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SUMMARY

In this study, a photostress method of stress analysis

was used to investigate che elastic distribution of stresses

in an aluminum alley I-beam with a rectangular web opening at

the center, Photostress sheet plastic of type S was used as a

birefringent coating. Electric-resistance strain gages were

also used at selected places on the flanges and the web. A

hydraulic testing machine was used Co apply the load at the

center of the beam. The load was applied through a l v,xl"x2"

rectangular block and a compression load cell was used Co

r e c or d ch e load

.

The photostress readings and strain gage readings were

taken at four Increments of load, A Large Field Meter was

used to take the birefringence and the isoclinic angle readings

at different poinds on a previously selected grid pattern on

the plastic. Since most of the readings were between n.ero and

the first fringe, use of the linear compensator and the full

wave plate was necessary. All of the strain gages were con-

nected to a Strain Indicator and the readings were recorded

with an Automatic Printer. The temperature of the laboratory

was maintained at (68 - 2}° ? arid the relative humidity was

kept relatively constant while making all the observations.

The shear -dif f erence method was used to compute the

normal stresses at the interior points of the web. The stresses

for a horizontal section were first computed by starting from

the free boundary of the hole. The stresses for the various

vertical sections were then computed by starting from the

corresponding ooints on that hori ^onta 1 section. Thus the



elastic stress distribution for five sections of the beam was

obtained. The longitudinal stress distribution for section 8

was also obtained from the strain, gage readings ar.d that stress

distribution was in good agreement with the one obtained from

the photos tress observations.

Since the conditions assumed in the derivation of the

simple theory of flexure were not satisfied in this case the

experimental distribution of shear and normal stresses could

not be expected to agree with the corresponding distribution

of stresses based on simple flexure theory. The neutral axis

for the various sections of the beam did not coincide with

Che centroidal. axis of the beam. At section 5 the neutral axis

was above the centroidal axis and at section 6 it coincided with

the centroidal axis of Che beam. At sections 7, 3 and 9 the

neutral axis was below the centroidal axis. The curves of

shear stress distribution also indicated that the point of

maximum shear stress was above the center of the beam at

section 5, and at sections 6, 7, 8, 9 and 10 it was below the

center line of the beam. By the comparison of the results

obtained from the photostress readings and the strain gage

readings it was concluded that the s'near -difference method of

Computing stresses at interior points of a member and hence

the photostress technique of stress analysis are quite useful

in the analysis of such members.



INTRODUCTION
.

In many practical situations rectangular openings

through the webs of structural members such as girders, truss

members, ship bulkheads, etc., are required for utility

installations or for other purposes. These openings in the

webs cause concentration of stresses and the designer is

faced with the problem of designing such structural compo-

nents economically. In all cases, Che design must take

inro consideration the disturbances in the normal stress

distribution produced by the presence of discontinuities.

The present study was aimed at studying the effect of

a discontinuity in the web on an I-beam subjected to a single

concentrated load at the center. Worley (1), Segner (2), and

others, have studied this problem. In their studies they

investigated wide-flange sections with a series of cut-outs

In the webs. However, the present study is concerned with a

single rectangular hole in the center of the beam veb,

A photo-elastic method of experimental stress analysis,

in conjunction with electric-resistance strain gages, was

used in the present study. The photo-elastic method provides

a very good tool for exploring stresses and fttr;-.ins In many

structural components and odd shaped machine parts. Many

times these members such as bolt heads, split rings, keys

and keyways, toothed gears, grooved beams, etc., cannot be

accurately analyzed by other available methods. Photo-stress

plastic can be cemented to those members and the directions



of principal strains and the principal strain differences can

actually be observed in the laboratory. Thus the distribution

of normal stresses across various sections can be obtained in

a relatively short time. -

m

The objectives of the present study can be summarized

as follows:

(a) To verify the effectiveness of birefrlagant

coatings and the pho to-elastic method of stress analysis.

(b) To verify the validity of the shear -difference

method in computing the normal stresses at interior points of

a structural component.

(c) To Study the effect, on stresses, of a hole in

Che web on an I-beam and to obtain elastic stress distributions

at various sections in the beam.

For experimental purposes, an aluminum alloy 6061- T6

I-beam 5
:'x3" (3 3.43 was selected. A 2"x4" rectangular hole

was machined in the seb at the center of the beam with the

corner*:, of the hole rounded by % inch fillets. Then the

Photo- stress plastic was carefully machined and cemented around

one-half of the hole and extending 7" to one sice of it. Strain

gages were mounted on che beam flanges to detect and thus avoid

eccentric loading. The load was applied through a r'xr'xZ"

rectangular steel block. The block was placed longitudinally

on the center line of the flange as shown in Fig. 4. A com-

pression load cell was used to measure the load. The strain

gages were connected to a Eudd Switch and Balance Unit, Digital

Strain Indicator, and an Automatic Printer. The Photo- stress



readings were taken with a Large Field Meter and the shear-

difference method was vised to compute the normal stresses

at various sections. The photo-elastic calculations for one

particular section were checked by mounting another set of

electrical strain gages, on the opposite side of the web, at

that section.



REVIEW 0? LITERATURE

The photo-elastic method of stress analysis was origi-

nated near the beginning of this century. Until approximately

19.30 this method did not attain much recognition. In 1935 the

Eastern Semi-Annual Conferences on Photo-Elasticity were

inaugurated, loading later to the formation of The Society for

Experimental Stress Analysis, Since that time a great deal

of research has been done in this field.

In .1934, Wahl and Beenwkes studied the concentration

of stresses produced oy notches (3). The purpose of the study

was to find the effect of notches, on Che member and to study

the variation of the streosar in the member.

In a paper published in 1941, Frocht introduced the

shear-dif f erence method (18), This method, can be us^d la

computing the normal stresses across an arbitrary straight

section or along an arbitrary path. Ic is strictly a photo-

elastic method making use of isochcomatics , isccUnics, and

the dif fcrential equiitions of equilibrium in Cartesian co-

ordinates .

