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TECHNICAL APPENDIX.

Marginal effect formulas for the linear, logit, multinomial logit, generalized linear model with

log link, poisson, negative binomial, two-part, sample selection, and survival models.
1. Linear Regression Model

A typical linear regression equation with two independent variables takes the form:
EQylxy,x5) = f(x1,x2) = Bo + Brxy + Baxz.
We examine each of the cases presented above for the linear regression model, showing how
marginal and interaction effects changes under different conditions. For each case, assume x;

and x, are continuous unless indicated otherwise.

Case 1: Linearity in the covariates.
Let E(y|xq,x2) = f(x1,x2) = Bo + B1X1 + B2x,. Then:

MEZI af() _ ﬁz

) axz -
In a linear regression with only linear transformations of variables, the marginal effect is

constant.

Case 2: Inclusion of nonlinear transformations of the covariates.

Now consider the case where E(y|xy, x,) = f(xq,x3) = Bo + f1x1 + B2x, + B3x32, then

MEz: L0 = g, + 26,x,.

2

The marginal effect of x,, in this case is a function of x,. If 3 = 0 (< 0); then the marginal

effect of x, ony is increasing (decreasing) as x, increases (decreases).



Case 3: Inclusion of an interaction term between covariates.
IFE(y|xq,x2) = f(x1,Xx2) = Bo + B1x1 + B2x2 + P3(x1 * x3), then

MEz L2 = g, + Byx,

2

Now, the marginal effect of x, depends on the value of x;.

Case 4: Linearity in the covariates with a discrete covariate.

Assume that E(y|xq,x2) = f(x1,%x2) = Bo + B1x1 + B2x5, but now let x; be binary. Then:
MEzs: f(xq, %2)|x,=1 — F(x1, X2) 5,0 = B1-

Note that in a linear regression with only linear transformations of variables, the marginal effect

is still constant.

Case 5: Inclusion of an interaction term with a discrete covariate.
Let E(ylxy, x3) = f(x1,%2) = Bo + B1X1 + B2xz + B3(xq * x32), then:
ME:: f(x1’x2)|x1=1 - f(xlix2)|x1=0 = B1+ B3x;.

The marginal effect of x; in this case depends on the value of x,.

Case 6: Interaction effects when both covariates are continuous.
Let E(y|xq,x2) = f(x1,x2) = Bo + B1x1 + B2x2 + B3(x1 * x3). The interaction effect of

the marginal effect for x, given a change in x; is:

. 0 _
MEZl. 0_x1[ME2] = B3



Case 7: Interaction between a continuous and discrete covariate.
Let E(ylxy, xz) = f(x1,%x2) = Bo + B1X1 + Baxz + B3(X1 * X2), where x4 is binary.

Then:

MEx: 29| YO8 — yp, 4+ Byx1}— B, = B3 and
0

axz x1=1 axz xX1=

. _ 0 _
ME].Z. _axz [MEl] = ﬁg

A special case of the linear regression model is the log-linear. That is, the regression model:

In(y) = f(xq,x3) + u.

For this regression model, if the dependent variable of interest is In(y), then the marginal effects
derived above apply. That is, the marginal effect of a change in x;, on In(y) is the statistic of
interest. If instead, the applied modeler is interested in the marginal effect of x;, ony, then the

marginal effect formulas will differ. First, let:

ME, = Y @B _ @)
k axk axk '

To get to the marginal of x; ony, one will need to transform the above marginal effect. This is

dn(y) _dln(y) 9y _ dln(y) ,6 0y _ 0y % 1
Oxy - Oxy dy - dy Oxy - oxy y

done by incorporating dy in the following way:

implying that ;73' = y%. Then:
k k
MEk = MEk xXy.

Thus, if a log-linear model is estimated, then the marginal effects are those derived above times
the value of the dependent variable. This shows that marginal effects can include the dependent

variable, as well. The above marginal effect derivations for the log-linear model assume a



homoskedastic retransformation and no need for a ‘smearing estimator’. In the case of
heteroskedasticity, the ME functional will include an extra term associated with the derivative of

the error term with respect to the independent variable.

2. Logistic Regression Model (or Logit Model)
Let predictor (or index) function of the model be given by n(x,, x,; 8), then the Logit

model takes the form

1
1 4+ e~ (MCx1x2;8)

E(y = 1lx1,%,) = A(n(xy, 255 B)) =

where, A(+) is the cumulative distribution function of the standard logistic distribution. It is
important to note that E(y = 1|x;, x,) is non-linear in the B’s. Therefore, unlike the linear
regression model, the magnitudes of the beta coefficients are not the marginal effects of the
independent variables.

