/Typ/a, q¢/7), then

1Mo ozaayy S I o oaun)-

We then define

) o
Toar(W) =N . — and 7,,(w) =n . —1).
P min(p/7Tue/a, q/To, 7, 1) P min(p/Tye/a, ¢/ 7o, 1)

This implies that for X = LP(L%(w)),

thZmin( P ,2,r> and hXZmin( b ,i),

Tur/a Ty Tur/a Ty

as well as

7(X) < 1pgr(w) and 7(X) < 7p,4(w).

Let 0 < r < 00, s € R, wbe aweight on R, and 0 < p, ¢ < co. When X = LP(L%(w)), we
denote the weighted homogeneous Triebel-Lizorkin space F - as Fg’qm(w) and the weighted

inhomogeneous Triebel-Lizorkin space I, as F, .(w). Analogous notation applies to the
scale of Besov spaces. The corresponding Hardy space is denoted by HP(w) and the local
Hardy space is denoted by h?4(w). We observe that since LP(LP(w)) = L*(w), Fpsyp’r(w)
yields the classical weighted homogeneous Triebel-Lizorkin space defined in Section 3.1, and
analogous associations apply for F;  (w), B;’;’pyr(w), By, (w), HPP(w), and hPP(w).

We can establish equivalences between Triebel-Lizorkin spaces, Hardy spaces, and the
weighted mixed Lebesgue spaces. These equivalences follow from an application of extrapo-

lation in Theorem 5.1, as well as the relationship between Triebel-Lizorkin and Hardy spaces

based on weighted Lebesgue spaces with those based on weighted mixed Lebesgue spaces.
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That is, for 1 < p,q < 0o and w(xy, x2) = u(z1)v(x2) € Ap(A4,),

FO

D,q,2

(w) = F°

D:9,2

(w) = H*(w) = W9(w) = LP(L%(w)), (5.13)
with equivalent norms.

5.2.2 Fractional Leibniz Rules in LP(L%(w))

We first state a corollary of Theorem 4.1.1 in the Triebel-Lizorkin and Besov spaces based on
weighted mixed Lebesgue spaces. We then present Leibniz rules in weighted mixed Lebesgue

spaces.

Corollary 5.2.5. Let m € R, 0(&,n),&,n € R", be a Coifman-Meyer multiplier of order m,
0<r<oo, and 0 < p,p1,p2,q,q1,q2 < 00 be such that 1/p=1/p1 + 1/ps and 1/qg=1/q1 +
1/gs. Suppose wi(x1, T2) = ug(x1)vi(x2) and wa(wy, x2) = ua(w)va(w2) with ul'™ ub'? ¢
Aso(R™) and vy, vy € Ax(R™); set w(wy, m2) = (w1 (21, 22))Y 9 (wo (1, 22))9 2 and assume

LP(L9(w)) satisfies Properties P7. and P8. with r as given and s as below.

i) If s > 7,4, (w), then

ITo(Fs iy S 1Nz oy 190 i gy + 1 L atmras oy 19ty - (5:14)
i) If s > 7, ,(w), then
||Ta(f> 9)| B 4r(w) S ||f| Byt o(wr) ||9||szvq2(w2) + ||f||Hm,q1(w1) ||9| ByFe r(ws) (5-15)

In particular, (5.14) and (5.15) hold for u = uy = uy, v = vy = vy with uPY/U yP2/® ¢

A (R™) and v € Ax(R™), in which case w = wy = wy. Moreover, if s > 7,4, (w), then

IT5(f, 9)]

F5+m(w) 9 (516)

p,q,T

i w) ~ I ey 9l oo + 171 oo Nl

with corresponding analogous estimates for the Besov spaces if s > T, ,(w).
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Proof. We first note that w(zy, zs) = u(z;)v(xy) where u(z1) = (ug(21))7 (uy(21))?% and
0(w2) = (v1(22))? " (va(22))?%. We then have that uP/e = (42" )P/Pr (y22/2)p/P2 belongs to
Aso(R™) since u?/ 12/ € A (R™) and p/py + p/ps = 1; similarly, v € A (R™) since

v1, V3 € Ao (R™) and q/q1 + q/q2 = 1. Moreover, a simple computation shows that

|ngLP(L‘1(w)) < HfHLpl(qu(wl)) HQHLPQ(qu(wQ))'

