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Abstract 

While traditional pile foundations have been used for many years to transfer loads from 

superstructures to the subsurface, energy piles became especially popular in the last 15 years.  

Energy piles are thermo-active foundations that enable transfer of thermal energy between the 

subsurface and the superstructure.  They rely on the use of ground source heat, which is 

economically efficient, environmentally friendly, and sustainable way to heat and cool large 

structures.  Unlike air, the temperature of the soil remains relatively constant throughout the year 

below the certain depth that depends on the climatic zone.  To extract the thermal energy from 

the ground geothermal loops are embedded into energy piles.  The main purpose of such thermo-

active foundation systems is to transfer deep ground heat into a building during the winter and 

out of the building during the summer through fluid circulating within the geothermal loop.  

These thermo-active foundations may need to be supplemented with air based heating/cooling 

systems. 

This study investigates thermo-mechanical response of end bearing and semi floating 

energy piles through use of mathematical modeling.  To this end, it is assumed that the energy 

pile behaves as thermo-elastic material while the soil-pile interface remains in the elastic state.  

These assumptions have been used and verified in several other studies.  The analytical solutions 

for axial displacement, strain, and stress have been found for a single layered and multi layered 

soils underlain by the bedrock.  Furthermore, the analytical solutions for mechanical and thermal 

loads have been validated against the full scale in situ tests.  It is found that in case of net heating 

the end bearing pile model gives better predictions than the semi floating pile model and in the 

case of a combined thermal and mechanical semi floating pile model is better.  



  

The analytical solutions developed herein provide in depth qualitative understanding of 

the load transfer mechanism in energy piles as well as quick, simple, and elegant computation of 

displacement, stress, and strain.  
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Chapter 1 - Introduction and Literature Review 

Heat Exchanger Piles (HEP) are a form of geothermally active foundation.  As implied 

by the name, they are a Pile Foundation that in addition to supporting the superstructure they 

exchanges geothermal energy between the structure and the earth around them.  It has been 

found that below 3 to 5 m deep the soil maintains at a constant temperature about equal to the 

yearly average air temperature (Burger et al. 1985), this has been used as a stable thermal 

energy source to exchange energy between the soil and superstructure (Brandl 2006).  A loop of 

tubing embedded in the pile allows for fluid to be circulated between the superstructure and 

foundation where in the summer the fluid is heated in the superstructure and cooled in the 

foundation, and the inverse in the winter.  This energy exchange reduces the need to use other 

means of heating or cooling reducing the energy demand of the building and consequently 

reducing the carbon dioxide emotions in the atmosphere. 

When the temperature of the HEP changes, it tries to change length; however, due to the 

HEP being embedded in soil or rock, it is restrained against this movement inducing additional 

forces in both the surrounding material and the HEP.  In order to properly design a HEP the 

additional stresses, strains, and displacements caused by this interaction need to be known.  In 

the past, both numerical and physical modeling have been used.  Numerical modeling uses finite 

element and finite difference methods, while physical modeling uses small scale centrifuge 

laboratory tests and full scale field tests. 

Finite difference approach needs a characteristic equation that describes the soil pile 

interface known as the load transfer function.  Load transfer analyses for mechanical loads were 

first proposed by Seed and Reese (1957) and Coyle and Reese (1966).  Numerous load transfer 
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functions have been proposed since (Randolph and Wroth 1978; Frank and Zhao 1982; Armaleh 

and Desai 1987; Frank et al. 1991).  Knellwolf et al. (2011) appear to be the first to propose the 

use of load transfer function for the use in understanding energy pile stresses.  Using piecewise 

linear T-z curves proposed by Frank and Zhao (1982) for mechanical loads Knellwolf et al. 

(2011) added an unloading branch describing the irreversible behavior.  Chen and McCartney 

(2017) calibrated Plaseied’s (2012) smooth non-linear T-z curve with a large initial linear 

portion model with the results of full scale and centrifuge tests to better understand the range 

and effects of the parameters of the model. 

Bourne-Webb et al. (2009 and 2013) developed schematic of load transfer in HEP based 

on the full scale in situ tests.  Rotta Loria and Laloui (2019) called for the explanation of a 

number of conditions of validity of Bourne- Webb et al. (2009 and 2013) and proposed new 

schematics based on global equilibrium of HEP. 
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Chapter 2 - Analytical Solutions for Soil Structure Interaction in 

Heat Exchanger Piles 

 Preliminaries 

To capture the main features of energy pile response to thermal and mechanical loads it 

is assumed that both, pile and pile-soil interface remain in the elastic regime under working 

stresses. The assumption was justified by findings of Laloui et al. (2003) and Bourne-Webb et 

al. (2009) based on the full scale in situ tests, and Laloui et al. (2006), Knellwolf et al. (2011), 

Ozudogru et al. (2015) and Perić et al. (2017) based on the numerical models.  Furthermore, 

Laloui et al. (2003) stated that horizontal displacements of energy piles are negligible compared 

to vertical displacements. Consequently, one dimensional model is used herein whereby axial or 

vertical displacement, strain and stress are often referred to simply as displacement, strain or 

stress.  

A tensile strain and stress are positive while a positive displacement is directed upwards. 

Thus, a compressive axial force is negative. A temperature change (T) is difference between 

the temperature of the pile and the temperature of the surrounding soil. Thus, heating of the pile 

relative to the soil causes positive temperature change and vice versa. It is noted that it is 

assumed that the entire pile is experiencing the same temperature change.  

The kinematic relationship between displacement (u(x)) and strain (ε(x)) is given by: 

 
ε =

𝑑𝑢

𝑑𝑥
 (1) 

The thermo-elastic stress ((x)) strain ((x)) relationship of the pile is given by: 
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 𝜎 = 𝐸(𝜀 − 𝛼Δ𝑇) 
(2) 

where E is the Young’s modulus of the pile and  is the coefficient of thermal expansion 

of the pile. Finally, the constitutive model of the soil pile interface is given by: 

 |𝜏| = 𝑘𝑠|𝑢| (3) 

 

where (x) is the shear stress at the soil-pile interface while ks is the stiffness of a 

continuous linear elastic shear spring that is attached to the pile. The spring substitutes the 

surrounding soil. 

 

 End Bearing Pile 

The solutions are first presented for an end bearing pile whereby the pile tip is supported 

by a very stiff bedrock. Ideally, it can be assumed that the pile tip displacement is zero. This 

assumption is used herein. 

 Homogeneous Soil Profile 

The first soil profile considered consists of a single soil layer that is underlain by the 

bedrock. The bedrock is flush with the pile tip. This profile is also referred to as a homogenous 

profile. 

 Self-Weight 
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First, a self-weight load is considered.  The free body diagrams (FBDs) of the entire end 

bearing energy pile and its infinitesimal segment are depicted in Figure 2.1. 

 

As the only load comes from the self-weight (W) of the pile it must be in equilibrium 

with the resultant (Qs) of the shear stress that is acting at the pile-soil interface, and the normal 

reaction (Nb) at the pile tip.  As indicated in Figure 2.1 the positive x-axis is directed upward. 

As stated by Knellwolf et al. (2011) ks can be obtained from in situ static pile tests.  

Enforcing the equilibrium in the vertical direction of the pile segment of infinitesimal length 

(Figure 2.1) and combining it with Eqs. (1), (2), and (3) results in the following non-

homogeneous second order ordinary differential equation (ODE). 

 𝑑2𝑢

𝑑𝑥2
− 𝜓2𝑢 =

𝛾𝑐

𝐸
 (4) 

 

and 𝛾𝑐is a unit weight of the pile while 𝜓 is a constant given by: 

Figure 2.1 Self-Weight Loading for End Bearing Pile Embedded into Homogeneous Soil 

Profile 

W Qs 

dx 

L 

Nb 

x=0 

Qs 
γ

τ 

σ 

dx

A

σ + dσ 

τ 
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𝜓2 = (

𝑝

𝐴
) (

𝑘𝑠

𝐸
) = 𝜉𝑔𝜉𝑠 (5) 

 

where A, and p are cross sectional area and perimeter of a pile respectively.  Solving for the 

unknown function u(x) from Eq.(4) results in: 

 𝑢(𝑥) = 𝐶1𝑒𝜓𝑥 + 𝐶2𝑒−𝜓𝑥 −
𝛾𝑐

𝐸𝜓2
 (6) 

Imposing the following boundary conditions: 

 𝑢(0) = 0 and 𝜎(𝐿) = 0 (7) 

 

where L is the length of the pile, leads to the following solution of Eq. (6) 

 
𝑢(𝑥) =  

𝛾𝑐

𝐸𝜓2
(

cosh (𝜓(𝐿 − 𝑥))

𝑐𝑜𝑠ℎ(𝜓𝐿)
− 1) (8) 

 

which gives 

 
𝑢𝑚𝑖𝑛 = 𝑢(𝐿) =  

𝛾𝑐

𝐸𝜓2
(

1

𝑐𝑜𝑠ℎ(𝜓𝐿)
− 1) < 0 (9) 

 

The axial strain in the pile is obtained by combining Eqs. (1) and (8) as 

 
𝜀(𝑥) = −

𝛾𝑐

𝐸𝜓
(

𝑠𝑖𝑛ℎ(𝜓(𝐿 − 𝑥))

𝑐𝑜𝑠ℎ(𝜓𝐿)
) (10) 

 

which gives 
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 𝜀(0) =  
−𝛾𝑐

𝐸𝜓
𝑡𝑎𝑛ℎ(𝜓𝐿) <  0 (11) 

   

 𝜀(𝐿) = 0 (12) 

 

The axial stress in the pile is obtained by combining Eq. (2) in the absence of temperature 

change and Eq. (10) as 

 
𝜎(𝑥) = 𝐸𝜀(𝑥) =  

−𝛾𝑐

ψ
[
sinh(𝜓(𝐿 − 𝑥))

cosh(ψL)
] (13) 

 

which gives 

 𝜎(0) =  
−𝛾𝑐

𝜓
tanh(𝜓𝐿) <  0 (14) 

 

The axial force at the pile tip is then given by 

 
𝑁𝑏 = 𝐴𝜎(𝐿) = − (𝑊 + 𝑝𝑘𝑠 ∫ 𝑢(𝑥)𝑑𝑥

𝐿

0

) (15) 

 

 Thermal Load 

Next, a thermal load is considered whereby the only load is coming from the 

temperature change.  The FBD of the end bearing HEP is shown in Fig. 2.2 for ΔT > 0.  
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Imposing equilibrium in the vertical direction of the infinitesimal pile segment and 

combining it with Eqs. (1), (2), and (3) results in the following homogeneous second order 

ODE. 

 𝑑2𝑢

𝑑𝑥2
− 𝜓2𝑢 = 0 (16) 

 

Solving for unknown function u(x) from Eq. (16) results in 

 𝑢(𝑥) = 𝐶1𝑒𝜓𝑥 + 𝐶2𝑒−𝜓𝑥 (17) 

 

After imposing boundary conditions Eq. (7) the following is obtained 

 
𝑢(𝑥) =

𝛼Δ𝑇

𝜓

𝑠𝑖𝑛ℎ(𝜓𝑥)

cosh (𝜓𝐿)
 (18) 

 

ΔT 
τ 

σ 

dx

A

σ + dσ 

ΔT 

dx 

L 

Nb 

x=0 

Qs 

Figure 2.2 Thermal Load (T > 0) for End Bearing Pile Embedded into Homogeneous Soil 

Profile  

Qs 

τ 



9 

which gives 

 
𝑢(𝐿) =

𝛼Δ𝑇

𝜓
tanh (𝜓𝐿) (19) 

 

The axial strain in the pile is obtained by combining the kinematic relationship with Eq. (18). It 

is given by 

 
𝜀(𝑥) =  𝛼Δ𝑇

𝑐𝑜𝑠ℎ(𝜓𝑥)

cosh (𝜓𝐿)
 (20) 

 

which gives 

 
𝜀(0) =  

𝛼Δ𝑇

cosh (𝜓𝐿)
 (21) 

   

 𝜀(𝐿) = 𝛼Δ𝑇 (22) 

 

The axial stress in the pile is obtained by combining the constitutive relationship with Eq. (20). 

It is given by 

 
𝜎(𝑥) = 𝐸𝛼Δ𝑇 [

𝑐𝑜𝑠ℎ(𝜓𝑥)

cosh (𝜓𝐿)
− 1] (23) 

 

which gives the maximum magnitude of axial stress as 

 
|𝜎𝑚𝑎𝑥| = |𝜎(0)| =  𝐸𝛼|Δ𝑇| [

1

cosh (𝜓𝐿)
− 1] (24) 

 

 Mechanical Load 
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The third load case considered is axial loading.  The only load in this case comes from 

the superstructure in the form of an axial compressive force applied at the pile head, thus 

inducing compressive stress in the pile.  The FBD of the end bearing HEP is shown in Figure 

2.3 for a compressive load. 