For the marginal effect derivations below, the following formula will be of use: If

A(z) = ———, then

1+e~ (@)’

aA() _ e~(®
0z (1+e@)*

= A(2)(1 - A(2)).

For each case, assume x; and x, are continuous unless indicated otherwise. In addition, for ease

of notation, we may represent n(x,, x,; £) simply as n.

Case 1: Linear in the covariates.

Let 77(X1;x2} ﬁ) = ﬁ() + :lel + ﬁzXz, then:

240) _ 240) , on _

ME::

xe = on * o A(x1,x2) (1 — A(xy1, x3)) B2



For the logit model, (i) all independent variables are involved in the calculation of the marginal

effect and (ii) the marginal effect depends on the initial value of all the independent variables.

Case 2: Inclusion of nonlinear transformations of the covariates.
Let n(xy, x5 B) = Bo + Brxy + Box, + B3x3, then:

L 0A() _ 8A() @
ME:: E: 6_11*% = A(xbxz)(l_/l(xpxz))(ﬁz + 2B3x3)

As in the case of the linear regression model, we assume that the non-linear transformation of x,
is a square function. In general, it can be any transformation. For example, if the nonlinear term

in the predictor was In (x,) instead of x2, then:

ME; 240 — 240, o1 _ A(x1,x2)(1 - /l(xl,xz)) (ﬂ2+21"(xz)).

axy an axy X2

Case 3: Inclusion of an interaction term between covariates.
Consider an interaction term between x; and x, such that n(xy, x,; ) = By + B1X1 + B2X, +

B3 (x, * x4). Then:

() _ BA() _ am

=—=x—L = Axy,x2)(1 — A(xq, x2)) (B2 + B3x1).

MEo2:
0x2 an 0xy

Case 4: Linearity in the covariates with a discrete covariate.

Let n(xy, x2; 8) = Bo + Bixq + B2x, and assume that x, is binary. Then:

1 1
1+e—(Bo+B1+B2x2) - 1+e—(BotB2x2)

ME]-: A('xll x2)|x1=1 - A(x1:x2)|x1=0:

Case 5: Inclusion of an interaction term with a discrete covariate

Let n(xq, x2; B) = Bo + B1x1 + B2Xy + B3 (X, * x41) and assume that x, is binary. Then:



1 1
1+e—(BotB1+B2x2+B3%2) 14— (Bo+B2x2)’

ME]- A(xlle)lxlzl - A(xlr x2)|x1=0:

The remainder of this section (Cases 6, 7, 8) is based on the work by Ai and Norton (2003). For

this section, consider the predictor: n(xy, x2; 8) = Lo + L1%X1 + Boxy + L3 (x5 * x1).

Case 6: Interaction effects with continuous covariates.

0A(xq,x,) 0A(xq,x5)?%] 0z 0%z
ax; - ax; ax, + A(xq, xz)(l — A(xq, xz))

d
ME21: _[MEz] =

axl axzaxl -

= [ME{(1 — 2A4(xy, %)) | (B2 + B3x1)+ A(xy, x2)(1 — A(xq, X)) B3.

Case 7: Interaction effects with a continuous and discrete covariate.
Let x; be binary again, making n, = By + 1 + Bax, + B3x, and ny = By + L2x,. Then:
ME21: [ME;]|,,=1 — [ME;]|x,=0 =A(11)(1 — A1) (B2 + B3) — A(no) (1 — A(110)) B2

It should be emphasized that ME21 = MEz12, as well.

Case 8: Interaction effects for predictor linear in the coefficients and covariates.
An interesting case is when there are no nonlinear transformations or interaction terms, i.e:
n(xy, x2; B) = Bo + Prx1 + Boxy. Now letny = By + By + Brx, and ng = By + Box,. Then:

MEZl:[MEZ]lxlzl - [MEZHxl:o :A(Th)(l - A(Th))ﬁz - /1(770)(1 - /1(770))/32-

3. Multinomial Logistic Regression Model
There exists a separate set of marginal effects for each outcome in the multinomial

logistic regression model. These will be designated MEi; for the marginal effect of variable i for



outcome j and MEi for the interaction marginal effect of variable i and variable k for outcome j.
For each case, assume x; and x, continuous unless indicated otherwise. In addition, for ease of

notation, we may represent n;(xy, x,; ) simply as n;. In addition, we will assume that:

exp (1;)
1+ %), exp ()

E(y = jlx1,x2,x3) = = hj(xpxz)

Case 1: Linearity in the covariates.
Letn;(xy,x2; ) = Po; + Pr,jX1 + B jx, forj=1,...,J. Then:
ME2,: ?—x(: = hj(x1,%3)[B2) — Yreo P (1, %) B2 ]-
As was with the logit model, for the multinomial logit model (i) all independent variables are

involved in the calculation of the marginal effect and (ii) the marginal effect depends on the

initial value of the independent variables.

