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INTRODUCTION

One area of structural behavior which has been inten-
sively studied for many years is the problem of plates buckling
when subjected to in-plane forces. Numerical solutions, along
with design tables and graphs, do exist for many cases of
elastic buckling, with several different loading and support
conditions (1,3). However, the nature of these solutions is
farily limited. A relatively short and inexpensive computer
program which could be applicable to most of the various
loading and support conditions would be desirable.

Furthermore, concrete is a material which seldom buckles
elastically. Swartz and Rosebraugh (4) describe two methods
of obtaining buckling loads for steel-reinforced concrete
plates. By incorporating one of these methods, the tangent
modulus method, into a program for elastic buckling, a quick
and inexpensive method of accurately predicting the buckling
loads for concrete plates would be obtained.

This thesis describes the development of a computer
program to predict the elastic buckling loads for plates
with several different loading and support cases. This
program was modified to predict buckling in reinforced con-
crete plates, subjected to various in-plane distributed

forces and support conditioms.



DEVELOPMENT OF ELASTIC BUCKLING PROGRAM

Assuming that the material is isotropic, linearly elastic,
and that small deflection theory is applicable, the equili-
brium equation stating the interaction between the in-plane
applied forces and the resulting lateral displacements when

the plate begins to buckle (3) takes the following form:

-1 32w 52w 32w
V% = = N + 2 TR .|
v D Nx ¢ 9x? EBxay = dy? ) [1]
Nx N Eh3
In this equation, o = X sy D = ——————— 1is the plat

modulus, and w is the lateral displacement of the middle surface
of the plate. In the equation for D, E represents Young's
Modulus, v is Poisson's ratio, and h is the plate thickness.
The positive sense of the applied forces, and the notation for
plate geometry and loads are shown in Fig. la.

Using the finite difference approximations (2), equation
[1] may be stated as:

8w + 2
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1,35-2
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2
+ w + a° N [ w
X

- 8w + 2 1,3+2 D
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Mio1,3-1 ) P T (g i T 2y g P Yy g 21 2 0 o [2]

In eq. [2], the subscripts i,j refer to the grid point indexes
in the x,y directions, respectively. The term A is the width

between two grid points in the finite difference mesh, as



shown in Fig. la. The derivation of equation [2] is developed
in Appendix C.

Applying eq. [2] to all MxN intermnal grid points and
including boundary conditions, the problem reduces to solving
the following matrix equation:

AW + N _BW = 0 -=-ssssmme s o oo s oo mm o oo m e [3]

- A and B are square matrices of order (MN xMN), while W
is a column vector of order (MN). Matrix A contains the
finite difference coefficients relating to plate geometry,
boundary conditions, and material properties; matrix B is
composed of the loading condition coefficients. W contains
the relative lateral displacements of all MN grid points.

Many numerical methods are available to solve eq. [3];

the method chosen (2) recasts equation [3] as:

1
GW = 1 W oo e e e e e o [4]
X
-1
where G = A "B mremm e e - [5]

Equation [4] is solved by an iteration process, which

gives both Nx and the shape of the associated buckling mode

when the process converges. To begin the solution, an initial
trial vector, WO , 1s assumed and a new vector, Wl , 1s
computed. The relationship between WG and Wl is Wl = GWO s

in general, the k and k+1 iterations are related by

W U ——————————- [6]

A scalar ratio, Sk,a is obtained as Sk,a = |Max G

Skr,0 = ®k-1,0

sk—l,a

The process converges when < € for all



@, 1 < o < MN. € is the convergence tolerance. The final

value of the scalar ratio at convergence 1s S and is defined

)

AE (wk+l,a

Max (Wk,u)

as S . This gives the elastic buckling load

and associlated plate buckling coefficient as:

1
Nx e (7]

N B°
and K = vin ---------------------------------------- [8]

For the case of applied shear only, equation [7] gives

N , instead of N ; eq. [8] then uses N to compute K.
Xy X Xy

This iterative process can be shown to converge to the
largest value of S and therefore the smallest buckling load (2).
The initial trial vector is a unit vector (WO = 1). Secondary
modes influenced the solution for the case of pure shear enough
to create convergence problems. To overcome this without
using an excessive amount of iteration time, the Aitkens §2-
extrapolation (2) was applied after every five iteratiomn cycles.
The procedure for applying the Gz-extrapolation is detailed in

Appendix D.

-NUMERICAL RESULTS FOR ELASTIC CASES

The above algorithm was programmed using FORTRAN IV and
run on the IBM 360-158 computer at the KSU Computation Center.
Several sample problems were run to obtain a check on the
program accuracy, to ascertain the effect of grid size on
accuracy, and to gain the computing times. These results
are given in Table 1. For a 5x5 grid network (the minimum

size allowed in the program), the maximum computation time



is less than one and one-half seconds. The times for the
finest square mesh (11x1ll) are aboutrninety seconds. As for
accuracy, the largest difference between a program value and
one given in the literature (1,3) when the most accurate mesh
(11x11) is used is 3.9%Z. This occurs for a plate subjected
to pure shear with two opposite edges hinged and the other

two clamped.

APPLICATION TO REINFORCED CONCRETE

The loads and notations for the reinforced concrete
plafe are shown in Fig. 1. Assuming the tangent modulus
theory, small deflection theory, isotropic behavior, no shear
interaction between the steel and concrete, and the concrete

does not crack, the governing equation (4) is:

3w 34w 3'w 3'w d'w
+— ) + K + 2 +
Ke ( ax" ay* ) c ( ox " o ax2ay? oy* )
2w 3%w 3w | _
* Nxc Coxz * 28 3y & & 3y 2 T B e e [9]
KSTL
. B2
In this equation, K_ = Eh nllpnzn --------- [9a]
£ n

K = o mmmm e [9b]

¢ 12(1-v})
B is the shear coefficient, 0 < B < 1, and Nxc is the buckling
load. In eq. [9a], ES is the steel modulus of elasticity, h is
the plate thickness,'pn is the steel ratio of the n-th layer
of steel, En is the distance from the center of the plate to
the centroid of the n-th layer, and KSTL 1is the number of layers
of steel reinforcing. In eq. [9b], Ec is the concrete tangent

modulus at the stress level at the onset of buckling, and
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v_ 1s Poisson's ratio for concrete. Eq. [9] can be written as:
c

9"w 'w 9w
(R + KD oo + 28K, 3oy + (K ) 5y
N 3%w 9%w 3%w
oI —r 4 o = () crmmrcr e crc—————— [10]
+ xc( a2 + 2& oy z 352 )

Expressing eq. [10] in finite difference form (2) yields:

K + K
g < bw + 12w - 4 +

Tar ) Viea,s T i 1,9 7 Vi1, 3
28K _

- - -+ —
Fige2 T gen T e Y Ve ) T 3T (Vg g

( V142,

= 2y g4l T Wpay ger T By g T AV g T 2R 4

T Wa B T P Y Vi gen 1 Nxc [ % (-¥y 1,51
Pt g-1 F Vi1, 941 T Vaer,q41 0 T g g T Yy gag)

+ LI + Vie1,9 T 2(1 + ?;)wi’j ] = 0 ~ommmmm e [11]

Applying eq. [11] to all internal MN grid points and
Including boundary effects, the problem takes the form of

equation [3], ie. AW + Nx BW = 0.
: c

The difference between the elastic buckling case and
reinforced concrete is that the material properties for concrete
are not independent of the buckling load; Ec is related to the

buckling load by:

“ 1 TE? Nxc , , % %
Be =75, - 0.85£!h (1 + 38" + £7)7 17 mmmmmmeeeeeo [12]

In the above equatioh, fé and €9 are the concrete cylinder

strength and the strain at which it is attained,‘respectively.

I

The derivation of equation [12] from Ec
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using the octahedral shear theory (1) and the Madrid parabolic
stress-strain relationship (4) is shown in Appendix E.

The plate buckling coefficient, K , can be shown to be
independent of the concrete'méterial properties. Substituting

Km?xK
[ o

the relationship for Kc from eq. [9b] into Nxc =

2.3
yields: Nx & EX B OV [13]

12b2(1-vi)

Equation [13] is exact for plates with no steel rein-
forcing, and a good approximation for typical steel ratios.
The development of K and the justification of eq. [13] are
presented in Appendix F. ©Putting eq. [13] into eq. [12] and

reducing gives:
Eo 2 =2 s

2.2 2 2.2
where' CcC = KT h (1 + 3£ a3 C ) _____________________ [148]

0.85£712b2 (1-v2)
c e

For the case of pure shear, eq. [l4a] is replaced by
Y3 kun’h’
0.85£'12b2 (1-v2)
c c

Solving eq. [1l4] by the quadratic formula, the expression

for E_ 1is:
c 1
2 Ep 2 .2
6 % 8 g 1° = €

ok
n

£o 2
2757
c
Equation [3] and eq. [12] must be solved simultaneously.
The method of solution involves a double iteration process.

