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1. INTRODUCTION

The objective pursued in water quality management is to
- secure water qualities such that the marginél costs of cleaning
the water equals the accruing marginal benefits. A system of
effluent charges or taxes can be used tb induce-pol;uters to
reduce the waste discharge.

The problem considered in this study is simultaneously
finding an optimal waste watef treatment configuration for
meeting water quality standards along a river basin and deter-
mining the optimal pollution taxes to achieve this configuration

by using decomposition and the multilevel approach,

Iiterature Survey
| A thorough review and systematic classification of

literature on oﬁtimal_@eeision.modéls of regional water quality
management is givén by Bundggard-Nieison'and Hwang (1976).

The application of effluent charges to regulate waste
discharge essentially is based upon a decomposition of the
decision hierarchy involved, The decomposition idea is
developed into the hierarchical multilevel decision models
presented by Haimes (1971, 1972), Haimes, et al. (1968, 1971,
1972a, b) and Foley and Haimes (1973).

The multilevei approach (Lasdon, 1970; Measarovic,
et al., 1970; Wismer, 1971) is based on the decomposition of
large and complex systems, and then the reconstruction of a
neﬁ‘system composed,of independent subsystems. This decompo-
sition is accomplished by introducing pseudo variables into
the system. Each subsystem is separately and indepehdently

optimized (first level solution). The optimized subsystems



are joined together by coupling variables that are manipulated
by second level controllers to arrive at the optimal solution
of the whole systemv(secénd level solution), This coordina-
tion may be structured intb more than two levels,
Computational results to implement the multilevel
algorithms are presented by Haimes and his coworkers for
linear éonstraints (Haimes, et al., 1972a), nonlinear constrg-
ints (Foley and Haimes, 1973), and for the possibility of
using a centralized waste treament plant and user charges
~ (Haimes, et al., l972b)(

Objectives

The objective of this study is to apply the hierarchical
multilevel approach to & basin wide problem, A two-level

hierarchy has been applied to solve a basin wide problem, by

at-source treatment and by augmenting the river flow, using
effluent charges. Two types of second level coordination
schemes are presented for the decentralized decisipn“making
process. One assumes a'knowledge of the local treatment cost
functions by the regional authority (pseudo decentralized
process); the other assumes no such knowledge (complete

“decentralized process). The data for the Miami River in Ohio,

with fifteen biological oxygen demand (LOD) dischargeﬁs, are
used., The system model is given in terms of linear inequé;ity
constraints and a quadratic objectivelfunction. A three lével
- approach to introduce a regional treatment'ﬁlant into the

- river basin also is illustrated. |

The mathematical analogy between the two level-approach

and the discrete maximum ﬁrinciple is presented. To illustrate



the analogy, the hiami river basin problem is solved again
for the case of the pseudo. decentralized process. The analogy

is used to deduce the effluent charges from the solution by

the discrete maximum principle.



2. WATER RESOURCES MANAGEMENT MODELING

In the modeling and control of the pollution of a water
ressurces system tWRS) various pollﬁtion inputs have to be
considered, SusPénded organic and inorganic materials, algae,
and temperature, are a few of the factors that affect the
water characteristicsland properties. Each pollution input,
municipal or industrial, has its own 'quality’ or characteristics
and accordingly contributes to the quality of.totai.water
resources system. It is the consideration of all these inputs
to the WRS where each input consists of .a vector of ﬁollution
characteristics that makes the modeliﬁg and control difficult
and often intractable. In-addition, the-conéideratian of the
environmentzl, economical, social, political and other non-
commensurate aspects is inescapable. | |

The evolution of nathematical models for water quality
control systems has posed two major problems, The first is
the lack of data critical in the estimﬁﬁion of model para-
meters. Data availability usually determines the mbdei.
form used and its appropriateness. MNoreover, the significant
variations amohg the Eharacteristics df different streams
and estuafies necessiate the collection of real data in
every specific case (Thomarn, 1972). The second problem
is the complexity of the mathematical representation of the systern
and therefore the difficulties in finding the solution to the
model equations. A mathematical model is an abstraction of
the real world, and as such, incapable of taking all factors
into account., However, it should be a fair representation of

the real system with sufficient generality and flexibility..



The extent to which the mathematical formulétion can become
complex is limited by the availavle techniques to solve
the model equations. .

A general mathematical model is presented here. Each
case where the pollution effluent is discharged directly into
the river, into the lake, or into a bypass pipe leading to an
advanced waste water treatment (AWT) plant constitutes a special
case of the general ﬁodel; Specific models to represent &
séction of Miami river in Ohio are dealt in the later
sections,

It is cbhvenienf to represent the water resources system
ags a chain of N small segments or subsystems, where the beginning
of each segment or reach has a source of pollution assoéiafed
with it and/or a change in the hydrological characterisfics
of the stream. These changes might arise because of surface
area exposuré. turbidity, or temperéture changes, or a tribu-
tary inflow. So, mathematically;zﬁhis is a sequentialﬁ
probess of N stages. To simplify the methodology, no
bfanching_in the WRS is assumed to occur. A schematic represe-
ntation of such system is shown in Figure 1. Eigure 2 depicts
a typical subsystem of the water resources sytem.

Let U be the n'" pollution input to the WRS with N reaches.
The input vector (Un)T is (UE. 02. T UE) where U? represents
the water quantity and US, U?, ses UE represent different
watér cha:actéristics such as BOD, DO, pH, conductivity, tempe-
,raturé; algae, phosPhates, nitrates, etc.

Let s” be the output vector of the nth subsystem leaving
the WRS. Examples of such output are heat loss, reoxygena-

tion by aeration, intakes fo: industries, etc, Let wh
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and V' be the input and output vectors, respectively, entering
and leaving the nth subsystem from and to other subsystems,
Since no branching is assumed, the output vector of one sub-
system is the input vector only to the fOllOWlng subsystem.
The vectors & wn and V' are of the same dimension (m) as dn
The corresponding elements in all the vectors represent the
same characteristic. The vector sum W04 UY is meaning less
and does not equal to VN4 ST, The subsystems' outputs are

assumed to be represented by:

V= (B, W)
st o= gV (P, W)
where o
CONEYC L MU
@) = B oeee s o)
Let

R™ (UM, WO, s"y>0, n-= 1, 2, oo » N

be the vector of constraints to be satisfied by the nth sub-
system, where R"'s are k-dimensional continuous functions.
These constraints include the equality constraints, if any,
and represent the physical, legal, econdmical and other system
constraints.

The overall WRS treatment cost function, F is the sum of
the treatment cost functions of each subsystem FP(U%, SP), i.e.,

| F:n%_;l"n(Un. s™)

where the cost functign F? for subsystem n is assumed to be an
explicit function of the effluent input U" and the output 5
;A typical optimization problem'assdciated'with such water

resources pollution problem can, now, be stated as:



N
Minimize F=> F (U, 8) (2-1)
n=

sub ject tos

v? o e®, wh) (2-2)
st § @”, W : (2-3)
.Hn-fl _ vn ) (2-4)
RO(U, W', §)>0 (2-5)

B Ly B3 ase g N
where WN+%='VN is the vector representing the characteristics
of the water leaving the WRS.

The problem can be viewed as finding a set of“decision
vectors e such that the total cost F is minimized subject to
the constraints R" . However, the process is described by the
performance equations (2-2), (2-3) and (2-4). The variables
v" (or W') can be said to be the state variables with respect
to Un being the decision variables, The problemuof finding an
optimal decision vector U" which satisfies at least the nece-
ssary conditions for & maximum or minimum is called the inte-
grated problem.

Appendix I gives the general solution procedures to
the optimization problem, as given by equations (2-1) through

_(2-5). by the multilevel approach and by the discrete maximum.

principle.
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3. DECENTRALIZED DECISION PROCESSES

3.1 Formulation of the problemn

The following formulation of the mathematical model,
for the Miami river in Ohio, with linear constraints and |
qugdratic objective function is based on the work by Hasé (1970)
and as described by Haimes, et al, (1972 a).

The 58 mile portion of the Niami rivér above New baltimore
is segmented.into twenty seven "reaches", fifteen of which
are associated with inputs discharging organic wastes into
the stream (Figure 3). Since data are available for the
dissolved oxygen standards only, the model is a relatively
simple one, The Streeter—Phelps equation (Streeter and Phelps,
1925) is utilized to transform the minimum dissolved oxygen
standards for all the reaches into a set of linear inequality
constraints, In this model, the concentrations of dissolved
oxygen and biological oxygen demand are assumed homogeneous

within each reach.

-The constraints require that the supply of available
oxygen for the organic decomposition process in each reach
(that available above the quality standards requirement) must
be equal to or exceed the demand imposed by BOD loads discharged
into the reach and all reaches préceding it. Thus for each
reach i it is required that
: dil wl(l-xl)4-d12 Wz(l'xé)*“"*'dii Wi(lfxi) £
Y by (3-1)

where

wi = gross BOD load introduced at the begining of the

Jth reach that has a polluting input (1lbs/day)
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xj = fraction of wj removed through treatment by the
jth polluter
dij? pounds of oxygen dema&nded in reach i by the decompo-
sition of a pound of LOD discharged by the jth
polluter
bi = amount of DO available for decomposition process
(total available less standard requirement) in
reach i per unit of flow, pounds
¥ = éugmentation rate, ra_t'io
Thé system of inequality constraints can be rewritten more
compactly as follows:

a xl+a xj; S.i - Y’bi

X. boose 8, ,
$1 g2 Kot ¥E;
where ‘ '
a, ,—=4d, . K  w,
1] 1) 3
and
S

1= fpth ke By
In addition, other restrictionsron xj's are
0.45 g xj < 0.99, j=1,2, +¢o , 15

which insure that all discharges be subjected to at least
primary treatment. In general, primary treatment involves
chlorination, filtering, and séttling to reduce the bacteria
and remove buiky solids, .Such sewage treatment usually removes.
about 45% of  the gross BOD load. 99% is assumed to be the
upper limit of treatment level. For the Miami river problem,

the constants 24 5 and b;s are available (Hass, 1970). Table 1

r

depicte the matrix representation of the constraint set.
Let fj(xj) denote the treatment cost function of the jth
polluter. The following cost functions for the fifteen polluters
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were developed by Hass (1970) from data provided by

Frankei (1965) |
£0x,) = 160.8 +26.7 q + 640.7 (x-0,45)°
;f 255.17 qj(xj-0-45 , $/day
= _cjl x'j-r c‘__12 xj+ cj3' xjé 0.45 (3-2)
where qj is the plant size in million gallons per day (mgd),
and x, is the fraction BOD removed by treatment, Table 2

J .
shows the plant size and the constants ¢, for the fifteen

Jjk
polluters,

Based on data provided by the Miami Conservancy District
and the engingering'firm employed by the conservancy in desi-
gning and operating a low flow augmentatioﬁ reserﬁoir.'Hasé-
developed the augmentation'cost‘fuhction F(Y)="726.6 Y(§ /aay),
1< Y& 4.47, where Y is the augmentation rate. The augme-
ntation rate is the ratio of water flow rate at the time of
consideration to that averaged per month|of August in which

lowest flow for this basin occurs. When there is no augmentation
Y=1, and the flow rate ié 180 cfs. The reserﬁdir capacity
constrains the augmentation to 4.47.
Then, the optimization problem for the Niami river basin
can be written as follows.
Minimize F =3 £ (x.)+ ¢(Y)
x, i 4 4
subject tor J
. Y a X 4Y b3S,
i=1, 2, «ou v 27
| (3-3)
J=1: By sawn s 15

. and .



Table 2.

Coefficients in quadratic cost function (3-2)

for the fifteen Miami river polluters,

Polluter{ Reach | Plant size. COST COLFFICIENTS, $/day
Number | Number| (mgd) cj1 ¢ j2 €3
1 4 45,2 12198.34 [-10976.51)  3837.80

2 6 4.7 1842.,49| -1658.24 659.39
3 7 4,2 1714.64 | -1543.18]  620.15
4 8 5,6 1561.22| -1405.10 575.07
5 9 0.5 768.55] - 691.70|  329.78
6 11 L:2 947.54| - 852,79 384,72
7 14 c.8 845.26| - 760.73|  353.33
8 15 0.6 794.12| - 714.71 337.63
9 16 0.5 768.55| - 691.70 329.78
10 18 3.2 1458.94 | -1313.05 541,68
11 21 8.4 2788.58) -2509,72 949.71
12 22 2. 1331.09| =1197.98|  502.44
13 23 0.6 794.12| - T14.71 337 .63
14 25 12,1 3734.67| -3361.21| 1240.14
15 26 8.4 2788.58| -2509.72 949.7T

15
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3,2 Multilevel Optimization Approach

Two types of decentralized decisioh making processes
can be considered, One assumes a knowledge of the treatment
cost function by the Regional Authority; the other assumes no
such knowledge, ,Augment#tion facility is considered only

in the later case.

3.,2.1 Pseudo Decentralized Process

In this process, it is assumed that the regional autho-
rity (RA) has a complete knowledge of the local treatment cost
functions, £ (x.), j=1, 2, +e. , 15. No augmentation facility
is considerei,ﬂgo Y=1 and ¢(Y)=0.

The duality in nonlinear prdgfamming,along with the
gaddle point concepts (Lasdon, 1970), are fhe basis of the
multilevel scheme utilized in this section, The optimization
problem.posed by (3-3) will be called the primal problem,

Form the ILagrangian function, L(X, A), for the primal problem
as fblIows: _ |
L(X, A)--Jz fj(xj)"{:)‘i‘si -~ |
| 31 %17 Bip Fpm vt T By Xyg) (574
where ) are Lagrange multipliers, i=1, 2, ... , 27

=[M.Az,... ,)\,5] ‘ | ' "

X'.". P w00 g '
2= l%e % %15

1>

Define a. dual function H()) as follows
H(A) = min L(X, A)
XeS

where

S=1[X1 0.45 < X< 0,99, § =1, 2, veuy 15]
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The dual function H()A) is defined over the domain D, where
D=[ A1 A>0, H(A) exists]
Since, for aIl )\‘-}0. L(X, A) is continuous in X for all XesS,
and S is closed and bounded, by Weierastrass theorem, H(A)

exists. Thus _
| D= [A:A20
Let F(X)=Y £ (x ).

