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I. INTRODUCTION

In attempting to derive the physical conditions in sunspot umbrae by
the analysis of equivalent widths or line profiles, the influence of the mag-
netic field on line formation, and consequently on the results obtained, has
not been clearly shown. Several workers have considered the problem but are
not in complete agreement as to the magnitude of this effect (see p. 138 in
Bray and Loughhead 1964 and p. 85 in Zwaan 1965). The intent of this study
was to quantita;ively investigate with a somewhat more rigorous theoretical
study thé arror that has been made by neglecting magnetic line formation. 1In
order to accomplish this, I felt that a new semi-empirical umbral model was
needed which achieved better agreement with the published continuum data than
was possible with the predictions of existing models. By improving the relia-
bility of the model using continuum measurements, one can be certain that the
results obtained regarding the influence of the magnetic field are not made
suspect by the physical conditions of the model.

Reviews of the physical conditions in sunspots have been made by Bray and
Loughhead (1964) and Zwaan (1965) which roughly indicate hydrostatic pressures
and a scaling down of the photospheric temperature distribution. Zwaan (1965)
has derived one of the better umbral radiation models of the past few years,
while more recently Mattig (1969) has obtained a nearly isothermal umbral model
based primarily on a suspected limb brightening which only he has verified
observationally. A different type of study of the physical conditions in sun-
spots in which no continuum radiation field is predicted are the magnetohydro-
static models by Deinzer (1965), Yun (1968), and Dicke (1970).

In outlining the major points of this study, Section II describes the



method by which the umbral model was obtained and the criterion used in estab-
lishing the validity of the model. Further confirmation for the validity of
the model is provided in Section III. The method for calculating curves of
growth and the method by which the Zeeman broadening was included in the compu-
tations is described in Section IV. The analysis and discussion of the line

data is presented in Section V and the conclusions are presented in the final

section.



II. THE UMBRAL MODEL

The model computations were made for a given temperature distribution,
logarithm of the effective gravity, and chemical composition using a computa-
tional scheme due to Elste (1968). The digital computer program I used was
written by Elste and Evans (1969). Hydrostatic equilibrium, neglecting mag-
netic and turbulent pressure, was assumed in the pressure model computation
while the ionization equilibrium included contributions from hydrogen and nine
element groups. Several elements with similar ionization potentials were con-
sidered together by adding their abundances and using the ionization potential
and partition functions of the most abundant element in the group. Helium
ionization, molecular formation, and the formation of negative ions were not
included. Utilizing graphs given by Aller (1963), the assumption of no molecu-
lar hydrogen formation was found to be valid in the deeper layers of the umbral
atmosphere, but deviated somewhat in the outer layers where the number of hy-
drogen molecules becomes a fairly large fraction of the total hydrogen content.
However this increase was not believed to produce an important effect on the
computations. The sources of continuous absorption included were bound-free

+, and the most abundant metals (Elste

and free-free transitions in H, H , H2
1968). (For further details see Appendix A.)

In the derivation of the umbral model, temperature distributions of other
authors (Zwaan 1965, Mattig 1969) were reviewed in order to examine the pre-
dicted continuum intensity ratios (spot to photosphere) as a function of wave-
length for an LITE continuum formation mechanism. In checking the predicted

values with available observational data, certain modifications seemed in

order. In this investigation, the temperature distribution in the photosphere



lue to Elste (1967) was scaled down until it resembled the one in Zwaan's

[

model. It was then altered graphically in order to produce the best fit to
the continuum and hydrogen line measurements. In Figure 1, the temperature
distributions in the range -4.0 <log Téi+l.0 (continuum optical depth at
5000 &) obtained by Zwaan (1965}, Mattig (1969), and the one proposed in this
investigation are shown. The proposed temperature stratification shows a
smaller gradient than Zwaan's in the continuum formation region and larger
than that proposed by Mattig. The temperature distribution agrees reasonably
well with the one recently published by Henoux (1968). The model was derived
for the logarithm of the effective gravity of 4.44 and the logarithm of the
number ratio of helium nuclei to hydrogen nuclei of 0.125, and yielded an
effective temperature of 4060° K. The details of the model are given in
Table 1, where the first column is the logarithm of the continuum optical
depth at 5000 8; the second column is & = 5040/T; the third, fourth, and
fifth columns are the logarithms of the electron pressure, gas pressure, and
density, respectively; the sixth column is the logarithm of the total absorp-
tion coefficient per hydrogen particle per unit electron pressure at 5000 ﬁ;
and the seventh column is the geometrical depth in kilometers (see Appendix A).
Figure 2 shows the continuum intensity ratio of the umbra to the photo-
sphere at the center of the disk as a function of wavelength for the three
models as compared to observation. In the computations, the photospheric
intensity from Elste's Solar Model 10 (see Table 2 and Elste 1967) was used
since the temperature distribution recently proposed by Gingerich (1969)

agrees well with Elste's determination. The observations of large spots are






EXPLANATION COF PLATE I

Fig. 1. = The temperature distribution (& = 5040/T)
of the three models as a function of the
continuum optical depth at 5000 X.
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TABLE 1
UMBRAL MODEL

logTo 8 logPe 1ong logp logKO/Pe h
-4.00 1.:/599 -2.04 3.40 -7.89 -24.14 -1%6
-3.80 1.599 -2.04 3.40 -7.89 -24.14 =174
=3 60 1...588 -1.%4 3.53 =7.75 -24.15 -153
-3.4 1.597 -1.34 3.66 =7 .63 -24.17 =132
-3.20 1.596 -1.74 3.78 ~Fe5l -24.18 =112
-3.00 1.594 -1.64 3.90 ~7.39 -24.19 ~93
-2.80 L1.591 -1.54 4.02 ¥ 7 -24.20 -74
-2.60 1.587 -1.44 4.13 -7.16 -24.21 =55
~-2.40 1.582 -1.33 4.25 -7.04 -24.22 -37
-2.20 1.576 -1.23 4.36 -6:93 -24.23 -18
=2 .00 1.569 b P 4.47 -6.82 -24.25 0
-1.80 1558 -1.02 4.58 —6s 7L -24.27 18
-1.60 1.543 -0.91 4.70 -6.61 -24.29 37
-1.40 1.521 -0.79 4.81 -6.50 -24.32 56
=1.20 1.483 -0.66 4.92 -6.40 -24.36 75
-1.00 1.460 -0.52 5.03 -6.29 -24.41 94
-0.80 1.420 ~0.36 5.14 -6.19 -24.47 114
-0.60 1.375 -0.19 5.25 -6.10 -24.54 134
-0.40 1332 -0.01 5.36 -6.01 -24.861 154
-0.20 1275 0.21 5.45 =5.93 -24.70 174

0.00 1.200 0.50 5.54 -5.87 -24.82 192
0.20 L1258 0.78 5.62 -5.81 -24.94 210
0.40 1.043 107 5.70 =-5.77 -25.08 228
0.80 0.977 1,28 5.77 ~5¢73 =25.19 246
0.80 0.928 1.48 5.85 ~5z 67 -25.28 267
1.00 0.887 1.68 5.93 -5.61 -25.36 290
1.20 0.850 1.85 6.00 -5.56 -25.42 312







EXPLANATION OF PLATE IT

Fig. 2. — The predicted continuum intensity ratio
(spot to photosphere) as a function of
wavelength for the three models as com-
pared to observation.
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TABLE 2
ELSTE MODEL 10

10

logt, 8 logP, long logp logKo/Pe h
-4.00 1.143 -1.14 3.16 -8.25 -24.83 -248
-3.80 1.143 -1.09 3.22 -8.18 -24.84 =222
-3.60 1.141 -0.98 3.34 -8.06 -24.85 -197
-3.40 1.140 -0.88 3.46 -7.95 -24.86 -172
=3.20 1.138 -0.79 3.58 -7.83 -24.87 =147
-3.00 1.135 -0.68 3.69 -7.72 -24.88 -123
-2.80 1.131 -0.58 3.80 -7.61 -24.89 -98
=2.60 1125 -0.48 3.92 -7.50 -24.91 =74
-2.40 1:118 -0.37 4.03 -7.39 -24.92 =49
-2.20 1.107 -0.26 4.14 -7.28 -24.94 ~25
-2.00 1.093 -0.15 4.25 =7.17 -24.97 0
~1.80 1.076 -0.02 4.36 -7.07 -25.00 25
-1.80 1056 0410 4.48 -6.97 -25.04 50
-1.40 1.034 0.24 4.59 -6.86 -25.08 76
-1.20 1.009 0.38 4.69 -6.77 -25.12 102
=1.00 0.982 @.53 4.80 -6.67 =25,17 128
-0.80 0:952 0.70 4.91 -6.58 -25.23 155
-0.60 0.918 0.89 5.00 -6.50 -25.29 180
-0.40 0.879 1.14 5.09 -6.43 -25.306 204
-0.20 0.834 1.45 517 =5.38 -25.44 225