The plate is first assumed to buckle elastically; eq. [3] is

solved for K, using the method developed for elastic buckling.
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ﬁc is taken as the initial secant modulus for concrete, given
° 3
by the formula: Ec = 3372¢fé » where v is the unit weight of

concrete, ie. ﬁc =E_, . Knowing K, eq. [15] is solved for
0
Ec + In general, if the following inequality is true, the
1

iteration on Ec using equation [1l5] has converged. The

. | <
L ! < e, If > g, Ec is used to

c m

inequality is

obtain Kc and the process repeated until it converges. As
’ m

a further check, the buckling load, Nxc , 1s substituted into
m

eq. [12] to obtain a new value for Ec . If this value also
m

satisfies the convergence tolerance, the problem is solved.
If it does not, the iteration is repeated until the tolerance

check 1s satisfied. With both iterative series converged

(the outer one on Ec and the inner one on W), Nx = % s
c

or in the case of pure shear, N -
XY, 8

Since the steel reinforcing increases the axial stiff-

ness of the plate in addition to the lateral stiffness, the

total axial load, Pc , is the sum of the loads carried by

the concrete and by the steel at the common strain, Ee
c

€ is computed from the concrete stress-strain law (see
c

Appendix E).



COMPUTER SOLUTION TO REINFORCED CONCRETE PLATE BUCKLING

The solution algorithm was programmed in FORTRAN IV and
implemented on an IBM 360-158 computer. The flow chart is
diagrammed in Fig. 2 and the entire program is listed in
Appendix G. There are five subprograms in the program. The
finite difference coefficients for matrices A and B are com-
puted in Subroutine MATAB. Matrix is inversed in Subroutine
MATINV. The 8%*-extrapolation is done by Subroutine DELSQ,
while the solution of eq. [15] and the tolerance check on

Ec are performed in Subroutine TANMOD. The calculation of

ee and Pc are handled by Subroutine PCRIT. The convergence
[

tolerance used in the program is € = 0.01.
For the first iteration cycle on EC, the initial trial

vector is WO 0 = 1. For each succeeding iteration on Ec’
3

the initial trial vector is the converged final vector from

WO,m+1 = Wk,m . This technique saves

much computing time, since the buckled shape of the plate

the preceding cycle,

changes little from one cycle on Ec to the next.

As the program stands, the applied forces must be uni-
formly distributed and the edges are either hinged or clamped.
The program could handle uniformly varying loads and bending
lecads with some minor changes. Modifications to the basic
program to handle other boundary conditions and / or uniformly
varying loads and bending effects would be made in Subroutine

MATAB.
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NUMERICAL RESULTS FOR REINFORCED CONCRETE

Several sample probiems were run. The results are given
in Table 2. Swartz and Rosebraugh (4) give a design formula
for simply-supported reinforced concrete plates 1in uni-axial
compression. Comparing the program with the design formula (4)
shows that the program accurately predicts both the concrete
stress and the total buckling load. The program considers the
effect of the steel on both the buckling behavior and the
axial stiffness.

The mesh size has relatively little effect on the accu-
racy of the solution. The cause is that the relationship
between Ec and Nxc y given by eq. [12], is not linear but
parabolic. At the stress levels at the onset of buckling,

N

a relatively large change in K, and therefore X, creates

a small change in Ec' For plate 2, a typical shear wall,

]

the least accurate (5x5) mesh gives K 10.89, while the
more accurate 11x11 mesh yields K = 9.66, a difference of
about 137%7; yet the values for Nxc are within 0.4%Z of each
other for a plate subjected to pure shear, a loading condi-
tion which gives the largest errors for K.

The program predicts only the buckling load. For plates
with shear loadings, the concrete fallure may be caused by
either buckling or diagonal tensien cracking, depending upon
the plate geometry. Severél plates with identical properties,
except for the thickness, were analyzed under the effect of

pure shear to determine whether buckling or diagonal tension

controls. The information is given in Table 2. All plates
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thicker than 0.5 inches (1.3 cm) would fail in diagonal tension

before buckling could occur. The faillure criteria was that

the maximum principal stress be less than f' for the plate to

t

buckle: £ <f! = 7.5Jfé s a reasonably conservative

pmax

'
t
value. The limiting -% ratio was determined to be 240. Above
this value, buckling controls; below it, the plate develops
diagonal tension cracks which lead to failure.

Typical shear walls will have a -% ratio between 30 and
60; with these proportions buckling is not a factor, and the
design is controlled by diagonal tension.

Lateral deflections at the onset of buckling are alsco
given by the program. Deflection contours for some sample
plates are given in Figs. 3, 4, and 5. The deflections are
primarily useful for testing the program, but they would be

useful in developing an analytical method for solving equa-

tion [3] directly.

CONCLUSIONS

The results of a computer program for predicting the
buckling of plates subjected to uniformly-distributed
in-plane forces with several edge conditions are presented
in this report. Both elastic buckling and buckling in
reinforced concrete are considered.

The conclusions drawn from this study are:

1) The elastic buckling cases are predicted accurately
and economically. Using the finest mesh sizes, the pro-

gram gives results within 4% of those predicted by the



2)

3)

4)

12
literature (1,3). The program will also predict cases

which have not been analyzed in the literature.

For reinforced concrete plates, the program predicts
both the stress iIn the concrete and the total buckling
load with good accuracy. The effect of the steel rein-
forcing on the axial stiffness of the plate 1s included.
The mesh size has little effect on the solution; the
coarser spacings give acceptable results with a minimum

of execution time and associated cost.

The program predicts only buckling loads. Whether
the plate will fail in buckling, or in diagonal tension
is not predicted. Plates without shear loads fail in
% ratio for plates with shearing

forces is 240. Below this value, diagonal tension con-

buckling. The limiting

trols with the maximum tension permitted, fé , equal to
7.57fé . Plates with typical dimensions will fail due
to formation of diagonal tension cracks, not due to

buckling.

The buckled shape of the plate is also given. These
deflections could be used to create an analytical expres-

sion to solve the buckling problem directly.
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APPENDIX A: NOTATION

length, width, thickness, respectively, of the plate

matrices containing coefficients for plate geometry and prop-
erties, loading conditions, respectively

elastic plate stiffness coefficient
modulus of elasticity and Poisson's ratio, respectively, for

elastic buckling

3
33Y!JET 3 Y is the unit weight of concrete
c

tangent modulus of elasticity for concrete for isotropic
behavior :

modulus of elasticity for steel

nondimensionalized strain in concrete prior to buckling and
at buckling, respectively

strength of concrete cylinder and strain at which it is
attained, respectively

maximum tensile strength of concrete, set equal to 7.5Vfé

A" 1p

subscripts denoting iteration on W, and Ec’ respectively
elastic buckling coefficient

plate stiffness coefficients for concrete and steel rein-
forcing, respectively

number of layers of steel reinforcing in the plate

number of internal grid points in the x, y directions,
respectively

buckling load per unit length for elastic cases
ENx, £ assumed to be constant
CNx, L assumed to be constant

concrete contribution to buckling load for reinforced plates



Xy ¥, Z
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total plate buckling lead, including the effects of both
concrete and steel

largest eigenvalue for the iteration on W, equals I/Nx
c

normal plate displacement

column vector containing lateral displacements of the finite
difference grid points

plate coordinate directions

distance from centroid of n-th layer of steel to middle surface
of the plate, assumed same in both coordinate directioms

subscript denoting an individual element in W
shear coefficient

width between two finite difference grid points, same in
both coordinate directions

convergence tolerance
Poisson's ratio for plain concrete

steel ratio for n-th layer, same in both coordinate
directions
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Table 1 - Elastic Buckling Coefficients for Rectangular
Plates with Various Support and Load Conditions (a)