We then apply Theorem 4.1.1 with X = LY(L9/P(w)),X; = LY(L%/P(w,;)), and X, =
LY(L%/P2(wy,)), which verify all assumptions required. Therefore, (5.14), (5.15), and (5.16)

with its Besov counterpart follow. O

Remark 5.2.6. Corollary 5.2.5 requires LP(L%(w)) to satisfy P7. and P8. for r and s as
stated. We first note that if 0 < p,q < 0o, w(z1, z2) = u(w;)v(wy) with u?/?7 € A (R™) and
v € Au(R™), 0 < r < o0, and s € R, then the inclusions So(R") — F;q,r(w), So(R") —

B;qm(w), and their inhomogeneous counterparts hold since it can be proved that there exists
N > 0 such that (1+ |x;]+ |2s]) ™" € LP(L9(w)). Moreover, under the same assumptions on
the weights and indices, the inclusions F;q’r(w) — SH(R™), B;W(w) — S)(R™), and their
inhomogeneous counterparts, as well as the completeness of the spaces hold in the following

cases:

1. In the case that 1 < p,q < oo, it can be proved that (1+ |x;|+ |xs]) ™ € (LP(LY(w)))'.

The desired inclusions and completeness follow.

2. When 0 < p,q < oo and u and v satisfy

/ P (y)dy, >t and / v(ya)dys > %, (5.17)
lz1—y1|<t lze—y2|<t

forall t > 0, x1 € R™, 5 € R™, and some dy,dy, > 0, it can be proved that if

~

fe LP(Li(w)) NS’ (R") is such that supp(f) C [—a,a]™ for some a > 0, then

dy
P

dg
[l S a T HfHLP(Lq(w)) , (5.18)
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where the implicit constant is independent of f and a. With the estimate (5.18), the
proofs of the desired inclusions and completeness follow similar ideas as in those for
the classical settings (see Triebel [68, Section 2.3.3]). A proof of (5.18) can be obtained
using analogous steps to those in Qui [64, Lemma 2.5]; the unweighted case of (5.18)
was treated in Johnsen—Sickel [43]. For later use, we note that if u(z) = |z1]|* and
v(z2) = |12|° with @ > 0 and b > 0, then u and v satisfy (5.17) with d; = n; + ap/q
and dy = ny + b (see Grafakos [34, p. 505 - 506]).

Applying the lifting property, the estimates (5.14) and (5.15) can be recast as

1D (T, (£ 9D g,y SUDF iy 9l s 510

1l oy 120y

P

ID*(To(f, 9 g,y SID°fllg . wn) 9N im2.00
p,q,r( ) pl,ql,r( 1) 2 2( 2) (520)

F W v oy 109l 5 ) -

P2,92,7
Using (5.13), Remark 5.2.6, and that 7,,2(w) = 0 for 1 < p,q¢ < oo and w(zy,2) =
u(zy)v(xe) € Ap(A,), we obtain the following Leibniz rules in weighted mixed Lebesgue

spaces.

Corollary 5.2.7. Let 0(§,n),&,mn € R™, be a Coifman-Meyer multiplier of order zero and

1 < p,p1,p2,4,q1,q2 < 00 be such that 1/p = 1/py + 1/ps and 1/q = 1/q1 + 1/qa. Suppose
wy (21, ¥2) = wr(21)v1(22) € Ap, (Ag), o1, T2) = uz(1)v2(22) € Apy(Ag,), and w(wy, x2) =

(w1 (21, 29)) V9 (wo (w1, 12))7%2 € Ay(A,). If s > 0, then

||DS(TG(f7 g))HLP(Lq(w)) rg HDsf”Lpl(qu(wl)) HgHLm(qu(wg))
+ ||f||LP1(L91(w1)) ||D89||Lp2(qu(w2)) .
Versions of Corollaries 5.2.5 and 5.2.7 and the corresponding estimates for (5.19) and

(5.20) also hold in the inhomogeneous setting with an inhomogeneous Coifman-Meyer mul-

tiplier and the operator J°.
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5.2.3 Example: Power Weights

Of particular interest are power weights, or weights of the form |21 |*|z,|® in the homogeneous
setting and ()" (x5)" in the inhomogeneous setting, where (3)* = (1 4 |y|?)*2. In this
section, we present examples of fractional Leibniz rules for weighted mixed Lebesgue spaces
associated to power weights.