.00 0.784 1.81 5.22 -6.35 -25.54 242
0.20 0.730 2.22 5.26 -6.34 -25.65 255
0.40 0675 2.64 5.29 -6.34 -25,75 266
0.60 0.633 2,97 5.32 -6.35 -25.83 274
0.80 0.6C3 320 5.34 -6.35 -25.87 282
1.00 0.584 3.36 5.36 -6.34 -25.90 291
1.20 0.572 3.4% 5..8.4 -6.34 -25.91 300
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taken from several sources and are summarized in Figure 2 (see Zwaan 1965),
along with the umbral radius in seconds of arc (1 arc second = 725 km). The
measurements by Michard (1953) and Richardson (1939), although initially cor-
rected for scattered light (see Section V), were again corrected by Zwaan which
brought them into fair agreement with the relative intensities measured by
Makita and Morimoto (1960). The scattered light was undetectable in the
measurements by Makita and Morimoto, but they do contain a correction for stray
light due to blurring. Henoux's measurements also contain a correction for
scattered light, while Mattig and Schroter (1964) have obtained mean values
of other authors (Pettit and Nicholson 1930, Krat 1947, Michard 1953, Stepanov
1957, Makita and Morimoto 1960, Stumpff 1961, and Stankiewicz 1962) and nor-
malized them to a value of uI/phI = 0.16 at 6000 R. Compared to our selected
photospheric model, Zwaan's temperature distribution predicts too high a ratio
in the visible, and Mattig's too low in the infrared. More consideraton should
be placed in obtaining a fit to the infrared data rather than the visible
since the umbral spectrum is less vitiated by stray light with increasing wave-
length. In addition the mean values of Mattig and Schroter include smaller
spots in which the stray light would affect the intensity measurements greatly.
In Figure 3 the center-to-limb variation of the intensity ratios are
compared for the three temperature distributions with observations at a con-
tinuum wavelength of A5451. The observed points are taken from Makita and
Morimoto (1960) for which Zwaan suggested a mean value of 0.08 as shown, based
on the assumption that systematic errors are chiefly caused by stray light.
The measurements include only relatively large spots (9'"<r<13"). If there is

a rise in the observed ratio towards the limb then neither Zwaan's nor the



12



Fig.

EXPLANATION OF PLATE III

The center-to-limb wvariation of the con-
tinuum intensity ratio (spot to photosphere)
at a wavelength of 5451 2 for the three mod-
els as compared to observation.



13

PLATE III

(©SsOD) IY
LO cO 0 PO GO 90 yAQ)

K0

60

o'l

i I i I i} i T ) T
([El>1>6) O
« b OlCWIIO EUME
(g1<a) y CIOWHON 8 Een i
v Q
CmUE.IUG\/Lqu_Ol m.mmmgw o o . —_—?
T —T ......flilj v -

4 Bmew —————

P UBBMZ ——m s
/ O 2P0 P250Od0U ———
AR / I | I R S NS | N R R

i




14

proposed model agrees well. However the abrupt increase may be explained by
1e increase of stray light because of the foreshortening of the spots as they
approach the limb. Furthermore, there is nothing to suggest that the data
indicates a trend of brightening towards the limb. At least for cos8>0.4 the

relative intensities show no clear center-to-limb effect.
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III. FURTHER CONFIRMATION OF THE MODEL

As a further indication as to the wvalidity of the model cbtained in

Section 1T, theoretical hydrogen line profiles for Ha and HE for the three

iffercent models (see Section II) are contrasted with the observed profiles

ja 9

by Fricke and Elsasser (1965) in Figure 4. The theoretical line absorption
coefficient is based on the work of Griem, Kolb, and Shen (1959) (see Griem
1964). As is evident from the graph the observed profiles, which have been
corrected for photospheric scattered light, lie between the proposed model

and Zwaan's while Mattig's temperature distribution predicts virtually no
hydrogen lines. Assuming that the Balmer lines in the umbral spectrum show
no wing formation as Fricke and Elsgsser (1965) have claimed, the proposed
model gives better agreement with the measurements. In contrast to the models
of Zwaan and Mattig, the proposed umbral model clearly presents an improved

picture of the excitation conditions in the umbra.

b) The Wilson Depression

As a sunspot approaches the limb side of the sun, the more rapid decrease
in the disk side penumbral width as opposed to the slower decrease in the
disk side penumbral width is known as the Wilson effect (Bray and Loughhead
1964). This has been interpreted as indicating that at any geometrical depth
the umbra is more transparent than the photosphere. The difference in geo-
metrical depth between photospheric and umbral layers at the same monochromatic
optical depth is referred to as the Wilson depression (Zwaan 1965). In order

to estimate this difference, I used the procedure suggested by Zwaan and dis-
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Fig.

EXPLANATION OF PLATE IV

The theoretical H, and H, line profiles
for the three models of interest compared
to the observed profiles by Fricke and
Elsasser. The observed profiles have been
corrected for stray light.
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cussed in the next paragraph. The large magnetic field of a sunspot, if not

Hh
)

ree-free (see p. 275 Bray and Loughhead 1964), contributes an additional
pressure term, which when added to the umbral kinetic pressure produces a hori-
zontal equilibrium with the photospheric kinetic pressure. If the spot is
force-iree, either some other mechanism provides for the horizontal pressure
equilibrium, or.the umbral kinetic pressures exceed hydrostatic pressures.
Assuming the spot to be cylindrical, with an axially symmetric magnetic
field, orientated parallel to the solar radius, and ignoring any contribution
from a curvature of the field lines in the outer layers of the umbra, a mag-
netic pressure (Hz/Bw) was computed for reasonable values of the magnetic field
(2000 to 5CG00 G). For umbral optical depths at 5000 R of 001y DL, 1, and
10, the sum of the magnetic and kinetic pressure was equated to the photospheric
pressure which was found to lie at a larger optical depth in the undistrubed
photosphere, The Wilson depression was thus estimated as the difference in
the geometrical depth between umbral and photospheric models for the correla-
ticn °  optical depths obtained from the pressure equality. The expected
Wilson depressions, given in Table 3, are in good agreement with the values

of 400 to 800 km suggested by Zwaan (1968).

TABLE 3
THE PREDICTED WILSON DEPRESSION

Field Strength (Gauss) Wilson Depression (km)
2000 wwwne v s s s cwis v v 280
2500 swmmie & 5 @ 5w & ... 330
3000 c.iiiianenann séeias 990
3500 & wowrwisa s s o saeTeee ... 450
8000 s s v s s s DE0
4500 uviennnnn oredion: §  § 3 590

5000 s 4 § & g . .. 670



15

IV. THE CALCULATION OF THE CURVES OF GROWTH

The curves of growth used in the analysis are similar to those defined

-

by Aller, Elste, and Jugaku (1957) which is a plot of the equivalent width
W against the equivalent width W* assuming the line can not saturate (i.e.,
a weak line for any abundance of absorbing particles). For the ordinate of
the theoretical curve, the equivalent width is obtained by integrating over a
theoretical line profile while the common abscissa for both the theoretical
and empirical curve is the-unsaturated equivalent width given by

log ( ) = log € + log C, _ {L
where

log CA = log gfx + log Ll (2)
where Lk is a slightly modified version of the quantity defined by Aller, Elste,
and Jugaku and depends on the atomic configuration, spectral range, intensity
weight functions, and the excitation conditions in the atmosphere.

