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1.0 INTRODUCTION

Cross section data for the interaction of neutrons'with light-weight
nuclei have been obtained by extensive experimental studies, and the
results have been compiled for various neutron energies [17,24]. There
are, however, significant gaps in the available information, and thus
there is a need for theoretical models which can support and supplement
the experimental information available. This need is particularly felt
for neutron interactions with light-weight nuclei, since the existing
models fail, on the whole, to predicf accurately the cross section for
such nuclei. For instance, collective or statistical models cannot be
used with confidence because the number of nucleons present is insuffi-
cient to obtain statistically meaningful averages. Attempts to use direct-—
interaction models are-generally hampered by the considerable mathematical
difficulty encountered for interactions between nucleons and nuclei of
A > 2, or interactions where the projectile is not a single nucleon. The
optical model, although used with great success in the calculation of
neutron cross sections for heavy and medium-weight nuclei [43], can only"
be replaced by a suitéble average potential field. Each nucleon would then
move in this average field and exert its influence upon the remaiﬁing
nucleons only be means of the Pauli principle, which excludes identical
particles from ocﬁupying the same quantum states [48].

This is clearly not the case for light-weight nuclei, where the de-
tailed structure of the individual nucleus is decisive for the character
and yield of the reacﬁion [48]. |

Some success, however, has been obtained in recent years, by using

optical models with a nonlocal potential [33,34]. It will be shown, how-



ever, that the equations ensuing from the model proposedrin this work are
jdentical to the equations one must solve for the optical model with non-
local potentials, and that furthermore, all optical-model parameters are
derived entirely within the framework of the model.

Experimental work on light-weight nuclei has shown strong evidence
for "clustering" of nucleons into subgroups within the nucleus [1,35]. 1In
light-weight nuclei, then, it can be safely assumed that some, or all, of
the component nucleons are at some instant more closely correlated to each
other, to the exclusion of the remaining nucleons (if any).

The configuration, where within the limitations of Pauli's principle
some nucleons are more closely correlated, is called a '"resonating struc-
ture” or a "cluster". Implied in this definition, however, there is no
restriction to the number of particles, and in fact, it is entirely appro-
priate to consider an individual nucleon as a cluster. Also, the cluster
configuration of a system is not fixed, but may vary from energy level to
energy level and from reaction to reaction. |

In the attempt to describe more accurately the behavior of light-
weight nuclei, then, one could formulate a model which accounts for the
clustering of nucleons in nuclei. In such a model, the wavefunction of
the system is written as a superposition of particular wavefunctions
describing each of the clusters. The representation need not be unique,
and in fact, it will vary from cluster to cluster representation, and
also for different excitations of the clusters.

The simpler the cluster representation, the simpler is the mathemat-
ical formulation of the model. In the limit, if one were to consider each
nucleon of the system as a cluster, the model would revert to the single-

particle (shell) model.



The cluster model (or resonating group structure method) [45,48] has
been used extensively to analyze scattering problems where both the inci-
dent and target nuclei are nucleons or composed of only a few nucleons;
and to describe the low-lying energy levels of some light-weight nuclei.
To the present, problems treated with this model have been the evaluation
of the low—energy levels of 8Be [47], ?Li and 7Be [47], 9Be [41], and 120
[35], and the elastic scattering of n+D [9,10,11,19]), n+T and p+T [3,4],
w+3e and ptlHe [5,4], nta [5,22,25,40], JHeta [37], &+D [27], Het’He
_[6], and ota [8,38,44]. Cross sections for the two-channel five-nucleon
system have also been obtained [28].

In the present work, the following two-channel four-nucleon system

is formulated using the cluster model:

n+3He + nt He . n+3He + p+T

ptT > n+3He ptT =+ ptT

The cross section for the elastic scattering of neutrons from
helium-3 in the presence of the charge-exchange reaction n+3He -+ p+T
is evaluated by numerical solution of the system of two coupled integro-
differential equations arising from the application of the model to the
problem.

A Gaussian form of the potential with a Serber-type exchange force
is used to represent the potential of the interaction. The parameters
contained in the chosen form are adjusted so that the potential will yield
the correct values of the binding energies for the helium-3 and triton
nuclei. Other authors [4,22] have found this potential to give best agree-

ment with experimental cross sectiomns.



The total and differential cross sections for the 3He(n,n):sHe and
3lie(n,p)T reactions are evaluated at incident neutron energies of 1, 3.6,

and 6 MeV.



2.0 THEORY

The wavefunction for the four-nucleon system under consideration,
¥(1234), is a solution to the Schrédinger equation in the center-of-mass
system [2]:

T+ ] V. - E]¥(1234) = 0 (2.0-1)
all pairs

where 1 and 3 denote the two neutrons, and 2 and 4 the two protons. From

conservation of energy, E, the total energy of the system is:

E = E3y_ + E(n) = Ey + E(p) (2.0-2)

where E3He and E, are the binding energies of the helium-3 and triton
clusters respectively, and E(p) and E(n) are the kinetic energies in the
center-of-mass system of the proton-triton and neutron-helium-3 configu-
rations, and are equal to 3/4 of the kinetic energy of the incident proton
or neutron in the laboratory system of coordinates. The kinetic-energy
operator T can be written in different forms, each most suitable for a
particular particle grouping. For instance, in the case of neutron 1

incident on the helium-3 cluster (234), we can write:

2 2 2

" 2 3n 2 2H 2
T=-% Y3 "&u V23 "3u "1-342 (2.4-3)
whereas, for proton 2 impinging on the Triton cluster (134) , we have:
2 2
4 _2 31 2'ﬁ
T=-0 Vo -iH Y-~ FH V3341 (2:0=4)

V. 1is the internucleonic interaction and is assumed to be purely central

13

and of the form:



V,, = (w+ bB + hH + aM")V

c
13 + vij (2.0-5)

ij
where B, H, and M' are the usual Bartlett, Heisenberg, and Majorana opera-

c

ij is the Coulomb potential given by [3]:

tors, and V

qzlr1j if i,j are protons,
c _ i
vij = (2.0-6)
0 otherwise.
In ordinary spin space, the Bartlett operator, B = 1/2(1+Ei-5j), has the
effect of interchanging the spins of particles i and j; the Majorama

operator, M' = - 1/4(l+oc g,)(1+7,-T,), interchanges the spatial coordi-
P i iy

3
pates of particles i and j; and the Heisenberg operator, H = —1/2(1+?i-?j),
interchanges both the spatial and spin coordinates of particles i and j.

The actual form of the potential Vij will be discussed later. For the
moment, however, it is sufficient to assume that it will be dependent only
ij!’ where ;ij is the vector distance between particles i and j.

The wavefunction of Eq. (2.0-1) for the composite nucleus can be written

on |r

as a properly antisymmetrized combination of partial wavefunctions, corre-
sponding to the various ways of distributing the protons and the neutrons
into the various groups. Since we denote by 1 and 3 the neutrons, and by

2 and 4 the protons, the properly antisymmetrized wavefunction is given by:

¥(1234) = (1—P13)¢(234)os(1,234)F(l,234)
+ (l_PZA)n(134)05(2’134)G(2’134) - (2.0-7)

where 913 and PZ& are operators which exchange particles 1 and 3, and

particles 2 and 4, respectively. The spin function o corresponds to the

]
total spin of the system (S = 0,1). ¢(234) and n(134) are the spatial



wavefunctions for the helium-3 and triton clusters, and F(1,234) and
G(2,134) are functions describing the motion of the neutron 1 relative
to the remaining helium-3 cluster, and of the proton 2 relative to the
triton cluster. They are therefore the scattering functions of the
corresponding arguments.

Substitution of the properly antisymmetrized wavefunction into the

Schrddinger equation yields:

Neutron-helium-3 system

2 2 2 2

g 3 2%
(% Vo, - 5% Youas 5% Vioas) t ) V.. - EN{(1-P. . )¢(234)
M U346 &M 2-3 7 3M 1-23 © ), 50 i) 13

* 05 (1234)F(1,234) + (1—?24)n(l%)cs(1234)c(2,134)} (2.0-8)

Proton—-triton system

2 2 2 '
[("% Va5 = . Vi—sa -5 V§-134) + 1 iy - EHA-P 0234)

2
34 3 all pairs

- 0g(1234)F(1,234) + (l-P24)n(134)US(1234)G(2,134)} (2.0-9)

The spin for the neutron-helium-3 system can either be 0 or 1. For

the singlet case, S=0, we have:

gg = % [a(1)B(3) - a(3)8(1)] [a(2)B(4) - a(4)8(2)] = 100 (2.0-10)

while for the triplet case, S=1:



(L (a(2)8(8) - a(®)B]a(Da(3) = o)
2
Og =< %‘[0(2)8(4) - a(4)B(2)] [a(1)B(3) + a(3)B(1)] = 300 (2.0-11)
L [a(2)B(4) - a(4)B()1B(LIB(3) = Yo_;
\/2

The four spin wavefunctions, defined above, are mutually orthogonal, and

the spin vectors o and B are defined so that the following relations hold:

I a(i)a(i)dt = 1 J B(1)B(1)dr = 1
all spin space all spin space
(2.0-12)
a(i)g(i)dr = 0
all spin space

The spin functions for the proton-triton system are similarly written as:

Singlet case:

1
g

|
m

= 1 (B - a(BD] [a(2)B(4) - a(4)B(2)] (2.0-13)

9 0

Triplet case:

(L a8 - a(B@Is@a) = %,

Y2

1}

L (a8 - a3BM] @B + a@)B@] = %oy (2.0-14)

Q
w
n
B

1 3
= [a(1)B(3) - a(3)B(1)]8(2)B(4) = g
2 =

\
To develop the equation describing the scattering of a neutron by
helium-3, we premultiply Eq. (2.0-8) by the complex conjugate of the

helium-3 spatial wavefunction, the spin function, and integrate over



all spin space and all coordinate space of the cluster. By recalling that
the wavefunction of the helium-3 cluster itself satisfies its own

Schrddinger equation,

[(_jf v2 1f 2 c
M M

-3 .
3 "3 V2-34) t Vgy t (wtmi +hE+bB) (V,,+V, 5+V,,)

- E+ E(n)]$(234) = 0 (2.0-15)

one can readily derive an integro-differential equation for the scattering
function F(1,234) for both the singlet and triplet spin configuration.

" Appendix A shows the mathematical operations in detail.

The singlet equation for the neutron-helium-3 system is:

+ E(n)]F(1,234)

2 4
3u Yi-234

[(3w—h+m)Idi2di-3di4 V13|¢|(234)|2]F(1,234) + Jdi dE.dE, ¢ (234)

2773774

(b2 _3n’y
M 14 4M 2-14

-E+ Vc(24)

+ (2wtb+h+2m) (V. 4V, ) + (w—b—h+m)V24 + (3mﬁw-b)?13]

14 23
*
« ¢$(142)F(3,124) + (2m+h)Jdi2dE3di4 ¢ (234)V,, n(234)G(1,234)
2 2 2
. h 2 3nh 2 2h 2
+Pﬁﬁf%¢(nﬂﬂ&ﬁ 23" %% Y1-23 "3 N "4-129

2E + 2VC(2&) + (2w+2m+b+h)v23 + (4wtim-b-h) (v12+v34)

+ (2w+b)V14]n(123)G(4,123) (2.0-16)



10

The triplet equation for the same system is:

2 1
M

2
;3

V] a3, + E(@)]IF(L,234)

= [(BvH-Zb—h.-m)Jdt dr di’:A V13|¢(234)|2}F(1,234) - de2d§3df4 ¢*(234)

9%,
2 2 2
Crb?o2 3t 22
(% Y% 5w Y2-14 ~ 3 M V3-124) T EF V(28

+ (w-l-b-3m—2h)V13 - (2w+b+h+2m)—(V14+v34) - (w-b-htm)V,, ]
« $(142)F(3,124) + hfdrzd'f3d'f4 ¢*(234)v12 n(234)G(1,234)

+ Jdﬁzdi3di4 ¢*(23-ﬁ)[bV'14 = (b+h)(V12+V34-723)]n(123)G(4,123) (2.0-17)

The integro-differential equations for the second interaction channel,
the proton-triton system, are obtained in an identical procedure as that
employed for Eqs. (2.0-16) and (2.0-17), but starting from Eq. (2.0-9),
ueing the spin functions described in (2.0-13) and (2.0-14), and recalling

that the triton-cluster wavefunction satisfies

[(- n’ v - 3n v2 ) + (wimMthE+bB) (V. 4V, 4V, )
M V3 T &M '1-3% 13714V 34
- E+ E(p)In(134) =0 -~ (2.0-18)

The spatial integration is performed over the coordinates of the triton
cluster n(134). Again there are two equations corresponding to the singlet

and triplet spin configurations of the system. The singlet-state equation is:



[

2

3

_EZ
M

11

2

V5_1a + E(P)1G(2,134)

Idildinf4 [ Gu-htm)V,, + ve(24) 1| n(134) | 26(2,134)

2 2 2
s w2 2 3p> 2 _2n° 2
* Idrldradfa NIy Y237 7H 1-23 T3 M V4-129)

- E+ Vc(Zl;) + (2wtb+ht2m) (V12+V34) + (1,ar+31t1--b)‘ni'24 + (w—l-m-h-b)Vl3]

. n(123)G(4,123) + Jdildi3di4 n*(134) (2mHh) V, 6 (134)F(2,134)

2

2% 2
3 M

2
Vi-124)

2 2
*
+ Idi dz.d%, 1 (134)[2(--% o --%-% -

197391, Vouga =

- 2E + 2Vc(24) + (Zvr-l-l::)ii'23 + (2w+2m+b+h)vlb + (4w+4m-b-h)

o (V 4)]¢(134)F(3,124) (2.0-19)

12173

and the triplet-state equation is:

[

2

3

1
M

2

2

V5 13, * E(@)1G(2,134)

- Idf didf, [(3w2b-h-m)V,, + vc(24)]]n(134)[23(2,134)

173

2 2 2
§ r h° 2 _3h _2h" 2
Jdrldi‘3dr4 n () yx V99-73u Y 3H V4-123

E + Vc(24) + (w.‘l'-l-m-]:»—h)v]-3 + (3m+2h—w—b)V24 + (2w+2m+b+h)72a]

(134)F(2,134)

R
n(124)G(4,123) + thrldr:;dra n (134)V12¢

+ Idfldi3di-4 n*(134) [bV23 - (bth) (V12+V34—V14)]¢(142)F(3,124) (2.0-20)
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The form of Eqs. (2.0-16) and (2.0-17) can be changed by introduction

of a new system of coordinates:

e . g =n o7 Lz iz

r=r1, 3(r2+r3+r4) r T, 3(r1+r2+r3)

T & F, - SEATAE,) =%, -fE4r) =3T+37
3 T AELTRETR 4 ~ 2\T'r3) = g

- = 1= - _3=_9=,_-= = _= _=

v=r,-5(rtr) =gr+gr =pey Ry=71) -1,

Py = Iy = T, Ry =1,

= =7 =_9:-,3zn

Py = T4 x=grT + g T

The Jacobian of the transformation from the coordinate system

(;2,;3,;4) to the system (52,34,;') is introduced so that:

d;zd;3d;4 =J dEzdaad;'

where
2 G {1} {0} - 3}
3= 352?:3 654'53 TouE, | = | OV (Y L P
6521-4 65424 A (-1} {1} {- 3}

where { } denote 3x3 scalar matrices.

3
Similarly one can show that: di"szadi‘4 = (%?

and | drzdr3dr4

9

{ 3 {0} {0
: 1

= | -3} {1} {0}

1
-3 {13 (1)

D AR A=n
ddeRBdr

-27 di"dR dﬁz

2

"

(2.0-21)
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The integrals involving kinetic-energy terms in Egqs. (2.0-16) and
(2.0-17) can be reduced to a more workable form by means of Green's Identity.

For instance:

e 2
JdrzdrBdr4 $(234)V3_,, $(142)F(3,124)

I P T 2
= Jdrzdradr4 ¢ (234)¢(182)V5_,,, F(3,124)

= |a% a3 d3 z *
= Jdrzdr3dr4 F(3,124)V5_;,, ¢ (234)$(124)

- * -
+ f J N« [¢ (236)¢(124)7,_,,, F(3,124)

surface

- F(3,124)V (234)$(124) ]ds ' (2.0-23)

*
3-124 ¢

The surface integral, however, vanishes if one requires the surface

of integration to be at infinity, since the wavefunctions vanish there.

Hence:

*
Jdizdiadi4 o (@30v3_,, $(142)F(3,126)

*
- [[dfzdi3di4 V3104 ¢ (234)6(142)1F(3,124)

and

* 2
Jdtzdf3dt4 § (234)V;_1,, n(123)G(4,123)

5 ¢ (236)n(123)16(4,132) (2.0-24)

o as i gl
= [Jdrzdrsdra Viu-12



We now use the fact that:

2 % 5 Ko e - - -
Vy-123 ¢ (234)¢$(124) = V;‘eb (v,pz,oa)cb(u,pz,pﬁ)
- i e s i o e Row o= = = -
= V=y ¢ {0(u,05:0,)7 48 (V2pgsp,) + ¢ (V2P 950,) V210 (u,0,,0,)
and
v e 2 dv 9 av 3 d .
vfl¢ (v|p2!p4) = i+ j + k
av_ dr' v dr' av_dr'
X X y ¥ z =z
P 3 -
[ (vxi'l'vy ‘|’Vz spzsp4)
- — (—' i +*a—-j # av k)¢ (v,pz.p,‘)
x y
9 - k- - -
='§ v; ¢ (v}92394)
Therefore
v *(234)(124-32 S B IV WaBdD
4-123 ¢ $ ) = (8) ¢(‘1:pzsp4) 5 ¢ (V:pzppﬁ)
2
W i e D mm
+ (%) ¢ (v’pz’pﬁ)vﬁ ¢(uspzsp&)
9 - Fm s v
3; V= ¢(u592194) . v; ¢ (v’pZ’p4)
Furthermore

2 3 3
(v14 + - a 1k )¢(142) = (VZA 4 2 )¢(142)

SRR RTICIRR

Py

14
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By utilizing the above expressions, and similar ones for the remaining
kinetic-energy operators, we can finally write the singlet and triplet

equations for the neutron-helium-3 system as

v

HIN
hﬂua

+3 5 B@)IF@ = Y (OFE + Vg (DEE

+ Ja v kKP2(Z,THFGEY) + de" kP (3, IMG(E™ (2.0-25)

-

where, by defipnition

3
M 3 P - - - - - =
Vg (¥) = 52 (8) a[d"f"ddeRB ¢ (Y.RZ,Ra)V(Ix—yl)n(y.Rz,R3) (2.0-27)
3

PG = Q) % 0,8, 'G5, vdEs, D

+ V(|uto, D} + 8v(p, ) + ev(|u-v]) + n{v_(lp,) - E}

e s 9,3 9.2 e omF Mo =
* ¢(u’p2’p&) + B(§) Jdﬁzd§4 {(_8-) ¢(ulpzip£.)v_ ¢ (V'QZ’pﬁ}
) g v

2
+ ("'") ¢ (V’pzsp“)v ¢'(uspzsp4) F 27 V ¢(u192304)
ke - - g s e, B e
T V56 (Wpgep,) T30 (“'"’2"’4)"6 ¢ (u,0,,0,)} (2.0-28)
2
and

3 u

KEET = Q) Jdﬁzdi3 8RRy [e' VR, ) + @

o {V(R,x)) + V(IR DE + £'V(x-y]) - e'Eln(x,RyiRy)
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9.3 fx = (92 #x-c -2 = =
+ (@ b'|dRydR, {(@) ¢ (,Ry,R)VE n(x,Ry,R;)

)% R BT 0* Ry + 2L T nGy,R
+ (8) ﬂ(X;RZsR3)V % (Ysts 3) 32 ; H(K,Rz, 3)

“iN

2 nGR,yRy

- ko= = g = o B

= 2(27)Jdi2dﬁ2 WA W AAPLICR APy (2.0-29)

The constants appearing in (2.0-26) through (2.0-29) are defined for the
singlet and triplet cases in Table I.
Since r" is simply a variable of integration, it can be replaced by

r' everywhere, without affecting the equation. Thus:

2

v,

+3 5 B@IFE = Y OF@ + Vp (D6
+ [di' KO(E,THF(e") + ]di" kP5(Z,2)6(F") (2.0-30)

Now we let:

P = I L £, (1P, (cos0), 6(D) = [ T 8, ()P, (cose)
L L

and IJ,= =,y _ T 22+1 1J ' e
K (r,xr") = L e KE (r,T )Pz(cose) (2.0-31)
<=
where 6 = scattering angle in the center of mass system and cosO = rr:' .