Case 2: Inclusion of nonlinear transformations of the covariates.

Consider the predictor n;(x1, x2; B) = Bo; + B1jx1 + Bojxz + B3 x5 forj=1,....J. Then:

ME2,: ?—x(: = hj(x1,x3)[(B2j + 2B3j%2) — Yreo i1, %) (Bok + 2B35%2) -

Case 3: Inclusion of interaction terms between the covariates.

Let T]j(xl,xz;ﬁ) = Bo,j + Bl’jxl + BZ,jXZ + B3,j(X2 * Xl) fOI‘j = 1,...,J. Then:

ME2;: zh—x(; = hj(xpxz)[(ﬁz,j + ﬁ3,jx1) — ZLO hk(xpxz)(ﬁz,k + ﬂ3,kx1)]-



Case 4: Linearity in the covariates with a discrete covariate.

Let x; be binary and n;(x;, x5; B) = Bo; + B1,jx1 + By jx, forj=1,....J. Now letn;, =

ﬁO,j + Bl,j + ,Bz’sz and 7’]]"0 = BO,]’ + ﬁZ,ij forj = 1,...,J. Then:

exp(nj1) exp (1j,0)
ME1j: h;(x4, x —h;(x{,x = L — L )
j 1( 1 z)lxlzl 1( 1 z)lxlzo 1+2{(=1exp(nk,1) 1+Z§(=1exp(nk,o)

Case 5: Inclusion of an interaction term with a discrete covariate.

Let X1 be blnal’y and T]]-(Xl,xz; ﬁ) = BO,j + Bl’jxl + BZ,jXZ + 83’]' (XZ * Xl) fOI’j = 1,...,J. Now let

i1 = ﬂO,j + ,81’]' + ,Bz,sz + ,83’]'9(2 and 77]"0 = ,80’]' + ﬂz’sz forj = 1,...,J. Then:

exp(nj,1) exp (11;,0)
ME4j: h;(x{,x —h;(xq,x = ) _ i _
J ]( 1 2)|x1=1 ]( 1 2)|x1=0 1+Z{‘=1exp(nk,1) 1+2{‘=1exp (nk,O)

For the next two cases, consider the predictor: n;(xy, x5; ) = Boj + f1,jX1 + Bz, jXz + B3 j (x5 *

x;) for j=1,...,J. The derivations here are based on work by Bergtold and Onukwugha[1].

Case 6: Interaction effects when the covariates are both continuous.

]
MEz1; Gxr [ME, |

= hj(x1,%2)[B3j — They(ME1k(Bok + Baix1) + hi(x1, %) B3y)]

(ME;)(ME,)
hj(xlfo)

Case 7: Interaction effects with a continuous and discrete covariate.

Let le,l = Bo'j + Bl,j + ﬁZ,sz + ﬁ3’jx2 and nj'o = ﬁo’j + ﬁz'sz fOI'j = 1,...,\]. Then



ME2u: [MEZJ]lx1=1 - [MEZJ']lxl:o -

hy(1;1)[ (B2 + B3s) = Zheo ic(07.1) (Bac + Bsi)] — by (m50)[Bz —
Yo hi(1;0)B2x]-

Case 8: Interaction effects for predictor linear in the coefficients and covariates.

An interesting case is when there are no nonlinear transformations or interaction terms, i.e:
nj(x1, x5 8) = Boj+ Prjx1 + Pyjx, forj=1,...J. Letn;; = Bo;+ P+ Prjx;andn;o =
Boj + B2,jx, forj=1,....J. Then:

ME21:[ME, ]|y, =1 — [ME;]|x,=0 =

hi(n;,0)[Bz.; = Temo e (m.0) Bzic] = by (n0)[Baj = Sewo hae(1),0) B

4. Generalized Linear Model (GLM) with Log Link Function
The conditional mean for the GLM model with log link takes the form:
E(ylxy, x;) = exp (le(xl' X2, .3)),
where n;(x;, x,; B) is the predictor function. For each case, assume x; and x, are continuous
unless indicated otherwise. In addition, for ease of notation, we represent n(x,, x,; 8) simply as

n.