The line profile calculations follow a scheme similar to the one suggested
by Gussman (1967) including the usual line broadening mechanisms of random
thermal motions, radiation daﬁping, quadratic Stark effect due to electroms
and ions, and van der Waals Interactions with neutral hydrogen and helium (see
Unsgld 1955). The-damping parameters are not critical to the anlaysis since
the main concern of the analysis was with weak and medium strong lines.
Therefore, a classical radiation damping constant and depth-dependent Stark

and van der Waals values determined from a Lindholm relation were used in the



The

computations.
e inclusion of Zeeman broadening in the line computations uses a modi-

fication of the work by Stepanov (1958a, 1958b) due to Evans (1969).

intensity is divided equally between two beams of opposite rotary polarization,

denoted by + and -, and these are distinguished by relative shifts in their
The line depth r in the total radiation at a distance AA

absorption maxima.
from the line center and at a limb distance p is given by
+ o0 '
reaq,u) = | Oyou) £ (%830,u) dx (3)
—-ca
-7
where D, = / (O/B,q)e,x,{u , (4)
IRKO_,A) ax
2 -7
= g
E:/—g”(e”‘ +e/’“)’ (5)
™
B the line optical depth for the beams of opposite rotary polariza-

-~

!_l

tion,
= the continuum optical depth,
where the integration variable x is the logarithm of the optical depth at

T
A
In order to calculate the line optical depth for a transition with

(violet V or red R) g-components and j m-components, the line absorption

-

5000 2.
coefficient per hydrogen particle is needed, which is given by the expression
(6)

- _ bt N VvT e 22
(1 - L T 2 f Y

K =



where 77'!{1: = EL(HV""' HR) + Z’I'(?Hn- = Hy _HR)angY

tLy[L(2H, - H, ~Hg )? sinfy + (H,~Hg) cos?Y

(7)

H =2 xH
v xU(a, v + vm) s
H =¥ yH
n y(a,v-!-vm),
i
HR = ¢ zH(a, v + vm) 5

where each displaced Zeeman level will be broadened by the pressure and

Doppler broadening mechanisms. Thus H is the Voigt function for each Zeeman
component; x, v, z are the relative intensities of each component; v is the
displacement due to the magnetic field in Doppler widths; and v is the angle

between the field lines and the line of sight. The other quantities have

their usual meanings (see Appendix B).
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V. THE ANALYSIS OF THE LINE DATA

In order to investigate the influence of the magnetic broadening on the
analysis of umbral structure, ideally one would like to have line profiles.
However, very little if any profile data for sunspots exists in the literature.
Therefore in this study, I restricted the question to the influence of Zeeman
splitting on the use of equivalent widths in deriving a radiation model for
sunspots.

Of primary concern in-obtaining umbral intensities for equivalent widths
is the removel of stray light. This is light observed at one point of the
image which does not originate from the corresponding point of the object.
Processes causing the light to stray up to about twenty seconds of arc are a
combined atmospheric and instrumental spread function referred to as blurring,
while light is deviated over about one minute of arc or more by optical
scattering processes in the atmosphere and observing instrument (Bray and
Loughhead 1964, Zwaan 1965). Different procedures are required to correct
for both components of the stray light which are discussed in the references
cited,

Zwaan points out that it is very difficult to correct observed umbral
intensities in small to medium size sunspots for the blurring effect. Thus
only in large sunspots is the stray light correction made with some amount of
confidence. By and large, however, observed equivalent widths are not
corrected for stray light because of the uncertainties invelved in the cor-

rection procedures (Zwaan 1968).
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b) The Observed Equivalent Widths
The observed equivalent widths used in this investigation were taken
- - . " 3
from four sources: (i) ten Bruggencate and von Kluber (1939, 1944); (ii)

Zwaan (1959); (iii) Kornilov (1961); (iv) Fricke and Elsasser (1965). Only

S
o
]
)
)
=
a1
o
=9
o)

quivalent widths by Fricke and Elsasser have been corrected for

The equivalent widths of medium-strong and strong lines of Ti I, Ti II,
and Fe I measured by ten Bruggencate and von Kluber (1939, 1944) were obtained
from medium-large umbrae (radius = 10 seconds of arc) and one large umbra
(r = 14"). The authors tabulated mean values of W derived from the various
spectra.

Zwaan (1959) measured equivalent widths of Ti I and Fe I which were ob-
tained from one very large umbra (r = 17"). Very good agreement exists between
Zwaan's measurements and those by ten Bruggencate and von Kluber. In neither
case, however, were corrections applied for stray light.

Equivalent widths for Ti I, Ti II, Fe I, and Fe II were measured by
Kornilov (1961) in the wavelength region AA4230-4580. The umbral lines of
Ti II and Fe II were not used because they appear to be stronger than the
corresponding photospheric lines. Moreover the intensity of the umbral
spectrun is low in this region of the spectrum, indicating Kornilev's results
will be sensitive to the stray light (see Zwaan 1965). Only the Ti I lines
were included in the curve of growth analysis although they do exhibit some
scatter. The Fe I data was also discarded since it shows larger scatter than
Zwaan's and ten Bruggencate and von Kluber's measurements.

Fricke and Elsasser (1965) measured equivalent widths of 148 lines of
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Fe I, Fe II, Ti I, and Ti II which were obtained from a large umbra (r = 13").
The amount of scattered light was derived from the wings of the Balmer lines.
The scattering was attributed to photospheric light in the wings of the lines
since the authors' computations indicated no wings should be formed for the
Balmer lines in the umbra.

The lines of Fe I, Fe 1I, Ti I, and Ti II used in this investigation
from these sources are shown in Tables 4, 5, 6, and 7 where column (1) gives
the multiplet number, column (2) the wavelength in 3, column (3) the excitation
potential of the lower level in eV, column (4) the logarithm of the gf-value,
column (5) the abscissa of the empirical curve of growth, and the remaining

columns give the logarithm of the observed equivalent width for the various

authors as indicated.

c¢) Neutral Iron

One means of estimating the influence of stray light and differences in
umbral and atmospheric excitation conditions is to correlate with excitation
potential the observed ratio of umbral to photospheric equivalent width
(Zwaan 1965). 1In Figures 5 and 6, the observed intensifications in the form
log(uwfphw) for the Fe I lines are plotted for two different sets of observa-
tions. The data by Zwaan (1959) and ten Bruggencate and von Klﬁber (1539)

is plotted on one graph because of the good agreement between their measure-

i
ments. Fricke and Elsassers' (1965) data is plotted separately since they
nade a correction for scattered light,

The photospheric equivalent widths were taken from, The Solar Spectrum

2935 2 to 8770 g, by Moore, Minnaert, and Houtgast (1966). The line marked
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TABLE 4

THE MEASURED EQUIVALENT WIDTHS CF Fe I LINES IN SUNSPCTS

Multiplet A B+ P leg gf* log CA log(W/A)+
Number
) (eV) (u=1) (2) (BK) (FZ)  (Ph)
(1) (2) (3} (4) {5} (&) (7) (&) (2)
15 5269.54 0.86 -1.35 4,08 -3.80 -3.84 -3.80 -4.04
5328.04 0.91 -1.46 3.97 - ~3.86 -3.76 -4.,15
5371.49 0.95 -1.60 3.83 - -3.92 -3.76 -4.26
5405.78 0.99 -1.75 3.68 - -4.02 ~-3.81 -4,31
5434.53 1.01 . =-1.97 3.47 -4.,09 -4.13 -3.51 -4.47
5397.1.3 0 9k -1.88 3.55 - -4.04 -3.75 -4.35
5425.70 0.95 -1.78 3.65 -3.,91 - e -4.28
5446.92 .99 -1.80 3.54 - -4.04 -3.86 ~-4,36
5455.61 1.01 -2.03 3.41 - -4.08 -4.04 -4.40
5501.47 0.95 -2.66 2.78 - - ~-4.18 -4.68
5506.78 0.99 -2.44 3.00 - - -4.12 -4.66
5457.52 1.01 -2.49 2.95 - - -4.09 -4,63
553 5324.19 3.20 0.47 2.94 - -4.,17 -4.10 -4.20
5283.63 3.23 0.20 2.67 - -4.34 -4.15 -4.40
5263.31 3.25 -0.19 2.28 - -4, 50 -4.24 -4,64
5253.50 3.27 -0.80 1.67 -4.77 -4.638 -4.51 -4,85
5217.40 3.20 ~0.37 2.11 -4.60 -4.54 -4.33 -4.71
5215.19 3.25 -0.17 2:.3% -4.52 - -4.,26 -4.,65
5229.86 3.27 -0.19 2.29 - - -4.,41 -4.63
5393.17 3.23 -0.10 2.37 - -4.,46 -4.41 -4.55
5339.94 325 -0.11 2.36 = ~4.44 -4.22 -4,52
5302.31 3.27 -0.04 2.43 -4.48 -4.46 -4.33 -4.53
5273.18 3.28 -0.27 2.20 -4.57 -4.56 - -4.71
1087 5638.27 4,20 0.02 1.22 - - -4.70 -4.88
56041.46 4,24 -0.13 1.07 - - -4.79 -4.95
5662,52 4.16 0.39 L.59 - - -4.67 -4.79
5731.77 424 -0.09 1.10 - = -4.67 -4.99
5775.09 4.20 -0.16 1.03 = - -4.89 -5.08
5873.21 4.24 -0.54 0.64 - - =5.21 -5.51
) Logarithm of f£-value from Corliss and Tech (1968)
¥ Logarithm of measured spot equivalent width column (6) by Zwaan (1959),
column (7) by ten Bruggencate and wvon Kluber (19392), column (8) by Fricke
and Elsasser {1965), column {9) photospheric wvalue by Moore, Minnaert,
and Houtgast (1966).