Thejdua::l ;roblem can be written as

HfA - -5
Efi{) (A) (3-5)

The Lagrangian L(X, A) possesses a saddlepoint at (x5 X0 if
and only if _)g°sol\reé the 'primal.probl.em and g\_° solves 'I:he' dual.
problem and _

F(X) = HQ) (3-6)

When the Iagrangian I.QC_. A) of the primal is separable
in X, the preceding argument suggests that we can deco;npose..
the problem into subsystems, solve them independently ( Ist
level solutions), and coordinate these subsystems by choosing
the multipliers; A, to solve the dual (2nd level solutions)
so that their combined solutions solve the primal., The
coordinator has the task of maximizing H subject to AeD.

Now returning to p(g. A), equation (3-4), sincé each ‘
f-.(x‘_) is a function of a single variable x. and t}le coefficient
'jtgrmsaf- are Iinear, L(X, A) is-‘ additively sepala}.rable with respect
tg,.x,s' and is Hecomposed readily into fifteen independe'nt
aubs;stems:

L& A) = FL (x5 A4 ) (3T
J o

where
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LJ(XJ'! A) = fj(xj) - ,.‘_Z'" AL l.] (3-8)
: : =L, 2y cauy 15
and
27
Lo (L) =f_‘l Ai(S; = Y by) (3-9)

Note that L,(A) is a function of A only, and is taken care of
at the second level. |

The multilevel.struéture of the optimization problem
is outlined in Figure 4, At the first level A is assumed to
be known, and thus the first level optimization consists of
obtaining xj(A) which minimizes the corresponding jth sub-
system Lagrangian, Lj 3 s 0,99.

At the second level, with known values of X5 (A)s from

'y Subject to 0.45 & x

the first level, H(A) is evaluated, and new multipliers A

are chosen so that H(A) is increased. Until H(A) is maximized,

the same procedure is repeated. I:f.". upon termination of this

procedure, X solves the dual, some X°is primal feasible and the

primal value is the same as the dual's, then (x5 f) is the

optimal solution to the system; that is, a saddle point exists.
Existence of a saddle point cahnot be guaranteed for

general classes of problems, However, problems with convex

~ (or concave) objective and constraint functions under generous

conditions should have a saddle point, Our problem here is

one of these cases,

Computational algorifhm. Although other tech‘niques such as
the Fletcher and Powell (1963) and Fletcher and Reeves (1964)
methods are more ef_ficien‘t in computation, the gradient pro- .
jection algorithm has been adopted for ease of programming

and for theoreétical interest., A listing of the computer program
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used, written in FORTRAN IV, is given in appendix II.

20

The basic algorithm is as follows:

1.
2.

Choose initial values A 0.
Solve the first level with A= A%, obtaining the

solution X(N®) subject to 0.45 § x;§ 0.99 ( k is

5.

| The
r(t) = KK

the iteration number, k =0, 1, 2, «e. ).

Form the dual function H(A ) = L(X(aK); A%) by
adding the first level sub-Lagrangians and L,(AK).
Calculate the gradiént Y&H(AK) whose elements are

aH _
31 S - b - 8357 Xy - aiz Xo = sus

S ails xls (3"'10)

Define & direction of search g#. by -

oL |5k ", if A¥>0
N
{ |?\’i if 7L' —O

. =1 2, .27,
Ktl
Choose a new vector A. by

L,Hl =Kk+fk gk _
step size is selected so that it maximizes

, K
4t %) subject to t, > 0 and A §0. For this

selection ofwoptimal ty+ @ Fibonacci search technique has been

employed in the interval 0 to 1. The direction vector QK is

normalized

6.

to avoid too small values for t .
Return to 2, stopping when H(AK+‘)-I‘[(AK)SE (a small

number)

- The flow diagram for the above algorithm is given in

appendix II.



Economic interpretation of the Multilevel procedure.

The gradient algorithm in the two level optimization
procedure has &n interesting economic‘inﬁerpretation. The
first level subsystems represent the costs on the part df
each locﬁi pallufer and the second level represents the total
social cost for & river basin-wide regionélqauthority (RA).

According to the tax'structure (A?) announced by the
RA, the local polluters plan their treatment levels (xgs)
while minimizing their costs and report them to the RA. Upon
receiving the responses by the local polluters, the RA forms

the dual function which is the sum of the first level minima;
‘-
HA) = 31505085 &%) + 1,@%) (3-13)

The gradient of H at Afhas eompdnents

.éa..%'}, = [ by - (247 X5 + Bip Xpbeos 3

+ 255 xy5)]

1=2 2, 2; sove 27
whiéh are actually the slacks of the inequality cohstraints
given in.(3;3j and may be viewgd asréxceSS'demands for oxygen
in each reach.. -

By step 4, the algorithm requires that )E_be increased

if exces&:deménd is positive and decreased otherwise, unless:

*=o. This is a familiar price—adjustment rule of classical
L :
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economics. Thus, upon solving the second level, the regional

authority (RA} has a new measure of the economic #alue ( margi-

nal cost) associated with supplying the ith reach with an

additional pound of oxygen-per day.. -These are the Lagrangian
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multipliers A', Note that A; are non-negative and, that for

those constraints that are binding, they are positive.

Since ag- d i v represents the oxygen demand in the
ith reach to meet the waste water effluent load incurred by
the jth pollhxteﬁf', the term gliaij. may be viewed to represent’
 the cost, for which the jth‘;olluter is responsible, in impro-
ving the water‘quality} 'Hence,.fhe term

Ny
is the price (tax) imposed by the regional authority for
the pollntiop caused by the jth polluter, if the polluter
diécharges the whole polluting load unﬁreaﬁed, The tax
for' which the jth polluter is responsible is given by
# Ai 343 (1-x

Each polluter is able to determlne his own policy as
to pay the price &pécified by the reglpna; authority for
causing the dégrédatioh of the quaiity of water or to invest
money in developing the local waste treatment plant to decrease

his taxes,

Gomgutational.resﬁrts . |

(i) The process: started with initial Lagrangé-muiti-
pliers, |

Ai=Ag =-ev = /\36 =0
and
Agy = 5. |

mhm'imitial primal and”ﬁual costs were 14607 and -36470 ($/day)
respectively. The initial values for the tax structure are

choéen arbitrarily.
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(ii) Within 17 iterations, the solution reached a

point which was fairly near optimum with primal and dual costs
being 8164 and 8331 respﬁctively. The iterations thereafter
 were oscillating near the optimum., They showed a slow conver-
gence in maximizing the dual H, The maiimum H was found in
63rd iteration with primal and dual costs being 8304 and 8504,
Thereafter, the convergence towards the optimal was insignifi-
cant, '

(iii) The slow convergence after a few initial iterations
is the charactéristic of the éteepest descent method'used.
Other accelerated gradient techniques are recommended for the
praétical'calculétion. In pérticuiar, since the dual problem
is qﬁadratic in the lagrange muitipliers, the gradient methods
. of Fletcher and Powell (1963) and Fletcher and Reeves (1964),
applied at the second level would find the optimal solution
of the problem in possibly less iterations.

{iv)"It took 5 ‘sec computer time of an IBM 370/158
for program compilation and 20 sec for computation in reaching
the optimum, Note that the iérge number of iterations which
was needed for convergence did not consume much computer time,
The resultis obtained in present study are shown in Table 3
as compared with the results obtained by Haimes, et al. (1972 a)
and Hass (1970).- |

3.2.2 CdmgIete Decentralized Process

In this decentralized decision process, it is assumed
that the fegional‘ authority has no knowledge of the local
treatment cost functions. Augmentation facility is. introduced
into this scheme. While describing the complete decentralized

process, Haimes, et al. (1972 a) did not emphasize on such



24

Table 3. Computational results for the Pseudo
Decentralized model.
TREATNMENT |DANTIZ-WOLFE | MULTILEVEL
FACILITY | HASS(1970) |HAIMES, et al,(1972a) PRESENT
1 86.8 87 88.8
> 7045 71 7147
3 99.0 99 99.0
4 99.0 99 99.0
5 54,8 55 55.2
. 47.7 48 47,2
8 5116 52 50 014' .
9 48,1 48 47.6
10 60.2 60 575
11 51.9 52 50.7
12 51.0 51 49,9
14 52.8 53 51.4
15 51.4 51 50,3
f 0.4132 0.41 44
SHADOW : . 0,442
PRICES | %226 0.2118 0.21 0.174
9 ﬁ_.AX ) [ ’
$}day _ 2856 2816 2566
1 e T
e o
TOTAL COST _ ‘
$ /day 11168 11139 11070
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facility in their model. The results reported were compared

with results as given by Hass (1970) for augmented flow. In
present work such facility is introduced directly into the model.
The fbrmulation of the problem, to be solved by the multilevel
approach, proceeds as follows:
Form the system Lagrangian L(X, A) from the objective
and constraint functions as given by (3-3). _
L(X, A_) T £ (xJ)+T Ai(S: — Yajjyx;
i by ! (3-14)
This may be rearranged to yieldf
L(X, A) = Z fJ(xJ) S Z[x E—al.‘l A‘J
+Z Ai(Sy - Y bl) |
Summations over J are 1ntroducedL
, L(X, A) Z[ fj(xJ) _x;,;&alj-l-(l/lﬁ) ;;\ (81 - Y bj)
(3-15)
Now, the ILagrangian is in decomposable form. Subsysten
Lagrangians Lj are readily formulated as: _ -
L{*; A = fixjye-— xj}faijhf’(l/ls)i}:)l‘.(si - Y bi)
(3-16)
J =X 2, sssy 15
The above L is viewed by the jth polluetr as his objective
_functlon to be minlmlzed at the first level. The second level
(RA) coordinates the first level minima to bring out the overall
optimal Mathematlcally speaking, this is maximizing the dual
CHQQA) = L(X*A) ;5 A) | |
“As shown in the Appendix I from the Kuhn-Tucker conditions for
the optimal,b;'all.the necessary conditions are satisfied at

the first level solutions, except

A;9; =0 L i=1,2, vu., 27  (3-17)
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where
Equation 3-17 will be the coordinating criterion for the

second le#eb.

Computational algorithm. The computational logic, various
stmpé-and criterion used are described in the Appendix III.
The algorithm is essentially a steepest asceht description of
ﬁhé law of supply and demand., The following gives an outline
of the computational procedure. |

The second level (RA).ihitialIy_specifies zero tax rates,
l.e., )y =0, for all.pollutérs. The fifteen dischargers resjond
from the first level with the minimum level of 45% removal of
. BoD. 'The RA recieves this information and checks for violations

by substituting the first level minimizing values of x;s into
‘the costraint set. Twenfy two violations occur and the related
components of the tax vector A are increased and transmitted

to the first level for the second iteration. Table 4 shows

the responses of polluters for sone tax.structures.

The tax for each polluter is affected by the total vector
of tax rates,;é. A single increase associated with the last
(27th) reach wilﬂ,affect all upstream decisions. Hence, twenty
twd changes shoulﬂ Bring about & dramatie response. This
occurs as seven dischargers respond with near maximum levels
of treatment efficiency; The constraints are satisfied, Since
the feasibility has been attained, the tax rates are decreased,
The procedure'is to determine.the reach k which is the closest
to violate the constraints by examining the constraint slacks

for each reach, then reduce the tax rate at the kth reach to
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zero. New tax rates are transmitted to the first 1ével which

then responds with new treafment levels. The second level (RA)
checks for violations for eéery response. The convergence
criterion that all ){g; products be zero is next checked, This
procedure of forcing tax rate components to zero is successively
repeated'until"the constraints — again violated. Recovery
steps are made ﬁntil the critical constraint (i.e., the constr-
aint that upon.the.recowerj steps is the 1ast»to_becpme_feasiblej
is found to be thertwelfth; This tax rate then is raised
selectively. The constpaints‘once again are satisfied and the
algorithm attempts to fofce ail,)(g; products‘to Zero.
| Then, the augmentation facility_is introduced to see if

the 6verall cost ean be minimized. The increment given in
augmeﬁtation rate was just enough to bring back the violated
constraints, because of change in ), into the feasible set.

The two conflicting decisions during the final fine tuning
| stage, increase in the augmentation cost and decrease in the
tax rate, are balanced such that. the tax revenue is maximized
and the overall cost (sum of treatment cost, aﬁgmentation coet
and the tax) is minimized, |

Computational results., The final results are compared with

previously published results (Hass, 1970;and Haimes, et al.,
1972 a) in Table 5.

| It took only 1.1l sec. computer time for compilatibn of
the progrém and 9.5 seé for cohﬁutaﬁions on an IBM 370/158. The
programming of the muliilevel;lpgic is straight forward and
minimizes debugging time, ‘But, the most difficult task was

to select the step sizes for the different stepsize options,



Table 5, Computational resulte for the Complete

Decentralized model.

TREATMENT |[DANTIZ-WOLFE _mULTILEYVETL
FACTILITY HASS:(IQ']O) | ____Hilig%,a?t_“al ] PRESENT |
1 70.7 | 70.6 707
2 60.6 60.5 60.'5
3 - 99,0 99.0 99.0
4 80.1 80.0 80.1
5 50,8 50,7 50,8
7 45,0 45,0 45,0
8 - 45,0 45,0 45,0
| 14 45.0 45,0 45,0
15 45,0 45,0 45,0
SHADOW, A 0.278 0.2 . '
PRICE p M2 ) 77 0.278
AUGMENTA - 3
TION RATE 2.4000 # 2.3727
COST 1744 # |
TAX 2410 411
§ /day 10 2411 2410
TREATMENT 654 ; ,
CoST.§ faey 548 €336 6544

¥ not mentioned
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4.‘OPTIMIZRTION BY DISCRETE MAXIMUNM PRINCIPLE

There exists a close relation between the discrefe maximam

principle and the two level structure of the multilevel system

J!1'-4711136.'.'! ry.