We first recall that for 1 < 7 < 0o, a power weight |z|*, x € R™, is in A,(R") if, and only
if, —n < a < n(7 —1). Therefore, in order for u;(z;) = |z1|% and v;(x3) = |22]%, j = 1,2, to
meet the conditions in Corollary 5.2.5 that ugi/ Y€ As(R™) and v; € A (R™2), we require
that

—n12<aj<oo and  —ny < b; < oo.
pj

With these conditions on a; and b;, j = 1,2, Corollary 5.2.5 holds with wq(z1,22) =

|21 | 2o |", wo(xy, 29) = |21]9%| 22?2, and w(xy, 22) = |21]?|22|° Where

b b b
a9 @1 Q2 9 @1 Q2
if LP(L9(w)) satisfies P7. and P8. for r and s as needed, in particular, if 1 < p, ¢ < oo or, if
O<p<lor0<gqg<1anda,b>0 (see Remark 5.2.6).
To obtain Leibniz rules in mixed Lebesgue spaces with power weights we use Corollary

5.2.7, which requires wy € A, (A, ), ws € Ap,(Ay,), and w € A,(A,). Therefore, we impose

further conditions on the exponents a, as, by, and by. Using Lemma 5.2.1, we require, for

j=1,2,
_nlq_ﬂ <a; < %—/1 and  —ny < b; <mna(g; — 1),
pj J " 1 (5.22)
n a a n n i
_ _1_|__2<—/1 and ——2<—1+_2<_?'
P Q1 Q2 P @ Qo w2 9

In particular, in the case 0 = 1 and for those values of a, ay, as, b, by, and by as in (5.21) and
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(5.22), Corollary 5.2.7 gives

HDs(fg)HLP(Lq(|zl|a\m2\b)) 5 HDSf||LP1(Lf11(|g:1|a1|g:2\b1)) HgHLPz(Ltu(\gcl\az\gcg\bQ)) (5 23)

+ ||f||L1’1 (L (|z1]%1|22]b1)) HDSg”Lm(L02(\x1|a2|g;2|b2)) :

An analogous result also holds in the inhomogeneous settings.

We note that when a = a; = ay and b = b; = by, the conditions in (5.22) translate to

—nlmin<2@g><a<n1min(2@g> and  —mny <b<mna(qg—1).

p1 pap Py

Using different methods of proof, fractional Leibniz rules in weighted mixed Lebesgue
spaces with power weights were also proved in Oh—Wu [63, Theorem 1.6]. In this work, they

let 1/2 S b, q S o, 1 S P1,P2,q1, 42 S o, and 0 S a7a1>a2abab1>b2 < oo be such that

1/p=1/p1+1/ps, 1/q = 1/q1 + 1/go, and satisfy (5.21). For s > max <n (m — 1) ,0)

or s a positive even integer, they obtain
Hjs(fg)“LP(L'I((:m)a(mg)b)) S HJSfHLPI(LLH((x1>“1(x2>b1)) HgHLW(LqQ((xl)a?<22)b2))
AW o g oy ooy 19791 o (o2 (o2 (wayray) -

5.3 Fractional Leibniz Rules in Weighted Morrey Spaces

In this section, we present Leibniz rules in weighted Morrey spaces. For 0 < p <t < oo and

w € A (R™), the weighted Morrey space M) (w) consists of measurable functions on R such

(/ |f(x dx>l<oo,

where the supremum is taken over all balls B contained in R". In the case that ¢t = p,

that

1_
||f||Mt(w = SUP w(B)?

@\»—‘

it is easy to see that we recover the traditional weighted Lebesgue space, LP(w). In this
setting, we denote the homogeneous Triebel-Lizorkin and Besov spaces as F[“; t]r(w) and

B[;’t]m(w), respectively, and the Hardy space as HP#(w). The inhomogeneous spaces are
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represented analogously. We refer the reader to Rosenthal-Schmeisser [65] for more details
about weighted Morrey spaces and to the works of Kozono-Yamazaki [48], Mazzucato [52],
and Izuki et al. [42] regarding Morrey-based Triebel-Lizorkin and Besov spaces.

Applying the same argument as that in Theorem 4.1.1, we obtain the following estimates

which recover the result in Naibo-Thomson [60, Theorem 6.2].