Case 1: Linear in the covariates.
Let 77(X1;x2} ﬁ) = ﬁ() + :lel + ﬁzXz, then:

MEz: 2220 = exp(n) B,
2

10



Case 2: Inclusion of nonlinear transformations of the covariates.
Let n(xy, x2; B) = Bo + Brxy + Box, + B3x3, then:

dex

MEz: “Z20 = exp(n) (B2 +2B3x,)

Case 3: Inclusion of an interaction term between covariates.
Consider an interaction term between x; and x, such that n(xy, x5; 8) = Bo + B1x1 + B2X, +

B3 (x, * x4). Then:

a
MEz: S5 = exp() (B, +2Bsxy).

Case 4: Linearity in the covariates with a discrete covariate.

Let n(xq, x5; B) = Po + Bix1 + B2x, and assume that x, is binary. Then:

ME1: exp(n)|x,=1 — exp(1)|x,=0= €xp(Bo + B1 + B2x2) — exp (B¢ + B2x2).

Case 5: Inclusion of an interaction term with a discrete covariate
Let n(xy, x2; B) = Bo + B1x1 + B2X, + B3 (X, * x1) and assume that x; is binary. Then:
MEz1. exp(m)ly,=1 — exp(M)|x,=0= exp(Bo + B1 + B2x2 + B3x;) — exp (Bo +

B2x3).

For the next two cases (cases 6 and 7), let the predictor be given by:

n(x1, X2; B) = Bo + Brx1 + Boxy + B3(xz * xq).

11



Case 6: Interaction effects with continuous covariates.

ME;: aixl [ME;] = exp(1) (B1 + B3x2)(B2 + B3x1) + exp(1) B3.

Case 7: Interaction effects with a continuous and discrete covariate.
ME21: [ME;]|y, =1 — [ME;]lx,—0 =€Xp (n1)(B2 + B3) — exp (7o) B

It should be emphasized that ME21 = MEa2 in this case, as well.

Case 8: Interaction effects for predictor linear in the coefficients and covariates.
An interesting case is when there are no nonlinear transformations or interaction terms, i.e.:
n(xy, x5 B) = Bo + Bix1 + B2x,. Again let x; be binary, n, = By + By + Boxz, and ny = By +

B2x,. Then:

ME21:[ME;]|x,=1 — [ME;]lx,=0 =€Xp (11)B2 — exp (110)B.

5. Count Models
The conditional mean function for both Poisson and Negative Binomial models (as well as a
number of other count data models) is:

E(ylxy, x;) = exp(n(xl,xz;ﬁ)).
For each case, assume x; and x, are continuous unless indicated otherwise. In addition, for ease
of notation, we represent n(x,, x,; 8) simply as n. The marginal effects for the count models

presented below are similar in derivation to those for the GLM model with log link function

12



presented earlier, but it should be emphasized that the parameter estimates will not be the same

in both models as the underlying distributions are different.

Case 1: Linear in the covariates.

Let n(xy, x2; B) = Bo + Bixq + B2x,, then:

MEz: “Z22 = exp(n) B,
2

Case 2: Inclusion of nonlinear transformations of the covariates.

Let T’(xl,xZ; B) = ,80 + lel + ,32362 + ,333622, then

dex

MEz: “Z20 = exp(n) (B2 +2B3x,)

Case 3: Inclusion of an interaction term between covariates.

Consider an interaction term between x; and x, such that n(x;, x5; 8) = By + B1X1 + B2X, +

Bs (x5 * X4). Then:

dex

MEz: 2222 = exp(n) (B2 + 2Bsx1).

Case 4: Linearity in the covariates with a discrete covariate.

Let n(xy, x2; 8) = Bo + Bixq + B2x, and assume that x, is binary. Then:

ME1: exp()|x,=1 — exp(M)|x,=0= exp(Bo + B1 + B2x2) — exp (Bo + B2x2).

Case 5: Inclusion of an interaction term with a discrete covariate

Let T](xl,xZ; ﬁ) = BO + lel + BZXZ + Bg (Xz * Xl) and assume that X1 |S b|nary Thel‘l

13



MEz1. exp(m)ly,=1 — exp(M)|x,=0= exp(Bo + B1 + B2x2 + B3x3) — exp (Bo +

B2x3).