Plate Dimensions Bound- Load Elastic Percent |Execution
and Finite ary Ratios Buckling |[Differ-| Time
Difference Grid Condi- Coefficient| ence on
tions | . o K in IBM 360/
M x N |Poisson's AL Ref. K 138
axb| (b) | Ratio | (&) | % | %k |Prog.| 1,3 B
18 x 18| 11 x 11 1/3 SS 0| 3.99] 4.00f 0.4 87.3
26 x 24| 5x5 1/3 58 0] 3.91} 4.00] 2.2 1.2
24 x 24| 11 x 11| 1/4 58 1| 1.99| 2.00| 0.6 89.5
24 x 24) 11 x 11 1/4 Ss (d)| 0 | 9.66| 9.34| 3.4 50.0
42 x 12| 20 x 1/3 Ss (dy | 0 | 6.12| 5.80 5.5 52.4
40 x 40| 5 x 1/6 ss (d) 0 (10.89] 9.34] 16.6 1.3
40 x 40| 11 x 11 1/6 SS 1| 1.36| (e) - 89.2
32x 32} 5x35 1/3 SS 0| 1.91} 1.75| 9.1 1.3
32 x 32y 11 x 11 1/3 8S 0 1.78 1.75 1.7 87.4
96 x 48| 11 x 5 1/6 S8 (d| 0| 7.99| 6.60f 21.1 22.0
96 x 48| 15 x 7 1/6 Ss (d) | 0| 6.81| 6.60[ 3.1 60.1
96 x 48] 11 x 1/6 ss | o | ol 3.94 4.00] 1.5 22.5
18 x 18| 5x 5 1/4 FF 0 0] 9.07| 10.07| 9.9 1.3
18 x 18| 11 x 11 1/4 FF 0 0| 9.71| 10.07| 3.6 88.7
24 x 24| 5x 5 1/4 SF 0 0| 6.37| 6.74] 5.5 1:2
24 x 241 11 x 11 1/4 SF 0 0| 6.65| 6.74 1.3 86.1
24 x 241 11 x 11 0 SF 0 0 6.65 6.74 L3 90.0
24 x 24| 11 x 11 1/4 SF (d) | 0 |12.76| 12.28]| 3.9 95.3

For all plates, Young's Modulus = 10 x 10° psi (6.9 x 10

kN/mZ) and thickness = 1.0 in. (2.5 em). Plate dimen-

sions in inches (1 in. = 2.54 cm)
M,N = grid points in the directions parallel to
a,b, respectively

§SS = all edges have simple supports, FF = all edges are

~clamped, SF = edges at y = 0, b have simple supports,

edges at x = 0, a are fixed
Shear load only

No value for K is listed in the reference (2)



Table 2 - Buckling Loads for Simply-supported

Reinforced Concrete Plates

17

Load Buckling Loads Compressive Diagonal
Plate Ratios kips Stress © Tension
No. psi Failure
h P P P
inch Txy EX T it Ve e
(a) % % Prog.| Ref. 4 (b) Prog. | Ref. 4
1 1 (c) 0 0 (d) 68.3| 0 | 1424 (e) (d) Yes
1 1 0 095.5 | 94.0 0 0 | 1937 1906 No
2.1 3 (c) 0 0 (d) 525.2 | 0 | 1459(e) (d) Yes
2.2 3 (c) 0 0 (d) 527.2 1 0 | 1464 (e) (d) Yes
2.2 2 (c) 0 0 {(d) 341.3 | 0 | 1422(e) (d) Yes
2.2 1 (c) 0 0 (d) 124.9) 0 | 1040(e) (d) Yes
2.2 3/4 (c) 0 0 (d) 67.9] 0 755(e) (d) Yes
2.2 1/2 (c) 0 0 (d) 26,5 0 408 (e) (d) No
2.2 1/4 (c) 0 0 (d) 3.5]1 0 115(e) (d) No
2.1 3 4 0] 282 (d) 516.01 O 358 (d) Yes
2.1 3 0 1] 652 (d) 0 652 | 1433 {(d) No
2.1 3 0 0| 911 304 0 0 | 2233 2225 No
2.1 3 4 1| 274 | (d) 505 274 351 {(d) Yes
1 kip = 4.45 kN, 1 psi = 6.9 kN/mZ, 1l inch = 2.54 cm
1
a. For all plates: fc = 3000 psi (20700 kN/mZ), vc = 0.17
E, = 29 x 10° psi (20 x 10" W/ 2)
For Plate No. 1: a = 96 in, b = 48 in (244 cm x 122 cm)
€p = 1.924 x 10-3 in/in (cm/cm)
p = 0002 Z = 0.375 in (0.953 cm)
mesh size = 11 x 5
For Plate No. 2: a = 120 in, b = 120 in (305 x 305 cm)
€g = 1.7 x 10-3 in/in (cm/cm)
p=0.01, Z=0.0
Plate 2.1 has a mesh of 11 x 11
Plate 2.2 has a mesh of 5 x 5
b. Includes the effect of the steel on the axial stiffness

Applied shear load only

No value is given in the reference for this loading combination

Shearine stress.

T
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Fig. 1 a) Plate Subjected to Distributed In-plane
Forces with Coordinate System and Finite
Difference Grid

b) Cross-section showing Steel Reinforcing
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Input: Plate Geometry and Properties
Lozd Ratios
Material Properties

!

KITER = 0

!

Compute: Plate Stiffness Matrix A
Load Matrix B (using Finite

KITER = 1 Difference Coefficients)
1 G = -A"IB, Ec = E
0
E, = (E, )
. <Frm oI
Yes No
L ¥o,m = "k,m-1 Yo,0 = 1
| ]
r ~eaf
Wl i~ P a
Y l W
_ _ ktl,m
h S —IMAX (Wk-*-l,m)‘ wk-}-l.m S
¥
W = (W ) - - Yetdm ~ Mo < EPS
k,m k+1.m . W =
k,m
Yes
* lYes
* .
i, = G, ) e i T ~
2 2 (82- extrap.) Compute Wk n using §%-
extrapolation
*
Print: B, kig Wk+1,m a ka,m
mt1
=M
& S MAX (wk+l,m)
/ . : Vr i ™ (g 75
No c T Te 2, 0
s —-———H—-Fm""% Bl < EPS !f' b/ (v7SK)
\ c Ec from TANMOD
m m+l
lYes
Compute: Pc = Pconc:. + Pst f————p Print: Pc, K, Wk+1,m

Fig. 2 Reinforced Concrete Plate Buckling Program Flow Chart
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Fig. 5 Deflection Contours for a Square Plate Subjected to

Bi-axial Compression plus Shear:
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APPENDIX C: FINITE DIFFERENCE DEVELOPMENT

The following assumptions are made in the derivation of
the finite difference equations:

1) the function for the deflections has continous
partial derivatives

2) the function can be represented by a Taylor's series

3) the nodal points are separated by a distance A in
both directions (See Fig. la)

4) the truncation error 1is small compared to the
main terms

Neglecting the error of truncating, the equations for

the needed partial derivatives are (1):

-B—Z-E = L (w - 2w + w ) e [C-1]
o2 a2 7i-1,3 i,] i+1, i
. A T ,
3y 2 2 95 gun = B g ¥ Wy sl [c-2]
22w _ _ 1 (4 - 4w + 4w bw )
X3y A2 1 Ud+1, 5+l i+1,3-1 1-1,3-1 1-1,j+1
b, - 1 -
Vi = O g g T g ey By g F B g
+ wi-2,j - 8wi~1,j + 20wi’j - 8Wi+1,j + wi+2,j
PV 1,41 T %y gt PV, 5e0 T Yy, gep) o CR4)

Starting from the governing equation of equilibrium,

equation [1]:

2
Vihw = - = N (= + 2¢
d

and substituting the appropriate expression for the partial
derivatives results in the following relationship:

1

PO T R 00 B T it T L 0 B T N PP
- Swi—l,j + 209.1'1’j - 8wi+1,j + wi+2,j + 2wi_1,j+1
S5t ¥ TWiag aaa ¥ ¥ gea?
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1 A - £
"0 MO o1,y T Py Y Ve, T 7 Wi
“ Mgl A¥L T Mied 491 T Vicr,5-10 T B ey o5
- zwi’j + wi’j+1)] --------------------------------- [C—Sl

Multipling eq. [C-5] through by A", and rearranging terms

gives equation [2]:

Wy d ¥ 2¥g g g1 T Oy gog ¥ W g Y Yies g
- Bwi—l,j + ZOwi,j - 81«:1_‘}_1’j + wi+2,j + 2wi—1,j+l
8 2 + A2
= 8wy gu1 F 2Wapg a1 YV g2 T VeV
£ -
2wy st vaan,s Y2 Ouaa,5-1 7 Yaan,g41 T VYio, g
- - S QR 2
wi—l,j—l) + z (Wi,j-l 2wi'j + wi,j+1)} 0 [2]
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APPENDIX D: GZ-EXTRAPOLATION APPLICATION

For some modes of buckliﬁg, the iteration on W converges
rapidly. For others, the converging process 1is too slow.
The case of pure shear, for example, oscillates between two
modes which very gradually converge together (after 100 itera-
tion cycles, the process was not close to converged). Uni-
axial compression, on the other hand, converges quickly (less
than 20 cycles). To handle all cases and decrease the num-
ber of iterations needed, the Aitken's &%-extrapolation (1)
is used.