Recalling that

2 2
vf --175+-3-Q—4-L§
r dr dr T

La |
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Table 1

Constants for Neutron-Helium-3, and Proton-Triton Scattering.

dl

fl

Singlet Triglet
3 (3w-hrtm) 3 (3w+2b-h-m)
-1 +1
3.5 3
5(2wtb+h+2m) 5(2wtb+ht2m)
-g-(w—b-hhn) %(w—b-h+m)
3 -3
2 2
3 3
Z(3mtw-b) 5 (wb-3n-2h)
3 3
E(Zmi-h) 2 h
-2 0
3 ' 3
5(2w+2m+b+h) -i(b-&-h)
-g-(tm-l-&m-b-h) -%(b+h)
3 -3
3 3
i(2w+b) 3 b
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where L2 is the square of the orbital angular momentum operator, the

eigenvalues of which are -2(&+1), then

@2 24 12 M

—_—t-—+ 2+——2-E(n)

5 f (r)P (cosB)
dr r dr r 24

bl e |

= ] vy (0 1 £, (0)p, (cose) + { Vo () 3 g, (0P (coso)

)
+7 11 Jdt{a' Jd(cos&') Jd '%ﬂx (e 2! YE 4 (")
2 L m=-t mr

Vs X2,(8%,8") X gar Y, R(8"16")Y5(8,0)

]
+) 11 . Jdi" Jd(coss') Id '%:fﬂKDS( TyT )fzr(r')

L' L m=

4n

wherein we have used the relations (2.0-25)

P, (cos0) 2\ [zor- Y5(6)
d ¥%(e) = ’)f AT 9™01,4")Y2(6,9)
=g . g ® 241 Yy (029 )%, (0.0

Integration over all angular variables and division of the ensuing

equation by Pl(cosa)/r will finally yield:
d2 M £(2+1)
[a-'-z-l- 32 E@) - J;r]fz(r) Vpp(E) £ (1) + VDs(r)gp_(r)

+ Idr' KED(r,r‘)fE(r') + Jdr' Kgs(r,r')gz(r') (2.0-33)
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where use has been made of the orthonormality condition for spherical

harmonics.

The equation for the proton-triton scattering, corresponding to

foo

1

1

d(cose)Y:m(3,¢)Y::(9',¢') = 521' §

(2.0-33), can be derived in an identical manner from Eqs. (2.0-19) and

(2.0-20), with the following change of coordinates:

r

_= L= = =
=r, 3(r1+r3+r4)

Pg = Ty = Ig
Py = T3
~=-9-.3-
u=gr + g T

- 1.-
v=r, - §{r1+

Ey

- fm = =
r, = 3(rptrybry)

=‘% r +-% '

;" e

1
AR Y
(] "
i H
£~ [+

o)
i

00|
M

+r

1.~
-3y

-3,

"l

oojw

oo|w
A

Again, with the definitions (2.0-31) and (2.0-32) we have

d2
Gz *

M
Egz'E(P)

2(2+1)
i

lg, (r) = Vo (r)g, (r) + Vo

Coul

(f)gz(r)

2+r4)

+ Vg (O, (1) + Jdr' K" (r,r')g, (r") +'Jdr' Ky (r, "), (r")

where:

Vss (1)

3

o
= @ &2

a[df'dﬁzdﬁh v(|u-v|)

n(;’sz 364) |2

(2.0-34)

(2.0-35)

(2.0-36)
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3
vgg"l(r) = (%) %’2 % jdi'dazd54 v (lu-v] n(G,EZ,p4)|2 (2.0-37)
9.3 M B
Vgp(r) = (@) %2 a'de'dde% N’ (7R R V(x5 6(7:Ry5Ry) (2.0-38)

3
SPEED - @ R Jdizaﬁ3 n"(3.R,, Ry [V’ D

+ a V(xR ) + V(TRR,D - e'E + £'V(UxT D10 GuRy R

3 . 2 _ - -
+ (%) b'IdRZdRa [('98") n*(YsR2:33)V§ ¢(K,R2,R3)

3

+92 — - = .2 k- - = 27 = k- = = .= o o
("'8") ¢(x,R2,R3)V_ n (YlR23R3) + _3_2' V_n (Y’RZ’R3)VX ¢(X:R2:R3)
y

~4

+ —g' n*(§’i29i3)v; ¢(§sﬁls§3)]

2
- 2(27)[&1&2&52 n' 38,00,V (IFHR, )6 (x,R)00,) (2.0-39)

and

ST,z = (%)3 e Jdﬁzd% N (a0, IY{VC| 5455, D

+ V(|o#, ) + 69(lp, ) + ev(fu-v]) + n{v_(Ju-v]) - E}]

- - = 93' 92*_.... 2 - = -
. n(u.pz,p,,) + (-8-) Eijdcizdii4 [(-8-) n (1r,r32,94)vl_1 n(u,oz.pa)

0.2 e - 2 = = 215 == =y K== =
+ (@) n(u,p,,p,)V_ n(vspysp,) + 35 V_ n(u,p5,p,)V_ N (vsp55P,)
v u v

3 ke = 2 == =
+ 51 (V505,0,)V_ n(u,p,50,)] (2.0-40)

P2



21

Again, the constants appearing in the various kernels and direct
potentials are defined in Table I for S=1 and S=0.

To evaluate explicitly the direct potentials and kernels in Egs.
(2.0-33) and (2.0-35), one needs to know the form of the nuclear potential,
and the wavefunctions representing the helium-3 and triton bound states.

The type of interaction chosen for this study involves a Serber-type

exchange force, wherein

i g -}; (4x) 3 h="b = -}; (1-x) (2.0-41)

Such interaction has been found to yield fairly good agreement with
experimental results [3,4]. The potential well V(r) is chosen to be of

the Gaussian form in order that the kernels may be determined analytically.
2
V(r) = Vb exp(—ur”) (2.0-42)

For the same reason, we are forced to employ Gaussian wavefunctions

for the helium-3 and triton clusters.

1 v 2
¢3He = ﬁ'a—H—e exp(- '2" §j rij) (2.0-43)
1 A 2

The parameters VO = —45 MeV, u = 0.2669 x 1026 cm-z, and x = 0.6 are

those used in previous calculations of four and five-nucleon problems
[3,4,22)]. These parameters represent a potential which is longer ranged
than that suggested by two-body scattering data. On the other hand, the

form assumed for the potential is that of a purely central force. Thus,
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some equivalent central representation of the tensor force has been
postulated, and there is no reason to presume that this equivalent central
force is the same for a four-body problem as for the two-body problem. 1In
fact, studies of the binding energy of the alpha particle, in which tensor
forces are included, have shown the tensor force to be relatively less
effective in producing binding than in the two-body case [22]. Further-
more, the potential used has been shown to be consistent with four-body
bound states [3,4], and to predict the correct binding energy of the
‘deuteron [3]. ‘

The wavefunction constants

v =0.1436 x 1025 em2

A = 0.1404 x 10%¢ 72

used here are those found by Bransden et al. [3] by minimizing the energies

E3., and E. in Eqs. (2.0-15) and (2.0-18), which are then automatically

He
satisfied. The minimum values of ET and E3He which they found by a varia-

tional method, were:

E3ge = -4.74 MeV  and E, = -5.49 MeV.

These values are lower than the experimental values, but scattering
cross sections are generally imsensitive to binding-energy values, as long
as one is consistent, and uses the theoretically determined values in the
evaluation of the kernels.

With the assumed forms of the potential and nuclear wavefunctionms,
the kernels and direct-potential terms can be evaluated analytically.

Their expressions are given in Table II., Detailed calculations for some
typical kernel and direct potential terms are given in Appendices B through

D.
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Table II
Direct Potentials and Kernels Appearing in -

Equations (2.0-33) and (2.0-35).

v ,3/2 9uv 2

M
Vpp(®) = 27 3 V(g™ el gy ¥
3/2
M : {(Av) 9 (v+A) 2
V...(r) = 216 =5 a'V exp[- r]
s T2 7 Vo rgquin) + 4u)d 2wny 2 [9(v+A) + 4u]

3/2 [~ DA 2

_ M A
Vgg (™) = 27 32 oV Gog) Zurkon
Coul . _3 M g?
Vss (M) =332 %
M ()32 9 (vi1) 2
Vsn(r) = 216%2 a'Vo 372 372 exp[- ]
[9(vHR) + 4u]™" " (vHA) 9(v+r) + 4u
The Kernel Kfm) (r,xr")
KEDD) (r,xr') = ¥ [qgn(r,r') + s]:D(r,r')] + 8 f]:D(r,r') + ¢ glzm(r,r')
+ n[hgn(r,r') - ngn(r.r‘)] +8 p]zD(r.r')
where
MV 2
DD ’ o /3 81 v 9 v(15v+16u) 2
q (r,r)=-——,/— == exp[- = ——F—-——1]
£ 12 s 2 m (3v+24) 16 6v+u

9 v(15vHhy) _,2 27 3vi2u,
16 6vip PN o i Cavrey Jrr']

x exp[-
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Table II (cont.)

HV 2
3 81 v 9 v (15v+16yu)
S (r ') = —\/> =& expl[- —= ———- ]
ﬁz m 2 ’—_G\H-u (3v+21) 16 6V
15v+16 2 3v+2
« expl- 73 HREEO) o1 B VG ')
MV 3/2
DD 2 2 '
8¢ (r,r') = :1 ; (6:—411) exp[- 3—3(5v+2u) (r+r' )111445[3'3'(6“"4“)1'1" ]
¥2r 4
L
DD ME v 27 2
ne (r,x') = = — (=) exp[- v(r +r'7)]1 [ vrr']
L ﬁz ¥ 2 e+t 1
fDD(r r') = 81\/E (HVO) vz exp[- L] v(rz-!-r'z)]'f {y- vrr']
£ w _ﬁZ (6\)+4u)3/2 32 24516

W0, zt) = S @ 2173 (- 83y (P 1T, 1B )

5
Py (r,x') = -8—",;-(%> expl- 2 veBerh)

X {[18(r2+r'2) ggg] R.+5§(l6 vrr') - 28 rr' I;.-I-lg(i_g vrr')}

The Kernel Kgs (")

Kgs(r,r‘) = d'{qzs(rr') + s]gs(r,r')] + c'flzs(rr') + e'[hgs(rr‘) - nDS(r,r')]

gz (rr ) + (rr )



Table II (cont.)

where:

4 f 3
pES(r,r') = (%) LA—?— exp[—k(% rz + E% r'z)]exp[—v(-é-% r2 + %i- r'2)]

128
27(x+v)

x 136022 + 40va - 5402 + 4827 - 48A(viN)]

7/2

- [(21612+24v2+481v)r2 +
(V)

16’ +2 v 2y
5/2

.1, _l_;i[g—g-{vﬂu)rr

2,2
14605v%) + 160, 4 g4 [%(\H-A)rr']

27
o I .. [5=(v\)rx'] - [
24132 ooy 312 Tads

\/3- 162 am?/?
T V3o 1 (VL) (3vH3A+H41)

; M
a(r,r") = —3
1

g 3v2+3ﬁv1+27h2+28pv+36uh)rZ]

x exp[- g7 ( 3vi3Aty

27v2+30vx+31\2+12vu+4ux 2 27 (vir) (3v+3xtéu) ¢
yr'*11 rr']

x expl- 73( [32
64 3vt3atu 245 32 3(vHA)+Hu

4 ) (VL) (3v+3A+4n)

MV
slzs(r,r') = —-%
‘h

9 27924300 M INZH1 2vpbph

2
x exp[- g7 ( 3vFA) R )r

]

9 Fv2+30uA+27A24+28uv+36uA

2 27
x expl- 3 2 1 w57 T3y

27 (v+2) (3v+3r+4n) 28]

25
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Table II (cont.)

DS (r,r') = 162 —2 \/_ % exp[- =& (r%4+9r'%)
. (i) [3Cor) +ap] > 2 64
9 2. ,2 27 '
vy A(9r +r )112445[3_2(%““. ]
3/2
DS I M (Av) 9 2
n, (ryr') = 162 \/-_-—— exp[- v(r +9r'"%)
2 T 52 o (3o 1372 64
N S SUT LIy gy,
64 2+ 32
hgs(r,r') =0
DS 162 v 3/2 W,
- (r,r') = — (J\-HJ — exp{- 64[\:(1- +9r' ) + A(9r +r'! ) + 4u(r +r' )]}
YT 52
x T [{2Lver) - 2 yler']
3(v+l)—£m 2.+¥§ 32 s
The Kernel KiD(r,r')
B2, = ' 12,11 + &50(e, e ] 4 e'Ey(E,x") + £ Sl’cr,r )
+ e! [h (rr) -nz (rr)]+b'sn(r,r)
where:
Py (e, = () VL v 2+ 2 oD lemplac & + 8L 1))
x {22 [36(022) + 40Av = 540+v) 2 + 48v7 - 48V(A+v) ]

27(A+v)



Table II (cont.)

2

27 916v2+2622+480) 12 + (216)

26 48Av) L' 2

X IE+!5['—2(U+J\)I‘]:'] + [ (M-v)s/z
14460 24v2)+160Av

(A+v)

x TlPﬁ[%%(WA)rr'] - [

>P(r, ") = Lo \/2 162 a2
o 5 ¥ V3w (V) (3A+3v+4p)

9 312+30vk+2 7v2+28u)t+36uv 2

x exp[- x( 30N )r]

9, 3v2+27A 2+ 30Av+1 2AvHA v 27 (vFA) (3M+3vHen)

v2 27
x exp[- Z7( ST R LPIRH i e Ty

3/2

MV
Sin(r,r') = —-—3-\/3_- 162 (Av)
11 V3w (VL) (3A+3v+4u)

272 2+301v+3\32+12l\)+4uv 2

9
x exp[- g7 ( 3(v+A)Fu )]

9 3A2+30v A2 7v2+2 8ui+36uv

12 27
x expl- g7 ( J(vA) )T ]Iz+!5[32 (L) +i

£52(r,r") 372 exp[- &2
(v+A) [3(vHA) +4u]

3-2— v(9r2+r'2)11£+;5[§-;-(u+x)n']

3/2
162 2 2E sl

niD(r.r') 7
T &5 (vir) [3(v0) ]

it

373 exp[- '6% l(r2+9r'2)

- g VoLt )L B ]

' MV 3/2
162 —2 \/E (Av) 2 a(r249r'?)
ﬁ m

1 1 27 ]
572 ]rr I£+&5[3'i{"+”" ]

']

T

27 (v+r) (3A+3v+4u) ¥

]

]

27



Table II (cont.)

132, e") = 0
L
3/2 Mv
SD,_ .y _ 162 , Av 0 . 912042 g .3
8, (r.r') = /1_:- ()\+v) == exp{ 64[2\(1: +9r'%) + v(9r+r'Y)
2. ,2 1 27 9 .
+ 4u(r+r' ) 1}x ETCTy Iwil{ﬂ(wx) = ]
The Kernel Kis(r,r')
Kis(r,r') = Y[qis(r,r') + sis(r,r')] + & fis(r,r') + € gis(r,r')
+ n[his(r,r') # nis(r,r')] + B pisfr.r')
where:
MV 2
SS 38 A 9 +
q (r,r') = —% 4 22 exp[- E—-———-———-Mlgi_*_;ﬁw rz]

w2 V" 2 B (2w

9 A(SMhW) 12y

. 3A+2u
x exp[~ 76— 6xtn

27
R.-I-Ls[—é' l(a_l_—u—)r‘r']

ss,_ .., [3s1 3 9 A(15MHhu) 2
8y (1) = 5\r 2 Pl-T6 = 6aru ¢
4 Yertn (33+2y)

27 | 3A+2p,
!.+3§[ 8 1(6A+u Jur®)

_ 9 A(16u*15)) 2
xexpl- ¢ =y ¢ 1!

81 M"rc) 3/2

A
o _hz (6X-4y) exp[-

gis(r,r') - -3%(51+2u} (r2+r'?) ]Iz_l_;s[:;—g(m-lm)rr']

28



29

Table II (cont.)

11,2 2 '
(rr)-;—f_ ( }e p[-—l(r+ )]IH_;i[ Arr')
MV 2
SS 3 o A
£ (r,r') = 84, /= (—5) exp[- R(r +r' )]I G—— Arr')
L | h2 [61+4u]3/2 32 251
ss, 85 9% 45, 2. 2
P, (r,r") =\/—/ (@ exp[- 35(r +r'7) ]
x {[18{r2+r'2) ggg]lz+%f%% krr') 28rr’ I'+%(—— Arr! )}
3 3/2
B (z,x") =% @ 7_— 8% expl-2 22 2% + 32 ']
) m

1 '
X I dz Pz(z) e 108/64 rr - rr:‘[1:2+r:'2—2r1:'z]1/2
-1

Inspection of the analytical form of the kernels reveals that the
Coulomb terms are absent from the cross-channel kernels. One can show
that the Coulomb force contribution to these kernels is-zero (Appendix E).
Physically this is a consequence of the. Coulomb interaction being long
ranged; thus it is accounted for in the direct potentials. The exact form
for the his(r,r‘) partial kernel can only be determined analytically for
each value of £, in that the integral associated with it assumes different
expressions for diffefent values of £. Table III lists the values of

his(r,r') for %=0, 1, 2; the values of interest in this study.
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Table III

Values of his(r,r‘) for Different Values of R%.
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The functions IL+%(§) appearing in the kernels are closely related

to the Bessel functions of the first kind and imaginary argument. In fact

/%

T ) = (Pemay 1 ) (2.0-45)

The function Fo(x) in the expressions for his(r,r'), is the Dawson's

integral defined as

-x'2 x' 2 d
F (x') =4 J et Y (2.0-46)

0

which has been tabulated by Miller and Gordon [31] for values of x ranging
from 0 to 12.
The equations (2.0-33) and (2.0-35) must now be solved to yield the

scattering functions subject to the usual boundary conditions that
fz(O) =0 ; gz(O) =0 (2.0—47)
and the asymptotic conditioms that:

fz(r) be represented by a superposition of incoming and outgoing
spherical waves in channel I (n+3He+nt+3He), and in channel
II (p+T+n+3He}, by a purely outgoing spherical wave.

gl(r) be represented in channel II (p+T»>ptT) by a superposition
of incoming and outgoing spherical waves, and in channel I
(n+3He+p+T) by simply an outgoing spherical wave.

Alternatively the functions fg and gl must be found that satisfy

(2.0-47) and have two independent solutions such that

ii 1§ i 1f i
fl {(r) n AE FE(r) + Bz GL(r)

i=1,2 (2 channels) (2.0-48)

k,, A?k Fi(r) + Bik Gi(t)

gy %
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where Fi(r) and Gi(r) are the regular and irregular wavefunctions for the
corresponding channel, and are described in Appendix G. .

The reactance matrix is then [28,32]

L o e

R=BA (2.0-49)
and the scattering matrix:

S = (1+iR)/(1-iR) (2.0-50)

The scattering amplitude fiu.(e) corresponding to the total spin S

can be written as

S S _ gt -
£ 1(0) = Ty I (5,0 = Sb 0) (28 + 1P, (cose) (2.0-51)

where a and o' represent the entrance and exit channels, respectively.

The corresponding differential cross-section is

S - 1S 2

Uauu (8) = |fuu|(e)| (2.0-52)
The differential cross section for the n+3He interaction is then given by:

3 1
o(8) A ai(e) # ao(a) (2.0-53)
For the four-particle system under study, ka is the wave number of the
incident channel, and is equal to 3M/2ﬁ2 times the energy of the incident

particle in the center-of-mass system of coordinates.
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3.0 NUMERICAL ANALYSIS

To solve the integro-differential Egs. (2.0-33) and (2.0-35), the
regionrof integration is divided into two parts, separated by a distance
RM at which the kernels KiJ(r,r') become vanishingly small: For r > RM’
the kernels are set as zero. The integro-differential equations are con-
verted to a set of simultaneous algebraic equations by a method first pro-
posed by Robertson [36]. In the region where the kernels are zero this
method becomes entirely equivalent to the method of Fox and Goodwin [16],
also known as Cowell's method [30]. The solutions of the equations are then
matched to the appropriate regular and irregular functions, at a distance
large enough so that the kernels and the direct potentials are zerﬁ.

In practice, since the direct potentials also become vanishingly
small at the distance RM where the kernels wvanish, it is sufficient to
solve the system of simultaneous equations in the region r j_RM, and
match the ensuing solutions to the regular and irregular functions for
the respective channels.