For the next two cases (cases 6 and 7), let the predictor be given by:

n(x1, X2; B) = Bo + Brx1 + Boxy + B3 (xz * xq).

Case 6: Interaction effects with continuous covariates.

ME;: aixl [ME;] = exp(1) (B1 + B3x2)(B2 + B3x1) + exp(n) B3.

Case 7: Interaction effects with a continuous and discrete covariate.
ME21: [ME3]|y, =1 — [ME;]lx,—0 =€Xp (n1)(B2 + B3) — exp (7o) B>

It should be emphasized that ME21 = MEa2 in this case, as well.

Case 8: Interaction effects for predictor linear in the coefficients and covariates.
An interesting case is when there are no nonlinear transformations or interaction terms, i.e:
n(xy, x2; B) = Bo + P1x1 + P2xz. Again let x; be binary, ny = By + By + Boxz, and ne = o +

B2x,. Then:

ME21:[ME;]|x,=1 — [ME;]lx,=0 =€Xp (11)B2 — exp (110)B.

6. Survival models

To incorporate conditioning factors, a common approach is the use of proportional hazard

models. The proportional hazards model takes the form:

14



A(t; x) = k(x)Ao (1),
where A,4(t) is the baseline hazard. A common parameterization is to let k(x) =
exp (n(x1, x5; B)), where n(x,, x,; 8) is a predictor function. The ME of interest is the marginal

change in x on the conditional hazard function. That is:

OA(t;x) on(x1,x2;8)
= = exp (10xg, X3 B)) T2 X Ao (B).

In this case, the ME formula will follow those derived for the Gamma (or log linear) regression
model and the Count Data models presented earlier, except the corresponding ME will be
multiplied by A,(t) [2] Despite the similarity in the ME formulae, the estimated ME will differ
due to the difference in the underlying distribution.
For time-varying factors or covariates, the proportional hazards model takes the form:
A(t; x(8)) = K (x(t)) A0 (D).
If A(t; x(t)) is the Weibull hazard function[3], then the ME will be similar to the ME presented

above for the time-invariant case. If A(t; x(t)) is the log-logistic hazard then:

. _ [exp ((xq,x2;8))at* 1
At x(0)) = | TR,

where n(xy, x,; B) is a predictor function[2]. The ME is:

At x)
ox

exp (n(xl,xz;ﬂ))at“_l on(xy, x2; B)
(1 + exp (n(xq, x9; B))t*)? ox

The interaction (marginal) effect of x1 given a change in xz is given by:

uE, — lexp(ncxl.xz;m) at (1 = exp( s, 32 ) ta)] G B) 9 B)

(1 + eXP(n(%xz; ,3)) t“)3 0%, 0x,

eXP(U(xsz;ﬁ)) at*? 9 0%n(x1, x2; B)
(1 + exp(n(xy, x2; 8)) t“)z 0x10x;

15



7. Two-Part Regression Model
Consider a two part model that consists of a probability model and distribution involving

strictly positive values, i.e.

H()=Pr(y=1)x E(yly > 0)

exp(n)

where Pr(y = 1) = Fp——

and E(y|y > 0) = exp (). The regression function is then given

. () . .
by: f(xq, %05 B) = % x exp(n) = % , where n = 1(xy, x,; B) is the predictor

function. For each case, assume x; and x, are continuous unless indicated otherwise.

Case 1: Linear in the covariates.

Let Tl(xpxz; ﬁ) = ,80 + ﬁ1x1 + Bzxz, then:

. (OfQ) _ _exp(p) _ exp(m) 3
ME: (ze) o 1+exp(-n) (ﬁZ) [1+exp(-n)]? exp( 77) (32)

1
= f(x1,x2; B) B2 [1+m,

exp(-m) _ 1
+exp(-1m)  1+exp(m)’

because 1

Case 2: Inclusion of nonlinear transformations of the covariates.

