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Abstract

Studies on the effects of low-dose-rate chronic radiation exposure in populations require

large amounts of data to find statistically significant associations between low radiation

doses and different carcinogenic and cognitive health outcomes of interest. These studies

are important not only for furthering the understanding of safe limits on Earth but also

for improving the safety of missions to space. Existing statistical software packages were

not designed to run complex risk models on millions of rows of data, and generally cannot

consider exposure uncertainty or competing events in the data.

This need was met with the development and testing of the R package Colossus, which

can apply risk models that were not typically available in R packages and take advantage of

the available hardware to run regressions on big datasets quickly. One important aspect of

Colossus is that it is open-source and uses a modular design to allow future capabilities to

be added as needed. A series of tests were performed to verify that Colossus performed as

intended and could perform analyses similar to other existing software.

The first novel application of Colossus was the analysis of large-scale plasmode simula-

tions. A hypothetical study was proposed to characterize the competing risk effects of lung

cancer mortality on the risk model parameter estimates of smoking status on Parkinson’s

disease mortality. Standard methods of plasmode simulations could not increase the obser-

vation time of individuals, which was hypothesized to lead to competing risk effects in the

model parameter estimates. A random forest algorithm was used to extend the observation of

individuals, and event rate models were simulated in the extended and unextended datasets.

Analysis of the unextended data with only Parkinson’s disease mortality produced results

similar to the extended data with multiple competing events modeled, demonstrating that

the unextended plasmode simulations induced effects similar to competing risks. Thus, sim-

ulation studies investigating the effects of competing risks in existing data require a method



of extending the observation of individuals to simulate outcomes without the effects of events

in the original data.

The availability of exposure uncertainty propagation methods is one of the most signif-

icant capabilities of Colossus. Functions were implemented to perform Frequentist Model

Averaging and Monte Carlo Maximum Likelihood algorithms using multiple realizations

of radiation exposure. These automated functions could analyze thousands of realizations

several times faster than manual methods because of the large amount of time required

to process the data for each realization. These capabilities allow researchers to propagate

exposure uncertainties into their analyses.

Colossus can currently perform radiation cohort analysis, which was previously not avail-

able with public software; however, further work is required. Additional capabilities are

planned to be added, particularly different logistic model regression options. A multiple-

realization analysis with real data is planned, which will provide more meaningful regression

results and a better understanding of the true uncertainty in the risk-model parameters. Fi-

nally, further work is required to optimize Colossus. Further research into available libraries

and alternative code bases may open up optimizations that would allow these analyses to be

performed with even less time and memory required.
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Abstract

Studies on the effects of low-dose-rate chronic radiation exposure in populations require

large amounts of data to find statistically significant associations between low radiation

doses and different carcinogenic and cognitive health outcomes of interest. These studies

are important not only for furthering the understanding of safe limits on Earth but also

for improving the safety of missions to space. Existing statistical software packages were

not designed to run complex risk models on millions of rows of data, and generally cannot

consider exposure uncertainty or competing events in the data.

This need was met with the development and testing of the R package Colossus, which

can apply risk models that were not typically available in R packages and take advantage of

the available hardware to run regressions on big datasets quickly. One important aspect of

Colossus is that it is open-source and uses a modular design to allow future capabilities to

be added as needed. A series of tests were performed to verify that Colossus performed as

intended and could perform analyses similar to other existing software.

The first novel application of Colossus was the analysis of large-scale plasmode simula-

tions. A hypothetical study was proposed to characterize the competing risk effects of lung

cancer mortality on the risk model parameter estimates of smoking status on Parkinson’s

disease mortality. Standard methods of plasmode simulations could not increase the obser-

vation time of individuals, which was hypothesized to lead to competing risk effects in the

model parameter estimates. A random forest algorithm was used to extend the observation of

individuals, and event rate models were simulated in the extended and unextended datasets.

Analysis of the unextended data with only Parkinson’s disease mortality produced results

similar to the extended data with multiple competing events modeled, demonstrating that

the unextended plasmode simulations induced effects similar to competing risks. Thus, sim-

ulation studies investigating the effects of competing risks in existing data require a method



of extending the observation of individuals to simulate outcomes without the effects of events

in the original data.

The availability of exposure uncertainty propagation methods is one of the most signif-

icant capabilities of Colossus. Functions were implemented to perform Frequentist Model

Averaging and Monte Carlo Maximum Likelihood algorithms using multiple realizations

of radiation exposure. These automated functions could analyze thousands of realizations

several times faster than manual methods because of the large amount of time required

to process the data for each realization. These capabilities allow researchers to propagate

exposure uncertainties into their analyses.

Colossus can currently perform radiation cohort analysis, which was previously not avail-

able with public software; however, further work is required. Additional capabilities are

planned to be added, particularly different logistic model regression options. A multiple-

realization analysis with real data is planned, which will provide more meaningful regression

results and a better understanding of the true uncertainty in the risk-model parameters. Fi-

nally, further work is required to optimize Colossus. Further research into available libraries

and alternative code bases may open up optimizations that would allow these analyses to be

performed with even less time and memory required.
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Chapter 1

Introduction and Background

1.1 Recent History of Radiation Epidemiology

Merriam-Webster defines epidemiology as “the sum of the factors controlling the presence or

absence of a disease or pathogen”7. Radiation epidemiology studies how radiation exposure

in a population changes the rate of diseases and disorders. Radiation epidemiology has

historically focused on the impact of specific exposures in limited populations. Radiation

exposure measurements require an existing system to detect and report individual radiation

exposures, or a highly detailed understanding of the radiation source. This limitation led

to much of the understanding of the health effects of radiation originating from the analysis

of specific groups, such as the Life Span Study (LSS) of atomic bomb survivors8, uranium

miners9, and those impacted by the Chornobyl reactor accident10. Epidemiologists analyze

these cohorts to understand the effects of radiation and to help protect future populations

from radiation overexposure. One common trend is that these studies often investigate

significant exposures to cohorts with thousands to tens of thousands of subjects. These

studies differ in the duration of exposure; some cover acute exposures on the scale of seconds,

while others cover chronic exposures on the scale of years.

Early studies of atomic bomb survivors defined the steps followed by radiation epidemiol-

ogists. After the atomic bombs were dropped, Japanese and American groups began working
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in the surrounding areas to conduct surveys on the injuries and immediate health impacts of

radiation exposure8;11. In the following years, a census was conducted to collect information

on where the survivors were at the time of the bombings. The cohorts collected during the

survey formed the basis of multiple longitudinal studies conducted by the Atomic Bomb

Casualty Commission and continued by the Radiation Effects Research Foundation to the

present day. These studies were the basis for the development of dosimetry systems that

used a combination of information on the bombs, surrounding buildings, and the location of

survivors to predict radiation exposure to the organs of individual survivors8;11. These dosi-

metric systems have been used with health and mortality records to quantify the effects of

radiation exposure on cancer mortality, cancer incidence, and leukemia, among other health

outcomes. Across different studies, models have been fit for the risk to survivors, in-utero

exposed, and the children of exposed survivors8;11.

Studies of atomic bomb survivors have provided significant insights into the effects of

acute radiation exposure. Studies on the effect of increasing radiation doses on solid cancer

incidence have found differences in the excess relative risk between male and female sur-

vivors. The response in men up to 1 Gy was lower than that in women but featured an

upward curve in response. Comparisons by age of exposure found that most excess cases

of solid cancer came from survivors exposed before the age of 20 years. These studies also

found a significant difference in the estimated risk between models solving for a ratio of

risk instead of a difference in event rate12. Similar analyses have been performed for the

incidence of leukemia, which also found evidence of non-linear trends in excess relative risk

and significant effects of the age of exposure. However, in leukemia analyses, there was no

evidence of sex-dependent differences13. Similar effects were found for the effects of radiation

in children and in-utero exposure, while other studies failed to find evidence of changes in

cancer mortality and incidence in the children of survivors relative to the parental radiation

dose11. These groundbreaking studies of atomic bomb survivors have provided vital insights

into how radiation, age, and personal characteristics may impact the rates of health out-

comes in a population. However, these results were difficult to apply broadly. These results

were specific to the population of Japan at the time, which had a lack of 20-30 year old
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civilian men11. The nature of the exposure also made it difficult to apply these risk models

to chronic exposures8.

Overall, studies agree on the damage caused by acute exposure on the scale of hundreds

of rads. Brief exposures above 6 rad per hour and above 50 rads to the GI system can cause

vomiting, while brief exposures above 800 rad can cause death. However, the threshold for

death attributable to GI system exposure due to protracted exposure, less than 6 rad per

hour, is 1800 rads14. The effects of exposure of hundreds to thousands of rads at a rate

of several rad per hour are well-documented; however, there are ongoing disputes regarding

the chronic effects of even lower rates of exposure. This is largely due to the lack of data

on low-dose-rate exposures. The number of samples required to detect an effect is inversely

related to the size of the effect; therefore, detecting a small effect at low exposures requires a

large number of samples. This effect is described in detail in the 1995 book, “Radiation Dose

Reconstruction for Epidemiologic Uses”1. In the text, the authors proposed a study in which

a population was exposed to a specific radiation dose and followed over their full lifetime.

The risk model recommended by the BEIR V report15 was used to project lifetime risk of

radiation-induced fatal cancers at a rate of 7.5 per rem and 10,000 people. The population

was assumed to have a background rate of 1,800 cancer deaths per 10,000 people. For any

dose, a minimum sample size was required to detect a significant difference in excess cases at

80% power and 95% confidence1. At 20 rem and 150 excess cancers per 10,000 people, 5,200

samples were required. At 0.25 rem and 1.9 excess cancers per 10,000, 32,000,000 samples

were required1 (Fig. 1.1).
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Figure 1.1: Size of an Exposed Group Required to Detect an Increase in Total Cancer
Mortality with a Lifetime Follow-up, According to Dose. Reproduced from table 7.2 in
“Radiation Dose Reconstruction for Epidemiologic Uses”1

Multiple occupational exposure studies have attempted to solve this issue by collecting

data on large populations exposed to low amounts of radiation over the past century. This

includes the INWORKS study16 and the Million Person Study (MPS)17, the subject of

this PhD work. The MPS was started as an effort to collect radiation exposure data on a

population representative of the United States and provide a scientific understanding of the

health effects of prolonged radiation exposure18. They aimed to accomplish this by collecting

exposure and outcome data on cohorts of Department of Energy workers, nuclear weapon

test participants, nuclear power plant workers, industrial radiographers, medical radiation

workers, nuclear submariners, and other U.S. Navy personnel and radium dial painters, and

applied evolving models for organ exposures and risk of health effects19.

Similar to atomic bomb survivor studies, publications from the Million Person Study were

instrumental in demonstrating and standardizing methods for data collection and validation.

To even have the data needed for risk analysis, significant work has been done to test

methods of assigning vital statuses and causes of death20 as well as methods of determining

socioeconomic status differences from census data21. Statistical approaches from previous

studies were compared to establish a standard for comparing studies using different types of

risk models22. The MPS has been closely involved in efforts to improve dosimetric models

and standardize the measurement and application of exposure uncertainty2;23.
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Dosimetry in the MPS followed a general process. For each cohort, the people and organs

of interest were first identified. Then each unique external and internal source were identi-

fied. For every source of radiation, the available information was collected. This included

information like the duration and exposure conditions. Then the information about each

unique source of exposure was combined with ICRP published methodology to produce best

estimates of annual organ doses and uncertainties. All of these sources would be combined

to produce total annual organ doses from high and low linear-energy-transfer (LET) radi-

ation sources (Fig. 1.2). A significant source of dosimetric information was the different

radiation monitoring systems in place, like the Radiation Exposure Information and Report-

ing System (REIRS), DOE Radiation Exposure Monitoring System (REMS), and Landauer

databases. The monitoring data was used to approximate exposure to different organs. This

was complicated by possible exposure inhomogeneity over whole-body exposures, differences

in protective gear between subjects, potential lack of compliance in wearing monitors, and

changes in monitoring systems over time.

Cohort Under Study

Person / group of interest

Organ / tissue of interest

Each unique

external source

Available

information

Years exposed

Doseimetric quantities

Exposure conditions

Supplemental exposures

Annual organ dose

Best estimate (Gy)


with uncertainty assessment

Guidance

Methods available

Dose criterion rationale

Uncertainty assessment

(shared & unshared)

Low-LET components

Total annual organ dose for each component (all sources)

Best estimate (Gy) with uncertainty assessment

High-LET compnents

Each unique

internal source

Available

information

Annual organ dose

Best estimate (Gy)


with uncertainty assessment

Figure 1.2: Generic synopsis for the presentation of annual organ dose and its uncertainty,
reproduced from previously published work2.

In addition to evaluating and publishing associations between radiation exposure and

5



causes of death among hundreds of thousands of workers, the MPS has made progress in

studies of disease incidence24. One goal of the study of chronic exposures is the increased

risk of neurocognitive conditions such as Parkinson’s disease. Previous studies have found an

association between chronic radiation exposure and Parkinson’s disease mortality; however,

these longitudinal studies have generally reported a low number of neurocognitive mortality

events24. The incidence of disease is generally higher than mortality. Therefore, studies on

the incidence of neurocognitive conditions could provide a clearer picture of the relationship

between radiation exposure and neurocognitive conditions. This required finding a new

source of incidence data, which has led to the incorporation of Medicare and Medicaid

records24. This provided a direct source of prescription data that could indicate when a

patient was first diagnosed. Medicare and Medicaid records also provided information on

cognitive testing in nursing homes and home health agencies. The Minimum Data Set

(MDS) and Outcome and Assessment Information Set (OASIS) were systems that routinely

assessed the physical and cognitive health of residents of facilities associated with Medicare

and Medicaid, as well as associated home health agencies24. Through these different sources,

the MPS team developed procedures to infer information on incidence that was not possible

with previous sources of vital status information.

To date, the Million Person Study has reported associations between radiation exposure

and over 40 causes of death among over 600,000 workers24. The goal of these publications

was to report the current measurement of effects in individual cohorts, as well as to combine

cohort results in meta-analyses to provide a measurement of the effects of radiation exposure

across the collection of cohorts. The MPS has released publications reporting associations

between organ doses and causes of death for individual cohorts, such as the Los Alamos

National Laboratory25 and Nuclear Power Plant26 worker cohorts. The MPS study has

also released publications focused on specific associations across multiple cohorts, such as

the association between brain dose and Parkinson’s disease mortality6. A single summary

estimate was produced through a meta-analysis of six different cohorts, each with different

estimates of association. Each individual cohort prediction was not statistically significant,

but the meta-analysis produced a statistically significant estimate (Table 1.1).
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Table 1.1
Excess Relative Risk (ERR) at 100 mGy brain dose for Parkinson’s disease within 6 cohorts
within the Million Person Study. Reproduced from publication6

MPS cohort ERR at 100 mGy (95% CI)

Nuclear Power Plant Workers 0.24 (-0.02; 0.50)

Industrial Radiography Workers 0.24 (-0.13; 0.61)

Medical Radiation Workers 0.17 (-0.20; 0.54)

Los Alamos National Laboratory Workers 0.16 (-0.07; 0.40)

Rocky Flats Workers 0.13 (-0.11; 0.37)

Atomic Veterans -0.22 (-0.90; 0.46)

Total 0.17 (0.05; 0.29)

1.2 Basis for Commonly Used Radiation Risk Models

The results of countless epidemiological studies were used to form the basis of the recom-

mendations presented in the 2006 BEIR VII phase 2 report, “Health Risks from Exposure

to Low Levels of Ionizing Radiation: Health Risks from Exposure to Low Levels of Ionizing

Radiation”27. This report presented a summary of the risk models used in atomic bomb

studies, the biological basis for the model structure, and suggested a general series of formu-

lae that could be used for future studies. In general, risk models describe the event rate in

a cohort as a function of age (a, e), acute exposure (d), and study-specific risk factors (p).

One of the most important model details presented is the different relationships between

the background event rate and the cohort-specific event rate. In many models, the cohort-

specific event rate is written as a function of the background rate (λ) and excess risk. The

background rate is treated as a function of non-dose risk factors, the attained age (a) as well

as other study-specific risk factors (p). The excess risk is treated as a function of dose (d) and

any covariates the change the effect, generally the age of exposure (e), attained age (a), and

other risk factors (p). An Excess Relative Risk (ERR) changes the ratio of cohort-specific
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risk to background risk (Eq. 1.1) and an Excess Absolute Risk (EAR) changes the additive

difference between cohort-specific risk and background risk (Eq. 1.2). The distinction is that

an ERR model assumes a multiplicative effect, whereas an EAR model assumes an additive

effect (Fig. 1.3).

RateERR = λ(a, p)[1 + ERR(e, a, p, d)] (1.1)

RateEAR = λ(a, p) + EAR(e, a, p, d) (1.2)

Figure 1.3: Example plotting the distinction between EAR and ERR. An EAR measures
the change in absolute rate and an ERR measures a change in relative rate.

Another important result from the BEIR VII report was the suggested ERR/EAR de-

pendence on the radiation dose27. First, a previous analysis found that linear-quadratic risk

models could describe the effects of higher acute exposures, particularly the relationship

between higher exposures and cell death, reducing tumor formation rates. At lower doses,

the quadratic terms approach zero, and the models become approximately linear. For lower

doses, studies have investigated reparameterizing linear models as exponential models to re-

duce the bias in the predicted model parameter distributions27. Based on the different risk

models tested, the report presents a model applicable to a broad range of doses (Eq. 1.3).
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f(d) = (α1d+ α2d
2) exp(−α3d− α4d

2) (1.3)

1.3 Risk Model Debate at Low Doses

There is much debate regarding the functional form of risk models at low radiation doses. The

goal of this PhD work was not to prove which model should be used, but it was important to

test different models. Previous MPS studies have compared exponential and linear models22,

and studies of atomic bomb survivors have compared linear and quadratic models8. There

has been significant debate over the existence of a threshold for radiation-induced effects,

such as cancer28. Studies of atomic bomb survivors have demonstrated differences between

models that assume exposure increases the relative probability of an event, as opposed to an

additive effect8. To design software capable of applying various radiation dose risk models,

it is important to understand the biological basis of different model formulae.

One method for predicting the effects of low doses of radiation is to extrapolate linear risk

models from high to low radiation exposure. This is referred to as the linear no-threshold

(LNT) model, which assumes that the excess risk increases proportionally to the dose29. The

LNT model was originally adopted based on atomic bomb survivor studies and formed the

basis of public and occupational safety limits. The LNT model makes two key assumptions:

the probability of an event increases linearly with the amount of radiation exposure, and

any amount of radiation exposure increases the risk of an event. The chronic effects of

radiation were believed to be due to incorrect repair of cellular damage. Increasing the

amount of radiation exposure would increase the number of damaged cells, and therefore

increase the probability of at least one damaged cell not being repaired correctly. Under

these assumptions, any additional radiation exposure above background levels would increase

the relative risk of chronic radiation effects. This is particularly important for radiation

cleanup limits; the acceptable level of radiation following cleanup would be determined by

the acceptable level of excess risk of radiation effects in the public.
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Several issues with these assumptions have led to the proposal of alternative radiation

risk models. There are three areas in which these models disagree with the LNT model:

the assumption of no threshold, proportional damage to energy deposition, and risk strictly

increasing with radiation exposure. Part of the disagreement arises from assumptions about

cell repair mechanisms. The LNT model assumes that any damage can trigger DNA repair

with near-constant accuracy. Some studies have found evidence of cells not initiating repair

following low doses28;30 and only initiating repair after additional single-strand breaks were

induced by a hydrogen-peroxide solution31. This could explain the potential thresholds in

the risk model and suggests that damage from low doses may not be repaired by cells.

If sufficiently low doses cause damage that is not repaired, then additional doses may be

sufficient to initiate repair and reduce the risk of negative health effects. This could violate

the assumption that the risk increases with additional doses. This also has a significant

impact on radiation cleanup limits. This would suggest that past a point, further cleanup

could be harmful. Further research into cell damage and the adoption of an Adverse Outcome

Pathway (AOP) view of cancer formation32 could lead to drastically more complicated risk

models than have been assumed in the past. This complexity should be reflected in the

software designed to apply these models (Fig. 1.4).

Figure 1.4: Radiation risk models can be composed of combinations of different linear and
piecewise effects, due to the linearity and threshold potential in different steps of the outcome
pathway.
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1.4 Limitations of Existing Software

The basis of this PhD study was that the scale of data and complexity of risk models

required by radiation epidemiology went beyond the limitations of existing software. Radia-

tion epidemiological studies commonly use software like 32-bit Epicure4, SAS33, and publicly

available R packages. 32-bit Epicure has been a staple of radiation epidemiology since it was

developed for atomic bomb survivor studies. It was designed to meet the model complexity

required to describe radiation health effects but was limited in the size and structure of data

that could be loaded. R packages, like the survival package5, can take advantage of other R

packages to load and process very large datasets but are not designed for the level of model

complexity required. A middle ground that could use both large datasets and complex risk

models was lacking. The following sections briefly cover how existing packages fail to meet

the needs of MPS analyses, which are expanded in later chapters.

1.4.1 Model complexity and big data applications

As previously discussed, there are a vast number of models that researchers want to use

and compare, which have previously been available only through standalone software4 or

functions developed by individual researchers and not distributed. Thus, the models that a

researcher can use may be limited by either the software their system can run or by existing

specialized code. This limitation could be avoided if there were a software package designed

to run on multiple systems, apply a variety of risk models to different regression methods,

and be modified by users to meet specific needs.

Another issue is the challenge of big data analysis. Analysis packages that were previ-

ously used to analyze cohorts with thousands of subjects may encounter bottlenecks when

analyzing cohorts with millions of subjects. Access to software designed for big data will aid

investigations of occupational studies in rapidly processing and analyzing data, by taking

advantage of available hardware and existing software. The development of massive machine

learning models has drastically improved the available methods for loading and process-

ing large amounts of data. These principles and libraries should be leveraged to aid the
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investigation of large longitudinal studies.