Appendix I documents bomparison of these techniques

fqr a generalized river basin-wide water pollution abatement

problem. In this section, the Miami river problem solved in

preceding section is solved by the discrete maximum principle

and the results are compared,

4.1 Formulation of the problem

In order to bring the problem posed by equations (3-3)

into & form convenient to solve by the discrete maximum

n
principle, Xl' a state variable is defined as the total disso-

lved oxygen required a8t reach n. Since the DO required in

reach n is given by

n o
j2=1 ai,} .(l"-ﬂn)

n
we can define X: as

where

n n-1 n n

aij - Dp réquired in reach i to deéompqse total LOD
generated by the jth polluter, i = 1, 2, ;...-27
B Jo Ty By teane 2T pounds
§ = decision variable, the fraction of LOD treated
_at.soufce in reach n; if there is no polluter in
reé.ch k, =0, otherwise ,‘0.45 < 6"< 0.99,
‘n=1, 2, eney 27,
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Recall that the objective is to minimize the overall cost

which is the sum of treatment costs, tax revenue and augmenta.
tion cost. Mathematically, for the no augmentation case,

the objective is to minimize

r= 50 () + &) /ey (4-2)
where !
£" (B )= cost oi‘ trea‘l;men‘t: at reach n
- (e)+ Co(8) ¥C, /ey (4-3)
and

c™d" = tax payable by the polluier in reach n.
' - L 2 MOtkm (1= 8")  $/day (44
)K’ k = l. 2y sues 27, 18 the tax rate imposed by the authori-
ties, It is the marginal cor_jrtl of adding an ad_d;‘tmnal pound of
oacyg_e_:a;into reach k. |
By introducing a new sfaté variable X?’ such that

Xz = Xp #[£(8) + @ @] §/aay

L}

T (xn'l,eJ, n=1l, 2, .., 27 (4-5)
. |

n

the objective function can be reduced to the standard form

of the discrete maximum principle as

[f (&) + (&) ]

'n=l
Xz
- oyl _
= clx1+ 02 o (4-6)
with
c =0 and c =1



The constraint on the state vériable ngAis that the
D0 demanded bj the BOD in reach n should not exceed the
available DO in that reach. Mathematically, '

R™ = -2, (1-6%) + Y B'20 (4-17)
where b™ is DO available in reach n for unit of flow,

The procedure for such an optimization problem, &
process wWith costrainis on decision and/or state variables, is
io introduce two'dimehsionalx(since there are two state vari-

ables) adjoint.Vectorlg*’and a2 Hamiltonian function satisfying

T .
=z &) +u" R (4-8)
n
-t oH
2 = 3pl - (4-9)

with boundary conditions

. .
24 =i . (4-10)

UMis the penalty rate imposed by the authorities if
the constraiht R"’in,reﬁch-n_is‘violated. Recall that the
constraint R is the requirement that the DO demanded by the
BOD introduced by the polluters in reach n should not exceed
the available DO iﬁ that reach. So, the penalty on reach n
has fo be sharéd by the polluters responsible ?or pollution
in that reach, but proportional to the DO demanded by BOD for
which_eaeh one is responsible. Such a penalty rate can be %o
any extent, but a reasonable decisionlis to penalize the
pollnters only to the extent of cost that authorities incur
to satisfy the additional DO demand, In a free economy such
a depision is mére acceptable. With this penalty rate being
assumed, U™ can only be the marginai.cost of adding an additi-

onal pound of oxygen into reach n. So, the marginal cost JAK

32
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defined in equation (4-4) and u” in equation (4-8) are identical.
Returning to equations (4-8) through (4-10), for our

proﬁlem these are represented as

N
22 = 1
n
n-1 o H
Zl = axn—l
= Zn, n=l. 2| loo]N
thus, -
z?:o, N=21 2, eoss N
: n
— n-1 OH
Z e =53
oXx
2
_ .n
pes 22
=1. n=1,2, «s, N
n’ 'n'ﬁ n .nn
B = 2)X)'+ 20X +U'R
n _n-1 n nn
T,(X; 1 8) + UR(E)
Hence, ,
_ N
dEY - 2 C.. & C. - T Aa _+U"Y a_, (4-11)
*59‘;-,1 nl & n2 E;IA“ kn %—;‘ nj ,

The above équations are the essence of necessary conditions
L n .

for optimum H . Combining the Kuhn-Tucker conditions with

the algorithm of the-discrete maximum principle, the following

equations, in addition, have to be satisfied for optimal Hn.

- n
U >o : : (47-;2.-)
'R 3.0 o . (4-13)
R"> 0 " | (4-14)
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Thus, equations (4-9) through (4-11) are the necessary
conditions for a saddle point in " and ?!'_; that is, H™ is a

minimum with respect to & and a maximum with respect to .I.J.h

4.2 Computational procedure and Results

One'computational scheme suggested is a gradient search
on the surface of H', which simultaneously descends in &7
(tlrie minimizing'variaﬁle) and ascends in U (the maximizing
variable). The computétioﬁa"l'i procedure is as i‘bllows:

a) Choose initial values for &' ‘and un,

b) Find the state variables X and X8 from equations

(4-1)' and (4-5) respectively.
c) Evaluate b_“.; from equa.tion (4-11).

Y
d) Evaluate DU as follows:

0 if UP= 0 and R"> 0
“ s

DU =
-Rn, otherwise

e) Update U™ and 8" as follows:

n._&an AHM
O =8 -k Fem

" = U? ¢ x DU
where k is a suitable positive constant, The stopping criterion

are

OHT ¢ ¢,

oo™
for all n with B"-“-‘-o and 0.45<¢ 8‘“(0-99- and
| w? €,

g and g, are small numbers. This algorithm is guaranteed to

converge to global optimum of the objective F (appendix I). Another
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ﬁomputatioﬁal scheme involves‘adjusting-the ad joint variables
z" instead of €% In our problem, Z"s are invariant, so such

scheme is not applicable here,

Computational results. i) The iterationsg startéd with t"=0.1

. for all n and 8"s0. 99 for all stages (or reaches) with polluting
.inputs. Note that 8'=0 for non-polluting reaches,
| | ii) The programming is simpler than that for multi-
level structure., The anly dlfficulty was with ehoosing values
for step sizes ahd stopping criterion for gg:and DU™,- A.compro-
mise had to be struck between large éomputer tine required
with the smaller values=and accuracy of the results for the
problem, However. as 8 result of extensive search, a reasonable
step size (0. 01) along W1th the followmng modlilcatlonu in the
algorithm was found approprlate to force the algorithm to

the near optlmal.. o

a) Let the greatest value of g;o be umty. and--the-other ﬁm

have the values equal to their ratios to the greatest one.

b) Let the greatest vaii;e of DU™ be unity, and the other DU™
- have the values equal to their ratios to the greatest one.
iii) It took 0.6 sec'computer time of -an TBM 370/158 r
for cqmpilation of the program and 52 sec for computation. .
The minimum totél.gost obtained with this, in 394 iterations,
is 11,176 §/day. Note that large number of iterations did not
require much computef time. The cost of computatidns is $16.45.
| iv) 'Thegé results are compared with those obtained by
multilevel approach in Table 6. The results differ by about 5%..
v) We concluded that the Lagrangian multipliers in

multilvel approach correspond to U™ in the Hamiltonian funection



Table §. Comparison of results for the Pseudo

Decentralized model.

$/day

TREATMENT VULTILEVE DIS.MAX,PRIN,
© FACILITY * MODEL MODEL
. 3 88.8 86.7
2 T1.7 70.5
3 99.0 99,0
4. 99.0 99.0
5 55,2 56.4
6 58,2 58.6
T 47,2 49,2 .
8 50.4 53.5
9 47.6 50,2
10 575 62.0
11 50,7 52.9
12 49.9 51.8
g & 47.7 502
14 - 51.4 53,9
1B 50.3 45,0
SHADOW Az 0.442 .0.3787
PRICES Mg 0.174 0.2337
- 2566 2836
Eﬁgé?ﬁﬁﬁiy 8504 8340
T0TAL COST 11070 11175

36
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of this algorithm (appendix I)., We arbitrarily have chosen

the penalty rates, U") as the marginal cost of adding an
additional pound of D0 into each reach. From this numerical

example such assumption is justified,



38
5, THREE-LEVEL APPROACH TO INTRODUCE 4 |
REGIONAL TREATMENT PLANT
A’system of effluent charges was illustrated inféhapter 3
Such a hierarchical system need not necessarily be limited to
just a two-level structure. A physical, economical or political
aépectrér a system could résult.in a structure demanding more
levels. In this section, a three-level approach for the
regi&nal.water quality management problem is described,

For ease in comparison, the configuration of Miami river
basin:in Ohio is chosen again. The formulation of the problem
is based on the work by Hass (1970) and Haimes, et al. (1972 b).
A hierarchicai system of central autﬁofity (CA) and regiomnal
authorify (RA) is posfulated. A regional treatment facility

is considered as a possibility.

5.1 Problem Definition

; ' !
In reviewing the data on the Miami river basin, it was

noted that fhe'majq:ity of the waste waté; treatmeng piants
‘were‘small,in size (less than 10 mgd), see Pable 2. Ly using
a quadratic treatment cost function generated by'Hass for the
computer simulation of the problem, Figure 5 shows that these
smaliﬂplants have a greater per unit,treatment cost than the
iargér capacity plants treating to the same level, Thus, if
- the central authority built a regional water treatment plant
for treatment of the waste water currently treated at the
small local plants, a reduction in the overall treatment cost
could be obtained. The tax revenues may be used by the central
authority to provide a regional treétment facility; polluters

may make sewer conmections with the regicnal plant to reduce
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their waste treatment cosis. Considerable savings over local
treatment alone may be realized. The new regional water -
quality problem can be stated as; }

* Find an optimal. treatment configuration for meeting
water quality standards along a river bésin (considering.the
possibility of a regional waste water treatment plant) and
simuﬂténeously determine the optimal effluent charges nece-
ssary to achieve this configuration when the central authority
does: not necessarilyuknow thé treatment cost functions."

The appﬁibatiqn:oi the Dantzig-Wolfe prdcedureaused by
Hass (1970) %o thé éolntion of the regional problem is not
possible any more because of the additional éomplﬁxity intro-
duced by the possibility of using a regional waste water treat-
ment plant. A multilevel approach is so proposed in which
the solution is obtained by a three level optimization procedure.

The river basin model used &n chapter 3 has‘been modified
by Haimes, et al. (19727b) from Hass: (1970 , microfiche appen-
dix)_td take into account the effect,of‘waéte waie;'treatmaut
at the regional plant,. In the éomputational pfocedure. the
waste water from‘Dayton (reach 4) was not permitted to be shipped
to the regional plant, since the plant at Daton was quite
large already (45.2 mgd). Ih addition, no river flow augment-
ation was cbnsidered. Data_from Anderson (1967) were uséd to.
determine the logation of the regional waste water treatment
plant. The location was determined aé‘thplcentroid of the
waste water load-distanbe §roduct for all polluters except
Dayton. Figure 6 shows the location of the regional plant
(reach 19) along with the proposed piping routes to th; regional

plant, The treatment cost functions were as given by equation
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(3-2). The piping costs include both operating and mainte-

nance costs and the cost of capital,

5.2 Problem Formu Lation
The objective is to minimize the total cost. Costs of
treatment, a2t regional and local plants, piping costs and
-the tax revenue constitute the total cost in our problem. The
oweréllroptimization‘problem is to minimize
g[pj Fi(x5) + (1-pj) cj]wﬁ(qg. Xg) (5-1)
sub ject to ¢ 7
AWPX+ £, (2Co +BS - Q) Y2 Vw, - zccﬂ PCE+ ¢®
+ AWPI + B(T'+ TE)S + ( [+ T5)Q (5-2)
0.45§ x;§ 0.99 ' (5-3)
=1 ' (5-4)
=1, 2, eeey 15 |
where pj is 1 if the jth polluter treats the waste water locally

and 0 1f he ships it to regional plant; ¢c: and FJ(x :) are its

d
-piping costs and the cost of treatment at the plant, respecti-
vely. Fp is the cost of treatang,all‘the waste recglved at
the regdonél plant with a plant size of qp and a treatment.
leveliof xh, Fp is computed;.as other Fjs._from eqﬁation (3-2).
| The constraints (5-3) are the limits on the treatment
1e?els.' Y is theﬁdungntation rate, since no augmentation is
considered.|¥=:1. Constrainﬁs (5-2) require that, as befbre,
the Do'demaﬁd in each reach should not exceed the D0 available
in that reach. The details of such formulation is given by 7
Hass (1970 microfiche appendix) Then, Haimes, et al. (1972 b)
extended it 0 account for added flow and D0 from tributaries,

local plants, and the regional plant seperately. Table 7

depicts the physical meaning of the variables grouped in these



Table 7. Descri@tion of variables

VARIALLE

Vg

DIMENSION

n X n triangular
matrix

n x n diagonal
matrix ;

n X n diagonal
matrlx

n x 1 vector

scelor

n X n trizngular
matrices

n x 1 vector

nx 1 vector

nx 1l vector
n x 1 vector

scalor
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in equation (5-2)

DESCRIPTION

number of reachés (27)

DO required per pound
of 10D, pounds

. Gross LOD loads, pounds/day

0,1 decision matrix
of treatment location

treatment levels

unaugmented flow, at
the begining of reach 1,
cubic feet per sec,

functione of‘'deoxygena-
tion and reqhygenatlon
rates,

LA | d.O s b

initial DO levels, mg/l

DO saturation leVeISg ng/1

quality standards on DO, mg/l\

BOD at reach 1, pounds/day
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fable 7. (continued)

VARIALLE DIKENSION DESCRIPTION

cT n x 1 vector DO .contents of trituta-
ries, pounds

cE nx 1 vector DO contents of diecha-
rgeg, pounds

cR n x 1 vec:or . DO added.uue to regional
dis charge ¢ pounds

2 n x 1 vector L 1. waa lﬂ-

v n X n diagonal added flow due to

matrix tributaries, cfs
ré n x n diagonal added flow to discharges,

matrix cfs
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constraints (5-2). Note that change in flow due to fegional

plant discharge changes the characteristics of water (flow

rate, DO and BOD profiles, etc.) in the river.