The Gz—extrapolation is based on the assumption that

Wk is composed of a true value with one error component:

where b and ¢ are constants. The values for t, b, and c are

unknown. Substituting three successive iterations, wk_z,

Wk-l’ and Wk, into eq. [D-1], the resulting three simultaneous
equations, when solved for T,'yield:
w w - w2
a,k=-2"0,k a,k-1
t(l = W - 2w + w . T TTTTTEmTmTmTmTETETTTETTTT [D_Z]
o, k-2 a,k-1 o,k

If one mode predominates, eq. [D-2] gives a considerable
advance towards the true values. In any case, eq. [D-2])
gives a better approximation to the true values than the
previous iterations. Since the process may or may not give
the exact value due to the unknown qualities of the modal
values, the extrapolation is used to generate a new starting

matrix for another series of iteration. For this application,
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equation [D-2] 1is reformulated as:

2
* . Ya,k-2%,k T Yo, k-1

W
o, k+1 wa,k-z 2wa,k-l + wa,k

where k is an integer multiplé of 5. The (*) merely indicates
that this value 1is obtained from the extrapolation process.
This method reduces the total number of iteratiom cycles
to an acceptable maximum of about 60 cycles. In addition,
once the iterative process has converged, the technique 1is
used to obtain an improved final vector. The closer the
iterated values are to the truerones, the better the results

will be using the §2-extrapolation procedure.
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APPENDIX E: THE RELATIONSHIP BETWEEN Nx AND Ec
c

The three equations used to develop the relationship

between Nxc and Ec’ equation [12], are:

. df _
L T T [E-1]
c 1
S I 1 R e —— [E-2]
c c
= ' i~ I oy .
f 0.85fc(2ee e’) [E-3]
£
where e = —%
e Ep

The first equation is the definition of the tangent
modulus, the second equation comes from applying the octa-
hedral shear theory (1), and the last one is the Madrid para-
bolic stress-strain law modified for use in flexure (4).

Taking the derivative of eq. [E-3] with respect to Ee:

df O.BSfé B
dE = EO (2 e Zee) = Eo (l - ee)
e
. 1.7f":
Therefore: E = = (1 - ee) ______________________ [E-4]

Solving eq. [E-3] for eq leads to:

2 - Y4 - 4f
— e 1
0.85fé fe 2
e ™ =1- Q- g55se?)
2 c
At the strain level e, this becomes:
c
f 1
€ 2
1 = ee = (1 0-85f|) _______________________ [E-5]
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Substituting eq. [E~5] into eq. [E-4] yields:

o L.7s! fe_ 3
E. == - mg:) ------------------------- [E-6]
Taking the relationship for fe from eq. [E-2] and noting that
N c
Xo
g, =¥y equation [E-6] becomes eq. [12]:
[o4 N 1
i 1,7£! x Y1+ 352 + ¢f &
EC = €0 {1 = 0.85féh ) e [12]

To determine the total axial load, Pc, Ee must be found.

Since Nxc is known, Eec can be computed by:

Nxc‘l + 3e? + 2 %
Ee = &0l - (1 - 0.85f'h )]
[ C

For the case of pure shear, Nxc is replaced by nyc and the

quantity under the v sign is replaced by V3 .
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The following
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THE ELASTIC BUCKLING COEFFICIENT

assumptions are made in developing the elas-

tic buckling coefficient, K, for concrete plates:
-] oo
1) w= ) ] a sin X gjn X
mn a b
m=1 n=1
2) the plate is simply supported
ﬁc
3) n=E:,OrKc=nD

For uni-axial

compression, the governing equation is:

4 L] 2
€ Pl g o (R g Ay g Ve ¥ b wesemmeseres [F-1]
c 5 ax* ayh c 3x?
Since V4w = {(ln-l)4 + 2 EEEEE~ + (El)a]a4 EI sin BIX g3 MY
a 2.2 b mn b
ab

3w atw mm, 4 nm. b4, 4 . mmX nmy

=1 + i [ & 057 Jag. Ll sim = wdn

32w - _ (mm 2 2 nmy

;;E (a ) a o zz sin —= sin b
equation [F-1] becomes:

K IELS 4 o Bnlnl o nnby 2 Ly panye , nnydy 2

c " a aZbZ b %mn s a b mn

N mm, 2
e [F-2]
For Nx to be a minimum, take n equal to 1, and all the
g

& n equal to zero, except for ajq» which is taken equal to 1.
Equation [F-2] then becomes:

N 72 , mb . a.2  n? mby2 . 1

g " Kc(a i mb) + b2 Ks[(a) t b2] ““““““ [F-3]

With typical plates

without appreciable

the term 1/b2 is small compared with (%?)2;

error, equation [F-3] is rewritten as:



2 2 2
X u mb 4 22 p g (Ah [F-4]

x = —f7 K (
R

For plates with no steel reinforcing, or with the center
of the steel at the center of the plate (Ks = 0), eq. [F-4]

becomes:

X = K~ D e - [F-4a)

mb

where K = (:r + é%)z and is called the elastic buckling coeffi-

cient. Analogous expressions may be developed for other
loading and support conditions.

A square plate will be used as an 1llustrative example.
% = 1; for Nxc to be a minimum m must be chosen equal to 1.

Therefore %F = = 1, and eq. [F-4] becomes:

2
mb

N

Nxc = Ef (41{c + KS). For typical design steel ratios

o

and steel placing, the values for KS will lie in the range

< Kc, with most of the values between l—to 2 Kc' With

0 =K 5 t° 3

s

KB equal to Kc’ the error involved in neglecting KS is 25%;

POt

for KS = Kc, the error is 13%. 1If the plate contains no

steel, there is no error, of course.

As a computing aid, the error involved in this approxi-
mation is acceptable, since iterating on the values given
by eq. [15] will always converge rapidly; the alternative is
iterating using eq. [12]. Due to the nature of the relation-
ship between Nxc and ic’ using eq. [12]) will seldom converge

as rapidly as using eq. [15].
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PPCCRAM FCR SHEAR-CCMPRESSICMA BUCKLINC OF PLATES

C
C KC=E#p2#3/12./(1e=NL%%2)
T XS ==XSI/Z2a==-=XST=NXxY/NX B
C 70 TA= MYC/NXC
C CELS=CEL#CEL-=—DEL=R/(NM+1)
C  BETA=WARFING PARAMETER .
C ¥=NNL,CF PCINTS X-DIRECTICN
C A=NC.CF PCINTS Y-CIRECTICN
6 MAX. NCo CF ITERATICAS =100
C MAXINMUM MEN=121
C =0 SHEAR CALY,I1B=1 SFEAR+CCMPRESSICH
_C _FNR PURE SHEAR, INFLT xS! =1.0
C KRC IS THE BCUND. COND. CCDE. KBC=0 FCR ALL SNGES SIMPLY
C SUFPCRTEC; =1 FCR ALL ECCES FIXEC; ARD =2 FCR SCME EDGES FIXED,
_C__ AND SCME SIMPLY SLFPCRIYED., IF kBC=2, E--=- =-1, FCR A SIMFLE
C SUPPCRT AND =+1. FCR A FIXEC ECCE. IF KBC=2 READ ETOP,ERT,EBQT,EL
¢ KSTL = THE MUMBER CF STEEL LAYERS IN THE PLATE.
C
C
C
CIMENSION A(121,4121)4B(121,122),w{121),W1{121),RFEC(5),2BAR(5)
CCMMCN A P ¢eKCyKS yDELS XS FETAZ ZETAZ M N4 IB,ETCPyCRT,,£BOTLELT o
COMMCM/BLOCKL/ Wyl
COMMON/BLOCK2/ENEW ¢ BKCCEF,CCNST1,CCNST2,EPS,E,KSTL
COMMCN/BLCCK4/ CCNST2 yEFCyFPRIMELEST4BL,PCR, RHDT
REAL KS,KC,NL
KASE =C )
10CC KASE =KASE+1
C
L __REAC(5,2,ENC= lDGl)_If_gmﬁ_DEL'KBC KSTL,EST
2 FCRMATIF10.442154F10.4,215,F27.0)
C
WRITE({641) KASE
1 FCRMAT(1IHL 432X " INFUT LATA FCR CASE ',13)
C
IF(KEC.FC.2) REAC(5432) ETCP,ERTLEEBCT,ELT
3 FCRMAT{4F5.1)
C
__READ(5,12} XST,7EVZ,EETA,ILB
T 12 FERMATI2F10.4415) T
C

_FI=3.1415527
AL=DEL*(FLCAT{NM)+1.)
BL=DEL*(FLOATI(N}+1.)
ASPECT=AL/EL
WRTITE(E,12) THMNyDEL,AL,BLKBC,KSTL
13 FORMAT(LRC,'PLATE CECMETRY AND FRCPERTIES?Y,/ ,11Xs'PLATE THICKKFSE
1 f'pr)-Zt': Mo=1,13,' N _l’,[W____!,,i,_Q_EL_I_E =V FEL4a1HS/ W LLX,PLENGTH
2y A =V FTa2¢'7 WICTHy B =V 4FT7e24¢'; KEC "1121 H KSTL _'llzj
WRITE({ &, 14)
14 FCRMAT({LHO,' BOUNCARY CChEIT[CNS'J
Lomsen - e e e
IF(KEC.NE.C) GO TO 3C
WRITE(E,5)
5 FNRMAT{1+ 10X, "AUL EDGES SIVELY SUFFORICC,VY 7 77— 777

ETCP=-1.