For r E-RH’ Eq. (2.0-33) can be written as

dzfz(r) By o
T+ u(r)£, (1) = v(r)g,(x) + K, (r,x")£, (r")dr'
r 0]
" DS
+ K, (r,r')gi(r')dr' (3.0-1)
0
vhere u(r) = 3, B - 2 _ v o) (3.0-2)
and v(r) = VDS(r) (3.0-3)
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The range of integration of the kernels on the right hand side of
the equation can now be split into a number of pivotal poinmts at equal
intervals h', and the integrals can be evaluated in terms of Gregory's
formula, [26], which expresses the integral in terms of the function
values at the pivotal points, and the forward and backward differences
at the beginning and at the end of the range.

The integrals of the kernels for each value of 2 can be written as

R Ry

KPP, r") £(r")ar' + K% (r,r")g(r")dr’
0 0
DS
z Tm[Kn m m Kn,m gm] _ (3.0-4)

where N = RH/h', and T are the integration factors derived from Gregory's
formula. For this work, the formula was truncated at the fourth difference
so that the integral could be expressed solely in terms of the pivotal
values of the argument. These integration coefficients are shown in
Table IV.

In order to solve the integro-differential equation, the same pivotal
points employed for the r' integration are used for the range of r.

The second derivative is expressed in terms of its central difference

formula. At the pivotal point r we have

2 1 .4 1.6
\ LU - £ — — + — -
k fn (fn—l an fn+1) 12 6 fn 90 6 fn (3.0-5)

Substitution of (3.0-4) and (3.0-5) into (3.0-1) yields for each %.
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2
' = h!
(f 1 2fn + fn+1) +h'""u £ h v, 8,
N N
2 DD 2 DS 1 .4 1 .6
‘ —_— e
¥ h IO Tm n,m m th EO Tm Kn,m &n + 12 g fn 920 6 fn
Thus
£ .- (2-h'%u)E + £, =h? +1n'? ? T kP f
n-1 Yn’*n n+l Vn 8y 40 m n,m m
& B E T K>S + <L st -k s (3.0-6)
om0 T Ml Bn 7 12 n 90 n '

The central difference operator (1 +‘T% 62) is applied throughout Eq.

(3.0-6) to yield

2 2 2
B 10h" h!
Q+qzu P - Q- uwlf + QA+ u Df

_ h2 5 10n'2 . ht?
12 o+l Bn+1 T 12 Vo B T 12 Vn-1 En-1

2 N
h' D DD DD
35 mgg Tmtxg_l’m + 10 Kn’m + Kh+1’m]fm
2 N
B > DS s 1 6
iR mzo Tolae1,m ¥ 10 %am ¥ K£+1,m]gm - 240 8 Iy (3.0-7)
L _ ' ) 1.4
since 12[fn-2 4 fn—l + 6 fn 4 fn+1 + fn+2] = e s fn

 When the above procedure is applied to Eq. (2.0-35), an equation

similar to (3.0-7) is obtained.
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3 2 2 2
h' 10h' h' _ h'
A+ %, P8 - C-—xJe, + A+ 137 X081 =12 V-1 fama
2 2 2 N
10h' h' h' SD SD
t T Yt 17 Y el Y12 mZO T Rt UK o
SD atz ¥ ss ss ss 1 .6
+ K'n+1,m]fm+ 12 m£ Tm[Kn—l,m #.10 Kh,m * Kn+l,m]gm T 240 5 g, (3.0-8)
_3M _ (a4 _ 4Coul _
where x(r) = ETYA E(p) B VSS(!‘) VSS (xr) (3.0-9)
and y(r) = Vg (1) (3.0-10)
Robertson [36] showed that the terms s 66f and - 66 can be set
240 ° 'm 240 ° &

equal to zero, without introducing any appreciable error in the evaluation
of the scattering functions.

Equations (3.0-7) and (3.0-8) can now be combined in a matrix homo-
geneous equation of the form |

AX =0 (3.0-11)

where X is the column vector formed by the unknown scattering functioms,

i.e.:

and A is a (2N-4,2N) matrix.
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The elements of each row of the matrix A require the knowledge of
the kernels at three n points and all m points. For instance, the equa-

tion resulting from multiplication of the first row by X is given by:

2 2 2 2
h' h' DD DD DD th' h' DD DD
[1+ 75 vy = 73 (Ko + 10 Ko + Ky))TglEg = [2 - 53— u) = 75Ky + 10 Ky
22 2 2
DD DD DD DD h' h' DS
KZl)Tl]fl P (K + 10 KlN + KZN)TN fn - [12 vo 12 \KOU
th'2 h 2 DS DS
+ 10 K + KZO)T ]go [T Vl (K + 10 Kll + KZl)Tl]gl
h'2 KPS DS
Table IV
Coefficients of Integration from Gregory's Formula.
= ' - ' - '
T0 0.340278 h T4 0.981250 h TN-3 1.866667 h
= ' = R = '
Tl 1.195833 h ,T5 h TN—Z 0.766667 h
= ' = ht - '
'1'2 0.766667 h TN—S h TN—l 1.195833 h
= \ = 1 = L
T3 1.866667 h TN-4 0.981250 h TN 0.340278 h

The remaining 2N-5 equations are of course similar to the one above,
but are for different values of n.

The matrix Eq. (3.0-11) can then be changed into an inhomogeneous
equation

A'X' = B (3.0-13)
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by applying the boundary conditions f0=0, g0=0, fl=a", gl=b" s

where a" and b" are arbitrary constants, B is then a (2N-4) column vector
describing the imposed boundary conditions, and A' is a square (2N-4,2N-4)
matrix.

Equation (3.0-13) is then solved to obtain the scattering functions.

A difficulty arises when terms uOfO and Xy8q appear in the boundary
condition vector, éince Y and X, may be infinite at the origin. Appendix
F shows that those terms are zero for all L's except 2=1, when they take
on the value of 2.

In the numerical evaluation of the kernels, there is need to know the
functions Ii.-l-ls(x) described in Eq. (2.0-45), and their derivatives.

Two different representations are chosen for the IIH-ls(x) depending on
whether the argument of the Bessel functions are less or greater (or equal)
than one. For arguments less than 1, a power series expansion [46] is

employed
Iy (™ = mzo m'T (Astmrt1)

(3.0-14)

otherwise, a representation in terms of exponential functions is used.

1

_Ii+¥(x) = [e* ¥yl i) + (-)ﬁ+1 e ?zGi)l (3.0-15)

21X

' 2
" where yz(x} = Z . L - o

(3.0-16)
m=0 m! (R.—m)!.?m ;
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The derivatives of the I£+%(x) functions can easily be calculated
by means of the following recursion relation.

I£+%(x) - 2+%(x) - I£+3/2(x) (3.0-17)

The function subprograms written to evaluate the values of the
function I£+%(x) and its derivative for all &'s and x's, are reported in
Appendix I. Values of the Dawson's integral required in the evaluation
of the partial kermels his(r,r') were obtained by interpolation among
those tabulated by Miller and Gordon. The interpolation subroutine
employed for this purpose is described in detail in Appendix I.

The main programs for calculating the four kernels are designed to
compute their values for r,r' = 0 (h') 29h'., That is to say, 900 values of
the kernels are calculated. For a fixed value of r, the values for all r!
are calculated and punched on cards. The program automatically steps on
to the next value of r and repeats the process till the end of the range.
In all, 150 cards are punched out for each kernel, each card containing
six values of the kernel. A particular feature of the programs, as written,
is that the values of the kernels are calculated for the singlet and the
triplet cases simultaneously; thus the first card punched contains the
first six values of the singlet kermel, the second.the first six values
of the triplet kernel, and so on, until 300 cards are punched out for each
kernel. These cards are then separated into the two 150 card packs for
the singlet and triplet kernel respectively.

The kernel programs are listed in Appendix I. Only three programs

SD DS

are necessary, since the kernels Kﬂ, and K!. can be obtained from the same

code by simple interchange of the values of A and v.
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From the four 150 card packs containing values of the four kernels
for a particular energy, value of %, and total spin, the 56 x 56 matrix

A' is formed.

A problem arises in the inversion of the matrix A'. Because of the
size of the matrix involved, numerical noise peculiar to the computer used
(IBM-360/50) can introduce large errors if direct inversion is attempted.

The matrix A' is therefore partitioned as follows:

oo b

The inverse can be calculated from

-1 = _:K_._.L_
A GTW

where N = (D - CA'-IB)_1

L = -A"1pN

M = -Nca !

Al gl

~
n

The inversion problem is then reduced to that of inverting two 28 x 28
matrices, namely A and (D - CA—lB) , instead of the larger matrix A'.
The subroutine RINVRS designed to partition the A' matrix and solve for
its inverse is listed in Appendix I.

The subroutine COMPIV employing the standard Gauss-Jordan reduction
technique, is used to directly invert the smaller submatrices. A listing

of COMPIV is given in Appendix I.
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The accuracy of the inverse is tested by multiplying the matrix A'
by its inverse, and also by multiplying the inverse by A'. The non-
diagonal elements of the resulting matrices are tested and printed if
they exceed 1.0 x 10_11. No such elements were ever printed during the
calculations performed.

The main program designed to solve Eq. (3.0-13) for the scattering
functions is described in detail in Appendix I.

To obtain the reactance matrix, two independent solutions are required
for each reaction channel. The two independent solutions can be readily
obtained by choosing different values for the initial slopes of the scat-
tering functions fl and 8y One such way is to set the arbitrary constants
a" and b" both equal to 1 for the first independent solution, and to set
a" = 1 and b" = -1 for the second ome.

Once the scattering functions are known, the reactance matrix can be
easily found. Values of the scattering functions at two points near the
end of the range are substituted in the system of Eq. (2.0-48), and the
set is solved for the unknown coefficients, from which the reactance, and
hence the scattering matrix, can be obtained.

The program designed to evaluate the elements of the reactance and
scattering matrix is listed in Appendix I.

One can alte;natively determine the scattering matrix elements directly

by rewriting the system of Eq. (2.0-48) in the form

. i=1,2 channels

1 T, T SRR S - . N, | 2

£, _[A (GE iFg) B (Gg * lFL)] j=1,2 independent
i solutions

(3.0-18)

The scattering matrix is then given by

Il
1
—

(3.0-19)

wll
L]
(-=1]
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A program developed to determine the scattering matrix elements directly
is listed also in Appendix I.

For the purposes of calculating the cross sections, the scattering
matrix elements obtained through the reactance matrix are used. The
choice is prompted by the fact that if an approximate value of R is
obtained, then the corresponding scattering matrix is indeed unitary,
and hence consistent with the conservation of particles [32]. This is
notrtrue, in general, for the approximate S-matrix obtained directly.

It should be stated, however, that the scattering matrix elements
obtained by both methods agree generally very well. For the three ener-
gies of interest, for instance, the elements of the scattering matrix
calculated by one method did not differ from those calculated by the other
by more than 15 percent.

The approximate reaction matrix is generally nearly, but not quite,
symmetrical., This matrix is thus symmetrized by taking the off-diagonal
element to be the arithmetic average of the two calculated off-diagonal
elements.

The cross section angular distribution is then calculated according
to Eq. (2.0-51) for both the n+3He elastic scattering and the 3He (n,p)T
reaction. The program performing this calculation is listed in Appendix I.

Finally, the total cross sections for the two channels are computed

by integration of the corresponding angular distributions over all angles.
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4.0 RESULTS AND DISCUSSION

The four kernels KDD, KES, KiD, and Kis have been calculated for

values of r and r' ranging* from 0 to 7.25 F in steps of 0.25 F for

£ =0, 1, and 2, and the energies of interest. Strictly speaking the
kernels are not vanishingly small at 7.25 F. Nevertheless they have
decayed to values which are, generally, at least a factor of 100 less
than their maximum values. For this reason the value of 7.25 F is con-
sidered sufficient as the end point of the integration scheme. After
_7.25 F the kernels and direct potentials are set equal to zero.

Values of the four kernels have also been determined for r and r'
ranging from O to 14.5 F in steps of 0.5 F, for £ = 0.

The decay rate typical of most kernels with r and r' is illustrated
in Fig. 1 for the % = 0, singlet case of the kernel K.*, and incident
neutron energy of 1 MeV. The kernels exhibit a weak dependence on energy,
but are markedly affected, particularly in the nuclear region (0 to 4 F)
by the chosen values of % and the total spin.

The uniform variation of the kernel with r and r' shown in Fig. 1,
is not typical of all the kernels. Several exhibit rapid changes in sign
in the nuclear region. This non-uniformity, however, is of no concern for
the double integration scheme used to solve for the scattering functioms.

Scattering functions have been obtained for incident neutron energies
of 1, 3.6, and 6 MeV, & = 0, 1, and 2, and both S = 0, and 1, with the
integration spacing being 0.25 F. Figs. 2 and 3 show both the f£ and 8y
scattering functions for £ = 0 and 1 respectively and the two possible
values of the spin of the system. The two independent solutions reported,

are, of course, required to allow the determination of the scattering and

* <
Distances are measured in units 1 F = 10 13 cm.
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1b38

™ra-e

— —

1 1 1 1 1 1
0 2 4 6

r (Fermis)

Fig. 1. The kernel KDD(r,r') for E{n) = 1 MeV, S = 0, Ordinate in

units of cm °.



45

r (Ferl;:is) ¢ T (Fergis)
(a) (b)

oy 0
-

1
2

Fig. 2. Scattering functions f_ and g_for incident neutron energy = 1 MeV.
The ordinate is in arbitrary units. Integration spacing, H = 0.25
Fermis. (a) S = 0, lst independent solution, (b) S = 1, lst inde-
* pendent solution, (c) S = 0, 2nd independent solution, (d) s=1,
2nd independent solution.
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Fig., 3 Scattering functions f, and g, for incident neutron energy = 1 MeV,
The ordinate is in arbitrary units. Integration spacing, B o= .25

Fermis. (a) § = 0, lst independent solutien, (b) S = 1, lst inde-
pendent solution, (c) S = 0, 2nd independent solution, (d) S = 1,
2nd independent solution.
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reaction cross sections. The scattering functions shown were obtained for
an incident neutron energy of 1 MeV.

To check the possible validity of the two channel equations, solutions
were also obtained for different single channel cases, by approximate modi-
fication of the two channel program. Namely, all cross-channel kernels and
direct potentials were set equal to zero.

The cross-sections obtained for the sample single channel cases were
found to be identical to those reported in the literature [3,4].

Both independent solutions of thg singlet scattering functions f0 and
8> for a 1 MeV incident neutron energf, have also been obtained for an
jnterval between integration points of 0.5 F. The results are shown in
Fig. 4. Obviously the features of the scattering functions obtained with
h' = 0.25 F are retained. Furthermore it is now very evident that both
scattering functions do indeed acquire their respective asymptotic
behavior.

The elements of the scattering matrices are found by choosing two
points at the end of the integration range, 6 Fand 7 F réspective;y, and
utilizing values of both independent solutions of the scattering functions
at those points. The values of the required regular and irregular Coulomb
functions at those péints have been obtained by interpolation among values
tabulated by references 21, 29, and 42. Interpolation procedures used
guarantee a minimum accuracy of two digits.

As a check on the accuracy of the scattering matrix, and thus of the
method of solution employed, two different sets of independent solutions
were actually used for £ = 0, E(n) = 1 MeV, singlet scattering functions.
The two different sets were obtained by choosing differemnt values for the

initial slope of the &g scattering function, i.e., the scaftering functions
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(a)

Fig. 4. S = 0 scattering functions £f and g for incident neutron
energy = 1 MeV. Tre ordinate is in arbitrary units. Inte-

gration spacing, h = 0.5 Fermis. (a) lst independent
solution, (b) 2nd independent solution.
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reported in Figs. 2(a) and 2(c), and Figs. 4(a) and 4(b) were utilized.
The values of the scattering matrix elements obtained from the two sets
were virtually identical.

Since the interval between integration points, h', used to compute
the scattering functions of Figs. 2 and 4 are different, the results
achieved indicate that the value of the scattering matrix is not sensitive
to h', as long as h' is sufficiently small, and the points at which the
values of the scattering functions are chosen lie outside the region of
the nuclear forces, i.e., in the asymptotic region.

The angular distribution of the cross sections for the elastic scat-
tering and reaction of neutrons with helium-3 have been evaluéted for
incident neutron energies of 1, 3.6, and 6 MeV. The ;esults are shown
in Figs. 5 through 10.

The total cross sections for the two channels at the given energies
are found by integration of the differential cross sections over all
angles. To determine the accuracy of the angular integration, ascending
orders of Gaussian quadrature were used, starting from fifth order. The
eighth order integration produced no significant change in the values of
the total cross sections obtained with a quadrature of seveptb order. The
latter figures are then reported in Table V, together with the correspond-
ing experimental values.

The 3He(n,n)3He cross sections, both total and differential, are in _
fairly good agreement with the experimentally observed cross sections,
except at 1 MeV, where the calculated cross sections are too low at all
angles. The shape of the angular distribution curve, however, matches
quite well the experimental one; in particular the minima of the distribu-
tion are predicted correctly. At the higher energies, the larger values

of the calculated-cross section at large angles could be attributed to the
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Table V

Total Cross Sections

Reaction Energy (MeV) Calculated (b)* Experimental (b)[17]
1 " el2 1.96
3He(n,n) 3He 3.6 | 2.23 2.34
6 2.00 1.69
1 - 0.58 0.86
3He(n,p)T 3.6 0.33 0.54
6 - 0.11 0.30

presence of another open channel, 3He(n,d)D, which is; of course, not
accounted for in the theoretical development. When compared with results
obtained by other authors with only the elastic scattering channel open,
[7,12]) the two channel cross sections have almost identical values. This
indicates that the one-channel approximation may be sufficient to estimate
the elastic scattering cross sections even in the presence of several com-
peting open channels.

The calculated total cross sections for fhe 3He(n,p)T channel are
consistently too low. The angular distribution curves exhibit the quali-
tative features found in the experimental ones, that is, the minima shift
toward larger angles as the energy increases, and their position is well
predicted. The small values predicted by the Serber interaction at the

larger angles are somewhat expected, since this interaction has been found

* ol
Expressed in conventional units of 1 b = 10 e cmz.
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to yield too large a value, at those angles, for the elastic sca;tering
cross section.

Because of the discrepancies between experiment and theory introduced
partly by use of the Serber exchange in the potential, it is felt that
future studies should investigate what mixture of Serber and other types of
exchange forces might yield better agreement with experimental results.
This study indicates that the percentage of the Serber force in the mixture
will probably be high. The results obtained in this study point out that
the cluster model could indeed be very successful in predicting cross
sections for the interactions of nucleons and elementary particles with
light-weight nuclei.

The differences between expe;iéent and theory appear to stem not from
the model employed, but mainly from the approximations necessary to reduce
the mathematical formulation to a workable level, and the lack of knowledge
about the exact nature of the nuclear forces. The latter problem has been
briefly investigated, at least for the one-channel problem, by including
spin-orbit coupling and tensor forces in the potential [23,40]). The improve-
ment in the agreement between theory and experiment has been encouraging.

Little, however, has been done with regard to the first problem.
Future studies, rendered easier by the more sophisticated computers avail-
able today, should delve with the possibility of employing wavefunctions
and potentials not of the Gaussian type.