TABLE 5

THE MEASURED EQUIVALENT WIDTHS OF Fe II LINES IN SUNSPOTS

o * +
Multiplet A E.P: log gf log CA log (W/R)
Numbexr o)
= (&) (ev) (n =1) (FE) (Ph)
(1) (2) {3) {4) {5) (6) (7)
27 4123.73 2.57 -2.76 . -0.16 -5.57 -4.92
4415.82 2.77 -2.09 0.25 -4.90 -4.76
283 4178.86 2 57 =-2.00 0.60 -5.06 -4.,72
37 4491.40 2.84 =-2.09 0.13 -5.24 -4.83
4515.34 B3 -1.91 0.32 -5.04 -4.78
4520.23 2.79 -1.87 0.41 -4.88 -4.82
4555.89 2.82 -1.79 0.44 -4,92 -4.77
38 4506.28 2.84 -1.76 0.46 -4 .99 -4.78
4576.33 2.83 =222 0.00 =5.10 -4.91
4583.83 2.79 -1.25 1.01 -4.52 -4 .57
4620.51 2.82 -2.63 -0.41 ~5.55 -4.599
42 4923.92 2.88 -0.93 Lowd2 -4.63 -4 .47
5018.43 2.88 -0.86 120 -4.52 -4 .38
43 4656.97 2.88 -2,53 -0.38 -5.82 -5.24
4731.44 2.88 -2.26 -0.17 -4.79 -4.,78

*

Logarithm of f-value from Warner (1967).

N Logarithm of measured spot equivalent width column (&} by Fricke and Elsasser
(1955), column (7) vhotospheric value by Moore, Minnaert, and Houtgast (1966).
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TABLE 6
THE MEASURED EQUIVALENT WIDTHS OF Ti I LINES IN SUNSPOTS

wltiplet A E.p. log gf log N log (W/x )"

e &) (ev) (u =1) (z)  (BK) (K) (Ph)
(1) (2) (3) (4) {5) {6) (7) (8) (2)
37 5238.56 0.84 -1.54 3.92 -5.01 -4.86 - ~5.54

5245.57 0.8 =1.79 3.67 ~5.15 - - -6.12
5250.585 0.82 -1.95 2. 51 =522 - - -5.54
5251.49 0.81 -2.18 3, 28 =5,3L - - -6.32
5248.40 .81 -2.48 2.98 -5.88 - - -5.93
5211.22 0.83  -2.45 3.01 -5.29 - - -5.81
5224.14 3..82 ~-2.30 3.16 -5.42 - - -56.72
5239.94 0.81 -2.68 2.78 -5.64 - = -6.24
42 4533.24 0.84 0.c4 6.10 - - -4.44 -4 .70
4534..78 0.83 0.41 5.81 ~ - -4.438 -4£.75
4535.57 0.82 022 5.68 = - -£.39 -4.76
4535 92 0.81 -0.09 537 - - -4.39 -4.49
4555,49 0.84 -0.28 5.18 - -4,54 - -4.93
4552.45 0.83 -0.17 5.29 = - -4.44 ~-4.62
45£8.76 0.82 -0.18 5.28 - -4.51 - -4.,86
4544 .69 0.81 ~0.31 5.21 - - -4.46 -4 .,67
4512.73 0.83 -0.25 5.20 - =4.54 -4.83 =4 9]
4518.02 0.82 -0.14 5.31 = -4.43 -4.63 -4.86
4522.80 0.81 -0.15 Si.B4 = -4.41 -4.64 -4.84
4527.31 0.81 -0.28 5.18 o = -4.52 -4.83
44 4305.91 0.84 0.72 6.17 - - -4.25 -4 .44
4301.08 B0.:83 C.54 5.899 - - -4.20 -4.38
4300.57 0.82 0.38 5.83 = - -4.17 -4.53
4298.656 0.81 0.22 5.67 - - -4.35 -4.75
L2957 0.81 ~0.17 5.28 - - -4.47 -4.8%
4287.41 0.83 -0.14 5431 = - -4.55 -4.88
4286.01 0.82 -0.12 5.33 = = -4.37 -4.56
4289.07 B 8.1 -0.10 5.35 = - -4.38 -4.77
4290.93 081 -0.16 5.29 £ - -4.20 -4.50
4272.44 0.82 -1.14 4.31 = - -4.74 =5.63
4281.37 0.81 -1.05 4.40 - - -4.88 =533

Logarithm of f-value from Corliss and Bozman (1962).

Logarithm of measured spot eguivalent width column (6) by Zwaan {(1959), column

(7) by ten Bruggencate and von Kluber (1944), column (8) by Kornilov (1961),

column (9) photospheric value by Mocre, Minnaert, and Houtgast (1966).



TABLE 7

THE MEASURED EQUIVALENT WIDTHS OF Ti II LINES IN SUNSPOTS

*®
Multiplet A E.P. log gf log CA log(W/A)+
Number

R (eV) (u =1) (FE) (Ph)

(1) (2) (3] (4) {5) (6) (7)
18 4493.53 1.08 -1.92 2.89 -5.35 -5.24
19 4443.80 1.08 -0.74 4,07 -4.44 -4 ,55
20 4344 .29 1.08 -1.67 3.16 -4 .64 -4.,76
30 4545.14 1.13 -1.61 313 =-4.94 -5.03
3k 4444 .56 S s -1.86 2.92 -4.93 -4 .55
4468.49 L 3 -0.65 4.10 -4.59 -4,57
4501.27 L0 -0.79 3.98 -4.,52 -4.61
40 4417.72 1.16 -1.18 3 .53 -4,76 -4 ,66
4464.46 1.16 -1.66 3.05 -4.71 -4.82
4470.86 116 -1.80 2.91 -4.8 -4.92
41 4320.96 L.lB -2.27 2.46 -4.,94 -4.84
50 4563.76 1L.22 -0.86 3.76 -4.49 -4.58
51 4394.06 1.22 -1.47 3.17 -4.76 -4.79
4399.77 1.23 -1.06 3.55 -4.65 -4.58
60 4544 .01 1.24 -2.08 2.52 -5.07 -5.11
4568.31 1.22 -1.93 2.69 -5.17 -5.26
ol 4395.85 1.24 -1.53 3.08 -4.79 -4 .86
4409.52 1.23 -2.07 2.56 -4.94 -5.13
4411.94 122 -2.11 2.53 -4.89 -4.90

*

Logarithm of f-value from Warner (1967).

rithm of measured spot ecuivalent width column (6) by Fricke and Elsasser
5), column (7) photospheric value by Moore, Minnaert, and Houtgast (1966).
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Fig.

EXPLANATION OF PLATE V

ig. 5. = In the graph at the top of Plate V

are the theoretical curves showing

the intensification of saturated lines
of Fe I in the zbsence of stray light
as a function of excitation potential.
The curves are computed for thermal

and pressure broadening (solid line)
and for the addition of a 2000 G trans-
verse magnetic field (dashed line).

The curve marked observed is a visual
estimate of the empirical relation and
the long-short dashed line is the the-
oretical intensification for unsaturated
lines computed by Zwaan for his model,
The data, uncorrected for stray light
is from Zwaan (Z) and ten Bruggencate
and von Kluber (BK).

The same theoretical results as given
in Fig. 5 (shown at the bottom of Plate
V), except that the data is from the
work of Fricke and Elsasser (FE) and
has been corrected for scattered light.
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presents my visual estimate of the empirical relation. The theore-
tical curves show the intensification of saturated umbral lines in the absence
of stray light for thermal and pressure broadening (solid line) and the
addition of a 2000 G transverse magnetic field (dashed line). As is evident
from the graph, the effect of the magnetic broadening on the curves is less
than the scatter in the observations.