1.4.2 Risk analysis accounting for exposure uncertainty

One issue with radiation exposure is that dosimetry is not known with absolute certainty.

The radiation source is typically known, and biological models are often used to approximate

the expected amount of damage to a given person. Ultimately, the radiation exposure used

for an analysis is the result of various models, approximations, and simulations. Importantly,

this means that a probability distribution of exposures can be produced, but only a single

estimate is used in the analysis. Methods are available to apply uncertain exposures23, but

can be computationally complex and may not be available for every desired risk model.

1.4.3 Epidemiological analysis accounting for multiple causes of

loss

The lack of rare events is a common limitation of longitudinal studies in radiation epidemi-

ology. Unlike case-control studies, the cross-sectional study design used in many large-scale

radiation cohort studies cannot ensure a random distribution of risk factors in subjects with

events. Risk factors correlated with higher rates of common events affect the distribution of

individuals who survive long enough to experience rare events. For example, if individuals

who smoke are more likely to die, then fewer smoking subjects will be at risk at older ages.

This can lead to studies lacking the sample size required to detect a significant effect and

introduce biases if unmeasured risk factors are correlated with multiple outcomes.

1.5 Goal and Objectives of this work

The goal of this work was to further the capabilities of the radiation epidemiological com-

munity so that they can perform the chronic radiation cohort studies necessary to better

understand the health impacts of prolonged radiation exposure. This goal was divided into

three main objectives. The first objective was to meet the level of model complexity required
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and demonstrate that the approach could use the scale of the expected data. The second

objective was to incorporate methods to propagate uncertainties in radiation exposure, in

accordance with NCRP recommendations23. The third objective was to incorporate and

test methods of analysis for subjects at risk of multiple outcomes. This work was performed

in conjunction with the MPS to incorporate the experience and needs of an internation-

ally recognized team of researchers and directly support their studies on health effects in

American cohorts18 and work with NASA on predicted health effects in astronauts34. In

summary, the culmination of the work during this PhD was the release of the R package

Colossus35;36. Colossus is an open-source package written in a combination of R and C++

code that provides a source of previously unavailable combinations of risk models and like-

lihood equations and is designed for the types of analyses required by modern radiation

epidemiological studies.
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Chapter 2

Survival Analysis Scoring and

Optimization

Epidemiological studies are often interested in measuring both the overall and relative event

rates22. Colossus is designed to perform Cox proportional hazards modeling, Poisson re-

gression, and Fine-Gray competing risk modeling, each of which is used to fit an equation

relating personal attributes to the probability of an event occurring.

2.1 Basic Model and Person Attributes

Colossus and survival analysis software in general assume that the data consist of several key

columns: a measure of time, a measure of events, and covariates that may explain differences

in event rates between rows. Generally, these columns are used to relate some equations for

the event rate to the number of measured events. In Colossus, the risk (R) is a function

of n terms (T0, T1, ..., Ti, ..., Tn−1). Each term, Ti, is the product of the linear and nonlinear

subterms (Sj). Each subterm is a function of covariates (β⃗). The risk model can describe

the hazard ratio, expected event rate, or excess risk.

Typically, risk is the sum or product of terms. The model formulae were based on those

available in 32-bit Epicure, a widely used software by radiation epidemiologists4. The sim-
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plest combinations are the Additive model (Eq. 2.1), Product Additive (Eq. 2.2), Product

Additive Excess (Eq. 2.3), and Multiplicative Excess (Eq. 2.4). Even more intricate is the

Geometric Mixture Model (Eq. 2.5). This model allows every term, T ∗
i , to be a relative risk,

Ti, or an excess relative risk, 1+Ti, and uses a weighting factor, θ, to adjust the combination

of the additive and multiplicative effects.

RA =
∑
i=0

Ti (2.1)

RPA = T0

(∑
i=1

Ti

)
(2.2)

RPAE = T0

(
1 +

∑
i=1

Ti

)
(2.3)

RME = T0

∏
i=1

(1 + Ti) (2.4)

RGMIX = T0

(∏
i=1

T ∗
i

)θ [
1 +

∑
i=1

(T ∗
i − 1)

]1−θ

(2.5)

Every term, Ti, is the product of linear and nonlinear subterms. Each subterm is a function

of covariates (xj) and model parameter estimates (β). The simplest subterms are linear

(Eq. 2.6), product linear (Eq. 2.7), or log-linear (Eq. 2.8).

Si,L =
∑
j=0

xj · βi (2.6)

Si,PL = 1 +
∑
j=0

xj · βi (2.7)

Si,LL = exp

(∑
j=0

xj · βi

)
(2.8)

Colossus also features a general, nonlinear subterm designed to encompass additional model

formulae desirable for radiation epidemiology. The subterm is the sum of exponential func-

tions, quadratic curves (Eq. 2.9), linear piecewise functions (FLT , Eq. 2.10), and step func-
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tion piecewise functions (FSTP , Eq. 2.11). The most straightforward use of this subterm

would be to construct a linear piecewise function that could account for the threshold effects

discussed in Section 1.3. The threshold could also be optimized by manually applying a

threshold and solving for the optimum score for each set threshold. This subterm optimizes

both the threshold and other model parameters, saving the time required to run multiple

regressions.

Si,NL =
∑
j

(αi · exp(xj · βi)) +
∑
j

(δi · x2
j) +

∑
j

Fi,LT +
∑
j

Fi,STP (2.9)

Fi,LT =


αi · (xj − βi) , for xj > βi

0 , otherwise

(2.10)

Fi,STP =


αi , for xj > βi

0 , otherwise

(2.11)

Each term is the product of the subterms used (Eq. 2.12), so a risk model could be as simple

as a single log-linear term or as complicated as the product of multiple linear terms. As

previously discussed, radiation epidemiology uses both ERR and EAR models27. It was

important that Colossus could model both sums and products of terms because that allowed

Colossus to solve for both the ERR and EAR models.

Ti = Si,LL · Si,L · Si,PL · Si,NL (2.12)

In the preceding equations, the concatenation of the subterm model parameters forms

a single vector of model parameters β⃗. Similarly, the corresponding column numbers, term

numbers, and subterm formulae are stored as vectors. These vectors are the input values

passed to the R functions. For example, the model represented in Equation 2.13 can be

described using the columns in Table 2.1.
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R = (1 + βb · xb + βc · xc) exp (βa · xa) (2.13)

Table 2.1
Table representation of Equation 2.13.

Term number subterm type covariate

0 log-linear a

1 linear b

1 linear c

Both Cox proportional hazards and Poisson modeling use an estimate of the event rate

equation and the events in each row to calculate a log-likelihood (LL), representing how well

the risk model explains differences in event rates in the data. The model is optimized by

maximizing the log-likelihood via the Newton-Raphson method37 by calculating the gradient

and Hessian of the log-likelihood to take controlled steps toward an estimated root of the

first derivative of the log-likelihood.

∆β⃗ ≈ −∂LL

∂β⃗
×
(
∂2LL

∂β⃗2

)−1

(2.14)

The maximum step size is limited to user-provided limits, and half-steps are applied as nec-

essary. If a step is taken and the log-likelihood does not improve, Colossus tries a half-step.

As Colossus approaches the solution, the maximum step size is reduced to limit overstepping.

The iterations continue until the maximum step or the largest absolute first derivative is less

than a user-provided threshold. If the first derivatives are near zero, then the model param-

eters are at an optimum and the model is considered converged. However, this optimization

method does not differentiate between local and global optima.
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2.2 Poisson Model Specifics

The Poisson model predicts the average number of events per person and per unit time.

Poisson modeling assumes that each row of the data has a measure of interval duration in

person-years (Pi), the number of events during the interval (ci), and the covariates (xi) and

parameters (β⃗) that define the event rate (λ). The true parameters are unknown; therefore,

an estimate of the parameters (β̂) is used to calculate the expected number of events for each

row (Eq. 2.16). This estimate of the event rate (Ei) is compared to the number of observed

events to measure how well the model fits the data.

λi = λ(β̂, xi) (2.15)

Ei = Pi · λi (2.16)

There are two scores used to evaluate the goodness of fit of the Poisson model to the data:

the log-likelihood (Eq. 2.17-2.19) and the deviance (Eq. 2.20). Deviance (D) is calculated

as the difference between the log-likelihood using the estimated number of events and the

log-likelihood substituting the true number of events.

LL =
n∑
i

(ci · ln(Pi · λi)− Pi · λi) (2.17)

∂LL

∂β̂a

=
n∑
i

(
ci ·

∂

∂β̂a
λi

λi

− Pi ·
∂

∂β̂a

λi

)
(2.18)

∂2LL

∂β̂a∂β̂b

=
n∑
i

ci ·

 ∂2

∂β̂2
a
λi

λi

−
∂

∂β̂a
λi

λi

·
∂

∂β̂b
λi

λi

− Pi ·
∂2

∂β̂a∂β̂b

λi

 (2.19)

D = 2
n∑
i

(
ci · ln

(
ci

Pi · λi

)
− (ci − Pi · λi)

)
(2.20)

A negative number of events is impossible; therefore, neither score is defined if the event

rate is negative. For rows without counts, the first term of the deviance equation (Eq. 2.20)

simplifies to zero using L’Hôpitals rule. The final equation used by Colossus must predict a
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non-negative rate for every row of data, which is automatically checked. If a negative rate

is calculated during a step, a half-step is used. If the user starts a regression at a point that

gives a negative rate, Colossus returns an error that explains the issue.

Both log-likelihood and deviance are calculated by Colossus during the regression. Af-

ter maximizing the log-likelihood, the Akaike information criterion38 (AIC, Eq. 2.21), and

Bayesian information criteria39 (BIC, Eq. 2.22) provide scores to compare models. The AIC

and BIC combine the optimized log-likelihood (L̂L) with the number of parameters (k) and

number of rows (n) of data, often to penalize the addition of low-information parameters to

a model and avoid overfitting.

AIC = 2k − 2L̂L (2.21)

BIC = k · ln(n)− 2L̂L (2.22)

2.3 Cox Proportional Hazards Model Specifics

A Poisson model is used to estimate the event rate, but a Cox proportional hazard model is

used to estimate the relative event rate compared to the baseline event rate in the cohort40.

The model assumes that each row of the data (i) has a measure of the start (TSi) and end

(TEi) of a time interval, a classifier indicating whether an event occurred during the interval

(δi), and both covariates (xi) and parameters (β⃗) that define the relative risk (ri). Cox

proportional hazards models function by comparing the relative risk of rows that experienced

events to the relative risk of rows that did not experience an event at each event time. The

risk of an event is assumed to be the product of a baseline hazard and an independent hazard

ratio; the hazard ratio can be estimated by comparing rows with the same baseline hazard.

The relative hazard is always a constant hazard ratio, not a constant difference. This is an

important distinction between Cox and Poisson models. An excess relative risk (ERR) can

be modeled using both methods, but a Cox model can not model an excess absolute risk

model (EAR) (Fig. 1.3).
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The Cox proportional hazards model assumes that the hazard can be split into a baseline

hazard shared by each stratum and a hazard ratio that accounts for individual risk factors.

The baseline hazard is assumed to be a function of time, and the hazard ratio is assumed to

be independent of time. The intervals are sorted into risk groups (Rj) for each event time (tj).

Risk groups can be further divided using stratification variables. If a row interval contains

an event time (tj), then the row is in the risk group for that event time (Rj) (Eq. 2.23).

Each row can be part of multiple risk groups or not part of any risk group.

i ∈ Rj : TSi < tj ≤ TEi (2.23)

The score used to evaluate the accuracy of the Cox proportional hazards model is the partial

likelihood, which relates the hazard ratio in event rows to the hazard ratio in rows at risk40.

The simplest formula assumes that every risk group has a single event, but the formula can

be extended to multiple events using the Breslow estimator41 (Eq. 2.24).

L(β̂) =
N∏
j

 ∏
i∈Rj ,δi=1

[
ri∑

l∈Rj
rl

] (2.24)

The issue with the Breslow estimator is that the events occurred in an order, so each tied

event should have a different risk group. However, the Breslow estimator uses the same

denominator for each tied event. This approximation can be improved by assuming that

every way of breaking the ties is equally likely. The Efron formula42 uses an additional term

in the denominator that applies the average weight (Eq. 2.25), assuming that there are dj

events for the risk group Rj.

L(β̂) =
N∏
j

 ∏
i∈Rj ,δi=1 ri∏dj

k=1

[∑
l∈Rj

rl − k/dj
∑

i∈Rj ,δi=1 ri

]
 (2.25)

The denominator is written as r∗j (k) and is assumed to be the result of the Efron approxi-

mation (Eq. 2.26); however, the corresponding Breslow estimator value can be substituted
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without loss of generality. Colossus optimizes the natural log of the likelihood or the log-

likelihood (Eq. 2.27-2.29).

r∗j (k) =
∑
l∈Rj

rl − k/dj

 ∑
i∈Rj ,δi=1

ri

 (2.26)

LL(β̂) =
N∑
j

 ∑
i∈Rj ,δi=1

ln(ri)−
dj∑
k=1

ln
(
r∗j (k)

) (2.27)

∂LL(β̂)

∂βa

=
N∑
j

 ∑
i∈Rj ,δi=1

[
∂

∂βa
ri

ri

]
−

dj∑
k=1

[
∂

∂βa
r∗j (k)

r∗j (k)

] (2.28)

∂2LL(β̂)

∂βa∂βb

=
N∑
j

 ∑
i∈Rj ,δi=1

[
∂

∂βa∂βb
ri

ri
−

∂
∂βa

ri

ri

∂
∂∂βb

ri

ri

]
−

N∑
j

 dj∑
k=1

[
∂

∂βa∂βb
r∗j (k)

r∗j (k)
−

∂
∂βa

r∗j (k)

r∗j (k)

∂
∂∂βb

r∗j (k)

r∗j (k)

] (2.29)

Due to the use of logarithms, the derivative equations for both the Poisson and Cox

models are dependent on the ratio of derivatives of risk to the risk ( ∂r
∂β
/r, Eq. 2.18-2.19,

2.28-2.29). The same ratio was calculated multiple times throughout the log-likelihood cal-

culations. Not only is it faster to calculate these values once, but it is often more accurate

to calculate these ratios during risk calculation with the additional context of the entire risk

model.

2.4 Fine-Gray Competing Risk Model Specifics

The Fine-Gray competing risk model43 was designed to resolve issues with the Cox propor-

tional hazards model. One of the assumptions of the Cox proportional hazards model is

that every subject either experiences the event of interest or is randomly censored from the

study. The censoring rate is generally assumed to be the same for each subject. Common

examples include tracking every subject up to the same duration or final age, or if subjects
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randomly leave the study. An important assumption is that censoring and event times are

statistically independent. In many cases, there is more than one event to which the subject

can succumb, and these events may not affect the subjects equally. An example of an in-

vestigation considering these types of events is a 2014 study into kidney cancer in French

and German uranium miners, which applied a competing risk method to account for miners

having higher rates of death due to circulatory system disease or lung cancer9. The risk

groups for kidney cancer at later ages were biased by the subjects who were more likely to

survive. Events that are not modeled but affect risk groups are called competing events,

which are not considered in the standard Cox proportional hazards model.

The Fine-Gray model defines cause-specific hazards, which are combined to calculate the

total probability of a subject surviving to a given age. Instead of using a binary indicator

for experiencing an event during an interval, δi, the Fine-Gray model assumes that every

row has a value that indicates whether the interval was censored or experienced one of the

multiple possible events. The primary difference between the Fine-Gray and Cox propor-

tional hazard models is the treatment of competing events. When a subject experiences a

competing event in the Cox proportional hazards model, they can be treated as immediately

censored or as never experiencing the event of interest. The Fine-Gray model uses a middle

ground by computing the probability that the subject would not be censored prior to the

subsequent risk groups. The risk groups in the Fine-Gray model consist of the union of

the Cox proportional hazards risk groups (Eq. 2.23) and rows that already experienced a

competing event (Eq. 2.30).

i ∈ Rjk : (TSi < tj ≤ TEi) ∪ (TEi < tj, ci ̸= k) (2.30)

The log-likelihood equations for the Fine-Gray model are almost identical to those for the

Cox proportional hazards model. The risks for rows with competing events are weighted

based on the relative censoring rate at the competing event time and the future risk group

time (Eq. 2.32). Assume that a row has a competing event at time tk and is being evaluated

in a risk group for time tj. The risk should be weighed by the probability that the subject
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would not have been censored before tj, given that the subject survived to tk (P (t ≥ tj |

t ≥ tk)). This probability is used as a weight (wkj, Eq. 2.31) to add competing event

contributions to risk groups (Eq. 2.32). The log-likelihood equations are calculated as shown

in Equations 2.27-2.29, substituting an updated sum of risks (r∗, Eq. 2.32) and using the

updated definitions for the risk groups (Eq. 2.30).

wkj = P (t > tj | t > tk) =
P (t | t > tj)

P (t | t > tk)
(2.31)

r∗j (k) =
∑
l∈Rj

(wlj · rl)− k/dj

 ∑
i∈Rj ,δi=1

ri

 (2.32)

There are two equivalent ways to format the input for these regression analyses. Colossus

allows every row to have an assigned weight. By default, it is assumed that rows with

competing risks are flagged, ci = 2, and every row has a weight for the non-censored fraction.

Competing risk rows are added to the relevant risk groups, and the weighting applied to each

row in the risk group is the ratio of the row weights. In this method, the code assigns rows

to risk groups and calculates the relative weights. Alternatively, a user can construct a new

dataset without competing risk events flagged and add additional weighted, censored rows

with the same effect. Suppose that instead of adding a single row to multiple future risk

groups, a new row is defined in the dataset for each future risk group. If the weights of these

new rows are the relative weights calculated in the first method and every original row is

assigned a weight of unity, then the two methods perform the same analysis. This allows

both simple ratios of weights and more complicated functions of weights to be used.

2.5 Cox Proportional Hazards Plotting Functions

The following subsection covers the plotting capability in Colossus to estimate the baseline

survival rate or test assumptions about the Cox model. To provide examples, data were

simulated using a known hazard formula (CHij, Eq. 2.33), and were analyzed using an

approximate relative risk that is not dependent on time (ri, Eq. 2.34). This model violates
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the assumption of a constant hazard ratio with time, as demonstrated in the results of the

assumption testing.

CHij =


0.03 · tj · (1 + 0.1 · xi) , for tj < 10

0.03 · tj · (1 + 3.5 · xi)− 1.02 · xi , for tj ≥ 10

(2.33)

ri = 1 + xi (2.34)

A Cox proportional hazards model does not directly solve for the baseline hazard; however,

an estimated baseline hazard function can be computed. If the covariates had no effect,

then the baseline at any event time would be equal to the proportion of rows at risk that

experienced events. If the proportional hazard equation indicates that one of the rows at

risk is more or less likely to have an event, then one would expect that the number of events

would be greater or lesser than the baseline events. The estimated hazard is approximately

the number of observed events (dj) weighted by the sum of the hazard ratios at the event

time (Eq. 2.35).

λ̂0(tj) =
dj∑

k∈Rj
rkj

(2.35)

The baseline hazard can be accumulated to solve for the cumulative hazard (Eq. 2.36) and

the exponential of the negative cumulative baseline hazard provides an estimate of the base-

line survival function (Ŝ, Eq. 2.37). The true underlying relationship between age and sur-

vival rate is also known as the survival function. If the hazard ratios were all set to unity,

then this survival function is the Kaplan-Meier estimate. This survival function can also be

divided by the values of a factor to observe the effect of stratification.

Λ̂0(t) =
∑
tj≤t

λ̂0(tj) (2.36)

Ŝ0(t) = exp(−Λ̂0(t)) (2.37)
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Figure 2.1: Plots of the hazard (Eq. 2.35), cumulative hazard (Eq. 2.36), and survival
function (Eq. 2.37) for the simulated data. The predicted background hazard changed past
age 10 because the risk model did not account for the change in relative risk.

Colossus also enables the user to calculate Schoenfeld residuals for a Cox model to test

the proportional hazards assumption44. Schoenfeld residuals show the difference between the

average covariate value of rows with events and the risk-weighted average of the covariate

over every row at risk (Eq. 2.38). Consistently large or small residuals indicate that the

hazard is greater or less than the predicted values. Residuals correlated with event time may

indicate that the hazard is time-dependent. The residual can be inversely weighted by the

variance to find a scaled Schoenfeld residual, which represents the variation in hazard with

time in time-dependent covariates45.

s(tj) =

∑
i∈Rj ,δi=1 xi

dj
−
∑

i∈Rj
(xi · ri)∑

i∈Rj
(ri)

(2.38)

For the example data, there was a clear trend in the Schoenfeld residuals (Fig. 2.2). As

age increased, the average covariate value of the rows with events became larger than the

risk-weighted average covariate value. The predicted relative risk model underestimated the

risk below age 10 and overestimated the risk above 10 years of age. This violation of the

model assumptions led to a non-random trend in the residuals with age.
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Figure 2.2: Schoenfeld residuals for the example. Around age 10, the residuals switched
from generally negative to positive. This matched the true shift from overestimating to
underestimating risk.

Colossus calculates and plots the Martingale residuals by survival time and covariate

value46. The Martingale residual is calculated as the difference between the event status

and the cumulative hazard at the final event time for each subject (Eq. 2.39). The residual

is bound in the open interval (−∞, 1). Negative values corresponded to rows that survived

longer or at greater risk, and values near unity indicated an event at a combination of small

risk or short survival time.

mi = δi −
∫ TEi

TSi

(
λ̂0(t)ri(t)

)
dt (2.39)

For the example data, approximately 30% of the rows experienced no events and had a

Martingale residual between -1.4 to -0.7 (Fig. 2.3). Very few rows experienced an event and

had Martingale residuals below 0.0. This indicates that rows that experienced events did

so despite a low cumulative hazard, suggesting that the rows had a greater risk than that

predicted by the model.
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Figure 2.3: Martingale residuals for the example. Very few event rows had negative mar-
tingale residuals. This matched the underestimate of risk above age 10.