In 1949, Hendrj' investigated the stress distribution

(5)
in simply supported I-beams, His objective was to stucy the

distribution of stresses and strains under a concentrated

central load when it v;as applied in different ways, i.e.,

V diameter ball, I'
1 diameter roller wider than flange, 3/4"x

3/4" bar placed lengthways on flange under 1" diameter roller,

l,5"xlM bar placed +-V.-. 7.-, - .<" He concluded that:
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when loaded with a central load in bending. He used the

shear-difference method to locate the approximate positions

of plastic hinges. He also showed that this method gave

promising results and could be used effectively. Ka con-

cluded that the 'upper or lower flanges and the remaining

web material above or below the holes tend to behave as

independent T-shaped beans.

Duffy, in the same year, reported on the effects of

thickness of birefringent coatings (7). After his investiga-

tions he concluded that in the measurement of birefringence

txvo factors should be considered. These were: L
-ho strain

gradient ac the specimen surface and the curvature of the

specimen surface under the load. He pointed out that large

errors could be expected in certain circumstances where these

factors were neglected. He presented the values of L'he

necessary correction factors for different Poisson's ratios.

Again in the year 1961, Post and ZantJman studied the

accuracy of the birefrlngent coating method for coatings of

arbitrary thickness (8). Some of their conclu^iomi were:

(a) for the case of plane-stress problems and equal Foisscn's

ratio of structure and coating, the Influence of coating

thickness on birefringence developed along free boundaries

was almost zero, (b) for unequal Poissor.'s ratios, and singly

connected structures in plane stress, birefringence developed

along free boundary was almost independent of coating thick-

ness, (c) in order to minimize the effects of different

Poisson's ratios and local reinforcement they preferred thin



coatings rind suggested that, for most engineering problems,

1/3 inch thick coatings would generally be desirable, (c)

that plane stress distribution for singly and multiply

connected bodies and general surface strain problems could

be analysed effectively by Che method of birefringent coating

meas ur erne n t

.

Another study on the reinforcing effect of birefringent

coatings was made by Redner, Zandman and Reigner in 1962 (9).

They developed curves for correction factors applicable to

Some metal in particular cases such as flexure of plates,

torsion of shafts and cylindrical pressure vessels, and com-

bined axial and flexural loads in plates and beams. They

also pointed out that the only critical case for the applica-

tion of a reinforcement correction factor was that of flexure

of plates when the plastic was cemented to the surface of the

plate. They concluded that in the case of thin coatings no

difficulty existed and that the correction factors would be

negligibly small. They verified their results by the use of

electric-resistance strain gages.

In 1962, Shimada presented results of an investigation

of stresses in bars with. reinforced semi-circular notches

under bending (10). He made this study CO determine the

type of reinforcement that would change the stress distribution

outside the notch to equal the conditions existing in a bar

having no notch. A relationship between maximum shear stress

and width of bar was obtained and the most suitable types of

reinforcements were discussed.
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In 1963. Signer made a study of the requirements for

reinforcement around large rectangular openings in the webs

of wide-flange beams (2). He investigated various beams for

different combinations of shear and moment; I.e., low shear

and high moment, high shear and moderate moment, high shear

and low moment. After examining the tost results he concluded

that the Vierendeel Truss analogy is an appropriate method

of a-.alysis for such problems. He concluded that for any

beam containing openings, large deflections should be expected

and that where possible the designer should select a deeper

section of similar modulus of section. This would sometimes

avoid the necessity for reinforcement.

In 1965, Snell reported the results of a study of the

reinforcement requirements for plates in uni-axial tension

(11). He made use of a birefringent coating technique to

verify his theoretical results.

In -.955, Yodivic investigated errors in the analysis

of photo-elastic raw data (12). He analyzed errors in the

shear-difference method and pointed out that if the data

obtained from photo -elastic experiment were accurate, the

results computed by this method would also be quite accurate.
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BRIEF REVIEW OF THE TWO DIMENSIONAL THEORY OF

PHOTO-ELASTICITS

Wave Theory:

According to the electro-magnetic wave theory, Light

is considered to be a wave whose transverse vibrations take

place in any direction in a .plane perpendicu lar to the direc-

tion of propagation. An ordinary beam of light contains an

inf iniire number of such waves, each of which has its own

transverse vibration.

The wave length and velocity with whi ch the light

pr o p Igates depend upon the medium through wh ich the light

passes. For certain materials the velocity may further depend

upon the plana in which light vibrates; i.e. , it may pro pi gate

wi th different velocities in different plane s. Each mono-

chroma tic light wave is specified by the frequency with which

it vi 'crates and it is distinguished from otb ers through the

s 3n s o of color. The color is a function of frequency rather

thai; of wave length, but it is customary to d?:cribe color

in tecms of the wave length in air. This is feasible because

Che f requency, n
s
and che wave length, X, ar e related to each

o trher by the following equation:

c - X/n
,

(1)

where c is the velocity of Light in vacuum. •

Light can also be represented by a ve ctor. The

magnitude of the vector is equal to Che ampl itude of v5.bra tion

and Che direction of the vector is that of the vibration.
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Thus monochromatic light is represented by a single light

vector whereas white Light is a combination of several

vectors

.

One of the most important optical properties employed

in the photo-elastic method is the polarization of light. The

term polarization may bo applied in the sense that some kind

of control exists over the Light vector or that the vector

obeys some definite .Laws.

Plane Polarization

:

Polarized light in which the particles are constrained

to vibrate only in parallel planes is said to be plane polar-

ized; i.e., the vibration is allowed only in one direction.

In this case the light: vector has a constant direction,

though its magnitude may change.

Circular Polar ization ;

For circularly polarized light, the light vector

rotates around the line of propagation, and its magnitude

remains constant. Circularly polarized light may be resolved

into components in any two directions at right angles. These

components must always have the same amplitude.

El liptical Fo lar izatiqn

:

This is essentially similar to circular polarization .

except that Che magnitude of the light vector changes

periodically during the rotation. Elliptical polarization is

seldom used in photo-elasticity.
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Bire f r i n^ence or Double Refraction

:

Plates made of certain crystalline material, such as

mica, have the property of resolving the light (which fails

on them at normal incidence) into two components and trans-

mitting it en planes at right angles. This phenomenon is

referred to as 'double refraction" or "birefringence".

Furthermore, the optical properties on the two planes of

transmission may be different: so that the two components will

be transmitted with different velocities. Therefore, when

they emerge from the plate, there is a difference in phase

between the two waves that Is proportional to the thickness

of the plate traversed by the light. Material? used in

photo -elasticity must become birefringent when they are

stressed.