 

Imposing equilibrium of the infinitesimal pile segment in the vertical direction and 

combining it with Eqs. (1), (2), and (3) results in 

 𝑑2𝑢

𝑑𝑥2
− ψ2𝑢 = 0 (25) 

 

Solving for the unknown function u(x) form Eq. (25) results in 

 𝑢(𝑥) = 𝐶1𝑒𝜓𝑥 + 𝐶2𝑒−𝜓𝑥 (26) 

 

τ 

σ + dσ 

dx

A

σ 

F 

dx 

L 

Nb 

x=0 

Qs 

Figure 2.3 Compressive Force at the Pile Head for End Bearing Pile Embedded into 

Homogeneous Soil Profile  

Qs 
τ 
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Imposing the boundary conditions 

 𝑢(0) = 0 and 𝜎(𝐿) =
𝐹

𝐴
 (27) 

 

results in 

 
𝑢(𝑥) =

𝐹

𝐴𝐸𝜓

𝑠𝑖𝑛ℎ(𝜓𝑥)

cosh (𝜓𝐿)
 (28) 

 

which gives 

 
𝑢(𝐿) =

𝐹

𝐴𝐸𝜓
tanh (𝜓𝐿) (29) 

 

The axial strain in the pile is obtained by combining the kinematic relationship with Eq. (28).  It 

is given by 

 
𝜀(𝑥) =

𝐹

𝐴𝐸

𝑐𝑜𝑠ℎ(𝜓𝑥)

cosh (𝜓𝐿)
 (30) 

 

which for an applied compressive force F gives 

 
𝜀𝑚𝑎𝑥 = 𝜀(0) =  

𝐹

AE cosh (𝜓𝐿)
<  0 (31) 

   

 
𝜀(𝐿) =  

𝐹

AE 
<  0 (32) 

 

The axial stress in the pile is obtained by combining the constitutive relationship in the absence 

of thermal load and Eq. (30).  It is given by 
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𝜎(𝑥) =  

𝐹 𝑐𝑜𝑠ℎ(𝜓𝑥)

𝐴 cosh (𝜓𝐿)
 (33) 

 

which for an applied compressive load gives the minimum stress as 

 
𝜎𝑚𝑖𝑛 = 𝜎(0) =

𝐹

Acosh (𝜓𝐿)
 <  0 (34) 

 

 Thermal Load with Head Restraint 

This load combination is the same as the thermal load except for the changed boundary 

condition at the pile head.  This change is to represent a restraint imposed on the pile by the 

superstructure.  Figure 2.4 Shows the FDB  

 

For this loading condition. The head restraint is represented by the equivalent linear 

spring having stiffness Kh.  The boundary conditions for this loading case are given by 

ΔT 
L 

Nb 

x=0 

Qs 

Kh 

Figure 2.4 Thermal Load with Head Restraint for End Bearing Pile Embedded into 

Homogeneous Soil Profile 

Qs 
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 𝑢(0) = 0 and 𝐾ℎ𝑢(𝐿) = −𝜎(𝐿) (35) 

 

Eq. (35) implies that the superstructure induces a compressive force on the pile head in 

the case that the pile head moves upwards.  After solving the governing ODE (16) with the 

boundary conditions given in Eq. (35) the displacement of the HEP is obtained as  

 
𝑢(𝑥) = 𝛼Δ𝑇

𝑠𝑖𝑛ℎ(𝜓𝑥)

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸
𝑠𝑖𝑛ℎ(𝜓𝐿)

 (36) 

 

which gives 

 
𝑢(𝐿) = 𝛼Δ𝑇

1

𝜓 coth(𝜓𝐿) +
𝐾ℎ

𝐸

 (37) 

 

After differentiating Eq. (36) the strain is found to be 

 
𝜀(𝑥) =  𝛼Δ𝑇 

𝜓𝑐𝑜𝑠ℎ(𝜓𝑥)

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸 𝑠𝑖𝑛ℎ(𝜓𝐿)
 (38) 

 

which gives 

 
𝜀(0) =   𝛼Δ𝑇 

𝜓

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸
𝑠𝑖𝑛ℎ(𝜓𝐿)

 (39) 

   

 
𝜀(𝐿) =  𝛼Δ𝑇 

𝜓

𝜓 +
𝐾ℎ

𝐸 𝑡𝑎𝑛ℎ(𝜓𝐿)
 (40) 
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The axial stress is obtained by combining the constitutive equation with Eq. (38) as 

 

𝜎(𝑥) = 𝐸𝛼Δ𝑇 (
𝜓𝑐𝑜𝑠ℎ(𝜓𝑥)

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸 𝑠𝑖𝑛ℎ(𝜓𝐿)
− 1) (41) 

 

which gives 

 

𝜎(0) = 𝐸𝛼Δ𝑇 (
𝜓

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸 𝑠𝑖𝑛ℎ(𝜓𝐿)
− 1) (42) 

   

 

𝜎(𝐿) = 𝐸𝛼Δ𝑇 (
𝜓

𝜓 +
𝐾ℎ

𝐸 𝑡𝑎𝑛ℎ(𝜓𝐿)
− 1) (43) 

 

It is noted that for Kh = 0 the superstructure does not resist the expansion of the energy 

pile and this solution fully corresponds to the previously obtained solution for thermal loading 

in the absence of the head restraint. 

 

 Combined Load 

The final load condition considered for the end bearing pile embedded in a homogenous 

soil profile is a combination of self-weight, thermal loading, and loading due to axial 

compressive force applied at the pile head.  Using superposition of the individual responses 

discussed previously results in the displacement  
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𝑢(𝑥) =
sinh(𝜓𝑥)

𝐸𝜓 cosh(𝜓𝐿)
[
𝛾𝑐

𝜓
 
𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥)) − cosh (𝜓𝐿)

sinh(𝜓𝑥)
+

𝐹

𝐴
+

𝐸𝛼Δ𝑇

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
] (44) 

 

which gives 

 

𝑢(𝐿) =
tanh(𝜓𝐿)

𝐸𝜓
[
𝛾𝑐 

𝜓

1 − cosh (𝜓𝐿)

sinh (𝜓𝐿)
+

𝐹

𝐴
+

𝐸𝛼Δ𝑇

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
] (45) 

 

The axial strain in the pile is given by 

 

𝜀(𝑥) =
cosh(𝜓𝑥)

𝐸 cosh (𝜓𝐿)
[−

𝛾𝑐

𝜓
 
sinh(𝜓(𝐿 − 𝑥))

cosh (𝜓𝑥)
 +

𝐹

𝐴
+

𝐸𝛼Δ𝑇

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
] (46) 

 

which gives 

 

𝜀(0) =
1

𝐸𝑐𝑜𝑠ℎ(𝜓𝐿)
 [−

𝛾𝑐

𝜓
sinh (𝜓𝐿) +

𝐹

𝐴
+

𝐸𝛼Δ𝑇

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
] (47) 

 

and 

 
𝜀(𝐿) =

𝐹

𝐴𝐸
+

𝛼Δ𝑇

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
 

(48) 

 

Axial stress in the pile is given by 
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𝜎(𝑥) =
cosh(𝜓𝑥)

cosh (𝜓𝐿)
[−

𝛾𝑐

𝜓
 
sinh(𝜓(𝐿 − 𝑥))

cosh(𝜓𝑥)
+

𝐹

𝐴

+ 𝐸𝛼Δ𝑇 (
1

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
−

cosh (𝜓𝐿)

cosh (𝜓𝑥)
)] 

(49) 

 

which gives 

𝜎(0) =
1

cosh (𝜓𝐿)
[−

𝛾𝑐

𝜓
 sinh(𝜓𝐿) +

𝐹

𝐴
+ 𝐸𝛼Δ𝑇 (

1

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
− cosh (𝜓𝐿))] (50) 

 

and 

 

𝜎(𝐿) =
𝐹

𝐴
+ 𝐸𝛼Δ𝑇 (

1

1 +
𝐾ℎ

𝐸𝜓 𝑡𝑎𝑛ℎ(𝜓𝐿)
− 1) (51) 
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 Layered Soil Profile 

Next, the energy pile is embedded into a layered soil profile that consists of four 

different soil layers underlain by the bedrock as shown in Fig. 2.5 

 

Here in Li is the length of the i-th layer (i = 1 to 4) while xi is measured from the bottom of each 

interface of the layers and it increases from bottom to top. 

 

 Thermal Load 

The first loading condition considered for this scenario is thermal whereby the only load 

comes from the temperature change.  Each of the four layers has its own governing equation 

which is equivalent to Eq. (17).  Thus, the solution for displacement is given by 

 𝑢𝑖(𝑥𝑖) = 𝐶1𝑖𝑒
𝜓𝑖𝑥𝑖 + 𝐶2𝑖𝑒

−𝜓𝑖𝑥𝑖 (52) 

 

The stress is obtained by using kinematic and constitutive relationship. It is given by 

 

Figure 2.5 Layered Soil Profile 

x4 

x3 

x2 

x1 

L3 

L2 

L1 

L4 
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 𝜎𝑖(𝑥𝑖) = 𝐸(𝜓𝑖(𝐶1𝑖𝑒
𝜓𝑖𝑥𝑖 − 𝐶2𝑖𝑒

−𝜓𝑖𝑥𝑖) − 𝛼Δ𝑇) (53) 

 

Where (i=1 to 4) denotes individual soil layers shown in Fig. 2.5.  Boundary conditions are 

given by 

 𝑢1(0) = 0 and 𝜎4(𝐿4) = 0 (54) 

 

In addition, the compatibility between displacements and stresses at the interface of any two 

different layers is enforced in Eq. (55) 

 𝑢𝑛(𝐿𝑛) = 𝑢𝑛+1(0) and 𝜎𝑛(𝐿𝑛) = 𝜎𝑛+1(0) where n = 1, 2, 3 (55) 

 

By combining Eqs. (52) through (55) with kinematic and constitutive relationships the constants 

C1(i+1) and C2 (i+1), where n = 1 to 3 are determined as 

 
𝐶1(𝑖+1) =  

1

2
[𝐶1𝑖𝑒

𝜓𝑖𝐿𝑖 (1 +
𝜓𝑖

𝜓(𝑖+1)
) + 𝐶2𝑖𝑒

−𝜓𝑖𝐿𝑖 (1 −
𝜓𝑖

𝜓(𝑖+1)
)] (56) 

   

 
𝐶2(𝑖+1) =  

1

2
[𝐶1𝑖𝑒

𝜓𝑖𝐿𝑖 (1 −
𝜓𝑖

𝜓(𝑖+1)
) + 𝐶2𝑖𝑒

−𝜓𝑖𝐿𝑖 (1 +
𝜓𝑖

𝜓(𝑖+1)
)] (57) 

 

Denoting 𝐶𝐻𝑖 = cosh(𝜓𝑖𝐿𝑖) and 𝑆𝐻𝑖 = sinh(𝜓𝑖𝐿𝑖) and 

 
B = 𝜓1𝐶𝐻1 (

𝐶𝐻2𝑆𝐻3

𝜓3
+

𝑆𝐻2𝐶𝐻3

𝜓2
) + 𝑆𝐻1 (𝐶𝐻2𝐶𝐻3 +

𝜓2

𝜓3
𝑆𝐻2𝑆𝐻3) (58) 

   

 
C =

𝜓1

𝜓4
𝐶𝐻1 (𝐶𝐻2𝐶𝐻3 +

𝜓3

𝜓2
𝑆𝐻2𝑆𝐻3) +

𝑆𝐻1

𝜓4

(𝜓3𝐶𝐻2𝑆𝐻3 + 𝜓2𝑆𝐻2𝐶𝐻3) (59) 
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The bottom boundary condition (54) provides the relationship between the constants C11 and 

C21.  By using the compatibility equations (55) the constants for remaining layers can be 

expressed in terms of C11, which is finally determined from the top boundary condition from 

Eq. (54).  Subsequently, all other constants can be determined as they were previously 

expressed as functions of C11. After substituting the constants for each section into Eqs. (53) 

and (55) the final solutions are obtained.  Strain is obtained by applying the kinematic 

relationship to Eq. (52).  Consequently; displacement, strain, and stress for the first segment are 

given by 

 
𝑢1(𝑥1) =

𝛼Δ𝑇𝑠𝑖𝑛ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (60) 

   

 
𝜀1(𝑥1) =

𝛼Δ𝑇 𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (61) 

   

 
𝜎1(𝑥1) = 𝐸𝛼Δ𝑇 (

𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
− 1) (62) 

 

Displacement, strain, and stress for the second layer are given by 

 

𝑢2(𝑥2) =
𝛼Δ𝑇 (𝑆𝐻1 cosh(𝜓2𝑥2) +

𝜓1

𝜓2
𝐶𝐻1 sinh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 

(63) 

   

 

𝜀2(𝑥2) =
𝛼Δ𝑇 𝜓2 (𝑆𝐻1 sinh(𝜓2𝑥2) +

𝜓1

𝜓2
𝐶𝐻1 cosh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 

(64) 

   

 

𝜎2(𝑥2) = 𝐸𝛼Δ𝑇 (
𝜓2 (𝑆𝐻1 sinh(𝜓2𝑥2) +

𝜓1

𝜓2
𝐶𝐻1 cosh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
− 1) (65) 
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where 

 
𝐷 =

𝜓1

𝜓2
𝐶𝐻1𝑆𝐻2 + 𝑆𝐻1𝐶𝐻2 (66) 

   

 
𝐺 =

𝜓1

𝜓3
𝐶𝐻1𝐶𝐻2 +

𝜓2

𝜓3
𝑆𝐻1𝑆𝐻2 (67) 

 

Displacement, strain, and stress for the third layer are given by 

 
𝑢3(𝑥3) =

𝛼Δ𝑇(𝐷 cosh(𝜓3𝑥3) + 𝐺 sinh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (68) 

   

 
𝜀3(𝑥3) =

𝛼Δ𝑇 𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (69) 

   

 
𝜎3(𝑥3) = 𝐸𝛼Δ𝑇 (

𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
− 1) (70) 

 

Displacement, strain and stress for the fourth or top layer are given by 

 
𝑢4(𝑥4) =

𝛼Δ𝑇(𝐵 cosh(𝜓4𝑥4) + 𝐶 sinh (𝜓4𝑥4))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (71) 

   

 
𝜀4(𝑥4) =

𝛼Δ𝑇(𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4))

𝑆𝐻4𝐵 + 𝐶𝐻4𝐶
 (72) 

   

 
𝜎4(𝑥4) = 𝐸𝛼Δ𝑇 (

𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4)

𝑆𝐻4𝐵 + 𝐶𝐻4𝐶
− 1) (73) 
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 Mechanical Load 

The second loading condition for this soil profile is axial loading whereby a compressive 

force is applied at the pile head.  Equilibrium of the infinitesimal segment combined with the 

kinematic relationship, and constitutive laws for the pile and the soil pile interface within each 

layer results in Eq. (16), the solution of which is given by 

 𝑢𝑖(𝑥𝑖) = 𝐶1𝑖𝑒
𝜓𝑖𝑥𝑖 + 𝐶2𝑖𝑒

−𝜓𝑖𝑥𝑖 (74) 

 

By applying kinematic relationship and the constitutive relationship in the absence of a 

temperature change Eq. (74) results in 

 𝜎𝑖(𝑥𝑖) = 𝐸𝜓𝑖(𝐶1𝑖𝑒
𝜓𝑖𝑥𝑖 − 𝐶2𝑖𝑒−𝜓𝑖𝑥𝑖) (75) 

 

Using a similar procedure to the one followed while solving for the response to thermal load 

constants C1i and C2i (i = 1 to 4) are determined.  Specifically, the bottom boundary condition 

from Eq. (54), displacement and stress compatibility conditions from Eq. (55), and modified top 

boundary condition provide six equations that are used to solve for eight unknown constants. 