The fidelity of the Cox proportional hazards model can be tested using a combination

of these methods. For this example, the residuals indicated that there may have been an

unmodeled time-dependent effect that increased the risk as time increased. This unmodeled

effect matched what one would expect from not including time dependence in the risk equa-

tion. One would expect to see an underestimate in the hazard ratio with increasing age and

a change in residuals around age 10 (Fig. 2.4).

Figure 2.4: Plots of the true and predicted hazard ratios for x = 1
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2.6 Methods of Model Comparison

In many cases, a researcher will fit multiple models for risk and must determine the best

estimate. In some cases, a researcher might add new risk factors to a model and want to know

if the model improved. In other cases, a researcher may have multiple different formulas to

explain the effect of a risk factor and may want to know which formula best describes the

true relationship. There are three general ways that models have been compared and best

estimates have been produced.

2.6.1 Score Comparison

One common method of comparing models in radiation epidemiology is to compare the

overall score metric, like the log-likelihood (Equations 2.17,2.27), AIC and BIC (Equations

2.21,2.22), or deviance (Eq. 2.20). When Colossus was first developed, the MPS team

provided a list of necessary capabilities. Two of the items on the list were the ability to

calculate the AIC and the ability to perform likelihood ratio tests. Many studies of radiation

cohorts have focused on fitting multiple ERR and EAR models, with differences in linear,

quadratic, and threshold effects, to determine the most appropriate risk model. Some atomic

bomb survivor studies tested different risk models using AIC to compare similar models but

kept ERR and EAR separate13. Others have presented differences in Deviance in Poisson

models to indicate relative model performance12. Another method for model comparison

is to use parameter uncertainties in nested models. One method for comparing threshold

models to non-threshold models is to measure the threshold parameter confidence interval12.

If a linear model with a threshold was not significantly different from a linear model without

a threshold, a non-threshold model was determined to be more appropriate.

2.6.2 Residual Calculation

Score comparison is important for comparing existing models, but it does not provide in-

formation on errors in the model. Cox and Poisson models both have ways of calculating
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residuals, which can provide information on how performance varies across the dataset. For a

Cox model, Schoenfeld (Eq. 2.38)44 and Martingale (Eq. 2.39)46 residuals can be calculated

to measure how well the predicted hazard ratios match the data. By plotting the residuals

for two different models by radiation exposure, the relative performance at different radia-

tion exposures can be compared. This could provide information on where different models

could overestimate or underestimate the risk.

Poisson models can compare the predicted event rate to the observed event rate, which

provide more easily interpreted residuals. Two options are deviance (Eq. 2.41) and Pearson

residuals (Eq. 2.42)4. Similar to Cox residuals, these residuals can be plotted against risk

factors to detect non-random trends. Once again, residuals could be calculated for two

models to compare the difference in performance based on risk factors.

Di = 2

(
ci · ln

(
ci

Pi · λi

)
− (ci − Pi · λi)

)
(2.40)

rDi = sgn(ci − Pi · λi)
√

Di (2.41)

rPi =
ci − Pi · λi√

Pi · λi

(2.42)

2.6.3 Use of Multi-model Inference

Finally, some studies have demonstrated methods for combining the results of multiple mod-

els. In many cases, a researcher may look to the suggestions of research groups and commit-

tees that each endorse suggested radiation risk models, and may be confronted with multiple

risk models that yield different estimates and uncertainties47. Instead of picking a single

model to use, Multi-Model Inference (MMI) could be used to produce a weighted estimate.

The MMI ERR estimate is the weighted sum of the ERR from each model (Eq. 2.44), with

weights calculated from the relative model performances (Eq. 2.43)47. Monte Carlo based

uncertainties estimates can be be calculated by applying the model parameter uncertain-

ties from each model to randomly sample MMI estimates. These methods have been tested

with both AIC and BIC based weights47;48, and studies have shown how the MMI approach
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could be extended to estimates of the Radiation Attributed Decrease of Survival (RADS) in

astronauts48.

wi =
exp(−0.5(AICi −min(AIC))∑m
j=1 exp(−0.5(AICj −min(AIC))

(2.43)

ERRMMI =
m∑
i=1

wi · ERRi (2.44)
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Chapter 3

Software Design, Data Flow, and

Hardware Use

Colossus was coded in both R and C++ so that calculations could be quickly run in compiled

C++ code, but the user only needed to be familiar with R to use the package. The first

section of this chapter discusses the general flow of data through common functions and the

steps taken to perform verification testing∗. The second section discusses the steps taken to

optimize Colossus for big data and various types of analyses. The third section discusses the

hardware usage and provides details on the performance scaling.

Modularity is an integral feature of Colossus. Overall, the user has access to a wide variety

of different types of risk models that can be optimized and compared. These capabilities

were designed such that alternative versions can be easily added. Every step of the analysis

in Colossus was written as a separate function with standard inputs and outputs. Each

iteration of a regression in Colossus requires a risk model to be applied to the data, a

likelihood to be calculated, and the likelihood to be used to calculate a step to be taken

toward the optimized parameter set. Risk model functions convert the parameters to risk,

likelihood functions convert the risk into a score, and step calculation functions convert the

score to updated parameters. New versions of each type of function can be easily added,

∗Validation testing is discussed in Chapter 5

31



such that any combination of new and existing functions is available immediately.

3.1 Data Flow and Modular Testing

Colossus has two types of functions: calculation and analysis. Data cleaning and transforma-

tion are steps that the user can execute or Colossus can automatically run during regression

functions. In most cases, the user does not need to call the calculation functions directly; in-

stead, they are run as part of other functions. Thus, the functions available in Colossus were

separated into calculation functions that could be quickly performed in C++ and analysis

functions that the user needs to call and understand (Fig. 3.1).

Output to user

R Code:

Formula definition

and primary
function calls

User input

C++ Code:

Term calculation, collecting risk groups, score calculation

Matrices Lists

Figure 3.1: The user calls R functions, the input is converted to matrices which are processed
in C++, the C++ results are converted into lists, and the R function returns the results to
the user. Reproduced from previously published work3.

Every functionality in Colossus starts with an R function that passes a formula, table of

covariate data, and list of control parameters to a C++ function. The general order of the

main C++ functions is as follows:

1. Calculating the terms and risks for every row;

2. Calculating the log-likelihood; and

3. Taking a step to optimize the model.
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The same order of calculations is repeated for each iteration. Cox proportional hazards

functions have an additional step to determine the rows in each risk group. The risk group

collection step is performed only once per regression. Different functions exit this cycle at

different points (Fig. 3.2). The reference risk calculation exits the cycle after calculating the

risk, because it does not depend on the risk groups. The hazard plotting function exits the

cycle after collecting the risk groups because it does not depend on likelihood. The score

calculation function exits after a single iteration, reaching an iteration limit, or converging.

The modular structure of the code made it straightforward to test; each output could be

used to determine the stage at which the errors originated.

C++ Code

R Code

Define Risk
Groups

Calculate
Subterms

Calculate

Risks

Calculate

Log-Likelihood

Convergence
Check

Final Results

Newton Step

Converged

User Input
- Formula
- Covariate data
- Control parameters

User Output


Reference Risk Reference Score Converged Results

Figure 3.2: Different regression functions all follow the same sequence of C++ functions,
but exit at different points (denoted by color). Reproduced from previously published work3.

3.1.1 Derivative Testing

The first stage of testing was performed to verify that the derivative calculations had been

coded correctly. The calculated derivatives were compared with the empirical results by

calculating different values and derivatives at points on a grid and comparing the calculated

derivatives with the true change in value. At multiple points during a regression, equations

are applied to calculate the term, risk, and log-likelihood values, along with the first and sec-

ond derivatives. Any miscalculation would be expected to affect any subsequent calculations
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(Fig. 3.3). Combinations of different subterm types and numbers of terms were applied to

test the accuracy of the subterm calculations. Combinations of different numbers of terms

and model formulae were applied to test whether the risk calculations were accurate, know-

ing that the subterm calculations were accurate. Finally, knowing that the subterm and

risk calculations were correct, the log-likelihood calculations were compared with different

stratification options, tied event time methods, and different numbers of tied events.

User provided
parameters

User provided

dataset

Sum of terms

& derivatives

Sum of risks
& derivatives

Log-Likelihood
& derivatives

Calculate subterms

Calculate risks

Define risk groups

Calculate
log-likelihood

Update parmeters

Calculate subterms

Calculate risks

Calculate
log-likelihood

Stage 1:

Internal Comparison

Figure 3.3: Stage 1 of testing. Colossus was run at points on a grid, and intermediate
calculation values were printed to the console. Three values were compared: the sum of the
terms, the sum of the relative risks, and the log-likelihood. The calculated derivatives were
compared to the difference in value between grid points.

As an example, testing was repeated using data from the Veterans’ Administration Lung

Cancer study49. Subterm, risk, and log-likelihood was output for a linear excess risk model.

The relative risk was a function of the factored cell type (C1−C3), Karnofsky score centered

at 50 (K50), and treatment group (Trt) (Eq. 3.1). The treatment parameter was varied from

−0.26 to −0.17 at ten grid points to visualize the accuracy. The approximated derivatives

(scatter points) were plotted against the predicted values (solid line), and in all cases, the

derivative calculations in Colossus matched the true values within a narrow margin (Fig.

3.4). The same process was performed for different combinations of sub-terms, risk models,
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likelihood models, and data sources.

HR = (1 + βtrt · Trt) exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50) (3.1)
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Figure 3.4: At every point on the grid, the values and derivatives were output to the console.
Then the calculated values (solid line) were compared to the true derivatives (points).

3.1.2 Comparison to Existing Software

The second stage of testing was comparisons with other software. Due to the complex model

formulae, the most appropriate software for comparison was 32-bit Epicure4. The Epicure

manual contained 18 Cox proportional hazards examples and 18 Poisson examples. For each

example, the optimal parameters and scores were calculated in both Epicure and Colossus

and compared. A comparison of survival functions and relative risks was used to verify the

risk calculation and risk group steps. Log-likelihood calculations and the converged result

for each example were used to verify the score calculation and Newton step calculations

(Fig. 3.5). The various residual plots not supported by Epicure were tested by comparison
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with R packages, and the Fine-Gray capability was compared with weighted Cox regressions

in the Survival package in R5. Only single-term log-linear models were tested because the

Survival package in R did not support the same model options as Colossus.

Define

risk groups

Calculating

subterms

Calculate
risks

Calculate
log-likelihood

Convergence

check

Converged

results

Log-likelhood &
derivatives

Cumulative
hazard

Reference

vector risk

User provided
parameters and data

Software

input

Command

output

Converged

Not converged

Newton step

Colossus

32-Bit Epicure Stage 2:

Comparison with existing software

Figure 3.5: Stage 2 of testing, comparison with existing software. Examples provided by
32-bit Epicure4 were run in Colossus to compare the regression and plotting functions. Other
residual plotting options were compared with the R survival library5.

As an example, the analysis performed in Example 6.12 of the 32-bit Epicure manual4

is presented below. The regression for output 6.19 was performed using 32-bit Epicure and

Colossus. The same data was used in the example of stage 1 testing, except that in this model,

the treatment effect was exponential (Eq. 3.2). The results matched with slight differences

in the convergence criteria. A similar analysis was performed for the other datasets and risk

models outlined in the Epicure manual, in addition to comparisons between the likelihood

curves.
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HR = exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50 + βtrt · Trt) (3.2)

Table 3.1
Example 6.12, comparison between software

Epicure Colossus

Covariate Central Estimate Standard Error Central Estimate Standard Error

cell 1 -0.3926 0.2822 -0.39256 0.28220

cell 2 0.4225 0.2631 0.42251 0.26306

cell 3 0.7562 0.2984 0.75614 0.29844

karno50 -0.03119 0.0.005156 -0.031193 0.0051562

trt -0.2539 0.2005 -0.25392 0.20052

AIC: 961.012 961.0116

3.1.3 Large-scale Complex Model Testing

The next stage of testing focused on verifying that Colossus could detect different strengths

of effects in large datasets. This led to the most complex stage of testing, which was the

analysis of simulated results. Simulated data were generated by constructing a table of sub-

ject intervals, calculating the probability of an event during each interval, and sampling a

uniform distribution to assign event times. No noise or missing data were assigned, and

every individual experienced the event of interest or survived the interval. To begin, the

baseline hazard (BH) and relative risk (RR) equations were written as functions of sur-

vival time (t), biological sex (s0, s1), urban status (u0, u1), five work groups (w0, ..., w4),

smoking status (c0, c1), and cumulative dose (d). The baseline was dependent on survival

time (Equation 3.3), and the relative risk was the product of the exponential sum of the
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non-radiation covariates and a function of radiation exposure (Equation 3.4).

BH = a · t2 · exp (−b · t) (3.3)

RR = exp (β · s1 +
4∑

i=1

(α · wi) + ν · u1 + µ · c1) · f(d(t)) (3.4)

Each individual was followed from the age of 18 years to a maximum age of 82 years. For

each year of survival, individuals were exposed to a uniform random dose between 0.0 and

1.0 Gy up to 65 years of age. For each interval, a random surviving fraction was sampled,

and if the predicted survival age was within the interval, the individual experienced the event

and was not followed up further. The datasets were designed to contain tens of millions of

rows of data.

The purpose of these tests was to establish whether Colossus could predict the true values

of the parameters with different combinations of weak and strong, positive and negative

correlations, and complicated non-linear subterms (Eq. 2.9). A strong negative and weak

negative correlation reduced the relative risk to below 50% and within 90% of the unaltered

value, respectively. Weak and strong positive correlations increased the relative risk to within

110% and above 200% of the unaltered values, respectively.

This step was divided into two series of calculations. The first treated the function of

dose as an exponential and varied each covariate individually over combinations of correlation

sign and strength. The second treated the function of dose as a constant plus a non-linear

subterm (Equation 2.9). Because these models were more complex, only the dose was varied

over combinations of correlation strengths and signs. For each risk model, a dataset of

event times was generated, regressions were performed up to convergence, and the converged

model parameters were compared to the true model parameters. Overall, Colossus converged

within reasonable bounds of the true parameter values (Fig. 3.6). The error in the relative

risk was determined to be within 0.1% and was attributable to statistical noise.
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Figure 3.6: Stage 3 of testing. Rate models were simulated to create datasets and analyzed
in Colossus to compare the estimated and true model parameter values. The hazard ratio
distributions were compared to evaluate whether discrepancies were significant.

As an example, the results of one of the linear-threshold model tests is presented below.

The true ERR increased by 0.067 per unit dose above a threshold of 10 dose, and the

predicted ERR increased by 0.0652 per unit dose above a threshold of 9.91 dose (Eq. 3.5).

The total relative risk was calculated for all 66 million intervals and for both the true

and predicted model parameters (Fig. 3.7). Approximately 56% of the predicted hazard

ratios were within 0.1% of the true value, and nearly 100% were within 1%. Similar to this

example, comparisons between the model parameters and risk distributions were made for

various combinations of risk models and associations. Across every combination, the error

was found to be within 1% for over 99% of the data.

ERR = 1 +


α · (d− β) , for d > β

0 , otherwise

(3.5)
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Figure 3.7: Comparison between the true and predicted excess relative risk curves, and the
distribution in error in calculated hazard ratio.

3.1.4 Large-scale Multi-state Modeling

Finally, the third stage of testing was repeated with individuals at risk of multiple competing

events. Every subject could leave the study due to a common or rare event. Common events

occurred at an earlier age than rare events and at a much higher rate. The baseline hazard

(BH) and relative risk (RR) equations for each event were written as functions of survival

time (t), biological sex (s0, s1), economic status (e1, ..., e7), smoking status (c1, c2, c3), and

cumulative dose (d). The baseline was dependent on survival time (Equation 3.3), and the

relative risk was the exponential sum of the non-radiation covariates and radiation exposure

(Equation 3.6).

RR = exp (β · s1 +
7∑

i=2

(α · ei) +
3∑

i=2

(ν · ci) + µ · d) (3.6)

The event rates were selected such that the presence of the common event would affect

the predicted relative risk models of the rare event. The optimal model parameter values

were expected to no longer match their true values; the goal of this test was to match the

Survival package in R5. The results for one example are presented below. For this example,

the Cox proportional hazard results matched within 0.01 (Table 3.2).
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Table 3.2
Multi-state model simulation, Cox proportional hazards model comparison between software.

Survival Colossus Difference

Covariate Central Estimate Standard Error Central Estimate Standard Error

Dose 0.00304 0.00246 0.00003 0

e 2 0.07989 0.00946 0.00123 0

e 3 0.14609 0.00983 0.00239 0

e 4 0.1828 0.0102 0.00289 0

e 5 0.2422 0.01046 0.00382 0

e 6 0.27949 0.01073 0.00443 0

e 7 0.29621 0.01104 0.00473 0

s 1 0.37118 0.00632 0.00518 0

c 2 0.13551 0.00801 0.00201 0

c 3 0.49171 0.00651 0.00763 0

3.2 Big Data Optimization

In addition to being able to combine different types of risk models and likelihood functions,

Colossus was designed to handle large amounts of data. Throughout the design process,

benchmarking and testing were focused on the performance with big data. This process is

exemplified by the implementation of regression considering covariate uncertainty in Colos-

sus, which is described in greater detail in Chapter 7.

In short, the Million Person Study aims to perform risk analysis taking into account

the uncertainty in annual dose estimates. Instead of using a single expected annual dose,

uncertainties throughout the detailed dosimetric analysis should be considered. The details

presented in NCRP Commentary 3423 indicated that one next step in considering covariate

uncertainty is often to generate multiple realizations of each annual organ dose, analyze each

realization, and then combine the results. For any outcome and organ dose analyzed in this
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way, obtaining a single parameter estimate would require running thousands of regressions.

Even if each regression requires on the order of seconds, the final result may take hours.

Optimizing Colossus for multiple realization analyses was beyond optimizing each realization

individually and provided an example of how highly specific analyses were implemented and

optimized in Colossus.

First, an outline of how multiple realizations are analyzed using standard software is

provided. A hypothetical dataset would be composed of rows with time at risk, risk factors,

and event indicators (Table 3.3). Multiple realizations of at least one risk factor exposure

would be generated before running the analysis. Importantly, the time each row was at risk

and the event columns would be constant between regressions, but the risk factors would

change between realizations.

Table 3.3
Example of multiple realization data.

ID Entry Age Exit Age Event Dose 1 Dose 2 ...

1 18 19 0 0.65 0.66 ...

1 19 20 0 0.36 0.77 ...

1 20 21 1 0.57 0.33 ...

2 30 31 0 0.62 0.42 ...

2 31 32 0 0.35 0.59 ...

... ... ... ... ... ... ...

For a standard function call, the dataset is loaded, the analysis is run, and the results

are recorded. A diagram of the functional flow within Colossus is provided below (Fig. 3.8);

however, other comparable software follow a similar series of steps.
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Figure 3.8: Standard function call with one realization analyzed per call. By running each
regression separately, several identical steps were repeated thousands of times.

Colossus uses the Rcpp package50 to run analyses with a combination of R and C++

functions and performs calculations in parallel using OpenMP51. If the analysis had been

performed in Colossus, it would have started by processing the data in R, then the R variables

would have been converted to C++ variables, memory would have been allocated for the

matrices used for risk and score calculation, and iterations would have been run as previously

described until the regression converged and the results were exported to R.

For this analysis, Cox regression was used, which would add an additional step to pre-

determine rows at risk at each event time. Reserving memory and predetermining rows at

risk are steps taken in Colossus to save time over large regressions. The sizes of the required

matrices would be determined by the number of rows in the dataset and the number of

covariates in the model. The rows at risk would be based on the event times and intervals

for each row. None of these values would have changed between iterations; memory could

be allocated, and the risk groups solved once per regression instead of once per iteration.

Another important detail was that the analysis switches from R to C++ and back once, not

multiple times per regression. The process of converting variables between R and C++ was

time consuming. By designing the functions with these principles in mind, each independent

regression function was optimized.

Optimizing each regression required identifying the steps that were constant over iter-
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ations. Similarly, optimizing multiple regressions required identifying the steps that were

constant over each realization. In the example given, the intervals at risk at each event time

and the structure of the model would not change between realizations. The same memory

allocations and risk group calculations would have been repeated for every realization. A

truly optimized analysis would have performed these steps once per analysis, not once per

realization. This was achieved by moving the realization column update into the C++ code

block (Fig. 3.9). In doing so, the analysis followed the same optimization rules as those

for single realization functions. The steps were repeated only as often as necessary, and the

code did not switch excessively between R and C++.

C++ Code

R input R output

Reserve

Memory

Define Risk
Groups

Select Realization
Columns

Add to Realization
Results

Calculate

Score

Check
Convergence

Calculate

Risk

Converged

Update

Parameters

Figure 3.9: Function call with multiple realizations analyzed per call. Switching to one
function call per analysis allowed fewer steps to be repeated.

The same steps were performed for various expected types of analyses. Another example

was for a user trying multiple initial parameter sets. In many cases, a user may want to

run several short regressions at different starting points and then run more iterations at the

best point. So, Colossus was designed to accept multiple initial parameter lists. Within

the same C++ function, Colossus runs a regression at each starting point, selects the best

parameter set, and runs more iterations. This shortcut is important for risk models that may

have several local optima. Without testing multiple different starting points, it may not be

possible to differentiate local optima from global optima (Fig. 3.10). As the Million Person

Study applies more complicated models to large cohorts, these simple approaches can save

significant time in the long run.
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Figure 3.10: Gradient-based optimization algorithms do not distinguish between local op-
tima. A regression starting below 2.6 converges to the wrong point. A common solution is
to perform multiple regressions at different starting points.