Basic Optical Laws of Two- d imens iona 1 Pho to - elasti c ity :

Almost all of the transparent materials such as g^ass,

celluloid, bakelite, etc.
s
become doubly refracting whan sub-

jected to deformations. There are two basic laws governing

the relationship between the transmission of light and

stresses

:

(a) The light is polarized in the direction of

principal- stress axes and is transmitted only on the planes

of principal stress,

(b) The velocity of transmission in each principal

plane is dependent on the magnitude of the principal stress

in chit plane.
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Re la c i vo Retards Cion :

With an unstrained model of birefringent material,

coated with reflective material on one side, any. polarized

light falling on it will be reflected back to the analyzer

without any change. However, when the model is subjected to

deformations due to external loading, the behavior of the

polarized light will be governed by the above two laws.

Plane polarized light will split into two perpendicular

principal, planes and the light in these planes will traverse

the width of the model with different velocities. Thus, as

these components progress through the model, they gradually

become out of phase and emerge from the model at different

times. The lag of one component over the other, as measured

in inches is termed "relative retardation". The emerging

components of light cannot be reunited to form a plane-

polarized light again, so they reach the analyzer at different

times. This effect appears in the form of different colors

en the model as it is observed through the analyzer. The

relative retardation (<5 ) depends directly on:

(a) the thickness of plastic (t ) traversed by the

light;

(b) the strain optical sensitivity constant (K) of the

plastic;

(c) the principal strain difference (e,-e-).

These factors may be related as follows:

n p 1 2' l '
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(2t is used since the light is reflected back. C is the
P

reinforcing factor for the birefringent coating.)

The relative retardation, (5 ), is measured in a
n

photo-elastic experiment and, knowing the properties of the

plastic, Che value of the principal strain or stress difference

can be calculated for a particular value of relative retar-

dation. This is a constant value for a particular plastic.

Two types of fringe pattern are observed in a photo-

stress experiment, isoclinics and isochromatics. An iso-

clinic at a point gives the direction of principal stresses

at that point. The isochromatics give the principal stress

difference at the point. Isochromatics appear as black and

white fringes with a monochromatic source of light and appear

as different colors with a white light source. The sequence

of colors is shown in Fig. 1,
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EQUIPMENT

The Chapman Photo-elastic Model Making Kit:

This special model making kit was used to machine the

photo- stress shee C to the required shape. A high speed vibra-

ting jig saw was used to cut the sheet roughly tc Che required

shape without putting pressure on the saw. An aluminum template,

O.iOO" thick, of the required shape was prepared very precisely

and the rough plastic sheet was fixed to it so that about

1/16 inch of the plastic projected from the template ail

around . Xhe p 1a s tic was then ready for rough finishing.

The finishing was done on a high speed model making

machine which had a circular carbide cutter. For rough fin-

ishing a plug of Slightly larger diameter than the diameter

of the cutter was used. The plug projected exactly 0.100M

above the base of the machine. For final finishing a second

plug of the same diameter as that of the cutter was used.

Very Little pressure was applied to the template while guiding

the plastic so as to avoid the generation of excessive heat in

the plastic.

rolari:=cope:

A Large Field Meter with its accessories was used to

make the photo-elastic observations. It consists of a polar-

Izer and an analyzer arranged so that light from the polarizer

falls on the mode 1 and is reflected back to che analyzer.

The po 1 sr i zer and the analyzer are coupled together sc that

they cm be ro^ra': ed simultaneous iy and the Isoclinics of
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different angles can be read on the isoclinic scale. The

analyzer consists of an analyzer ring with a scale to measure

the fractional fringe orders. The analyzer and the polarizer
o

can be rotated together through 45 angles either clockwise

or counter-clockwise so as to produce plane or circularly

polarized light. By producing circularly polarized light the

isoclinic fringe pattern can.be eliminated to facilitate the

observation of isochromatics.

Preparation of Test .._3eam

:

For experimental purposes an aluminum alio:/ 6061-T6

I-beam 5 :ix3" and 36" long was selected. A rectangular hole

2 Mx4" vi»as cut in the middle of the beam with the corners of

the hole rounded by 1/2 inch fillets. Photo-stress sheet

plastic of type S was selected and was machined to the required

shape. The plastic was then applied to the web of the beam as

shown in Figs. 2a and 2b. Photo-stress RCT (S&A) reflective

cement resin and hardener were used to fasten the plastic shact

to the beam web. The cement was applied in a uniformly thin

layer of about 1/32 inch thickness and cere was taken to

prevent air bubbles. The bonding was allowed to harden for a

minimum of 24 hours.

The electric-resistance strain gages were then mounted

at the selected places as shewn in Figs. 3a through 3d.

Eastman 91.0 contact cement was used for bonding the gages to

the beam.
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Loading Arrangement

:

The load was applied at the center of the beam through

a steel block l' ! xl"x2" which was placed longitudinally on the

center line of the flange. A hydraulic testing machine was

used to apply the load. The be~m was aligned as perfectly as

possible over the supports so as to avoid any twisting in it.

A compression load ceil was used to measure the load accurately.

The general ;
:

i ri angernent of the setup is shown in Fig, 4.

Strai n Gag i_ Indicator and Accessories :

The strain gages were connected to a Digital Strain

Indicator (Budd Model A110) which was further connected to a

Strain Gage Switch and Balance Unit (Budd Model C-10T and

C-10LTC). The strain gages were balanced for zero load with

the aid of this unit. The strain gage readings were recorded

with the help of an Automatic Printer.
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FIGURE 2b. PHOTOGRAPH O? THE BEAM WITH PHOTOSTRESS PLASTIC

CEMENTED TO THE WEB
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FIGURE 3b. PHOTOGRAPH OF IBS FLANGE '

. .3-./ING STRAIN

GAGES 0, 1, 6 AND 7

FIGURE 3c. PHOTOGRAPH 05 THE FLANGE SHOWING STRAUS

2, 3, 4, AND 5



FIGURE 3d. PHOTOGRAPH OF THE WEB SHOWING STRAIN GAGES

8, 9, 0' and 1»
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FIGURE 4. PHOTOGRAPH OF THE GENERAL SETUP OF THE EXPERIMENT
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fr^S? PROCEDURE AND COLL v
:ICTION 0? DATA

Fr a..Value: (f)

led as the magnitude ofThe fringe vaLue may be defii

pr incipal strain difference (e.-c
? ) or principal str ess

di fference (c,-o,.) required to produce one fringe in the

phi3to- stress plastic.