The boundary condition at the pile head is given by 

 𝑢1(0) = 0 and 𝜎4(𝐿4) =
𝐹

𝐴
 (76) 

 

After solving for the constants and substituting them back into Eq. (74) the following solutions 

for displacement, stress and strain within the first segment are obtained 

 
𝑢1(𝑥1) =

𝐹 sinh(𝜓1𝑥1)

𝐴𝐸𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (77) 
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𝜀1(𝑥1) =

𝐹 𝜓1 cosh(𝜓1𝑥1)

𝐴𝐸𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (78) 

   

 
𝜎1(𝑥1) =

𝐹 𝜓1 cosh(𝜓1𝑥1)

𝐴𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (79) 

 

Displacement, strain, and stress for the second layer are given by 

 

𝑢2(𝑥2) =
𝐹 [SH1 cosh(𝜓2𝑥2) +

𝜓1

𝜓2
 𝐶𝐻1 sinh(𝜓2𝑥2)]

𝐴𝐸𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 

(80) 

   

 

𝜀2(𝑥2) =
𝐹 𝜓2 [SH1 sinh(𝜓2𝑥2) +

𝜓1

𝜓2
 𝐶𝐻1 cosh(𝜓2𝑥2)]

𝐴𝐸𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 

(81) 

   

 

𝜎2(𝑥2) =
𝐹 𝜓2 [SH1 sinh(𝜓2𝑥2) +

𝜓1

𝜓2
 𝐶𝐻1 cosh(𝜓2𝑥2)]

𝐴𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 

(82) 

 

Displacement, strain, and stress for the third pile segment are given by 

 
𝑢3(𝑥3) =

𝐹 [𝐷 cosh(𝜓3𝑥3) + 𝐺 sinh(𝜓3𝑥3)]

AE𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (83) 

   

 
𝜀3(𝑥3) =

𝐹 𝜓3 [𝐷 sinh(𝜓3𝑥3) + 𝐺 𝑐𝑜sh(𝜓3𝑥3)]

AE 𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (84) 

   

 
𝜎3(𝑥3) =

𝐹 𝜓3 [𝐷 sinh(𝜓3𝑥3) + 𝐺 𝑐𝑜sh(𝜓3𝑥3)]

A 𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (85) 

 

Displacement, strain, and stress for the fourth or top pile segment are given by 
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𝑢4(𝑥4) =

𝐹 [𝐵 cosh(𝜓4𝑥4) + 𝐶 sinh(𝜓4𝑥4)]

AE 𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (86) 

   

 
𝜀4(𝑥4) =

𝐹 [𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh(𝜓4𝑥4)]

AE (𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (87) 

   

 
𝜎4(𝑥4) =

𝐹 [𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh(𝜓4𝑥4)]

A (𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
 (88) 

 

 Thermal Load with Head Restraint 

This case represents the loading scenario whereby the pile head is restrained against a 

thermally induced movement by a superstructure.  Compared to the case without the head 

restraint only the boundary condition at the pile head changes. It is given by 

 𝜎4(𝐿4)  = −𝐾ℎ𝑢4(𝐿4) (89) 

 

The same procedure as the one employed previously for the case of thermal loading is followed 

except for the top boundary condition given in Eq. (89).  It results in the following solution for 

displacement, strain and stress within the first pile segment 

 
𝑢1(𝑥1) =

𝛼Δ𝑇𝑠𝑖𝑛ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (90) 

   

 
𝜀1(𝑥1) =

𝛼Δ𝑇𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (91) 

   

 

𝜎1(𝑥1) = 𝐸𝛼Δ𝑇 (
𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

− 1) (92) 
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Displacement, strain, and stress for the second layer are given by 

 

𝑢2(𝑥2) =
𝛼Δ𝑇 (𝑆𝐻1 cosh(𝜓2𝑥2) +

𝜓1

𝜓2
𝐶𝐻1 sinh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (93) 

   

 
𝜀2(𝑥2) =

𝛼Δ𝑇 (𝜓2𝑆𝐻1 sinh(𝜓2𝑥2) + 𝜓1𝐶𝐻1 cosh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) + 
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (94) 

   

 

𝜎2(𝑥2) = 𝐸𝛼Δ𝑇 (
(𝜓2𝑆𝐻1 sinh(𝜓2𝑥2) + 𝜓1𝐶𝐻1 cosh(𝜓2𝑥2))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

− 1) (95) 

 

Displacement, strain, and stress for the third layer are given by 

 
𝑢3(𝑥3) =

𝛼Δ𝑇(𝐷 cosh(𝜓3𝑥3) + 𝐺 sinh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (96) 

   

 
𝜀3(𝑥3) =

𝛼Δ𝑇 𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) + 
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (97) 

   

 

𝜎3(𝑥3) = 𝐸𝛼Δ𝑇 (
𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

− 1) (98) 

 

Displacement, strain and stress for the fourth or the top layer are given by 

 
𝑢4(𝑥4) =

𝛼Δ𝑇(𝐵 cosh(𝜓4𝑥4) + 𝐶 sinh (𝜓4𝑥4))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (99) 
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𝜀4(𝑥4) =

𝛼Δ𝑇 𝜓4(𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

 (100) 

   

 

𝜎4(𝑥4) = 𝐸𝛼Δ𝑇 (
𝜓4(𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶) +  
𝐾ℎ

𝐸
(𝐶𝐻4𝐵 + 𝑆𝐻4𝐶)

− 1) (101) 

 

 Combined Load 

Finally, the solution for a combined thermal loading with head restraint and mechanical 

loading is obtained by the superposition.  Displacement, strain and stress for the first segment 

are given by 

𝑢1(𝑥1) =
sinh(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 + 
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (102) 

   

𝜀1(𝑥1) =
𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (103) 

   

𝜎1(𝑥1) =
𝜓1𝑐𝑜𝑠ℎ(𝜓1𝑥1)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴
+

𝐸𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) − 𝐸𝛼Δ𝑇 (104) 

 

Displacement, strain, and stress for the second layer are given by 
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𝑢2(𝑥2) =
𝑆𝐻1 cosh(𝜓2𝑥2) +

𝜓1

𝜓2
𝐶𝐻1 sinh(𝜓2𝑥2)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (105) 

   

 

𝜀2(𝑥2) =
𝜓2𝑆𝐻1 sinh(𝜓2𝑥2) + 𝜓1𝐶𝐻1 cosh(𝜓2𝑥2)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸

+
𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) 

(106) 

   

 

𝜎2(𝑥2) =
𝜓2𝑆𝐻1 sinh(𝜓2𝑥2) + 𝜓1𝐶𝐻1 cosh(𝜓2𝑥2)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴

+
𝐸𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) − 𝐸𝛼Δ𝑇 

(107) 

 

Displacement, strain, and stress for the third layer are given by 

 

𝑢3(𝑥3) =
𝐷 cosh(𝜓3𝑥3) + 𝐺 sinh (𝜓3𝑥3)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (108) 

   

𝜀3(𝑥3) =
𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (109) 

   

𝜎3(𝑥3) =
𝜓3(𝐷 sinh(𝜓3𝑥3) + 𝐺 cosh (𝜓3𝑥3))

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴
+

𝐸𝛼Δ𝑇

1 + 
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

)

− 𝐸𝛼Δ𝑇 

(110) 
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Displacement, strain and stress for the fourth layer are given by 

 

𝑢4(𝑥4) =
𝐵 cosh(𝜓4𝑥4) + 𝐶 sinh (𝜓4𝑥4)

𝜓4(𝑆𝐻4𝐵 + 𝐶𝐻4𝐶)
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (111) 

   

 

𝜀4(𝑥4) =
𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4)

𝑆𝐻4𝐵 + 𝐶𝐻4𝐶
(

𝐹 

𝐴𝐸
+

𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) (112) 

   

𝜎4(𝑥4) =
𝐵 sinh(𝜓4𝑥4) + 𝐶 cosh (𝜓4𝑥4)

𝑆𝐻4𝐵 + 𝐶𝐻4𝐶
(

𝐹 

𝐴
+

𝐸𝛼Δ𝑇

1 +  
𝐾ℎ

𝐸𝜓4

𝐶𝐻4𝐵 + 𝑆𝐻4𝐶
𝑆𝐻4𝐵 + 𝐶𝐻4𝐶

) − 𝐸𝛼Δ𝑇 (113) 

 

 Semi Floating Pile 

In this section the assumption of strictly fixed pile tip, which is an idealized view of the 

end bearing pile, is relaxed. Specifically, the pile tip is now allowed to move as well as to 

transfer some load onto the soil as shown in Fig. 2.6.  Thus, the pile is referred to as semi 

floating. The corresponding boundary condition at the pile tip for any loading condition is given 

by 

 𝜎𝑏 = 𝐾𝑏𝑢𝑏 (114) 
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Where subscript “b” refers to the bottom boundary condition or the condition at the pile tip. 

 

 Homogeneous Soil Profile 

A homogeneous soil profile consists of a single soil layer above the bedrock whereby 

the pile tip is flush with the bedrock as shown in Fig. 2.6. 

 Thermal Load 

In the case of thermal load the only load comes from the temperature change of the pile 

relative to the surrounding soil.  The FBD of the pile is shown in Fig. 2.7 

 

KB 

L 

x = 0 

Figure 2.6 Schematic of Semi Floating Pile  
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The location of zero vertical displacement, which is denoted as x0, is also known as a 

null point.  In case that the pile is exposed to heating the region of the pile located above the 

null point will move upward while the region of the pile located below the null point will move 

downward. The pile moves in opposite directions when exposed to cooling.  To solve this 

problem the energy pile is divided into two parts.  The portion above the null point has its local 

coordinate xT, whose positive direction points upward. The portion below the null point has its 

local coordinate xB, whose negative direction is pointed downward. The global coordinate 

system is the same as used previously. Thus, the relationship between the global and local 

coordinates is given by 

 𝑥𝑇 = 𝑥 − 𝑥0 ≥ 0 and 𝑥𝐵 = 𝑥 − 𝑥0 ≤ 0 (115) 

 

Based on the FBD of the infinitesimal part of the pile (Fig. 2.2) the solutions for 

displacements of the bottom and top parts are given by 

Qs 

Kb 

ΔT 
L 

x0 

x = 0 

Qs 

Qs 

xB = 0 

xT = 0 

Figure 2.7 Thermal Loading of Semi Floating Pile Embedded into Homogeneous Soil  

Qs 
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 𝑢𝑖 = 𝐶1𝑖𝑒
𝜓𝑥𝑖 + 𝐶2𝑖𝑒

−𝜓𝑥𝑖 where i=B,T (116) 

 

Thus, there are total of five unknowns, out of which four are constants C1i and C2i, and 

the remaining unknown is the location of the null point (x0).  They are determined from the 

boundary conditions at the pile tip and pile head, compatibility of displacements and stresses at 

the null point, and by enforcing the zero displacement at the null point. The boundary 

conditions in the local coordinate systems are given by 

 𝜎𝐵(𝑥0) = 𝐾𝐵𝑢𝐵(𝑥0) and 𝜎𝑇(𝐿 − 𝑥0) = 0 (117) 

 

The compatibility conditions in local coordinate systems are given by 

 𝑢𝐵(0) = 𝑢𝑇(0) = 0 and 𝜎𝐵(0) = 𝜎𝑇(0) (118) 

 

The boundary condition at the pile tip implies that in the case of heating the tip of the 

energy pile moves downwards while the bedrock imposes a compressive force on the pile.  