3.3 Hardware Usage and Software Performance

Colossus runs calculations in parallel when possible, using data stored in Eigen matrices50

or standard C++ vectors. Many of the calculations either assign values to matrix columns

independently or assign a sum of values to a vector element. Both tasks were written as

“for loops” in parallel. Each thread was assigned a calculation to a different column or

vector element, so multiple calculations could be performed simultaneously. In general,

the derivative calculations were performed as independent column calculations (Fig. 3.11)

and the Cox proportional hazard log-likelihoods were calculated as batch sums over each

risk group (Fig. 3.12). This type of analysis with OpenMP used shared-memory parallelism,

which meant that these operations could be performed simultaneously without making copies

of the data.
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Figure 3.11: Basic parallelization method applied for independent column calculations. The
equation applied to each column was dependent on a shared constant matrix, so values were
assigned to each column simultaneously.

Figure 3.12: Basic parallelization method applied for accumulated sums. Each thread accu-
mulated a sum over independent batches, and then the intermediate results were combined
to calculate the sum over the entire dataset.

The sizes of the created matrices and the number of parallel loops are functions of the

values known to users. These values are the number of rows (nr), number of risk groups (ng),

number of covariates (nc), and number of parallel cores (np). The term and risk calculations

define matrices on the order of nr ×nc and nr ×n2
c . The risk group collection defines vectors

on the scale of 1×ng. Log-likelihood calculations for Cox proportional hazards models define

matrices on the order of ng × nc and ng × n2
c . The memory required for different sections

was expected to increase with the number of rows and risk groups and potentially increase

quadratically with the number of covariates.

The term and risk calculations were parallelized over the matrix columns, so the time
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duration for these steps was expected to be proportional to the ratio of nr · n2
c/np. The risk

group collection step filters a vector with length nr and was parallelized over risk groups,

so the time duration was expected to be proportional to the ratio of ng · nr/np. The log-

likelihood calculation for Cox proportional hazards models was parallelized over columns and

risk groups, so the step duration was expected to be proportional to the ratio of ng · n2
c/np.

To visualize these effects, benchmarking was performed to compare the time requirements

among regressions with differences in data scale and model complexity. The intention was to

run regressions with differences in the number of intervals, risk groups, model covariates, and

cores used. First, a simulated dataset was randomly generated with approximately 42 million

intervals. Subsets of the dataset were generated by randomly sampling different percentages

of intervals. Each subset was further divided into two versions with different numbers of

risk groups by rounding the time columns to one or two decimal places. Each version was

analyzed using Cox regression, and the original subset was analyzed using Poisson regression.

Each regression was repeated for different numbers of covariates and cores. Changes in time

by covariates were compared at 1, 16, and 128 cores. Changes in time by core were compared

at 1, 4, and 8 covariates. In total, six different numbers of intervals were tested, ranging

from 4 thousand to 40 million, and 216 regressions were performed for each dataset size.

Benchmarking was performed using the Kansas State University Beocat computing sys-

tem with 128 core Warlock nodes. The regressions were split over six jobs, one for each

interval sampling, so that regressions with the same number of intervals used the same hard-

ware. Memory use was measured by the peak memory reported per job and tables of memory

use at minute intervals. Regressions that took less than 1 minute could not be accurately

described, so detailed memory use analysis was not performed for analyses using less than

1 million rows. Additionally, memory usage was found to vary significantly during parallel

calculations. This meant that the observed memory use was not likely to fully capture the

range of memory use during each regression.

The first expected trend was that the regression duration would increase with the number

of covariates and the size of the dataset. The plots of regression duration using one core

show the influence of dataset size, risk groups, and number of covariates (Fig. 3.13). At
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4,226 intervals, the regression duration was too varied to form a meaningful trend. Above

4,200 intervals, the duration increased with the number of covariates, with a slight curva-

ture. One would expect the Cox regressions to take longer than the Poisson regressions, and

the Cox regressions with more risk groups to take longest. Above 42,000 rows this trend

was consistent. As the difference in risk groups increased, the Cox regressions with more

risk groups took significantly longer than those with fewer risk groups. These differences

in duration were due to the number of calculations performed. Cox likelihood calculations

are split by risk groups, while Poisson likelihoods are not. This meant that Cox regressions

required more calculations than Poisson regressions, and the difference increased with the

number of risk groups. The slight curvature was believed to be due to the calculation of sec-

ond derivatives, which were expected to increase proportionally to the number of covariates

squared.
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Figure 3.13: Regression duration using one core across different regressions methods and
data size. In general the duration increased with number of covariates, risk groups, and
intervals.

The second expected trend was the change in regression duration with the number of

cores and regression model at one covariate. Increasing the number of cores was expected

to decrease the time of parallelized calculations and increase the preparation time of the
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calculations. The first benchmark was at one covariate (Fig. 3.14). Poisson regressions with

a single covariate have no parallelized calculations, so duration was expected to only increase.

Cox regressions with one covariate parallelize likelihood calculations over risk groups, so the

duration was expected to increase based on the number of risk groups. This trend was

consistent for all datasets. In general the Poisson durations increased with number of cores,

the Cox regressions with fewer risk groups had slight improvements, the Cox regressions with

more risk groups had more improvement, and duration generally increased at 128 cores. For

each dataset size and regression method, there was an optimal number of cores. Poisson

regressions were generally optimized at one core, and the Cox regressions were generally

optimized between 8 to 32 cores.
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Figure 3.14: Regression duration using one covariate across different regressions methods
and data size. The Poisson regressions did not use parallelized calculations, so they did
not benefit from additional cores. Cox regressions parallelize over risk groups, so they saw
benefit based on the number of risk groups.

The final expected trend was the change in regression duration with the number of cores

and the regression model with eight covariates. As the number of covariates increases, the

number of parallelized calculations increases for each regression model. This meant that

every regression method was expected to improve with an increasing number of cores based

on the number of calculations. Contrary to the benchmarking at one covariate, the Poisson
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regression duration was expected to be optimized above one core. The Cox regressions

were expected to be optimized at higher core numbers due to the increase in parallelized

calculations. This trend was consistent with the data (Fig. 3.15). Even with as few as 4,200

rows, the Poisson regressions improved with increasing covariates. For regressions with more

than one million intervals, the improvement continued up to 128 cores. In general, the

reduction in regression duration with increasing number of cores improved as the number of

covariates increased.

0.3

0.4

0.5

0.6

Ti
m

e 
(S

ec
on

ds
)

4,226 Rows
 70 and 72 Risk Groups

0.6

0.8

1.0

1.2

42,269 Rows
 374 and 638 Risk Groups

5

10

15

20

425,739 Rows
 638 and 3,976 Risk Groups

Cox, More Groups
Cox, Less Groups
Poisson

100 101 102

Cores

100

200

300

Ti
m

e 
(S

ec
on

ds
)

4,263,658 Rows
 640 and 6,369 Risk Groups

100 101 102

Cores

250

500

750

1000

1250

21,328,496 Rows
 640 and 6,400 Risk Groups

100 101 102

Cores

500

1000

1500

2000

2500

42,651,731 Rows
 640 and 6,400 Risk Groups

Time Per Regression on 8 Covariates

Figure 3.15: Regression duration using eight covariates across different regressions methods
and data size. Due to the increased number of parallel calculations, every regression method
benefited from additional cores to some degree.

The memory required was expected to increase with the number of intervals, risk groups,

and covariates in the model. These values control the size of the matrices used to store the

calculations throughout the regression. Another important factor that increased memory

usage was the use of temporary variables to store intermediate values. The number of tem-

porary values defined at once depended on the number of parallel calculations performed

simultaneously. This meant that the memory use was dependent on a baseline level depen-

dent on the size of the matrices storing the final results and a variable level that increased

with the number of parallel calculations. The memory benchmarking only observed memory

use at specific times, which meant that peak memory use for every regression was likely not
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observed. Baseline memory could be approximated by running regressions on a single core,

so very few temporary variables would be defined at once (Fig. 3.16). For a single core, the

memory use ranged from 9 to 16 GB for the four million interval data and from 50 to 90

GB for the 42 million interval data. In general, the observed memory use increased with the

number of covariates and intervals.
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Figure 3.16: Peak observed memory use for regressions on a single core by number of covari-
ates. Due to the low number of parallel calculations, the baseline memory required could be
measured. Memory required generally increased with the size of the dataset and number of
covariates.

The effect of temporary variables can be approximated by running regressions with mul-

tiple covariates with increasing numbers of cores. For each regression, the minimum and

maximum observed memory use were recorded and plotted (Fig. 3.17). For 42 million in-

terval data, the average minimum memory use was consistently on the scale of 50 to 90 GB,

while the average maximum memory use above 32 cores increased up to 140 to 170 GB.
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Figure 3.17: Observed range of memory use for regressions on eight covariates by numbers
of cores. Due to the number of parallel calculations, the range of observed memory use
increased drastically with more cores.

The exact regression durations varied significantly among the different systems and re-

gression problems. Differences in the number of iterations and size of the data influenced

which regression steps took the longest duration. In the benchmarking performed in Chap-

ter 7, the regressions took approximately 8 seconds, most of which was spent processing the

data. Other regressions performed during testing spent significantly more time in the itera-

tion stage than in the processing stage. The general rule of thumb still applies: increasing

the complexity of the model, the size of the data, or the fidelity of the event times gener-

ally increases the time and memory required. Conversely, reducing the model complexity,

rounding event times, and analyzing subsets of the data would generally decrease the time

and memory required.
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Chapter 4

An Example of Standard Use

To demonstrate the use of Colossus†, examples of typical Cox proportional hazards and

Poisson model fitting are presented here. For further discussion of Colossus capabilities and

example code, the reader is directed to the variety of vignettes included with the package at

the CRAN35 and GitHub repositories36.

This analysis used data from the Veterans’ Administration Lung Cancer study49. This

dataset was selected for its relevance to cancer research, availability to any R user, and use in

the 32-bit Epicure manual. This dataset was available in R through the Survival package5.

The Cox proportional hazards analysis mirrored Example 6.12 in the 32-bit Epicure manual4,

so transformations were applied to convert the version in R to the version included with 32-

bit Epicure (Listing 1). The following transformations were made:

1. Changing the 93rd Karnofsky performance score entry from 30 to 20;

2. Converting the treatment indicator to 0/1; and

3. Recoding the cell types as integers.

†This chapter is reproduced from previously published work3
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library(Colossus)

library(survival)

library(dplyr)

data(cancer, package = "survival")

df <- veteran

# Make the same adjustments as Epicure example 6.5

karno <- df$karno

karno[93] <- 20

df$karno <- karno

df$trt <- df$trt - 1

df$trt <- as.integer(df$trt == 0)

cell_string <- df$celltype

cell <- case_when(

cell_string == "squamous" ~ 1,

cell_string == "smallcell" ~ 2,

cell_string == "adeno" ~ 3,

cell_string == "large" ~ 0

)

df$cell <- cell

Listing 1: Preparing Lung Cancer Data

Next, the covariates used for modeling were prepared (Listing 2). The model measured

the effects of cell type, Karnofsky performance score, and treatment on different measures

of risk. These risk models were functions of the factored cell type (C1 − C3), the Karnofsky

score centered at 50 (K50), and the treatment group (Trt). The factoring of cell type in this

analysis was performed using the Colossus function factorize, which divided the columns in

a list into factored columns and returned the final updated table.

df$karno50 <- df$karno - 50

# Convert the cell column into multiple factor columns

fcols <- c("cell")

val <- Colossus::factorize(df, fcols) # Colossus function

df <- val$df

Listing 2: Preparing Lung Cancer Covariates
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4.1 Cox Proportional Hazards Regression

Two Cox proportional hazards models were used in these examples. The first applied treat-

ment as an exponential effect (Eq. 4.1), and the second considered treatment to be a linear

effect (Eq. 4.2). Note that treatment was a binary covariate, so both models were expected

to produce the same hazard ratio central estimates.

HR1 = exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50 + βtrt · Trt) (4.1)

HR2 = (1 + βtrt · Trt) exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50) (4.2)

First, the survival interval was specified (Listing 3). The default survival definition in

Colossus was a counting interval, where every row had a starting time, ending time, and

status indicator. Left-truncated and right-truncated survival problems are special cases in

which every row has the same starting or ending point. This analysis only had a measure of

survival duration, so the start time was considered shared. The interval end time was set to

the survival time column, and the start time was set to %trunc%, which Colossus used to

denote a shared end-point. The event indicator was the censoring status.

t0 <- "%trunc%"

t1 <- "time"

event <- "status"

Listing 3: Left Truncated Survival Interval

The next step was to define the model equation (Section 2.1). Every element in the

equation had a column name, subterm type, term number, and initial parameter estimate.

The default was a single term, multiplicative model, and exponential subterms (Eq. 4.1).

This equation matches the typical Cox proportional hazards model. These values were

entered into the Colossus functions via vectors (Listing 4). Only a vector of column names

and a vector of subterm types were used in this case.
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names <- c(

"cell_1", "cell_2", "cell_3",

"karno50", "trt"

)

tform_1 <- c(

"loglin", "loglin", "loglin",

"loglin", "loglin"

)

tform_2 <- c(

"loglin", "loglin", "loglin",

"loglin", "plin"

)

Listing 4: Cox Regression Model Definition

Cox regression functions in Colossus generally require a table of data, interval columns,

an event column, and model definition vectors. Other details controlling the regression could

have been provided through different control lists. In this analysis, the remaining arguments

were set to default values (Listing 5). The regression functions returned a list of details

regarding the optimized model and convergence status. The results were summarized and

printed in a concise table using the Interpret Output function (Tables 4.1-4.2).

e1 <- Colossus::RunCoxRegression(

df, t0, t1, event,

names = names, tform = tform_1

)

e2 <- Colossus::RunCoxRegression(

df, t0, t1, event,

names = names, tform = tform_2

)

Colossus::Interpret_Output(e1)

Colossus::Interpret_Output(e2)

Listing 5: Cox Regression Running and Printing
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Table 4.1
Lung cancer data, exponential hazard ratio model results.

Covariate Subterm Central Estimate Standard Error

cell 1 log-linear -0.39259 0.28220

cell 2 log-linear 0.42251 0.26306

cell 3 log-linear 0.75616 0.29844

karno50 log-linear -0.03119 0.00516

trt log-linear -0.25394 0.20052

-2*Log-Likelihood: 951.01

AIC: 961.01

Table 4.2
Lung cancer data, linear hazard ratio model results.

Covariate Subterm Central Estimate Standard Error

cell 1 log-linear -0.39259 0.28220

cell 2 log-linear 0.42251 0.26306

cell 3 log-linear 0.75616 0.29844

karno50 log-linear -0.03119 0.00516

trt product-linear -0.22426 0.15555

-2*Log-Likelihood: 951.01

AIC: 961.01

In both analyses, solutions were found with the same AIC, 961.01, and the same central

estimates for the hazard ratio (Table 4.3). The differences in the Wald confidence intervals

originated from the assumptions violated by using a linear model. Wald confidence intervals

assume that the distribution of the maximum likelihood estimators is approximately normal,

which has been found to be violated by risk models accounting for additive effects52. True

likelihood-based confidence intervals could have been calculated to correct for this approxi-
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mation.

Table 4.3
Lung cancer data, hazard ratio model comparison (95% confidence interval).

Covariate First Model HR Second Model HR HR Difference

cell 1 0.675

( 0.388 , 1.174 )

0.675

( 0.388 , 1.174 )

0.000

( 0.000 , 0.000 )

cell 2 1.526

( 0.911 , 2.555 )

1.526

( 0.911 , 2.555 )

0.000

( 0.000 , 0.000 )

cell 3 2.130

( 1.187 , 3.823 )

2.130

( 1.187 , 3.823 )

0.000

( 0.000 , 0.000 )

karno50 0.969

( 0.960 , 0.979 )

0.969

( 0.960 , 0.979 )

0.000

( 0.000 , 0.000 )

trt 0.776

( 0.524 , 1.149 )

0.776

( 0.471 , 1.081 )

0.000

( 0.053 , 0.069 )

4.2 Poisson Rate Regression

An important difference between the Cox proportional hazards model regression and Poisson

model regression was the representation of time. Cox proportional hazards models used time

interval endpoints, and Poisson models used the total interval duration or person-time. In

this analysis, the survival time column represented the person-time at risk in each interval.

Another difference was that Poisson models often include an intercept term to account for

the average event rate. In Cox regression, a constant multiple is canceled out during the

likelihood calculation. For Colossus functions, an intercept column can be added using the

column name CONST to add a column of ones.
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λ1 = exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50 + βtrt · Trt+ βConst) (4.3)

λ2 = (1 + βtrt · Trt) exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50 + βConst) (4.4)

Another optional input for the functions in Colossus was the initial parameter estimate.

Suppose that the Cox proportional hazards model regressions have already been run, and one

wanted to use the optimized parameters as initial guesses for the parameters in the Poisson

models. The intercept parameter, βConst, was estimated using the average event rate. The

initial parameter guess was a vector in the same order as the column name and subterm

type vectors (Listing 6).

names <- c(

"CONST", "cell_1", "cell_2",

"cell_3", "karno50", "trt"

)

tform_1 <- c(

"loglin", "loglin", "loglin",

"loglin", "loglin", "loglin"

)

tform_2 <- c(

"loglin", "loglin", "loglin",

"loglin", "loglin", "plin"

)

avg_event <- sum(df$status) / sum(df$time)

print(log(avg_event))

# -4.868916

a_n1 <- c(-4.87, -0.39, 0.42, 0.76, -0.031, -0.25)

a_n2 <- c(-4.87, -0.39, 0.42, 0.76, -0.031, -0.22)

Listing 6: Poisson Regression Model Definition

The Poisson regression functions required nearly identical inputs, except that a single

person-year column was used instead of the two interval endpoint columns (Listing 7). In this

example, the optional parameter starting values were also provided. The Poisson regression

functions returned lists of results similar to the Cox proportional hazards functions, and the
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same function was used to summarize the results (Tables 4.4-4.5).

e1 <- Colossus::RunPoissonRegression(

df, t1, event,

names = names, tform = tform_1, a_n = a_n1

)

e2 <- Colossus::RunPoissonRegression(

df, t1, event,

names = names, tform = tform_2, a_n = a_n2

)

Colossus::Interpret_Output(e1)

Colossus::Interpret_Output(e2)

Listing 7: Poisson Regression Running and Printing

Table 4.4
Lung cancer data, exponential Poisson model results.

Covariate Subterm Central Estimate Standard Error

CONST log-linear -4.47422 0.23938

cell 1 log-linear -0.36859 0.27191

cell 2 log-linear 0.41982 0.25823

cell 3 log-linear 0.71318 0.29037

karno50 log-linear -0.02969 0.00482

trt log-linear -0.19739 0.19304

-2*Log-Likelihood: 393.72

AIC: 149.72, BIC: 423.24

Table 4.5
Lung cancer data, linear excess relative risk Poisson model results.

Covariate Subterm Central Estimate Standard Error

CONST log-linear -4.47422 0.23938

cell 1 log-linear -0.36859 0.27191
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cell 2 log-linear 0.41982 0.25823

cell 3 log-linear 0.71318 0.29037

karno50 log-linear -0.02969 0.00482

trt product-linear -0.17913 0.15846

-2*Log-Likelihood: 393.72

AIC: 149.72, BIC: 423.24

Similar to the Cox proportional hazards model results, the hazard ratios due to the effect

of each covariate were isolated. Both Poisson analyses found solutions with the same AIC,

149.72, and the same central estimates for the hazard ratio (Table 4.6). Once again, the

treatment effects did not have matching confidence intervals due to Wald confidence interval

assumptions.

Table 4.6
Lung cancer data, Poisson rate model comparison (95% confidence interval).

Covariate First Model HR Second Model HR HR Difference

CONST 0.011

( 0.007 , 0.018 )

0.011

( 0.007 , 0.018 )

0.000

( 0.000 , 0.000 )

cell 1 0.692

( 0.406 , 1.179 )

0.692

( 0.406 , 1.179 )

0.000

( 0.000 , 0.000 )

cell 2 1.522

( 0.917 , 2.524 )

1.522

( 0.917 , 2.524 )

0.000

( 0.000 , 0.000 )

cell 3 2.040

( 1.155 , 3.605 )

2.040

( 1.155 , 3.605 )

0.000

( 0.000 , 0.000 )

karno50 0.971

( 0.962 , 0.980 )

0.971

( 0.962 , 0.980 )

0.000

( 0.000 , 0.000 )

trt 0.821

( 0.562 , 1.198 )

0.821

( 0.510 , 1.131 )

0.000

( 0.052 , 0.067 )
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Finally, the hazard ratio estimates between the Cox proportional hazards and Poisson

models were compared. Although the scores could not be compared, the hazard ratio esti-

mates were similar (Table 4.7). This illustrated how the same measurement of risk could be

solved using multiple models.

Table 4.7
Lung cancer data, Cox proportional hazards and Poisson exponential relative risk model
comparison (95% confidence interval).