It can be seen from equation (2) that relativ e retar-

da "ion 6 = 2t KC(e,-e„). Also, fringe order N = 5
n p A * n :

jere

Ls the wave length of light corresiponding to the r etardation

at the tint of passage. So,

(c--c 9 ) - xn V(2t KC)
l ^ n p

(3)

Photos irrt ss sheet plastic of type S v/as used

,

S Lnc<

in this case there was no bending irl the plane of pi;as tic, the

reinforcing factor, C, ves neglected1.

Frew equation (3), fringe value f - X/(2t K), (K -
P n

1). (4)

Foic the type of plastic used:

t = 0.120",
P

K 0.084,

and X --' 22.7 x 10" inches.

••

•-,-•1, srefore, from equation (4):

f = (22.7 x !0" 6
)/(2x0. 12x0.084),

^ 1.125 x 10 inches /inch,

- 1 1 2 5 :rd cro- i nche s / i rich.

Co;averting this inro principal stress difference (c
i
-o

2 ),

(ar r
2

) = !c rs)V(l-f. ) .

3
(5)-



:'i. , the modulus of elasticity of the structure; i.e., aluminum
s r

alloy 6061- T6, is approximately 10 x i0 psi. (13)

M , the Poisson's ratio of the structure: i.e., aluminum
s'

alloy 6061-T6, is approximately 0.333. (13)

Therefore, from equation (5):

(o.-aj - 1125 x I0"
6x (L0 x 10 )/(l*0.333) psi,

= 11250/1.333 psi,

= 8420 psi.

In ether words, 8420 psi. principal stress difference

is required to produce one fringe of birefringence In this

type of plastic when cemented to aluminum alloy 6051-T6.

Call brat iQ a of Full Wave Plate

:

Since sufficient load could not be applied (due eo

the presence of the hole) to develop a full fringe or more at

most of the points on the plastic, it was necessary to use the

compensator and the full wave plate to observe the biref ringence

between zero and the first fringe, A. full wave plate should

add exactly one fringe at all the points but most of Che time

these plates have some initial errors. Therefore, they should

be calibrated. The following calibration procedure was used:

The uncoated reflective surface was observed through

the analyzer with the full wave plate mounted on it. The

analyzer ring was rotated clockwise or counter-clockwise to

observe the tint of passage (purple color). The tint of

passage in the present case occurred at a 0.09 reading with

counter-clockwise rotation of the analyzer ring. Hence ail

of the observations mad? with the aid of the full wave plate



2;::

were increased by 0.09.

Photostress Observations

:

For the purpose of making pho to s tres s o bserva t io ns

,

the Large Field Meter was sec up at a distance of about two

feet from the beam. Initial adjustir ents were made to remove

parasitic reflections. A particular gr id p a 1 1 ern ( show a in

Fig. 5) was selected on the plastic to make point by point

observations. With the polariscope producing plane polarised

light, the analyzer handle was rotated clockwise or counter-

clockwise to bring an isoclinic to the particular point of

interest. The polariscope was then adjusted to produce

circularly polarized light so that the isoclinics were

eliminated. The full wave plate and the compensator were

Chen mounted on the analyzer.. The compensator was used to

determine between '-hich two fringes the point of interest lay.

The full vvave plate and the compensa tor are additive only

when the analyzer handle is parallel to the direction of

major principal stress (14a). With the compensator parallel

to the direction of the major princlpal stress, the zero

fringe should appear. Thus the corr.pensator ;,
Tas used to ob-

serve whether or not the zero fringe apreared. if the aero

fringe appeared, the analyzer handle was parallel to the major

principal "tress otherwise it was no t . The a na lyz er h a nd le

was rotated clock-vise or counter- clo
~ - oekwise through 90 from

its original position if it was not parallel to the major

principal stress. Hence, in all obs ervations made with the

aid of the full-wave plate, the analyzer handle was kept
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parallel to the direction of major principal stress and the

ilyzer ring always required clod vise rotation to bi the

lower ff i nga on to the point of interest.

The observations were made for four different incre-

ments pi load. The values of the isociinics end the Lso-

chrjomatics ace shown in Figs. 6 to 9. The beam w 3 then

reversed from end to end; i.e., the plastic was on the right

side of the beam and the compression flange was in tension.

The photostress observations were again taken with the beam

In the second position. The values of the isociinics and the

isochromatics. for 4000 lbs. load at the center, for this

position of the beam are shown in Fig. 10. Some of the iso-

clinic and tsochromatic photographs are shown in Figs. 11,

12 ana 13.

Strain -': :',- e Readings:

The strain gage readings were also recorded for four

different .loads. These readings are shown in Table 1. With

the bear, re-versed, the strain gage readings for four increasing

load conditions were again recorded and chese are shown in

Table 2.

The v;hotcstreas observations and the strain gage

readings for the two positions of the beam agreed quite

well. The ca Lcuiations vere done for the first position of

the bea:n; i.e., with the plastic on r.'r.e left side of the beam.
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maaammt

IGURE 11a. FRINGE PHOTOGRAPH WITH THE PLASTIC ON THE

LEFT SIDE (LOAD =4100 LBS.)

FIGURE lib, FRINGE PHOTOGRAPH WITH THE PLASTIC G

RIGHT SIDE (LOAD - 4-LGO LBS,)
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FIGURE 12a. PHOTOGRAPH OF 60° ISOCLINIC WITH THE PLASTIC ON

THE LEFT SIDE (LOAD = 4100 LBS.)

FIGURE 12b. PHOTOGRAPH OF 20° ISOCLINIC WITH THE PLASTIC' 03

THE RIGHT SIDE (LOAD « 4100 LBS.)
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FIGURE 13a. PHOTOGRAPH OF 45 ISOCLINIC WITH THE PLASTIC ON

THE LEFT SIDE (LOAD = 4100 LBS.)

FIGUfcE- 13b. PHOTOGRAPH Or 45° ISOCLINIC WITH THE PLASTIC Oil

THE RIGHT SIDE (LOAD 4100 LBS.)
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TABLE L. STRAIN GAGE READINGS WITH THE

PLASTIC ON THE LEFT SIDE

STRAIN STRAIN GAGS READING IN MICRO- INCHES AT
GAGE
NO

.