By combining Eqs. (116), (117), and (118) with the kinematic relationship, and constitutive 

relationships for the pile and the soil pile interface the solutions are obtained. They are 

expressed in global coordinates as 

 
𝑢(𝑥) =

𝛼𝛥𝑇 𝑠𝑖𝑛ℎ(𝜓(𝑥 − 𝑥0))

 𝜓 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0))
     0 ≤ 𝑥 ≤ 𝐿 (119) 

 

Strain in global coordinates is given by 
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𝜀(𝑥) =

𝛼𝛥𝑇 𝑐𝑜𝑠ℎ(𝜓(𝑥 − 𝑥0))

 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0))
     0 ≤ 𝑥 ≤ 𝐿 (120) 

 

Stress in global coordinates is given by 

 
𝜎(𝑥) = E𝛼𝛥𝑇 (

 𝑐𝑜𝑠ℎ(𝜓(𝑥 − 𝑥0))

 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0))
− 1)      0 ≤ 𝑥 ≤ 𝐿 (121) 

 

where x0 is given by 

 

𝑥0 =
1

𝜓
tanh−1 (

𝜓 𝑐𝑜𝑠ℎ(𝜓𝐿) − 𝜓

𝜓 𝑠𝑖𝑛ℎ(𝜓𝐿) +
𝐾𝐵

𝐸

) (122) 

 

 Mechanical Load 

Solution of the governing equation for mechanical load was given by Eq. (116). The 

boundary conditions in the case of semi floating pile are given by 

𝐾𝐵𝑢(0) = 𝜎𝐵(0) and 𝜎𝑇(𝐿) =
𝐹

𝐴
 (123) 

 

By combining Eq. (116), kinematic relationship and constitutive relationship for the pile and the 

soil pile interface the following solution is obtained 

 
𝑢(𝑥) =

𝐹

𝐴𝐸𝜓
 
𝐸𝜓 cosh(𝜓𝑥) + 𝐾𝑏sinh (𝜓𝑥)

𝐸𝜓 sinh(𝜓𝐿) + 𝐾𝑏cosh (𝜓𝐿)
 (124) 

   

 
𝜀(𝑥) =

𝐹

𝐴𝐸
 
𝐸𝜓 sinh(𝜓𝑥) + 𝐾𝑏cosh (𝜓𝑥)

𝐸𝜓 sinh(𝜓𝐿) + 𝐾𝑏cosh (𝜓𝐿)
 (125) 
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 Thermal Load with Head Restraint 

This load combination is the same as the thermal except for the change of the boundary 

conditions at the pile head. To this end, a restraint imposed by the superstructure is represented 

by the normal spring that has stiffness Kh.  Thus, the boundary conditions for this loading 

scenario are expressed in local coordinates as follows 

𝐾𝑏𝑢𝐵(𝑥0) = 𝜎𝐵(𝑥0) and 𝐾ℎ𝑢𝑇(𝐿 − 𝑥0) = −𝜎𝑇(𝐿 − 𝑥0)  (127) 

 

After applying Eqs. (127) and (118) to Eq. (52) displacement of the energy pile is obtained.  In 

global coordinates it is given by 

 
𝑢(𝑥) = 𝛼𝛥𝑇

 𝑠𝑖𝑛ℎ(𝜓(𝑥 − 𝑥0))

 𝜓 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0)) +
𝐾ℎ

𝐸 sinh (𝜓(𝐿 − 𝑥0))
     0 ≤ 𝑥 ≤ 𝐿 

(128) 

 

Strain is obtained by differentiating the displacement. It is given by 

 
𝜀(x) = 𝛼𝛥𝑇

𝜓 𝑐𝑜𝑠ℎ(𝜓(𝑥 − 𝑥0))

 𝜓 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0)) +
𝐾ℎ

𝐸 sinh (𝜓(𝐿 − 𝑥0))
     0 ≤ 𝑥 ≤ 𝐿 

(129) 

 

and for thermo-elastic constitutive relationship the stress becomes 

   

 
𝜎(𝑥) =

𝐹

𝐴
 
𝐸𝜓 sinh(𝜓𝑥) + 𝐾𝑏cosh (𝜓𝑥)

𝐸𝜓 sinh(𝜓𝐿) + 𝐾𝑏cosh (𝜓𝐿)
 (126) 



33 

𝜎(x) = 𝐸𝛼𝛥𝑇 (
𝜓 𝑐𝑜𝑠ℎ(𝜓(𝑥 − 𝑥0))

 𝜓 𝑐𝑜𝑠ℎ(𝜓(𝐿 − 𝑥0)) +
𝐾ℎ

𝐸 sinh (𝜓(𝐿 − 𝑥0))
− 1)      0 ≤ 𝑥 ≤ 𝐿 

(130) 

 

where x0 is 

 

𝑥0 =
1

𝜓
𝑡𝑎𝑛ℎ−1 (

𝜓 cosh(𝜓𝐿) +
𝐾ℎ

𝐸 sinh(𝜓𝐿) − 𝜓

𝜓 sinh(𝜓𝐿) +
𝐾ℎ

𝐸 cosh(𝜓𝐿) +
𝐾𝑏

𝐸

) (131) 

 

Again, the solutions for the thermal loading in the presence of head restraint reduce to 

the solutions for thermal loading in the absence of head restraint by setting Kh = 0.  

 

 Layered Soil Profile 

This section covers a soil profile comprising four layers underlain by the bedrock that is 

not infinitely stiff.  Resting on bed rock that is not infinitely stiff.  The bottom boundary 

condition is given by  

 𝐾𝑏𝑢1(0) = 𝜎1(0) (132) 

 

The displacement and stress compatibility conditions, which were given in Eq. (55) hold 

for the present case as well.  

 

 Thermal Load 
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This loading condition takes into account only the loading due to the temperature change 

of the pile relative to the soil.  Since the bedrock is not infinitely stiff the null point is located 

above the pile tip, and its location is not known a priori.  To solve for the null point it is first 

assumed that it is located in each of the four layers. Once the solutions are obtained they are 

checked against the actual parameters, which subsequently indicates the correct location of the 

null point.  The boundary condition at the pile head was given by Eq. (54). In addition, for i-th 

layer (i = 1 through 4) the displacement and stress compatibility conditions are enforced at the 

null point in local coordinates xiT and xiB that are shown in Figure 2.8 as follows 

 

  𝑢𝑖𝐵(0) = 𝑢𝑖𝑇(0) = 0, 𝜎𝑖𝐵(0) = 𝜎𝑖𝑇(0) (133) 

 

Applying Eq. (133) to Eq. (52) results in  

 𝐶2𝑖𝑇 = 𝐶2𝑖𝐵 = −𝐶1𝑖𝑇 (134) 

   

Qs 

KB

Kb 

ΔT 

Qs 

x4 

x3 

x2 

x1 

L3 

L2 

L1 

L4 

xiB  

xiT  

x’0 

Figure 2.8 FBD of Semi Floating Pile Embedded into the Layered Soil Profile Subjected to 

Thermal Loading (T > 0) 

Qs 

Qs 
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 𝐶1𝑖𝐵 = 𝐶1𝑖𝑇 (135) 

 

The constants are finally determined from the compatibility of displacements and stresses at the 

interface of different layers (Eq. (55)).  For the first layer above the null point 

 
𝐶1(𝑖+1) =  𝐶1𝑖𝑇 (𝑠𝑖𝑛ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0)) +

𝛹𝑖

𝛹(𝑖+1)
𝑐𝑜𝑠ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0))) (136) 

   

 
𝐶2(𝑖+1) =  𝐶1𝑖𝑇 (𝑠𝑖𝑛ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0)) −

𝛹𝑖

𝛹(𝑖+1)
𝑐𝑜𝑠ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0))) (137) 

 

where x’0 is given by 

 

𝑥0
′ = 𝑥0 − ∑ 𝐿𝑖

𝑛−1

𝑖=1

 (138) 

 

for null point located in the n-th layer. Let 

 𝑠𝑖𝑛ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0)) = 𝑆𝐻𝑖𝑇 (139) 

   

 𝑐𝑜𝑠ℎ(𝛹𝑖(𝐿𝑖 − 𝑥′0)) = 𝐶𝐻𝑖𝑇 (140) 

 

The constants for the second layer two above the null point are 

 
𝐶1(𝑖+2) =  𝐶1𝑖𝑇 (𝑆𝐻𝑖𝑇  (𝐶𝐻(𝑖+1) +

𝛹(𝑖+1)

𝛹(𝑖+2)
𝑆𝐻(𝑖+1)) + 𝐶𝐻𝑖𝑇 (

𝛹𝑖

𝛹(𝑖+1)
𝑆𝐻(𝑖+1) +

𝛹𝑖

𝛹(𝑖+2)
𝐶𝐻(𝑖+1)))  

(141) 
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𝐶2(𝑖+2) =  𝐶1𝑖𝑇 (𝑆𝐻𝑖𝑇  (𝐶𝐻(𝑖+1) −

𝛹(𝑖+1)

𝛹(𝑖+2)
𝑆𝐻(𝑖+1)) + 𝐶𝐻𝑖𝑇 (

𝛹𝑖

𝛹(𝑖+1)
𝑆𝐻(𝑖+1) −

𝛹𝑖

𝛹(𝑖+2)
𝐶𝐻(𝑖+1)))  

(142) 

 

The constants for the third layer above the null point are 

 
𝐶1(𝑖+3) =  𝐶1𝑖𝑇 ((𝛹(𝑖+1)𝑆𝐻𝑖𝑇𝑆𝐻(𝑖+1) + 𝛹𝑖𝐶𝐻𝑖𝑇𝐶𝐻(𝑖+1)) (

𝑆𝐻(𝑖+2)

𝛹(𝑖+2)
+

𝐶𝐻(𝑖+2)

𝛹(𝑖+3)
) +

(𝑆𝐻𝑖𝑇𝐶𝐻(𝑖+1) +
𝛹𝑖

𝛹(𝑖+1)
𝐶𝐻𝑖𝑇𝑆𝐻(𝑖+1)) (𝐶𝐻(𝑖+2) +

𝛹(𝑖+2)

𝛹(𝑖+3)
𝑆𝐻(𝑖+2)))  

(143) 

   

 
𝐶2(𝑖+3) =  𝐶1𝑖𝑇 ((𝛹(𝑖+1)𝑆𝐻𝑖𝑇𝑆𝐻(𝑖+1) + 𝛹𝑖𝐶𝐻𝑖𝑇𝐶𝐻(𝑖+1)) (

𝑆𝐻(𝑖+2)

𝛹(𝑖+2)
−

𝐶𝐻(𝑖+2)

𝛹(𝑖+3)
) +

(𝑆𝐻𝑖𝑇𝐶𝐻(𝑖+1) +
𝛹𝑖

𝛹(𝑖+1)
𝐶𝐻𝑖𝑇𝑆𝐻(𝑖+1)) (𝐶𝐻(𝑖+2) −

𝛹(𝑖+2)

𝛹(𝑖+3)
𝑆𝐻(𝑖+2)))  

(144) 

 

In general the constants of a subsequent layer in terms of the previous layer were given by Eq. 

(56) and Eq. (57) provided that both layers are above the null point.  The constants for the first 

layer below the null point are 

 
𝐶1(𝑖−1) =  𝐶1𝑖𝑇 (sinh(𝛹𝑖𝑥

′
0) +

𝛹𝑖

𝛹(𝑖−1)
𝑐𝑜𝑠ℎ(𝛹𝑖𝑥

′
0))  (145) 

   

 
𝐶2(𝑖−1) =  𝐶1𝑖𝑇 (sinh(𝛹𝑖𝑥

′
0) −

𝛹𝑖

𝛹(𝑖−1)
𝑐𝑜𝑠ℎ(𝛹𝑖𝑥′

0))  (146) 

 

Let 

 𝑠𝑖𝑛ℎ(𝛹𝑖𝑥′0) = 𝑆𝐻𝑖𝐵 (147) 
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 𝑐𝑜𝑠ℎ(𝛹𝑖𝑥′0) = 𝐶𝐻𝑖𝐵 (148) 

 

The constants for the second layer below the null point are 

 
𝐶1(𝑖−2) =  𝐶1𝑖𝑇 (𝑆𝐻𝑖𝐵  (𝐶𝐻(𝑖−1) +

𝛹(𝑖−1)

𝛹(𝑖−2)
𝑆𝐻(𝑖−1)) + 𝐶𝐻𝑖𝐵 (

𝛹𝑖

𝛹(𝑖−1)
𝑆𝐻(𝑖−1) +

𝛹𝑖

𝛹(𝑖−2)
𝐶𝐻(𝑖−1)))  

(149) 

   

 
𝐶2(𝑖−2) =  𝐶1𝑖𝑇 (𝑆𝐻𝑖𝐵  (𝐶𝐻(𝑖−1) −

𝛹(𝑖−1)

𝛹(𝑖−2)
𝑆𝐻(𝑖−1)) + 𝐶𝐻𝑖𝐵 (

𝛹𝑖

𝛹(𝑖−1)
𝑆𝐻(𝑖−1) −

𝛹𝑖

𝛹(𝑖−2)
𝐶𝐻(𝑖−1)))  

(150) 

 

The constants for the third layer below the null point are 

 
𝐶1(𝑖−3) =  𝐶1𝑖𝑇 ((𝛹(𝑖−1)𝑆𝐻𝑖𝐵𝑆𝐻(𝑖−1) + 𝛹𝑖𝐶𝐻𝑖𝐵𝐶𝐻(𝑖−1)) (

𝑆𝐻(𝑖−2)

𝛹(𝑖−2)
+

𝐶𝐻(𝑖−2)

𝛹(𝑖−3)
) +

(𝑆𝐻𝑖𝐵𝐶𝐻(𝑖−1) +
𝛹𝑖

𝛹(𝑖−1)
𝐶𝐻𝑖𝐵𝑆𝐻(𝑖−1)) (𝐶𝐻(𝑖−2) +

𝛹(𝑖−2)

𝛹(𝑖−3)
𝑆𝐻(𝑖−2)))  

(151) 

   

 
𝐶2(𝑖−3) =  𝐶1𝑖𝑇 ((𝛹(𝑖−1)𝑆𝐻𝑖𝐵𝑆𝐻(𝑖−1) + 𝛹𝑖𝐶𝐻𝑖𝐵𝐶𝐻(𝑖−1)) (

𝑆𝐻(𝑖−2)

𝛹(𝑖−2)
−

𝐶𝐻(𝑖−2)

𝛹(𝑖−3)
) +

(𝑆𝐻𝑖𝐵𝐶𝐻(𝑖−1) +
𝛹𝑖

𝛹(𝑖−1)
𝐶𝐻𝑖𝐵𝑆𝐻(𝑖−1)) (𝐶𝐻(𝑖−2) −

𝛹(𝑖−2)

𝛹(𝑖−3)
𝑆𝐻(𝑖−2)))  

(152) 

 

In general the constants of the previous layer in terms of the subsequent layer are 

 
𝐶1(𝑖−1) =  

1

2
(𝐶1𝑖𝑒

𝛹𝑖𝐿𝑖 (1 +
𝛹𝑖

𝛹(𝑖−1)
) + 𝐶2𝑖𝑒

−𝛹𝑖𝐿𝑖 (1 −
𝛹𝑖

𝛹(𝑖−1)
)) (153) 
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𝐶2(𝑖−1) =  

1

2
(𝐶1𝑖𝑒

𝛹𝑖𝐿𝑖 (1 −
𝛹𝑖

𝛹(𝑖−1)
) + 𝐶2𝑖𝑒

−𝛹𝑖𝐿𝑖 (1 +
𝛹𝑖

𝛹(𝑖−1)
)) (154) 

 

provided that both layers are blow the null point. 