Since nearly all neutral lines are intensified in the umbral spectrunm
(Zwzan 1968), a low-excitation umbral line would saturate soomer than the
corresponding line in the normal photosphere, while high-excitation or ionized
lines would saturate later. Thus for observed Fe I lines with excitation po-
tential E.P. below about 4.8 eV, Figure 5 indicates that saturation will shift
the decreasing ratio, moving the point closer to the axis log(uW/phW) =0,
while for E.P. above 4.8 eV the ratio increases which also moves the point
cleser to the axis. Stray photospheric light shifts the peint still further
towards the axis as the umbral spectrum will more closely resemble the photo-
spheric spectrum. Hence the slope of the observed curve is expected to be
less than the theoretical curve as is apparent in the figure. Also shown in
Figures 5 and 6 is the theoretical curve for unsaturated lines computed by
Zwaan for his umbral model. Although not shown on the graph, a similar curve
was computed using our model which runs parallel to Zwaan's curve but inter-
sects the axis at the same point as our theoretical curves for saturated lines.

Zwaan argues that the point of intersection with the horizontal axis
?W} = 0 is model dependent but unaffected by stray light. Therefore

f such a correlation should provide a means of selecting a physically

n
'ﬁ!
e
U\
]
(o]

realistic model. One should expect then, for measured equivalent widths which
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B

1ave been corrected for scattered light, that the slope should approach that

of the theoretical curves while the intersection point remains the same. This
does not appear to be the case in Figure 6 for Fricke and Elsgssers’ data where
the intersection point has shifted upward; however the Increased scatter in

the corrected data masks the exact change. Our conclusion is that the model

t least, not inconsistent with the observations, and represents it as

well as other models.

Three multiplets of Fe I, RMT 15, 553, lOé?, all in the wavelength region
A25000-5800 were selected for the line analysis, in part because sufficient
data exists for these multiplets. Secondly, multiplet 15 contains a non-
splitting line A5434.53 while for multiplet 553 all lines are triplets, thus
simplifying the interpretation.

In Figure 7 is shown the empirical curve of growth using the data of
ten Bruggencate and von Kluber and Zwaan. The data for this multiplet by

1
Fricke and Elsasser is used to construct Figure 8. The f-values for zll three

multiplets were taken from Corliss and Tech (1968). The theoretical curves
were obtained by varying the abundance for the line A5455.61 which has a
Lande g factor of 1.5 and a triplet splitting pattern. The various computed
curves are for thermal and pressure broadening only (solid line), the
addition of 1.2 km/sec depth-independent microturbulence (dashed-dotted line),
a2 2.4 km/sec isotropic microturbulence (dashed line), and a 2000 G transverse

anetic field (long znd short dashed line).

(=3

ma
Although the field in sunspots is thought to be primarily longitudinal,
a transverse component is mnot eliminated (Bray and Loughhead 1964). Tor a

classical triplet, Zeeman broadening will produce no intensification for the
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EXPLANATION OF PLATE VI

The umbral empirical and theoretical curve

of growth for Fe I multiplet 15. The

curves are computed for thermal and pressure
broadening {solid line), the addition of a

1.2 km/sec microturbulence broadening (dashed-
dotted line), a 2.4 km/sec microturbulence
broadening (dashed line), and a 2000 G trans-

verse magnetic field (long-short dashed line).

The relative abundance log € derived from
fitting the curves as shown is -5.8.
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longitudinal effect. However, a transverse component of the field, or the
anomalous longitudinal effect will intensify the line with the intensification
increasing with the number of Zeeman components.

In order to fit the theoretical curves to the observed points, the logar-
ithm of the number density of Fe to H (log &) adopted was -=5.8 which is 0.4
smaller than the photospheric value determined by Goldberg, Kopp, and Dupree
(1964). 1In Figure 8 the abundance adopted was -5.4 or the photospheric value.
All the lines in this multiplet are too strong to be of any value in distin-
guishing magnetic effects. In addition, the absence of points in the weak
portion of the curve of growth creates an uncertainty in fitting the observed
and theoretical curves accurately to obtain the abundance.

In Figures 9 and 10 are shown the results for multiplet 553 for which
the adopted abundance is =5.6 and =5.4, respectively for the authors indicated.
The theoretical curves were obtained with the line A5253.50, which is a triplet
with a Lande splitting factor of 1.5, and the same broadening mechanisms as
in Figures 7 and 8. 1If the low scatter in the observed points of Figure 9
is true, then the range of excitation conditions, turbulence, or magnetic
effects in umbrae are close to the conditions used in the computations. Again,
the abundance determinations are somewhat uncertain by the fact that lines are
unavailable in the weak portion of the curve.

The results for multiplet 1087 are shown in Figure 11 with the data of
Fricke and Elsasser. The broadening mechanisms for the theoretical curves
are the same as these in Figure 7 and 8, The curves were obtained for the
line A5705.48, which is a triplet with a Landé splitting factor of 1.5. A

photospheric abundance was derived by fitting the curve as shown. The data
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EXPLANATION OF PLATE VII

Fig. 8. - The same theoretical curves as are in
Fig. 7, except that the observations are
by Fricke and Elsasser. In contrast to
Fig. 7 a relative abundance of -5.4 was
derived which is the photospheric value.
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EXPLANATION OF PLATE VIII

The umbral empirical and theoretical
curve of growth for Fe I multiplet 553
where the broadening mechanisms are the
same as in Fig. 7. The derived relative
abundance is =5.6.
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EXPLANATICON OF PLATE IX

Fig. 10. - The same theoretical curves as are in
Fig. 9, except thﬁt the observations are
by Fricke and Elsasser. The derived re-
lative abundance of =-5.4 is the photo-
spheric wvalue.
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Fig.

11

EXPLANATION OF PLATE X

The umbral empirical and theoretical
curve of growth for Fe I multiplet 1087
where the broadening mechanisms are the
seme as in Fig. 7. The derived relative
sbundance of ~5.4 is the same as in

Fig. lO”for the measurements of Fricke
and Elsasser.
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tends to outline the shape of the curve, but it is not good enough to dis-
tinguish between the broadening mechanisms.

The magnetic splitting delays the onset of optical saturation which
procduces an intensification effect similar to the effect produced by micro-
turbulence. Thus it would seem that the arguments advanced in the literature
(see Bray and Loughhead 1964 or Zwaan 1965) about a rise of the shoulder of
the curve of growth over the photospheric curve thereby indicating a micro-
turvw-cnc veloeity larger than in the undistrubed photosphere, have a more
logical explanation in magnetic broadening (see Zwaan 1965). This same
agrument may well apply to stellar analyses which have obtained a small micro-

turbulence from the curve of growth.

d) Singly Ionized Irom

One multiplet, RMT 37, was used to compute the curve of growth for
Fe II for the wavelength region AA4100-5000 and range in excitation potential
of 2.57 to 2.88 eV. The equivalent widths for the Fe II lines were taken
Zrom Fricke and Elsgsser, since it is the most extensive and reasonably re-
liable data, and are shown in Figure 12. The theoretical curves were obtained
with the line 24629.34, which is a triplet with a Lande splitting factor of
1.333. The solid line represents a thermal and pressure broadening and the
dashed line represents the addition of a transverse magnetic field of 3000 G.
In order to place the f-values of Fe II, which were taken from Corliss
and Bozman (1962), on the same absolute scale as the Fe I f-values, a value

of -1.00 in the logarithm was added to the Corliss and Bozman f-values as

suggested by Warner (1967). Thus the abundance I determined was -5.4, but
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EX¥PLANATION OF PLATE XI

Fig., 12, = The umbral empirical and theoretical
curve of growth for Fe II multiplets
27, 28, 37, 38, 42, and 43. The com-
puted curves are for thermal and pressure
broadening (solid line) and the addition
of a 3000 G transverse magnetic field
(dashed line). A relative abundance of
~5.4 was derived for the fitting of the
curves as shown.
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tie uncertainty in this value is evident considering the large scatter in the
data. Although the shape of the Fe I theoretical curves appears to fit its
respective data very well, the same 1s not true of the Fe II curves. It seems

that a steeper slope is needed to fit the Fe II data. The slope of the

(1%

curves does depend on the excitation conditions of the model, but only to

ree. Therefore significant changes in the excitation conditions of
the model would be required to produce a steeper slope for the Fe II curves

at the expense of the other predictions of the model. In additiom, it should

noted that the umbral equivalent widths are measured at best to an accuracy

£
o

1

of about twenty-five percent, and that the f-values are known at best to a
factor of two.
As for the Fe I data, any real magnetic effects would be completely

masked as is evident from the figure.

e) Neutral Titanium

In Figure 13 is shown the empirical curve of growth for Ti I using the

le)

date by Zwaan, ten Bruggencate and von Kluber, and Kornilov. Their measure-
ments were used because they included weak lines which determined a fit to

the linear portion of the curve of growth. The f-values are from Corliss

and Bozman (1962). The theoretical curves were obtained for the wavelength
region AA4300-5200 and for an excitation potential of about 0.83 eV with the
line A4534.78 (RMT 42) which is a triplet with a splitting factor of 1.350.