) ERT =-1.
T T ERNT=- 1. A . T )

ELT =-1.

. BD IFCRBLaBEST) GE TE 46
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WRITE(64+8)

8 FORMAT(1H 410X,'ALL EDGES CLAMFEC.')

_E10P=1.
ERT =1,
EBCT=1.
ELT =1. N

40 I1F{KBC.ECe2) WRITE(G6417) ETCP4ERTEECT 4ELT
17 FOPMAT(LIFE L 1CX,*TOP ENDGE="4F4.C4'y RIGHT FUGE=',F4.0,', BOTTCM ELG
1E“'9F4 Uyt ' LEFY EEGE=',F4.0)

WRITE(€,15) XS1,2ETA,BETA, 18 - -
15 FORMAT(LFQ, 'LOAD FACTORS s/ o11Xs'AXY/NXy XST =' ,F1Oe%4 %5 NYC/NX,
1ZETA ="' F1C.44"3 EETﬂ_='|F6|2|'; [F =2 ,12)

C
READ(5,18) E4yNUJFFRIFME,LEFC
1B FCRMAT(F20.0,3F1C.5)
: — - _
WRITE{(6,19) E4NU.FFRINME,EPD :
19 FCRMAT(LIHC,*MATERIAL PRCPERTIES' 4/ / 46X ' CONCRETE' 4 12(1F¥), *INITIA
TU MODULUS =7V, 1PEIN.4, T3 N0 =7, (PFE.4,THS FYC = 3Fb.0y*'; STRAIN, EFC
2 =¢,1FPE10.3}
KSép.
TF{KSTL.EC.CY CO 1O £50
WRITE(£420) EST
20 FORMAT(IH 45X, 'STEEL',15{1H*),"ELASTIC NMCCLLLS =',1PEll.4)
SUM=C.0
RHCT = C.C
C
REAC(S,21) (RADUIV,ZEART T, I=1,KETL)
21 FCRMAT(BF10.5)
.

CC 50 I=1,KSTL
WRITE(£422) I4RHCUI) ,ZEARC(I)

T 600 KC=E*CCNST%

22 FORMATI(LH ,25X.'LA\FP',I¢,SX,'RFC =1 F7e44,'y, IBAR =1,F6.3)
RACT = RECT '+ RFCIID :

53 SUF=SULFM+RHC(IIT®ZEAR(I}*x%2
KS=EST#TE%5UM

T B50 CONSTI=(EFC/ (1. T+FPRINE] JF%2 “‘

CONST2=SCRT(1.C+2.CHXS[*#24ZETA%%2)

IF(18,EQ.C) CCANST2=SCRT(2.0)

CCONST 22T 2P [ 42 3 CUNSTZ/ (L2 ¥ (1 = RUGFRZ)VFCUESYFPRIVEXBLE 2T
CONSTA=TH%%3/{12.0% (L C-AU**2))

KITER=C

XS5==-Xt1/2.
CELS=DEL#A*2

T 76q LCLOO 1=1,0

222 WRITEIC46)

IF(KTTERLEQLTY €O T 9%
DO €8 [=1,L
98 W(I)=1.

1€C wld(l)=C.
colol 1I=1,L
T DC10L J=1l,L T - T
A{l1,J1=C.
1Ct R{I[,J1=0.
ey e e s ; S e
CALL MATAB({IPASS)
IPASS=1 ,
TOCALL MATINV{A L CARNGEY T T e e T e e
IFICARN) 2Z224222,223
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& FORMAT(IFC,56%X,*MATRIX 1S SINGLLAR')
CC TC 1000
223 JF=L+]

LC53C I=1,L
CC500 J=1,JM
_ 500 B(T1sJ)=Ce

CALL MATAE(IPASS)
CD401 I=1,L
__ L0402 Kk=1,L

L0402 J=1,L
402 WL(K]I==A(T 4 J)%R(J k) +W1 LK)
L0401 k=1,L

AllsKk)=h1l(K)
4C1 wWl(K)=C.
ITER=C

KCUNT=C
KFINAL=C
200 IFUITER.EC.1001 €O TC 201

TD0102 I=1,L
102 Wl(I)=C,
CC103 I1=1,L

DC102 -i.L
103 Wl(I)=AL1, J)*N(J)+h1li!
TENMP=C.,

201 CO104 I=1,L
TF(AES{WICI))=TEMPI1C4s1C4,105
105 TEMP=ABSIW1(I))

JJ=1
104 CCNTINLE
$2=TEVF

TTIF(SZJEQLC.C) WRITE(E,23)
23 FORMATI(1FC,' S2 EGQUALS ZERC. RESET TO 1.0 AND CONTINUE ")
_ IF(52.EC.C.0) $2=1.0 -

T EPS=l.E-7
ITER=ITER41
CC1CE I=1,L

WiD=Wl(T1/52"
PUITER,T)=w(1)
1C8 CONTINLE

E(100,1TEFY = S2
IF (KFINALLEC.1) CGC TC 7cC
KCUNT=KCLNT+1

TIFIKCUNT JANELSYCETTE 120
CALL DELSQ{ITER,B)
KCUNT = C

TTI20TIF{ITERVECLLY GC TCU 200
DO 1CE TI=1,L
_Ti= BUITER=1,11)

CIF{T1.EQ.C.0) T1=0.0CO0Y
T2= BUITER,ILI)
IF(ARS(T2).LT.EPS) GC TO 1Cé

$3= ABS((T2-TL}/T1) 7~ 77
1F(S2.CT.EPS) GO TC z0¢C
106 CCATINLE

GO TC 17 ' o
201 WRITE{E,1C)
(10 FORMAT(IFC, 47Xy MAXTMUN NUMBER CF ITERATICNS REACHEC')

CNh 70O lcCcC o T T o - o

1C7 IT(KCULANTLLT.2) CC TO 110
CALL DELSCUITEP,RI
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110 KFINAL=1
GC TC 20¢C
7C0 XMXC=1.0/S2
SICMAC=XNXC/TH
BKCOEF=RNXCHAL®%2 /(P I%*2%K ()
. IPASS=C_
CALL TENMCD(KEC,IF25S)
WRITE(E€,16) ENEW,ITER .
16 FORMAT{LHC,5X, 'THE TANGENY MODLLLS IS *,1PE10.4+%', KC. CF ITERATIC
INS IS',CPI4) 0
KITER=1 ]

U IF(KEC.FEC.0) GO TO 6€0
IPASS =1
CONSTSE= 1.0 —{ XNXC*CICNSTZ/(C. 85%FPRINMEXTE) )
CALL TANMCC(KEC,IF2SS)
T T1F(KEC.EC.C) GC 1C 6CO

IF{KS+EQ.CoC) XNXC=RKCCEF#*PI%*Z*E*CCNST4/RL=%2

CALL FCRITIXNXC,TE)

WRITE(€42%), PCR
25 FCRMAT(1KO.5X,'THFE TCCAL CRITICAL LCAD IN THE X DIRECTICN IS ',

1 FS,.2)

WRITE(€,11) XUXC,BKCCEF,ASPECT
11 FORMAT(LHO 944X 'THE FUCKLING LCAC 1S NXC='4E15.947/ +5X,'THE PARAME

1TER K IS',FE.4,' FCR THIS PLATE wWITF AN ASFECT RATIC CF',FR.4)

WRITE(é,6) ITER,SZ
9 FCRMAT(1HC 428X +'NEW CEFLECTICN VALUES FCR ITER=",15,2X, "BUCKLING C
_ AOEFFICIENT=',E15.8)

TTTTTRRITELE A (W (1Y, TR 0D
4 FORMAT(2X,12F9.4)