Covariate Poisson Model HR Cox Model HR HR Difference

cell 1 0.692

( 0.406 , 1.179 )

0.675

( 0.388 , 1.174 )

0.016

( 0.018 , 0.005 )

cell 2 1.522

( 0.917 , 2.524 )

1.526

( 0.911 , 2.555 )

0.004

( 0.006 , 0.031 )

cell 3 2.040

( 1.155 , 3.605 )

2.130

( 1.187 , 3.823 )

0.090

( 0.032 , 0.218 )

karno50 0.971

( 0.962 , 0.980 )

0.969

( 0.960 , 0.979 )

0.001

( 0.002 , 0.001 )

trt 0.821

( 0.562 , 1.198 )

0.776

( 0.524 , 1.149 )

0.045

( 0.039 , 0.049 )

4.3 Effect Modification

The final example demonstrates how to apply and interpret effect modification. For this

example, the Cox proportional hazards analysis was expanded by splitting the effect of

treatment by cell type. The goal of this type of analysis was to compare the effects among

strata to determine whether the effect was independent of the strata. So, this analysis

determined whether the treatment effect differed among cell types.
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HR3 =

(
1 +

3∑
i=0

(βtrt×Ci) · Trt · Ci

)
exp(βc1 · C1 + βc2 · C2 + βc3 · C3 + βk50 ·K50) (4.5)

The analysis started by defining the interaction columns and preparing the new equation

vectors (Listing 8). The results of the previous Cox proportional hazards analysis provided

an estimate of the optimal parameters. The null hypothesis was that every cell type was

equally affected by the treatment, and so the optimal parameter for treatment across different

levels of cell type would be the same as the non-stratified estimate found earlier. The results

were summarized and compared with the previous model results (Table 4.8).

df$trt_cell_0 <- df$trt * df$cell_0

df$trt_cell_1 <- df$trt * df$cell_1

df$trt_cell_2 <- df$trt * df$cell_2

df$trt_cell_3 <- df$trt * df$cell_3

names_3 <- c(

"cell_1", "cell_2", "cell_3",

"karno50", "trt_cell_0",

"trt_cell_1", "trt_cell_2",

"trt_cell_3"

)

tform_3 <- c(

"loglin", "loglin", "loglin",

"loglin", "plin",

"plin", "plin",

"plin"

)

a_n3 <- c(-0.393, 0.423, 0.756,

-0.031, rep(-0.22,4)

)

e3 <- Colossus::RunCoxRegression(

df, t0, t1, event,

names = names_3, tform = tform_3,

a_n = a_n3

)

Colossus::Interpret_Output(e3)

Listing 8: Effect Modification Regression
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Table 4.8
Lung cancer data, linear hazard ratio effect modification model results.

Covariate Subterm Central Estimate Standard Error

cell 1 log-linear -0.39259 0.28220

cell 2 log-linear 0.42251 0.26306

cell 3 log-linear 0.75616 0.29844

karno50 log-linear -0.03119 0.00516

cell 0 ∗ trt product-linear -0.40309 0.23771

cell 1 ∗ trt product-linear 0.39830 0.55214

cell 2 ∗ trt product-linear -0.54858 0.14778

cell 3 ∗ trt product-linear 0.23492 0.52445

-2*Log-Likelihood: 944.63

AIC: 960.63

The new central estimates by cell type were not equal to the original grouped estimate,

but the confidence intervals overlapped (Table 4.9). The new model had a smaller AIC than

the previous model, suggesting that the model improvement justified the use of additional

parameters. It cannot be concluded that the differences in the treatment effects among the

cell types were statistically significant.

Table 4.9
Lung cancer data, treatment effect modification comparison (95% confidence interval).

Covariate HR 95% Confidence Interval

trt -0.22426 ( -0.52914 , 0.08062 )

cell 0 ∗ trt -0.40309 ( -0.86900 , 0.06282 )

cell 1 ∗ trt 0.39830 ( -0.68389 , 1.48049 )

cell 2 ∗ trt -0.54858 ( -0.83823 , -0.25893 )

cell 3 ∗ trt 0.23492 ( -0.79300 , 1.26284 )
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Chapter 5

Validation Testing: Use With Million

Person Study Data

This chapter covers validation using data from two sources, workers at the Los Alamos

National Laboratory (LANL)25 and U.S. nuclear power plants (NPP)26, based on analyses

published in 2022 by the Million Person Study. For both cohorts, the original Epicure and

SAS scripts were used to verify that the new results were in line with the published values†.

For both datasets and each organ tested, calculations of Excess Relative Risk (ERR) at

100 mGy cumulative organ dose, Hazard Ratio (HR) at 100 mGy cumulative organ dose, and

HR for multiple cumulative organ dose categories were repeated. The previous publications

reported the log-linear ERR (ERRLL) as an approximation. In addition to the log-linear

ERR, the linear ERR (ERRL) solved with Colossus was compared with the results obtained

using 32-bit Epicure. Comparisons were made using the same Dose Weighting Factor (DWF)

as in the original publications. The DWF was related to the intake of radionuclides at LANL,

primarily plutonium. Cox proportional hazards models for non-CLL leukemia (DWF=1),

lung cancer (DWF=20, combined sexes), ischemic heart disease (DWF=1), and Parkinson’s

disease (DWF=1) were tested using LANL data. The same models were tested for nuclear

power plant worker data, in addition to the model for all solid cancers excluding leukemia.

†This chapter is reproduced from previously published work3
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The ERR and HR were assumed to be functions of biological sex, level of education and eco-

nomic categories, year of birth categories, and the annual cumulative dose. The organ doses

for non-CLL leukemia, lung cancer, ischemic heart disease, all solid cancers, and Parkinson’s

disease were the active bone marrow, lung, heart, colon, and brain doses, respectively. These

outcomes were selected to capture a variety of event rates commonly calculated by the MPS,

at the request of the MPS team.

RRLL = exp

(
βLL · dose+ β1 · sex+

∑
j

αj ·DOBj +
∑
k

γk · educk

)
(5.1)

RRL = (1 + βL · dose) · exp

(
β1 · sex+

∑
j

αj ·DOBj +
∑
k

γk · educk

)
(5.2)

HR(dose, z) = exp(βLL · dose± z · σβLL
· dose) (5.3)

ERR(dose, z)LL = βLL · dose± z · σβLL
· dose (5.4)

ERR(dose, z)L = βL · dose± z · σβL
· dose (5.5)

The original publications calculated the ERR with the PEANUTS module in 32-bit

Epicure4 and calculated hazard ratios with SAS software33. Every regression was repeated

in 32-bit Epicure and Colossus to verify that any differences from the published results were

not due to a failure to converge. The published results were provided up to ±0.01, so any

difference from the published results less than 0.01 was treated as within acceptable limits.

The new Epicure analyses, the linear ERR estimates, were compared up to ±0.001, so any

difference from the new run results less than 0.001 was treated as within acceptable limits.

Any differences within these levels of precision might have been due to numerical precision

differences or slight differences in the convergence criteria. Wald’s method for confidence

interval calculation was used for the log-linear ERR and hazard ratios, and likelihood-based

bounds were used for the linear ERR to better account for linearity52.
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5.1 Los Alamos National Laboratory Worker Results

Starting with the overall HR dose models (Table 5.1) and categorical dose HR models (Table

5.2), the published results matched the Colossus results within 0.008. Colossus and 32-bit

Epicure regressions with the same convergence criteria found optimal parameters within

0.001, so the minor difference from the published results was concluded to be due to differ-

ences in the convergence criteria and rounding error. Overall, the log-linear hazard ratios

estimated by Colossus matched both the published results and the 32-bit Epicure results.

Table 5.1
Hazard Ratio at 100 mGy (95% Confidence Interval) for four causes of death among LANL
workers comparing Colossus results with published results based on 32-bit Epicure software.

Outcome Published Colossus Difference

Non-CLL Leukemia 0.65

(0.33 , 1.28)

0.649

(0.331 , 1.275)

0.001

(0.001 , 0.005)

Lung Cancer 1.01

(0.98 , 1.04)

1.006

(0.980 , 1.033)

0.004

(0.0 , 0.007)

Ischemic Heart Disease 0.94

(0.85 , 1.04)

0.939

(0.848 , 1.040)

0.001

(0.002 , 0.000)

Parkinson’s Disease 1.18

(0.93 , 1.49)

1.175

(0.927 , 1.489)

0.005

(0.003 , 0.001)

Table 5.2
Hazard Ratio for each dose category displayed for dose response in the published article on
LANL workers (95% Confidence Interval) for four causes of death comparing Colossus results
with published results based on 32-bit Epicure Software.

Non-CLL Leukemia

Dose Category (mGy) Published Colossus Difference

5 ≤ Dose 1.09

(0.75 , 1.59)

1.094

(0.750 , 1.594)

0.004

(0.000 , 0.004)
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Lung Cancer

Dose Category (mGy) Published Colossus Difference

5 ≤ Dose < 50 0.88

(0.71 , 1.09)

0.879

(0.712 , 1.086)

0.001

(0.002 , 0.004)

50 ≤ Dose < 100 0.71

(0.4 , 1.26)

0.707

(0.399 , 1.254)

0.003

(0.001 , 0.006)

100 ≤ Dose 1.02

(0.7 , 1.49)

1.022

(0.702 , 1.487)

0.002

(0.002 , 0.003)

Ischemic Heart Disease

Dose Category (mGy) Published Colossus Difference

5 ≤ Dose < 50 0.96

(0.87 , 1.07)

0.961

(0.865 , 1.068)

0.001

(0.005 , 0.002)

50 ≤ Dose < 100 1.11

(0.87 , 1.41)

1.104

(0.869 , 1.403)

0.006

(0.001 , 0.007)

100 ≤ Dose 0.91

(0.7 , 1.17)

0.905

(0.699 , 1.172)

0.005

(0.001 , 0.002)

Parkinson’s Disease

Dose Category (mGy) Published Colossus Difference

5 ≤ Dose < 50 0.74

(0.51 , 1.05)

0.735

(0.514 , 1.051)

0.005

(0.004 , 0.001)

50 ≤ Dose < 100 1.83

(1.06 , 3.17)

1.827

(1.056 , 3.162)

0.003

(0.004 , 0.008)

100 ≤ Dose 1.05

(0.53 , 2.06)

1.049

(0.534 , 2.062)

0.001

(0.004 , 0.002)

Finally, the results of the ERR models for the LANL workers are shown in Tables 5.3 and

5.4. Two ERR models were compared: log-linear and linear. Overall, there was virtually no
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difference between the log-linear ERR published and the results from Colossus.

Table 5.3
Log-Linear Excess Relative Risk at 100 mGy (95% Confidence Interval) for four causes of
death among LANL workers comparing Colossus results with the published results based on
32-bit Epicure software.

Outcome Published Colossus Difference

Non-CLL Leukemia -0.43

(-1.11 , 0.24)

-0.432

(-1.107 , 0.243)

0.002

(0.003 , 0.003)

Lung Cancer 0.01

(-0.02 , 0.03)

0.006

(-0.020 , 0.033)

0.004

(0.000 , 0.003)

Ischemic Heart Disease -0.06

(-0.16 , 0.04)

-0.063

(-0.165 , 0.039)

0.003

(0.005 , 0.001)

Parkinson’s Disease 0.16

(-0.07 , 0.4)

0.161

(-0.076 , 0.398)

0.001

(0.006 , 0.002)

When considering the different ERR results, there was an important difference be-

tween the Wald confidence intervals and likelihood-based intervals for the linear models.

A likelihood-based interval can only be defined where the parameter was valid. Lower con-

fidence interval bounds were not found for either software and almost every model tested

because each dose parameter had a lower threshold (−1/dosemax). If the dose parameter

was smaller than the lower threshold, the predicted hazard ratio for at least one row would

have been negative. If the optimum score at the lower threshold was within the confidence

interval, then the confidence interval did not have a defined lower bound. Wald confidence

intervals assume that the model was defined for the full parameter range, so both bounds

would always exist.

The only significant difference in the linear ERR comparison was observed in the regres-

sion for non-CLL leukemia. The optimum ERR found, −0.11979, was near the threshold

for a negative relative risk. Near this point, 32-bit Epicure was unable to solve for any

likelihood-based bounds, while Colossus was able to solve for an upper bound. This was
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believed to be a circumstantial issue that arose from the location of the optimal point and

was not believed to be reflective of any failure to converge or calculate risks.

Table 5.4
Linear Excess Relative Risk at 100 mGy (95% Confidence Interval) for four causes of death
among LANL workers comparing Colossus based on 32-bit Epicure software.

Outcome Epicure Colossus Difference

Non-CLL Leukemia -0.120

(None1 , None)

-0.120

(None1 , 0.186)

0.000

(NA , 0.186)

Lung Cancer 0.011

(None2 , 0.072)

0.011

(None2 , 0.072)

0.000

(NA , 0.000)

Ischemic Heart Disease -0.068

(None3 , 0.031)

-0.068

(None3 , 0.031)

0.000

(NA , 0.000)

Parkinson’s Disease 0.216

(-0.092 , 0.693)

0.215

(-0.092 , 0.693)

0.000

(0.000 , 0.000)

1 non-CLL Leukemia has a minimum ERR of -0.1198 at 100 mGy

2 Lung Cancer has a minimum ERR of -0.0069 at 100 mGy

3 Ischemic Heart Disease has a minimum ERR of -0.1119 at 100 mGy

5.2 U.S. Nuclear Power Plant Worker Results

The analysis of the nuclear power plant workers started with the overall HR dose models

(Table 5.5) and categorical dose HR models (Table 5.6). Overall, the published results and

the Colossus results match within 0.009. Once again, the same regressions were run in

Colossus and 32-bit Epicure, and the optimal parameters were within 0.001. The differences

between the published results and Colossus were believed to be due to differences in the

convergence criteria, not a failure to converge.
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Table 5.5
Hazard Ratio at 100 mGy (95% Confidence Interval*) for five causes of death among nuclear
power plant workers comparing Colossus results with published results based on 32-bit Epicure
software.

Outcome Published Colossus Difference

Non-CLL Leukemia 1.16

(1.00 , 1.36)

1.164

(0.999 , 1.357)

0.004

(0.001 , 0.003)

Lung Cancer 0.96

(0.90 , 1.02)

0.957

(0.898 , 1.020)

0.003

(0.002 , 0.000)

Ischemic Heart Disease 0.99

(0.94 , 1.04)

0.991

(0.944 , 1.040)

0.001

(0.004 , 0.000)

All Solid Cancers 1.01

(0.97 , 1.05)

1.008

(0.970 , 1.047)

0.002

(0.000 , 0.003)

Parkinson’s Disease 1.27

(0.98 , 1.65)

1.272

(0.979 , 1.652)

0.002

(0.001 , 0.002)

* 90% confidence interval used for non-CLL Leukemia per published value

Table 5.6
Hazard Ratio for each dose category displayed for dose response in the published article on
nuclear power plant workers (95% Confidence Interval*) for five causes of death comparing
Colossus results with published results based on 32-bit Epicure software.

Non-CLL Leukemia

Dose Category (mGy) Published Colossus Difference

5 ≤ Dose < 50 1.20

(0.93 , 1.53)

1.196

(0.934 , 1.531)

0.004

(0.004 , 0.001)

50 ≤ Dose < 75 1.51

(1.03 , 2.21)

1.507

(1.029 , 2.205)

0.003

(0.001 , 0.005)

75 ≤ Dose < 100 1.43

(0.87 , 2.34)

1.429

(0.873 , 2.339)

0.001

(0.003 , 0.001)
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100 ≤ Dose < 200 1.01

(0.62 , 1.66)

1.013

(0.619 , 1.658)

0.003

(0.001 , 0.002)

200 ≤ Dose < 300 2.05

(1.06 , 3.97)

2.050

(1.059 , 3.966)

0.000

(0.001 , 0.004)

300 ≤ Dose 2.52

(1.08 , 5.91)

2.520

(1.075 , 5.907)

0.000

(0.005 , 0.003)

Lung Cancer

Dose Category (mGy) Published Colossus Difference

25 ≤ Dose < 50 1.18

(1.08 , 1.29)

1.184

(1.082 , 1.295)

0.004

(0.002 , 0.005)

50 ≤ Dose < 100 0.99

(0.88 , 1.11)

0.991

(0.884 , 1.111)

0.001

(0.004 , 0.001)

100 ≤ Dose < 250 1.01

(0.88 , 1.17)

1.014

(0.880 , 1.168)

0.004

(0.000 , 0.002)

250 ≤ Dose 0.73

(0.52 , 1.03)

0.731

(0.521 , 1.027)

0.001

(0.001 , 0.003)

Ischemic Heart Disease

Dose Category (mGy) Published Colossus Difference

25 ≤ Dose < 50 1.02

(0.95 , 1.10)

1.020

(0.947 , 1.099)

0.000

(0.003 , 0.001)

50 ≤ Dose < 100 1.01

(0.93 , 1.11)

1.012

(0.925 , 1.107)

0.002

(0.005 , 0.003)

100 ≤ Dose < 250 1.00

(0.89 , 1.12)

0.996

(0.889 , 1.115)

0.004

(0.001 , 0.005)

250 ≤ Dose 0.95

(0.75 , 1.20)

0.948

(0.749 , 1.200)

0.002

(0.001 , 0.000)
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All Solid Cancer

Dose Category (mGy) Published Colossus Difference

25 ≤ Dose < 50 1.16

(1.09 , 1.23)

1.153

(1.088 , 1.223)

0.007

(0.002 , 0.007)

50 ≤ Dose < 100 1.00

(0.93 , 1.08)

1.000

(0.930 , 1.076)

0.000

(0.000 , 0.004)

100 ≤ Dose < 250 1.06

(0.97 , 1.15)

1.051

(0.961 , 1.149)

0.009

(0.009 , 0.001)

250 ≤ Dose 0.90

(0.74 , 1.09)

0.897

(0.737 , 1.092)

0.003

(0.003 , 0.002)

Parkinson’s Disease

Dose Category (mGy) Published Colossus Difference

25 ≤ Dose < 50 1.03

(0.64 , 1.65)

1.028

(0.640 , 1.651)

0.002

(0.000 , 0.001)

50 ≤ Dose < 100 0.71

(0.34 , 1.46)

0.708

(0.343 , 1.461)

0.002

(0.003 , 0.001)

100 ≤ Dose < 250 1.74

(0.93 , 3.25)

1.735

(0.927 , 3.246)

0.005

(0.003 , 0.004)

250 ≤ Dose 2.35

(0.75 , 7.44)

2.353

(0.745 , 7.435)

0.003

(0.005 , 0.005)

* 90% confidence interval used for non-CLL Leukemia per published value

The regression results for both ERR models are presented in Tables 5.7 and 5.8. Similar

to the LANL evaluations, the published log-linear ERR matched the Colossus results, and

the linear ERR matched between the Colossus and 32-bit Epicure results. These likelihood

boundary solutions demonstrated both upper and lower-bound convergence.

73



Table 5.7
Log-Linear Excess Relative Risk at 100 mGy (95% Confidence Interval*) for five causes
of death among nuclear power plant workers comparing Colossus results with the published
results based on 32-bit Epicure.

Outcome Published Colossus Difference

Non-CLL Leukemia 0.15

(0.000 , 0.31)

0.152

(-0.001 , 0.305)

0.002

(0.001 , 0.005)

Lung Cancer -0.04

(-0.11 , 0.02)

-0.044

(-0.108 , 0.012)

0.004

(0.002 , 0.008)

Ischemic Heart Disease -0.01

(-0.06 , 0.04)

-0.009

(-0.058 , 0.040)

0.001

(0.002 , 0.000)

All Solid Cancers 0.01

(-0.03 , 0.05)

0.008

(-0.031 , 0.046)

0.002

(0.001 , 0.004)

Parkinson’s Disease 0.24

(-0.02 , 0.50)

0.241

(-0.021 , 0.502)

0.001

(0.001 , 0.002)

* 90% confidence interval used for non-CLL Leukemia per published value

Table 5.8
Linear Excess Relative Risk at 100 mGy (95% Confidence Interval) for five causes of death
among nuclear power plant workers comparing Colossus results with the published results
based on 32-bit Epicure software.

Outcome Epicure Colossus Difference

Non-CLL Leukemia 0.206

(-0.038 , 0.562)

0.206

(-0.038 , 0.562)

0.000

(0.000 , 0.000)

Lung Cancer -0.049

(None1 , 0.016)

-0.049

(None1 , 0.016)

0.000

(NA , 0.000)

Ischemic Heart Disease -0.010

(-0.056 , 0.042)

-0.010

(-0.056 , 0.042)

0.000

(0.000 , 0.000)
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All Solid Cancers 0.009

(-0.030 , 0.051)

0.009

(-0.030 , 0.051)

0.000

(0.000 , 0.000)

Parkinson’s Disease 0.318

(-0.056 , 0.943)

0.318

(-0.056 , 0.943)

0.000

(0.000 , 0.000)

1 Lung Cancer has a minimum ERR of -0.0922 at 100 mGy

5.3 Validation Test Conclusions

These results demonstrated that analyses previously performed using SAS and 32-bit Epicure

could also be performed in R using Colossus. However, these results also demonstrated

the importance of using multiple software for the validation of results and the importance

of running the regression at multiple initial parameter estimates. The results of a single

software and initial parameter estimate can be misleading. Combined with the verification

testing in Chapter 3, Colossus has been shown to have both the modeling capabilities of 32-

bit Epicure and the programming flexibility of R functions. Introducing these capabilities

into the R language will allow complex risk models to be used in tandem with a wide variety

of libraries for loading and processing big data.
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Chapter 6

Competing Risks Effects in Plasmode

Simulations

Many epidemiological studies use real event data to approximate event rates in a population.

It can also be useful to apply a hypothetical event rate to a population and measure its

potential effects. This can help answer questions about excess cases for different event rates

or how many samples are needed to detect the effect of a risk factor. Methods exist for

applying risk models to sampled data, but they should be used with an understanding of

the biases from the original study design.

In an ideal study, every individual could be followed from the start of observation until

they experience the event of interest. In many studies, individuals might be censored and

leave the trial before experiencing any event, or they may experience a competing event,

which is similar to censoring. However, there is an important distinction in that censoring is

assumed to be noninformative, meaning that the censoring and event times for individuals

in the study are statistically independent. Random censoring or censoring applied uniformly

to a population reduces the sample size but does not introduce any bias. Competing event

rates generally do not meet these criteria and have the potential to introduce bias into

the analysis. This difference is the reason for the development of statistical methods to

describe multi-state models53. Multi-state models describe situations in which a subject can
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transition from being alive to multiple different event states. This includes simple survival,

multiple sequential events, competing events, and an illness-death model in which a subject

can transition between being healthy or sick and die in either state. The focus of this work

was on competing risk models.