Using the top boundary condition from Eq. (54) and the above constants it was obtained 

that 𝐶1𝑖𝑇 for the null point in each layer is 

 
𝐶11𝑇 =  

𝛼𝛥𝑇

2
((𝑆𝐻1𝑇𝐶𝐻2 +

𝛹1

𝛹2
𝐶𝐻1𝑇𝑆𝐻2) (𝛹4𝐶𝐻3𝑆𝐻4 + 𝛹3𝑆𝐻3𝐶𝐻4) +

(𝛹2𝑆𝐻1𝑇𝑆𝐻2 + 𝛹1𝐶𝐻1𝑇𝐶𝐻2) (
𝛹4

𝛹3
𝑆𝐻3𝑆𝐻4 + 𝐶𝐻3𝐶𝐻4))

−1

  

(155) 

   

 
𝐶12𝑇 =

𝛼𝛥𝑇

2
(𝑆𝐻2𝑇(𝛹4𝐶𝐻3𝑆𝐻4 + 𝛹3𝑆𝐻3𝐶𝐻4) + 𝛹2𝐶𝐻2𝑇 (

𝛹4

𝛹3
𝑆𝐻3𝑆𝐻4 +

𝐶𝐻3𝐶𝐻4))

−1

  

(156) 

   

 𝐶13𝑇 =
𝛼𝛥𝑇

2
(𝛹4𝑆𝐻3𝑇𝑆𝐻4 + 𝛹3𝐶𝐻3𝑇𝐶𝐻4)−1   (157) 

   

 𝐶14𝑇 =  
𝛼𝛥𝑇

2 𝛹4𝐶𝐻4𝑇
  (158) 

 

If a general forms for 𝐶11, 𝐶21, and 𝐶1𝑖𝑇 are taken as 

 𝐶11 =  𝐶1𝑖𝑇(𝑆𝐻𝑖𝑇(𝑎 + 𝑏) + 𝐶𝐻𝑖𝑇(𝑐 + 𝑑))  (159) 

   

 𝐶21 = 𝐶1𝑖𝑇(𝑆𝐻𝑖𝑇(𝑎 − 𝑏) + 𝐶𝐻𝑖𝑇(𝑐 − 𝑑))  (160) 

   

 𝐶1𝑖𝑇 =
𝛼𝛥𝑇

2
(𝑆𝐻𝑖𝑇 ∗ 𝑓 + 𝐶𝐻𝑖𝑇 ∗ 𝑔)−1  (161) 
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Using the bottom boundary condition from Eq. (136) a general form for 𝑥′0 is found to be 

𝑥′0 =  
1

𝛹𝑖
 tanh−1 (

𝑓𝑆𝐻𝑖+𝑔𝐶𝐻𝑖−(𝑐(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+𝑑(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1))

𝑓𝐶𝐻𝑖+𝑔𝑆𝐻𝑖+𝑎(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+𝑏(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1)
)  (162) 

 

Using i=1 and combining it with Eqs. (136), (137), and (155) and letting 

 𝑍1 = 𝐶𝐻3𝐶𝐻4 +
𝛹4

𝛹3
𝑆𝐻3𝑆𝐻4   (163) 

   

 𝑍2 = 𝛹3𝑆𝐻3𝐶𝐻4 + 𝛹4𝐶𝐻3𝑆𝐻4  (164) 

 

𝑥′0 is found to be 

𝑥′0 =  
1

𝛹1
 tanh−1 (

𝑍1(𝛹2𝑆𝐻1𝑆𝐻2+𝛹1𝐶𝐻1𝐶𝐻2)+𝑍2(𝑆𝐻1𝐶𝐻2+
𝛹1
𝛹2

𝐶𝐻1𝑆𝐻2)−
𝐾𝑏
𝐸

𝑍1(𝛹2𝐶𝐻1𝑆𝐻2+𝛹1𝑆𝐻1𝐶𝐻2)+𝑍2(𝐶𝐻1𝐶𝐻2+
𝛹1
𝛹2

𝑆𝐻1𝑆𝐻2)+𝛹1

)  (165) 

 

if in layer one.  Using i=2 along with 𝐶1(𝑖−1), 𝐶2(𝑖−1), and 𝐶12𝑇 𝑥′0 is found to be 

𝑥′0 =  
1

𝛹2
 tanh−1 (

𝑍1𝑆𝐻2+𝑍2𝛹2𝐶𝐻2−(𝛹2𝐶𝐻1+
𝐾𝑏
𝐸

𝛹2
𝛹1

𝑆𝐻1)

𝑍1𝐶𝐻2+𝑍2𝛹2𝑆𝐻2+𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1

)  (166) 

 

When i=3 with 𝐶1(𝑖−2), 𝐶2(𝑖−2), and 𝐶13𝑇 𝑥′0 is found to be 

𝑥′0 =  
1

𝛹3
tanh−1 (

𝛹4𝑆𝐻4𝑆𝐻3+𝛹3𝐶𝐻4𝐶𝐻3−(
𝛹3
𝛹2

𝑆𝐻2(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+
𝛹3
𝛹1

𝐶𝐻2(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1))

𝑍2+𝐶𝐻2(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+
𝛹2
𝛹3

𝑆𝐻2(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1)
)   (167) 

 

For i=4 with 𝐶1(𝑖−3), 𝐶2(𝑖−3), and 𝐶14𝑇 𝑥′0 is found to be 



40 

𝑥′0 =

 
1

𝛹4
 tanh−1 (

𝐶𝐻4−𝛹4((
𝐶𝐻2𝑆𝐻3

𝛹3
+

𝑆𝐻2𝐶𝐻3
𝛹2

)(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+(𝐶𝐻2𝐶𝐻3+
𝛹2
𝛹3

𝑆𝐻2𝑆𝐻3)(𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1
𝛹1

))

𝑆𝐻4+(𝐶𝐻2𝐶𝐻3+
𝛹3
𝛹2

𝑆𝐻2𝑆𝐻3)(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+(𝛹3𝐶𝐻2𝑆𝐻3+𝛹2𝑆𝐻2𝐶𝐻3)(𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1
𝛹1

)
)  

(168) 

 

 Mechanical Load 

This loading condition only takes into account an axial compressive force applied to the 

head of the energy pile.  The pile tip is resting on the bedrock that is not infinitely stiff.  The 

entire pile moves downward, thus resulting in the absence of null point for this loading 

condition.  The bottom boundary condition was given by Eq. (132) while the top boundary 

condition is described by Eq. (169) 

 
𝜎4(𝐿4) =

𝐹

𝐴
 (169) 

 

The solutions are obtained after applying the boundary conditions to Eqs. (74) and (75) 

and letting 

 
𝜆 =

𝐸𝛹1 − 𝐾𝑏

𝐸𝛹1 + 𝐾𝑏
 (170) 

   

 
𝑒𝛹𝑖𝐿𝑖 (1 +

𝛹𝑖

𝛹(𝑖+1)
) = 𝑒𝑝𝑖 (171) 

   

 
𝑒𝛹𝑖𝐿𝑖 (1 −

𝛹𝑖

𝛹(𝑖+1)
) = 𝑒𝑚𝑖 (172) 

   

 
𝑒−𝛹𝑖𝐿𝑖 (1 +

𝛹𝑖

𝛹(𝑖+1)
) = 𝑒−𝑝𝑖 (173) 
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𝑒−𝛹𝑖𝐿𝑖 (1 −

𝛹𝑖

𝛹(𝑖+1)
) = 𝑒−𝑚𝑖 (174) 

  

𝐶11 =
8𝐹

𝐴𝐸𝛹4
((𝑒𝑝1 + 𝜆𝑒−𝑚1)((𝑒𝑝2𝑒𝑝3 + 𝑒𝑚2𝑒−𝑚3)𝑒𝛹4𝐿4 − (𝑒𝑝2𝑒𝑚3 +

𝑒𝑚2𝑒−𝑝3)𝑒−𝛹4𝐿4) + (𝑒𝑚1 + 𝜆𝑒−𝑝1)((𝑒−𝑚2𝑒𝑝3 + 𝑒−𝑝2𝑒−𝑚3)𝑒𝛹4𝐿4 −

(𝑒−𝑚2𝑒𝑚3 + 𝑒−𝑝2𝑒−𝑝3)𝑒−𝛹4𝐿4))
−1

  

(175) 

 

The displacement, strain, and stress in the bottom or first layer are given by 

 𝑢1(𝑥1) = 𝐶11(𝑒𝛹1𝑥1 + 𝜆𝑒−𝛹1𝑥1) (176) 

   

 𝜀1(𝑥1) = 𝐶11𝛹1(𝑒𝛹1𝑥1 − 𝜆𝑒−𝛹1𝑥1) (177) 

   

 𝜎1(𝑥1) = 𝐸𝐶11𝛹1(𝑒𝛹1𝑥1 − 𝜆𝑒−𝛹1𝑥1) (178) 

 

The displacement, strain and stress in the second layer are given by 

 
𝑢2(𝑥2) =

𝐶11

2
((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝛹2𝑥2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝛹2𝑥2) (179) 

   

 
𝜀2(𝑥2) = 𝐶11

𝛹2

2
((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝛹2𝑥2 − (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝛹2𝑥2) (180) 

   

 
𝜎2(𝑥2) = 𝐸𝐶11

𝛹2

2
((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝛹2𝑥2 − (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝛹2𝑥2) (181) 

 

The displacement, strain, and stress in the third layer are 

 
𝑢3(𝑥3) =

𝐶11

4
((𝑒𝑝1 + 𝜆𝑒−𝑚1)(𝑒𝑝2𝑒𝛹3𝑥3 + 𝑒𝑚2𝑒−𝛹3𝑥3)

+ (𝑒𝑚1 + 𝜆𝑒−𝑝1)(𝑒−𝑚2𝑒𝛹3𝑥3 + 𝑒−𝑝2𝑒−𝛹3𝑥3)) 

(182) 
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𝜀3(𝑥3) = 𝐶11

𝛹3

4
((𝑒𝑝1 + 𝜆𝑒−𝑚1)(𝑒𝑝2𝑒𝛹3𝑥3 − 𝑒𝑚2𝑒−𝛹3𝑥3)

+ (𝑒𝑚1 + 𝜆𝑒−𝑝1)(𝑒−𝑚2𝑒𝛹3𝑥3 − 𝑒−𝑝2𝑒−𝛹3𝑥3)) 

(183) 

   

 
𝜎3(𝑥3) = 𝐸𝐶11

𝛹3

4
((𝑒𝑝1 + 𝜆𝑒−𝑚1)(𝑒𝑝2𝑒𝛹3𝑥3 − 𝑒𝑚2𝑒−𝛹3𝑥3)

+ (𝑒𝑚1 + 𝜆𝑒−𝑝1)(𝑒−𝑚2𝑒𝛹3𝑥3 − 𝑒−𝑝2𝑒−𝛹3𝑥3)) 

(184) 

 

The displacement, strain, and stress in the top of the fourth layer are 

 
𝑢4(𝑥4) =

𝐶11

8
(((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑝2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑚2)(𝑒𝑝3𝑒𝛹4𝑥4

+ 𝑒𝑚3𝑒−𝛹4𝑥4)

+ ((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑚2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑝2)(𝑒−𝑚3𝑒𝛹4𝑥4

+ 𝑒−𝑝3𝑒−𝛹4𝑥4)) 

(185) 

   

 
𝜀4(𝑥4) = 𝐶11

𝛹4

8
(((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑝2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑚2)(𝑒𝑝3𝑒𝛹4𝑥4

− 𝑒𝑚3𝑒−𝛹4𝑥4)

+ ((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑚2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑝2)(𝑒−𝑚3𝑒𝛹4𝑥4

− 𝑒−𝑝3𝑒−𝛹4𝑥4)) 

(186) 

   