__._toc 10 16CC

10C1 WRITE(&,7)

7 FORMAT{1H1)
STCP

END

SUBROUTINE MATAB(IFASS)
DYVMENSICN (121,121 1,8(1z1L,122)
COMNCN AyByKCoKSyLELSyXSyBETASZETA & NyIB ETCFLERT 4 EECT, ELT
REAL KS4KC(
TCY={KSH+KC) /DELS -
C2=2.*BETA=KC/DELS I
C3=C1l*(12.4ETOPHELT Y + 4.%C2
Cha==4%C1l=-2,.%C2
CC5=C1*(1Z.4ETOP) + 4.%(C2
C6=12.%C1+4,%C2
TCO9CI¥ (12 4BV 4L.F(CD
ClO=C1*(12.4+ERT) 4+ & *(2
_ C11=CLl%(12.+4FBCTHELT) 4 4.%C2
C12=C1*( 12.+EBQTY ¥ 4.%C72
C13=Cl*(12.+ERCOT4ERT) + 4.%(2
CL4=C1%(12.+ETCPH+ERT) ¢ 4.%C2
IF{IB)2CC+2CCy2C1 — o
260 C7<0.
__ Ce=0.
—"‘G U T C ‘2 O 2 i . T s ettt | o o = o o = ——— b . s o ._..__ P
2061 C1=1,
C8==Za=2.%2ZFTA
TTTT202 IFLIPASS)Z04,202,204% - o B
203 ACL,1)=C2
B L2 V=04
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Al1,2)=C1
AlL1,M41)=C4
ML, Me2)=C2
Al lyZ2%Mel)=Ct

GO TO 205
s 204 _B(1,11=CE8 S S
8(112}=C7

B{1,M41)=2ETA
BllyM42)==-XxS
- 2C5 IFIIPASS}cLT 2C6'2C?
206 A(2,11=C4
e BML2420=C8
AM2,3)=C4
2{Z244)=C1
A(2.M+1)=C2 -
A(('N+£1—Cq
Al24M43)=C2
L Al24eve2)=C1
cU TN 208
2CT7 B({2411=C1
B(2,2)=CE
Bl(2,431)¥=C7
B{2,M+1)=xS
CBL2,M42)=7ETA
B{24M+3)==XS
2CB MM=M-7
L0 1CC KK=3,MM
IF(IPPSS)2C9+210,209
210 A(KK,KK=-2)=C1l
ALKK,kK=11=C4
A(KK,KK#—CS
ALKKKK+1)=C4
BUKK KK+2)=CL
A{KK gM+KK=1)=(2
DIKK,¥4KKI=C4
o (KK MEKK+1)=C2
A{KKy2¥NM4KK}=C1
GO TO 100
2(5 BUKK,KK=1}=C7
B{KKKK)=C8
PIKKskk411¥=CT
B{KK MEKK=1)=XS
TTUR(KK,M4KK)=ZETA
B{KK,M+KK+1 )==XS§
ICO CDNTIALE
R M
IF(IPASS)212,211,212
211 A(KK.KK=21)=C1
A KK.KE=1)=C4
A{KK KK)=C5
A(KK,KK+1)=C4
T OA(KKN4KK)=C4
ALKKsMeKK=1)=C2
PUKK,N4KK+1)=C2
TTUAIKK ¢ 2% M4KK)=C1
G0 TO 212
212 FLKK,KKk=1)=C7
T O BUKK,.KK)=C8 -
BIKK,KK+1)=C7
B{KK,M4KK=1)=X$S




BIKK,M+KK}=2ETA
B{KKh F4+KK+1)==X5
IFCIPASS)IZ1E42244215

F(My¥=~21=C1
ALV M=-1)=Ch
AlM,M)=C14

37

ALV,24M)=C4
ALN,3%V)=C1
AN, 2%NM=11=02

GO TC 216
BA{M,M=1)=C7T
B(V,M)=(8

216

217 A(F#]1,Me1)=CG

B(N,2%N=1)=XS
B(My23M)=ZETA
IF{IFASS)214,217,218

A(MEL,M+2)=C4
AUN+) 4F43)=CL

AlM+1,1)=C4
AlM#1,23V411=C4
A{M+]1,32M41)=C1

 BI{M#l,2)=XS

A{M+1,2)=C2
AlNE] ,25V42)1=(C2
G TC 2169

BiM+141)=7ETA
B(M+]1,M+1}=CE

E(NM+1,yM32)=CT
B(M+) ,2% N+ ) =7ETA
B{M+1,2%M+2)==X5

IFCIFASS)Z221,220,221
AlNM+2,NM+1)=CH
A{NME2, M +2)=CE

(N2, N43)=C4
AlMe24M+4)=C1

R(ME2,2¥=C4

A{M+Z,22NM42)=C4
A(M+2,22M+2)=C1
AlM+2,1)=C2

221

AlM+2,2)=C2
AlLM+Z,25V11)=C2
ACMEZ 2% M43 )=02

GO TC z22

E{M+2,1}=-XS
B{N&£2,2)=7ETA

_ F(KKyK&fl)?Cﬁu

0O 101 KK=LC,LU

B{M+2,31=XxS§
BIM42,M+1)=C7
B(M+Z ,M+2)=C8

TB{M+2,M+3)=C7

BIV&2 42%NM+]1 )=XS
Bl(ME2,2*M+2)=7FETA

TB{M+2,2%M43)==XS

LE=NM+3

IF(IPASS) 72442234224
A{KK,KK=2)=(C1

AUKK  KEk=13=(4
A{KK KK}=Ce&




CAIKKyNEKK)=C4

224

 BIKK4KK=NM+1)=XE

CB(KK KK+1)=C1

CBUKK kKM +1) == XS
CGNT INUE

AlKK kE+2)=C1
A{KK,KK=-M}=C4

AUKK,2¥V4KK) =C1
ALKKyKK=F=1)=C2
PUKK KK=F#11=C2

38

ACKK MHKK=1)=C 2
AlKkyMeKK+1)=C2
GO TC 1C1

BLKK,KK=N=1)==XS
B{KK KK-N)=7ETA

R{KKykK=11)=C7
BIKK,KK}=C8

BIKK V4KK-1)=XS
BUKK, N+KKJ'ZETA

KK=2%pM=1
IF(IPASS 22642254226

225

A{KKyKK=2)=C1
A KK KK=1)=C4
PIKK,KK)=CO6

A{KK,KK+11=C4
AlKK KK=NM}=C4
ALKK,M4KK)=C4

AKK2*M4KK)=C1
AlLKKyKK=N=11=C2
ALKK KK=NF41)=C2

22¢

ALKK yMeKK=1)=C7
ALKK ,M4KK +1)=C2
6N TC 227

BIKK KK=M-11==X§

BlKKyKK-NI=ZETA
BIKKKK-Mt+1)=XS

228

227 KK

BIKK,KK-1})=C7
E{kK,KK)})=C8
B(KK'KK+1}=C7

E(KK,¥4KK=1)=XS
BUKK MKK)=ZETA

BOKK M4KK+1) =~ XS
=24V

IF{IPASS) 229,228,226

Al KK, KK~z1~Cl

ALKK KKk=1)=Ch
AlKKEK)=C1C

CAIKKyKK=-M])=C4

229

B(KK'KK—N}=?ETA crermsili

 LC=22V+1

ALKK MekEI=C4
ALKK, 23M+kK)=C1
ALKKyKK=-N=1)=C2

A(KK yM4KK=1)=C2
GN 7O 230
Bl KK yKKk=N=1)==XS

BIKK, KK=-1)=C7
ClXKK KK)=C3
BOKK yM4KK=1)=XE
RIKK M+KK)=2ET A




LU=(N=-3)%M+]

DO 1C2 KK=LC,4LU M
CIF(IPASS)232,231,222

7231 A(KK,KK)=C9
A{KK KK+ 1}=C4
ACKK KK+Z2)=C1

39

A{KKgk=2xM}=(C1
ALKK yKK=M)=C4
 ALKKyM+KK)I=C4
AIKK2xV+KK)=C1
A{KKyKK-¥+1)=(2
Alikk,VikKk+]1)=C2