With these wavefunctions and potentials, it will no longer be possible
to obtain analytical forms for the kernels. The approximations introduced
by the numerical solutions thus necessary may, however, be more than offset
by the better representation of_the wavefunctions of the target nuclei, and

the nature of the interaction.
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8.1 APPENDIX A

Derivation of the Singlet Equation for the

Neutron-Helium-3 System
Equation (2.0-8), when the spin of the system § = 0, is written as:

2, 2 2
M

gl o3 - '
ft-5 Yy -3 E + (wrnM'+hH+bB) (V ,+

V15tV12)
+ v + (wtmM'+hH1bB) (V, 4V, o+ 24)} x {a(1)8(3)-u(3)8(1)]

* [a(2)6(4)-a(4)6(2)]{¢(234)F(l,234)+¢(124)F(3,124)+n(134)G(2,134)

+ n(123)6(4,123)} (a-1)

Since the wavefunction $(234) of the Helium-3 cluster satisfies its own

Schroedinger equation, and therefore:

;) 2
* 2 _34 2 c '
Jdrzdr3dr4 ¢ (234)0S {[— M V34 T V2_34] + V24 + (w+mM'+hH+bB)
(v +v23+v34) - E+ E(n)}os¢(234) =0

then by multiplying Eq. (A-1) by the conjugate of the cluster wavefunction,
# .
¢ (234), the singlet spin wavefunction 03(1,234), and integrating over the

cluster spatial dependency and the entire spin space, we obtain:

[ar [azjazs0z, ¢ @30} 1a@ -8 1 Ie@B®)-a@)B )]
all spins

- E + (wmM'+hH4+bB) (vll, 13 12)
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C ] l -
+ Vg, + (wtmM +hH+bB) (v24+v23+v34)}2[u(1)8(3) a(3)8(1)]

. [a(Z)B(é)—a(ﬁ)B(Z)]{¢(234)F(1,234) + $(124)F(3,124) + n(134)G(2,134)

+ n(123)6(4,123) } (a-3)
and consequently

Joefaz 0207, +* @G- @sIe@E@-abs@]

all spins

2
. = _2. ﬁ 2 . 1
{- 33 Yi-234 — E(m) + (wimM'+hi+bB) (V54 D |

© $(234)Y21a(1)8(3)-0(3)8(1) 1[a(2)8 (4) - (4)B(2) IF(1,234)

+ [aiyaigai, o QIFAMWEG - DEW I (DEW-aWED)]

. o - ' c
{(T - E - (omM'+hE+BB) (V) 4V, o4V, 4V, 47, 4V, ) + 7, "

. [6(126)F(3,124) + n(136)G(2,134) + n(123)G(4,123)13[a(1)B(3)

- a(3)B(1)]1[a(2)B(4)-a(4)B(2)] = O (A-4)

The kinetic energy operator T can again be rewritten in any one of
the equivalent forms most suitable for each different grouping. For the
neutron 3 and cluster (241) grouping one uses:

5 2
M

2
¥ “3M V3-142

(a-5)
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and for the proton 4 and cluster (123) grouping one has:

Lo _nl 2 3% 2 2%
M 23 4 M 1-23

2

28
3 M 4-123

(4-6)

Eq. (A-4) is then integrated over all possible spin space. The mathematical
manipulations involved in this operation are straightforward but long and
tedious. As an example, the integration over spin is carried through for

the term:

o [azjaz,02, ¢ @3mjtaB@ @B @ @-a@8)]
all spins

. 0r+mM'+hH+bB)(V14+V13+V12)¢(234)%[&(1)8(3)-3(3)3(1)]

+ [a(2)B(4)-a(4)B(2)]F(1,234)

The Majorana contribution is given by:

. o e * - . *
—m[JdrzdrBdr4 ¢ (234)V12¢(l34)F(2,134) -+ Jdrzdi‘?’dr4 ¢ (234}V13

. $(142)F(3,124) + Jdi dF.dE, ¢ (234)V

295395, (123)F(4,123)]

14%

y fat e -a(8W 1 (a8 1) -a (@8 ()1
all spins

The Bartlett operator will yield:

b[[dizdedf4 |¢<234)L2 {9y, %J[u(l)B(B)-a(B)B(l)][a(2)8(4)-u(4)6(2)]
all spins

+ [a(2)B(3)-a(3)8(2) ] [a(1)B(4)-a(4)B(1) ]dT - V4 %f[u(l)s<3>
all spins
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- a8 [a(2B@) a8 1% + v, %[[u(l)scs)—a(s)scl)l
all spins

o [a(2)B(4)-a(4)B(2) ] [a(4)B(3)-a(3)8(4) 1[a(2)8(1)-a(1)B(2) ]}F(1,234) 1dt

but stnce  [dr HaB-a(MsMIPTe@pW-a®B@1% = 1,

Jdr %10(1)6(3)—u(3)6(1)][u(2)8(4)-u(4)8(2)][G(Z)B(B)-a(3)ﬁ(2)]

e [a(L)B (&) -a(4)B(1)]

]
| =

and the potential Vi is chosen so that

3

2 1 as 2 L e s o 2
Jdrzdr3dr4 Vi, l¢(238) | = Idrzdr3dr4 Vyq |$(234)|© = etc. (A-7)

the Bartlett contribution is 0.
The Heisenberg operator will contribute:

—h[[dfzdf3df4 8" (234)V, 6 (134)F(2,134) %[dT [e(1)B(3)-a(3)B(1)]

all spins

« [a(2)B(4)-a(4)B(2) ] [a(2)R(3)-a(3)B(2) ] [a(1)B(4)-a(4)B(1)]

- Idfzdf3d54‘¢*(234)V13¢(124)F(3,124) %[dt [a(l)B(B)—u(3)B(1)]2

all spins

# [a(z)B(A)—u(a)B(z)]2 + Jdizdi3di4 ¢*(234)V14¢(123)F(4,123)

# %{df [a(1)B(3)-a(3)B(1) ] [a(2)B(4)-a(4)B(2) 1 [a(4)B(3)-a(3)B(4)]
all spins
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¢« [a(1)B8(2)-a(2)B(1)]]

e %Jdizdiadi ¢*(234)v12¢(134)F(2,134)

*
+ hjdrzdr:,‘dr4 $ (234)V13¢(142)F(3,124)

h_,.__,*
- E{drzdr3dr4 ) (234)V14¢(123)F(4,123)

Finally, the remaining terms can be written as:

2
defzdf3di4 |¢(234)|2 (V12+V13+V14)F(1,234) jdr-%[u(l)B(B)-u(3)B(l)]
all spins

v [a(2)B(8)-a(4)B(2) 12

le(236) |% F(1,238)

= 3wfdr2dr3dr4 V13

When these terms are combined with all the other terms, resulting, in
identical fashion, from the integration over all spins of Eq. (A-4), the

singlet equation for the first channel:

ol
.

is obtained. This equation is Eq. (2.0-16).

n + 3He

p+T

The triplet equation, Eq. (2.0-17), 1s obtained in the same way, by

using the triplet form of the spin function.
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8.2 APPENDIX B

Derivation of the Analytical Form for VDD(r}

According to Eq. (2.0-26) the direct potential term VDD(r) is given by

3 -— - — - —
V(™ =57 @ ajdf:' fdaz Ja8, velssD AR XD

It can easily be shown from (2.0-21) and (2.0-43) that

1]

L expl- UGt + (i + G0

$(TosTosT,)
2’734 3He

1 v, 2.3 2
'N_age_ EX‘P[' 2(2\? + 2 pz)]

mn
n

$(V:0,50,) (B-1)

Since, then; ¢ has no explicit dependence on p, We can write
$(7sppsp,) = $(¥,0,) = ¢(p3s0)) (8-2)

One can verify that indeed v = 53 from (2.0-21).

The normalization constant N3, is defined as

2 _ [ [:x [4s - = .2

Substituting the form (2.0-42) for the potential, ome readily obtains

2 P2
[dﬁa

(B-4)
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or simply
3 ,3,3/2 LBEm?E w2+ 2 3 4,2
v =5 & 2 gt e e O . B.e 2 2
0 i’ 78 ﬂ3 2
(B-5)
where use has been made of the fact that
2 3/2
- -2vp T
ag., e 3= ——
and
C-3ws
Id"Z ¢ =3 32 (B-6)
G v

The argument of the exponential in the r' integral of Eq. (B-5) is

transformed to a more suitable form for integration by addition and sub-

2
traction of the term gE:;V 3 thus:
- 16 u(E—r')2 —2\:(% T+ % E'}z
e . e
9uvr2 9 2
- =7 . ]
- e {2].I+9\) + 32(211"'9\)) [(2u v)r (Zp+9v) r ] }

Equation (B-5) can then be rewritten as

5 et o MWE 8 -3 2
i e V32w o TTE TR [ 22
DD 8 I 2 %Yo 2
O [(2u-3)F - (row)T')°

] de. o 32(2ut9v) (B-7)
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If one defines x2 = [(2u-3v)T - (2u+9v);']2 then

- Y 2
Vi bl (_9_)3 w3332 y W o T6 7wV T
DD 8 3 £2 o
T SO
. 1 . 2 P2 f . 32 (2p+9v) _
m [dpz e jdx e (B 8)
But
- 32(3{9\;) (my 32
d e H = e (B-92)
[ 9 ]3/2
32(2u+9v)
hence

. .

Y 3/2
Vpp () = 27 52 oV (GGs))

uv 2
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8.3 APPENDIX C

Derivation of the Analytical Expression for

the Partial Kernel qED(r,r')

By definition
3

Dy =& % 21 o g (cos0)sindl |5 a5, ¢"(5,5,.p,)
qQg \Ts 8’ T2 0 * 2994 1P9:Py

- V(|uro, )4 (u,p,00,)1d0 (c-1)
We make use of Eq. (B-1) and the corresponding expression for ¢(G,52,54)

$@pypy) = 6(EF,) = o expl- 320 + 3 0))] (c-2)
He

The potential v([5+552|) is written in the explicit form of Eq. (2.0-42),

wherein u is replaced by its proper dependence on r and r', as indicated

in (2.0-21).

O

v(|as,D) = v, expl-u@ T+ 3T+ 557 (c-3)

The integration over the 34 coordinates can again be removed by virtue

of the fact that identical integrals occur in the kernel and the normaliza-

tion of the wavefunctions; the normalization constant being identical to

(B-3). One can easily verify that

DD T ] ov'3
qz (r!r ) = (8) -hz 2

3 MV 3,3/2 m
!
m

5 9 81 2
Pl(cose)sn.ne{jdb2 exp[—v(az r'

0 64

w

Sh--, .3 8L 2, 9 2,1 2 Sizzi,9;5s
+ 65 T r' + 7 p2]exp[-u 64 T + 64 +z e + e T r' + g TPy
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3 =,z Bl 2, 9 42 54 oy 32 s
+ 8T pz)]exp[ U(64 r + 65 T + 64 T°F + 4 pz)]}de (C-4)
Collecting terms, and recalling that r°t' = rr'cos0, the following

expression is obtained:

8 2 2

9 3 Mvo 2v333/2 .Jﬂ 9.10
——rr
‘H m

DD W o /3, o _ 9,10 2_ 2
q, (r,r") = & 0Pl(cose)sine expl[ T6C s ¥ + 7 wr]

5
.+ expl[- I%Ql% v +-% p)r'zlexp[- E%{2v+u)rr'cose]

- P - —
. {Idpz exp[- —% (6viu) - u(% '+ % r)'pzl}de (c-5)

Equation (C-5) is then multiplied and divided by the expression

9 15vHl6u 2, 9 _ LlSvthu 2
exel- e v F t16Y eurm T )

The existing exponential terms can then be written as

2 2
_._9%.10 9 _ v(5v+l6w)y 2. _ _ _8ly'r
exp[- e v+ ———EG:E———Jr ] = expl EZ?EG$ET]
and
0 2d0, L, _vaSva, 2 5,292
expl- 763 3 ¥ 6y °F exp [~ G4 6vrn)?



71

so that
3 MV 3 3/2 T
DD 9 2v73 9 ,15v+16 2
qy (r,r') = (g) —~§~————§—— J P, (cosB)sin® exp[- 16 G—g;;;—g)r ]
4 T 0
p2
9 15v+4
» exp[- vi=— E:iuu ]{[dpz exp[--—— (6vip) - uG— T’ +-— )" pz
8L.22 9 2,2
. 22 " 1} expl- 2% (2v+u)rr'cos0]do (c-6)

(6v+u) (6vtu)

Consider the integral over the p2 coordinates. When multiplied and

543 rr cose]

divided by exp[- (60D

the integral becomes:

2
[Jdp2 exp{- 6v+ [— (6v+u) + (6v+u)u(-g- z? +%?)'52 + (% ur' + 98_ wp) 21}

2 w2
+ expl- (6v+ p)rr cosB]
or simply
27 Iv+2 1 - - vy - 12
exp[—-—— Tvtn 2V oy cose][dp2 expl[- raveey G% r' +-% u + l—S—EH-pz]- 1

The indicated integration can be performed immediately with the
simple substitution

=[G+ 2D+ EGH5 51"

L ]3/2

and yields 8[3;;;
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Equation (C-6) is now reduced to the form

93 2 3332y 1 9 _ 15viléw 2 _ 9 1Svkhu .2,

0y (ogxt) = & —0 exp[- == v v
L 2 ﬁ2 Tr1/2 (6 Iu)3/2 16 6viu 16 6vtyu

[>)

m
F rr'[ P_(cosB)sin® expl- (3v+2p)rr'cose]d6 {C-7)

We let z = cosO, and k = gl_ (6v+2u)rr , then

8(6v+u)

Jv+2u
27v(3v+2u)

ov+u

T 27 1
rr'J Pz(cose)sine exp[- =3V ( )rr'cos@]do = J ke Pl(z)dz
-1

(c-8)
In turn the transformation k = ik yields an integral whose value is

known [15].

1 1 .
J_lk E-ksz(z)dz . [_lpg(z)'l“z () dz = ik (0)* 14 ()12 Tpas(€) (C-9)

Hence

1
[ _11; z““zpzcz)dz = (=) 1O Ty (1K) (c-10)

i 3 s (1) = (=)~ () 5 Jgas, (1K) (C-11)

) =21 (c-12)

b %% yaz = (Y% /o g (k)
-1 gz & = 1 1"_;2

+%(ik

where

(9--%) -
_I_}i(k) = Yrk/2 J_Hi(ik) () VYrk/2 I!’_‘_;i(k) (c-13)
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Substitution back in Eqs. (C-7) and (C-8) finally yields

MV 2
DD i 0 3 81 v 9 15v+16u 2
q, (r,r') = — = (=) expl- = v=—pr—171
A ﬁ2 it 2 /5—\:'4-_11- (3v+2p) 16 6vtu
9 15v+4 2 2 v+2
-6 v IR Mg v Gy (c-14)

J£+!5(x) and I£+;£(x) are Bessel functions as defined in reference [21].
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8.4 APPENDIX D

Derivation of the Analytical Expression for

the Partial Kernel pED(r,r')

The partial kernel pzn(r,r') is defined as:

T 2

PBD(r,r') = 2“rr|[ sin® Pg(cose) f (%) dﬁz

0

( 2 __ - - 2 4 _ . - - -
- e, i@ 05,5, 0T pg3y) + ) 8 (a5 )V 0 (05505,
v u

- K - = - K - - = - - e
32 V- 45(11,92,{)!') * V;¢ (v’p2'p4) + '% $ (Vspzspl')v; ¢(u:p2’p4)}d9
2
(p-1)

If the explicit forms of the wavefunctions are then substituted, one
will again note that, as in Appendix B, the integrals over the 54 coordi-
nates can be deleted as they appear identically in the expression for p?D

and the normalization of the wavefunctions. We can then write

DD 333/2 m
Py (r,x') = 2« 3 JO rr'sin® Pg(cose)

m

5

81 2 9 2, 54 3
{Jdp2 (8) expl[- v(64 + —= 64 © +‘EZ rr'cosO +-Z p )]

e 72 expl-v(v? + 2 03)]
v

5
- 9
+ [dpz (g) exp[- v(ei r2 + gt 2 +-%% rr'cos@ + =- 3 pz)]V exp[- v(u + = pz)]
u

2
+ 3 faoz 3 Tz explva + 20D+ 5 expl-v(v” + § 0]
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2
+ =— rr cos@ + - Pz)]v exp[—v(uz + ‘2}3‘ 92)]}‘19
p
2

2\;(2\w2 - 3) e "V e % VP2

Now VE exp [-v(vz + % 02)]
v.

su(2vi® - 3) &

&
NN
S
i
[

V_2_ ezrp[—\s(u2 + 3 p
u

- 2,3 = (vl 4 3,2
V- exp[-v(u #-2 pgdl # U exp[-v(v" + 7 0,)]

= 4\) (v-u)exp[ 'U(t.‘l. + V + )]

2

2 3 2
; Bv(—up2-3)e 4 P2

v?_ exp[-v(u’ Ly > )]
P2

Therefore pfn(r,r') can be written as:

A

(rr) I+12+13+14

where:

3.3/2
_ 2’3 39 . _ N 9 2 8l 2
I1 = -——-—-“2 2(8) ﬁrr PE(cose)sine {Jdpz exp[- \J(G4 r + = 64 T

+ '6% rr'cos®)] - = v(2 - 3expl- u(ﬁlll r2 + 62 12 + %j-:- rr'cosd)]

* exp(- % vpg)}de

3.3/2 5 ¢m
v'3 9 ; - Bl 2 9 2
12 = —“—2-—— (-8-) forr'Pg(coSB)SlnB {Jdpz exp [—v(—ﬁz r + A r'

+ -2-2—. rr'cos® + 2)] 2\)(2\)(6—2 1:2 + 81 .2 + 54

28 -
64 T 64 °F cos0) 3)
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9 2 .81 ,2
r

54 3 2
» expl-vig '+ g + gz Tr'cosd + 7 py)1}de

3.3/2 S (¥
. 2 1 2
s - Zv“g f%) Jorr'Pz(cose)sinﬁ {Jdpz EXP['VQE% r + %Z’r'

34 3.2 . 81 2, 9 42 .54 vios0) -
+ &4 IF cosO + 4 pz)] 2v(2v(6a r + 64 © + 64 T cos0) 3)

3 B 2, 9 .2 34, 3,2
exp[-v(gy r° + gr r'" + g7 rricosd + 7 pz)}}de

3.3/2 5 ¢m
2v73 27 .9 z i 3. 2
I4 =-——;§——— EE-QE) J rr‘Pﬂ(cose)51nQ inpz exp(- E—vpz)

. 4v2E%%(r2 + r'z) +‘%% rr'cosO]exp[- %%—v(rz + r'z) - %%-vrr'cose]}de

The integrals are then solved separately for convenience.

If we let z = cosd, then Il becomes

5/2 3 3 1 27 "
=3 Vv 9 _ 45 2 12 . - = vrr'z
Il ﬂz (8) exp| 32 vir + r'7)] fﬂlrr Pz(z) e 16 dz

3 2 3 2
. b -9- 2 "y up — 4 2 ) Vp
I[dp2 2V Pa 2 2 Jdp2 5 Ve 2 2]

The integrals over 52 are tabulated in reference [I18], and the inte-

. . 27 27 v
gral over z has been shown in Appendix C to be equal to 35;-11+%(16 vrr')

so that

3 3/2
- - 88 (%) U,T2 axpl= %25— el & r'z)]Iz_Hi(-%-g— ver")

I

The integration of 12 and I3 is carried forth simultaneously because
of the close resemblance of the two integrals. Performing the indicated

products, one can write
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3,3/2 5
_ 2v'3 9.
I, +1, —-——;E——~ (8) bv

2 45(r + r' )exp[— v(r + r )]

. ! d 'P_(z)exp(~ == L.y ) rd" (-'2 2)
i z rr'P, (z)exp(- ¢ VIT 'z J 5, exp(- 5 vp,

3.3/2 5
+'—‘;§——- 6’) 4v2-%l exp[- %%-v(rz + r‘z)]

1
2 27 - 3 2
. j_ldz(rr') zPﬁ(z)exp(- 16 VIT 'z) Jdp2 exp(—-i vpz)

9

333/2 5 45
——";2— (E) 12v exp[- — 32 \J(r + r' )]

1
27 3 2
. Jﬁldz rr'Pz(z)Exp(- 16 vrr'z) fdﬁz exp (- E-vpz)

Each of the above terms is integrated separately. The first and
third terms can be integrated to yield

4 v5/2 27
(8) “l 2v2 15(r + ' )exp[ v(r + r! ) &#% g VIt Y

and

9 4 V372
(8) 1/2 823 expl~ % vie? + r'h)] Imic—i% vrr')
-

respectively.

The integration over z in the second term, however, presents some
difficulty. The solution of such integral is shown separately in Appendix
H. Using the result from that appendix, the second term is quickly found
to be equal to

4 3/2
v 288
® ‘i 28

2V2 exp[- —---v(r2 + r' )] 1£+%Q%% vrr') - 18vrr' 11+%6—— vrr )}
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Finally

3/2 4 3
_2v333? 9327 227, 2,
s 2 @ B owl Hewpl- 37 v + 1Y)

1
. J dz rr'P (z)exp( — vrr'z) Jdﬁz exp (- %—vpg)
-1

3.3/2 3
L2003 9327 2 452 2
“2 (8) gV exp 32 vir +r'7)]
1 3 2
. J (rr') zP (z)exp(--—— vrr'z) Idﬁz exp(—-f vpz)
-1

The first term can be integrated immediately to yield

4 3/2
(—) ] 3(r? + ¢’ )exp[— v(r +r' )1121-15(16 vrr')
':r

The second term can be solved using the result of Appendix H for the

integral over z. Its value is

432 160 27

(8) “1 2v2 exp|- v(r + ' )][ 27 E+%(Ig vrr') - 10vrr' £+%(%% vrr')

The integral I4 is then equal to

9 4 U3/2
(§) “1/ 2vV2 expl- -—-v(r + r' )]{3v(r + r' )IH;§(16 vrr')

160 :
27 1+a( vrr') -

10vrr'I} —z-vrr')}

537 24516

Summing the integrals Il, 12, 13, and I4 we finally obtain an expres-

sion for the partial kernel pDD(r,r').