5.3 Analysis of Three Level Structure

Since we have assumed- that the central authority does

not know the treatment cost functions of the individual pollu-
ters, the problem must be recoﬁstructed accqfdingly intoc Sub-
problems that facilitate its solution. The three levels of
the hierarchical system are

(1) the individual polluters,

(2) the regional authority (RA), and

(3) the central authority (CA).
To illustrate how this system works, we analyze how information
is exchanged amdng'fﬁe levels and how this information is
updated and coordlnated to obtain the optlmal solution to
the overall system (see Flgure 7).

Third Tevel Problem .

The fwnctiah of the third level, the central authority,
is to propose a tax structure to the lower levels. This tax
gtructure is based on the mapginal cost to snciéty of additiﬁ-
nal poﬁnd of DO %n.each reach of the river., These marginal-

costs are the shadow pricés. Légrangian muitipliers, of the
‘binding consﬁraints in the overallLop#imal solution. The BOD
lﬁad discharged by the regional plant is taxed in the same
manner-as the loaﬁs'of the qual planis, |

The central_authoritj begins the SOiution process: by
esfimatinérailnthe shadow prices, and thus a tax étructure. This

tax structure is sent'down to the lower levels for processing,
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The two levels respond with their optimal treatment levels,

Using this information, the central éuthority checké the river

quality constraints (5-2) to determine‘iflthe previous taxing
structure was too high (no binding constraints), too low (some

| constraints violated) or optimal (po constraints violated, some

binding constraints), If the previous strﬁcture is not optimal,

a new tax structure is developed on the basis of the resulis

of the previous structure. A gradient search technique (Lasdon,

X970) can be used to update the step sizes to converge toward

the optimal soIution.

Second Level Problem

The function of second level, the regional authority,
is to determine an optimal regional plant size and the.treat-
ment level, and-to issue charges based on the regional cost
incurred to the polluters who are shipping their waste water
to the regional plant.

The optimization problem at the second level is to minimize
the sum of cost of regional treatment and tax on regional

plant.} Matheﬁatically. this.ié to

min[ (Fg(ag, %g) +(1-xp) Tg ) (5-5)

gsub ject. to _
0,45 § Xgp § 0.99 C(5-6) -

| QR:Z_(I-PJJ-QJ e '(5--57)

V.VR': (l"PJ) W“i (5"'8)

where P; is the decision from the first level ( 0 if-the jth
polluter ships waste water to regional plant, 1 if he treats
lit locally); Xp is the regional treatment level; Ue and wp
are the capacity (mgd) and total BOD load (lbs/day)-at-the
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-regional plant. T, is the tax imposed on regional plant,
This is computed ag the product of shadow price (row) vector,
A and the vector of DO demands (a,) in each reach due to 10D
in regionalieffluent; ' |
Giwen & tax sirusture determined by the third level,
a second levél_assumes a given regional plant size based on
a predictidn of which polluters will ship their waste water
to the regional plamt., Then it computes an optimal regional
~treatment level amd the resulting regional treatment coét.
The regional treatment cost is divided among the polluters
assumed to be shipping their waste water to the regional plant
on the basis-of.the total waste water shipped. The tax on
the regional pIant'is divided'émong.those pelluters on the
~basis of the tbﬁél BOD load shipped to the regional plant}
This cost information then is sent down to the first level,
where it is used to determine which polluters aétually would
- ship their waste water to the regional plant; If the predi-
ction which polluters ship to the regional plant is correct.
“the process stops. and all the information is passed to the
third lewel., If the predlctlon is not correct, the predlctlon
is updated on the baals of the results obtalned a new reglonal
plant size is determined and the process is repeated until
predicted plant 51ze and the actual numbers of polluters that
‘ship waste water to the reglonal plant agree.._;n this problem,
a modified Gauss-Sledel.routlne (Halmes.'et al., 1968) can

‘be used to update the prediction of the regional plant size.
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First ILevel Problems

-The function of the first level is to determine the
optimal treatment cost for each pollnter. This involves
determining the optimal locﬁl‘tfeatmgnt level and whether to
ship to the regional treatment‘plant. The optimal treatment
policy cép be detepmined by (i) minimizing the sum of cost
afrtreatment and local tax{ and then, (ii) comparing with
the sum of piping cost and the polluters share of the regional
cost if he decides to ship his waste‘water_to the regional
plant. Mathematicall&. this is to |

min ¢5(x5, p3) ==Pj[Fj(xj)*’(l‘xé)Tj]+(l-Pj)7[(Qj/QR)

Fplage xgl ey (W3/wp) (1-x5)Tg]  §$/day (5-9)
subject to _
0.45§ x3§ 0.99 , (5-10)
‘ P, = 1 for local treament
= 0 for regional treatment.

Fof 2 notified share of the regional cost, the individual
polluter will: determine (i) the optimal treatment level, (ii) the
rcoét of local treatment, and (iii) his decision if he waﬁts‘to
ship his waste water to regional plant._or.not. The resulting
infbrmation is passed to the higher levels. Note that the
decision of any indi#idual pcllutér is independent of other
pollutefs' decisions and no information is exchanged among
them, -

Conclusion

The computational results (Haimes et al., 1972 b) for the
Miami river basin data show that the infraductién of a regional
waste water treatment plant results in a overall cost of. $8,493

“per day, yieldihg a savings of $2,577 per day in comparison to



the cost estimated in.thé two level structure with no augmen-

tation (11, 070 per day). 12 -of 15 polluters' decision is

to ship their waste water to the regional plant. Savings due

to.introducﬁion of regional plant imstead of augmentatiqn
facility results in a savings of $2, 185 per day. Table 8
depicts the comparison of all costs involved in these three

types1of water quality management structures.

50



Table 8.

Comparison of three level vs. two level solutions

TWO LEVEL SYSTELS

. SYSTEN

THREE LEVEL

No Aug. | Augnin.
1 : 2 3
v i
Shadow prices } 0.442 0.278 0.11243
A, 0.174 0,10686
A 0.28077
Tax revenué, 2566 2410 2481
$/day .
Augmentation 1724
cost, §/day
Treatment 8504 6544 6012
- cost, $/day o ‘
Total cost, $/dayl 11,070 10,678 8493
Savings over
plan 1, $/day 392 2577
plan 2, §$/day 2185
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6. CONCLUSION

The attempt to formulate and solve a specific problem by
numerous techniques is not ﬁerely a mathematical experimentation,
" but-the.different-approaches and methodologies &im at providing
decision makers with more information, and alternate feasible
options for their bases of decisions, ~Although many techniques
can solve any specific problem, the physical structure of real
systems forces the researcher to look into various‘methodologies
which represent the real system as precisely as possible,

The mathematiocal analogy between the multilevel approach
and the discrete naximum principle could be expleoited., The
solutions of a simple model for & river basin-wide water quality
problem by these two techniques confirm such a relation. ‘Hente,
rin'a situation where the decomposition and coordination of
two Ievel,approach is complex, the discrete maximum principle
algorithm can be used to solve the problem, and then from its
relation to multilevel apprdach, the tax structure can be
interpreted, Although these two techniques are proved to
be.mathematically equivalent, the way of approéch to an opti-
mization problem according to each method is diffefent. By
means of multilevel approach we can decompose the whole systenm
into subsystems with smaller dimensions, The subsystems then
may be solved by any of the existing optimization techniques,
Thus, it is plausible to consifuct. by combining the tﬁo
techniques, a pOWerful méthod.for optimizing the highly dime-
nsional ooﬁplex system. This is an area for future work.

- In a complex system solution, niether the shadow prices

nor penalty functions introduced can have a direct physical
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interpretation. It was plausible to conclude, in case of a
simple model with linear constraints for Miami river basin,
that the shadow prices or the lLagrangian multipliers are the
margiﬁal cost of adding an additional pound of DO into each
reach, The penalfy could be shared by the polluters in propo-
rtion to ﬁhe DO demands of their waste discharges. Such a
distribution is not plausible when there are more than one
type of pollutant . The penalty imposed on vioclating certain
constraints can not be weighed equally with other constraints,
However, a hypothetical tax structure with different penalizing
levels for different polxutants can be. introduced, The lack
of pertinent data restricts such experimentﬁtion 2t this time.

This is left ag an area for future work.
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APPENDIX I

COMPARISON OF THE MULTILEVEL APPROACH AND THE DISCRETE
MAXTMUM PRINCIPLE |

INTRODUCL ION

-Thére exists a close reiation among the maximum principle,
dynamic programming and the calculus of variations (Fan, 1966).
Similarly, the two level structure of the multilevel approach
and the discrete maximum principle are interrelated., Although
these two techniques can be proved to be mathematically equi-
valent, the two ways of approach to an optimization problem
are quite different.

To illustrate the similarities betwéen the two level
structure of the multilevel approach and the discrete maximum
priéciple a gpecific problem, the water pollution control
model, is considered here, There is, however, a little loss
of generality in establishing the relations from any specific
problems, the extension to more general situations seems
difficult but not impossible., Chen (1966) discussed these
similarities for a case of simple feed back multi-stéage pro-
cesses, Féllowing is the modified version of such comparison,
but as applied to our problen, |

Recall. that a water resources system, as formulated in
section 2, is simple seqﬁential process of N stag381(Figure : & I
The optimization problem is to

-Minilmize F ={ Fu, s (A-1)
subject to: e |
v' o= 2Rt - (A-2)
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s = ¢"(u", W) (A-3)
Wyt (A-4)
RP(UP, WR, 1) 2 0 (A-5)

n=1, 2, sons N,
the notation used in section 2 is being used here
SOLUTION BY MULTILEVEL APPROACH

The concept of multilevel approach is based on the decom-
position of the overall. system, gnd then reconstruction of the
system into independent subsystems. rThis depcmPOSition is
acooﬁplished by introducing pseudo variables, if necessary,
into the system. 'Each subsystem is separately and independe-
ntly optimized., This is called the first level solution. The
optimized subsystems are joined together by second (or higher)
level comtrollers in order to arrive at the solution for the
overall system, The coordination can be structured into more
thap two stages, -ﬁhe present ﬁroblem can be solved by two
levwel structure.

As sﬁown in Figure 1, the water resources system is a
chain of N subsysféms. View each subsystem as buying and
selling the input Yn'l(i e., Wn) and output v? from and to
other subsystems. Associate with each v a vector of pricea
(real numbers) of the same dimension, p , 8t -which these
transaction§ take place. Since the first level solution
requirea_the indepéndent subsystems, let thé input v tp'
the (ntl)th Subsystem be indepéndentlaf the output Tn(Un.Vn'l)
~of the nth subsystem, that is, the performance equations (4-2)
be ignored. The penalty associated with this is the price pn
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I. The Subproblem ( First Level )

Treating p" as parameters, the nth subproblem is described
by the relations
n= gt vl | (A-3)
R*(®, s®, vy 20 (A-5)
in which a set of = ‘gh and VO = "‘;:n that optimizes the -
subobjective functidn " 17
= P ", sY) +@" P, VL - ™ hH v -6)
is found.

The subproblem solutions U, ¥ are, of course, functions
of the prices pn. Then there exist values of p at whlch the
subproblem solutions are the optimal solution of the overall
problem. This criteria can be proved as follows: |

+ Let L be defined as tﬂe Lagrangian for the overall
problem, so that | ' | .

L= z:[F (@ s + O ) -v“) +()u R (a-7)
and : =
ot 0 NT ' e
p V=7p A o (A=8)
‘where the vectors p, n=1, 2, «.., N are ﬁ-diﬁensional
lagrange mulfipliers for the equality constraints,” equations
(A~2), and the vectors )P. n=12xX, 2, eoey N.are"k;dimensional
generalized lagrange multipliers ( or Kuhn~-Tuckeér multipliers)
for the ineQuality constraints, equatiqnsr(A-S). |

From thé definition of p" and equation (A-8), it is seen
that .

z (x7) v -Z(p -1)" yn-1 (4-9)
( ;um of outpuéanices = sum of input prlees )

Subsituting (A-9) into (A-7), the lLagrangian becomes
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N Ny o | ng on,en yn-l n-1 n-1
=z[F(U.S)+(p)T(p.v ) = (p™h) ¥

(X rR%(u™, s?, vn“1>] (A-10)
N |
= pr
m=l

Accordlng_to Kuhn-Tucker (1950), the necessary conditlons

for an extremum are that there exist A:A and p" = p such that

oL OF" 7 RD \
@I =0 aaw
aI! aFn _ aTn — - 1bRn 7
9L _F_  ong0l S B
dyi-l Jyn-l' B LR (K™ (12
A‘ﬂ 20 | | (A_lj)
(XM ®'= ‘ (A-14)
ot y
" < R 2 0 T (4-15)
L
—g—;;' = ¥ . @, v =0 | L (4-16)
P ;

n =1, 2. sesy N 7
ﬂhé problem of finding an 0ptimal decision vébtor which
satisfies at least the necessary conditions for a maximum or
minimum is called the in‘tegrated problem (Takah:ara, 1964),
AL quantities in equations (A-13) through (A'-l'é‘) are
evaluated at the optimum point, Un. But the conditions, .
equations (A-11) through (A-15), are eqﬁi_valent to the Kuhn-
Tucker conditions for the subobjective functiony A" subject
“to R"20 at the point (0", 57, ¥"1). rhus, regarding p"
! as pricés,. we see that“ these prices the subproblems satisfy

the necessary conditions for an extremum at any point at which

the integrated (o_v'erallJ problem satisfies the same conditions.
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II. The Second Level Problem

The fact that there exist prices prl that decouple an
integrated problem is utilized to derive an iterative procedure
for optimization,

The task of finding the optimal parameters p" is dele-
gated to second level; and the solution of fh; subproblems
for a given set of pfs is the responsibility of the first level.
Note that since all the subproblems are independent , the
.first level units need not communicate with each other; that‘
is, the performance equations, equations (A-2) are ignored,

With the subproblem solution " and vi-1 substituted
into the performance eiuations, (A-2), we can get the output
from the nth subsystem, i.e., T (U7, Vn'l). ' Then from the
difference between the amount Vn (i.e., input) demanded by
the (n+1)th subsystem and the amount T (U, vP~1) supplied
by the nth subsystem, we can define the vector of excess

n
demands for V as

g(p) = ¥ - (T, i1y (A-17)

so that at P=T7P, E(P)=0, n =1, 2, ..., N. Note that
Pas[ph o ..o 0 B) If E'(P)=0 for all n, then the
conditions given by equations (A-11) through (4.16) are
satisfied, which implies P =P, Hence, it can be stated
that P= P if and only if E'(P) =0 for all n,

The second level adjusts the parameters P Ly a price
ad justment rulé sugegested by Samuelson (1949):

dp

I'l__ n, .
dp® = £ (p)  (4-18)

n
With excess demands, E (P), formed from the lower levels,



63
the higher level can apply a finite difference approximation
to the price adjustment rule given by the above equation (A-18),
which will yield convergence to the optimal priées P from the
feasible initial guess P,.