"GO0 TC 1C2
232 BIKK KK-M+1)=XS$

R{KK,KK)=(8
B{KK KK+1}=C7
BIKKN+KK)=ZETA

102 CCNTINUE
LC=2%M42

BOKK KK=NM)=ZETA

BIKK jM+KK+1)==X5

LU=S(N=2)%M+2

DO 1C3 KK=LOsLU,M
IFLIPASS)224,233,234

335 A(KK yKK=11=C 4
AlEKKKY=(h
ALKKsKK+1) =04

A{KK,KK+2)=C1
ALKK yKE=2%¥)=C1
ATKIC KK=M) =C4

A(KK22NM3kK}=(C1
ALKK yKK=-FM-1)=(2

TTTTALKK  KK=N41) 202

AlKKMEEK=-1) =02
CA{KKM4KK+1)=C2

BIKK,M4RKI=C4

GC TC 103

234 BIKK4KK=NM-1}==-X5

P{KKyKK=-NM)=ZETA

P(KK kK=F+1)=XS
B{KK 4KK=1)=C7
E‘KK!KKch\

BOKK ykK+1)=C7
BUKK M 4KK=1)=XS
BIKK M4KK)I=ZETA

BUKK M¥KK+1)==XS

103 CONTINUE
LC=3xM-1

T LU= IN=-Z Ev-L
CO 104 KK=LO,LU,M
IFIIPASS) 236,235,236

T 235 A(KK JKK=2)1=C1

A{KK KKk=1)=C4
AlKK KK)=C6

 ALKK,KK+1)=C4~
A{KK, kK=2%V)=C1
AUKK yKK=N}=C4
CAIKKMEKKI=CA4
A{KKy2% ¥M+KK)=C1
ALKK  KK=M=1)=C2




AUKK yKK=N41)=CD
ACKK yM#KK=1) =C2
CMKK MAKK41)=C2

GO T4 104

236 B{KK KK=-M-1)==x§

40

AlkKyKK=MI=ZET A

 PULKK.KK)=CB

 BUKKM4XK)}=ZFETA

BlKK ¢y KK=M+]1)=XS
BIKKyKK=-1]1=C7?

B{KK, KK+1}=C7T
BIKK4M+KK=-1)=XS

BIKKM+KK+]1Y=-XS

1C4 CCNTIALE

TTTZ37 A(KK.KK=2)=C1

Ut N2y T

LC=3%N

DO 1CE KK=LO,LL,¥
IFIIPASS)233,237,238

ALKK yKK=1)=C4
ALKK XK)1=C1D

AUKK gKK=2%N}=C1
AUKKy KK=N)=C 4

FLKK V4KK)=Ch

A(KK,2*14KK)=C1
A{KKyKK=NM~1)=C2
A(KK M+KK~1)=C2

CO T2 105

- 238 BIKK KK=NM-11=-X5

 BIKKsKK-1)=C7

BLKE KK=M)=Z2ETA

ELKK, kK }=C8
BUKK M+KK=-1)= XS

TTTBIKK, V+KK)=ZETA
105 CONTIMNGE

LC=(A=2)%N+3

39 KK KK=2 )= C1

LU=(h=1)#¥=2
CC 10& Kk={C,LU
CIF(IPASS) 240,235,240

A{KK KK=-1)=C4&
ALKK KKI=CE

ACKK kk+41)=C4
ALKK KK+2)=C1
ALKK,KK=2%M)=C1

C A(KKKK=¥+1)=C2

T GC TC 1C6

AOKK KK =H ) =C4
A(KK M+KK)}=C4
CA{KKyKK=NM-1}=C2

A(KK yMiKK=1)=C2
ALKK MeKK+1)=C2

240 BLKK,KK=NM=1)=—X5§

C OB{KK yKK~M#1)=XS

 BUKK4KK+1)=C7

C B{KK MR )=TETA

BUKK ,KK~N)=2ET A

BIKK{KK~-1}=(C7
E({KK,KK)=(H8

BI(KKyMtKrK-11=XS




1C6

242

L IFUIPASS) 24242414242
A(KKQKK”2}=C1

TA(KK g KK=NM)=(C4

TB{KKKK-1)=0T7

BIKK,M4KK#+]1)==XS
CONTINLE
LO=(N=13%VM+3
LU=N*pM=2

DO 1C7 Kk=LC,LU

41

ALKK,KK=1)=C4
ALKK KK)=C12

ALKK KK+1)=04
A{KK KK+21=C1
ALKK KK=22M)=C]

A( KKy KK=M=1)=C?2
AlKK,KK=Fe1)=C2

GO TO 1CT
B{KKyKK=¥=1)==XS
BUKK KK=N)=ZETA

E{KK4KK)=(CR
B{KK, KK+1})=C7

1c7

BUKKyKK-M+1)=XE
CONT INUE
KK=(N=Z)*N+1

243

IF(IPASS) 244,242,244
A{ KK KK}=C9
ALKKKK+1}=C4

A(KKyKK+2)=C1l
ALKK  KK=2%N)=C1
ALKK yKK=N)=C4

ALKK,V4KK)=C4
ALKK yKK=N+1)=(2
ALKK M 4KK+1)=C2

244

GO TC 245
BIKK KK=-M+1)=XS

BUKK KK=V)=ZETA

e45

246

248

249

TALKK KK)I=C11

CALKK KK=N+1)=C2

BUKKSKE)=Ca

CTR{IPASS)25C,246,25C

BUKK kK)=CB
BIKK Kk+1)=C7
BIKKyM4KK)=ZETA

TBUKK MHKK41)==XS

KK=(N=-1)*VM+]
IF(IPASS)247,246,4247

ALKKsKK+1)=C4h
AlKKEK+2Y=C1

AUKK KK=2%VM)=C1
ALKKyKK=NM)=C4

G T zZ4€
R{KKyKK~NM+1)=XS§
B(KKsKK=MI=ZETA

BIKKyKK+1}=C7
Kk={~h=2)%N+2

AlKK KK=1)=C4
ALKK kK)=CE

CALKKyKK+1)=C4

S Blogl—-RR ) 201

A{KK ykk+2)=C1
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ALKK KK=N)=C4
ALKKyM+KK) =4
CA(KK KK=N=1)=C2
AlKKyKKk=NM+1}=(2
A(KK yM+KK=1}=C2
ALKKyMiKK+1)=C2
GO 1C 251
250 BI{KK KK=M=1}==xS$
RUKKyKK-=NM)=ZFET A
BIKK¢KK-M+1)=XS
R{KKyKK=1)=C7
_ BElKK KK)=CB
B(KKQKK+1}=C7
B{KK,M4KK=1)=XS$
_ BIKK,M4KK)=ZETA
R{KK yMEKK+]L)==-XS
251 KK={N-1)%*M42 .
. TF{IPASS)253,252,253
252 A(KK KK=1)=C4
AlLKK,KK)=C12
A[KKyKK+1)=C4
ATKK KK+2)=C1
AIKK KK=2%N)=C1
ALKK KK-N)=C4
A{KK,KK=VM=-1)=C 2
ALKKyKK=NF+1)=C2
GN TO 284
253 P(KK,KK=-M—1)=—X%
PI{KK yKK=-M)=ZETA
B{KK,KK=M+1)=XS
BIKK,KK=1}Y=CT
B{KK,KK}=C8
. BUKK,KKX+1)=C7
254 KK=(N-1)%M=-1
IFLIPASS)ZEE,2868,255
255 A(RK,KK=2)=C1 '
ALKK KK=11=C4
A{KK,KK)=CE
_ A(KK,KK+1)=C4
TUA(KK yKK=2%M}=C1
A{KK yKK=-N)=C4
AlKK N4KK)I=C4
T A{KK KK=M-1)=C2
A{KKyKK=N+1}=C2
AKK ¥4KKk=1)=C2
TTTTAUKK sMeKK+1)=C2
GO TC 257
256 BIKKsKKk=N=1)==XS
T BUKK g kK=MI=ZETA
PUKKyKK=NM+1)=XS .
B{KK KK=1)=C7 £
E{KK,XK)=C8 T T T T s e
E{KKyKE+1 1=CT
B{KK M+KK=1)=XS
TTRIKK e MAKKI=Z2ETA
PILKE ¢y V+KK+1 )=~XS§
257 KK=N*M=1
T IF{IPASS)259,2568,2¢
258 AlKK,KK=21=C1
A{KK yKK=1)=C4