4 Jao5
pfn(r.r‘) = (-98-) \/%-— exp|[- %—g- v(r2 + r'z)]

- e + ') - 32311£+%(16 vrr') - 28vrr'1£+%(—— vrr)} (0-2)
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8.5 APPENDIX E

Coulomb Contribution to the Cross-Channel Kernels
. DS | .
The partial kernel H is defined as:

B> (r, 1) = -27 %Jdiz fdﬁz 83,8y )V (|5, DN GR Ry 0 ) (E-1)

* = =
One can easily show that ¢ (X’R2’92) = ¢(2y2 +-% Rg), and similarly,

n(E,ﬁz,Ez) = (sz +-% Ri), so that by the substitution of the explicit

forms for the wavefunctions and the Coulomb interaction one obtains:

v 3 2 3
’f. - Yoy + 3 8% - 2x? + 3 1%
27 29 JdR Idﬁ s % 252 (/o e 22
5 (rirt) = B 2 |92 2 - ,
- 32y, + 5 B . - 3" + 3 8
Jdi' L0, e Jdi-'dazdaz e
(E-2)

The integrals over the T' and the §2 variables can be carried through
as indicated in previous appendices; the integrals over the 52 variables
can be written as follows

A

fmfpdp
lim 02 % um 3 _,
to A, b 2
: 4WJ dez
0

Thus the contribution of the Coulomb partial kernel HDS is zero.

An identical result can be obtained for the kernel HSD.
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8.6 APPENDIX F

Evaluation of u(r)f(r) and x(r)g(r) at r=0

by the Method of Frobenius

Equations (2.0-33) and (2.0-35) can be written in the form

fz(r) + O(r)fz(r) + O'(r)gg(r) =0 (Fr-1)

[~A[=H
&%

For instance, in the case of Eq. (2.0-33) we have

0(r) = - ﬂ%‘-}l—)— + -;%2 E(m) - V(o) - [dr' Ky (r,r") (F-2)
1 )
and 0'(r) = - VDS(r) - Jdr KE (r,r'") (F-3)

Inspection of O and 0' reveals that the point r=0 is a regular
singularity of the equation. Thus one can obtain a solution to the
equation in the neighborhood of r=0 by using the method of Frobenius [14].

Accordingly Eq. (2.0-33) is multiplied by r2.

2 )
r %2 £,(r) - L(HDE, () + e %2 E(n) £, ()

= rZVDD(r)fg(r) + rZVDS(r)gE(r) + Idr'rzKED(r,r')fz(r')
+ Jdr'rzKES(r,r')g (r") : (F-4)

Now for fl(r) we assume a solution of the form

k+a
f(r) = ] ez, T (F-5)
) ks TS
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Therefore
2 Y mam T k+a
r°f, (r) = ) (kta)(kta-1) cz, T
2 k&
k=0
. : ; . 2
The point r=0 is an ordinary point of the expression r 0(r) and

rzﬂ'(r), hence we can write

2 T K 2 T K
ro(r) = ag, T s and 10'(r) = ) bz, T (F-6)
kED k=0

Substituting inrthe given equation, and equating coefficients of

like powers of r, one obtains for k=0 the indicial equation

a(a-1ey, + co85, + Cogbgy = O (B-7)
Since Cog is completely arbitrary, it follows that
a(e-1) + a9, + bOE =0 (F-8)

Now, as r + 0, r20(r) + =% (2+1) and r20'(r) + 0, so that ag = -2(24+1).
It follows that a(a-1) = 2(2+l), or o = &+l.

Consequently, as r + 0, one has:

n, 2+1
f!‘(r) L aogr

lim

Un (112)m 2, (1)

Then

2+1

=1im -+ ]=0

Lin (1230 23 £Go) - V(e - 241 /r ] (age

in all cases except when 2=1.

As g=l, iig (1/12)h'2u(r)£ b) = (2/12)h'2a01.

Robertson has shown that the value of a,, should be taken as h'2 [36].
An identical result is obtained when applying Frobenius method to Eq.

(2.0-35).
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8.7 APPENDIX G
Regular and Irregular Functions of the Reaction Channels

Past a distance RM’ where the direct potentials and the kernels
become vanishingly small, the integro-differential equation for fi’
Eq. (2.0-33), takes the form

d2 2 (2+1)

[dr =g "—2 E(n)]f,(r) =0 (G-1)

The above is known as the Riccati-Bessel equation, whose solutions

are the Riccati-Bessel functions, i.e., letting kr=p, where k2 gg E(n):

kr £+1 ﬂkr
£,(x) = A\/E Iy () + (1) I_ gy D) (62

In terms of Coulomb functions the above can be rewritten as [21]
fl(r) = AFE(O,kr) - BGE(O,kr) (G-3)

Herein Fl(O,kr) and GE(O,kr) are the regular and irregular solutions of
(G~1) respectively.
Similarly, where the nuclear potential and the kernéls become vanish-
ingly small, but not necessarily the Coulomb potential, the integro-

differential equation for g, can be written as

2
G, + 2, gy - 20D M (0 -0 (G-4)
3M

We then let k'2 52 E(p) and p=k'r. Furthermore we set

2
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Then

d? L(a+l) _ 2n'
—_— t+ ] - - =0 G-6
The above is known as the Coulomb equation, whose solutions are the

Coulomb functions. Thus

g, (r) = AF  (n',k'r) + BG, (n',k'r) (G-7)

The functions Fg(n',p) and Gz(n',p) have been extensively tabulated
by Tubis [42] for £=0. The values for different %£'s can be obtained from
reference [29], or by appropriate recursion formulas indicated in refer-
ences [21,29,42].

For large enough arguments, the Coulomb functions can be represented
by their ésymptotic behavior [21], so that the scattering functions fz and

g, can be described by:

fz(r)-—;;;+ A cosb, + B sinﬂl

2

m
where 91 = kr - E-+ Tps with o, = arg r{e+1); and

- A
i(kr 2 n 1n72kr + cz)

Sz(r)‘—;;;+ Ae

Filkr ~ 4’2'-’1 - n'ln 2kr + 0.)
2
+ B e

where o, = arg T(R+1+in').
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8.8 APPENDIX H

1 27
Solution of the Integral J (rr' )zzP (z)e” 16 vrr! Zdz
-1

vrr'z

1 27
The integral ! (rr')zzPi(z)e 16 dz = I, can be rewritten as:
-1

1
I = (%3 16 42 I-lzPE(z)e_kzdz (H-1)

; _ 27 '
by letting k 16 VT °
The following recursion relation for the Legendre polynomials can

then be used.

(2£+1)sz(z) = (4+1)P (z) + 4P (z) (H-2)

2+1 -1

Substitution into Eq. (H-1) yields two integrals which can be readily

evaluated by letting k =

; 1
16 .2 .2 R+l ~kz 2 -kz
=GRk J P TR J—1 Zi+L Pg-p (e e W=
With the indicated change, the two integrals above have been solved,

and the results shown, in reference [16]. Thus:

(2-3%) /?.rr 4L
(27) G S [29.+1 25 = 201 Jgazz2 )

Since, however,

J (k)
Ty () L N (H-4)

JL_%(K) Tk dx

K
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and
2.+3/2(‘<) L_:!'ﬁ' Jg,+;§( ) - : JL-::(K) (H-5)
one can rewrite:
- &2 (Pt @D B L _J%(i)—l (H-6)

After some simple operations, the preceding equation can be changed

to the following form:

~ (x)
16 52,2 y-1iyy G 27 | o™ (1K) - (-1) "9, il S 1k .
G K Tk ey 2

(H-7)

One now defines

) = (¥ [T (H-8)

Lok 2 J g (1K)

so that

a1, @ 5 43, ®
w5 o e ® e f:k SR @-9)
a a(ik)

From the preceding equation it follows that

(ik) | d I, ., (k)
oty % .~ (2+5) [ 1 _
d(ik) ‘/% ’ P TR (10

The integral studied can then be written as:

-%
1= G A Tt R - a0 o ofenT®

I (k)
dk
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Again simplification of the above expression by use of Eq. (H-8)

reduces it to the desired form.

dJ] (k)
16 2 16 .2 2% 2+

I= (ﬁ) 219‘_'_%(151) - (2—7\; & (H-12)
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Computer Programs
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Table V1L

Input Data, Variables, and Subprograms Required

for the Scattering Functions Main Program

Symbol Explanation
ASIN, ALPHSN Values of the constants a' and o in Table I for
either 5=0 or S=1
ANUL Value of v in the helium-3 wavefunction
VNOT Potential well depth in MeV
BLMD Value of A in the triton wavefunction
BMULL Value of p in the form of the potential
DELTAH Spacing between integration points
PLSOM Value of &2/Mx10™2%
CHELSQ Square of the electronic charge

ENNEUT, ENPROT

AKLDD, AKLDS,
AKLSD, AKLSS

SCFN

RINVRS

Energy, in MeV, of the incident neutron, and the
equivalent proton energy, respectively

Value of the angular momentum for which the
scattering functions are sought

Arbitrary initial slope for the By scattering
functions

Tabulated values of the kernels KDD, KES, KiD, and
SS

Kg at the grid points of the integration scheme

Scattering functions fE and g printed together in

.succession

Matrix inversion subroutine explained in Table X

88



COoaMmamMOho oo D

QOO

89
B T e I s T I s e e R e e R R L R ]

THIS IS THE MAIN PRCCRAM WHICH YIELLS THE SCATTERING FUNCTIONS
¥ FOR THE TwU CHANNELS. THE PRGGRAM RECUIRES THAT THE VALUES OF
£ THE | 4PUT KERNMNELS BE PUNCHED SIX TU A CARD. SUBRLUTINC RINVKS
2 PARTITIUNS THF FROGRAM INTO SUBMATRICES wWHICH ARE INVERTEL BY
¥ THE SUBRCUTINE COMP2IV. THE PRCGRAK TrEN CALCULATES SCATTERINC
&
*
%

S R

ET T I T I

FUNCTIUNS AND CHECKS FCR ACCURACY OF THE MATRIX INVERSIGN

3+ % 4

B S B B e R e S T B T b

[MPLICIT KEAL*B{A-H,0-Z43)
BIFENSIGih ATGCe€C) o BIBOy 1) o AKLEL (3G 3C) yARLEST3Cy3C) yARLSGI3C,20),
TAKLSS (30,30 ,U(30),VI30),T(30),SCFiilol) XIN(6C,60),X(32)
FORMAT(EL13.7)
FORMAT(4010.4)
FCRMAT{3L10.4)
FORMAT(213)
9 FORMATI{33H SCATTERING FUNCTIONS,//)
1¢ FORMAT(L30.7)
179 FORMAT(214,515.7) _
REAND(L1,3)ASIN,ALPFSN,VNCT
REAN{1,2) ANUL.BLMD,BVMULL,.CELTAH
112 READ(1,2)PLSUM,EANEUT 4 ENPRUT,CHELSA
READ(144)L s ’

F O I S

THESE LCGPS INTRUCUCE THE KERNEL UATA WHICH IS PUNCHLC SIX TO A
CARD. I=ROW NLMBER J=COLUMN NUFBER

J=1
B0 12 I=1,3C
11 QE&D(I,I}AKLDC[[,J‘,AKLECtI|J+1)’AKLDC(I|J+2]'ﬁKLCnlI'J+3)gAKLDD(1
1:J+4) AKLCD(I 4 J+5)
J=J+6
IFIJ.GEL.30) GC TU 12
GO TO 11
12 Jd=1
CC 14 [=1,30
13 RE&D(l.i]AKLDS{I-J)gAKLBS‘I,J+1],AKLDS{l,J*Z);AKLOS(I'J+3],ﬂKLDS(]
1yJ+4) s AKLDS(I,J+5)
J=J+6
IF(J.GT.3C) GO TC 14
GO TN 13-
14 J=1
B0 146 [=1,3C
15 DEAUllyliﬂKLSU([rJ]1AKLSC([9J+111AKLSC(I:J*ZlvﬁKLSD(I’J+3)|AKLSU(I
19J44) s AKLSDU T J+5) ’
J=J+6
[F(J.GT.30) GO TO 16
GN T 15
16 J=1
0 18 1=1,3C
17 PEAD(] o L)AKLSSUI gJ) yAKLSSILJ+L) s AKLSS{T,J042),AKLSSITJ+3),AKLSSHI
1:J44),ARLSS(],J+5)
J=J+o
TF{J.GT.3C) GO TC 18
GO 19 7
18 J=1

WRITE(3,9)
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' A T |

90

THFSEC LLCUPS EVALUATE THE DIRECT POTENTIAL TERMS

S T=1ed/PLSOV%0, 1D+ Z3%eNNEUT
AHED =1 .5/PLSOM%Q, 1IN+ 25=ENPRCT ‘
ARG=F o FUMULLRANULZ (2 % 0MULL $9 o*ANUL) *0. 1D+ 27
BAR= ), ¥ NULL*BLMD/ (2. ¥BMLLL+¥Y . *BLNC)*C.10+27
FIR=(27./PLSOM)Y*XALPHSNEVACT#010+25% { ANUL/ {2+ ¥ENMULL+9 *ANUL) ) #51,5
CART=27./PLSDH#ALPHSN#VNCT*C.ID+25*tELHD/(2.*LHULL+9.*BLMD)}¢*1.5
CYN=2!6./PLSLM*ASIN*VACT*C.1D+25*(tﬁLNE*ANUL)/((9.*(BLME+ANUL)
1 +4 . BMULL)*®(LLMOCHANUL) Y ) **] .5
FEL =9 FEMULLETANUL+BLMEIZ 9% (ANLL+BLIPD) +4,*BIFULL Y *C, 1L+2 T
I[F{L.EC.1) GU TC 19
lJ(l):Cu
X{(1)=C.
G T 2v
19 Ull)=2.
X{1)=2.
20 BC 21 [=2,30
R={I1-1)*DELTAH
CENTRF=L#{iL+1)/(R*%x2)
VIE=FIR%*1 +/LEXP(ARG#R¥%2)
21 U(T)=CENTRF—-CONST+VCC
N 22 I=1,32C
R=(I-1)*CcLTAH
22 VII)=CYN*L /UEXP(FEL®R%*¥%2) .
rg 23 1=2,3C
R=(]-1)*#*DELTAH
COL=CHELSW/PLSONM*C,10+25/R
VSS=CAQT*L./DEXPltAR*R#*21+CGL*1.5
CEMT=L®{L+1)/(R%*%2)
23 X(I)=VSS+CENT-ABCL

THESE LCOPS CALCULATE THE WEIGHT FACTCRS FCR THE GREGORY NUMERICAL
INTEGRATINN TO SIX DIFFERENCES “

10=(0e5=1e/12.~14/724.=19./720.-3./360.)*DELTAR
T1=(le+1e/24.+57./720.+12./16C)%¥NELTAH
TI1)={1e=1./24.-57./72C.—18./16C.)}*DELTAH
T(2)=(1.+19./24.+412./16C.)*CELTAF
T{3)=(1.-3./1€6C. ) *#DELTAE
L0 33 1=4,23

33 T(I)=CELTAH
Ti24)=T(3)
TL251)1=T(2)
T(26)=T1(1)
T{z7)=T1
Ti28)=TL

THESE LCCPS ASSEMELE THE BOUNLCARY CONCITION CONSTANT VECTOR B

AL=NELTAHZ**?2/12.

El1,1)=( 2. vAL%1G3U(2) ) +ALF{AKLLC(L1,2)Y+1G.*AKLULD(2,2)+AKLDDI(3,2))%
1TL+AL* .2 (AKLOS{L1 420410 %AKLES (2, 2)4AKLES(3,2) ) *T14+104%AL XV 2) +AL
2=Ltl1l)

Bl2,1)=—(1.=AL¥U(Z))+AL*(AKLDON(2,2)+1C.*AKLUD(3,2)+AKLDIX(4,42))%T1+
LAL*p #V [ 2) +ALFWHF [AKLES({2,2) 410, %AKLES(342) +ARLDS(4,2))*T1

cO 3e I=3,28

3 DLy 1) =ALE(ARKLEOE{TI42)41C*AKLO0(I+1,2) +AKLED(I+2,2) )= T1+AL¥W=(AKLL
1S(1,2) 410 %AKLUSTI+142)+AKLDS(I+42,2))*T1



O OO

39

4L &

47

55

Hé6
46

61

62

£3

64

70

71

91

B2, =10, %AL&VI(2)+AL ¥ (AKLSC(1,Z2)+1C#AKLSC(2,2)+AKLSO{3,2))%T14n
L#ALE(ARKLSS(142)+1Co®AKLSS(242)+AKLSS(3,2) ) *¥TL+wF(2.410.ALFX(2))+4
2L*X(1)
H{30,1)=AL*VI2)+AL*(AKLSC(242)+1C.*¥AKLSD(3,2)+AKLSD(4,2))¥T1+a*(1,
I—AL#X(2) ) +wsALE(AKLSS(2,2)+10.%AKLSS(342) +AKLSS5(4,2))%T1

Fo 39 1=31,5¢

GUT, 1) =AL#(AKLSD(I-2842) 410 *AKLSC(I-27,2)}+AKLSD(I=26,2) )% Tl+wn*Al*
TUAKLSS(I=28,2)+# 10 %¥AKLSS(I=-27,2)4AKLSS(1-26,2))%T1

THESE LCGPS ARRANCE THE VARIOUS KERNELS AND OIRECT POTENTIALS 1w
THE MAT2IX A wWHICKE IS TL BE INKVERTEC

CC 461=14+28

CC 46J=1,28

IF(TNEWJ)} GU TG 44
AlTod)=1e—ALXULT+Z2)=AL#(AKLDN (] 4J+2)+1C.*AKLDU(L+1,J+2)+AKLEDC(I+2,
1J+2)1%T{J)

GO T 46

TF(I.CGT.Jd) GO TG 47

AlleJ)=—AL*(AKLCLII, J+2!+10 SAKLLCII+ L, J42Y4AKLECD(I+24J+2))%T(J)
GO TO 46

IF({I=-1).iiEed) GO TO 55

AllyJ)=—(2.+10. *AL*U(J+2)l—AL*(AKLUD(I JE2)1+1C0. *AKLDD(I+1,4+2)
1+AKLECD(T1+42,J42))%T(J)

GO TO 46

IFI(I=-2).NELJ) GO TO 56
AlT4J)=(1.—AL*U(J+2 1) =AL*(AKLCL(I,J+2)+10.%AKLDO(1+1,J+2)
1+AKLCCL1+424J42))%T(J)

GO TO 4¢
A(T,J)=-AL*(AKLCL(I4J42)410.*AKLCD(I+1,J+2)+AKLDD(I+2,J+2))*T{J)
CONTINUE

no 70 1=1,28

CO 70 J=29,56

K=J-28

IF(I.NE.Kk) GG TC €1l
A(IyJ)=—AL*V(K+2}+AL*IAKLDS([1K+2)+10-*AKLDS(I*l,K+2]+ﬂKLDS(l+2.K+
12))*T{K)

60 TO 7¢ :

IFIT.GT.K) GO TO €2

AL, J)=—ALF{AKLES (14K 421410 *AKLES(I+14K+2)+AKLDS(I+24K+2))*T(K)
GO 10 70

IF((I-1).NE.K) GC TO 63

AlI+J)==1Ce*ALEVIK+2)=AL*(AKLDSH{I K+2)+10.%AKLES(I+1,K+2)+AKLLSI(I+
12,K+2 1) *T(K)

G 10 1C

IFI(I=-2).4E.K) GU TG 64

AT, d)=—ALEV (K42 )=AL#(AKLDS(I4K+2)+410.%¥AKLLS(I+1,K+2) +AKLDS(T+2,K+
12)1%T(K)

GO T0O /<

All,JY=—AL*(AKLDS([K+2)+10. *AKLLS(I+11K+2)+AKLDS([+21K+8))rTlhl
CONT INUE

BN 20 1=29,56

PN 62 J=1.28

K=1—-28

IF(K.NLC.J) GG TC 712
AllsJ)=-AL%V{J+2)-AL%(AKLSC(K3J+2)+10.%AKLSC(K+1,J+2)+AKLSDI(K+2,J+
12))%T70J)

GO TO &O

IFIK.CTJ)Y Gu TG 12

Al1eJd)=—AL*(AKLSD(K yJ+2)141C*¥AKLSN(K+14J+2)+AKLSD(K+Z2 ,J+2))*T(J)
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92
GG TC LC

72 1F({K=-1)REL.J) GL TC 73
A(IyJ)=~1C.*AL*V(J+2i—ﬁL*(AKLSU(K|J+2)+13.*AKLSE(K+1gJ+2)+AKLSC(K+
12,J+2))%T(J)
GO 10 8¢
73 IF((K=2).,KHE.J) GO TO 74
A(l,J)=-AL*V(J+2)—AL*(AKLSLIK,J+2)+1Q.*AKLSUIK+l,J+2}+AKLSC(K+2,J+
12))%7(J)
GO Tu 38C
74 A{qu}=—AL*{AKLSP(K,J+21+10.*AKLSD(K+1,J+2)+AKLSD(K+2,J+2))#T(J}
PC CUNTINUE
B0 90 1=29,456
N 9¢ J=2G,56
K=1-28
N=)=-28
IF(K.NE.MY GO TC 21
AKI'J}=l.—AL*X(N+2)—AL*{AKLSS(K|P+2)+10.*AKLSS(K+1.F+2}+AKLSS(K*2.
IM+2)I%T (M)
GO0 TO 9C
81 IFIK.GT.M) GO TO €2
A{I.J)=-AL*lAKLSSlK,M+2)+10.*AKLSSlK+1,¥+2)+AKLSS(K+2sM+2)l*T{N)
GC 70 90
g2 IF({K-1).NE.M) GC TO 83
AlI,J)=—(2.+IO.*AL$X(M+2))—AL*!AKLSS(K.H+2l+1C.#AKLSSlK+1,N+2)+AKL
1SSIK+2,M+2) )T (M)
GOC TO 90
83 IFI(K=2).NE.M) GO TO R4
A(I'J}=(1.—AL*X(H+2)l—AL*{AKLSS(K'M+2)+10.*AKLSSiK+I,M+2)+AKLSS(K+
12,M+2) ) %:TH{V)
Ga TO 9C
B4 A(I,J}=*AL*(AKLSSlK,M+2)*10.*AKLSStK+1,M+2)+AKLSS(K+2,M+2))*TI”)
90 CONTINUE

THIS PART OF THE FROGRAM CALLS THE SUBROUTINE RINVRS CGESIGNED TO
SOLVE THE SYSTEM AX=8, BY PARTITIONING THE MATRIX A AND USING ThE
SUBROUTINE CCMPIV TC INVERT THE SMALLER SUBMATRICES.