L2 10 LBS. 7C50 LBS. 3035 LI;s. 5 L3S.

+i27 + 214 + 314 +423

L + 121 +212 +312 22

2 -103 -183 -276 -373

3 -119 -198 -289 -387

4 -110 -189 -281 -373

5 -103 -181 -270 -306

6 + 125 +211 +311 +422

7 + 121 +208 + 310 +422

3 - 75 -127 - 1 88 «252

9 - 49 - 83 -122 -163

0' + 3 + 5 + 8 + 12

V + 50 + 86 + 127 + 171
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TABLE 2. STRAIN GAGE READINGS WITH THE

PLASTIC ON THE RIGHT SIDE

STRAIN STRAIN GAGE READING IN MICRO- INCHES AT
GAGE
NO. 1235 LBS. 45 LBS. 3135 LE:S^ 40/5 LBS.

-122 -209 -303 -393

I -106 -185 -278 ••352

2 129 +228 + 334 +434

3 + 126 +219 +318 +414

4 + 126 +223 +327 +425

5 + 12 9 +223 + 329 +427

6 -112 -193 -282 -365

-5.20 -208 -303 -394

3 + 49 + 85 + 127' + 162

9 + 4 r 7 + 10 + 13

0' - 49 - 84 -122 -157

1« - 76 -135 -195 -253
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INITIAL CORRECTION OF RAW DATA

Since some initial or residual birefringence was

present in the plastic, a £ero load correction was necessary.

It was observed Chat the birefringence reading (residual) at

all the points was less than 0.10 of a fringe. It was further

noted that with the increase of load, the isoclinic readings

Hid not change much (the maximum variation being 3 at a very

few points) (fig. 14). Therefore it was possible to add or

subtract, directly, the zero load readings to obtain corrected

readings. The photostress readings at each point, for four

different loads were taken. A straight line graph was then

drawn through the four readings for each point. If that

straight line passed through the origin for a particular

point., there was no residual birefringence at that point

otherwise a parallel straight line was drawn through the

origin to correct for the initial birefringence. Some of

these graphs are shewn in Figs. 15 through 19. The isoclinic

angles for each point, at different loads, were also noted

and the average of these angles were used in the calculations.

The straight line graph for four strain gage readings,

at different loadings, for all of the strain gages were also

drawn and some of these are shown in Figs. 20 through 27.

Since the calculations were made for the 4000 lbs. load at the

center (with the plastic on loft side of the beam) t the cor-

rected interpolated birefringence readings and isoclinic

angles for "hat load are shown in Fi?>. 28. The interpolated

strain >a,ee readings for 4000 lbs. load are shown in Table 3.
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FIGURE 14a. FRINGE PHOTOGRAPH FOR ZERO LOAD

r*0
FIGURE 14b. PHOTOGRAPH OF 50" ISOCL1N1C FOR ZERO LOAD
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TABLE 3. INTERPOLATED STRAIN GAGE READINGS

FOR 4000 LBS. LOAD WITH THE

PLASTIC ON THE LEFT SIDE

STRAIN READING IN
G1G5 NO. MICRO- INCHES

+415

JL +410

2 -365

3 -332

4 -368

5 -355

6 +410

7 +408

8 -248

9 -161

0« + 11

V + 167



58

. ALYSIS OF DATA

;_"•' ; pi f fei snce ! et hod:

The shear-dif f erence method was used to compute the

normal stresses at the interior points of the web. This method

is based on the equations of equilibrium for the two-dimensional

stress state conditions. These equations ore as follows:

a lJ

3X oy
(6)

C-o-
3 5

oy ?x

The solution of these equations can be written in the form

as
= (1, V _ / .—I^Y. dx,

°x x
; o ' 3y (7)

as..,,

a - ( c. ) - f
-.-:'- dy.

(g )- and (a )•, are the values of o and o at a given location
X U y u s v

for vhich the sl;-;p>.::: ere hrr : :;iay be obtained. The values

of the integrals in the above equations can be represented by

the areas under the curves for vhich the ordinates are the -uce

of change of shear in the direction normal to the direction

of integration and the abscissas are distances along the path

of integration (Fig. 29a). In the case of a small finite par-

ticle, Fig. 29b, the integrals can be closely approximated by

the following similar expressions containing summations of

f i n L te i ncrements

:

AS
o =* <a )_ - I ~--~Z ax,
x x o &y (g)

A 5

o - Co ),, - i ~rZZ try.
y y A x

These two equations provide the basic tools for the
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determination of the normal stresses, <j and o , across arbi-
' x y'

trary straight sections.

The. system of co-ordinate axes chosen in the present

case is shown in Fig. 30, Starting from the free boundary

the normal stresses, o and o , wore found at various points
x y

along horizontal section 4. Then starting from horizontal

section 4, the stresses alonf, various vertical sections were

determined. The calculations for horizontal section 4 and

vertical section 3 are shown here. The stresses along other

vertical sections were found in a similar fashion.

The stresses along horizontal section 4 (Fig. 31) were

found by starting from the free boundary (point 4,4). Assuming

that the stresses had been computed up to point (4,6), the

stress (o )< - was determined by the summation of horizontal

forces as follows:

(o
x )

4 .

f7
* Ay + (S^lj • Ax - (o

x >
4 6

' Ay - (3xy )
5

Ax - 0,

OX ( *x>4,7 - <*x>4,6 " «V.I " (V5 ] % >

= (a
x } 4,6 - A S

xy
' fWAy). (9)

Curves of shear stresses along horizontal section 3 and 5 were

"' awn on the same ^raph and the values of fiS for ail the
xy

points along horizontal section '( csr? measured from that

graph. Then star tin..' from the free boundary, where r, is
'x

zero, the value of a for othej: points was calculated ^uccss-
x

sively. The value of the transverse stress, a > for any

point can be computed fro:r. Mohr's circle of stresses (big. 32a)

and is given by the following equation:

o__ - o.. *- \/(j---o- ;
2 - IS;, . (10)

y - V L 2 XV
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The positive or negative sign in the above equation will bo

chosen depending upon the Inclination of the major principal

stress, o, (Figs, 32b and 32c).