Now the operation of the multilevel scheme can be descri-
bed. Sequentially it proceeds as follows;

1. The second level sends %o the first level an initial
set of parameters pT, p%,.e.., DV, |

2. Each of thé first level units optimizes its sub-
problem using these parameters.

3. Inputs and outputs of the first level units are
transmitted back to the second level which forms
the excess demands En(P).

4, 1If these excess demands E'(P) are non zero, the
second level adjusts the parameters P by the price
adjustment rule such that the difference is reduced
and transmits these new parameters back to thei
first level units.

5. The process is repeated until the excess demands

are all zero, at which the solution is optimal.

Feasible and Infeasible decompositions

As described earlief. the first phase of multilevel
approach is to decompose the overall system into independent
subéystems and is accomplished eifher relaxing the subsystem
interconnecting constraints, that is, the performance equations
such as equations (A-2), or considering the state variables
th in our problem, as variable parameters. This isolates each

subsystem_from other subsystems_and creates independent problems.
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In such a method, the overall system equations are not satis-
fied except at the solution of the integrated problem, This
method is name& as the infeasible decomposition method in
contrast to the feasible decomposition method in which the
system equations of the subproblems always satisfy the inte-
grated éystem equations, Following discussion shows the contrast
between these two methods clearly.
The algorithm described on the preceding page is the
~ essence of an inpfeasible decom@ositicn method. Recall that
equation (A-16) was relaxed and the subproblems ﬁere“optimized
for given pn. Only at the final iteration, whenvEn(P) given by
equafion (A;l7) is zero, the system Lagrangian satisfies all
the necessary conditions. V
In feasible decomposition method, equation'(A-i4) instead
of (A-16) is relaxed. Theréfore, the subsystems are optimized
e unconstrained problems and the constraints are satisfied
at the coordinating (secdnd) 1eVe1‘by.adjﬁs£§Bg-the Kuhn-Tucker
mwliipliersqu Noté that eéuations (A-ll).;ﬁﬂ412), (A=15)
and (A-16) aré the.necessary conditions for both IM (the sub-
system Lagrangian) as well as L (the system Lagrangian) to be
stationary with reépect‘to all'argumeﬁts. These necessary
conditions are satisfied at all iterations during coordination.
A compuiational‘algorithm for this two level structure proceeds
as' follows |
1. Assume values for V® and n, and send them to the
| first level,(suﬁprpblems).
2. Solwve each of the fi;gt level problems., This yields

~n ..':
U, P ana §°.
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3, Send the first level solutions to the second level
which forms thg quantities ?WL" and %%a' i.e.,
it checks equations (A-14) and (A-15).
4, If ]\n and R™ do not satisfy equations (A-14) and
(A-15), a new set of vY and ]\n is generated as

follows s

‘]'Ln.if Xn.-:o and %‘;\:-“7;.0

| N m
; A +kQL  if ) >0
X
k is & suitable positive costant.
5. Send new values of V' and) to the first level

and iterate from step 2 until ok - and _b__l:_ 20.
i | oV A

The above two algorithms, for imfeasible and'feésible
decomposition methods respectively, 'are guaranteed to converge
%o a globé;‘minimum of the objective function for convex F
and concave R'. The details are given elsewhere (Lasdon, 1964
and Arrow, et.al..-1963). The only other requirement for the
feasible décomposition method is fhat the decision vector U"
has at least 2s many components as the state vector V", and the
Jacobian matrix for T'(u", V""1) is of full rank for all u"

and V.

SOLUTION LY DISCRTE MAXIMUM PRINCIPLE
Recall that the problem is given by equations (A-1)
through (A-5). In this section we attempt to solve the same
problem using the algorithm of extended verg'ion of the discrete

maximum principle, and then this methodology will be compared



to. that of multilevel approach in the next section,
To bring this problem into a format that can be Solved
by the discrete maximum principle, a new state variable ﬂﬂ

is introduced such that

n n-1 sh
Viel = vmq—l + FD(U (B-1)

with
0

Vi1
Sc equation (A-1) can be written as;

n-1
¥ =E[m+l - m+l

= 0

— V"N , , (B-2)

with ¢ 0, J=1,2, veuy m

Cde

g (B-3)
1.: —1 m‘rl
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Equation (B-2) will be the objective function to be optimized,

For a process with constraints onistata and/or decision
'wariabies, as given by equatiom (A-5), the necessary candi-
tione for optimum can be ob?ained by combining the Kuhn-
Pucker conditions (Kuhn and Tucker, 1950) with the algorithm
of the discrte maximum principle (Fan and Wang, 1964). The:
procedure for solving such an optimization problem, is then.
to introduce an (mtl) dimensional adjoint vector Fand a

Hamiltonian function H as

: T T ‘
H' = (z") ¥+ (N r" (B-4)

satis :E'.ying

nel o H™ '
G = B 3]
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i

= e
=
n

=0 or H =minimum

%,

n=-1

Qs
:B

v = ot V)

o

m—
dz
n= l{ 2,: TEE N

=1, 2, see, M+l
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(B-6)

(B-T)

(B-8)

n n ‘
Note that Z and ¥ are (myl) dimensional vectors. The nece-

ssary conditions for a saddle pdint in i and )(ﬂ, (?30) ¢

that is, Hn"be, a minimum with respect to u" and a maximum with

respect to )\‘n, in addition to the equations (B~5) through (B-8)

are the Kuhn-Tucker conditions 1
0 .
A 2o
n
R 20
nt n
(N)R 20
From equation {B-5)
, aHp

n-1. A
Z e n=-1
m+l. bvm+l

T b
‘ [(,_z_“) O R“]
B[
ml

n n
0y Vna!
B v-l i
T -1 n-1
. aw:, ,F"(U‘.“,_V))
m¢l =1
| dviy
n
= Zm1-l.‘

(B-9)

(B-10)

(B=11)

(B-12)
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From equations (B-3) and (B-6)
N
n g '
mfl- 1.| n-'—'l’ 2|, 'll'-Nl

From equations (A-2)

= (2% et v, vg:i + Fru®, st

¢ O RP®, 82, vl (B-13)

Working with this form of the Hamiltonian function, the
necessary conditions: for optlmal H"‘ as; g:.ven by equdtions

(B-5) through (B—8}. can be rewrlt't:.en as

zn...]_, BH
= ﬁn-l. |
L 21" TaR - oF
=) gynat (K)o bx}“"
or
oF" _ 9R" -
==n-gHE )’% 2L O Sy1=0 (B-14)
From (5-3) and (B—é)
z? =0, =12 ceorm "kB-IS)
1 n b4} n
OH T OF T OR "
—_— (7 Y.+ — (X" — = o0 B-16
aﬁ*( )af ou” ))bﬁ (3-16)

Since 8™ is constrained by R™, UM need to be deter-
mimed@ from (B-16) and then checked for the validity of

cons—:traints. or searching the boundary of the feasible region
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to satisfy

Hn-.-..- minimum 7

Thus, the solution by thé discrete maximum principle
is simplified to solving the set of simultaneous equations
(B~-X4) and (B-16) along with (A-2) and (B-15).

One of the difficulfies in such methodology is. the so
solution of the so called two point (or split) boundary value
problem, i.e., solving a aef of simultaneous equations with
mixed boundafy conditions, It represents, in fact, the ma jor
difficulty and, although numerical analysts have given
considerable attention to the two point boundary problem,
the case that arises in the study of optimization tends to
be particularly difficult (Noton, 1965). One way of solving
this problem is by relaxation method (Merriam. 1954).

Recall that according to the discrete maximum principle,
" is chosen to optimize Hn ag a fuﬁction of U™, This:
requires, however, khdwledge of the correct Zn Thus, there
are two ways in approaching the opt1m31 pointt one starts
from guessing the decision varlable Un( Steepest ascent of
the Hamiltonian function), and other starts from guessing
~ the adjoint variables z" (method of adjusting the ad joint
‘variables). or the state variable Ve,

The method of adjusting the decision variable U"

is called the method of Steepest ascent or descent of the
Hamiltonian depending on Whether‘mﬂmobjectiVe is to maximize

or miaiﬁize the objective function F,
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y I. Steepest descent of the-Hamiltonian

This computational scheme as suggested by Arrow, et al,
(1963) is a gradient gsearch on the surface of H?, which
simulataneously descends in y (the minimizing variable) and
ascends in f (the maximizing variable). Note that such
scheme is used in section 4 for the solution of Miami river
problem by the discrete maximum principle. In this method,

the variables UP and \'are updated as

oH"
g 2 ek — B=17
> ( )

™\
X=X +rkd | (B-18)

where k is a suitable positive cnstant, and
0 'f)[“o and RY> 0 |
if .z
8'“ _ ok ©(B-19)

n .
=Rs s otherwise
L

The computation proceeds as follows:

1. Choose initial values for U™ and A",
n-= l, 2 P e eay N .

2. Compute s by forward solution, i.e,,
n=1l,.2, ..., N, of performance equations (A-2)

with specified initial conditions.

3. Obtain the values: of the adjoint variables 2™
by backward solution, i.e., n = N, N-1, ..., l,.
of--equation -(B-14)-with-the boundary conditions
(B-15). |
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4, Evaluate %g.:aﬁd SMfrom equations (b-16) and (B-19)
respectively. If these values are nonzero, adjust
i and Aﬂby equations (‘B-.‘L"?) and (B-18), and then
return to step 2. '
5. The process is repeated until .g.a":and dNare zero
(or accepsably small) at, which the solution is
optimal.,
¥he above algorithm is guaranteed (Bro'silo 'and Iasdon,
1964) to convergé to global opﬂtimum._of' the objective F,
provided F is comvex and RN are concave functions o:ﬁl"Un.
nel, 2 sove Ne I% c;onverges to _at. least a local {op'ti_muﬁ
of F provided F 'J':s- locally convex an& R® are locally concave.
To prové these assetions, it is neceSS;ary to prove that
‘the gradient of the Hamiltqnian without inetiuality _constraints
is the same as the gradient of the objective function F with
respect to Un. Such proof is given by Saat_y and Bran (1964).
Once we have desired proof,a we Acan then 'fall. back on the well
knovn. proofs (_I.-etov,, 1*.96],) that the ILagrangian difiterential.

gradient method converges under the above conditions.

II.  Adjusting the Adjoint variables -

e . =5

This computational scheme is based on '&:he 'reiaxation of
the performance equations. The computations start by ass-uming
a set of values for z" and )n. X‘ is adjusted according .td
wquatioi,ns (b-18) and (B-19) as before. The adjustment of the
adjoint variables depend on the amount that the performance

equations, (A-2), did not satisfy, That is

Zn. - Zn+k [Vn _ Tn(Un' vn-l)}
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or in other form

z“—-:z“-k-é-;f | | (B-20)

where k is a suitable positive constant.,
| The jterative procedure is as follows:
1. Initialize z%and )\ n =1, 2, ..., N.
2, Compute, according to equations (B-16) and (E-14),
the values of UM and VP-1,
B Gompwte‘fn(up, anl); ~
4, Adjuétrﬁn-by equation (B;Zo) and i?by equqtiog
(B-18), and return to step 2. | |
5. The process is repeated till both Eﬂﬂ: and E;n are
Zero. >
The above algorithm has been proved tovconverge assympto=-
tycally to the correct set of ZP and.AP, if such subobjective
function H' is atleast locally optimized for each set of gh
(Lasdon, 1964).

COMPARISON OF THE WO LEVEL APPROACH AND THE DISCRETE
MAXIMUM PRINCIPLE

The mglﬁilevel approach as described is based on the
decompositioﬁ~oi the Lagrangian of an integrated system. The
necessary condition for the system to be extremum is that the
Lagrangian be stationary with respect to all its arguments
including fhe~Lagrangian\multipliers. By decomposing the
Iagrangian of the original integrated problem, the whole system
is decomposed into small subsystems., Then & coordination |
algorithm manipulates the Lagrahgian multipliers of the sube-

problens tonthe-point-where-themsolu$ions-of~the subproeblems
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correspond to the solution of the original integrated problem.

On the other hand, by introducing the adjoint variables,
the discrete maximum principle decomposes the overall extremum
condition into the cascaded extremum conditions. It has been,
ghown that for a system to attain at least its local extremum
value, it is necessary to choose a set of decision veptors such
that Hamiltonian for each unit is stationary or extremum,
Therefore, if we can show that the Lagrange multipliers, pn,
in the mltilevel system theory are the same as the adjoint -
variables, z? in the discrte maximum principle, and that the
ad joint functioms, i.e.,

n
n-i oH

— —— .
Z aﬁf"l
are exactly the same as the necessary conditions tha+t the

Tagrangian be stationary with respect to its arguments, then
the discrete maximum principle can be said to be equivalent
to the multilevel theory.

However, the multilevel approachremploys a price-adjust-
ment rule for édjusting‘the multipliers to ‘achieve the optimum
of the‘originai integrated problem. It also gives an economic
interpretation to the subproblems resulting from the decompo-
sition. The discrete maximum principle employs a similar
method for adjusting the adjoint variables to achieve the
optimum of the problem but makes use of no economic inter-
pretation to the‘subproblem formulation.