CALL RINVRS(A,56,XIN)
CC 92 K=1,56 '
SCFHN(K)=C,
rc 91 J=1,56
91 SCEN(K)=SCFEN(K)+XIN(K,J)*B(J,1)
92 WRITE(3,1C)SCFN(IK)

THIS PART CF THE FROGRAM EXECUTES THE CHFCK OW THE INVERSE

ra 181 1=1456
BC 101 K=1,56
SUvM=C,
CC 1G2 J=1.+56
102 SUN=SUM+ AL T J)EXIN{J,K)
ERI=CABS(SUM)
IF(FR1.GT.C.1L-1C) GO TC 1G3
GO T3 1ol
1793 WRITE[3,109)1,K,5LM
171 CONTINULE
o 1ca I=1450
rN 104 K=1+56
SUN=“J.
LO 105 J=1,450



P05 SUM=SUM+XINGLJ)+A0J,4K)
LR?2=LAGS (SUH)
IFIER2,uT.0.10-10) w0 TC
GG TU 1<4

176 WRITE(3,103)1,K,5LM

104 CONTINUE
STLR
eNn

106

93
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Table VII

Input Data, Variables, and Subprograms Required for the
Programs Calculating the Kernels KLDD, KLDS, KLSD, and KLSS

Symbol Explanation

GAMMA, DELTA, Values of the constants y, 8, €, n, and B, defined
EPSILN, ETA, BETA in Table I for 5=0 (singlet)

GT, DTR, EPTR, Values of the constants vy, 8, €, n, and B, defined

ETATRI, BETP in Table I for S=1 (triplet)

PLSOM Numerical value of 2 ux10” 24

VNOT Potential well depthrin MeV

CHELSQ Square of the electronic charge

ENERGY Energy of the system in MeV

L Angular momentum quantum number

DELTAH Increment of r and r'

RMAX Variable end-pﬁint of the range of the kernels. It

is a function of DELTAH

ANU Value of v in the helium-3 wavefunction for the KLDD
and KLDS programs, and of A in the triton wavefunction
for the KLSD and KLSS programs

BMU Value of u in the form of the potential

CONU Value of ANUx10™2®

XLIST(I) Points at which the values of Dawson's integral are
tabulated

YLIST(I) Values of Dawson's integral at the XLIST points

DSIN, CSN, ESG, Values of the constants d', c', e', f', and b',

FSIN, BSG tabulated in Table I for S=0 '

DTP, CTI, ETRI, Values of the constants d', c', e', £f', and b',

FTPL, BTPL tabulated in Table I for S=1

ALMDA Value of A in the triton wavefunction for the KLDS

program, or of v in the helium-3 wavefunction for
the KLSD program
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Table VII (cont.)

Symbol Explanation
' -26
ALBD Value of ALMDA x 10
BMULL Value of p x 10_26
-26 =26 |
BNUL Value of v x 10 in KLDS, or A x 10 in KLSD
TKLD1l, AKLD2 Values of KLDD for S=0 and S=1 respectively

TKLDS1, AKLDS2
TKLS1, AKLS2
INTERP

COULOMB

FL12, FPS12,
FRIME

Values of KLDS (or KLSD) for S=0 and S=1 respectively
Values of KLSS for S=0 and S=1 respectively
Interpolation subroutine described in Table XII
Function subprogram described in Table XIII

Function subprograms described in Table XIII
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IN INCREMTHNTS LELTAF,

i 4k 3+ Sk sb dF

YFHN = FL1Z2 - FPS12 - FPRIME - FACT

ELE L

INPLICIT REAL*C(A=t,U—Z, %)

FORMAT(AC1IG.4)

FORMAT(4L1C.4)

FORMAT(5DLIC.4)

FUPMATILL11.32412,C1C44)

FORMAT(6C13.7)

FGRAATIDRIC . 4)

FOPMAT (31X,3F L=12,5X,8F ENERGY=C10.4,///)

FCPMAT(Z2C15.244claE)

FCRMAT(11zH R RPRMNE
PLLL ELCLC

QEAD(I,1)GANFA,DELTA,EPSILN;ETA,BETA.PLSUM

PEAD(1,2)VYNCT,ANU,BMPU,CHELSC

READ(1+25)CToDTRLEPTR4yETATRILIEETP

READ(1,3)ENFRGY,L,CELTAF

READ(1,35)¥CCNU

Q-=Co 0

RPRIME=0C.C

RMAX=28.*CELTAH

A=VMNOT/PLSCWV

B=NSQRT(3.,/3.1415627)

Bl=6.¥ANU+BMY

C=(ANL*%2) /(CSCRT{RL1)*(3.¥ANU+2.%BMU))

D=9/ 1t ) EANLE(L15.%ANL+16.¥BML)/BL)

E=(9./1l6,)%ANUX (1S *ANU+4 . #BMUL ) /B1

F=12T7./8.)¥ANUX((3.%¥ANU+2.%¥CMPUDI/EL)

H=6.*%ANUL=-4,%BVML

R2P=1,/NSQRT(2.%3.1415G27)

S=45,./3.%ANU

T=27./1lo.%ANU

SGUFTO=LSCRT(C.20+C1)

REFINE LG

WRITE(3,4)L,ENCRGY

WRITE(3,¢€)

SOR=FHX2+RPRIME**Z

PORR=R*=IPRIVE

IF(PORRLEC.C.) CC TC €2

CO TO 61

JELD1=0.

AKLLZ2=C.

FTLR=C.

GC YT &3

ABCSFEF=F*PORR

[IFLAUESF=14)E49,9

TEF=FPS12(ARESF,L)

GCTuic

TuF=FLLZ2(ABESF,L}

—

MEV.
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Sk dak

KLCOCSIN
GLDD

THIS PRCGRAM RELUIRES USE OF ThHE FOLLUWING FUNCTION ROUTINES

ek

s /7))

CLPP=AF %40 5%CH{ 1. /DEAP(N*ERF%H2) ) (Lo /DEXP(EFAPRIMER®2) )*THF

&

THIS PRCGRAM CALCULATES THE KERNEL KLCD FUR A GIVEN VALUE Ub L
AND EXERGY OF THE SYSTEM AT 3C PIVUTAL PCINTS OF R AND RPRIME
ENERGIES ARE 1IN

Y
b3

D g P S T E T L LR L L P L e

Pl
x

4 46 A

W+ 3 4+ 9



97
SLPﬂ:A*d#QD.b*C*(1./LEXPIE*R*¢2))*(1./DEXP!O*RPRI&E**2)]*TUF
GARG=9,/32.%1%PLCRR
IFIGARG) 132,134,126

133 CA2G=CABSIGARG)

IF(GARG-1.)1214122,122

121 BESSEL=FPS12(GARG,L)
GO 7C 123

122 CESSEL=FL12{GARG,L)

123 IF(L«FiuslsURLLWEGe3) GC TC 135
AESSEL=-GESSEL
GO TC 135

134 1F{GARPG-1.)11,12,12

11 BESSEL=FPS12(GARG+L)
G0 TC 135
12 HESSEL=FL12({GARC,L)

135 BLIN=81,%¥22P%AXx(ANU**]1,.Z)/H
PLOP=14/0CEXP((9./32,)%{5.XANU+2,.*BFU) *S53R)
GLCN=BLIL*PLOP*BESSEL
HELP=T*PCRR
IF(HELP=14a)14+15,15

14 FFT=FPSL1Z2(FELP,L)
G TC 16
i FFT=FL12(HELP,L)
16 72=(ENERGY/PLSNM)4R2PXDSQRTIANL)*13.5
THEXP=1./LcXP(5*5CR)
FTLDD=Z*FFT*THEXP
AKAP= [ 6. ¥ANL+4 ¥BFU) *¥1, E
FLOD=81.*B% (ANU**2 ) /AKAPZFFTHTHEXDP*A
HLOD=CHELSGQ/PLSCM*B*R2P*xZ 7T +*FFT*TREXP*ANU/SQUFTC
SAM=NSCAT 647314159271 F(CONU**2,.5) %0, 1D+42%((9./8.)%*4&)=THEXP
CARE=1R.*SGR-608,.7/(27.%ANU)
DEREBES=FPRIME(HELF,L)
PLEN=SAN%(CARE*FFT1-28.%PCRR*¥CERBES)
TKLD1={ GAMMA%X [QLCC+SLDG)+DELTA*®FLOD+EPSILN*GLCC+ETA* (HLDD=-ETLULG)
L+BETA%PLLC)*0.1C+25
63 WRITE(3,5)R,RPRIME,TKLDLl,PLCD,HLCC,GLCC
WRITE(LL)TKLDG1
IFIRPRIMELLTLRMAX)IGU TG 17
GO TO 18
17 RPRIME=RPRIME+DFLTAH
GO 1O 7
18 RPRIME=uU.
IF(RLLT.RMAXIGC TC 13
G 1O 2C
19 R=R+DFELTAHK
GG 1C 1
20 REWINDG 1C
nc 30 [=1ngCr6
PEAG(LU)AL
REAN(1IL)IAZ
REANM(IC A
REAC(LU) L4
QEAD(LICYAS
QEAN(IC)IAE
30 PUNOCH 23,A1,A2,A3,A4,45,A6
STCP
Exn
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THE FRCGPAF CALUCULATES THE KERM:sL KLDS (3R KLSD) FCR A GIVEW L
AND ENLKGY OF THE SYSTEM AT 3C PIVOTAL POINTS OF R AND RPRIME
Iv TWCREMENTS DELTAH. ENERGIES ARE IN MEV

4 4b 4k i

SYNRCLS USED ARE: ALMCA=LAMCA, ANU=NU, 3MU=MU,
AL3D=LANCA%C=-26, BNUL=NU*C-26,BNMULL=MUFD-25

[NTERCHFANGINC THE VALUES CF LAMCA ANC NU, WwILL YTELD KLSL

# a4 4

THIS PROCRAMY RLQUIRES LSE UF THE rOLLOWING FUNCTIGON R0OUTINES
YFN - FL12 - FP512 = FPRIAE — FACT

% 4t

T N I (R R AR U . M

A LT r L I L e I T et L LR LR R L S e e et

IVMPLICIT REAL*E(A-H,C=Z,y¢)

1 FORMAT(&L1C.4)
2 FCRMATI(5N1C.4) .
3 FCRMAT(CL1.43,12,L10.4)
35 FURMAT(3C1C.4)
4 FORMAT(31X,3K L=1Z2,5X,8H ENERGY=L1C.4,///)
5 FCRMAT(2C15434+3L21.8)
6 FORMAT(95H R RPRME KLESSIN
1 KLDSTRI] ETLCS v//)

32 FORMATI(RC{'x'))
7 FORMAT(0Dl13.7)

READ(1+1)DSIN,CSNyESG+FSIN,BSG,PLSOM
REAND(1:2)DTPCTI4cTRILWFTPLL,ETPL

PEAD(L,2 YWNGT, ANU,BHMUALMCA,CFELSQ

FEAD{1,3)ENERGY,LyDELTAE

READ(1435)0NULyBMLLL,ALRBE

RVYAX=58,*%CELTAF

U=Bl./04.

H=G./64.

A=VNODT/2LSOM

R=PSCRT(3./73.1415527}

C=(3,%(s3NUL+ALDBC) )+BMLULL

C=0SQRT(C)

E=(BNUL+ALED)# {3 #BNUL+3.*¥ALBL+4.*BMULL)
G=(BNUL*ALBD)*%1 .5/ (D*E)*%5.10+14

AR1=3, #ANUYR2430, FANURALMCA+2 T« *ALMCAFE2423 4 BMUFANU+3 6, *BMU*
TALMDA

RAZ=2T 4 ANUF%2 430, ANUSALMDA+ 3 . XALMLAF®2+]1 2 JFANUXBMU+ 4 X MU
1ALMDA

NEMOM=3 .= { ANU¥ALMCA) +BMU

BSF=(27./32 )R (ANL+ALMEA) (3. #ANU+3,FALMDA+S, #B8MU )
COLL=(BNLL+ALBDY# (3.5 {BNLL+ALBD) +4 . #3MULL) #%1.5

UP=l (dnlL*alBD) *%1.,5) /CCLL*C.10+14
FRACT=(UNULSALBO)#%1 .5/ ({BNUL+ALBL )Y *( 2. *(BUL+ALED) I *+1.5)%0.10+14
VALCH=162 %A% { ALEC*5NUL/ (ALRCHENUL ) #%1.5)%( 1./ 2, %#(ALBD+ENUL) -
14.53MULL)Y ) *(. 10+ 14

DAREN=36 5 (ALFDASE24ANUT*2) 440 ¥ ALMUA*ANU=CS4,. F{ANL+ALMDA) *%
1440, SALMLAFF?—42 FALMLA®(ALNMUA+ANU)
X={128./2T7.)%0410=-12/{(CSCRT{ALBC+BNUL) ) *%T7)
{1=0128/2T)1%C.1C+146/( (ALBD+BMNLL)*%2.5)

X2=C.1C+14/( {ALBU+BNUL)F%2,5)

Y=(Z1€. SALVLAS$2 424 FANUFZ2 448 ,FALMEA*AU)

7=02106. ANUSE2424 *ALVLA*E2 448, *ALMNATANU)

T=144 .5 (ALMI ASF24ANUX#2)4160,. sALMLA®ANUY



R=Cas L 42

APRIME=L.0
REWINDG LC
WRITE(3,4) Ly ENERPGY
WRITC(3,¢6)

50 PORR=R#*=RPRIME
ALPHA=ALNMCAZ (U¥RF#2+H¥RPRIMEF%2)

EETA=ANU* (H®R**¥Z+L *¥RPRIME%*Z)
CDNST=((9./8.)**él*DSCRT((ALBD*BNUL}**3/3.1415927}*(1./DEXP|ALP4A
1))%(1./CEYP(BETA))
RESSEL=(2T7./32. )% (ANU+ALNMERA) *PORR

& FF=FPSL12(BESSEL,L)
G TC 1¢

9 FF=FL12{EESSEL.L)

10 FIRST=X*PAREN*FF
Yi=Y®R*%?2
J1=7%RPRIVE**2
SECONN=A2%(Y1+Z1)3FF
FPR=FPRIME(BESSEL,L)

THIRD=X2+#T#PURR*FPR
PLNS=CCONST*(FIRST+SZCCNL-TEIRD)
ASK=1./DEXP(H%BR2FRPRAIVEF*2/DENOY)
TAT=1./0EXP(H¥R*%Z*ARL1/DENOM)
THEUS=BSF#PURR/DENCH

IF(THUS-1.)11,12,12

11 FL=FPS12{THUS,L)
coTO 13

12 FL=FL1Z{THLS,L)

13 CLNS=A#3%1€2.*G*TCT*ASK*FL
PCS=1./CEXP{R*ARL4RPRIME**2/DENOM)
VER=1./LEXP(H*BRZ*R*%2/CENCM)
SLNS=A*5¥1€2.%¥G*BCS*VER®FL
TEX=1./DEXPIH*ANU*[R**2+9.*RPRIPE**2})
THIES=1./0EXP(H*¥ALMPA¥ () AR*¥%2+4RPRIME**2))
CROWN=2T+/32.*%(ANL+AL¥CA)*PCRR
[IF(BROWN=1.)14,415,415

14 F12=FPS12(BRUWN,L)

GO TO 15

15 F12=FL12(3R0OKN,L)

16 FLOS=A*B%162 .%UP*TEX*THIES*#F12
ETALUS=162.*B%¥ENERGY/PLSCM*TEX*¥THIES*F12%FRACT
SHIQL=H*(ANU*(R**E+9.*RPRIME**2)+AL&DA*(9.*R**2+RPRIWE**2l+4.*

1BFUR{R*¥%2+4RPRIMYE*%2)) .
CSCAR=1./LEXP(SHIRL)
HOMER=(274/32.%{ ANU+ALNCA)=9./8%BMU) #¥PCRR
IF({HOMER)177,17E,178
177 HCMER=LABS (FOMER)
IF(HONMER=1.,)186,1E7,187
166 FICA=FPES12(HUMER,L)
Cec TO 1&°
187 FICA=FLIZ(HONER,L)
196 IFIL.EQ.1.CR.L.EG.3) GC TO 19
FICA=-FICA
co T2 1y
178 TF(HOMER-1.)17,18,18
17 FICA=FPS12 (FOMER,L)
GO Tu 139
1€ FICA=FLLZ(KFCMER,L)
19 GLNS=FICA*OSCAR®VALCH®]1,./NSCRT(3.1415927)
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TELUSLI=(LS IN* (CLGS+SLES I 4CSN#FLLUS=ESGHETALDS#FSINEGLNS) #2,10+25

AKLDS2=(LTP*(GLDS+SLDS)+CTI4FLCS-ETRI*TALDS+FTPL*GLNS)*2.10+425

L4BTPLEPLLS
h?lTE(5,5)H,RPRIMEgTKLE51.AKLES2,ETALBS
vRITE(LS)TKLDST »aKLDS2Z
IF(APRIFE LT LRMAX)IGO TO ¢
GC TO 21
RPRIME=RPRIME+DELTAH
G T0 8¢
PPRIME=C.

IF{R.LT.RMAX)GC TC 22

SO TO £3
R=R+NELTAF
CC TC 83
KEWINC 1C
WAITE(E437)

0 30 [=1,3600,46
READ(Llu)AL,ii1

REANLLICYAZ,052
READ(ICIAZ,R3
READ(10)YA4,B4
READ(1C)AS,B5
READI10)AE+BE
PUNTH TysAlsAZ43A3,84,A5,AC
WRITEl6,7)B1,B2,B2,B4,65,bB6
S5TOP
ENE

W+ 4 3t

IN INCREMENTS DELTAF,

4k 4 4k dF 3 4B SR

I“PLICIT REAL*K&(A-H,0-74%)

CIMENSICN XLISTU9C)Y»YLIST(9D)
FURMATI.D15.8)

FORMAT(&DLIC.4G Y

FCRMAT (4L10.%)

FCRMAT(5C1IC.4)

FORAATI(CL1143,12,4010.4)

FNRUAT(:C13.7)

FORMATILLD.4)

FOOMAT(324A,3H L=12,5%,8h ENCRCY=C1C.%,//7)
FORMAT(2015.3,3021.8)

FORMAT( I5F R RPRME

i KLSSTRI LSS W/ 7)
RPEAN{L,1)CAMMA,DELTALZEPSILN,ZETA,BETA,PLSTOV
RBEADIL1,2)VNOT 4 ANU,BMU,CHELSQ
READ(14.5)GTyDTRLEPTRLETATRILBETP

READ( Ly 2)ENEPGY Lo DELTAK

NEAD (1, $b)CON

T E s it s E SRR S 3

KLSSSIN

Ak ph Rk FaRRFER

TH]S PROGRAM CALCULATES THE KERNEL KLSS FOR A GIVEN VALUE OF L
AND ENERGY GF THE SYSTEM AT 3C PIVOTAL PGINTS OF R AND RPRIME
ENERGIES ARE IN MEV.