T




AKKkK)=C12
ACKKKK+1)=C4
ALKK KK=22M)=C1

CAIKK KE=NM)=C4

259

A(KK KK=M=1)=C2
BLEKhE=k 1) 502

43

TTGC TC 260

BOKKyKK—=M=1)==X§
BAKK KK=V)=ZET A

CALKK yKK=2)=C1

BUKK KK=M+1)=XS
RIKK,KK=1)=C7
PUKK,KK)=(8

B{KK,KK+1)=C1?
K{=({N=1)%M
1F(IPASS)2E2,261,262
BLKK 4KK=1)=C4
ALKK KK)=C10

AULKK KK=2xM}=C1
ALKK KK=N)=Ch
A(KK M+KK)=Ch

AUKK KK=r=1V=C2
AIKK ¢MEKR=1) =02
60 TO z63

262

BUKK KK=)=ZETA
B{KK KK=11=C7

3 KK=MeN

BIKK KK)=C8
B{KK ¥#KK=-1)=XS
BIKKyM+KKI=ZETA

IF{IPASS)ZE542€442€5
AIKKyKK=2)=(C1

AUKK KK=1) =C4
A{KKKK)=C12
A(KK KK=2%M)=C1

Z€5

266

TBUKK yKk=NM=1)=-¥T

A{KK jKk=N)=C4
A{KK g KK=M=1})=C2
€0 TC 266

B{KKyKK=-N)=Z2ETA
E{KKyKK=1)=CT7

BOKK yKK}Y=CE
LC=2¥M+3
LLU=(N-3)%V+3

DO 108 Kk=JJ,LU

TAMKK KK Y=CH

CA{KK KKk=22NM)=C1

DO 1C8 dJ=LE LT W
LU=JJ+V-5

IF(IPASS)Z6E,26742E8
A(KK kK-23=C1
A{KK KK=-1)=C4

ALKK yKK+1}=C4
A{KKyKK+2)=C1

ALKKsKK~-N)=C4H
AlKKyM4KK }=C4

A{KK KK~VM=1}=C2
ALKK KK=H41)=C2

CALKK 2ENeKK)=CL T




ALKK JKK+N=1)=C
ALKK g M4KK+1)=C

G0 TC 108
268 BIXK KK=M=1)==XS
RIKKyKK=M)=7ETA
CBLKK KK=M+1)=XS

2
2

b4

TR(KKkK-1)=C7
EIKK,KK)=(CH8
. E{KK,KK"I}-C?

BOKK gM+KK=1)=XS
BIKKyM+KK)=ZET A
BIKK yKK+M+1)==XS§

1638 CONTINUE

RETURN
_END

SUBRCUTINE FCR MATRIX INVERSICN
SUBRCLTINE MATINVIXKMyNWIC LERN,A)

TUCIMENSION XKMU121,1210,A0121,122), T0(1221,12(122),13(122)

DO 101 I=14NwlIC
DO101 J=1,AWID

1C1 A, JI=XKM{T,d)
CCL102 I=1,AnlD
1C2 AUI4NWID#1)=1

Ni=NwIC
NJ=R1+1
P2 L=1,NJ

1L{L)=t
2 120L)=tL
DET=1.

D03 K=1,4MI
C=C.,
CC4 L=KyNI

IL=11¢L)
DO4 M=K, NI
JV=12(V)

CC= ABS({ALIL,JM))
IF(CC-C1445,5
5 KI=IL

141 IF(CC-1.F-7C)109,1C9,9

41 DET=NET/1.E1LC

KJ=Jd¥
KL=L
KN=#

T C= ABSULALRILKI))
4 CCNTINLE
IF{K-NI}YE, 146

6 TI{kL)=T1(KY
T1(K)=KI
2 IKMYI=12(K)
12(K)=kd
T AKK=A(KI, KJ)
A{KI, KJ)=1.

CET=DET*AKK
CC= ABSICET)
IFICC~1.E10)14Lls4l441

1C9 CARN=0.
GC TC 500

9 [ARN=1,
Palg k=lgbhd
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10 A(KT,MI=ALKI M) 7AKK
D03 L=1,MI
CIF(L-K)E, 3,8

8 IL=11(L)
ATK=ACLL K J)
ALIL K J)=0,
DC12 F=1yNJ
JM=12(N)
12 ACTL ,JMI=ACTL JMI=ATK*A(KT JM)
3 CONT INGE
DC13 L=1,NI
C13 I3(L)=11(1)
e
DO15 L=M,NI
IFCI3LL)-12(M))15,16415
5 eertangg etz 18]
16 IF(L-M)17414,17
17 J¥=130M)
[L=13(L)
13(L1=JM
I3(M)=TL

DET=-DET
DO18 Jd=1,NJ
T=A{JMyJ}

A(JMd)=A(TL,J)
18 A{IL,J)=T
14 CONTINLE

TTTTTRDLS M=14N1
DO20 L=V 4NT
IF(I240L)-11{M)12C,21,2C

B 20 CONTINULE
21 1F(L=M)22,19,22
22 UM=T12(M)

IL=1210)
12¢L)y=J¥
I2(M)=1L

D023 J=1,N1
T=A(JJM)
AlJ,IM)=A(J,TIL)

23 ACd.ILI=T
16 CCNTINLE
CC103 1=1,NWID
L0103 J=l4AwID
1C3 XKM(T.+d)=A{T1,4J}
500 RETURN
T OEND

SUBRCUTINE DELSQUITER,E)
€7 7 DELSR APPLIES THE AITKREN'S TELT A-SQUAREL EXTRAPCLCAYICN, —
C THIS IS BASED CN THE ASSLMPTICN THAT THE W'S HAVE A SINGLE EFRRCR
C CCMPOANENT ANC A TRUE VZ2LUE,
~  DBIMENSICN RC121.,122)
CCMMON/BLOCK I/ Wl 1211
J=ITER=-2
CK=ITER=-1
KK=ITER+1
tn 10 1=1,L
T U IRBY e ) LEC NI T YL ANT L DKy TY LEQCLWIT)) GO TC YO - 7
WOE) = (RS DW= Pl EIE32) /(B{Us D)Wl T }=-2%81(K,1))
10 BIKKy1)=W(T1}
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30 ITER=ITER+1
RETURN
END

SUBRCLTINE TANMCC(KEC, 1PASS)
€ TANMOC IS BASEC CA THE OCTAHECRAL SHEAR THECRY, TANGEAT MCDULUS
c THECRY, ANC THE MACRIC PARABCLIC STRESS-STRAIN LAW FOR CONCRETE.
COMMCN/BLCCK2/ENEh yBKCCEFyCCNSTL 4CCNST3 4EPS,E4KSTL y CONSTS
IF(IPASS.EG.1) GC TO 1C
C=PKCCEF*CCNST3
ENEW={ SQRT{C*%2+4, $CCNST1)=C)/(2.%CCNSTL)
_eervce0
10 ENEw = SCRT(CCASTS)
20 TEMP=ARS(ENEW-E)/E
E = ENEh

KEC=C
IF{KSTL.EC.0) KEC=1
IF{TEVMP.LELEPS) KEC=1

RETURN
END

SUBROLYINE PCRIT(XNXC,TH)
THIS SUBRCUTINE CCMPULTES THE TOTAL AXIAL LOAD ON THE PLATE. IT
INCLUDES THE EFFECT CF TFE STEEL CN THE AXIAL STIFENESS OF TFE

PLATE IN BOTH THE X ANC Y DIRECTICAS. TIT NEGLECTS ANY SHEARING
CONTRIBLTICNS BY T+E STEEL REINFCRCENMENT.
COMMCN/BLCCK4/CCNST2 4EFCFPRINE 4 EST 4BL4FCR,RFOT

[aXalinke) (]

TENP = CONST2EXNXC/{CLEEAFPRIME%*TH) -
ESUBE = 1.0-SQRT(l.0-TENF)
_EPSE ESUBE*EPO

TENP = ESTXERSEXFFCT*TH
PCR =BL*(XNXC%{1.C-RHCT) + TENF)
RETURN

i

ENC
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ABSTRACT

This thesis presents the results of a computer program for predict-
ing the elastic buckling loads of plates with various loading and support
conditions. The program was modified to predict buckling in reinforced |
concrete plates.

The method of solution was to approximate the governing differential
equation by finite difference coefficients, generate a matrix equation,
and solve the matrix equation by iterating on the column vector con-
taining the lateral displacements. Convergence problems were encountered;
to overcome this, the Aitken's &’-extrapolation was applied.

For elastic buckling several sample problems were run. The
maximum error between a program value and a value in the literature for
the elastic buckling coefficient was less than 4%. The maximum execu-
tion time was 95 seconds.

The modification for reinforced concrete utilized the octahedral
shear theory, the tangent modulus theory, and the Madrid parabolic
stress-strain law, The effect of steel reinforeing on both the buckling
behavior and the axial stiffness was considered. Good agreement between
the program results and values given in the literature was obtained.

The mesh size had little effect on accuracy. Coarser grids gave accept-
able solutions with a minimum of execution time.

With the maximum allowed tension in the plate set equal to T.SJEE,
results indicated that typical shear walls would faill in diagonal tension,
not buckling. The limiting %-ratio was computed to be 240; plates with
typical dimensions will have ratios of 60, or less.

The buckled shape of the plate is given, and could be used to

create an analytical expression for solving the buckling problem directly.