: By comparing the necessary conditions derived from the
discrete maximum principle, equations (B-16), (B-14), (3-9),
(B=-11) and (B-10) respectively with those derived from the

multilevel approach, equations (A—l;)ithrqugh (A-15), we see
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that the Iagrange multipliers, pn are equivalent to the
ad joint variables 2" in the discrete maximum principle. And,
the adjoint functlon. z" =~3L-n is actually a necessary
condition that the Lagrangian be stationary with respect to
its arguments Vn"l (equations (B-5) and (A;lz) respectively).

By compariﬁg the-éomputational-schemea. it is easy to
recognize that the price adjustment rule, equation (A-17),
. used in the second level problem 6£ the multilevel approach
is exactly the same as the rule for'adjusting the adjoint
‘variables; equations (3_20).

.In the feasible decomposition metho&’of multilevel approach
it is assumed that the decision vecto?JUrlhas at least as
many components as the sfate vector Vri and the Jacobian matrix
of T (U", v™Y) is of full rank of a11 0" and ¥ . It is easy
to recognize thét if the cpmﬁonents of vector H}Iénd Vnare
éxactly the same, the féasible:decompoéitidn method and,the
Steepest descent of the Hamiltonian method suggested in the
preceding sectiOn‘will,bewidenfibala However, if the compo-
nents of the decision \nr-:c:'l:c.r.U‘n ﬁre fewer than the components
of the state vector Vfl then the feaalble decomposition fails,
This appears to be the weak point of the fea31ble decomposxtlon
method., On the other hand. if the components of the decision
: vector U" are more numerous than the components of the state
 vector V™, the steepest descent of Hamiltonian method fails.
This means that the system will be over-determined when all
the decision variables are specified, that is,” the number of
decision variables willk be greter then the number of state
variables. In this case, we should use the feasible decomposi-

tioﬁ method, Or, if the state variables are interchanged with



the decision variables, the method of the steepest descent

of the Hamiltonian can be used,

75
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APPENDIX II

COMPUTER PROGRAM FOR PSEUDQ DECENTRALIZED PROCESS
BY TWO IEVEL APPROACH

A listing of the computer program, written in FORTRAN IV,
follows “Table 9 in which the Fortran symbols used are explained,
Figure 8 shows: the flow diagram for the computational procedure
described in section (3.2.1). The program wéSfcompiled on
G-level Fortran compiler (4.68 sec). The execution time for

reaching the maximum (63 iterations) is 19.2 sec on IBM 370/158.
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Figure 8.

Pseudo.Decentralized Process by

two level approach
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Table 9. Explanation of Fortran symbols in the computer
program for pseudo decentralized process by

two level approach

FORTRAN MATHEMATICAL
SYMEOL , | EXPLANATION " - SYMBOL
A pounds of DO required in reach i
pef pound of BOD discharged py : aij
Jjth polluter -
B | RHS: value in the cbnstraintsset,
: i Si - Y.bi
aij x‘j si I'bi. Y 1
c cqefﬁicientsmin quadratic cost
function : jk
shadow‘p?icés Ai
gradient components d;
treatmént levels. xj
NREACH number.of reaches (27)
NPOL number of polluters (15)
CODE reach number of each polluter
BL upﬁe:.limitqon step size
CL inializes step size upper limif (1)
7 | step size e
L .Sgp-Lag?angians Lj
H1l, H2 dual function values
Pl, P2 pripai function values
IDATA 0 if no data output (1)
ITER maximum number. of iterations (100)




Table 9. (continued).
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TECHNQ subprogram)

FORTRAN _ MATHEMATICAL
- SYMBOL EXPLANATION SYMBOL

SUBPROGRANMS FOR COMPUTLING:

PRINMAL primal

DUAL dual |

TREAT treatmentilevels

CHECK upper limit on step size

STEP normalized gfadientfvec%qr

TECHNQ step size by Fibqnacci

gearch
S fsupplementing program for
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100

101

102
103

20
104

105

178

55

44

569

558

557
761

692

691

600
604

633
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PSRePAGES=50,TIME=(1,20)
PSEUDO CECENTRALIZED PROCESS
NO AUGMENTATICN MCDEL
DATA ON MIAMY RIVER DATA, HASS(1970)
REPRGCUCTICN OF RESULTS REPCRTEL EY HAIMES(1972B)
DR« €. Lo HWANG KANSAS STATE UNIVERSITY
SUDHAKAR RECCY PAIDY SPRING 1S7¢

COMMON A(5045C)y, B{50)y C{50,3) s NREACH, NPCL, X{50}
REAL P(50)s DI(50)y AP(50)

INTEGER CODE(50) ’

READ 100, NREACH, NPOL, ITER, 1IDATA
FORMAT (18X,12418X,12417X,413, 9X,s11)
READ 101, (CODE(J)},y, J=1,4NPCL)
FORMAT(4012) ;

DO 10 I=1,NREACH

READ 102, { AlIq+J)y J=1,NPOL)
FORMAT( 8Fl10.2 1}

READ 1032, B(1)

FCRMATI(F10.2)

DO 20 J=1,NPCL

READ 104, (ClJyK)y K=1,3)

FCRMAT 14F20.2)

READ 1055 (P(I)y I=1,NREACH]
FCRMAT(16F5.3)

CALL TREAT{P}

IF(ICATA.EQ.0) GCTO 7C1

PRINT 178

FORMAT(' 1)

DO 55 I=1,NREACH

PRINT 5¢9, (A(I,J},y J=1,NPOL}

PRINT 558, B8(I)

PRINT 666

DO 44 J=1,NPCL

PRINT 557, (C(JsK]l, K=1,31

PRINT 666

FORMAT(" ' ,'AVALUES*, 10F12.2},
FORMAT(" ",'BVALUE ¥, F12.2/ }
FORMAT({" v,'CVALUES'y 3Fl2.2)

PRINT 178

D0 90 K=1,1TER

CL=1.

PRINT €<24( Xl J)ed=1,NPCL)

FORMAT (' ", 'TREAT",10F10.4)

H1L = DUAL(P}

P1=PRIMAL{OQ.)

CALL STEP({P,D)

IF(K.EQe«1l} PRINT &C445(P(I)y I=1,NREACHK)
PRINT 661, (C(I})4I=14,NREACH)

FORMAT(Y ¢ ,TSTEPS'410F10.4)
IF(K.EQ.1) PRINT €0CsH1,4P1

FORMAT (" *,"INITIAL DUAL HL1'yF1E.34E8Xs "INITIAL PRIMAL':F15.3)
FORMAT("Y ' 4*PRICESTY;15FB.3)

CALL CHECK(BL.:CL,C,P)

PRINT 633,BL ]
FORMAT(®* ', 'UPPER LINMIT ON STEP SIZE'* F10.5)
CALL TECHNGQ (P, T,BL)

DO 53 1=1,NREACH

P(I}=P{I1)}+T*D(1)
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IF( P(1}aLT.0.001) P{I)=0.
CONTINLE

CALL TREAT{P)

H2 = CUALIP)

PZ2=PRIMAL(O.}

ITR = K .

PRINT 6C2, kg H2, P2

PRINT &03; (I,I=1,NREACH)
PRINT 576, (P(I)y I=1,NREACH)}
FORMAT("® ' ,'CHECHFP!,15F8.3)
PRINT &05, (CODE(N) Nk=1,NPOL}
PRINT 6C6y (J,J=1,NPCL}

PRINT 607,(X(J)sJ=14NPCL)
PRINT 666

81

602 FORMAT{(® ', 'ITERATICON',14,5X,"ODUAL" sFL5.3 45X, 'PRIMAL? ,F15.3/1+"7,

1 1442X, "ITERATICNSY)

€0 CONTINUE
*100('_"))
603 FORMAT(' ','REACHES:',3014)
605 FORMAT(® %, "POLLUTING REACH',2015)
606 FORMAT(® *,*POLLUTER NUMBER',2015])
6C7 FORMAT(® 9,YTREATMENT LEVEL',20F5.24+////)
608 FORMAT('=-','THIS 1S THE SOLUTION AFTER
6£€ FORMAT('-1)
999 PRINT 6C8,ITR
900 STCP
END
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S
90

g2
93
€4
S5
<6
97
98

100
101
1¢2
103

10

10

20

40

FUNCTICN PRIMAL(DLMMY) o2

COMMON A(50,50)s B(50}y C(5Cy+3) s NREACH, NPOL, X{(50)
REAL F(50)

PRIMAL = DUMMY

DO 10 J=1,NPOL

FlJ) = COJa1)#X{J)=%2 + C(JfZl*X(J) + C(J+3)
PRIMAL=FRIMAL+F(J)

CCNTINUE

RETURN

END

FUNCT ICN DUAL(P)

CCMMCN A(50+50), E(50), C(50+3)y NREACH: NPOL, X{50)
REAL AP(50), P(50}, L(50)

BP=0.

DO 10 1=1,NREACH

8P =BP +P(I)*B(I)

DUAL=BP

DO 40 J=1,NPOL

AP(J) =0.0

DO 20 I=1,NREACH

AP(J)=AP(J)+P(1)*A(I,4J)

CONTIMUE

L{JI=CLJ,1%X(J)%%2 + ClJs2)2X(J} + CUJ,3) - AP(J)*X{J]
DUAL = CUAL + L(J)

CONTINUE

RETURM

END



104
105
1c6
107
1(8
109
110
111
112
113
114
115
116
117
118

119
120
121
122
123
124
125
126
127
128
129
130
131
122
133
134

30

40

20¢C
201

2C2
209

SUBROUTINE TREAT(P)

CCMMON A(50+50), B(50)y C{50,2)s NREACH, NPOL, X{50)
REAL AP(50),P(50)

DO 40 J=1,NPOL

APLI)=0.

BP=0.

0C 30 I=14NREACK

AP(J)=AP (JI+P(1)%*A{T,J)

BP =Bp +PII)*B(I)

X(J) = (AP(J)-ClJ42)) / (2.3CLJ,s1))
IF (X(J)eLE«D.45) X{J) = 0.45

IF (X({J).GT«0.95) X(J)=0.99
CCNTINUE

RETURN

ENC

SUBROUTINE CHECK(BL,CL+sDsP)

CCMMON A(50.,50), B(50}, C(50,3), NREACH, NPOL, X{50)
REAL DO(50), P(50), PP(50)4PR(50])

040 200 I=1,NREACH

PPLI) = P(1)

CLIN=C,

DO 202 1=1,NREACK

PR{I)=PP(I)+CL*D (1)

IF (PR{I).LTa0.) CL= -PP(I) / D(I}

IFt PRI1).LT.0.) CGCTC 201

CONTINUE

IF (CL.LE.QO«) PRINT 209

FORMAT(* ' ,'ERRCR - CL IS NECNPCSITIVE'}
BL=CL

RETURN

END



135
136
137
138
139
140
141
142
143
144

145,

146
147
148
149
150
151
152
153

154
155
156
157
158
129
1€0
1€1
162
163
164

aNely

20

i0

30

40

10
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SUBROUTINE STEP(P,C)
COMMON A(5C,50), B{50), C(5043), NREACH, NPCL, X(50)
REAL C(50), DH(50}, P(50)
DO 10 1=1,NREACH
DH(I) = B8l1)
DO 20 J=1,NPCL
DH(I) = DH(I) = A(I,J) % X{(J)
IF(P{I).GT.0.00 ) CI(I) = DH(I}
IF (P(1)+EQe0ceANDDH(I)eLT.0.} D(I)=0.0
IF (P(I1).EQs0esANCLCH(T)oGE-Qa) D(I)=DH(I]}
CCNTINUE
ANORM = C.
DO 30 I=1,NREACH
ANCRM ANCEM + C(I)%x%2
RNCRM SQRT(ANCRV)
DO 40 I=1,NREACH
D(I)=D(I)/RNORM
RETURN
END

Hou

FUNCTICN S(P 3D,T)

COMMCN A(50,50), B(50), C(5C,3), MREACH,; NPOL, X(50)
REAL P (50}, C(50),PD(50)

DO 10 I=1,NREACH

PC(I)=P(I)

PD(I)=PR(I)+T*D(1I)

CONTINUE

S = DLAL(PD)

RETURN

END



165
1¢é6
167
168
1€9
170
171
172
113
134
175
176
177
178
179
180
181
182
183
184
1€5
186
LET
188
189
140
191
162
153
194
15
156
197
158
159

200 .

201
202
203
204
205

1w

600

R

610

$ENTRY

SUERAOUT INE TECHNQ (P,T,.BL)

COMMON A(50,50}, B(50)s C(50,+3), NREACH,
REAL F({5C),y DI(50])

CALL STEP(P,+D)}

AL=0.

X1=AL+C.€18C3444€*(BL-AL)
X2=AL+BL-X1

FX1=S(P4Dyx1)
FX2=5{Ps0sX2)

EX=0.001 * (BL-AL}

N=0

DL=FX1~FX2

N=N+1

IF(CL<CGE.0.) GOTO 2

BL=X1
X1=X2

X2=AL+BL-X1
FX1=S{P,yD,X1)
FX2=5(P,D,X2)

GOTO 2
AL=X2
X2=X1

XLl=AL+BL-X2
FX1=5(P4DsX1)
FX2=5(P,LyX2)

EPSI = ABS(BL-AL)

IF (EPSI.GT.EX) GCTO 1
IF {FX1.GE.FX2) €GCTO 5

T=x2
H2=FX2

PRINT 610,T
PRINT &6CC,H2

FORMAT ( ¢
GCTO 6
T=X1
H2=FX1

Yy 'TECHCUAL',F15.5}

PRINT &610.,7
PRINT 600,H2

FORMAT ("
RETURN
END

! 1 ] 'INCREPEAT '1 FZO.&,

NPCL

X(50}

a5
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APPENDIX III

ALGORITHM OF THE COMPLETE DECENTRALIZED PROCESS

Phis algorithm is essentially a steepest ascent
description of the law of supply and demand., The coding
of program was done in FORTRAN IV and compiled an WATFIV
compilér (1.12)., The execution time in reaching the optimal
solution was 9.54 sec on IBM 370/158. Table 10. explains
the Fortran symbols coded into the program, Figure 9 is the
Flow diagzjam for the algorithm., The numbers encircled
within each block refer to the detéils of the process within

that bl‘ock as dés—cribed below:

Statement of the problem

1
Min%’mize F = i Fj(xj) + J(Y)
o ' - Jd=!

subject to
Z a-ijxj"'rbi?si .
J i= l._ 21 tae 27
0.458 X3 §0.99, J=1,2, 0y 15

where

FjlEgd= oq X5+ o2 X5 O3

The comstants a, , b, ,ahd S, are listed in Table 1
ij  ii i

an.:fl}cjk in Table 2. @(Y) is the augmentation cost.