 
𝜎4(𝑥4) = 𝐸𝐶11

𝛹4

8
(((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑝2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑚2)(𝑒𝑝3𝑒𝛹4𝑥4

− 𝑒𝑚3𝑒−𝛹4𝑥4)

+ ((𝑒𝑝1 + 𝜆𝑒−𝑚1)𝑒𝑚2 + (𝑒𝑚1 + 𝜆𝑒−𝑝1)𝑒−𝑝2)(𝑒−𝑚3𝑒𝛹4𝑥4

− 𝑒−𝑝3𝑒−𝛹4𝑥4)) 

(187) 

 

 Thermal Load with Head Restraint 

This load combination is the same as the thermal load except for the boundary condition 

at the pile head. To this end, a normal spring having stiffness Kh is attached to the pile head to 
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represent the restraint to its free movement that may be imposed by the superstructure. The 

boundary condition at the pile head is given by  

 𝐾ℎ𝑢4(𝐿4) = −𝜎4(𝐿4) (188) 

 

Using the top boundary condition given by Eq. (188) and Eqs. (134) through (144) 

where 𝐶14 and  𝐶24 are given by 

 𝐶14 =   𝐶1𝑖𝑇(𝑆𝐻𝑖𝑇(𝑎 + 𝑏) + 𝐶𝐻𝑖𝑇(𝑐 + 𝑑))  (189) 

   

 𝐶24 = 𝐶1𝑖𝑇(𝑆𝐻𝑖𝑇(𝑎 − 𝑏) + 𝐶𝐻𝑖𝑇(𝑐 − 𝑑))  (190) 

 

along with a, b, c, and d being given in Table 2-1 the general from for 𝐶1𝑖𝑇 was found to be 

 𝐶1𝑖𝑇 =   
𝛼𝛥𝑇

2 
(𝑆𝐻𝑖𝑇(𝑓 + 𝑔) + 𝐶𝐻𝑖𝑇(ℎ + 𝑗))

−1
  (191) 

 

where 

 𝑓 =  𝛹4(𝑎𝑆𝐻4 + 𝑏𝐶𝐻4)  (192) 

   

 𝑔 =
𝐾ℎ

𝐸
(𝑎𝐶𝐻4 + 𝑏𝑆𝐻4)  (193) 

   

 ℎ = 𝛹4(𝑐𝑆𝐻4 + 𝑑𝐶𝐻4)   (194) 

   

 𝑗 =  
𝐾ℎ

𝐸
(𝑐𝐶𝐻4 + 𝑑𝑆𝐻4)  (195) 

 

The exact form 𝐶1𝑖𝑇 in each layer is 
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𝐶11𝑇 =  

𝛼𝛥𝑇

2 
(𝑆𝐻1𝑇 ((

𝛹2

𝛹3
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3) (𝛹4𝑆𝐻4 +

𝐾ℎ

𝐸
𝐶𝐻4) +

(𝛹2𝑆𝐻2𝐶𝐻3 + 𝛹3𝐶𝐻2𝑆𝐻3) (𝐶𝐻4 +
𝐾ℎ

𝐸

𝑆𝐻4

𝛹4
)) + 𝐶𝐻1𝑇𝛹1 ((

𝑆𝐻2𝐶𝐻3

𝛹2
+

𝐶𝐻2𝑆𝐻3

𝛹3
) (𝛹4𝑆𝐻4 +

𝐾ℎ

𝐸
𝐶𝐻4) + (

𝛹3

𝛹2
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3) (𝐶𝐻4 +

𝐾ℎ

𝐸

𝑆𝐻4

𝛹4
)))

−1

  

(196) 

   

 
𝐶12𝑇 =

𝛼𝛥𝑇

2 
(𝑆𝐻2𝑇 (𝛹4𝐶𝐻3𝑆𝐻4 + 𝛹3𝑆𝐻3𝐶𝐻4 +

𝐾ℎ

𝐸
(𝐶𝐻3𝐶𝐻4 +

𝛹3

𝛹4
𝑆𝐻3𝑆𝐻4)) + 𝐶𝐻2𝑇𝛹2 (

𝛹4

𝛹3
𝑆𝐻3𝑆𝐻4 + 𝐶𝐻3𝐶𝐻4 +

𝐾ℎ

𝐸
(

𝑆𝐻3𝐶𝐻4

𝛹3
+

𝐶𝐻3𝑆𝐻4

𝛹4
)))

−1

  

(197) 

   

 
𝐶13𝑇 =

𝛼𝛥𝑇

2 
(𝑆𝐻3𝑇 (𝛹4𝑆𝐻4 +

𝐾ℎ

𝐸
𝐶𝐻4) + 𝐶𝐻3𝑇𝛹3 (𝐶𝐻4 +

𝐾ℎ

𝐸

𝑆𝐻4

𝛹4
))

−1

  (198) 

   

 
𝐶14𝑇 =  

𝛼𝛥𝑇

2 
(𝛹4𝐶𝐻4𝑇 +

𝐾ℎ

𝐸
𝑆𝐻4𝑇)

−1

  (199) 

 

As general forms of 𝐶11 and 𝐶21 are given by  

 𝐶11 =  𝐶1𝑖𝑇(𝑆𝐻𝑖𝐵(𝑙 + 𝑚) + 𝐶𝐻𝑖𝐵(𝑛 + 𝑜))  (200) 

   

 𝐶21 = 𝐶1𝑖𝑇(𝑆𝐻𝑖𝐵(𝑙 − 𝑚) + 𝐶𝐻𝑖𝐵(𝑛 − 𝑜))  (201) 

 

where l, m, n, and o are given in Table 2-1.  By using the bottom boundary condition given by 

Eq. (132) a general form for 𝑥′0 is found to be: 

𝑥′0 =  
1

𝛹𝑖
 𝑡𝑎𝑛ℎ (

𝑆𝐻𝑖(𝑓+𝑔)+𝐶𝐻𝑖(ℎ+𝑗)−(𝑛(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+𝑜(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1))

𝐶𝐻𝑖(𝑓+𝑔)+𝑆𝐻𝑖(ℎ+𝑗)+𝑙(𝛹1𝑆𝐻1+
𝐾𝑏
𝐸

𝐶𝐻1)+𝑚(𝛹1𝐶𝐻1+
𝐾𝑏
𝐸

𝑆𝐻1)
)  (202) 
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Table 2-1 gives the values of a through d and l through o with 𝑥′0 being in layer 1-4 of a four 

layer system. 

Table 2-1 Coefficient for 𝑪𝟏𝒊𝑻 and 𝒙′𝟎 

Variable 

Layer of 𝑥′0 

1 2 3 4 

a 
𝛹2

𝛹3
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3 𝐶𝐻3 1 𝐶𝐻4 

b 
𝛹2

𝛹4
𝑆𝐻2𝐶𝐻3 +

𝛹3

𝛹4
𝐶𝐻2𝑆𝐻3 

𝛹3

𝛹4
𝑆𝐻3 0 −𝑆𝐻4 

c 
𝛹1

𝛹2
𝑆𝐻2𝐶𝐻3 +

𝛹1

𝛹3
𝐶𝐻2𝑆𝐻3 

𝛹2

𝛹3
𝑆𝐻3 0 −𝑆𝐻4 

d 
𝛹1

𝛹4
(

𝛹3

𝛹2
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3) 

𝛹2

𝛹4
𝐶𝐻3 

𝛹3

𝛹4
 𝐶𝐻4 

l 𝐶𝐻1 1 𝐶𝐻2 
𝛹3

𝛹2
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3 

m −𝑆𝐻1 0 
𝛹2

𝛹1
𝑆𝐻2 

𝛹2

𝛹1
𝑆𝐻2𝐶𝐻3 +

𝛹3

𝛹1
𝐶𝐻2𝑆𝐻3 

n −𝑆𝐻1 0 
𝛹3

𝛹2
𝑆𝐻2 

𝛹4

𝛹2
𝑆𝐻2𝐶𝐻3 +

𝛹4

𝛹3
𝐶𝐻2𝑆𝐻3 

o 𝐶𝐻1 
𝛹2

𝛹1
 

𝛹3

𝛹1
𝐶𝐻2 

𝛹4

𝛹1
(

𝛹2

𝛹3
𝑆𝐻2𝑆𝐻3 + 𝐶𝐻2𝐶𝐻3) 
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Chapter 3 - Validation of the Analytical Solutions  

In this chapter the analytical solutions developed in Chapter 2 are validated against full 

scale in situ pile tests (Laloui et al. 1999…site investigation report in French).  A total of nine 

tests were performed at the Swiss Federal Institute of Technology in Lausanne, Switzerland. 

Only one out of a total 97 piles was constructed as energy pile (Laloui et al. 2006).  The piles 

serve as a foundation to 30 m x 100 m four story building.  These experiments were chosen for 

the validation due to the availability of a detailed site investigation report (Laloui et al. 1999) 

that contains results of laboratory tests and full scale field tests.  The soil profile at the site is 

depicted in Fig. 3.1.  The four soil layers shown in Fig. 3.1 were determined by Perić et al. 

(2017) to be low plasticity clays (CL) based on the site investigation report. The bedrock was 

described as claystone/sandstone by Laloui et al. (2003).  Consequently, this soil profile is 

suitable for validation of the analytical solutions for end bearing and semi floating energy piles.  
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Figure 3.1 Soil Profile and Energy Pile Instrumentation (Laloui el al. 2006)  

 

The stiffness of shear spring (Ks) representing the load transfer along the pile shaft and of 

normal spring (Kb) representing the load transfer at the pile tip are listed in Table 3-1. They 

were obtained from Knellwolf et al. (2011) based on the full scale field tests.   

Table 3-1 Stiffness of Soil Substituting Springs   

Property  Soil 

A1 A2 B C D 

Poisson’s Ration, ν 0.22 0.22 0.49 0.49 0.157 

Shear Spring Stiffness, Ks (MPa/m) 16.7 10.8 18.2 121.4 - 

Normal Spring Stiffness, Kb (MPa/m) - - - - 125 
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Table 3-2 list the properties of the energy pile required by the analytical solutions.  There were 

obtained from Laloui et al. (2006).  

Table 3-2 Properties of Concrete  

Property Value 

Young’s Modulus, E (MPa) 29,200 

Coefficient of Thermal Expansion, α (°C-1) 1x10-5 

Mass Density, 𝛾𝑐 (kg/m3) 2500 

 

As shown in Fig. 3.1 the bottom 0.5 m of the pile is embedded into the bedrock.  In our model 

the bottom soil layer is simply extended by 0.5 m while two different boundary conditions at the 

pile tip are investigated. The first one is complete fixity and the other one is partial fixity of the 

pile tip.  

Multiple heating and cooling cycles where applied to the energy pile as the building was 

being built.  Nevertheless, only test T1 conducted before any of the building structure was 

completed and Test T7 conducted after the completion of the building are considered in this 

study.  It is noted that test T1 involves only thermal loading while test T7 involves simultaneous 

thermal and mechanical loading.  Histories of temperature difference (T) for tests T1 and T7 

are provided in Table 3-3.  Validation of analytical solutions will be conducted at temperature 

differences of 3°C and 13.4°C during test T1 and 2°C and 14°C during test T7.  As the building 

was not constructed during Test T1 both Kh and the mechanical load are taken to be zero.  From 

structural analysis it is believed the building applies a 1.00 MN force to the pile during Test T7 

(Knellwolf et al. 2011).  Several values of Kh were used during validation based on the fit 

between the experimental data and analytical predictions. 
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Table 3-3 Experimental Head Displacement vs Time (Knellwolf et al. 2011) 

Test T1 Test T7 

Time 

(days) 

Temperature 

Difference (°C) 

Head Displacement 

(mm) 

Time 

(days) 

Temperature 

Difference (°C) 

0 0 -0.01 0 0 

5 2 0.379 5 9 

12 21 2.72 22 14 

15 9 1.46 27 6 

28 3 0.78 62 2 

 

 End Bearing Pile 

In this section the bedrock present at the site, which is claystone/sandstone, is assumed 

to completely prevent the tip displacement.  Perić et al. (2017) found from the computational 

model that the maximum tip displacement was under 0.2 mm during the test T1. Thus, the 

assumption of the complete fixity is not entirely correct.  Nevertheless, the effects of this 

assumption can be evaluated by comparing the corresponding predictions with those resulting 

from the assumption of the partially fixed pile tip.   

 Homogeneous Soil Profile 

As the experimental site was a layered system not a single homogeneous soil it is not 

expected that this analytical model will be representative; however, if the softest (A2) soil and 
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stiffest (C) soil are used over the entire length of the HEP it should be close to if not completely 

bound of the experimental results. 

 Test T1 

Figures 3.2 and 3.3 show model predictions for vertical displacement of the pile versus 

depth for temperature changes of 3 C and 13.4C respectively during test T1.  As expected the 

smallest displacement is consistently obtained for the stiffest soil (C) while the largest 

displacement is obtained for the softest soil (A2).  Displacements or soils A1 and B are very 

close and they fall between displacements obtained for soils A2 and C.  Furthermore, the larger 

the thermal load the less significant the effect of the self-weight is. 