The broadening mecihanisms are the same as those used in Figure 12. The adopted

zbundance of -8.5 is an order of magnitude smaller than the photospheric value

(U

determined by Goldberg, Muller, and Aller (1960) of -7.30. The reason for this
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EXPLANATION OF PLATE XII

Fig. 13. - The umbral empirical and theoretical
curve of growth for Ti I multiplets
37, 42, and 44 where the theoretical
curves are for the same broadening
mechanisms as in Fig. 12. A relative
abundance of -8.5 was derived by fit-
ting the curves as shown.
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ifference may lie partially in the fact that the data was uncorrected for
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ight. These corrections would tend to intensify the lines and thus

u
far
-
bty
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them upward which would then result in a larger abundance. The argu-

=

nents made in the previous section on the excitation conditions of the model
can also apply in this case. Again, any magnetic effects are indistinguisable

in the figure.

£) Singly Ionized Titanium

The empirical curve of growth for Ti II wusing the data by Fricke and
Elsasser is shown in Figure 14. The curves were obtained for the wavelength
region AA4300-4600 and a range of excitation potential of about 1.08 to 1.24
eV using the line A4432.09 (RMT 51) which is an anomalous line of two 7m-compo-
nents with a Lande splitting factor of 1.333. The curve representation is the
same as in Figure 12. The f-values were taken from Warner (1967). Although
the scatter in the data is substantial, an abundance of -7.1 was derived
by fitting the curve as shown. The shape of the curves for Ti I and Ti II are
nearly identical and differ only slightly from the computed photospheric curve.
As was true for all the data used in this investigation, any magnetic effect

is completely indistinguisable in Figure 14.
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EXPLANATION OF PLATE XITII

Fig. 14, = The umbral empirical and theoretical
curve of growth for Ti II multiplets
18, 20, 30, 31, 40, 41, 50, 51, 60,
and 61 where the theoretical curves
are for the same broadening mechanisms

as in Fig. 12. The relative abundance
derived was -7.1.
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VI. CONCLUSIONS

It appears from considering the results of the line data analysis that
the derived model and Zeeman broadening are unable to explain all the observed
equivalent widths either with the correct slope for some of the curves of growth
for the abundances. The inclusion of magnetic intensification does not greatly
improve our understanding of the physical conditions in the umbrae of sunspots.

A number of

reasons along with magnetic intensification could account for all
or some of the discrepancies. A non-LTE approach to the atmospheric conditions
may be necessary for line and continuum formation. The problem of photospheric

radiation entering the spot horizontally may have to be included in an analysis

f the spot structure. Obviously this radiation would be most significant

Q

for smaller spots, decreasing in importance with increasing spot size. Besides
these two reasons, it should be noted again that spectroscopic data available
is subject to considerable uncertainty. This uncertainty arises from the
method, which varies from observer to observer, in measuring the equivalent
widths, from the stray light, and from consolidation of spectra from different
sunspots. The model derived in this study however appears to represent the

existing data in the most favorable compromise available.
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APPENDIX A

THE CALCULATION OF THE MODEL ATMOSPHERE

a) Formulation of the Problem

The development of the model atmosphere concept originated in an attempt
to explain the details of the emergent intensity from the solar surface and
the emergent flux from stars. The atmosphere is defined as those layers of

a star directly accessible to observation, in the sense that a detectable

fu

moeunt of radiation which is characteristic of those layers reaches the ob-

erver without being absorbed or scattered.

v

In order to derive a model atmosphere it is necessary to make certain

simplifying assumptions concerning the geoﬁetry, equilibrium, and conservation
equations which are consistent with observational evidence. These are dis-
cussed in greater detail in textbooks on stellar atmospheres such as Unsold
(1955} and Aller (1963).

The atmosphere is assumed to be stratified in homogeneous, steady-state,
plane-parallel layers with the linear extent of the atmosphere small compared
with the radius of the star. Each layer is thus defined by a single indepen-

ent depth variable. The outer boundary is defined as the point at which no
rediation flows back into the star across the boundary. In addition, the
atmosphere is assumed to be in hydrostatic equilibrium under the action of a
uniform gravitational field with no radiation, magnetic, or mechanical forces.
This implies that the total gas pressure at each layer is just the kinetic

pressure of the constituent particles.

Hhn

The final assumptions concern the transfer of energy through the atmosphere.

m
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Radiation and convection are known to be the primary modes of energy transport
in the atmosphere which is assumed to possess no sources or sinks (Aller 1963).
The state of the atmosphere is assumed to be one of local thermodynamic equili-
brium (LTE). This means that at each layer the gas molecules obey Maxwell-
Boltzmann statistics so that the ionization and excitation equilibrium is
determined by the Saha and Boltzmann equations, respectively, for the local
clectron kinetic temperature. In LTE the source function, the ratio of the

emission coefficient to the absorption coefficient, is the Planck function

(Kourganoff 1963). In essence, scattering is neglected and pure absorption is

L

ssume

6]

to be the only mechanism for the formation of the radiation field.

The final assumption is the condition that the line and continuum formation can
be separated, and hence line opacity does not dominate the atmospheric struc-
ture.

In atmospheres similar to the sclar photosphere, such as sunspot umbra,
the additional assumptions can be made that no molecular formation or helium
ionization takes place, and that a scaled empirical solar temperature distri-
bution can be used provided the opacity and ionization equilibrium are similar

to those of the sun.

b) The Temperature Distribution

The structure of an atmosphere in LTE is determined by the radiation
incident on the lower boundary of the atmosphere from the interior of the
star, the mode of energy transport, and by the sources of continuous absorp-
tion, Generally the procedure used to find the run of temperature with depth

is to require that the total emergy flux is constant at each layer of the



atmosphere, An iterative computation on the temperature distribution is made
until a unique temperature stratification is obtained which satifies the
condition of flux constancy at each depth. However, in the case of the solar
photosphere it is possible to determine the variation of temperature with
depth empirically from measurements of the limb darkening and the energy
distribution at the center of the disk (see Aller 1963). 1In this investiga-
tion, a variation of this procedure was used as described in Section II.

The model atmosphere is the variation of the physical variables - tempera-
ture, pressure, density, 0pﬁcity, and energy flux - as functions of a suitably
defined depth variable. The computational scheme employed in this investiga-
tion for the pressure stratification is one due to Weidemann (1955) as modified
by Elste (19068) and Evans (1969) to include the opacity and the emergent inten-

sity. The independent depth variable was chosen as the logarithm of the con-

tinuum optical depth at 5000 R (denoted by the subscript o). The relation to

cepmetrical depth t is given by ,
t
H,(t) (¢) dt
= = o
X = logT, = log o P e ; (A1)
Mo L_ €7 l;
o z
where e, the continuous absorption coefficient per hydrogen particle at
5000 X,
m = the mass in grams of a unit of atomic weight,
By = the number density of element i relative to hydrogen
u, = the atomic weight of species i,
L

¢ = the density of stellar material.

The quantity l!mOZEiui) is the number of hydrogen particles per gram of
i .
material. As shown by Elste (1955), the logarithmic optical depth scale is

approximately linearly proportional to geometrical depth, and is thus a
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pliysically more desirable depth variable to use than optical depth (see Tables
1 and 2). The atmosphere was divided into twenty-seven layers extending from
~4.0 to +1.2 in the logarithm of the optical depth. In order to obtain the
corresponding geometrical depth at each layer of the atmosphere, equation (Al)
was inverted and solved for the geometrical depth, and where a geometrical

depth of zero was arbitrarily set at an optical dépth of 0.01.

¢) The Ionization Equilibrium

In determining the ionization equilibrium, the Saha equation can be used
to calculate the number densities for two successive ionization stages assuming
LTE. The equation for the ratio of singly ionized (denoted by the subscript

1) to neutral particles (denoted by the subscript 0) of atomic species 1 is

. /og(ui/uo) + (9.080! -2.5/og8 -'/og/j) = XOQ 3
= e =CID€/8,(A2)

where ur(ﬁ} the partition function of the rth ionization stage,
§ = the reciprocal of the temperature expressed in electron volts
(2 998
[=5040/T("K) ],
P = the electron pressure,
x_ = the ionization potential between the rth and (r + 1l)st ioniza-
tion stages in electron volts,

n = the number density of an atomic species in the rth ionization

stage.