Let n(xy, x5 B) = Bo + Brx1 + Box, + B3x2, then:

. (O _ _exp(m) exp (1) _
ME: (axz) - 1+exp(—n) (ﬁz + Zngz) + [1+exp(—n)]? exp( 77) (ﬁz + ZBSxZ)

1
1+expml’

= f(x1,x2; B)(B2 + 2B3x3) [1 +

16



Case 3: Inclusion of an interaction term between covariates.
Consider an interaction term between x; and x, such that n(xy, x5; 8) = Bo + B1x1 + B2X, +

B3 (x, * x4). Then:

(OO . exp(m) exp() _
ME>: (6x2) "~ 1+exp(-n) (32 + ﬂ3x1) + [1+exp(-n)]? eXp( 7’) (32 + ﬂ3x1)

1
= f(x1,x2; B)(B2 + B3x1) [1 + 1+exp(n)]-
Case 4: Linearity in the covariates with a discrete covariate.
Let n(xy, x2; 8) = Bo + Bixq + B2x, and assume that x, is binary. Then:

MEz: f(x1, x2; B)lx,=1 — F(x1, %25 B)|x,=0

— _exp(BotB1thax2) _ _ exp(BotB2x2)
1+exp(—=Bo—B1—B2x2)  1+exp(—Bo—Pzx2)’

Case 5: Inclusion of an interaction term with a discrete covariate
Let n(xy, x2; B) = Bo + B1x1 + B2X, + B3 (X, * x1) and assume that x; is binary. Then:

MEz: f(x1, X2; B)|x,=1 — F(x1, X2; B)lxy=0

— _exp(BotB1+B2x2tB3x2)  _ exp(BotB2x2)
1+exp(-Bo—B1—Bzx2-B3x2)  1+exp(-Bo—P2x2)’

For the next two cases (cases 6 and 7), let the predictor be given by:

N(x1,x2; B) = Bo + B1x1 + B2xz + B3 (x2 * xq).

Case 6: Interaction effects with continuous covariates.

d S —
ME,; : a_xl[MEZ] = [ME;(B2 + B3x1) + f(x1,x2; B)B3] % [1 + 1+ exp(n)

17



_ f(x1,x2;8)(B2+B3x1)
[1+exp()]?

exp (m)(B1 + B3xz),

af()
where MEx: (%2) = £ ey, %5 B)(Br + Bsxa) |1+ o).
Case 7: Interaction effects with a continuous and discrete covariate.
Let x; be binary again, making n, = Sy + 1 + Bax, + B3x, and ny = By + L2x,. Then:

MEz1: [ME;]|y,=1 — [MEz]lx, 0

= o2 (8, + B3) 1

1+exp(-11)

exp(1o) (BZ) [1+

1+exp(n1)] " 1+exp(-no) 1+exp(no)]'

Case 8: Interaction effects for predictor linear in the coefficients and covariates.

An interesting case is when there are no nonlinear transformations or interaction terms, i.e:
n(x1, X2; B) = Bo + B1x1 + Box,. Again let x; be binary, ny = By + By + Box,, and ng = By +
B2x,. Then:

MEle[ME2]|x1=1 - [ME2]|x1=O

=220 _(p)[1

1+exp(-11)

exp(no) (ﬁz) [1+

1+exp(n1)] " 1+exp(-no) 1+exp(no)]'

8. Sample Selection Model

The Heckman model with a log linear dependent variable[4, 5] is specified below:
Iny=X'B+BAW'y) + ¢
gi~distr. (iid), E(g) = 0,var(g;) =2, W3 X

y =exp (X'B + [rA() + &)

18



E(y) = E(e¥' F+Fr10te)
E(y) = e¥Pef P OE (e]x)

The general case of the marginal effect of the log linear formulation is derived as follows|[6, 7]:

0E(y) d(eX'PePr OE (ef|x))
axk B axk

d
3.0 = o o0 (BeE (1) + yiba (=207 = yud OB ) +

JE (ef|x)
axk )

axk

The formulation above is for the general case in which x;, is a continuous variable and appears in
both the main regression model and the IMR function. The ME function will differ according to

the scenarios represented by the cases defined in the main article.
If homoskedastic in x;,, as assumed in the specification above, then

JE(y)
0xy,

= X8 PO (BLE(ef]x) + 1icBa(—2()? — Y1 AC)E (€4 [x)))

If heteroskedastic in x;, then

dE(y)
axk

0E (e®
= BP0 (- Ee?lx) + 1B (~A0) ~ YxAOE(f]) + e )
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The “naive’ estimate is appropriate to use in retransformation when the error structure is
homoskedastic (log normal distribution is appropriate). Duan proposed a smearing estimator that
does not require a log normality assumption[8] . Of note, the smearing estimator may differ
across patient subgroups and in this case would require a subgroup-specific smearing

estimator[4].

- Naive estimate (normal distribution of &i is assumed)

2

. o
EQ) = exp (X'B +Bi2() + )
- Smearing estimate (normal distribution of &i is not needed)

n
i=1

PN

E(y) = eX'F x

S|
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