The normal stresses along any vertical section such as

section 8 were found in a similar fashion by summing up

forces in the vertical direction. Starting from any point

along horizontal section 4 and going either up or down from

there, the transverse stress, a
y( was computed from the follow-

ing equation:

°'y " {ayU " ASxy ( aY/&x>' (11)

o
vr

was then determined from the following relation:

a
x

= V^(a
i-°2

)2
~ 4 S

xy ' (12)

Shear Stresses

:

Referring to MohrLs circle of stresses (Fig. 32a), the

shear stress in the X-Y plane at any point is given by

S =* (1/2} %o.-a
2

) gin 2 e (13)

The photo- elastic method previous sufficient and necessary

data tc evaluate S at any point. The principal stress
xy

difference, Cc - - u
2
) s

is given by the isochroiratic fringe

pattern and the direction of principal stresses, 9,, is given

by the isoclinics. Tie direction of shear stress can be

deternlnec by examining the loading conditions and in the

present case the sign of the shear stresses was negative

throughout in the left half position. The values of the shear

stresses were computed as shovrn in Table 4. The plots of

these shear stresses for different sections are shovn in

Figs, 33 through 38 and for further calculations, the values
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FIGURE 32a. SKETCH SHOWING TWO POSSIBLE CONSTRUCTIONS OF
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FIGURE 32b. SKETCH SHOWING RELATIVE MAGNITUDES OF o AND a
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TA BI,E 4. CAD:fJLATI0K OF SHEAR 8TOSSES

(1)

re:; c

(2)
"- &J (5) (6) ~~f7T

( 1 <) (
a
l*"°2)
psi.

kCi~a
2)

p"si .

e

DEGREES Sin 2 e

sxv
B

Sir: 2~0

psi.

1,5 0.590 4970 2485 294. 75 0.76041 -1890

2,5 0,635 5350 2675 299.50 0.35717 -2290

3 ,

5

0.675 5680 2840 307. 75 0.96815 -2755

4,5 0.650 5480 2740 316.25 0.99905 -2740

5,5 0.655 5520 2760 325.00 0.93969 -2590

6,5 0.675 5630 2840 330.75 0.85264 -2425

7,5 0.695 5850 2925 340.50 0.82932 1335

1,6 0.575 4840 2420 288.50 0.60181 • 14 60

2,6 0.600 5050 2525 293.50 0.73135 -1850

3,6 0.615 5180 2590 2 93.50 0,33867 -2179

'+,6 0,650 5480 2740 304.50 0.93353 -2560

5,6 0.650 5430 2740 314.50 0.99985 -2740'

5,6 0.650 5480 2740 322.00 0.97029 -2560

7,6 0.675 5680 284 330.75 0.35264 -2425

1,7 4210 2105 293.50 0.73135 - 1540

2,7 4510 2255 296.50 0.79863 -1810

3,7 0.585 4930 2465 299.75 0,36163 -2050

4,7 0.605 5090 2550 304.00 0.92 713 -2365

-S7 0.500 5050 2525 310.75 0.^8769 -2490

»>7 0.665 5430 2715 319.25 0.96769 -2680

7,7 0.665 5590 2 795 330.50 0.85717 -2405
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Zliir

POINT

TABLE 4. CALCULATli

— (3)

JN OF. SHEAR STRESSES CONTIfIUED

___i4J_ <sr ~rsi 771
"

(°1"°2)
FRINGES

cr c
2 )

psi. psi.
.8

DEGRESS Sin 2.9

s

Sir. 2 9

psi.

1,8 , 5 15 4340 2170 298.00 0. 82904 -1800

2,8 0.555 4670 2335 300.00 0.86603 -2060

3,8 0.540 4550 2275 302.25 0.90253 -2055'

4,8 0,560 4720 2360 305.50 0.94552 -2226

5,3 0.590 4960 2480 311.25 0.99144 -2460

6,8 0.620 5220 2610 319.25 0.98901 -2560

7,8 0.620 5220 2610 : 330.50 0.85717 -2240

1,9 0.485 4080 2040 300.50 0,87462 -1785

2,9 0,525 4420 2210 ' 304.50 0.93358 -2060

3,9 0.525 4420 2210 307.50 0.96592 -2135

M 0.555 4670 2335 310.00 0.93481 -2300

5,9 0.535 4930 2465 314.00 0.99939 -2460

6
}
9 0.615 5130 2590 321.00 0.97815 -2530

7,9 0.635 5350 2675 330.50 0.87462 -2300

1,10 0.510 4300 2150 302.25 0.90253 - 1940

2 , 10 0.525 4420 2210 306.50 0.95630 -2110

3,10 0.560 4720 2360 309.75 0.93325 -2320

l\
, 10 0.565 4760 2330 312.75 0.99692 -2370

5 , 10 0.5 70 4S00 2400 315.75 0.99966 -2400

6 , 10 0.585 4930 2465 320.50 0.98163 -2420

7,10 , 600 5050 2525 329.50 0.87462 -2210
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FIGURE 33. SHEAR STRESS DISTRIBUTION FOR VERTICAL SECTION 5

(NUMBERS IN PARENTHESES SHOW HORIZONTAL SECTION)
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FIGURE 36. SHEAR STRESS DISTRIBUTION FOR VERTICAL SECTION 8
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of shear stresses from these curves were used.

Stresses A.L >rizontal Section 4:

In order to compute the stresses along horizontal

section 4. curves for shear stresses along : :ori-r:oni;al actions

3 and 5 were drawn (Fig, 39). The values of &SXV for each

point were then measured from that figure. In going from

horizontal Cion 3 to horizontal section 5, the sign of tS

for point 4,5 was negative and for point 4,6 and beyond it was

positive. These values wore as follows:

( A S,.),, s
-1700- (-1430) -270 psi,

-C_y —
f

->

(AS; % - -2410 - (-2710) +300 psi,
xy 4,6

(As ) •-= -2145 - (-2595) +450 psi,
xy + , /

( AS„V ) / a * -2075 - (-2485) = +410 psi,

(AS ) = -2120 - (-2430) +310 psi,
xy 4,9 »

(
4 3 ). -2240 - (-2410) - +170 psi.

The value; of ix in going from left -~ right was

positive for all points according to the system of co-ordinates

chosen, Fig. 30. Trie values Of Ay wore also positive in going

froirs horizoni " action 3 to 5, The values of • x and &y were

(Ax)
v ,.

=- 3-2 +1.
*,5•

<»yj£, - 3-2 . ,U
.