THIS PRCGRAM RECUIRES USE OF THE FOLLOWING FUNCTION RCUTINES
YEN — FL12 — FPS12 - FPRIME - FACT - CCULMB — SUBROUTINE

INTERP

B T L T LT et et e e e R L R e S R R L R

& 3 3 3 4k dF e dF
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61

(N e}

133
121
122
123
134

11

ie
135

14

15
lo

101

Lo 65 I1=1,3C
READ(L, 30 XLISTOI) »YLIST(D)

R=C,0

RPRIME=u.0C

RMAX=28,+FDELTAN

A=VANOT /PLSOH

B=SCRT(3./3.14154%27)

fl=b6.*ANL+BMU

C= (ANU#%2)/{DSORT(B1)*(3.¥ANU+2.%BMU) )
C=(9./1lbe) SANUS( (15, %ANLU+16.*BM¥L)/BL)
E=l9./lo.)*ANU*(15.*ﬂhU+4.*UMU)/E1
Fz(?7./6e) ®ANUR( {2, %ANU+Zz. *BML) /1)
=6, ENU=4 MU
R21P=1,/USSPT(2,.%3,1415927)
S=45./32%ANU

T=27T./1€.%ANU

REWINE 1C

WRITF(3,4)L,ENERGY
WRITE(E:&)

SQR=R*¥*24RPRIME*¥2

PORR=R*RPRIVE

IFIPORR.EC.C) GO TO 77

GO 7O ol

TKLS1=C.

AKLSZ:Uc

ETLDN=C.

GO TO 62

ABESF=F*PCRR

TF(ABESF=1.)E95+9

TBF=FPS12{AEESF,L)

GCTD19

TBF=FL1c(ABESF,L)

QLD =A%B#4 (. 5%¥C* (1. /DEXP(O*R*x*2))* (1. /PEXP(E*RPRIME**Z’)*TBF
SLOC=A%B*4G,5%C* (1. /DEXP(E*R*%2))* (1. JUEXP{U*RPRIME®#*2) ) ¥TbF
GARC=9./32.*%H*PCRP
IFIGARG)132,134,124

GARG=CA#S (CARG)
IF{5ARG—-1.0121,122,122
BESSEL=FPS12(GARG,L)
Co 1O 123

BESSEL=FL12(GAKRG,L)
IF{L.SC.1lsCR.L.EW.3) CC TC 135
BESSEL=—BESSEL

GO TC 135

IF(GARL=1.)11,12,12
BESSEL=FPS12(GCARG,L)

GO TO 135

RESSEL=FLL12(GARG,L)
BLID=El,*rR2P=A%[ANU**1.3)/H
PLD”=1./DEXP((9./32.)*(5.4AHU+2.*BMU)*SDR)
GLOD=RLIUC*PLUP=*HESSEL

FELP=T*20RR

[F{HELP-1.)14,15,41b
FFT=FPS12(FELP,L)

GG TG 16

FFT=FL1Z({HELP,L)
7=(CNERGY/PLSUM)#R2P*CSQRTIANLI*13.5
THEXP=1 . /UEXP(S*5(R)
LTLND=2*%FFT*THEXP

AKAL = (o ZANUI+4 . =BNMI) 3105
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FLND=R1 2% (ANUTEZ )/ AKAP#FFT#THEXP*A

AAR=DSWLkTEIB4 7644 ) 2ANG)
SX1=AAL¥(R4RPRINME)
LIFF=CABS(R=-RPRIFME)
SX2=AAACIET
CALL INTERP(3C,XLISTyYLIST3,5X1,FC1)
CALL INTERPI30,XLISTYLIST,3,5%X2,FG2)
TESP=1. ZBEXAP{ (90 /64, ) *aNUXSOR)
FLAD= (CHELSR/PLSUN)%243.%1,414/(32.,%0DS5CRT(3.1415927))+=(ANU**1.5)¢F
ITESP#CLULIBIFOLyFC2,RRPRIME,, ANU,L)
SAM=SURT (84 /3.1415927)# (CONUX%2,5) %0, iD+42%((3,/8.)*%4)*THEXP
CARE=18.%SUR—ECE8. /(27 .%ANL)
DEPRES=FPIIME(HELFLL)
PLED=SANM® (LARF*FFT—28 .%PCRR*=UERBES)
TKLS1=(GarMAX(QLCR+SLEC) +CELTA®FLCD4EPSILM UL CD+ETAX{FLECC-ETLEOD)
1+AFTA#PLOS)*C10+25
AKLS2=(OT*(CLED+SLOD)+0TR*FLDD4EPTR*GLLOO+ETATR[*(HLDD=ETLDU) +
IBETP#PLLL) *¥0.1L+25
62 WRITS(3,353)RRPRIMELTKLSL AKLS2,4HLED
WRITEILO)ITKLSL,y AKLS?2 '
IF(RPRIME.LTLRMAX)IGC TC 17
- GO TO 18
17 RPRIME=RPRIME+LCELTAH
GO TO 7
18 RPRIME=uU.
[FI{RLLTLRIAXIGC TC 19
¢C TO 20
19 R=R+DELTAHE
Gu TQ 7
2C REWINE 1C
CC 32 1=1,9C0,46
REAN(10)AL,81
READ(1C)IA2,012
REAN(1U)A3,B3
READ(1C) AL, ,B4
REAN{IL)AE ,B5
REA[:{10)A6,B6
PUNCH 33,A1,A2,A3,A4,A5,46
30 PUNCH 33,B1,82,283,B4,B5,4B¢
STOP
FAG



Table VITL

Input Data and Variables Required in the .
Reaction and Scattering Matrices Programs
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Symbol Explanation

HEAD Alphameric data reference card, which is printed
as heading to the desired results

FLOR1, FLOR2Z Values of the regular Coulomb functions FL(O,R)
at two points R1 and R2

GLOR1, GLOR2 Values of the irregular Coulomb functions GE(O,R)
at two points Rl and R2

FLNR1, FLNR2, Values of the regular Coulomb functions Fz(nﬂR)

FLEKR1, FLEKRZ at two points R1 and R2

GLNR1, GLNR2, Values of the irregular Coulomb functions GE(N,R)

GLEKR1, GLEKR2 at two points R1 and R2 _

F1R1, F2R2 Values of the scattering function £, from the 1lst
independent solution at the points ﬁl and R2

F2R1, F2R2 Values of the scattering function fy, from the 2nd
independent solution at the points Rl and R2

G1R1l, G1R2 Values of the scattering function gy from the lst
independent solution at the points R1 and R2

G2R1, G2R2 Values of the scattering function gy from the 2nd
independent solution at the points Rl and R2

AKl, AR2 Wave numbers of the first and second channel,
respectively

L _Angular momentum quantum number

soo0, s01, sl10,
s1l

CNTN, CNTP,
ELSCNT, REACTN

CPTN, CPTP,
REACPT, ELSCPT

Scattering matrix elements (complex)

Partial wave cross sections for neutron reactions

Partial wave cross sections for proton reactions



Table VIII (cont.)
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Symbol

Explanation

R11, R12, R21,
R22

RES11, RES12,
RES21, RES22

TIMS11, TIMS12,
TIMS21, TIMS22

Reactance matrix elements
Real part of the scattering matrix elements

Imaginary part of the scattering matrix elements
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R EEEE

HxEEX

kA E THIS PROGKAY EVALUATES THE SCATTERING MATRIX AND THEN w&%xx
sx%x% CALCULATCS THE VARIQUS SCATTERING AND REACTICON X-SECTS *%#%#

T

RS

B g e e P LR Ll L LR R L R e e R e L L e L Rt

IMPLICIT REAL*E {A-H) ,CCVPLEX*:16(C-Z,3%)
COMPLEX*16& DCMELX,NCAONJG
UGIMENSIUN FEAULLZ20)

1 FORMAT(4D15.7)

2 FORMAT(2015.7+13)

3 FORMAT(//4CL0H RE-SCC IM-SCa
1591 v/}

4 FURMATL(//,60H RE-S1C IM-510
1511 v /)

5 FCRMAT{G15.79G15.74CL5.74Gl5.7)

& FORMAT(//,6CH N+HE=N+FE N+HE=P+T

1=P+7 v /)

7 FORKAT(2CA4)

8 FORMATI(///4+20CAG)

9 READ(1,7)HEAD
READ(14+1)FLCGR1yFLCR2,GLOR1,GLOR2
REANM(141)FLNR]LsFLANR2,GLNRLyGLNR2
READ({1,1)FIR]1,F2R]1,F1R2,F2R2
REAND(1,1)GIR1,4G2R1,G1R2,C2R2
READ(L,2)AK]1 sAKZ 4L
A=DSCRT(AK1)

BE=NSGRT{AKZ2)
C1R1=CCMPLX(GLCRL,FLORL)
OlRZ=CCMPLX{GLLRZ,FLORZ2)
P1R1=DCCNJCIOLIR])
PIR2=NCCNJGIULRZ)
C2R1=CCMPLXIGLNR14FLNRL)
02RZ=CCMPLXIGLNRZ,FLNRZ)
PA2RI=CCUNJGIUZR])
PZ2R?=CCCNJGIG2R2)
IDN=P1P1*C1IRZ=P1R2%01R1
VDM=P2R1*C2R2-P2Rz*(2R]
PAll=A%{FLIRL1*01R2-F1RZ2#01R1)/ZDM
0B11=A%{PLlR1I*F1R2-P1R2*F1R1)/Z0ON
PAlZ=A%(F2R1*01R2-F2R2*C1R1)}/ZCN
OB12=A%(P]R1*F2R2=-P1R2*F2R1}/ZCN
SA21=R*(GIPL1%*02R2-G1RZ*0C2R 1)/ VN
TRZ1=B%(P2R1*G1RZ-P2R2*GIR1)/VEN
SA??=B%(G2R1%¥02R2-G2R2*¥0O2R1} /VYDN
T322=8%(P2R1*G2R2-P2R2%G2R1)/VDN
C=Pnrll*5A22-5n21%FAl2
SCO=-QBLL*SAZ22-GRL12%SA21)/QC
SN1=—{UB12%PALL1-QB11%PAL12)/Q
S10=—(Tu2i%5A22-THE22%SA21)/G
S1i=—-(Tbl22*%PAl1-TR21*PAL2Z)/G
WRITE(3,8)HEAD

WRITE(3,3)

wRITE(3,5)5C0,5801

WRITE(3,4)

WRITE(345%5)510,S811
UMSOO0=(J.10+0G1,0.C0+00)=500
UMS11=(0.11+4Q1,2.CD+0C)-S11
AQR=(CDABSIUMSCO) ) *%2

RE-SO1 19—
RE-S11 I"-
P+T=N+FE P4T
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[0k (CUARSTUNMSL L) ) *%2
CR={CDALSISCLY ) *%g
CR={CDABS(S10) ) *¥:
APA=3.1415627%(2%1.+1)
CNTN=APAFACR/ARL*%2

CNTP=APAXCR/AK]*%2
CPTN=APAXUR/AR2%*x¢
CPTP=APA*BCR/AKZ%*2
WwRITE(3,£)
WRITE(3, 1)CNTN,CNTP,CPTHN,CPTL
Co 10 9
sTCP
END

****#*4####*##**##**#¢¢*¢##***¢#¢¢*#*##***:##**######*###**###****
Aede kA FEFEF
«xxx%  THI> PRCGRAM EVALUATES ThHE REACTION MATRIX AND THEN FEREF
x%x%% CALCULATES THE VARIOUS SCATTERING ANC REACTION X-SECTS ®#x3x=
oo X " Fokk xR
######$##$¢####*$#*#*###4###*##4#######**###*t####*#*#*##*########

IMPLICIT REAL*¥8(A-H,0-Zy%)
DIMENSICN FEAG(20)

FORMAT(4D15.7)

FORMATI(2D15.7,13)

FORMAT (//,9H R=MATRIX,/)

FORMAT(/,35H REAL-S [MAG=5 v /)

FOPKMAT L //60H N+HE=N+FE N+HE=P+T P+T=N+HE P+T
1=P+T v /) z

FCRMAT(///420A4)

FORIAT{Z2CA4)

READ(1,8)HEAD

READ(1,41)FLOR1,FLCR2,GLORL,GLORZ

READ{141)FLEKRYL ,FLEKR2yGLEKRLyGLEKRZ

REAN(1,1)F1R1,F2R1,F1R2,F2R2

REAN{1,1)G1R1,G2R1,G1lP2,CZR2

READ(1,2)A8K14AK2,L

EVALUATE THE R—MATRIX

A=CSQRT (AKL)

C=PSQERT(AK2)

NENOM=FLCR 1*¥GLOR2-FLOR2*GLCR1
Al1=A#*(FLlR1*GLOR2-F1R2*GLOR L) /DENOM
Rl11=A*({FLCR1%F1R2-FLORZ*FLRL)/GENCM
A12=A#*(F2R14GLOR2-F2R2%GLOR1) /BENCW
B12=A%*(F2R2*¥FLCR1-FLOR2%F2R 1) /0LCNTM
DNM=FLEKRI*GLEKRZ-FLEKRZ#GLEKR1
A21=B*{G1R1*GLEKRZ-GLR2*CLEKR] ) /ONWV
B21=R%*(FLEKR1I*GIRZ=FLEKR2*G1R1)/LNM
A22=8%{G2R1¥GLEKR2=GLEKR1I*GZ2R2)/LNM
B22=RB*(G2R ¢ *FLEKR1=FLEKR2*G2R1)/TAM
BELOW=A11%£22-A21%A12
R11=(Bl1%A22-B12#A21)/BELOW
R12=(E12%¥A11-B1l1*A1Z)/BELCwW
R21=(R21%A22-822%A21) /BELCHk
R22=(R22%A11-B21%A12)/BELOMw
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WRITEL3,T)HEALD
WRITE (3, 3)
WAITE(3,1)R11,R12,R2L4R22

ASSCMBLE THE S-MATRIX
WRITE(3,4)

R12=0.5%(R1z+RZ1)
ADENT=( 1.-—R?2*R11+R12**2)**2+ IQII"’PZZ)*J‘:Z

RESL1=({1.+R11%P22-R12%%2)%(1.—R11%R22+4R12%¥2)-(R11+4R22)*(R11-R22)

1) /ALENT

TINMS11=(2e FADENT)I#(RIL1-RZ22%R12*#2+R11&HRL2%%2)
WRITE(3,2)2ESL1L,TIMSII
RES12=—2 ., %¥R1Z#(R11+4R22)/ADENT
TINS12=12./ACENT)I#RI2* (1. -R1IL%R22+R1z*%2)
KRITE(3,2)RES12,TIMSL?2

PES?22=((1e+R11%R22-R12#%2)% (1. ~R11¥R22+R12%¥%2)-(R22-R11)*(R11+R22)

1Y/ACENT

TIMS22=(2,/ADENT)# (R22+RZ2#%R]11*¥¥2-R11*R]12%*2)
WRITEI3,2)RES22,TINS22

Sl=1.-KES11

$2=1.~-RES22

EVALUATE CROSS SECTIUNS

WRITE(3,5)
ELSCNT=3,1415927%(S1+%2+TIMSLL1*%2)/{AKL**2)%(2%L+1)
REACNT=3,1415927=(RES12##2+TIMS12%%2)/(AKL**2)*(2%L+1)
REACPT=REACNT® (AKL*%2/AK2%%2)
ELSCPT=3.1415927%(S24%%2+TIMS22%%2)/(AK2%%2)*{2%L+1)
WRITE{3,1)ELSCNT,REACNT,REACPTHELSCPT

GC 10 6

sST0P

EAND

107



108

Table IX

Input Data, Variables, and Subprograms Required
in the Cross Section Angular Distribution Program

Symbol Explanation

HEAD Alphameric data reference card, which is printed
as a heading to the results

AK1l, AK2 Wave numbers of the first and second channel,
respectively

L Angular momentum quantum number

N Number of angles at which the value of the cross
section is desired

S00(1) Complex values of the scattering matrices first
diagonal element listed in increasing values of L

S01(J) Complex values of the scattering matrices off-
diagonal elements listed in increasing values of L

PL Function subprogram described in Table XIII

1 Differential cross section for the elastic scattering
channel at an angle THETA
Differential cross section for the reaction channel
at an angle THETA

THETA(J) J values of the angle at which the cross sections are

sought
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e e L L L e

Ehfhkd

sxts4% [RI1S FRUGHAM DETERMINES THE DIFFERENTIAL SCATTERING ##%#xx

xexe%%® AND REACTICN CRCsS SECTICAS FUR THE N—HELIUM=3 AND

T
's"r'r*-rr

t&¥5%% PRUICK-TRITCN SYSTEXS AT N VALUES OF THE SCATTERILNG *#%*%#

kAt hE ANCLE FUR vALUES CF L R

CFETE S

NGING LP TO 2.

S L

EEExEE

T Y T 1L Tl et T a L E LR L R L R L R L L e L e

[MPLICIT REAL*8(A-H,0-2,%)

COMPLEA#16 SCC,SC1l,DCONJC,AR,CR,CUM,SUM

GIMENSTICN SCU(20)+S01(22)1,4R(20),CR(20),FEADL2T),THETAL2V)

FORMATIGL5.7,G15.7)
FORMAT(2L15.7,213)
FOR"AT (2CA4)

FORMAT(/ /4 3EH N+HE=N+tLE N+HE=P+T

FCRMAT(2015.74F8.2)
FORNAT{F10.2}

REAN(1,3)HEAD
READ({1y2)AKLAK2,yL N

F=tL+1

cOo bIzlgp

REAND(1,1)SCc(l)

CO 7d=1,M

READ(L,1)SC1(J)
WRITE(3,2)HEAD

WRITE(3,4)

CO 10 J=1,4N

READ(1,3)THETAL(J)

¥Y=THETA(J)

T=X%3,1415927/180C.
TUM=(0.0L+C0,0.0D40C)
SUM=(L2,00+CC,C.0C+00)

CO 11 I=1.M

K=1-1
SUM=SUM+{1.-SCC(I))*(2%K+1)*%PL(T,K)
AR (T)=DCOUNJGISCUIL))

PUM=DUM+ (1 —AR(TI)R(2%K+1)*PL(T,K)
X1={1ls/ (4. AKL%%2) ) ESUMFLUM
SUM=(0,CB+C0,C.CR+C0)
DUM=(C.CL+CC,0.CL+00])

GC 131=1,.V

K=1-1
SUM=SUM—SCLI(I)*( 24K+ 1)%#PLI(T,4K)
CR{T)=CCCNJCISOLIT))
CUNM=DUM=CR(T)F({z#K+1)*PL(T+K}
X3={ 1o /14 ¥AK1®%2) ) RSUMN*DUM
WRITE(3,5)1X14X3,X

STCP

Exid

THETA,/)
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Table X

Input Data and Subprograms Required for the Subroutine
RINVRS Performing the Matrix Inversion by Partitioning

Symbol Explanation

RINVRS Symbolic name of the subroutine subprogram

R Original matrix which is to be inverted

ISIZE Size of the original matrix

XCT Inverse matrix

A Array used in the program to successively store the
inverse of the submatrix A resulting from partition
of R, and the submatrix K of the final inverse

B Array used in the program to successively store the
submatrix B resulting from partition of R, and the
matrix product A~1B

C Array used in the program to successively store the
submatrix C resulting from partition of R, the matrix
product CA“l, and the submatrix M of the final inverse
SCT

D Submatrix resulting from partition of R

L Submatrix of the partitioned inverse XCT

F Array used in the program to successively store the
submatrix A resulting from partition of R, and the
submatrix N of the partitioned inverse XCT

COMP1IV Matrix inversion subroutine described in Table XI.

This routine must be used with KODE=2




SUMBOUTINE RINVRSIR,ISTZELXCT)

P

A B
ccC

aReleleEeEalel

THPLICIT REAL*8(A-H,0-7,%)
PEAL ®EL
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THI5 SUBROUTLHE PARTITIUNS THE MATRIX R ANG IMVERTS IT.
THE MATRIX & AND ITS INVERSE XCT ARz PARTITICNED AS FOLLOWS:?:

DIMINSICN R!bO,ﬁCI'ﬂ(317311,8(31,30),C{3Cv31),LUM!3?),L(3G'30).