Theorem 5.3.1. Let m € R, and suppose o(&,1),&,1 € R, is a Coifman-Meyer multiplier

of order m.

i) Ifw € AoR"), 0 < p <t <00, 0<p <t <00, 0 < py <ty < o0 are

such that 1/p = 1/p1 + 1/py and 1/t = 1/ty + 1/ty, then for 0 < r < oo and s >

1
n (min(p/Tw,T,l) o 1)’

ITo(f )i,

) S I/

perm @) l9ls 1) + 1l @ llgllpeem @) (5.24)

where different pairs of pi1,pe and ti,ty can be used on the right hand side of the

inequality above. Moreover,

ITo(£ 9l

sty

i @)llgllee + Il llgll e () (5.25)

i) [fwl,wgero(R"),w—wp/pl PP () < p <t < oo, 0< py,ps < oo are such that

1/p=1/p1+1/py and s > n (W — 1>, then

To(f sy S

(w1) HgHH[Pzﬁpzt/P](wz)

vk (5.26)

Fs+m

+ ||f||H[p1,p1t/p](w1) ||g| F[;J’T; ¢/l (w2)
Estimates analogous to (5.24) - (5.26) hold in the Besov setting when s > n (W — 1>.

From Theorem 5.3.1, we deduce Leibniz rules in weighted Morrey spaces and Hardy

spaces based on weighted Morrey spaces. Through an extrapolation theorem in Morrey
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spaces given in Duoandikoetxea—Rosenthal [30, Corollary 4.3], for 0 < p < t < oo and

w € Ax(R™), we obtain
HP (w) = F[%tm(w) and APl (w) = F[%tm(w), (5.27)

with equivalent quasi-norms. We also note that the lifting property holds in Triebel-Lizorkin
and Besov spaces based on weighted Morrey spaces.
These equivalences and (5.24) combined with the lifting property give that under the

hypotheses of Theorem 5.3.1 for a Coifman-Meyer multiplier ¢ of order zero,

| D* (T (f, ) vy S WD Fll rwr1 oy 19 2 w1y + (1 F L irmr 00 o) [ D gl vt -+ (5-28)

From (5.25) and (5.26) we also have

I1D*(To (f, )| vy S ND° fll vy gl + I oo 1D gl v (5.29)

and

1D°(T6 (fs ) artv-1 0wy S WD Fll rtononesnl uoyy (9 o merm oy (5.30)

+ HfHH[m,mt/p](wl) HDngH[I727th/p](w2) .

Similarly, for 1 < p <t < oo and w € A,(R"), we have that, through extrapolation in
Duoandikoetxea-Rosenthal [30, Theorem 4.1],

B o(w) = Mi(w) and  F{o(w) = M(w).

Using this, (5.27), (5.28), and the fact that |[-[| () < [l gip.0(,) for 0 <p <t < oo, under
P
the hypotheses of Theorem 5.3.1 with 1 < p1,p; < 00, W € Apin(p, po)(R"), and m = 0, we

have

1D° (T (F. 0D s < 10" Flagts 9l oy + 11t 120
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as well as an analog to (5.29):

| D* (T (f, ) arewy S ND° Fllae oyl gllizoe + 11 £ llzoe 1D gl are () -

Moreover, if 0 < p < t < oo and 1 < p;,ps < oo are such that 1/p = 1/p; + 1/po,

wy € Ay, (R"), wy € Ay, (R"), and w = w?” w?’™ then

1D (Lo (fs glaggwy S ND°Fllygaeso o 191y gmarm gy + I lagmrere oy 1D 9l gparn -

We can apply these results with power weights as a specific example. For 1 < py,ps < o0

and w(x) = |x|*, we require that w € Apin(p, po) (R"); equivalently,
—n < a <n(min(p;,p) —1).