The values of A x sn<3 iy were the same, for all other points

because of the uniformity of the grid pajttern. The calculations

for normal stresses along horizontal section 4 are shown in

fable 5,
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FIGUR£ 39. VALUES OF /o xy FOR CALCULATION OF NORMAL
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Stresses Along Vertical Section 8 :

Knowing cl :resses at point (4,8), the stresses at

other points along the vertical section 8 were computed. For

that purpose curves of shear stresses along vertical sections

7 and 9 were drawn (Fig. 40) on the same graph and the various

values cf "3 were treasured from there. The values o' AS
> xy

while working upwards from point (4,8) and going from vertical

section 9 to vertical section 7 were as fellows:

OS }.. - -2215 - (-2155) - - 60 psi,xv 3 8 *

(AS Y - -2055 - (-1935) -- -120 psi,

< A**y>i 3
a - 1875 " (-1(380) = -195 psi.

The similar values wnile working downwards from point (4,8)

were:

(AS
xy }

5,3 " "237° - <- 237 °) = ?si,

(AS

)

6 g
= -2500 - (-2500) b ti00 psi,

(&sxy>
7 3.

'-' " 242 ° - (-2580) = +160 psi.

Che values of the normal stresses were computed from

Eqs. 11 and 12, Table 6 shows the calculations for stresses

at various points along, the vertical section 8. It also shows

the values and signs of Ax and Ay. The normal stresses along

other vortical sections were found by a similar procedure; i.e.

by starting from the corresponding point on horizontal section 4
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PRESENTATION OF RESULTS

Figures 42 through 4 6 show the distribution of stresses

across various sections of the beam. In these figures, curve I

shows the distribution of longitudinal stress. <-. ,. calculated

photo~elastically, curve II shows the distribution of

longitudinal stress, tf , calculated or the basis of common

flexure theory, curve ill shows the distribution of transverse

stress, a , calculated photo-elastically, curve IV shows the

distribution of shear stress, S , calculated on the basis of

simple beam cheory and curve V shows the distribution of shear

stress calculated from photo-clastic data. Che values of shear

and .longitudinal stresses according to simple beam theory can

be calculated from i

r ig. 41. Since, according to simple beam

theory, shear force remains constant from the reaction to the

load, the values of the shear stresses for each vertical section

will remain the same and can be calculated from the following

relationship:

S ~ <VQ)/(lb). (14)xy

Longitudinal stress for the various sections can be calculated

f r om t:he re 1atio n shi p

:

c x = (H/i)y. (15)

V is the shear force at the section.

Q is the static moment of the remaining area above or below

the neutral axis.

I is the amount of inertia about the axis of bending,

b is the width of the section.
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M is the moment at the section.

y is the fiber distance from the neutral axis.

The distribution of stresses for section 8 are shown

in Fig. 45. This figure has an extra curve VI. This curve

was obtained from the strain gage calculations. Table 7 shows

the calculation of stresses, for 4000 lbs. load, from the

strain gages. The average value of the strain gage readings

for the compression and tension flanges were taken from

Table 3.
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LE 7. CALCULATION OF STRESSES FROM

STRAIN GAGE READINGS

STRAIN

AT
CO-ORDINATES

INCHES

STRAIN GAGE
READING

KICRO-.INCHES

LONGITUDINAL
STRESS
a- PSi

UPPER
FLANGE (•- 6, 0) «363 -3680

3 (6, 1,25) -248 -2480

9 (6, 2) - .161 -1610

0- {6, 3) + 11 + 110

L« (6, 3.75) + 167 -1670

LOWER
FLANGE (i 6, 5) 4411 +4110
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DISCUSSION OF RESULTS

The photostress observations and the strain gage

readings for the two positions of the beam were in good

agreement. Therefore, the results obtained from the plastic

on Che Left side of the beam would bo duplicated if the calcu-

lations were carried on for Che reversed position of the beam.

'Ihe calculations from the photostrees data and strain

gages at section 8 agreed quite well except for s^ain gage

aber 1' (Table 8). This gage showed a strain of -s-167

micro- inches whereas from photostress calculations it was

found to be 191 micro- inches . This difference can be attri-

buted Co a number of sources of error, such as the mounting of

the 3train gage at that point, soldering of the terminals,

birefringence reading, iscciin.i c a/^lo rending etc.. but in.

general the strain cage readings were in good agreement with

the photos cress calcula Cions for section 8, Table 3 gives a

comparison of the strain gage readings axid the values obtained

from the photostress readings for the vortical section 8.

The behavior of Che bear: 1 can be visualized by examining

the photostress observations and the isochromatic photographs

(Fig. LI through 13), The vertical sides of the hole were in

compression, point (2,3), the upper corner of the hole, was

also in compression and point (6, 3), irhe lower corner of the

hole, vs s in tension. It was further observed that an iso-

tropic point existed between points (2,2) and (2,3) on the

free boundary. Chis clearly indicated that the central

portion of upper edge of the hole was in tension and behaved
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independently as a T-beam under the action of the central

toad. (An exaggerated deflected shape of the hole is shown

in Fig. •
/;7.) Further, the upper corners of the hole shoved.

a high concentration of stresses (Fig. 11). This stress

concentration and the compression of the vertical sides of

the hole put the web into transverse tension. AC section 5,

the transverse stress, , changed its sign. The upper por-

tion of the web was in transverse tension and the lower por-

tion was in transverse compression. The transverse stress

along the vertical side of the hole varied from a maximum at

the top i;o zero at the bottom corner. This put the upper por-

tion of the web in transverse tension and the lower portion in

transverse compression at section 5, the web at sections 6 and

7 was in transverse tension whereas section 9 indicated a small

transverse compression. Section 8 showed almost zero trans-

it t se stress.

[he neutral axis of the bean, was above the centroldal

axis at section 5 by 0,10 inch. At section 6, it almost coin-

cided with the neutral axis while at section 7 it was below

the neutral axis by 0.15 inch. The neutral axis at section 8

was below the centroidal axis by 0,5 inch and at section 9 it

was below the centroidal axis by 0.725 inch. For a section

at the vertical edge of the hole, the Longitudinal stress was

sero along the vertical edge of the hole. The vertical edges

stress, o . Further, the strain gages on the flanges at

section 3 showed that the compression flange was under less
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longitudinal strain than the tension flange. This indicated

that the neutral axis should shift downwards in order to main-

tain that section in equilibrium.