The ratio of the number density of ions to atoms and ions, or a quantity called

the degree of ionization, is given by
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/_l?f_) _$/R _x (43)

\ 7ot 7 7 I+@/P 4
e

A

Neglecting helium ionization, molecular dissociation, and negative ions, and
assuming one lonization stage, the number density of free electrons due to
the ilonization of a particular species is equal to the number density of ions
of that species. Thus the ratio of all atoms, ‘ions, and electrons to electrons
is
Ny * EZ(}?O-J-??,-:“}’?E,)?'
)
%r(Tk)f (Ad)

..M::
Ne

where n,, = the helium number density. Using the perfect gas law, then
He

equation (A4) becomes

N

z _ Lel1+X)

g&fsz‘

) (45)

5
e

where XNe = 0 and it has been incorpeorated in the summation. From equation
. 2 . . ; ;
(A5), the ratio Pg/Pe , which is used in the calculation of the gas pressure,

can now be written in terms of the degree of ionization and abundance as *

‘DS' . ZEE.}'(J +XZ‘J

R RLeX; (46)

d) The Sources of Continuous Absorption

The major assumptions involved in the calculations of the continuous

absorptioﬁ coefficient are: (a) the neglect of all molecular absorption
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except B, ; (b) the neglect of all negative ion absorption except H ; and

{c) the use of a hydrogenic approximation for metal absorption. The total

absorption coefficient k, includes, in order of importance, bound-free (bf)

A
+
i

5 and a total absorption coef-—

and free-free (ff) absorption due to H_, H,
ficient for all metals (Evans 1966, Elste 1968). The metal absorption coeffi-
cient was integrated over the ionization continuum rather than summing to
obtain a smooth curve. In addition, the total absorption coefficient is multi-
plied by a correction term for stimulated emission of radiation and this pro-
duct has added to it a scattering coefficient for Rayleigh scattering by
neutral hydrogen and Thompson scattering by free electrons. The total mono-

chromatic absorption coefficient per hydrogen particle per unit electron

pressure at any depth in the atmosphere can be written in the form

Ky _ [ K(Hettf) + KylHot) + K (H#) + Kyl Hy o ff)  +

‘A

R fe I e 2 (A7)

KﬂMﬂGB%g> (I-émbﬂd +U{Hﬂj
z z

e) The Gas Pressure

The equation of hydrostatic equilibrium can be written in terms of

the logarithmic optical depth scale as

. oI gy,
M Mod

the effective surface gravity,

4
=)
o
H
o
[4s]
|

Mod = logloe = (0.43429.

1
If this equation is multiplied by Pg/2 and integrated from the outer boundary
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where Pv = 0 to the depth x, an expression for the gas pressure at z is

o

cbtained which in logarithmic form is

logR = Zlogf31C, ) +

uﬂm

\/_: M/P) ae (49)

where K = m_g!

E.H
o]

g 13
y . 2 : g
The function Pn/PE and KO/PE are computationally advantageous for condi-
o
tions found in the spot umbrae because they are much less sensitive to the

value of the electron pressure than to the temperature as shown by Weidemann

(1955). The electron pressure can be obtained by the relation
= 1 -
log R - [/ogf? /09(@/82}] . (A10)

Using the perfect gas law written in logarithmic form, the density at

each layer can be computed by the relation
Jogp = ‘/09/53 + /Og(moZ;ET;/L(Z') - fogk = /09(5040/9> , (A1)
where k = the Boltzmann constant,

f) The Emergent Intensity

The radiative transport equation for LTE and plane-parallel atmospheres

given by (Aller 1963)

'...I
[7}]
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wdlypu) = Lin,u) = Si(n) (412)
7
where u = cos 0 is the angle between the emergent radiation and the outward
normal to the surface of the atmosphere,
Ik = the intensity of radiation at optical depth Ty
BA(TA) = the Planck function

An integral solution may be derived for the emergent intensity (Xourganoff
1963) where the optical depth at the wavelength A other than 5000 8 is given by

X

_ ! K;‘(x){ A (A13)
U o) Mod> ax

- 00

The emergent monochromatic intensity can now be integrated by parts to obtain

the relation
*+1.2

o
I(qu) = 52(-4.0) + [%5-) e w dx (A14)
where t = 10

g) The Computational Procedure

The digital computer program which performs the computation of the atmo-
spheric model was developed primarily by Elste (1968) with modifications by
Evans (1969). The geometrical depth routine was written specifically for this

investigation by the author. TFor a given temperature distribution, eiffective



surface gravity, and chemical
tron pressure from an initial
of the ionization eguilibrium
coefficient at the wavelength

used to solve the hydrostatic

of the gas pressure and a new

composition, an iteration is performed cn the elec-
estimate. This involves first the computation
from ecquation (A6) and the continuous absorption

of 5000 A from equation (A7). These are then
equation [equation (A9)] for the depth-dependence

estimate of the electron pressure from equation

(A1Q0). 1In practice the convergence does not depend strongly on the initial

. B ; 2 ;
estimate of the electron pressure since Pg/Pe and KO/Pe are stronger functions

of temperature than electron pressure. The last step is the calculation of

rt

equation (Al4).

he density distribution from equation (All) and the emergent intensity from
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APPENDIX B
THE CALCULATION OF INTENSITY LINE PROFILES

a) The Definition of Line Depth

The assumption of the formation of the zbsorption lines in LTE yields
the result that the source function is the Pianck function. The LTE assumption
is more valid for subordinate transitions, which tend to favor pure absorption,
than for resonance transitions as a formation mechanism (Aller 1963).

The form of the equation from which the line depth in intensity is ob-
tained is a modification of Gussman's (1967) gradient method by Evans (1969).
In calculating the line profiles, I used the computer programs which were
developed by Evans and which I assisted in writing and verifying. The line

depth is defined as

f'(i\z,ﬂ) = I,?/OV“J - -Z:M(O;ﬂ) ’ _—
L0, 1)
where IK(O’;) = the emergent continuum intensity at a limb distance 1y,

Ihh(o,p) = the emergent intensity in the line at the point AX from the
line center.
Throughout the visible region, except near absorption discontinuities, the
continuum intensity is not a strong variable with wavelength. Therefore it
is practical to use in the computation of the line depth a monochromatic con-

tinuum intensity for a wavelength region of 100 teo 200 8. If the equations

or the intensity in the continuum and in the line are -integrated by parts,

=

esulting equation for the line depth can be written in the form

(t
L)
fD
Ia



A DA(X,M} E(X,L\),,d) dx ,
_i (82)
where DA(:{,;:) = ok (C/B\) e
?
I’lfo}
EGe,bu) = 1= 2/M
Tl(kjﬁk) = the line optical depth.

The optical depth Tl(x,AA) in the line is given by

7" ’A/? = K d s
3 %y 4d) 'Ef'ﬁéod) g (B3)

—00

where ml(x,ﬂk) is the line absorption coefficient per hydrogen particle,
and K and T, are obtained as functions of depth from the model atmosphere
calculaticns. This relation follows from the definiton of optical depth in
equation (Al). The computation of the line depth is now reduced to the
specification of the absorption coefficient in the line and its wariation
with wavelength.

The line absorption coefficient per hydrogen particle has the form (see

Aller 1963)

~he/pkT
R R A
N,/ mc? Al (B4)
where (1 - e—hc/AkT} = the correction for stimulated emission,
N = the number density of absorbing particles in

the lower level of the transition of interest,

WH

the number density of hydrogen,
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ﬁAD = the Doppler width,
f = the oscillator strength,
6(&)) = the broadening fumctiom,

and where the remaining quantities retain their usual meaning. The number
of ebsorbing particles per unit volume, N, can be written in the form (see

Evans 1966)

N = Ifaz)( )N ,
-(”P L11g (BS)

where p and s denote the ionization stage and excitation level, respectively.
The quantity an, which is just equal to the number abundance Ni, represents
the summation of particles in all ionization stages q. However in this in-
vestigation only three ionization stages were considered in the summation

-

over q. Thus denoting the most abundant ionization stage for the temperature

Ha

and pressure of interest by r, where r-1 and r+l are the stages below and

above r, respectively, then equation (B5) can be written in the form due to

r
.r'Er ﬂP,S\\j/ np \','N/Z' —_ (7‘?10:5\: : : n/a A/z- = (nP;S uf>/ /> (B6)
\77,9 /\ch[ Tip / Ly + 1p + Ny \u ?
where e, = the partition function of the r-th ionization stage,

il

r ]
& U (_’f’_r;_f_> + 1w (D)
n(‘ J’?;- _j

The first quantity on the right in equation (B6) depends on the ionization

stage under consideration and is given in the form due to Evans {15966)
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/ogfn.o};ru,j = /log,s + A6 + h(9080/ - 25/og6 - JogB ) , (1)

whare . o & the statistical weight of the lower level,
Pao
Xp g = the excitation potential in electron volts,
bl ]
and if p = r-1, then h = -1 and Ay = -
2 X Xr-l Xr—l,s

if p = r, then h = 0 and Ay = W 2
3

if p=71r+ 1 then h = +1 % == =
it p r hen h : and Ay Xr+l,s X,

The absorptiocn coefficient per hydrogen particle, equation (B4), can now be
written in the form

Ky = &VT e A% gos

| X6 + h(2.080/ -2.5/og6 - JogR)
mc? Adp U |

/O
-he
X (1~e )b .