First level problem
Minimize I'-j(xj' A)

X.
J

subject. to .‘



where Lj is given by equation (3-16). From

o 0
gL ie Y
oxj

| BT, |
x. _ &ML %52 @
J = ‘

2 le

0.45 & xjg 0.99

Second level problem.

Maximize H(A)

© subject to

hi G:‘-i: 0’

i=1, 2, eusy 27
where
H(A) = mj*n TL(X, A)
and is: given by equation (3-15). Gi is the slack in the

constraint i1 and is given by
J _

The critical reach is defined as- that reach which
becomes: the last. to satisfy the condition !

A =0 | ' @

1 1 _
Step options @

Option 1. Increase )\, for all violating reaches. The
step size sl= 0,1. This process continues till there are no.

constraint violations.



Option 2 (Feasible region, i.e., no constraint

violations). Drive )-50 where k is the reach for which

lel £ |G| for all i. If this step forces into infeasible
i )

region, chose step option 4 (one violation) or option > (more

than one violation).

Option 3 (Infeasible region, more than one violations)

Increase ); for all violating reaches to reduce the violations.,

In this process, the step size 83 is reduced (by & factor 0.9)
for each repeat of this option. When there exists oni& one
constraint violation, chose option 4.

Option 4 (Infeasible region, critical constraint, e,

88

i.e., the constraint that becomes: feasible at last). Selectively

increase A_.. The step size s4= 1. Repeat till it forces the
congtraint set into feaaible région; then chose option 5

Option 5 (Feasible reg;on. crltical constraint known) ,

Drive all )\i=0 except. )c the multiplier on critical reach,
If there exists any violations after this choose option 4

again., Otherwise, the option 5 results in a critical reach,

Augmentation facility

The augmentation facility is infroduced when the algp-
rithm has obtained the critical reach. In the process of
reducing the price };, if violations occur, the augmentation
rate is increased. The stopping criterion are depicted in
Figure 9. The increment in augméntatipn rate is computed as

Y-.—-;G/B,lsy S 447 G
where GH is' the hlghest posmtlve slack. in reach H, andﬁBH

is the coeeficient of Y in the constraint H.
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Agssociated costs/revenue ‘ @

Augmentation cost (CA), @(Y) = 726.,6 ¥, $/day

1< YK 4.47
it t t C 3 5 /d
reatment cost ( i‘) =5Z;:|' Fj(xj) $ /day
Tax revenue (CR)= ) 3 A_a_ (1l-x ) $/day
R e 11) J

Total cost (TC) = CA + CT + CR  §/day.
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Table 10, Explanation of Fortran symbols in computer program

for the complete decentralized process.

FORTRAN MATHEMATICAL
SYMBOL . EXPLANATION SYMBOL
NREACH number of reaches (27)
NPOL number of polluters (15)
CODE reach number of each polluter '
ITER maximum number of iterations

- IDATA 0 if no datg out put (L)

A pounds of DO requiréd in-reach

i per pound of BOD discharged aij

by jth polluter
B 17th column in constraint matrix 8y
YC 16th column in constraint matrix by
Y increment in augmentation oY
AGY augmentation rate ¥
o} coeffients in quadratic cost

function cjk

X treatmenﬁ levels xj
G constraint slack
IVLE _number.of constraint violations
ICOUNT number. of (,:); g.=0) violations
ICD | critical reach
ILL, ILil,

- AP, BP, interhal variables
GN




Table 10..(continued)
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FORTRAN MATHEMATICAL
SYMBEOL EXPLANATION SYMBOL
TICST1,

T1L.C8T2, Total cost

Cl

TRCST1,

TRCST?2 Treatment cost

G2 - FE

TAX1,

TAX2, Tax revenue

€3 .

AGCST1,

AECSTE. augmentation cost

C

P shadow price Ad
SUBPROGRAMS FOR COMPUTING

STEP steﬁ options, step sizes
VITN constraint violations
CRITER (M & = 0) violations
ECONO costs and revenue

AGMTN increments in augmentation

rate.




OO0 o] O B B e

OO0 W

JOB

100
101

102
103

22
104

105

178

492
491

55
598
666

44
555
597
7¢1

111
606

659
702

PSRyPAGES=50,TIME=(1,20)
WATER QUALITY MANAGEMENT:CATA ON MIAMI RIVER (HASS,1970)
COMPLETE DECENTRALIZED MNDEL CF HAIMES,1972
INTRODUCTION OF AUGMENTAT ION INTO THE MODEL
DR. C. L. HWANG KANSAS STATE UNIVERSITY
SUDHAKAR RECDY PAICY JAN 1676

COMMON NREACHs NPCL4+LL(50), P({50), G(50)+451,53
COMMON A{50450), B(50)y C(5043)y AP(S50}, X(50)
COMMON LL1(50), Y, YC(50), AGY
INTEGER CODE(50)

READ 100, NREACH, NPOL, ITER, IDATA
FORMAT (18X,12,18X,12,17X,13y 9%, 1I1)
READ 101y (CODE(J)s J=1,4NPOL)
FORMAT(4012)

DO 11 I=1,NREACH

READ 102, ( A{(I,J)y J=1,NPOL)
FORMAT( BFl0.2 )

READ 103, B8(1), YC(I)

FORMAT (Fl0.2+F5.0)

DO 22 J=l.NPOL

READ 1044 (C{JsK) ¢ K=1,3)

FORMAT (4F20.2)

READ 105, (P{I)y I=13;NREACH)
FORMAT(16F5.3)

IF{IDATA.EQ.Q) GOTO 701

PRINT 178

FORMAT('1Y)

PRINT 491, (J:J=1,NPOL)

PRINT 4%2s (CODE{N) ,k=1,NPCL)
FORMAT(* ', "POLLUTING REACH',2015//7/)
FCRMAT(" v,'PCLLUTER NUMBER',2015)
DO 55 I=1,NREACH

PRINT 599, (A(I,J),y J=14NPOL)}

PRINT 598, B(I}),y Y¥YC(I)

FORMAT(" ', 'BVALUES',2F12.2/7 )
FORMAT(®=2)

PRINT 178

DO 44 J=1,NPOL

PRINT 567y (ClJsKlys K=1,3)

FORMAT(" ", YAVALUES', 10F12.2}
FORMAT('0',"CVALUES"Yy 3F12.2)

PRINT 1748

NO AUGMENTATION AT THE BEGINING
AGY=1. ’

¥Y=AGY

DO 111 1I=1,NREACH

BlIY=B(I)-Y2YC(I) .

PRINT &6C6y (B(I)y I=1,NREACH)
FORMAT(Y ', YVYERBS*'y, 10F1l0.2)

D0 888 K=1,ITER

PRINT 699,K

FORMAT( =%, 44(%% 1) /v 9, 9] TERAT 1 QN ",15//)
START=0. :
COMPUTE X

- DO 66 J=1,NPOL

AP(J)=0.
BP=0.
DO 33 I=1,NREACH

95



23

66

20

10

605
604
603
378

30
621
622

50
623

705
BER

696

991
651

999

APLJI=APLI)+P(T)%A(T,J) 96
BP =BP  4P(1)%B(1)

X(J) = (AP(J)I=C(Jy2)) / (2.%C(J41))
IF (X{J)oLEa0445) X(J) = 0.45

IF (X{d)<GT<0.99} X{J)=0.99

CONT INUE

DG 10 I=1,NREACH

SUM = 0.

DC 20 J=1,NPOL

SUM=SUM+A(T yJ1 * X(J)

G(I) = B{I)} - SUM

CCNTINUE

PRINT 604+ (X{J)¢Jd=14NPOLY}

PRINT 605, (P(1},I=1,NREACH)

PRINT 603y (G{I),I=1,NREACH)
FORMAT(" 9, "PRICES',10F10.4)
FORMAT(Y ", 'TREATS',10F10.4)
FORMAT(' ',YSLACKS' ;10F1242)
DUMMY=0.

CHECK THE VIOLATICNS

IVLT=C

DO 30 I=1,NREACH

IF(G(I)}eGTa0.) IVLT=1IVLT+1
IF(IVLT.GT.0) LL(IVLT)=IM
CONTINUE

PRINT €21, IVLT

FORMAT(Y " 'VICLATICNSY', I5)
TF(TVLT.GTo0}  PRINT 6224(LL(N)sN=1,IVLT)
FORMATLY ?,3014)

1COUNT=0

IF(IVLT.GT.0) GOTO 705

DC 50 I=1,NREACH

IF ((P(I}*G(1}).NE.O.) TCOUNT=ICCUNT+1
IF ((P(I)*G(I1).NE.Oo) IN=1
IF(ICOUNT.GT.0) LL1(ICOUNT) = IN
CONTINUE

PRINT 623, ICOUNT -

FORMAT(® ",'VIOLATED - CRITERICN',1I5)

IF (ICOUNT.EQ.C ) GOTO 9%1

CALL STEP{ICOUNT,IVLT+K,£E702,8991)

CONTINUE '

PRINT 6964 ITER

FORMAT(® ",'####4 NO SOLUTICN IN',1I4," ITERATIONS ####')
GOTD <$9¢%

PRINT 691

FORMAT('-', "CONVERGENCE ATTAINEC * THE SOLUTICN FOLLOWS'///)
PRINT 604y (X(J},J=14NPOL)

PRINT 666

PRINT 605, (P(I)+I=1,NREACH)

PRINT 666

PRINY 603, (G(I),I=1,NREACH)

PRINT 178

stTae

END



105
106
107
1c8
109

110
111
112

113
114
115
116
117
118

119
120
121
122
123
124
125
12¢
127
128
129
120
131
132
133
124
135
136

1371
128

139
140
141
142
143

144
145
146
147
148
149
180
151
152
153
154
155
156
157
158
159

c
C
10
2
661
C
C
20
30
40
662
881
S9
c
3

50

179

SUBROUTINE  STEP(ICOUNT 5 TVLT oKy #y %) 97

COMMCN NREACH, NPOL,LL{50},y P150)y G(50})451,53
COMMON A(50,50), BI50), C(50,43}y, API[50), X(50)
COMMON LL1(50)s Y, YC(50), AGY
DIMENSINON GN(50)

THE JUNCTON FOR THE STEP CPTIONS

IF (ICOUNT .EQ.1) GCTQ 5

IF (IVLT.EQ.O0) GOTO 2

IF {(K.GT.1) GOTO 3

STEP1: ATTAIN THE FEASIBLE REGION
$1=0.1

DO 10 N=1,IVLT

POLL{N)) = PILLIN}) + S1

RETURN1

PRINT 661

FORMAT(® *4T72440(" %*v), T53, FEASIBLE REGION']}
REDUCE THE TAX RATES

STEP2: FORCE THE P CT. LEAST POSITIIVE 6 7O 0O
1GC=0

DO 20 I=1,ICOUNT

IF(GILLI(I) )l Ta04} IGC=IGC+1
IF(G(LLI(I}).LTa0s) OGNUIGC) = -G(LLI(I})
CONTINUE

QL = GN[1}

Kp=1

DO 30 NS=1,1IGC

IF{ GN(NS).GE.Ql ) GUOTO 30

Q1=GN(NS)

KP=NS

CONTINUE

DO 40 I=1+NREACH

IF(-GN(KP).EQ.G(I}) KK=1

PRINT 6€2+KK

FORMAT(Y ", 'CRITICAL PRICE"',I5)
STCRE=P({KK)

P(KK}=0.

CALL VLTNIIVLT)

IF(IVLT.EQ.0) GOTO 99

IF(IVLT.EQ.1} GOTO 4

IF(IVLT.GT.1) P(KK)=STORE*0.9

STORE=P (KK]

GOT0 881

RETURN

STEP3: RECOVERY STEP PROCESS

$3=S1% 0.9

IF(S3.LT.0.01 } 53=0.01

IF(IVLT.EQ.1) GOTO 4

DC 50 N=1,IVLT

PLLLIN)) = PILL{N}) + S3

$1=53

RETURNL

PRINT 179y LL{IVLT)

FORMAT(* *y °*CRITICAL CONSTRAINT IS5',15)
ICO=LLOIVLT)

S4=1,

PALLUIVLTY) = PILLUIVLT)) + S4

CALL VLTNCIVLT)

IF(IVLT.EQ.Q0) GOTO 6

IFC PULLCIVLT)).CGT.10 ) PRINT 663

IF( POLLOIVLT}).GT.10 ) RETURNZ2



160
1€1
162
163
1€4
165
166
167
168
169
170
111
172
1173
174
175
176
177
178
179
180
1€1
182
183
184
185
186
187
188
189
190
191
192
193
154
165
156

197
148
199
200
201
202
2C3
204
205
206
207
2C8
209
210
211
212
213
214
215
216

217

663

&0

175

603
604
605

411

667

682

182
441

443
473

IF(IVLT.EQ.1)  GCTC 4 98

IF{IVLT.GT.1) PRINT 663

FORMAT (' ', "CHECK THE VALUE OF S4°')
RETURNZ

SPR=P (ICD)

DO 60 I=1,NREACH

P(I)=0.

PLICD)=5PR

CALL VLTN{IVLT)

PRINT s *CURRENT VALUES?