Then for% <p<t<oo,1l<p <t <oo,and 1 < py <ty < cosuchthat 1/p=1/p1+1/ps
and 1/t = 1/t; + 1/t5, and w(x) = |z|*, with a as above,

HDS(Ta(fa 9))||M,§(Ix\“) 5 HDSfHM;mx\a)||g||M;§(|m\a) + ||f||M;i(|x|a)HDSQHM%(\:W)»

where s > n (%1) — 1) ifa<0ands>n <+> — 1) if a > 0. Similarly, we have

: ——
min( min( 785

1 D*(T5(f, g) Iz oty S D Fllarz i lgllzee + 11 lzoe 1D gl az (1)

Further, suppose 0 < p <t < oo and 1 < p;,ps < oo are such that 1/p = 1/p; + 1/pe; also

let wq(w) = |z|* and wy(x) = |z|*? with

—n<a; <n(p;—1), j=1,2,

7



and w = wP uwh/P =

= |z|’, where b = p(a1/p1 + as/p2). Then we have

HDS(TU(f7 g))“MZ,(mb) 5 ‘|Dsf’|M511t/P(|x|a1) HgHszQQt/P(|x|a2) (5 31)

+ ||f||M5111/P(|x‘a1) ||Dsgl|M522t/P(|m|a2) )

withs>n<;p1)—1) ibeOands>n<+1)—1> ifb> 0.

min( min(b/n+1,

Moreover, corresponding versions of Corollary 5.3.1 and (5.28) - (5.31) also hold with an

inhomogeneous Coifman-Meyer multiplier and the inhomogeneous differential operator J°.

5.4 Fractional Leibniz Rules in Variable Lebesgue Spaces

We now discuss applications of Theorem 4.1.1 in the setting of variable Lebesgue spaces. We
begin with some definitions and notation followed by results in this context.

Let Py be the collection of measurable functions p(-) : R™ — (0, 00) such that

p_ =essinfp(z) >0 and p, =esssupp(x) < co.
reR”™ z€R™

For p(-) € Py, the variable Lebesgue space LP() is the class of all measurable functions on R™

p(z)
Hf||Lp<->:iﬂf{)\>01/ dm§1}<oo.

With this quasi-norm, LP) is a QBFS (BFS when p_ > 1). Note that if p(z) = py, 0 < pp <

such that
f(z)
A

00, then LP) coincides with LP°(R") with equality of quasi-norms. Similar to the traditional

Lebesgue spaces,

WA oy = 1 e (5.32)

and, if p_ > 1, (LPO)Y = LP0) where p/(-) is defined to be the pointwise conjugate exponent
of p(+); that is, p/(+) is such that




Let D be the collection of p(-) € Py such that the Hardy-Littlewood maximal operator
M,, is bounded on LPO). A necessary condition for p(-) € D is p— > 1, while log-Hélder
continuity conditions are sufficient. Moreover, it can be proved that the following conditions

are equivalent for p(-) € Py such that p_ > 1:
a) p(-) € D;
b) p'(-) € D;
c) p(-)/q € D for some 1 < ¢ < p_;

d) (p()/q) € D for some 1 < g < p_.

See Cruz-Uribe et al. [22, Theorem 1.2] and references therein.
A version of Hélder’s inequality holds for variable Lebesgue spaces: if p(-), p1(), p2(+) € Po
are such that 1/p(-) = 1/p1(-) + 1/p2(+), then

1 allzor S WSl gl pracr s VF € L0, g € LP20),

The case for exponents in Py such that p_ > 1 is given in Cruz-Uribe-Fiorenza [25]; the
general case follows from the latter case and (5.32).

Jensen’s inequality combined with (5.32) give that if p(-) € Py and 0 < 79 < oo is such
that p(-)/70 € D, then p(-)/7 € D for 0 < 7 < 79. Therefore, we define P; to be the

collection of p(-) € Py such that p(-)/m € D for some 75 > 0 and, for p(-) € P, we set

Ty =sup {7 > 0:p(-)/7 € D}.

We observe that 7,y < p_. The following version of the Fefferman-Stein inequality is
obtained by using Cruz-Uribe-Fiorenza [25, Section 5.6.8] and (5.32). For p(-) € P§, 0 <

r < oo, and 0 < h < min(7,.),r),

(Z |Mn,h<fj>|*> 1 s (Z w) T

JEZ ]720) JEZ r()
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In particular, for 0 < h < 7,(), M, is bounded on LPO): e,

Mo n (W poer S NNl o -

As a consequence, if X = L) and p(-) € P;, we have hx, > min(7,.y,7) and hx > 7,(.), as

well as

1 1
X) < 1 X) < —_—1].
= (G 1) 0= (G )

For s € R, 0 < r < o0, and p(-) € Py, we denote the homogeneous Triebel-Lizorkin

and Besov spaces in this setting as Fp(.) and B;(.)T, respectively. More general variable

exponent Triebel-Lizorkin and Besov spaces, where r and s are replaced with functions are
considered in Diening et al. [29] and Almeida-Hé&sté [1]. The Hardy space with variable
exponent p(-) € Py will be denoted HP). The corresponding inhomogeneous spaces are
denoted analogously.