 

Figure 3.2 Displacement in End Bearing Pile Embedded in Homogeneous Soil (T = 3°C, 

test T1) 
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Figure 3.3 Displacement in End Bearing Pile Embedded in Homogeneous Soil (T = 

13.4°C, test T1) 

 

Figures 3.4 and 3.5 show model predictions for vertical strain at temperature differences 

of 3C and 13.4C respectively during test T1.  Again, the self-weight effect decreases with 

increasing magnitude of thermal load.  Furthermore, it is noted that the head displacement is 

unaffected by the soil stiffness as it is always equal to so called free strain, which is in turn 

equal to T (Eq.(22)).  On the contrary the strain at the pile tip is smaller for a stiffer soil pile 

interface.  For cases without the self-weight the absolute minimum value of strain occurs at the 

pile tip. 
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Figure 3.4 Strain in End Bearing Pile Embedded in Homogeneous Soil (T = 3°C. test T1) 

 

 

Figure 3.5 Strain in End Bearing Pile Embedded in Homogeneous Soil (T = 13.4°C. test 

T1) 
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Figures 3.6 and 3.7 depict the model prediction for the vertical stress versus depth at 

temperature differences of 3C and 13.4C respectively during test T1.  The effect of self-

weight of the pile becomes less significant at thermal load increases.  The stress at the pile head 

must be zero for all soils because there is no external load applied at the pile head.  

Nevertheless, the stiffer the soil the more rapidly the compressive stress increases with depth as 

shown in Figures 3.6 and 3.7.  Furthermore, in the absence of gravity the absolute minimum 

value of vertical stress occurs at the pile tip. 

 

 

Figure 3.6 Stress in End Bearing Pile Embedded in Homogeneous Soil (T = 3°C, test T1) 
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Figure 3.7 Stress in End Bearing Pile Embedded in Homogeneous Soil (T = 13.4°C, test 

T1) 

 

Figure 3.8 shows model prediction for the head displacement versus time during test T1.  

The stiffer the soil the less the pile head moves for a given temperature.  It can also be observed 

that the larger the thermal load (Table 3-3) the larger the head displacement.  Finally, the stiffer 

the soil or soil pile interface the smaller is the effect of gravity. 
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Figure 3.8 Head Displacement of End Bearing Pile Embedded in Homogenous Soil Profile 

(test T1) 
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pile head.  Nevertheless, all displacements are in a downward direction because mechanical load 

is dominant as compared to thermal load at the temperature difference of 2C. 

 

Figure 3.9 Displacement in End Bearing Pile Embedded in Homogenous Soil (T = 2°C, 

test T7, Kh=0) 

 

Figure 3.10 shows displacement versus depth at the temperature difference of 14C 

during test T7.  In this case all displacements point upward because thermal load is dominant at 

this larger temperature difference.  Again, the effect of self-weight decreases with increasing 
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Figure 3.10 Displacement in End Bearing Pile Embedded in Homogeneous Soil (T = 

14°C, test T7, Kh=0) 

 

Figure 3.11 shows strain at the temperature difference of 2C during test T7.  As 
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Figure 3.11 Strain in End Bearing Pile Embedded in Homogenous Soil (T=2°C, test T7, 

Kh =0) 

 

 

Figure 3.12 Strain in End Bearing Pile Embedded in Homogenous Soil (T=14°C, test T7, 

Kh =0) 
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Figures 3.13 and 3.14 show how the stress at the pile head is only affected by the axial 

load on the pile and that the stiffer the soil the greater the difference between the stress at the 

head and tip of the pile.  Whether the head or tip has the governing load is dependent on the 

magnitude of the axial load and maximum temperature difference but it will always be at one of 

these two points. 

 

Figure 3.13 Stress in End Bearing Pile Embedded in Homogenous Soil (T = 2°C, test T7, 

Kh=0) 
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Figure 3.14 Stress in End Bearing Pile Embedded in Homogenous Soil (T = 14°C, test T7, 

Kh=0) 

 

Figure 3.15 shows that is the temperature difference between the pile and soil is low 
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Figure 3.15 Head Displacement versus Time in End Bearing Pile Embedded in 

Homogenous Soil (test T7)  

 

Figure 3.16 depicts vertical displacement versus depth for T = 2C during test T7 and 

Kh value of 125 MPa/m.  As expected in this case displacement is slightly larger than the one 

corresponding to Kh=0 

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

0 10 20 30 40 50 60 70

H
ea

d
 D

is
p

la
ce

m
en

t 
(m

m
)

Time (Days)

Soil A1
Soil A2
Soil B
Soil C
Soil A1 No Gravity
Soil S2 No Gravity
Soil B No Gravity
Soil C No Gravity



62 

 

Figure 3.16 Displacement in End Bearing Pile Embedded in Homogeneous Soil (T = 2C, 

test T7, Kh=125 MPa/m) 

 

Figure 3.17 depicts vertical displacement versus depth for T = 14C during test T7 and 

Kh value of 125 MPa/m.  In this case displacement is slightly smaller than the one corresponding 

to Kh=0 shown in Fig. 3.10 because the displacement is controlled by thermal load (heating) at 

this temperature difference.  Consequently, the building resists the uplift. 
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Figure 3.17 Displacement in End Bearing Pile Embedded in Homogeneous Soil (T = 

14C, test T7, Kh=125 MPa/m) 

 

Figures 3.18 and 3.19 show strain versus depth for temperature differences of 2C and 

14C respectively during test T7 with Kh = 125 MPa/m.  These figures show how strain at the 
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Figure 3.18 Strain in the End Bearing Pile Embedded in Homogeneous Soil (T = 2C, test 

T7, Kh =125 MPa/m) 

 

 

Figure 3.19 Strain in the End Bearing Pile Embedded in Homogeneous Soil (T = 14C, 

test T7, Kh =125 MPa/m) 
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Figures 3.20 and 3.21 show model predictions for change in stress versus depth at T = 

2C and 14C respectively during test T7 for Kh = 125 MPa/m.  As expected the stress at the 

pile head is now affected by the presence of the head spring and it is larger than one depicted in 

figures 3.13 and 3.14.  Furthermore, the magnitude of the stress at the pile head is now affected 

by the magnitude of the displacement at the pile head.  This feature can be observed well in Fig. 

3.22. 

 

Figure 3.20 Stress in End Bearing Pile Embedded in Homogeneous Soil (T = 2C, test T7, 

Kh = 125 MPa/m) 
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Figure 3.21 Stress in End Bearing Pile Embedded in Homogeneous Soil (T = 14C, test 

T7, Kh = 125 MPa/m) 

 

 

Figure 3.22 Head Displacement versus Time for End Bearing Pile Embedded in 

Homogenous Soil (test T7, Kh = 125 MPa/m) 
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 Layered Soil Profile 

This section presents predictions of the analytical model for the actual layered soil 

profile.  For the purpose of validation the experimental data are also presented.  Nevertheless, it 

is noted that the actual temperature of the energy pile varies with depth in the amount of ±2°C 

from the temperature history shown in Table 3-3 (Knellwolf et al. 2011).  As stated previously 

the analytical model assumes that the temperature of the pile is constant with depth and width. 

Thus, it is not expected that the model predictions should provide a perfect agreement with the 

experimental data.  Self-weight is neglected in this section.  

 

 Test T1 

Figures 3.23 and 3.24 show the model prediction for displacement versus depth at T = 

3C and T= 13.4C respectively during test T1.  The corresponding experimental data are not 

available.  A comparison with figures 3.2 and 3.3 indicates the predicted values are bounded by 

the stiffest soil (C) and the softest soil (A2). 
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Figure 3.23 Displacement of End Bearing Pile Embedded in Layered Soil Profile (T = 

3°C, test T1) 

 

 

Figure 3.24 Displacement of End Bearing Pile Embedded in Layered Soil Profile (T = 

13.4°C, test T1) 
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Figures 3.25 and 3.26 show the model prediction and experimental data for strain versus 

depth at T = 3 and T = 13.4C respectively during test T1.  These two figures show good 

agreement between the analytical solution and experimental reading of the vibrating wire strain 

gage (VWSG) for all but the bottom layer of soil.  While the optical fiber (OF) readings for 3°C 

seem to vary from the other two results while at 13.4°C the OF readings seem to fit the other 

data well.  The deviation of the predicted strains from the measured strains in the vicinity of the 

pile tip is due to the assumption of a complete fixity of the pile tip. 

 

Figure 3.25 Strain of End Bearing Pile Embedded in Layered Soil Profile Fixed Strain (T 

= 3°C. test T1) 
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Figure 3.26 Strain of End Bearing Pile Embedded in Layered Soil Profile Fixed Strain (T 

= 13.4°C. test T1) 

 

Figures 3.27 and 3.28 show good correlation between the experimental data obtained 

from VWSG in the middle of the pile for 3°C, and in all but the bottom soil layer for 13.4°C.  

However in the top and bottom soil layers at 3°C measured stress was greater than what the 

analytical model predicted.  The OF again did not fit well at 3°C but did at 13.4°C for all but the 

bottom layer. 
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Figure 3.27 Stress in End Bearing Pile Embedded in Layered Soil Profile (T =3°C, test 

T1) 

 

 

Figure 3.28 Stress in End Bearing Pile Embedded in Layered Soil Profile (T =13.4°C, test 

T1) 
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Figure 3.29 shows head displacement versus time for test T1.  It can be seen that the 

head displacement predicted by the analytical model is between the maximum and minimum 

experimentally measured displacements at each known temperature. 

 

Figure 3.29 Head Displacement versus Time in End Bearing Pile Embedded in Layered 

Soil Profile (test T1) 
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load the pile will expand.  It is noted that the word “Combined” in the legend indicates the 

response for a combined thermal and mechanical load. 

 

Figure 3.30 Displacement of End Bearing Pile Embedded in Layered Soil Profile (T = 

2°C, test T7, Kh=0) 
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Figure 3.31 Displacement of End Bearing Pile Embedded in Layered Soil Profile (T = 

14°C, test T7, Kh=0) 

 

Some disagreement between the experimental data and model predictions can be 

observed in figures 3.32 and 3.33.  Nevertheless, it should be noted that the scale of strain is 

different in these two figures and thus, the disagreement observed in Fig. 3.32 is smaller than 

the one seen in Fig. 3.33.  The disagreement is most likely due to not accounting for the 

stiffness of the building and over estimating the stiffness of the bedrock. 
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Figure 3.32 Strain in End Bearing Pile Embedded in Layered Soil Profile (T =2°C, test 

T7, Kh=0) 

 

 

Figure 3.33 Strain in End Bearing Pile Embedded in Layered Soil Profile Fixed Strain (T 

= 14°C, test T7, Kh=0) 
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Figure 3.34 again exhibits the trends similar to those observed in Fig. 3.33.  This is 

expected since the stress in the full scale in situ test is obtained from the one dimensional 

thermos-elastic constitutive relationship based on the measured strain.  Nevertheless, in this 

case the temperature change versus depth is accounted for. 

 

Figure 3.34 Layered Fixed Stress (14°C) 

 

Figure 3.35 shows the predicted head displacement versus time for test T7.  The 

downward displacement at time zero is due to the axial force imposed by the superstructure. 
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Figure 3.35 Head Displacement vs Time in End Bearing Pile Embedded in Layered Soil 

Profile (test T7, Kh =0) 

 

Figures 3.36 and 3.37 show displacement versus depth at T = 2C and T = 14C 
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non-zero Kh is smaller as compared to the one corresponding to Kh = 0. 
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Figure 3.36 Displacement in End Bearing Pile Embedded in Layered Soil Profile (T = 

2°C, test T7, Kh = 125 MPa/m) 

 

 

Figure 3.37 Displacement in End Bearing Pile Embedded in Layered Soil Profile (T = 

14°C, test T7, Kh = 125 MPa/m) 
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Figures 3.38 and 3.39 show that at 2°C and 14°C respectively the analytical model 

predictions and VWSG measurements are more closely correlated however the bedrock still 

seems to be causing problems in the bottom of the pile. 

 

Figure 3.38 Strain in End Bearing Pile Embedded in Layered Soil Profile (T = 2°C, test 

T7, Kh = 125 MPa/m) 
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Figure 3.39 Strain in End Bearing Pile Embedded in Layered Soil Profile (T = 14°C, test 

T7, Kh = 125 MPa/m) 
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Figure 3.40 shows that at 14°C the analytical and VWSG results are only close near the 

top of the HEP.

 

Figure 3.40 Stress in End Bearing Pile Embedded in Layered Soil Profile (T = 14°C, test 

T7, Kh = 125 MPa/m) 

 

Figure 3.41 depicts head displacement versus time for test T7 with non-zero Kh value.  As 

expected the displacement is smaller for a non-zero Kh value as compared to zero Kh value. 
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Figure 3.41 Head Displacement vs Time for End Bearing Pile Embedded in Layered Soil 

Profile (test T7, Kh = 125 MPa/m) 

 

 Semi Floating Pile  

In this section the assumption of complete fixity at the pile tip is relaxed to account for 

the effects of softer bedrock on axial displacement, strain, and stress. This type of pile is 

referred to as semi floating pile. 

 

 Homogeneous Soil Profile 

In this section, as in the case of end bearing energy pile, only a homogeneous soil 

consisting of a single soil layer underlain by the bedrock is considered.  Effects of self-weight 

are neglected in this section.   

 

-1

-0.5

0

0.5

1

1.5

2

0 10 20 30 40 50 60 70

H
ea

d
 D

is
p

la
ce

m
en

t 
(m

m
)

Time (days)

Analytical



83 

 Test T1 

Figures 3.42 and 3.43 show vertical displacement versus depth for T = 3C and T = 

13.4C during test T1.  The main difference with respect to the end bearing pile is that the pile 

tip now moves downwards.  With pile head moving upwards this indicates that the location of 

zero vertical displacement, also known as a null point, is located somewhere between the pile 

tip and pile head.  Out of all parameters that affect the location of the null point according to Eq. 