1XCTI6C,CL)0131,31),F(31,32)
S177=1S14Zc
S176=S12E+.0CCCOCCC]
KST12e=512E/2.
JSIZE=1S512E-KSIZC
ANNM=JSTZE+]L

FRFFERLTEF THFESE LCCPS PARTITICN THE HMATRIX R
O 100 I=1,JS1ZE
rQ 2C0 J=1,JSIZE

200 F({I,J)=R(14J)

B0 1CC J=NNKN,ISIZE

k=J=JSI1Zt

100 BII,KI=R{1,4)
LC 300 I=KNAR,ISIZE
K=1=-JS11ZL
0 40C J=1,JSIZE

400 C(K1J1=R(1!J)
Lo 3C0 J=NAN,LISTZE
M=J-JS1ZE

300 LIKeMI=R(1,44)

MEEI LT 2 THESE LCCPS INVERT THE MATRIX R

CALL CONPIVIJSIZE.2,F)

2

C

R ETEEEL L A{-1) STOREC IN F
D0 19 1=1,JS1ZE
DU 19 J=1,JSIZt
19 A(l,4)=F{1,J)

CAxdeskay kkax A(-=1) STOREC IN A
2 4 J=14.kS1LE
nO 3 I=1,JS12E
nUM(iINI=0.
LG 3 K=1,JS81IZE
3 UM T)=CUNM(T)+F (T 4K I%BIKJ)
rd 4 I=1,J5812E
& L(Ied)=CLMII)
CAkxmidkiiry A(-1)Y%0 STCRED IN B
FO 7 J=1,K5IZ2E
' 7 I=14KSTLE
TCRM=C.
[‘F.‘ () K=_.,1JSI[E
6 TERM=TERM+CLIKIFE(K,J)
7 Fila0)=C(14J)=TERWV
CALL CCRPIVIKSTZES24F)
CaFtressentd N o= (D=C*A(-1)#%B)-1 IS STCRED IN F
"C 9 J=1,KS1ZE
LU 8 1=1,JSTLE
ruUMt I i=C.
PD 8 K=1,KSI1ZE

I I T

SRR E R F Rk

FETE LT L 2

3*
4
%*
+*
#
4
4
i
4
i



LK<y )=CUNMIKK)
WAEFEEX L = =A(=1)#p*d [S STOREL IV L e T
EC 11 I=1,KSIZE
tC 16 Ju=144S17E
PUM{J)Y=C.
"C 13 k=1,JSIZE
1C LUMEJISULRIJI+C (T 4K) ALK, J)
P 11 J=1,3S517E
11 ClIyd)=LuMid)
Cavadss bk ¥k C*A(-1) STCRED IN C *
0 13 J=1,J517¢E
L 12 I=1.KSIZ2E
“U!J( [ ]z‘l:rv
re: 12 K=1.KSIZE
12 LUM(LY=CUMITI—FLILK)*C(K,4J)
g 13 I=1,kKSI/E
13 C(I,J)=0LM(T)
(A Fddodkaksy M o= =NxC*A(-1) !S STOREDR IN C ¥
PG 15 J=1,JS1ZE
o 1y 1=1,J4S812¢E
TEP\M: -
I'C 14 K=1,KSIZF
14 TERM=TERNM+B(I,KIZC(K,J)
1% Ally,Jd)=all+J)-TERF
R L A T K = Al(—=1) — A(—1)%*B%M IS STORED IN A e Y
CHAsas ittt THESE LCGPS RECONSTITUTE THE INVERSE MATRIX XCT *#
©c0 21 I=1,J512ZE
D 2C J=1,JSI17ZE
20 KCT(I.J)=I\[17J)
DO 21 K=1,KSIZE
J=K+JSIZE
21 XCT(I,d)=L11,K)
G0 23 J=1,JSI1ZE
fND 23 k=1,KS1ZE
KK=K+JS1ZE
73 XCTIKKJ)=C(K4dJ)
r0D 2z J=1,KSIZE
O 22 K=14KSIZE
KK=K+J5IZE
JK=J+JSTLE
22 XCT{KKsJK)I=FI(K4J)
RETURN ‘
TN

1 v

—
E
+r
<

L1
%
Ll
L
*
ik
+#*
3+
4k

3*
4+
i
Py
Ead
4t
3t
3k

dr B
-~
* ¥
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Table XI

Input Data and Variables Required for the
Direct Matrix Inversion Subroutine COMPIV

Symbol Explanation
COMPIV Symbolic name of the subroutine subprogram
LN Number of rows of the matrix to be inverted
KODE Dummy variable whose value determines whether the

subroutine is to perform direct matrix inversion
(KODE=2), or is to solve a system of linear
algebraic equations (KODE=1)

B If KODE=1, B is the augmented matrix from the system
of linear algebraic equations. If KODE=2, B is the
matrix whose inverse is sought, and the return inverse
matrix




]

CUBEGLTIME COMPIVILN KU B ) 114

FveLTCIT veaL*P la-,0-2,1)
EEASTLy hﬂtwl3llg&CleBl),th[3l)1CCNST(31!1&88(31},&{31;321
1o {31+32)+8(031.32)

KOpE = 1 SCLUTING OF LINEAR ALGEBRAIC SQUATICNS
TS = 2 MaT2 1K IaVERSIAN #BY LAUSS—JORDAN REDUCTIUN
Lidies Lt ]

FriesaT{1k1,28HSICULAR MATRILX, ECUATICHNS =314 42X4€6HRANK =,14)
FEr=1.0
Pe 2GCI I=1,LH
RROWET)=T
ACCLI(T)=1
f0 2001 J=1yLAN
AiTed )=l +d)
GO 2CC0 TLEFT=1,LN
FIND LARGLST ELENMENT
BIG=C.
FO 22Cu J=[LEFTsLA
0 22C0 I=ILCFTsLA
BUREE=LaBS(E(1,J))
IFIBIG-3URPEIZ2039,22CC,22CC
PIG=BURPE
JACW=1
JCCL =4
CUNTINUE
IF({IROW—-ILEFTI2092,42091,2092
DET=-CET
1F({JCCL-ILEFT)?20NY4,2093,2094
NET=-0ET
CONT INUE
INTERCHANGE Twl ROWS
O 205G J=1,LN
F=Bl{ IRUk +J)
BIIROW,, JI=R(ILEFT+J)}
B{ILEFT+J)=D
KEEP=NRUW({ILEFT)
NROWUILEFT)I=NRUOK( [ROW)
NRCW { lRUWI=KEEP
[NTERCHANGE TwWC COLUMNS
No 2051 1=1,LN
C=B(1lsJCUL)
B(I,JCCL)}=B(I,ILEFT)
n{1,ILEFT)=C
KEFP=NCOL(ILEFT)
NCCL{TLEFTY=RCCL{JCOL)
NCCL{JCUL)Y=KEEP
CIv=P(ILEFT,ILEFT)
PET=LET*L 1V
[2AYK=TLEFT-1
IF(NIV)Ie3vle 350,351
Flv=l.L/D1V
re 209 [=1,LN
E{T¢LANYI=CLC
HUTLEFT yLAN) =1, C
GaUSS—JURDAN RENDUCTICK
CC 2360 K=1,LNN
PITLEFT K)=R{IILEFT,K) =1V
£y 228C [=1.LN
IC(1-1LEFTI2065,2C82,7C0E
t'I!J':"i"{IrlLEFT)



A

2080

{27
5N

z 30

[

T 2CT70 k=1yLKN
Al EY=b ] R)¥ATJFRILILEFTK)
CUNT TNUE
npo22249 i=1,LNKN
ULy ILEFT) =811 yLAN)
{ChY INUL
TRANK =L
TFILY.CT.IRANKIGU TC 2011
QEARRANGE INVERSE MATRIX
¢ 27231 J=1,LN
K=1R3w ()
n 2021 1=1,4LN
(LI K)=B11,4)
e 2032 I=1,LN
K=NnCALT)
CQ 2232 J=1,LN
BIKyJY=C(T,4J)
3 1S THE INVFRSE MATRIX
IF(KONE «FW« 2)RETURN
CALCULATE SOLUTION VECTCR
fril 23819 [=1,LN
ARAL T )= s C
CONST(IY=A(T4LANN)
DC 2005 K=1,LN
ARBIK )=,
e 20C6 J=1,LN
ARBIK)=ARB(K)Y+B Ky J)FCCNST (U]
AGALK)=ABATK)+ABB(K)
tn 2CC7 l=1,.LN
[E(DABRS(AGBI{I)/ABA(I)).CT.1.0-181G0O TO 20C9
CONT INUE
ng 27226 I=1+LN
B{I,LN)=ABA(L)
RFEFTURN
NETERMINE RESICUES
£ 20C3 I=1,LN
(0 2C03 J=1,LN
CONST{I)=CUNST(1)=A(I,J)*aBB(J)
IMPRUVE SOLUTICN VECTCR
GU TC 2C1lG
WRITE(3,452) LN, [RANK
RETURN
EMNFE
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Table XII

Input Data and Variables Required for the Interpolation Subroutine

Symbol ' Explanation
INTERP Symbolic name of the subroutine subprogram
IMAXTP Length of interpolation list
XABCIS Abcissa of interpolation list; must be entered into

computer in either ascending or descending order

FORDIN Ordinate of interpolation list

NPTSTP Number of interpolatiom points

TVX Interpolation point in abscicca list

TVF Desired interpolated value in ordinate list

XOTP Floating point variable used in ordering interpolation
points

INTP Fixed point variable used in ordering interpolation

points; INTP=1 is the argument of the XABCIS (and
FORDIN) nearest TVX, INTP=2 is next nearest, etc.

ATP Variable used in ordering interpolation points made
equal to absolute value of difference between TVX and
each XABCIS

ITP Position in list of XABCIS nearest TVX

INNTP Integer oscillating between +1 and -1 to obtain the

Gaussian arrangement

XN Abscissa list ordered so that successive values are at
greater distances from TVX

FN Ordinate list ordered so that successive values are at
greater distances from TVF

IQTP Variable which determines if end of list has been reached

FACT Factor which modifies the divided differences




e

S ielalmils

[

11
SLERLCUTIANE IhT[RH!IVAXTP,AAUCIS,FORL[H,aPTSTD,TJK.TVFl !
INMAYTPR=L-NGTE CF IRBUT EATA LIST
NARCIS=AauSOTsSSAS CF LIST
FURDIN=URLIMNATYS CF LIST
DTS TP=C2DFER OF INTERPLLATICN
TVYX=VLLUE UF TtiE ARSCISSA AT vHICH THE ANSWER IS LESIRED
TYF=LESIREL AdSHER
MPLICIT REALXS(A=hyU—=7+%)
DIMENSTUN XABCIS(EO).FUR”IN(QC),XN(3G).FM13D)
A0 TFITMAXTP.GTL1IGE TU R3G
¢GC TL 8C:1
601 IF(IMAXTP.ECL.1)GC TC 382C
210 TVF=C.
KETURIN
227 TVF=FCAuIN(])
RETUR™Y
THESF CRUERPS TAKE CARF OF ECCENTRICALLY SHORT LISTS
830 TF (WPTSTPLLY.IMAXTPICC TO g5
E40 NPTSTP=INMAXTP-1 _
CRCER UF IMNTERPOLATION IS DECREASED IF LIST IS TGO SHORT
850 XCTP=1,0+6C
0O 890 INTP=1,INAXTP
ATP=TVX-XABCISTUINTP)
IFIATPJGE.OLIGE TC 870
80 ATP=-ATP
£70 1F(ATP.GEL.XOTP) GC TO 83C
ne0 ITP=INTP
XOTP=ATP
6§30 CONTINUE
THIS LOOP SELECTS THE VALULE OF XABCIS CLOSEST TC TvX
IF{(IMAXTP-ITP).GT.1) GG TO B89
GO TO 892
g3y IF(ITP.GT.1) GO TC 891
292 INNTP=1
GO TO 894
591 TF(MABS(TVX=XABCIS(ITP+1)).GT.CABSITVX=XABCIS(1TP-1))) GU TC 893
GO TG 832
292 INNTP=-1
£94 NPTSTP=APTSTP+1L
THESE ORNGERS DETERMIME ON WHICKH SICE CF TVX 1S THE NEXT XZAEBCIS
LO 97C INTP=1,NPTSTP
XN{INTP)=XAPCIS(ITP)
FNITNTRY=FCRDIN(ITP)
IFIINNTPL.GTLLIGE TC S1C
900 JOQTP=IT2=INTP
GO TU 94l
gan 1TP=1TP-1
GO TC 97C
g1, [Te=ITP+INTP
g2 [F{IMAXTP.LT.IGTP)Y GO T S2C
94¢ JF {ICIP.uT.G) GC TU 9ou
95 1T1P=1TF+1
cir T S{C
9606 1Te=1CTP
TNNT P==ANTP
g71C COMTINUE
THIS LOUP URDERS THE INTERPULATICA POINTS
FUR INCAREASING CISTANCES FROM TVX
MPTSTP=NPTSTE—1
TYF=4a.
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Rk
39C

iR

FICT=1. 8

G0 096 JUTP=14NPISTP

TVE=TVE+FICT#FnN(L)

1 260 [NTP=JNTP,APTSTP

1017 =INTP=JNT P41

FN(ICTP) = FRC{ICTP+LY=FALICTEIIZUXNCINTRP+1)=XN(ICTPR))

FICT = FICT#(TVX=XN(JNTP)) _

THIS IS THE MAIN LUOP FCR CALCULATING THE CIVIDED DIFFERENCES
RF TURN

ENF



119

Table XIIT

Function Subprograms Required for the Calculation of the
Kernels and the Cross Section Angular Distributions

Symbol Explanation

PL(THETA,L) Yields values of the L-th order Legendre polynomial
of argument THETA for values of L=0,1,2

FACT (N) Calculates N factorial

YFN (ARG,L) Yields values of the polynomials y(x) necessary
to compute I£+%(x) from x=ARG>1, and all values of L.
Requires use of FACT(N)

FL12 (ARG,L) Calculates rt+%(x) for x=ARG>1, and all values of L.
Requires use of YFN(ARG,L)

FPS12 (ARG,L) Calculates rz+%(x) by power series expansion when
x=ARG<l, and for all values of L. Requires use of
FACT (N)

FPRIME (ARG,L) Computes the derivative of p2+%(x) for all arguments
and values of L. Requires use of FL12(ARG,L) and
FPS12(ARG,L)

COULMB (FF1,FF2, Returns values of the Coulomb contribution to the

X,Y,A,L)

KLSS kernel for 1=0,1,2




Foxe T . FLErHeTa,l) 40

IMBLICIT REALHE (A=, =74 1)
IFiL.GieC) LU TC 111
PL=1.
G T2 113
101 1F(L.GT. L)Y GO 70 112
PL=0DC0S(THETA)
GO T 113
112 PL=L 5% {LCCSITRFETAY ) ¥%2-Ced
112 RETURN
END

FUNCTIO" FACTI{N)
INPLICIT REAL¥E8{A-F,(=2,%)
1018 FOPMATL  2CH ARG OF FACT = NEG 4 13,/)
[F{ N )} 1C13,1C14,41315
1713 wRITE(3,1018) N
GO TC 1C17
1C15. FACT = 1.
CC 1019 I=1,N

Xt =1
1014 FACT = FACT=XI
GO TO 1vl7

1¢14 FACT=1.
1017 RETURN
END

FUNCTTIUN YFN{ARG,L)
I¥PLICIT REAL*B(A-H,0-2,%)
N=0
YF"J=100
- IFIL.EQ.C) GC TO S98

999 F=V+1]
]L=L+W
It=
b= PAFT{lL)/((FACTlIN))*(FACTIV)]*lZ M) )
YFN=YFN+F* (ARG**V)
IF(M.LT.L) GO TC S99

I3e RETURN
ExNnU



FUNCTIGNY FLYIZ{ARG,L) 12t

1L ICIT REAL¥E(A-H,0-7,%)
ARL=1.C/ARG
AR2==-AR1
A=E XD (ARG)
FLI2=Coo%((ARYFNIARZ L) *{(~1)x¥L))+(((~L)*xx{2%L+]1) )%
1YFR{ARKL,L))/A)
LETURN
ENP

FUNCTIUN FPS12(1ARCG,L)

I1MPLICIT REAL#BlA-H,C—1,%)

F=C

AR=y +C,D

PR=L+1.5

IFIARG.GT.0.) GC TC 2221

FPS12=C.C

CO 7O 2223
27221 TNUM=(0.5%ARG)+*AR
ROT=NSCRT{C.5%3.1415927%A20)
FPS12=(( (=1 )%%xL)*RCTXTNLVM)/DSANMMA(BR])
V=pM+]
AR=L+2*F+0.5
BR=L +M+1.5
TAUM= {0 .5%APG)**AR
SUM=(((—1 ) %L )XRUT*TNUM)/CGANMMA(BR)
FPS12=FPS12+5UN
IF({SUM/FPS12).6T.0.CCCCCCL1) GC TO 2222
2223 RETURN : .

-N[

na
[A¥]
[A]
LS

FUMCTICN FPRIME(ARG,L)
TMPLICIT REAL*E(A-H,0-Z,%)
K=L+1 '
IF{ARG.GT.0.) GC TC 776
COMTINUE
[FIL.EG.C.) GU TO 774
FPPIME=C.
Guo 1O 178
774 FPRIME=1.C
GC TG 178 '
776 ITF(ARG.LTL1aC) GU TC 777
FOPTME=((L+1) /ARSI XFLIZ2(ARG,L)-FL1Z2LARG,K)
cC 1Dy 278
777 FPRIME=((L+LV/ARGI*FPS12(ARG,L)-FPS121ARGC,K)
T7C RETURN
ENT



C
C

441

442

FUNCTIUN CCULYGUFFL FF24XeYolyl) 122

IFPLICIT REAL#E(IA-H,0-1,1%)

RR={ *Y

RIP=XRE2+Y%x%¥7

PUS=DCXPI(1CBs/64,) ¥A%RR)

ANEG=1./PUS

R=0USQRT (64 ./ (54 .%48))

[F(L.GT.L) GO TG 441

COUL#B=L*{POS*FF1-ANEG*FF2)

GC TO 445

CCNTINUE

IFIL.GT.1) GO TC 442

C=(R7P/(2.*RR) ) *B

F=(l./lﬁ.*RR)}*B*¢3

C=(le/(4.%RR) ) *B%*

COuLMB=(L+D) % (PhS*FFl ~ANEG*FF2)-E*(POS* (X+Y)—-ANEG*DABS(X-Y))
GC TO 445

CONT INUE

IFIL GT.2) GO TO 443

=Bx(3, *&ZP**&)/!E.TRR**2)+{3.*RZP/(B ¥R4%2) )X (Bx%3)+[9./(32,%RR*

*2])‘(3**?)*u 5%B

US(3.%RZP/ (8. 5RR*¥%2) )% (32%2)+(F./ (32, %¥ARE*2) ) x(3%%4)

2=(3. /7116 *RR*%2) ) ¥ (B**2)

COULMB=T# (PCS*FF1-ANEG*FF2)-U*(PCS*(X+Y)-ANEG#DABS(X-Y) }+Z*(POS#*(X
L+Y)*%k3=ANECE (DABS (X=Y) ) *%3)

443 CONTINUE

GO TO 445
THIS SPACE IS RESERVED FCR FUTURE ACDITIONS TO THIS COULJNB
FUNMCTIUN WHENEVER HIGHER VALUES CF L ARE CALCULATED

445 RETURN

END
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ABSTRACT

The four-nucleon reaction is formulated using the resonating group
(cluster) model for the neutron-helium-3 and proton-triton groupings.

Two coupled integro-differential equations describing the possible reac-
tions are derived for each value of the total spin and angular momentum
of the system.

Analytical forms for the nonlocal and direct interactions are
obtained by employing an equivalent central potential with a Gaussian
shape, and wavefunctions for the ground states of the helium-3 and triton
clusters also of Gaussian shape.

The exchange dependence of the potential is chosen to be of the
Serber type. Other authors have shown this type to yield satisfactory
agreement with experimental values for the range of energies considered.

The coupled integro-differential equations are solved numerically
and the total and differential cross sections for the 3He(n,n)3He and
3He(n,p)T reactions are reported for incident neutron energies of 1,

3.6, and 6 MeV. The 3He(n,n)3He cross sections, both total and differen-
tial, are in fairly good agreement with the experimental values except at
1 MeV, where the calculated cross section is too low at all angles. The
shape of the angular distribution curve, however, matches quite well with
the experimental one; in particular the minima of the ﬂistribution are
predicted correctly. At the higher energies, the larger values of the
calculated cross section at large angles could be attributed to the
presence of another open channel, 3He(n,d)D, which is of course not

accounted for in the present theoretical treatment.



The elastic scattering cross sections do not significantly differ
from those calculated by other authors, who considered the elastic-
scattering channel as the only open exit channel.

The calculated total cross section for the 3He(n,p)T channel are
consistently too low. The angular distribution curves exhibit the quali-
tative features found in the experimental ones, i.e., the minima shift
toward larger angles as the energy increases, and their position is well
predicted. The small values predicted for the Serber interaction at the
larger angles are expected, since this_interaction yields too large a

value at those angles for the elastic scattering cross section.