The behavior of the beam stated above appears to be

peculiar due to the fact that some of the assumptions made in

obtaining the usual stress distribution with the common flexure

theory do not hold in the present situation. The first viola-

tion is that there was an abrupt change in the section of the

beam, while it is assumed in the flexure theory that there are

no abrupt changes in the section. In the present case there

was a rectangular hole in the center of the beam and the edges

of the hole had stress parallel to their surface only. Thus,

the longitudinal stress at the vertical edges of the hole was

zero. This behavior of the free surface disturbed the normal

distribution of the stresses in the beam.

Another basic and important assumption, that plane

sections remain plane after bending , is being violated in the

present situation. Plane sections remain plane after bending

in the case where shear forces at all the sections are zero;

I.e., pure bending or where shear stress distribution remains

the came at all the sections. In other words, it is assumed

that the shears do not take any part in producing fiber strains.

In the present case although the shear force was the same at

all sections, the distribution of shear stresses at correspon-

ding points for different sections was not the same. It

varied from section to section as shown by the photostross

calculations. This was explicitly due to the presence of the
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hole. Since the shear stresses at the two faces of the

elements were not equal, the shear stresses did take part in

producing fiber strains.

Some of the other assumptions are not completely

satisfied and these assumptions become more critical in the

case of short beams (span to depth ratio being less than 10,

Ref. 15). In the present case, the span to depth ratio was

6, therefore, the ratio of shear to moment was quite high.

Thus, the present situation was that of a short beam. Hence

the ordinary formulas, based on simple beam theory, for calcu-

lating the normal stresses are not truly applicable in the

present case. In all such cases the analytical solutions

become tedious and involved and experimental methods such as

the photo-elastic method become very useful and suitable for

stress analysis.
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CLUSIONS

: a presence of a rectangular hole in the web of an

I-beam subjected to a central concentrated load leads to an

Lnl . iting elai tic stress distribution in the web. Due to

ice of the rectangular hole, the elastic stress

discri tion obtained fro..: the experimental results did not

agree with the stresses computed on the basis of simple beam

theory. The neutral axis for Che various sections of the beam

did not coincide with the centroidal axis of the beam. At

section :' the neutral a^is was above the centroidal axis and

at section 6 if coincided with the centroidai axis of the beam,

"
. neutral ^xi.s shifted below Che centroidaJL axis of the beam

at sections 7, 8 and 9 indicating chat the fiber stresses below

;:' neutral jcis increased more rapidly as the distance fro:;

the r utra.1 axis increased. The curves of shear stress distri-

tion also indicated Chat the point of maximum shear stress

was above Che center of the beam at section o, and at sections

6, 7 . 8, 9 and 10 it was below the center of the beam.

From the cc *rison of strain gage calculations and

the photostress calculations it may be concluded that the

shear-difference method provides a very good tool for computing

the stresses at the interior points of a structure. It is

also concluded that the birefringent coating technique and photo-

elastic method of experimental stress analysis was found to

•be quite effective.
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SUGGESTIONS FOR FURTHER RESEARCH

In the present study the elastic stress distribution

from the edge of the opening to section 7" fro;?, the center

of the beam has been obtained for a concentrated central

load. This study can be extended to obtain elastic stress

distribution for the full span of the beam. Moreover, the

distribution of stresses for the beam can be obtained for

different load positions to study the effect of a moving

load. Various sizes of holes and different combinations of

bending moment and shearing force can be investigated.

Another important topic of study would be to investi-

gate the atresia field in the immediate vicinity of the hole

in the web. This investigation can lead to the study of

various other shapes of holes. The various reinforcement

requirements for the hole can be studied and the most effec-

tive and economical reinforcement can be obtained from it.
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LIST OF SYMBOLS

- fiiref ringent reinforcing factor

- Modulus of Elasticity of the structure; i.e.,

aluminum alloy 6061- T6

I - Moment of Inertia

K - Strain Optical Sensitivity Constant of Che Plastic

M - Bending Moment

N - Fringe Order in Normal Incedence
n

Q - Static Moment of the remaining area about the

utral axis

3 - Section Modulus

5 - Shear Stress in the X-Y plane

5 « Maximum Shear stress
max

V - Shear Force

b ~ Width of the section

C - Velocity of light in vacuum

f - Fringe Value

n .- Frequency

t„ - Thickness of the Plastic
P

y - Distance of the fiber from the Neutral Axis

X -• Wave-length of light in inches

6 - Relative Retardation in inches
n

c
.,

- I- !ax imum P r i n c i pa 1 S train

e - Minimum Principal Strain

o, - Major Principal Stress

a
?

- Minor Principal Stress
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(e.-e,) - Principal Strain Difference

{o.-o„) - Principal Stress Difference

- Poisson's Ratio of the structure; i.e., aluminum

alloy 6 061-T6

v s

o - Normal Stress in the X-direction
x

y
Normal Stress in the Y-direction

(o )
- Normal Stress in the X-direction at a known point

x

(c )
- Normal Stress in the Y-direction at a known point

y o

Ax - Increment in the X-direction

Ay - Increment in the Y-direction

6 - Isoclinic Angle

AS - Increment of shear stress
xv
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In the present study, a photostress technique of stress

analysis was used to investigate the elastic distribution of

stresses in an aluminum alloy I-beam with a rectangular web

opening at the center, when subjected to a central concentrated

load. A Large Field i-,eter was used to take birefringence and

isoclinic angle readings and the shear-difference method was

used to obtain distribution of shear and normal stresses.

The longitudinal stress distribution for one section was also

obtained by the use of electric-resistance strain gages and

was in good agreement with the one obtained from photostress

ot servations.

The neutral axis for various sections of the beam did

not coincide with the centroidal axis of the beam. At section

5 the neutral axis was above the centroidal axis and at section

6 it coincided with the centroidal axis o:C the beam. At

sections 7 , 8, and 9 the neutral axis was. below the centroidal

axis. The curves of shear stress distribution also indicated

that the point of maximum shear stress was above the center of

the beam at section 5, and at sections 6, 7, 8, 9 and 10 it

was below the center line of the beam. This explicitly was

due to the presence of a discontinuity in the web of the beam.

3y che. comparison of the results obtained from photostress and

strain gage readings, it: was concluded that the shear- difference

method and hence the photostress technique provide a vary

good tool for the analysis of stresses in such members..