(122) only the stiffness of shear spring (Ks) is different for different response curves depicted in 

Fig. 3.42.  The softer the soil pile interface the deeper the null point is located.  In addition, Eq. 

(122) indicates that the location of the null point does not depend on the amount of thermal 

loading.  It is also noted that the head displacement in the case of semi floating pile is smaller 

than the head displacement in the case of end bearing pile. 

 

Figure 3.42 Displacement of Semi Floating Pile Embedded in Homogeneous Soil (T = 

3°C, test T1) 

 

-30

-25

-20

-15

-10

-5

0

-1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

D
ep

th
 (

m
)

Vertical Displacement (mm)

Soil A1
Soil A2
Soil B
Soil C



84 

 

Figure 3.43 Displacement of Semi Floating Pile Embedded in Homogeneous Soil (T = 

13.4°C, test T1) 

 

Another consequence of partial fixity of the pile tip in a semi floating pile is that strain 

exhibits absolute minimum (in the case of heating) at the null point. This can be observed 

figures 3.44 and 3.45 and verified by Eq. (120).  The difference between magnitude of strains at 

the pile head and the null point and at the pile tip and null point affected by the soil stiffness and 

temperature difference. 
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Figure 3.44 Strain in Semi Floating Pile Embedded in Homogeneous Soil (T = 3°C, test 

T1) 

 

 

Figure 3.45 Strain in Semi Floating Pile Embedded in Homogeneous Soil (T = 13.4°C, test 

T1) 
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Similarly to strain the stress magnitude exhibits the absolute maximum at the null point 

as shown in figures 3.46 and 3.47.  The location of the maximum compressive stress in the case 

of heating is affected by the soil pile interface stiffness (Ks).  This can also be verified by Eq. 

(121).  Furthermore, for a given temperature different the maximum compressive stress in the 

semi-floating pile is smaller than the maximum compressive stress in the end bearing pile. 

 

Figure 3.46 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 3°C, test 

T1) 
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Figure 3.47 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 13.4°C, test 

T1) 

 

Fig. 3.48 shows head displacement versus time for test T1 including four different soils. Head 

displacements in semi floating pile are smaller than head displacements in end bearing pile. 

-30

-25

-20

-15

-10

-5

0

-3 -2.5 -2 -1.5 -1 -0.5 0

D
ep

th
 (

m
)

Vertical Stress (MPa)

Soil A1
Soil A2
Soil B
Soil C



88 

 

Figure 3.48 Head Displacement vs Time for Semi Floating Pile Embedded in 

Homogeneous Soil (test T1) 

 

 Test T7 

Again both analytical models, with and without head restraint are considered in this 

section.  

Figures 3.49 and 3.50 depict displacement at T = 2C and T = 14C during test T7.  It 

is seen that mechanical loading has dominant effect on displacement at the former temperature 

difference while the thermal loading has dominant effect at the later temperature difference.  

Null point becomes evident only at T = 14C. 
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Figure 3.49 Displacement in Semi Floating Pile Embedded in Homogeneous Soil (T = 

2°C, test T7, Kh = 0) 

 

 

Figure 3.50 Displacement in Semi Floating Pile Embedded in Homogeneous Soil (T = 

14°C, test T7, Kh = 0) 
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Figures 3.51 and 3.52 show that with a combined axial and thermal loads the maximum 

strain can occur at the pile tip. 

 

Figure 3.51 Strain in Semi Floating Pile Embedded in Homogeneous Soil (T = 2°C, test 

T7, Kh = 0) 

 

 

Figure 3.52 Strain in Semi Floating Pile Embedded in Homogeneous Soil (T = 14°C, test 

T7, Kh = 0) 
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Figures 3.53 and 3.54 show that the location of the largest stress magnitude is dependent 

on the soil stiffness, temperature difference, and axial load. 

 

Figure 3.53 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 2°C, test 

T7, Kh = 0) 
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Figure 3.54 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 14°C, test 

T7, Kh = 0) 

 

Figures 3.55 and 3.56 show displacement at T = 2C and T = 14C during test T7 

with pile head restraint.  As expected the magnitude head displacement at T = 2C in the 

presence of head restraint (Fig. 3.55) is larger than in the absence of head restraint (Fig. 3.49).  

The opposite situation occurs for T = 14C whereby the magnitude of head displacement is 

smaller in the presence of head restraint (Fig. 3.56) than in the absence of head restraint (Fig. 

3.50).  
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Figure 3.55 Displacement of Semi Floating Pile Embedded in Homogeneous Soil (T = 

2°C, test T7, Kh = 125 MPa/m) 

 

 

Figure 3.56 Displacement of Semi Floating Pile Embedded in Homogeneous Soil (T = 

14°C, test T7, Kh = 125 MPa/m) 
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Figures 3.57 and 3.58 depict strain versus depth at T = 2C and 14C respectively 

during test T7 in the presence of head restraint 

 

Figure 3.57 Strain in Semi Floating Pile Embedded in Homogeneous Soil Profile (T = 

2°C, test T7, Kh = 125 MPa/m) 

 

 

Figure 3.58 Strain in Semi Floating Pile Embedded in Homogeneous Soil Profile (T = 

14°C, test T7, Kh = 125 MPa/m) 
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The main difference in stress change versus depth in the presence (Fig. 3.59 and Fig. 

3.60) and in the absence of head restraint (Fig. 3.53 and Fig. 3.54) is in the stress at the pile 

head.  In the former case stress at the pile head is the same for all the soils while in the latter 

case it is not.  This is the consequence of the corresponding different displacements at the pile 

head that directly affect the stress at the pile head. 

 

Figure 3.59 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 2°C, test 

T7, Kh = 125 MPa/m) 
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Figure 3.60 Stress in Semi Floating Pile Embedded in Homogeneous Soil (T = 14°C, test 

T7, Kh = 125 MPa/m) 

 

 Layered Soil Profile 

This section presents the results of validation of the analytical solutions for the semi 

floating pile embedded in the actual layered soil profile. 

 

 Test T1 

It can be observed from Fig. 3.61 and Fig. 3.62 that the null point does not depend on 

the temperature difference.  Furthermore, as expected the pile head displacement is now smaller 

than in the case of end bearing pile (Fig. 3.23 and Fig. 3.24).  As mentioned previously the 

experimental data for change in displacement with depth are not available. 
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Figure 3.61 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

3°C, test T1) 

 

 

Figure 3.62 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

13.4°C, test T1) 
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In the case of semi floating pile the predicted strain versus depth falls in the middle of 

the range of all experimental data including OF and VWSG (Fig. 3.63).  However, it is noted 

that there is relatively small disagreement between the experimental data obtained from OF and 

VWSG. The former measurement resulted consistently in larger strain than the latter for T = 

2C. The prediction of the model is very good. 

For the temperature difference T = 13.4C measurements obtained from OF and 

VWSG seem to be closer to each other.  The model prediction for the selected value of the 

stiffness of the normal spring at the pile tip produces slightly higher strain than measured.  

However, qualitative agreement between the measured and predicted strains is excellent. 

 

Figure 3.63 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 3°C, test 

T1) 
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Figure 3.64 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 13.4°C, 

test T1) 

 

Similarly to the predictions of strains, the analytical model provided a very good 

prediction of the stress change versus depth at T = 3C while at T = 13.4 C the predicted 

stress is somewhat smaller than measured.  Nevertheless, it is important to note that the relaxed 

fixity of the pile tip in the analytical model for semi floating pile correctly captures decrease of 

the stress in the vicinity of the pile tip.  Thus, in the present case where the bedrock is 

sandstone/claystone the semi floating pile is better model of the energy pile than the end bearing 

pile.  Further improvements in the predictions for the former could be obtained by changing the 

stiffness of the normal spring located at the pile tip Kb.  In the present case the midrange value 

of Kb from Knellwolf et al. (2011) is used. 
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Figure 3.65 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T = 3°C, test 

T1) 

 

 

Figure 3.66 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T = 13.4°C, 

test T1) 
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Figure 3.67 Layered Head Displacement vs Time 

 

 Test T7 

Next, the predictions of the analytical model for semi floating energy pile subjected to 

the thermal and mechanical loads from test T7 are presented along with the relevant 

experimental data. The predictions for unrestrained pile head are presented first.  

As expected magnitudes of pile head displacements depicted in figures 3.68 and 3.69 are 

smaller than those obtained for end bearing pile (Fig. 3.30 and Fig. 3.31), both with unrestrained 

pile head. 
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Figure 3.68 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

2°C, test T7, Kh=0) 

 

 

Figure 3.69 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

14°C, test T7, Kh=0) 
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The predicted strain at T = 14C (Fig. 3.71) exhibits better quantitative and qualitative 

agreement with the experimental data than predicted strain at T = 2C (Fig. 3.70). 

 

Figure 3.70 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 2°C, test 

T7, Kh = 0) 

 

 

Figure 3.71 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 14°C, test 

T7, Kh = 0) 
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The predicted stress at T = 14C shows excellent agreement with the VWSG 

measurements in the bottom half length of the pile, except at the pile tip (Fig. 3.73). 

 

Figure 3.72 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T =2°C, test 

T7, Kh=0) 
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Figure 3.73 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T =14°C, test 

T7, Kh=0) 

 

Fig. 3.74 depicts head displacement versus time during test T7 for semi floating pile 

without head restraint. 
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Figure 3.74 Head Displacement vs Time in Semi Floating Pile Embedded in Layered Soil 

Profile (test T7, Kh =0) 

 

Head displacements without head restraint (Fig. 3.68 and Fig. 3.69) are larger than the 

displacement predicted in the presence of head restraint (Fig. 3.75 and 3.76). 
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Figure 3.75 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

2°C, test T7, Kh = 125 MPa/m) 

 

 

Figure 3.76 Displacement in Semi Floating Pile Embedded in Layered Soil Profile (T = 

14°C, test T7, Kh = 125 MPa/m) 
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Inclusion of head restraint does not significantly change the predicted strain at T = 2C 

(Fig. 3.77) as compared to the case without head restraint (Fig. 3.70).  Nevertheless, the 

predicted strain at T = 13.4C (Fig. 3.78) shows improvement as compared to the case without 

head restraint (Fig. 3.71). 

 

Figure 3.77 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 2°C. test 

T7, Kh = 125 MPa/m) 
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Figure 3.78 Strain in Semi Floating Pile Embedded in Layered Soil Profile (T = 14°C. test 

T7, Kh = 125 MPa/m) 

 

Similarly to predicted strain the predicted stress at T = 14C shows slightly better 

agreements with the experimental data in the presence of head restraint (Fig. 3.80) than in the 

absence of head restraint (Fig. 3.73). 
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Figure 3.79 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T = 2°C, test 

T7, Kh = 125 MPa/m) 

 

 

Figure 3.80 Stress in Semi Floating Pile Embedded in Layered Soil Profile (T = 14°C, test 

T7, Kh = 125 MPa/m) 
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The maximum head displacement that occurred during test T7 is larger in the absence of 

the pile head restraint (Fig. 3.74) than in the presence of head restraint (Fig. 3.81). 

 

Figure 3.81 Head Displacement vs Time for Semi Floating Pile Embedded in Layered Soil 

Profile (test T7, Kh = 125 MPa/m) 
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where n is the number of layers.  This can be reduced a bit due to the repetitive nature of the 

solutions as seen in the semi floating pile in a layered soil profile under thermal load with head 

restraint section in Chapter 2.  However there are still significantly more equations that the end 

bearing solution of the same number of layers. 
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Chapter 4 - Conclusions and Recommendations 

Geo-thermally active foundations decrease demand for traditional energy sources 

including fossil fuels by using naturally available renewable thermal energy stored in the 

ground.  They are more environmentally friendly energy source as compared to current cooling 

and heating methods.  To advance the knowledge of the soil-structure interaction in energy piles 

mechanics based mathematical models where formulated and solved analytically.  The solutions 

where subsequently validated against  field tests conducted in Lausanne, Switzerland on a four 

story 30m x 100m building (Laloui et al. 1999).  The test was conducted on one of the 97 drilled 

piles used to support one of Swiss Federal Institute of Technology building. 

Due to dominance of vertical displacement, strain and stress one dimensional analysis 

was possible.  Stress, strain, and displacement where calculated every meter and at interfaces of 

different soil layers thus giving a total of 28 data points along the 26m long pile. 

 Conclusions 

Based on the validation of the 1D model presented in Chapter 3, the following 

conclusions can be made 

1. The 1D mathematical model based on the elastic load transfer functions and 

thermo-elastic behavior of the pile captured the observed response of the energy pile 

to thermal and mechanical loads very well.  

2. The stresses induced by heating (at maximum temperature difference) where 

significantly larger than those generated by the mechanical load at this particular site 

in the case of a combined thermal and mechanical loading. 
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3. The semi floating pile model more accurately captured response of the energy 

pile in the case of a combined thermal and mechanical load.  

4. The end bearing pile model more accurately captured response of the energy pile 

in the case of thermal loading only.  

5. The analytical solutions found in this study provide quick, elegant and reliable 

predictions of axial displacement, stress and strain induced by working thermal 

and/or mechanical loads.  

 Recommendations 

Recommendations for further research in the area of analytical modeling of energy piles 

include 

1. A validation of the analytical solutions in the case of net cooling (T < 0) should 

be conducted to fully evaluate the magnitude of tensile stresses, which are more 

critical for energy piles constructed from reinforced concrete.   

2. Find if there is a way to simplify the solution procedure for the semi floating pile 

embedded in the layered soil. 

3. Implement the analytical solutions into a computer code that could address a 

realistic arbitrary number of soil layers for both thermal and mechanical loads.  
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