The purpose of this chapter was to apply different methods of sampling data and observe

how the effects of competing risks in the original data could be transferred to the sampled

data. The analysis was based on a hypothetical study of the competing risks of lung cancer

and Parkinson’s disease (PD) mortality in the Million Person Study (MPS)17 cohort of

Nuclear Power Plant (NPP) workers26. Analyses of large population studies have found that

cigarette smoking reduces the risk of Parkinson’s disease6;54. A study of male British doctors

found that current smokers had a 30% lower risk of PD than those who never smoked54. If this

effect was not biologically significant or was not as strong as indicated, then another possible

explanation was that heavy smokers tended to die from other causes before experiencing PD

mortality. This bias could be tested by applying both events to a population with known

event rates, performing a regression on the effects of the SES category on the risk of PD

mortality, and then comparing the predicted hazard ratio to the “true” value.

In this chapter, the CEDR version of the NPP dataset55 was used to generate estimates

of the underlying baseline and relative risk models for multiple outcomes of interest and

was randomly sampled to generate hypothetical study populations. Then, a method was

tested to extend the observed survival of individuals sampled with plasmode simulations

and remove any lingering effects of event times from the original data. The known event

rates were applied to the sampled populations to generate random realizations of the event

times for each sampled individual. Finally, the sampled datasets with applied events were

analyzed using Colossus35 to generate distributions of the predicted hazard ratios for low

socioeconomic status, considering different combinations of competing events and sampling

methods (Fig. 6.1).
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Figure 6.1: The original data was used to create risk models and samples of individuals.
These were combined to create randomly assigned outcome datasets for analysis. These
steps are expanded on in figures 6.9, 6.10, and 6.11

This study was designed to test the hypothesis that standard methods of plasmode sim-

ulation of the NPP cohort would inherit competing risk effects and increase the predicted

protective effect, independent of the risk models applied to the data. The hypothesis was

tested by generating simulated datasets with different combinations of sampling, with and

without survival extension, and different combinations of applied competing events. If the

unextended plasmode simulations without competing risks modeled produced estimates sim-

ilar to the extended plasmode simulations with competing risks modeled, then there would

be strong evidence that the default plasmode simulation introduced competing risk effects.

6.1 Theory

6.1.1 Effects of competing events in time series analysis

Competing risk effects arise from subsets of the cohort with different rates of competing

events. Competing events have a similar effect to sampling bias; a well-designed study with

an equal distribution of risk factors at age 18 will not necessarily have an equal distribution

of risk factors at age 80. In a broad sense, this effect is conceptualized by treating every

individual as if they have a known event time for every outcome (Ti) and censoring time

(C). Each individual is tracked up to a final observation time (T ), which is the minimum of

the event and censoring times (min(T0, T1, ..., Tn, C))53.

There are two methods for correcting for the effects of competing risks. The first is to
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treat rows with competing events as never experiencing the main event and contributing

to later risk groups, weighted by the probability of not having been censored. This can be

done using the Fine-Gray regression model43, which is discussed in greater detail in Section

2.4. The second method is to include a counterfactual and substitute what would have

happened if an individual had not experienced a competing event. This is rarely possible in

observational studies but can be straightforward in a simulated study. In a simulation study,

every event time can be generated, so the counterfactual is known for every individual.

One detail of this application that made the simulation study more complicated was

the presence of cumulative radiation exposure, which varied over time. In survival analysis,

individuals are typically represented by intervals with constant risk factors. If there are no

time-dependent covariates, each individual can be represented by a single interval. In the

nuclear power plant worker cohort, radiation exposure was a chronic occupational exposure,

and individuals were represented by annual intervals. This meant that the event rates affected

both the outcome column and the distribution of intervals observable at each age. In both

cases, a competing event causes future events to be unobserved. In an analysis with time-

dependent covariates, a competing event would also cause future exposures to be unobserved.

6.1.2 Applying known risk models to sampled intervals

During a simulation study, it is often necessary to take a known equation of the event rate

and then randomly assign events to intervals. This can be done by taking a collection of

intervals, calculating the cumulative hazard over each interval, and then randomly selecting

a surviving proportion for each interval. The surviving proportion corresponds to an event

time, and every interval containing their event time experiences the event.

The goal of the competing risk analysis was to apply event rates at levels comparable

to those in the NPP cohort. Three events were selected for modeling: PD mortality, lung

cancer mortality, and a collection of all other causes of mortality and censoring. PD and lung

cancer mortalities were selected to directly isolate the effect of lung cancer mortality. The

collection of all other causes of mortality and censoring was selected to compare the total
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effects of every cause of mortality and censoring in the cohort with the effects of plasmode

simulations without observation extension.

The cumulative hazard of each mortality event was solved similarly to the examples

shown in Section 2.5, by solving for the hazard ratio and approximating the baseline hazard

(Eqs. 2.35-2.36). Colossus35 was used to solve the cumulative hazard of mortality from

PD and lung cancer as functions of attained age, cumulative organ doses, year of birth

cohort, biological sex, and SES. The cumulative hazard of mortality from all other causes

was approximated as a function of age and year of birth cohort by taking the logarithm of

the survival functions (Eq. 2.37). The stratification of all other causes by year of birth was

vital because individuals born later were likely to still be alive and censored without events

at their last follow-up (Fig. 6.2).
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Figure 6.2: Survival curves for the individuals in each birth cohort who stop being observed
due to causes other than lung cancer or PD mortality. The NPP cohort was an updating
dataset, so censoring rates were significantly different between the year-of-birth cohorts.

A similar study could have been performed using a non-parametric or semi-parametric

model for the mortality rate, which may have been a better model for the event rate in the

original dataset. In this study, parametric risk models were chosen so that each survival

model regression could be compared with known solutions. The risk models were para-

metrically defined using exponential models available in Colossus so that a risk model that

matched the true simulated risk model formula could be fitted (Eq. 6.4-6.8). Any difference

between the observed and true model parameters could be used to quantify the differences
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in the accuracy of the models between the simulated datasets.

6.1.3 Methods to sample from existing data

For this study, the simulated population needed to be comparable to the study population,

particularly in terms of the associations between demographics and radiation exposure. One

method of generating a random population from a study population was to use a plasmode

simulation56, by randomly sampling individuals from an existing study population and then

applying a model for expected events. Plasmode simulations were designed to preserve the

correlations among covariates in the population.

In a typical plasmode simulation, the researcher starts with a population of N individ-

uals, each having a series of constant covariates x⃗, a measure of survival time t, and an

event indicator e. The researcher then samples n individuals from the population, uses the

covariates to estimate the new survival time of each sampled individual, replaces the original

survival time with the new survival time, and then analyses the new population. M inde-

pendent samples are generated and analyzed (Fig. 6.3). The number of samples and trials is

usually determined by weighing the preservation of the correlation with the computational

resources required to perform the analysis57.

Original Data
Sample 1, risk factors

...
Sample n, risk factors

Data with event
status and time

Random Sample

Apply Risk Model

Model Parameter
Estimate

Repeat M
Times

Regression

Figure 6.3: A plasmode simulation starts by sampling n subjects from the cohort. A new
event time was generated for each subject. This is repeated M times to analyze the distri-
bution in hazard ratio estimates.
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Plasmode simulations remove the effects of the original event times by reassigning event

times and assuming that future risk factors are known. If every individual were represented

by a single interval with constant risk factors, the survival time could be freely adjusted to

the final survival time. If one event is modeled, then every individual is observed from the

start of the study until the event time. If multiple events are modeled, every individual is

observed until the first event time.

This study included time-dependent covariates. The typical method of sampling time-

series data for a plasmode simulation is to sample individuals and then include all intervals for

each individual sampled56. After applying the risk models, the first event for each individual

is identified, and any subsequent intervals are removed. Because the sampled intervals are

limited by the length of time that the original study population members survived, the

interval distribution is inherently biased. Even if only one event was modeled, individuals

cannot be observed beyond their original survival time. One way to remove this bias was

to add new interval data to extend the observation of individuals beyond their original final

observation time. Doing so incorrectly could ruin the preserved correlation between the

constant and time-dependent covariates.

One option for performing a plasmode simulation without introducing competing risk

effects was to fit a semi-parametric model for time-dependent exposure and use it to extend

the observation of individuals. In theory, a semi-parametric model can be used to predict

the annual dose without imposing parametric assumptions or restrictions. This method was

limited by the available data because the model could only be trained using the recorded

covariates. Notably, this meant that the model accuracy would suffer with age if there were

not enough high-age intervals in the data.

The general simulation procedure began by training a machine learning model to predict

the annual exposure using the available data. The sampled data started with only the

observed intervals (Fig. 6.4, left). Every subject needed to be observed until a new final

shared age, so new intervals were predicted for every subject that was removed from the

dataset prior to the new final age (dashed line). Every new interval (red) was predicted

using information from the previous interval (Fig. 6.4, middle). The process was complete
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when each subject was observed until the new final shared observation time (Fig. 6.4, right).
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Figure 6.4: The data goes from missing higher age observations to having a shared final
observation age (dashed line), by predicting missing exposures (red)

Because every individual would have intervals propagated to the same age, every individ-

ual could be observed up to any combination of events, independent of their original survival

time. This method was dependent on a semi-parametric model being able to accurately

predict future exposures within reason, which is discussed further in Section 6.2.1.

6.2 Methods

6.2.1 Annual exposure modeling with Random Forest algorithms

To maintain the correlation between radiation exposure and personal characteristics, a semi-

parametric Random Forest model was selected to predict the annual radiation exposure to

multiple organs58. However, there was insufficient information to assign an exact annual

exposure, so exposure was predicted up to a distribution of values. The annual exposures

were categorized into bins and fitted with a categorical model to return the probability that

the annual dose would fall within each bin. For each predicted interval, a bin was randomly

assigned, and a dose within the bin was randomly selected with a uniform probability. Ex-

posure categories were divided into one bin for zero annual exposure and 50 bins spaced

logarithmically from 10−5 mGy to 220 mGy (Fig. 6.5). The bins were selected to fully cover

the distribution of annual exposures, be thin enough that the dose within each bin would

not vary drastically, and avoid bins with too few counts.
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Figure 6.5: Histogram of intervals in each annual dose bin. A majority of intervals contained
zero annual dose, and the most common non-zero dose bins were on the scale of 1−10 mGy.

To design the Random Forest model, relevant covariates were first identified. Individuals

who worked at the same time in similar areas were likely to have similar exposures, which were

estimated using a combination of age during each interval, year of the interval, hiring year,

and level of education of the individual. Any whole-body external exposure that increases the

dose to one organ is likely to increase the dose to other organs; therefore, annual exposures

to different organs within the same year were associated. Finally, the annual dose for one

year was used to provide information on the annual dose for the next year.

The model was split into two sub-models. The first sub-model used data from each

interval to predict annual lung exposure in the subsequent year. The second sub-model used

the same information, in addition to lung exposure in the following year, to predict the brain

exposure in the following year. The sub-model performance was tuned by testing different

numbers of trees and allowable tree depths. The model for lung exposure performed with 81%

accuracy, and the model for brain exposure, assuming correct lung exposure, performed with

99% accuracy. A feature importance analysis was performed to determine which features

contributed the most to improving the accuracy of the trees. The analysis found that the

annual dose was the most important feature, followed by the year of hire, current year, and

year of birth.
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Finally, extrapolation to older ages was investigated. Almost 50% of the individuals were

not observed past age 62 (Fig. 6.6). Within the data, PD occurred at greater ages; there-

fore, the high age intervals needed to be realistic. A correction factor was applied, based on

observations in the data and expectations given the nature of occupational exposure in the

cohort. Radiation exposure was a combination of external and internal sources. External ra-

diation exposure should have been greatest while the individual worked at the plant and then

have immediately gone to zero when they retired. Internal exposure should have decreased

slowly as the isotopes decayed and were biologically eliminated. The correction factor also

accounted for the 10-year lag in the cumulative dose. One would expect that each individual

retired, their external exposures stopped 10 years later, and then any internal exposures

continued to decrease.
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Figure 6.6: Survival curves showing (left) the proportion of individuals who continue to be
observed overall and (right) the proportion who survive PD mortality. Due to other events
in the data, most individuals left the NPP dataset due to causes other than PD mortality.

Based on histograms of the annual dose and age in the NPP data, most intervals had

zero annual dose, and the probability of non-zero doses decreased as age increased past 70

years (Fig. 6.7.a-b). This is consistent with primarily external exposures; once individuals

stopped working, they stopped being exposed and were much more likely to have no annual

radiation dose. However, histogram normalization did not account for changes in population

with age. When bin counts were normalized by the total number of intervals at each age,

the decrease in non-zero bin counts at higher ages was less pronounced (Fig. 6.7.c-d).
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Figure 6.7: Two-dimensional histograms counting the proportion of intervals within each age
and annual exposure bin. a-b) Non-zero annual lung exposures and annual brain exposures
drop off after age 70. c-d) The same data normalized to the population in each age bin
showed a nearly constant distribution up past age 75.

The lack of high-age data caused an issue when the Random Forest model was fitted to

the data. According to the data, the dose distribution did not change significantly between

ages 30-80, meaning that a Random Forest model that did not change after age 30 still

performed well for the vast majority of the data. The trends in the data did not match

the expected changes in exposure after retirement age. Instead of a sudden drop, a gradual

decrease was observed. For this analysis, a decay was imposed (Eq. 6.1) on the annual dose

such that individuals past age 90 effectively had no annual dose (Eq. 6.2, Fig. 6.8). This step

may not be necessary as the follow-up for this cohort is extended. It was important to note

that these corrections did not significantly change the cumulative dose for most individuals,

who experienced the majority of their cumulative dose at younger ages.
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C(t) = exp((t− 90) ∗ ln(0.1)/(70− 90)) (6.1)

D∗(t) =


D(t) C(t) ≥ 1

D(t) ∗ C(t) 1 > C(t) > 0

0.0 C(t) ≤ 0

(6.2)
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Figure 6.8: Two-dimensional histograms counting the proportion of intervals within each age
and annual exposure bin with extended survival. Exposures were weighted to force decay in
the expected dose with age past retirement, starting around age 80.

6.2.2 Plasmode sampling

In both cases of plasmode simulation, the analysis started by selecting a sample size (n) and

the number of trials (M). The procedure outlined by Bickel et al.57 was followed to select the

appropriate values. In short, a series of potential sample sizes was generated using equation

6.3 and q = 0.97, rounding to the nearest integer. For each sample size, the L2-norm of the

covariance matrix was calculated for 500 trials. Finally, the Wasserstein metric was used

to measure the change between the values of n. The goal of this process was to find the

values of n that minimized the difference between the consecutive values of n. This process

found that sampling 100,000 of the 130,000 individuals sufficiently reduced the change in the
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covariance.

nj = [qjN ] (6.3)

For both methods, subject IDs were randomly sampled with replacement, and every

interval for each sampled ID was included. Subjects were assigned new study IDs so that

repeated subject IDs were treated as separate individuals. In the second method, new

annual intervals were generated to extend the survival of every individual to age 95 (Fig.

6.9). New intervals were generated independently for each sample so that each sampling was

an independent realization of future exposure. This preserved individual demographics from

the original NPP data in both methods and maintained the distribution over time in the

second method.

Sampled Subject
Population

Annual Dose
Random Forest

Classifier

Exposed
Population

Extend Subject
Observation

NPP CEDR
Data set

Unexpanded

Expanded

Figure 6.9: The NPP dataset was sampled to define random populations. In unextended
sampling, the newly sampled population was immediately used as the exposed population. In
the extended sampling, new intervals were added and then used as the exposed population.

6.2.3 Risk model derivation

As previously stated, the risk models were derived from the analysis of the NPP dataset (Fig.

6.10). First, exponential hazard ratio models were fitted for lung cancer and PD mortality

(Eq. 6.4). The hazard ratio estimates were then used to estimate the cumulative hazard.

The hazard at any point in time (ti) was approximately equal to the number of events (d)

divided by the sum of the hazard ratios for each row at risk at that time (j ∈ R(ti)) (Eq. 6.5).
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The cumulative hazard for all other causes was calculated by taking the natural logarithm

of the survival curve for all other causes (Eq. 6.6).

Lung, PD
Relative Risk

Lung, PD
Background Rate

 with age

All other causes Background
Rate with age/YOB

Full Competing
Risks Model

NPP CEDR
Data set

Figure 6.10: The NPP dataset was used to approximate the background and relative event
rates for multiple outcomes. These models are combined independently to approximate
different combinations of competing risk effects.

HRorgan,k = exp

( ∑
i∈SES

βi · xi,k +
∑

j∈Y OB

βj · xj,k + βsex · xsex,k + βorgan,k · xorgan,k

)
(6.4)

CH(t) ≈
∑
ti≤t

d(ti)∑
j∈R(ti)

HRorgan,j

(6.5)

CH(t) ≈ − ln(S(t)) (6.6)

The cumulative hazard curves were approximated using exponential functions. The cu-

mulative hazard curves for lung cancer and PD mortality were well approximated by the

exponential of a quadratic function (Eq. 6.7). The cumulative hazard for all other causes

was less straightforward. The cumulative hazard was informed by a combination of indi-

viduals who died from other causes and individuals who were censored because they were

still alive at the last follow-up (Fig. 6.2). This was modeled with a spline effect so that the

predicted survival in each birth cohort dropped significantly past a threshold (Eq. 6.8).
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CHq,organ(t) = exp(β0,organ · t2 + β1,organ · t+ β2,organ) (6.7)

CHls,B(t) =


exp(β0,B · t+ β1,B) + β3,B t < αB

exp(β0,B · t+ β1,B + β2,B · (t− αB)) + β3,B t ≥ αB

(6.8)

Finally, the models were combined to solve for the cumulative hazard in each interval

(Eqs. 6.9-6.11). The interval widths were limited to one year so that the cumulative hazard

was approximately linear within each interval (Eqs. 6.12-6.13). Events were randomly

assigned by generating a random survival proportion (U) for each interval and then solving

the survival equation for the expected event age (Eqs. 6.14-6.15). Every interval that

contained the expected event age was assigned the event and updated interval length.

CHlung(t) = CHq,lung ·HRlung (6.9)

CHPD(t) = CHq,PD ·HRbrain (6.10)

CHElse(t) = CHls,Y OB (6.11)

S(tevent|tentry) = exp(−(CH(tevent)− CH(tentry))) (6.12)

S(tevent|tentry) ≈ exp(−∆CH · (tevent − tentry)) (6.13)

U = S(tevent|tentry) (6.14)

tevent = tentry − log(U)/∆CH (6.15)

Each event had columns for the event indicator and event time. Events were applied by

determining the first observed events occurring in each interval and then filtering the data

to remove any intervals after the first observed event for each subject (Fig. 6.11). The exit

ages for each interval were rounded to the nearest 0.01 year to limit the number of unique

event times.
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Figure 6.11: Risk models were applied to exposed populations to randomly assign outcomes,
and datasets were generated for different combinations of events.

6.3 Results and Discussion

The goal of this work was to measure the effects of interval extension and competing events

in each simulation and identify trends in bias and variance. The three metrics used were

comparisons of the overall survival curves (Fig. 6.6), comparisons between the proportion

of individuals with events in each SES category (Table 6.1), and estimated effects of SES

category on hazard ratio using a Cox regression model. It is important to note that the values

were not expected to match perfectly between the original data and plasmode simulations.

These differences were attributable to the variance between the simulations and inaccuracies

in the event rate models.

Table 6.1
PD Mortality by SES status in original data.

PD Mortality Other Total

Low SES 28 33,610 33,638

Medium SES 66 67,894 67,960

High SES 46 33,689 33,735

Total 140 135,193 135,333

Before performing the regressions, it is important to understand any differences between

the SES cohorts. If the distributions of risk factors among SES cohorts were not similar,
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then any differences in event rates could have been due to factors other than SES. The

distributions of biological sex and final cumulative doses were very similar among the SES

subsets (Fig. 6.12-6.13). One trend was the difference in year of birth cohorts. Every SES

population was primarily composed of subjects born between 1940 and 1959, but the low SES

population contained more subjects born earlier. Generally, as SES increased, more subjects

were born at later ages (Fig. 6.12). A related trend occurred in the final observation time,

with a larger proportion of low SES subjects observed at later final ages (Fig. 6.13). The

lowest SES population contained a higher proportion of subjects born earlier; therefore, there

was a lower proportion of subjects still being tracked.
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Figure 6.12: The populations in each SES cohort have similar biological sex distributions,
but lower SES status was also associated with earlier years of birth.
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Figure 6.13: The distribution of final cumulative doses were very similar between SES cat-
egories. Final observation ages peaked in the range of 50-70, however the peak was less
pronounced in lower SES categories.
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6.3.1 Unextended plasmode analysis

A plasmode simulation without extension limited the observable time for individuals. Thus,

one would expect that the data would have already included the loss of follow-up to all

causes of outcome and censoring before any events were applied. Individual survival would

decrease on average, so the overall survival curve was expected to be strictly below the

survival curve of the original data (Fig. 6.14). The average survival in the unextended

plasmode simulation considering only PD mortality varied within a narrow range around

the original survival. This variation was likely due to the variations in the survival curves

for each sampled population. Modeling both PD and lung cancer mortality reduced the

survival rate, and including all other causes of censoring and mortality reduced it further. As

more events were added, the survival central estimates and variance decreased. As expected,

applying additional event models to the data without increasing the observable time only

exacerbated the loss of follow-up.
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Figure 6.14: In the unextended plasmode simulations, the survival curve decreased further
below the original curve as more event types were added. Variation in survival between
simulations (depicted as 95% confidence bands) was due to the variation in the original final
observation times between sampled populations.