We then obtain the following fractional Leibniz rules in variable exponent Triebel-Lizorkin

and Besov spaces as a corollary to Theorem 4.1.1. This result was also proven directly in

Naibo-Thomson [60, Theorem 6.4] using methods similar to those for Theorem 4.1.1.

Corollary 5.4.1. Let m € R,0(&,1),&,n € R, be a Coifman-Meyer multiplier of order m,
0<7r<oo, p(-),p1(+), p2(+) € P be such that 1/p(-) = 1/p1(-) + 1/pa(-), and assume LPC)
satisfies Properties P7. and PS..

i) If s >n <ﬁ - 1), it holds that

()Ml

IToC s S Wi Nl + Wl Nlgsse 5 (533)

i) if s >n <m — 1>, it holds that

Tp<4

IT5(f, 9)]

By, SIS

g gllgeo + 1 lgmo lgllgsem (5.34)
p1(-),r p2(-),r
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where different pairs of pi1(-) and po(-) can be used on the right hand sides of (5.33) and
(5.34). Moreover, if s >n (W — 1), then

1T (f allgs S Ul Nallpe + 1[Iz lgllps (5.35)
p(-),r p(-),r p(-),r

with a corresponding estimate holding in the Besov setting for s > n (m - 1).

Proof. We apply Theorem 4.1.1 with X = LPO), X; = LP0)) X, = [P20) and p = p; = py =
1. Then X? = [P0) X' = [10) and X2? = LP20) fulfill all conditions of Theorem 4.1.1,
implying that (5.33), (5.34), and (5.35) with its Besov space counterpart follow. Finally,
Remark 4.1.3 implies that different pairs of pi(-) and ps(-) can be used on the right hand
sides of the estimates in (5.33) and (5.34), provided that both pairs satisfy the Holder

relationship with p(+). O

As in the settings of weighted mixed Lebesgue and weighted Morrey spaces, we can apply
the lifting property (see also Diening et al. [29, Lemma 4.4]) and write the estimates (5.33)
and (5.34) as

1D*(T5(f, 9o SUD* fllpm  Mgllgeaer + 1 f g 1Dl (5.36)
p(-),r p1(:),r pa(),r

1D Dl SIDFlgn ol + 1 lamo 1Dl 5 (537

(5.35) and its Besov counterpart can be also be rewritten in a similar manner.

Now, by using Theorem 1.3 in Cruz-Uribe et al. [22], an extrapolation theorem that allows
to deduce inequalities in variable Lebesgue spaces from weighted inequalities in classical
Lebesgue spaces, it follows that if p(-) € P, then

F)y,=H"Y and  Fj,,=h". (5.38)

p(),

With this in mind, using (5.36) and (5.38), when ¢ is a Coifman-Meyer multiplier of order
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zero, Corollary 5.4.1 gives

1D (T (f; ) e S NID” Fllgsr |9l zacr + [ 1w 1Dl oot (5.39)

in particular, when o =1,

ID*(f )l e S D Fll oo 9l gz + W g 197 grmacr - (5.40)

Moreover, for p(-) € D, by Theorem 3.2.6 applied with power ¢ to X = LP()/9, where q is as

in Item c) on Page 79, we have

Jal Fo(.%2 = PO = pp0) = [P0) (5.41)

p(')12 = p

with equivalence in norm (see also Diening et al. [29, Theorem 4.2]).

Thus, when p;(-), p2(-) € D, using (5.39), (5.41), and (3.8), we obtain

1D*(To(f, 9| oer S NP fllporr 191 ooy + L oner 1D° ] ponc (5.42)

and, in the specific case that 0 =1,

ID*(F D vy SND° Fllones [ poer + 1LF | ores 1Dl oo -

Corresponding estimates for (5.35) also hold.

We note that (5.42) was proved in Cruz-Uribe-Naibo [24, Theorem 3.1] using bilinear
extrapolation techniques.

Versions of Corollary 5.4.1, (5.36), (5.37), (5.39), (5.40), and (5.42) hold in the inhomo-

geneous setting with an inhomogeneous Coifman-Meyer multiplier and the operator J°.
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