]
|
1 e

The integrand for the line optical depth given in equation (B3) can now be

expressed in the form (Evans 1966)

(L)(ﬁ) = € (9fA); Z; Ptan) (29)

/
<

i

where Zidefines & depth-dependent population factor and €y is the number

density ratic of absorbing particles to hydrogen particles. The broadening

Hi
=
=

ction, ¢(Ar), will be discussed for metal lines and hydrogen lines in

sections ¢ and d, respectively.

b) Line Broadening Mechanisms

In recent years a number of reviews on spectral line broadening have
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been written (see wvan Regemorter 1965). The broadening mechanisms of im-

portance in stellar atmospheres may be divided into macroscopic and micro-

scopic broadening agents:

(1) Macroscopic broadening agents

(i)

(i2)

(t24)

Rotational breoadening due to contributions from different parts of
a rotating stellar surface;

Macroturbulence due to mass motions of turbulent elements whose
linear extent is large compared to the mean free path of a photon;

Zeeman broadening due to Zeeman splitting by a magnetic field.

(2) Microscopic broadening agents

(v}

()

(viz)

Natural broadening due to the finite lifetime of excited states;
Isotopic broadening, a pseudo-broadening due to isotopic differences;
Thermal broadening due to the random thermal motions of the
gbsorbing particles;

Microturbulence due to the mass motions of turbulent elements
whose linear extent is small compared to the mean free path of
a photon;

Resonance broadening due to interactions with atoms of the

same kind as the absorber;

Stark broadening due to the interaction of the absorber with
electrons and ions;

van der Waals broadening due the interaction with neutral atoms

or molecules of a different kind than the absorbing particle.

The line absorption coefficient is independent of the macroturbulence



and rvotational broadening which, by their definition, take place after the
line is formed. Therefore they affect only the line shape and not the equi-
valent width. Since the calculations are for sunspols, macroturbulence and
rotational broadening agents are unimportant. The Zeeman splitting and all
the microscopic agents which influence the line shape and equivalent width are
included in the computation of the line absorption coefficient except for

isotopic and resonance broadening which are negligible in most astrophysical

cases.

¢) The Metal Line Broadening Function

Although turbulence pressure was ignored in the computation of the
atmospheric pressure model, microturbulence is included in the metal line
broadening. Assuming an isotropic distribution of turbulent elements obeying
a Maxwellian velocity distribution, microturbulence produces a Doppler broad-
ening similar to thermal motions.

Doppler broadening produces a Gaussian line shape while natural and pres-
sure bfoaaening produce a dispersion profile. Assuming the statistical
independence of each broadening mechanism, the convolution of the Gaussian
and dispersion profiles results in a Voigt profile for the shape of the
absorption coefficient per absorbing particle (Unsold 1955, Aller 1963). The

1/e — width of the Gaussian profile is given by the Doppler width

2 2
AN, = A + (310)
D c S & ’
where &, = the most probable thermal speed of the Maxwellian distribution,

&)
a
=
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= the most probable microturbulent speed,

half-width of the dispersion profile in circular frequency units is

given by the sum of the half-widths for neutral, quadratic Stark, and van der

—
)—{(X) = )Rcfd. # );‘ark 3 ):d. Waals . (B11)

The radiation damping constant is computed from the classical formula while
the van der Waals broadening by hydrogen and helium atoms is obtained from
a2 Lindholm relation. The Lindholm theory is also used to compute the contri-
bution from quadratic Stark broadening by ions and electrons (Unsold 1953,

Aller 1963). The half-width in units of the Doppler width can be written as

alx) i —t— ) (812)
| 5o * 5

The metal line broadening function, which is the Voigt function can now be

written as
Py = Hayv) = 2/ % . (B13)

-0

If the line is assumed to be formed in the presence of a homogeneous magnetic

{1
}._

field, the broadening function becomes the Y, discussed in Section 1IV.

d) The Hydrogen Line Broadening Function

Since the core of the Balmer lines are formed very high in the atmosphere
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(above log T, E -3.0) where deviations from LTE are probably important, only
the wings are considered. In the wings, linear Stark broadening dominates

Doppler broadening and radiation damping (see Aller 1963). 1In addition,

Cayrel and Traving (1960) have shown that resonance broadening is important

w
b
S

in the

According to the Spitzer-Holstein criterion (Bohm 1960), the contribution
of the slowly varying ion fields should be treated with a quasi-static approx-
imation, while the fast moving electrons are treated with the impact approxi-
mation.

Investigations of the Balmer lines yielded several formulations for the
treatment of the linear Stark broadening: David (1961), Griem (1964, 1967),
and Edmonds, Schluter and Wells (1967). The form used in this investigation
was the 1964 work of Griem which was an available computer code. The umbral
hydrogen lines do not have extensive Stark broadened wings so that there was
no necessity in utilizing the improved theories by Griem or Edmonds, et. al.
for this study.

The hydrogen broadening function is given by the sum of two terms by

Griem
5
Fplar) = f, Heay) + 3T ado fe I[1+ROR)] |
o
where fo = the oscillator strength of the undisplaced component,
FO = the normal electric field strength,
2
= 0.1801 (P 6) /3,
e
i = the oscillator strength of the displaced components (red denoted

by + and violet denoted by -),
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b1
Il

the broadening function due to the quasi-static ion field,

>
1l

the ratio of the electron impact broadening to the ion

broadening.

Further discussion and details are given by LEvans (1966).

e) The Theoretical Curve of Growth

The theoretical curve of growth is a plot of the saturated equivalent

PRI
WLALL

1 against the unsaturated equivalent width (Aller, Elste, and Jagaku 1957,
Aller 1960, 1963). The unsaturated equivalent width is given by equations

(1) and (2) in Section IV where the quantity L, is given by (Evans 1970)

A

/og LR = /Og \%ﬁj-‘/{f:,ef;: Z?‘ 93 dx ) (B15)

he intensity weighting function defined by Aller (1963).

|
&3]
rt

The saturated equivalent width is defined by the integral of the line

depth over wavelength

(==}

-

log {%) = /og{'?f— r(aa,u) di (B16)
a

where the line depth is defined by equation (Bl).
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The question of the magnitude of the error made by neglecting magnetic
line formation in the derivation of umbral models has been considered in this

investigation. It w

(=]

s felt that a new semi-empirical umbral model was needed

jab)

w
rt

which achieved better agreement with the published continuum data than was
possible with the predictions of existing models. Thus by improving the
reliability of the model using continuum intensity measurements, one can be
sure that the results obtained regarding the influence of the magnetic field
are not made suspect by the physical conditions of the model. Assuming hydro-
static equilibrium with no magnetic pressure, an LTE source functicn, and no
molecular hydrogen formation, the temperature distribution from Zwaan's model
was altered graphically and used to predict the continuum intensity. The
validation of the model counsists primarily in comparing the predicted continu-
um intensity ratio of the umbral model to the model of the undisturbed photo-

sphere by Elste to several sets of observations. The ratios have been obtained

(7))

1 wavelengths in the range from 4000 - 220C0 £ and for several limb

o
rt
w
(1]
<
]
H
m

distances at a wavelength of A5451. Additional confirmation comes from the

cgreement between observed hydrogen line profiles and the predicted omnes of
the model.

Line profiles were computed from the model using an LTE source function

integrated to obtain theoretical curves of growth. Included in the

ulations are the usual broadening mechanisms of thermal, pressure, and

calcu

microturbulence along with the Zeeman broadening, which is the one of special

interest. Empirical curves of growth published for Fe I, Fe II, Ti I, and

Ti II from several different spots were compared to the theoretical curves.

The scatter in the line data due to stray light and uncertainties in the
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f~values considerably exceeds any magnetic intensification for typical
spot field strengths. Thus the neglect of magnetic line formation does

not appear to be the major weakness in our knowledge of sunspot structure.