Overall, the study found that in the unextended plasmode simulations that only modeled

PD mortality:

1. The average estimates of HR for low and medium SES category converged over the

500 realizations (Fig. 6.15.a-b);
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2. Overestimation of one HR tended to be associated with overestimation of the other

(Fig. 6.15.c, Table 6.2); and

3. The average estimates of HR were close to the known model parameters, but there was

considerable variation in the HR estimate. (Fig. 6.15.c)
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Figure 6.15: HR parameter estimates for SES status on PD mortality in unextended samples
without competing risks applied. (a-b) The average parameter values converge over the
simulations, and (c) the true parameter values (solid) were below the observed average
(dashed).

Table 6.2
HR estimate comparison to true value in unextended data considering only PD mortality.

Low SES Above Low SES Below Total

Medium SES Above 166 98 264

Medium SES Below 94 142 236

Total 260 240 500
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χ2: 24.868 p-value: 6× 10−7

Next, the regression results among different competing risk situations were compared.

Three combinations of outcomes were simulated: individuals subjected only to PD mortality,

those subjected to both PD and lung cancer mortality, and those subjected to a collection

of different censoring and mortality causes. In all cases, individuals were observed until

their first assigned event or their original final observation time. Survival rates decreased as

more event types were included (Fig. 6.14), so the dataset with the full set of outcomes was

the least appropriate representation of the original survival curve. The distributions of the

predicted HR for just PD mortality and PD & lung cancer mortality were very similar, and

all three distributions were skewed toward the null. For the distribution of the full set of

outcomes, 8.4% of simulations produced a HR estimate above 1 (Fig. 6.16).
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Figure 6.16: Violin plots of the low SES HR distributions for each grouping of events in
unextended data. The median HR (middle solid line) was below the mean HR (dashed line).
All three had very similar median values near the true value, and the mean value for the full
set of outcomes was furthest off.

For the proportion of individuals with PD events, the most accurate representation was

the dataset with only PD mortality simulated. On average, 9.2 out of every 10,000 individuals

in the unextended plasmode simulations subjected only to PD mortality experienced a PD

event, compared with 10.3 in the original data (Table 6.3). As lung cancer and additional
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outcomes were added, over 50% of the individuals who would have experienced a PD event

left the dataset due to a competing event.

Table 6.3
PD Mortality Proportion (events per 10,000 and 95% confidence interval) by SES status in
unextended data.

Original Data PD Only PD and lung All Causes

Low SES 8.32 7.54

(4.11, 10.97)

6.75

(3.46, 10.04)

3.53

(1.16, 5.90)

Medium SES 9.71 8.56

(6.17, 10.95)

7.82

(5.55, 10.09)

3.90

(2.23, 5.57)

High SES 13.64 12.32

(7.85, 16.79)

11.69

(7.34, 16.04)

5.66

(2.66, 8.66)

Total 10.35 9.24

(7.42, 11.06)

8.52

(6.77, 10.27)

4.25

(2.99, 5.51)

6.3.2 Extended plasmode analysis

Interval extension was performed to mitigate the effects of competing events. One would

expect that the datasets that only considered PD mortality would have overestimated the

number of PD events, and the final dataset with additional outcomes would have matched

the original data more closely. This was supported by the average proportion of individuals

with events in each SES category (Table 6.4). With only PD mortality included, 664.8

out of every 10,000 individuals in the simulated data experienced PD events. As additional

outcomes were added, this number decreased, and the simulations of all causes with extended

intervals found that an average of 8.5 individuals out of every 10,000 experienced a PD event

(Table 6.4). As previously noted, most individuals in the original dataset left because of

competing events. In the extended plasmode simulations, 99% of individuals who would

have experienced a PD mortality event first experienced a competing event.
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Table 6.4
PD Mortality Proportion (events per 10,000 and 95% confidence interval) by SES status in
extended data.

Original Data PD Only PD and lung All Causes

Low SES 8.32 464.86

(440.58, 489.14)

415.08

(391.95, 438.21)

7.45

(3.88, 11.02)

Medium SES 9.71 631.45

(609.81, 653.09)

577.30

(557.27, 597.33)

8.20

(5.69, 10.71)

High SES 13.64 915.15

(880.89, 949.41)

870.90

(837.72, 904.08)

10.21

(6.21, 14.21)

Total 10.35 664.84

(650.33, 679.34)

614.31

(600.70, 627.93)

8.54

(6.77, 10.31)

The survival curves for each competing event combination showed similar trends. One

would expect that individuals only at risk of PD mortality would have mostly survived,

while individuals at risk of the full collection of outcomes would have survived at rates

closely matching the original data. The average survival curves for the 500 simulations

showed a clear decrease in survival with additional events up to a close match to the original

dataset (Fig. 6.17). There were slight differences between the original survival curve and the

simulations with the full set of outcomes, which were believed to be the result of inaccuracies

in the cumulative hazard models for the full set of outcomes and variance in the simulation

survival curves.
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Figure 6.17: Average survival curve for overall observation for each competing risk simulation
in extended data. As more events were added, the survival dropped (shown by arrows) until
the simulation with all events closely matched the original data. The variation in survival
curves among simulations was too low to visualize.

Finally, the regression results are presented. Once again, the average hazard ratio esti-

mates converged within 500 simulations (Fig. 6.19). In general, there was a much narrower

range of values than in the unextended analysis results (Fig. 6.15). This trend continued

for the different event combinations. The simulations with the full set of outcomes tended

to be the furthest from the true value, similar to the case with the unextended simula-

tions. However, the distribution was narrower than the unextended sampling counterpart

and significant at a 95% confidence level (Fig. 6.18).
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Figure 6.18: Violin plots of the low SES HR distributions for each grouping of events in
extended data. The distributions for only PD and PD & lung were much narrower, while
the distribution for the full set of outcomes was wider but was still significant at a 95%
confidence interval.
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Figure 6.19: HR parameter estimates for SES status on PD mortality in the extended data
without competing risks modeled. (a-b) The average parameter estimates converged within
500 simulations and (c) there was a much narrower cluster of points around the true values.

6.3.3 Plasmode method comparison

Extended plasmode simulations were used to simulate both single events and combinations

of events, and unextended plasmode simulations were used to simulate events in addition

to those in the original data. As more events were added to the simulations, the extended

plasmode simulation survival curves approached the original data (Fig. 6.20.a.). The dis-

tributions in final observation times between the original data, extended competing risk

simulations, and unextended PD simulations were all within a 5% difference (Fig. 6.20.b.).
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Figure 6.20: (a) As additional events were added, the extended simulations approached the
original survival curve, and the unextended simulations dropped below the original survival
and (b) the closest simulations were within 5% of the original survival curve on average.
95% confidence bands were produced for the survival differences, the unextended survival
was not significantly different while the extended survival was significantly different.

Overall, a similar trend was observed in the HR distributions as was found with the

survival curves. The unextended simulations with only PD modeled produced HR estimates

similar to those of the Cox regressions of the extended simulations with the full set of

outcomes modeled. Simulations with multiple modeled events were analyzed using both Cox

and Fine-Gray regressions to provide additional insight into any competing risk effects. The

Fine-Gray and Cox regressions for the extended simulations with the full set of outcomes

produced very similar model parameter distributions. This also indicated that lung cancer

mortality did not significantly bias the Cox regression analysis results.
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Figure 6.21: Histograms and violin plots for low SES HR central estimate distributions
between the unextended simulations with PD and the extended simulations with a full set of
outcomes for both Cox and Fine-Gray regressions. In both representations, the distributions
were very similar.

Ultimately, the extended plasmode simulations with the full set of outcomes produced

results similar to those of the original data. So, the models for hazard and background rates

produced similar survival curves and relative proportions of events as the effects of competing

risks in the original data. Similar results were found between the unextended plasmode sim-

ulations considering only PD mortality and the extended plasmode simulations considering

all causes. Although not identical, the proportion of individuals with events (Fig. 6.22) and

regression result distributions (Fig. 6.21) matched closely. This supported the hypothesis

that single-event unextended plasmode simulations were equivalent to simulations with mul-

tiple competing events. The most significant difference between event proportions was in the

subjects with high SES, which the extended simulations more noticeably under-predicted.

This suggested that the loss of follow-up in the high SES subjects due to competing events

did not match the true effect in the data, which could be a result of error in the hazard

equations.

101



5 10 15
Events per 10,000 people

0

20

40

60

80

100
Nu

m
be

r o
f S

im
ul

at
io

ns
Low SES

5.0 7.5 10.0
Events per 10,000 people

Nu
m

be
r o

f S
im

ul
at

io
ns

Medium SES

5 10 15 20
Events per 10,000 people

Nu
m

be
r o

f S
im

ul
at

io
ns

High SES

6 8 10 12
Events per 10,000 people

Nu
m

be
r o

f S
im

ul
at

io
ns

Combined

Unextended PD
Extended Full
Original Value

Figure 6.22: Distribution of PD mortality proportion (events per 10,000) by SES status com-
paring plasmode methods. The closest methods both underestimated the true proportion,
and the extended simulations tended to underestimate the high SES event rate.

Finally, it is important to discuss how the similar effects observed in the unextended and

extended simulation results were related to the original analysis. The proposed analysis was

designed to test whether the predicted effects of smoking on PD mortality could have been

biased by subjects at risk of lung cancer mortality. If this were true, one would expect the HR

estimate to have been lower, further from 1, than the true value. However, the unextended

simulations slightly overestimated the HR (Fig. 6.21). There were no significant differences

in the median central estimates; however, large changes in the variance of the distributions

were observed (Fig. 6.23). This was likely due to changes in the number of individuals at

risk and the number of observed events. In this study, the presence of competing events

produced significant variance in the hazard ratio. However, no significant bias was observed.
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Figure 6.23: Comparison of low SES HR central estimates for each group of events and
extension. In every comparison for the same events modeled, the unextended simulation
distributions had higher variances.

102



6.4 Conclusions and Future Work

Ultimately, this analysis failed to find evidence of significant bias forming from competing

events. However, through comparisons between the estimated hazard ratios and event rates,

the lingering effects of the original survival times were identified and compared with the

effects of the modeled events. The unextended plasmode simulations were not appropriate

for the counterfactual analysis necessary to analyze competing event effects between PD and

lung cancer mortality. However, this did not mean that the unextended plasmode simulations

were not useful for competing risk analysis. The data would have been appropriate for

simulations in which the simulated event could only have occurred before the original survival

times. One example would be modeling the additional risk of an outcome and measuring

excess cases. Suppose a researcher compared mortality rates between two similar cohorts

and found that the second cohort was twice as likely to die from a workplace accident. They

may be interested in knowing how the difference in workplace accidents may have changed

the observed event distribution in the second cohort. They could simulate the difference in

workplace accident probability on the population of the first cohort to estimate a distribution

of additional workplace accident mortality events. The difference between the original and

newly observed event rates in the first cohort could provide insight into the effect on event

rates in the second cohort.

Multiple steps could be taken to improve the risk models and exposure prediction for a

hypothetical future competing risk study using NPP cohort data. The first would be the

use of the original, non-lagged organ doses. In this analysis, the only available dataset was

the analytic working file, which contained only lagged organ doses. The non-lagged doses

contained information on the next 10 years of exposures, which would have reduced the

number of interval exposures that would need to be predicted and increased the amount of

information on exposures at older ages. Another step that could be taken is to improve the

accuracy of the risk model for other causes of death. In this analysis, all other causes of

mortality and censoring were combined into a single event, depending on age and year of

birth. The collection of mortality and censoring causes could have been broken down into
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separate models for each mortality and censoring cause. If the hazard ratio and background

rate for each competing event were modeled separately, the effect of risk factors on the

combined risk could have been more accurately modeled. This would allow the study to more

accurately model the effects of organ doses and personal characteristics on the combined risk

of all other causes of mortality and censoring. Finally, other methods for predicting future

exposure should be tested and compared. A breakdown of accuracy by risk factors would

provide a clear visual of where these models performed well and what steps should be taken

to more accurately fill in missing data.
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Chapter 7

Theory and Applications of Covariate

Uncertainty

Research in radiation epidemiology often takes the form of retrospective observational stud-

ies, which require the characterization of radiation exposure through measurements, calcu-

lations, or a combination of the two. The absorbed dose to organs for each person and time

interval is estimated using dosimetric models. In the Million Person Study17, dosimetrists

produce point estimates for the annual organ dose, which are then used to fit risk models for

health outcomes59. Parametric models of the risk of an outcome for a cumulative organ dose

can be produced, including the characterization of model parameter uncertainties. However,

these model uncertainties typically do not account for uncertainties in exposure variables.

Although methods to account for exposure uncertainty have been discussed in the litera-

ture, they are often developed for proprietary models and may be difficult to apply to large

datasets60;61. Methods that consider dosimetry uncertainty could be made more widely avail-

able by integrating them into a publicly available analysis package designed to accommodate

complex risk models and large amounts of data. For this work described in this chapter, the

capabilities of Colossus35 were expanded by incorporating methods to propagate dosimetric

uncertainty into the model parameter uncertainties by optimizing multiple realizations of ex-

posure, based on recommendations made in NCRP Commentary 34, “Recommendations on

105



Statistical Approaches to Account for Dose Uncertainties in Radiation Epidemiologic Risk

Models”23. These methods typically optimize each realization separately before merging the

results, or optimize the integrated log-likelihood.

The goal of this chapter was to apply the multiple-realization analysis functions available

in Colossus to a simulated radiation exposure cohort with both shared and unshared exposure

uncertainties. The results from the different analysis methods were compared to illustrate

the differences. The main focus of this study was to compare the efficiency of performing

these analyses with specially designed functions compared to manually performing each

regression. These functions allow complex risk models to be applied to big data with complex

uncertainties. Making these methods more widely available in open-source software will allow

ongoing and future research studies to make full use of uncertain measurements in survival

analyses.

7.1 Theory

All the specifics of how dose realizations are generated and where uncertainties originate

have been described in great detail in the literature23. The Two-dimensional Monte Carlo

method59 is briefly outlined in Section 7.2.2 to demonstrate one such method.

To begin, every row (i) of the dataset had an outcome, a measure of time, a measure of

observed dose (di), and measures of other risk factors used in the model (θ⃗i). Cox propor-

tional hazards models were used to solve for the hazard ratio of the outcome (ri) as either a

linear (Eq. 7.1) or exponential (Eq. 7.2) function of the cumulative dose.

ri,l = (1 + αl · di) exp(β⃗ · θ⃗i) (7.1)

ri,e = exp(αe · di + β⃗ · θ⃗i) (7.2)

There are two methods of accounting for exposure uncertainty that were focused on:

Monte Carlo Maximum Likelihood (MCML) and Frequentist Model Averaging (FMA). Both
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methods required optimizing the log-likelihood of a model with respect to the realizations,

but the two differed in how the results were combined23.

7.1.1 Justification of Implemented Methods

The most significant determining factor in which methods to incorporate was the most appro-

priate methods for the types of uncertainties in MPS cohort analyses. Random uncertainties

can be divided into combinations of shared/unshared and classical/Berkson uncertainties.

Shared errors arise from factors that have a shared value or distribution among subjects in

a group, and unshared errors arise from factors that are statistically independent among

subjects23. A group of people in a house near a nuclear weapon test has the shared factor

of house position relative to the bomb but has unshared factors for their relative positions

in the house. For classical errors, the estimate varies independently from the true value by

a measurement uncertainty. For Berkson error, the true value varies independently from the

estimate by individual deviation. The distinction is which measurement is independent of

uncertainty23. Berkson error commonly occurs when every member of a group is assigned

a single averaged value; thus, the true values are distributed around the assigned estimate.

Classical errors commonly occur when a measurement instrument has some imprecision;

therefore, the estimates are distributed around the true value.

Ideally, methods implemented in Colossus could be used for a wide variety of cohorts,

regardless of the types of errors present. Several methods presented in NCRP commentary

34 are designed only for specific types of errors. Simulation extrapolation (SIMEX) only

works for purely classical errors, and Corrected information matrix (CIM) analysis is only

relevant for data with primarily Berkson errors. Some methods cannot account for shared

errors, like first-order regression calibration23. The report concluded by listing the most

generally applicable methods as regression calibration, Monte Carlo Maximum Likelihood

(MCML), Bayesian Markov Chain Monte Carlo (MCMC), and Frequentist Model Averaging

(FMA)23. From these, MCML and FMA were selected as two generally appropriate methods

that could handle the level of uncertainty and complexity required for future MPS cohort
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analyses. MCML and FMA were selected as two common methods for combining the results

of multiple models. MCML requires a code to average the log-likelihood over multiple models,

and FMA requires a code to optimize multiple models separately. These methods may be

useful outside exposure uncertainty analysis, like combining estimates from multiple similar

models.

7.1.2 Monte Carlo Maximum Likelihood theory

The first method for accounting for multiple realizations was to optimize the expected log-

likelihood. At the highest level, this required the integration of the log-likelihood over the

probability distribution of the doses. Assuming that a sufficient number of independent

random realizations were generated, the integral could be approximated using a sum (Eq.

7.3).

E
[
LL(α, β⃗, d⃗j,θ)

]
≈ 1

N

N∑
j=1

(
LL(α, β⃗, d⃗j,θ)

)
(7.3)

In practice, this could have been done in two ways using existing software:

1. Using an existing regression function to evaluate every realization on a multi-dimensional

grid of parameter values, and then averaging the log-likelihoods to find the optimum

grid point.

2. Manually using the Newton-Raphson algorithm by iteratively calculating the derivative

matrices for each realization at a given parameter set and then updating the parameter

values based on the average derivatives.

The first method was the easiest to implement and could have been performed using

existing analysis software. However, this could require a significant number of grid points

for complicated risk models. The second method could have been performed in Colossus,

which returns derivative matrices and would require fewer calculations than evaluation on a
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grid. In both cases, a significant number of processing steps would have to be repeated for

every realization calculation. The motivating factor for implementing the MCML analysis

function in Colossus was to make MCML more generally available.

7.1.3 Frequentist Model Averaging theory

The second method was to optimize each realization and then use the relative Akaike in-

formation criterion (AIC) scores to produce weighted means and confidence intervals for

the model parameters for each realization. The AIC is a metric that accounts for both the

log-likelihood of the model and the number of covariates used (k)38. In many circumstances,

the AIC is used to weight the improvement in a model by the cost of overfitting associated

with adding low-information variables. The analysis starts by optimizing the log-likelihood

for each realization and then calculating the AIC (Eq. (7.4)). The set of AIC values would

then be used to generate a set of weights for each realization (Eq. (7.5)). Each realization

result would have a weight and a defined model parameter uncertainty distribution. A large

number of total samples (M) would be selected, and M ∗ FWj values would be drawn from

each realization model parameter distribution. These combined samples produce a new dis-

tribution for the dose model parameter, accounting for both exposure and model parameter

uncertainties.

AICj = 2(k − LLj) (7.4)

FWj =
exp (−AICj/2)∑N
l=1 exp (−AICl/2)

(7.5)

Compared to MCML, this was much easier to implement with existing functions. How-

ever, depending on the number of realizations and the scale of the data, a substantial amount

of time may be spent on repeated steps. The degree of repeated steps is analyzed in greater

detail in Section 7.3.1.
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7.1.4 Application to big data

It was critical to consider how these methods needed to be adapted to be applied to thousands

of realizations, each with potentially millions of rows of data. While the original formulae

were mathematically correct, they were impractical to implement without simplification.

The most immediate issue was the rounding of the FMA weights (Eq. 7.5). It would not

have been unusual for the AIC to be on the scale of tens of thousands, which meant that

the exponential terms were likely to be very close to zero. Rounding issues were avoided by

adjusting the AIC using a reference value (Eq. 7.6-7.7).

FWj =
exp(AICref/2)

exp(AICref/2)

exp (−AICj/2)∑N
l=1 exp (−AICl/2)

(7.6)

FWj =
exp (−∆AICj/2)∑N
l=1 exp (−∆AICl/2)

(7.7)

Three reasonable guesses for the appropriate reference AIC were the minimum, average,

and maximum AIC. If the range of the AIC values was on a scale of 10 to 100, then all three

would be reasonable. However, if the differences were on the scale of thousands, there would

have been an overflow (Table 7.1). In all cases, setting the reference AIC to the minimum

AIC kept the exponential terms below 1. This also limited the sum of the exponential terms

to N and kept the sum from experiencing overflow.

Table 7.1
Example of weight overflow and underflow by reference AIC. The difference between AIC
was large enough that some subset of the exponential values had to be forced to near 0 or ∞.

AIC exp(−AIC/2) exp(−∆min/2) exp(−∆avg/2) exp(−∆max/2)

10,000 0 1 7.23e86 1.40e217

10,100 0 1.93e-22 1.39e65 2.71e195

10,500 0 2.67e-109 1.93e-22 3.75e108

11,000 0 7.12e-218 5.15e-131 1
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7.2 Methods

7.2.1 Implementation of analysis methods into Colossus

When the user calls a regression function, Colossus runs several functions to clean and

prepare the data before running iterations (Fig. 7.1). These include steps such as removing

rows and columns that are not used during the analysis, checking for errors in the function

inputs, and predetermining indices for rows in each risk group. In a multiple realization

analysis, the time and event columns would not change, and the same row filtering and risk

group calculations would be repeated. Repeating these steps could be avoided by designing

a new regression function that performs these processing steps on the entire dataset of

realizations and then switches between realizations in the code.

Start script Call regression
function

Process
Data

Perform
Iterations

Process
Results

Reserve
Memory

Regression
Function

Change
parameter

Figure 7.1: When a user calls a regression function, there are multiple steps required to
process the data and reserve memory that can require significant amounts of time for large
datasets. In the case of multiple realizations, these steps were identical between realizations.

For the MCML analysis using the Newton-Raphson method37, the function started by

calculating the log-likelihood and derivatives and accumulated the weighted sum for each

realization. The final accumulated values were then used to estimate the next step using

a derivative-based algorithm (Fig. 7.2). This method returned a single model parameter

central estimate and uncertainty. For the FMA analysis, the function iteratively ran regres-
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sions on each realization and then storeed the results to combine at the end (Fig. 7.3). In

many cases, the model parameters for known exposures may be relatively constant. So, the

function used the results from one regression as the initial parameter estimate for the next.

In the best-case scenario, doing so started each regression close to the optimal parameter set

and reduced the regression time.

Accumulate score
and derivatives

Set model to nth
realization column

Calculate score for
nth realization

Set n = 1

n = N

Reset accumulated
values

Calculate next
parameter estimate

Load data

Set initial parameter

estimate

n = n + 1

n < N
Single Converged

Result

Figure 7.2: MCML analysis in Colossus ran similarly to standard regressions: scores were
calculated for each realization and the accumulated weighted sum was used to estimate the
optimal parameter set. After the analysis was complete, the results were returned.

Collection of:

Central estimates,


Uncertainties,

and Scores

Set model to nth
realization column

Run regression on
nth realization

Set parameter
estimate guess to

final result

Load data

Set initial parameter

estimate
n = 1

n = N

Multiple Converged
Results

n < N

n = n + 1

Figure 7.3: FMA analysis in Colossus was based on typical user steps. Each realization was
optimized and then used as an initial guess for the next realization. After the analysis was
complete, the lists of estimates, uncertainties, and scores were returned for further processing.

As discussed earlier, one of the goals of this study was to benchmark the time taken

by each method using Colossus. Functions were written in Colossus for FMA and MCML

analyses, so reasonable alternative analysis methods were prepared to measure the speedup.

For the FMA analysis, the alternative was clear; each realization could be optimized individ-

ually, so the alternative time required per realization for FMA was the average time required
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to optimize a single realization.

The alternative to MCML was less straightforward. Colossus, by default, returns the vec-

tor and matrix of the first and second derivatives of the log-likelihood with respect to each

of the model parameters. The score and derivatives can be calculated for every realization

and parameter set and then manually combined outside Colossus. This would likely require

fewer calculations than the evaluation of points on a multidimensional grid. The number

of iterations used for the analysis in the next section was based on the average number of

iterations reported during the benchmarking. The total number of calculations performed

during a regression is a combination of the number of iterations and any half-step calcula-

tions; however, Colossus does not report the number of half-steps taken. This meant that

the estimate of five iterations per analysis was likely an underestimate of the true number

of calculations necessary.

Another important difference to note was how to interpret the change in time per realiza-

tion between different numbers of realizations. For both cases, adding more realizations was

expected to increase the time required to process and store the underlying data. Suppose

benchmarking was performed at N and N + 1 realizations. Optimizations are performed

independently for the FMA analysis, so the first N realizations would have been optimized

with the same number of iterations in both regressions. Optimizations are not performed

independently for the MCML analysis, and adding more realizations may have changed the

number of iterations required between regressions. The benchmarking time for MCML was

defined as the time required to optimize the model, which was not necessarily the time re-

quired to run a set number of iterations. If the average time per iteration decreased and the

average number of iterations increased, then the overall time required per realization could

have still increased. This distinction was important for understanding how the benchmarking

results could be applied to future work.
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7.2.2 Simulated radiation cohort data

To begin, a study population of 20, 000 people was randomly generated. Each person entered

the study between the ages of 18 and 35 and between the years of 1930 and 1950, with a

constant smoking status, employment category, and sex. Annual interval data were generated

for each person from their entrance age to 95 years. The annual radiation exposures were

generated following the examples in a previously published work on two-dimensional Monte

Carlo methods59.

The annual dose for each person was calculated using a parametric exposure model as a

function of activity level, exposure duration, shielding, and conversion factor from radiation

exposure to damage. The activity level was shared by exposures in each decade and was

distributed as a log-normal distribution, peaking in the 1960 to 1969 bin. Values above

1× 103 were rounded down to keep the cumulative exposure under one Gray (Fig. 7.4).
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Figure 7.4: Activity level was shared between subjects working in the same decade, as log-
normal distributions capped at 1× 103 units.

The exposure duration was shared by age in 10-year bins and was normally distributed.

The exposure peaked in the subjects aged 30 to 40 and was close to zero above age 80.

Random durations below zero were rounded up so that every subject had a non-negative

exposure duration (Fig. 7.5).
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Figure 7.5: The measured exposure duration for each subject was shared by age and dis-
tributed normally. Exposures were rounded so that every subject had a non-negative expo-
sure duration.

The shielding was shared among the three working cohorts and was distributed uniformly.

The first working group was assigned a baseline protective factor of one. The second working

group received between 20% and 99% of the baseline exposure, and the third working group

received between 90% of the baseline and 50% higher than the baseline. On average, the

three working groups were assigned relative shielding factors of 1.0, 0.595, and 1.2 (Fig. 7.6).
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Figure 7.6: Each working group was assigned a shielding factor relative to working group
one. The second working group generally received less radiation and the third working group
generally received more radiation than baseline.

Finally, a conversion factor from 1.5 × 103 to 4.5 × 103 was uniformly assigned to each

interval. These values were selected arbitrarily to create significantly different dose histories
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between subjects born in different years and assigned to different working cohorts. The mean

values and standard deviations were adjusted to avoid outlier subjects receiving cumulative

doses on the scale of hundreds of Gray. Overall, the subjects tended to receive annual doses

between 1× 10−3 and 1× 103 mGy, and the shared uncertainties produced large differences

between the dose distributions in each realization (Fig. 7.7).

Figure 7.7: Dose probability distributions for the first five realizations generated. The level
of shared uncertainties produce significant differences in the curves, with some realizations
having no intervals above 100 mGy annual dose and others having over 90% of intervals with
annual dose above 100 mGy.

Using the two-dimensional Monte Carlo generation method, each realization was created

by generating the shared parameters once per realization and generating the unshared pa-

rameters uniquely for each interval. The first realization was then used to generate event

times for each person, and the person data were filtered into intervals before and including

the first event time for each person. Finally, the constant covariate data was joined with the

dose realizations to create a dataset for analysis.

Multiple uncertainty combinations and event rate models were applied and analyzed

independently in this study. Two versions of the realizations were created. The first used

the full exposure model with both shared and unshared uncertainties. The second method

used the average value of the shared factors and only applied unshared uncertainties (Figures

7.4-7.6). Two hazard ratio equations were applied: one linear with respect to the cumulative
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dose and the other exponential with respect to the cumulative dose (Eqs. 7.1-7.2). All four

combinations were analyzed independently to compare the regression results and differences

in benchmarking. Although the main intent of this study was not to compare the results

between FMA and MCML, the regression results were compared to visualize the effects

of shared error and linear risk models on the method performance. The most significant

difference in benchmarking was the change in the hazard ratio model. In Colossus, purely

exponential models are analyzed using simplifications in the likelihood equations, which

decrease the average time spent per iteration. Running benchmarking with both linear and

exponential models provided a more complete view of the potential speedups and variations

in the time required for different datasets.

7.3 Results and Discussion

The regression results and run time were used for comparison. For every combination of un-

certainties (primarily shared or only unshared) and risk models (exponential or linear), 5000

realizations were analyzed using the FMA and MCML methods to compare the parameter

uncertainties. Each combination of uncertainties, risk models, and analysis methods was

also benchmarked with different numbers of realizations to compare the average runtimes.

The benchmarking was performed using 16 cores on a system with two Intel© Xeon© Silver

4210R, 2.40 GHz processors, and 500 GiB of DDR4 RAM.

7.3.1 Benchmarking

First, the exponential risk model analysis is presented. Each realization was optimized in

approximately 8 seconds, and 0.5 seconds were spent running iterations (Table 7.2). The

majority of the time spent in the regression was due to repeated steps, such as processing

the input table, assigning memory, and locating the risk groups. Thus, one would expect

that the time spent per realization would decrease significantly as the number of realizations

increases.
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Table 7.2
Average single realization regression times and 95% confidence interval (seconds) for the
FMA and MCML alternative options and exponential risk model.

Full Optimization Single Iteration

Shared and Unshared 8.42 (8.12, 8.72) 8.02 (7.74, 8.30)

Only Unshared 7.59 (7.23, 7.96) 7.10 (6.81, 7.39)

Benchmarking was performed by running the multi-realization regression function using

only the first N realizations. N was varied logarithmically from one to 5000, and each regres-

sion was repeated five to 15 times. As expected, the average time per realization decreased

with an increase in the number of realizations (Fig. 7.8). The serial analysis (FMA) took

approximately 8 seconds per realization at one realization and less than 1 second per real-

ization for more than 20 realizations. The integrated analysis (MCML) took approximately

8 seconds per realization for one realization and less than 1 second per realization for more

than 50 realizations. For both analysis methods, the automated functions performed much

faster than the alternatives. The estimated alternative run-time duration for the MCML

analysis was approximately 40 seconds per realization.
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Figure 7.8: Benchmarking for the exponential risk models. Using the multi-realization func-
tions in Colossus reduced the average time per realization from 8 seconds down to under
1 second for the FMA and MCML analyses. 95% confidence intervals for duration showed
very little variation.

Next, the benchmarking of the linear risk models is presented. As previously mentioned,

Colossus applies several simplifications to improve the speed of the purely exponential model
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regressions. This meant that linear risk models were expected to run iterations more slowly

than exponential risk models. In general, each realization optimization was approximately

8 seconds and 0.8 seconds were spent running iterations (Table 7.3). A majority of the time

spent during each realization was spent on processing steps, so one would expect to have

seen improvements in the multiple-realization functions. The average time spent iterations

was higher, so one would expect to see less of an improvement than what was found in the

exponential model benchmarking.

Table 7.3
Average single realization regression times and 95% confidence interval (seconds) for the
FMA and MCML alternative options and linear risk model.

Full Optimization Single Iteration

Shared and Unshared 7.74 (7.41, 8.07) 6.96 (6.63, 7.28)

Only Unshared 8.19 (7.92, 8.46) 7.36 (7.06, 7.66)

Similar to the exponential model benchmarking, the serial analysis with one realization

and the alternative of manually optimizing realizations both were around 8 seconds per

realization, and the improvement continued up to approximately 100 realizations. For the

linear model, the asymptote was approximately 1 to 2 seconds per realization on average.

The increase in the time spent running iterations translated to a higher average time per

realization. There was still considerable speedup, particularly in the MCML analysis, which

was estimated to have taken around 40 seconds per realization on average.
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Figure 7.9: Benchmarking for the linear risk models. Using the multi-realization functions
in Colossus reduced the time per realization from 8 seconds down to around 1-2 seconds for
the FMA and MCML analyses respectively. 95% confidence intervals for duration showed
very little variation.

The automated functions in Colossus were several times faster than the alternative calcu-

lation methods, particularly the MCML analyses. These results were specific to this dataset;

however, in general, the multi-realization functions will reduce the time required. These

functions avoided the large number of repeated processing steps encountered in alternative

methods and made MCML analysis feasible for complex risk models.

7.3.2 Regression results

Next, the regression results are discussed. For every combination of uncertainty and risk

models, all 5000 realizations were analyzed using both the FMA and MCML methods. The

FMA realization optimizations were combined using the weights from Equation 7.6, and

one million samples were used. The weighted FMA distributions were compared with the

normal distributions produced from the MCML analyses. These were repeated for known

and uncertain variables.

The model parameter distributions produced by the FMA and MCML analyses for the

known variables closely matched for the exponential risk model data (Fig. 7.10). In both

cases, the predicted parameter distributions were normally distributed. This is an impor-

tant distinction because the MCML parameter distributions used Wald confidence intervals.

Thus, the MCML results could only produce a normal distribution.
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Figure 7.10: For the exponential risk model data and both combinations of shared and
unshared uncertainty in dose, the predicted model parameter distributions for the known
variables matched in both FMA and MCML analyses.

There were considerable differences in the distributions of the cumulative dose parame-

ters. For the exponential risk model and purely unshared uncertainty, the FMA and MCML

estimates closely matched. However, for shared uncertainty, the FMA analysis produced a

non-normal distribution with a different central estimate from the MCML estimate (Fig.

7.11). In all cases, the central estimates were biased toward the null, but the unshared data

produced a closer central estimate than the shared data. There were two likely causes for the

differences in the distributions produced from the primarily shared uncertainty data. The

difference in the central estimate was believed to be due to differences in the biases between

the two methods. The difference in the distribution shape was believed to be due, in part,

to the use of Wald confidence intervals. NCRP commentary 34 mentions that FMA could

be used with both Wald confidence intervals as well as likelihood-profile based standard

error estimates23. Likelihood-based confidence intervals could be calculated for the MCML

analysis to test whether the true parameter distribution matched a normal distribution.
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Figure 7.11: For the exponential risk model data, the FMA and MCML results differed
between uncertainty types. The FMA and MCML analyses with only unshared uncertainty
matched closely.

Next, the linear model regression results are presented. The model parameter distri-

butions for smoking status and biological sex between the linear and exponential models

were similar. In all cases, the FMA and MCML analyses predicted matching normal model

parameter distributions (Fig. 7.12).
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Figure 7.12: For the linear risk model data and both combinations of shared and unshared
uncertainty in dose, the predicted model parameter distributions for the known variables
matched in both FMA and MCML analysis.

Similar to the exponential risk model, the dose model parameter distributions for the

linear model and shared uncertainty did not match. The analysis of the primarily shared

uncertainty realizations was biased toward the null, with differently shaped distributions.
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However, the unshared distribution analyses matched. Once again, the difference in the

central estimate and distribution shape was believed to be due to differences in bias between

methods and possible inaccuracies in the Wald confidence interval assumptions. Both the

MCML and analysis and the individual realization analyses, the model parameter distribu-

tions likely violated the Wald confidence interval assumptions.
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Figure 7.13: For the linear risk model data, the FMA and MCML results differed between
uncertainty types. The FMA and MCML analyses with only unshared uncertainty matched
closely but the shared uncertainty data did not match.

The FMA analyses with shared uncertainty for both models included the true value in

a 95% confidence interval (Fig. 7.14). The two distributions were slightly different; the

exponential distribution was narrower but included more negative values. However, it is

important to note that both distributions were skewed right and underestimated the true

effect of the dose. The analyses with unshared uncertainties for both models matched the

MCML counterparts, and the linear model distribution did not include the true value in a

95% confidence interval. This suggested that the influence of shared uncertainties changed

the level of bias and model parameter distribution shapes between methods.
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Figure 7.14: The FMA analyses with shared uncertainty produced skewed distributions. In
both cases, the true value was included in the 95% confidence interval.

7.4 Summary of Results

For various combinations of uncertainty and risk models, Colossus was able to replicate

methods that were not available in other open-source software. This not only highlighted

the capabilities of Colossus for researchers wanting to apply complex models to uncertain

data, but also demonstrated the importance of having software that was designed for these

purposes. Widely available software packages could have been used to run FMA analysis,

but doing so would have been time-consuming. In Colossus, using multi-realization functions

reduced the time required by a factor of 4-8. The potential speedup for MCML analyses was

even more significant, even more so in comparison to calculating scores on a grid.

This was the first step in incorporating multiple-realization analysis into Colossus. At this

stage, the functions were tested for accuracy and were demonstrated to perform faster than

the alternative. The next steps are to apply these methods to real data and incorporate other

methods of applying exposure uncertainty. These methods were developed in preparation

for a planned analysis of the Tennessee Eastman Corporation (TEC) MPS cohort62. An
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important step in this future analysis will be to determine which methods of incorporating

exposure uncertainty are the most appropriate, given the types of uncertainty in the data.

Additional exposure uncertainty analysis methods are planned to be added to Colossus at

the request of the MPS team. Importantly, additional discussion and testing will focus on

scaling the performance to 50 million person-year datasets.
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Chapter 8

Future Work and Potential

Improvements

The goal of this PhD work was to investigate the issues encountered in current studies of

prolonged radiation exposure and to test software and methods capable of meeting emerging

needs. The release of Colossus made the application of complex risk models to large amounts

of data possible in conjunction with the data loading and processing functions available in

R. The further development of Colossus to include FMA and MCML functions made the

combination of uncertain exposures and complex risk models both widely available and

feasible to perform over shorter time scales. Finally, the plasmode simulations indicated

the potential for biases in time-series data and demonstrated how a machine learning model

could produce plasmode simulations without bias. Colossus is currently being used by the

MPS team to perform their analyses entirely in R and will continue to be updated with

future analyses. In particular, new exposure uncertainty methods will be added based on

MPS cohort uncertainty, and software development will continue to further reduce memory

requirements.

126



8.1 Future Code Updates and Testing

The Colossus package will continue to be developed and used beyond this PhD work, so

the following sections briefly cover different improvements and studies that are ongoing or

planned.

8.1.1 Incorporating new capabilities and analysis methods

The most attainable goal for future Colossus development is the incorporation of additional

capabilities. This includes both risk and likelihood model expansion, as well as the inclusion

of additional data and result processing methods. One goal presented in NCRP Commentary

34 was that “A software repository should be created for as many methods of analysis

as possible [...] Such methods and computational programs should be accessible to the

public.”23.

The framework of Colossus, a publicly available R package, places it in a position to help

realize this ambition. Currently, only Cox proportional hazards models can be used for FMA

and MCML analyses in Colossus. Future versions of Colossus are planned to include Poisson

models and any new likelihood models. Another planned improvement is the addition of

new likelihood and risk models. Currently, matched case-control regression is being added

and tested, and logistic regression can also be added similarly.

In its current state, Colossus was able to meet the model-fitting requirements of the

MPS. Further work is planned to improve the processing of data and results. One significant

area of improvement is the methods used to compare models. Section 2.6 discussed existing

methods of comparing model performance, and the methods commonly used in radiation

epidemiology. Other methods are used in other disciplines, but have not been commonly used

in radiation epidemiology. One example is concordance index and AUC calculations, which

are difficult to apply to data with high rates of censoring63;64. Alternatives that could be

more appropriately applied to radiation cohort data have been proposed. These alternative

metrics could be applied to radiation cohorts and implemented in Colossus. Providing more

methods to compare models would allow the radiation epidemiology community to evaluate
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risk models in depth and produce higher quality radiation risk models.

8.1.2 Further benchmarking and optimization of existing capabil-

ities

Throughout the development of Colossus, the driving motivation behind code optimization

has been testing with new data and analysis methods. Optimizations in risk group ordering

and storage were performed because a user noticed that their regressions took longer when

the intervals were grouped. The functions used to convert the input data into data-tables

were changed because the multiple realization datasets were larger than those in previous

tests, and the data-table conversion became the longest step. One goal of future development

is to continue testing different types of data and models to identify bottlenecks. One type of

stress test planned is benchmarking scripts with multiple input files and regressions to test

how well memory is allocated and freed over a long script. A part of the appeal of Colossus

was its ability to prepare a complicated script that could be run on a computing cluster.

This scale of analysis can realistically include hundreds of regressions with different data

files. Testing was previously performed using scripts that loaded a single data file and then

ran a series of regressions. These tests may not have been sufficiently intensive to detect any

issues.

8.1.3 Changes to libraries and code base

The most ambitious planned future development would be to change the underlying packages

or switch the programming language entirely. As datasets become larger, it can be more

time and memory-efficient to use libraries that operate on data without loading all the data

into RAM. In particular, this could benefit multiple-realization functions, which store and

access tables with thousands of columns. One popular option is Apache Arrow65, instead of

the Eigen matrices currently used. Eigen was designed to perform linear algebra and Arrow

was designed to perform table operations. Most analyses in Colossus involve transforming

and filtering tables, not matrix operations. There is a potential speedup in switching to
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a library intended for the types of processing performed in Colossus. An early version of

Colossus was written using Arrow tables to assign risk group indices and calculate risk

values. At the time, this development version could run large regressions twice as fast as

the default version of Colossus, which could be improved further by taking advantage of the

changes to Colossus since then. The development version using Arrow was put on hiatus

because of the difficulty in setting up the compilation instructions for the package. A Colossus

version using Arrow would likely be faster but would require a more complicated installation.

This issue largely arose from the fact that the necessary C++ library dependencies were

managed separately from the R-package dependencies. Another option would be to switch

programming languages to something like Python, which would directly handle the necessary

dependencies. Ultimately, this future work would be dependent on balancing usability with

performance, but taking advantage of new libraries will be important for improving Colossus.

8.2 Future Epidemiological Analyses

First, a multiple-realization analysis of the Tennessee Eastman Corporation MPS cohort62

is planned. This will mark the first large-scale, multiple-realization analysis for the Million

Person Study using Colossus and will provide insight into how radiation exposure uncertainty

may have affected previously published results. The analysis will include an in-depth dis-

cussion of the uncertainty structure in the data, the appropriateness of different uncertainty

analysis methods, and a comparison with previously published results.

Next, an analysis of subjects exposed to multiple stressors is planned. One of the ongo-

ing projects for the Million Person Study is investigating the combined effects of radiation

exposure, isolation, and confined spaces, among other stressors, in a cohort of nuclear sub-

mariners66 to predict the effects of similar stressors during space flight. The combination of

stressors to which submariners are exposed is similar to the stressors experienced in space

travel, and the submariner dataset provides a source of well-recorded combinations of stres-

sors. This analysis will involve investigating the scope of effect modification and testing how

well risk model structures describe the interaction.
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Finally, Colossus was ultimately designed for future analyses of harmonized, merged MPS

datasets. Other researchers are hard at work investigating how to combine different MPS

cohorts, including how to handle individuals in multiple cohorts and how socioeconomic

categories in different cohorts should be combined into a single harmonized scale. This

will provide not only a quantification of how well different risk models fit, but also direct

comparisons between the harmonized datasets and meta-analysis of the individual cohorts.

This will also involve a detailed analysis of how the effects of socioeconomic status and dose

differ between cohorts. This will be done by stratifying the treatment effects by cohort

or modeling the effect modification by cohort. Stratification will allow the cohorts to be

analyzed separately and produce a model that optimizes the average log-likelihood weighted

by cohort size. Effect modification allows for specific treatment effects to be cohort-specific

and other effects to be shared across all cohorts. This will provide further insight into the

chronic radiation effects with sample sizes not previously available.
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