PRINT 6C4, [(X(J)q J=1,NPOL}

PRINT €C5y (P{I)}4+1=1,NREACH)

PRINT 603y {G(I},I=1,NREACH)

FORMAT(® ®",*SLACKS'410F10.4)

FORMAT(® ', 'TREATS"y10F10.4}

FORMAT(® ¢ ,'PRICES'10F10.4)
IF(IVLT.EQ.0Q} GOTO 411

CALL AGMTN

GOTO 175

CALL ECONO{TLCSTL,TRCST1,TAX1,AGCST1,ICDI
STPR=F(ICD)

STY=AGY

P(ICD)=P{ICD}*0,9

PRINT 667,P(ICD)

FORMAT(" ", %REDUCED TAX', Fl0.4)

CALL VLTNIIVLT)

IFLIVLT.GT.0) CALL AGMTN

IF(AGY.CGTe4%.47) RETURNZ

CALL ECCNO{TLCST2:TRCST2,TAX2,AGCST2,1CD)
PRINT 682y TLCST2, TLCSTL1,AGY

CALL CRITER(&5)

IF(TLCST2.LT.TLCST1) GOTO 411

FORMATI(" ', 'TLCOST2'y F13.2y "TLCOST1'y F13.2, "AGMTN';F10.4)
PLICDYI=STPR

AGY=STY

CALL VLTN{TIVLT)

RETURNZ ;
NOW INCREASE THE TAX AND PRINT ALL VALUES
PRINT 182, ICD, P(ICD}y G(LICD)

FORMATI(! ? ,oFINE TUNING STAGE'y 110; 2F10.4)
CALL ECONO({TLCST1,TRCST1,TAX1;AGCST1,ICD)
STPR=P(ICD)}

STY=AGY

-PLICD)=P(ICD}*0.9

PRINT 667,P(ICD)

CALL VLYN(IVLTE -
IF(IVLT.GT.0) CALL AGMTN
IF(AGY.0T%.47) RETURN2

CAtL ECONO(TLCSTZ2,TRCST2,TAX2,AGCST2,1CD)
PRINT 682, TLCST2, TLCST1,AGY
IF(TAXZ.LT.TAXL) GOTO 443
TF{TLCST2.LT.TLCSTL) GOTO 441
RETURNZ

P{ICD)=STPR

STPR=P(ICD}

PLICD)I=P(ICD)*0.98

CCALL VLTNEIVLT)

IF{IVLT.EQ.0) GOTO 473
CCNSTRAINING THE ICR. IN AGMTN
CALL AGMTN



218
219
220
221

222
223
224

- 99
IF{Y.GT.0.1 ) GOTC 473 :
CALL ECONDO (Cl1,C2,C3,C4,1CD)

PRINT 689, C1,C24+C3,C45AGY,ICDsP(ICD)

€89 FORMAT{Y-'v,%THE OPTIMAL DAILY CCSTS AND THE POLICY ARE AS FOLLOWY/

1'0°%, *TOTAL COST $',T25,F13.2/°0",'CCST OF TREATMENT $°%,T25,F13.2//
2' TAX REVENUE $',T25,F13.2/%'0'y '"AUGMENTATION COST $°',T25,F13.2,8X
3¢ YAUGMENTATION® yFB.4/*%0" o *CRITICAL CONSTRAINT®,14,10X+°*SHADOW PRIC
4E*4FB.4])

CALL VLTN({IVLT)

RETURNZ

END



225
226
227
228
229
220
2
232
231
234
235
236
237
228
2329
240
241
242
243
244

245
246
247
248
249
250
251
252
253
254
255
256

257
258

289 -

2¢0
2€1
262
263
264
265
266
267
268
269

33

66

20
10

30
602
601

10

20

SUBROUTINE VLTN(IVLT)

COMMON NREACH, NPCL4LL(50), P{(5C}, G(50),51,53
CCMMON A(50,50}y B(50)y C(50,3), AP(50), X(50)
COMMON LL1(50), Y, YC(50), AGY

DO 66 J=1,NPOL

AP(J)=0.

BP=0.

DO 33 I=1,NREACH
AP{J)=AP(J)+P(I)*A(T,J)

BP =BP +P(I1)*B(1)

X{(J} = (AP(J)=-C(J,2)) / (2.%ClJy1))
IF {(X(J)LEaQa45) X{J) = 0.45
CONTINUE

DO 10 I=1,NREACH

SUM = Q0.

DO 20 J=1.NPOL

SUM=SUM+A{T,J) * X{J]

G{I) = B(I} - SUM

CONTINUFE

CHECK TFE VIOLATICNS

IVLT=0

DO 30 I=1,NREACH

IF(G(I).GTa0a) IW¥=1

IFLIVLT .GT.0) LLUIVLT)I=IM

CONTINUE .

PRINT 6C2, IVLT

FORMAT ('0", "CHECK VIOLATIDONS®*,T15)
IF(IVLT«GT-0) PRINT 601,(LL{IS),IS=1,IVLT)
FORMAT (" 7, "CHECKS'y 2015}

RETURN

END

SUBROUTINE CRITER(*)

CCMMON NREACH, NPGL.LL(50)s P(50}, G{50),+51,53
COMMON A{50,5C)y B(50}, C(50,3)y AP(50), X{50)
COMMON LL1(50}s Y, YC(50)s AGY

ICRIT=0

DO 10 I=1,NREACH

TF((PII)*G(I}) EQs 0.) ICRIT=ICRIT+]
CONTINUE

PRINT 20, ICRITy NREACH

FGRMAT{®" v, 12,%* SATISFIED CRITERICN IN',14)
IF{ICRIT.EQ.NREACH) RETURNL

RETURN

END

100

R
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270 SUBROUTINE ECONO ( TLCOST,TRCOST,TAXsAGCOST,ICD)
271 COMMON NREACH, NPOL,LL{50), P{50), G(50)+51,53
272 COMMON A[50,50), B(S0)}, C{50,3), AP(50), X{50)
273 COMMON LLL(50}y Yy YC(50), AGY
c - COMPUTE TAXES AND ALL KINDS OF COSTS INVOLVED
274 TAX=0. '
215 DO 110 J=1,4NPOL
276 110 TAX=TAX+A(ICC,J) * (1-%X{(4})
271 TAX=P(ICD)*TAX
278 AGCOST=T726.6 * AGY
279 TRCOST=0.
2e0 DO 120 J=1,NPOL
281 120 TRCOST=TRCOST + CUJ 1)%X{J)*%2 + C(J,2)%X(J} + C(Js3)
282 PLCOST=TRCOST+TAX
283 TLCOST=TRCOST+TAX+AGCOST
284 PRINT 180,TLCOST,TRCOSTTAX;AGCOST
285 180 FORMAT(®-*,*C0OSTS: TOTAL, TREATMENT, TAXy, AUGMTN1/® 1,4F13.3)
286 RETURN
287 END
288 SUBROUTINE AGMTN
289 COMMON NREACH, NPOL,LL(50), PI5C)y G(50),51,53
290 COMMON A(50450}, B(501, C{50,+3), AP{50), X(50)
291 COMMON LLL{50}, Y, YC({50), AGY
c DRIVE THE HIGHESY G TO ZERO
292 420 DUMMY=0.
293 po0 177 I=14,NREACH
24 IF(G(I)aGT0.) Q7=G(1)
295 IF({G(1)eGTe0.) GOTC 167
296 177 CONTINUE
2s7 167 1G=1
2¢8 p0O 133 1=1,NREACH
299 IF(G(I).LE.0.) GOTO 133
300 IF{G{I}.LT. Q7)) GOTC 133
301 Q7=G{1)
302 10=1
303 133 CONTINUE
C FLOW AUGMENTATION
c Y IS5 THE CHANGE IN AUGMENTATIC
304 Y = G(IQ)/YC(IQ) -
305 AGY=AGY+Y
306 PRINT &31, AGY
307 IF(AGY.CT.4.47) RETURN
308 631 FORMAT(Y 7 ,VAUGMTN! 4F6.3)
309 DO 122 I=1,NREACH
310 122 B{I)=B{I)=-Y*YC(I)
311 CALL VLTNCUIVLT)
312 PRINT,YFINAL VOILAYICN®,IVLT
313 PRINT 6324{G(1},1=1,NREACH)
314 632 FORMAT(' *,*NETSSS'y10F10.2)
315 IF(IVLT.GT.0) GOTO 420
316 . RETURN
317 END

$ENTRY
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APPENDIX IV
COMPUTER PROGRAM FOR PSEUDQ DECENTRALIZED PROCESS.

BY THE DISCRETE MAXIMUM PRINCIPLE

The_algorithm.as described in section (4.2) and shown
in Figure 10, is coded into computer program in FORTRAN IV.
It is compiled on WATFIV compiler (0,60 sec). The execution
time, on IBM 370/158, is 51.52 sec for 400 iterations. The

Fortran symbols used are explained in Table 11.
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INITIALIZE
0 and U

%

COMPUTE
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Xy

n
and K2

L

EVALUATE
and DU

,Qﬂ_n
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STOP )
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— 6 = 6 —k 20
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~

Figure 10. Pseudo Décentralized Process by
~ discrete maximum principle



Table 11, Explanation of Fortran symbols in computer program

discrete maximum principle.

for the pseudo decentralized process by the

104

FORTRAN kMTHEMATIGAL
SYMEOL EXPLANATION SYMBOL
A pounds of DO required in reach

i per pound of BOD discharged a, .
by jth polluter J
B 17th column of constraint matrix Sy
S "16th column of constraint matrix bi
Xy DG available upto reach n x?
o n
X2 Total cost upto reach n .'_32
z adjoint variable 25
TH treatment level e"
U shadow price u™
R constraint value rR"
IPDEX (O,l) index to show if
@=0 or not
Dy increment for U py™!
ﬁHN i t £ TH Eﬂi?
. increment for 36"
a coefficients in quadratic C o
| cost function J
TREOST cost of treatment
TSUM (internal variable)
IDATA, _
IFR
Iskip, Output controllers
IJUMP'
ITM
KSTEP step size k




Table 11, (continued)
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FORTRAN MATHEMATICAL
SYMBOL' EXPLARATION SYMEOL
EPSI1 stopping criteria on DHN
EPSI2 stopping criteria on DU
ISTU satisfied criterion on bU
ISTH satisfied criterion on DHN
DMAX maximun DU
DHMAX maximam DHN
PICOST total treatment cost
PAX total tax revenue
AUGMTN augmentation rate, Y= 1




LR ]

$J08B

502

500

600
101

210

102

10
20

22

- 83

PSRy TIME={2,00),PAGES=1CC
REAL KSTEP

106

DIMENSICN AC2T7427)y B(27)y C(2743)y XL(27)y X2(27)y 2(27),

* TH{27)y UL27)Y, R{2T), IPDEX{27)s DUL2T),

# $(27)y TRCOST(2T7), TSUM(2T)
OUTPUT CCNTROL PARAMETERS
READ 502,ICATAy IFRy ISKIP, IJUMP, ITM
FORMAT(515)
KSTEP=0,.01
EPSI1=100
EPSI2=25
DC 500 I=1,27
READ 5C1,y (A{Y4J)yd=1,2T7)
READ 501y S{1),B(I)
READ 501, (Cl{I,K)sK=1,3)
IPDEX(1)=1
IF(C(I,1).EQ.0=} IPDEX(I)=0
CCONTINUE
IF(IDATA.EQ.0)GOTO 1C1
DC 600 1=1,27
PRINT 503,1
PRINT 50C45s(A(14d)ed=1,27)
PRINT 505,B{1),5(1}
PRINT 50649(C(IsK) sK=1,3)
CONTINUE
ITER=0
INITIALIZE THETA AND U VALUES
DC 210 I=1,27
TH(I)=0C.
Utri=c.1
IF(IPCEX{TI)NE-O}TH(I)}=0.99
CONTINUE
AUGMTN=1.,
DUMMY =0 .
EVALUATE CCNSTRAINT MAGNITUDE
DC 20 I=1,27 '
SUM=0.
DO 10 J=1,27
SUM=SUM+A{T,J)}=*TF(J)
R{I}=SUM+B(I)-S(I)
IVLT=0
D0 22 1=1,27
IF(R(I}olTa0)IVLY=IVLT#1
CCNTINUE
CCMPUTE X2 BY FORWARD SCLUTICN
DO B84 1=1,27
TSUMLT)=0.
DO B3 K=1,27
TSUM(I)=TSUM(TI) + ALK,I) * U(K)
CONTINUE
TRCOSTI1)=0.
X2(11=0.
DC 50 I=2,27
TRCOST(IY= ClI 1 ¥HTHITI®%2 + ClI.2)%TH(T) + C(I,3)
X2(IV=X2(I-1) + TRCOST(I} + TSUM{I} * (l.-TE(I)]}
CONTINUE -
COMPUTE DU
‘DO TO 1=1,27 ’
TF(UI) eEQa0e o ANDR(TI)eGEQ)DU{I)=0.
IF(U(T)eEQeQu «ANCR{I}aGED.IGOTO 70

DHN(27]) 4



70

230

10C

110
111

g1
80

162

161

160

130
138

140

¢C1

DULI)==-R(I)
CONTINUE
1STU=0
DO 230 1I=1,21
IF(ABS(CULI))}LELEPSI2}ISTU=ISTL+1
CCNTINUE

MAXIMLM DU IS 1.
DMAX= ABS{CU(1))
DO 100 1=1,27
IF{ ABS{DU(I)).LE.OMAX)GOTO 1CO
DMAX= ABS(DU(I))
CONTINLE
IFIDMAX.LE.1.)G0T0O111
pC 110 I=1,27
pull)= DU{I)/CMAX
CONTINUE
DUMMY=C
po 80 I1=1,27
IFUIPDEX(I)«NE.O)JCOTC 81
TH(I)=0.
DHN(1}=0.
cOTO EQ
DHN(T)= U{II*A(I,I) + 2.%*C{I41)*TH(I)} + C(1,2) - TSUM(I)
CONTINUE

STOPPING CRITERICN CN TEETA
I1STH=C
DO 160 1I=1,27
IF(TH(I) aLTe0.99. ANDoTHII) «CT0.45)C0TO 161
ISTH=ISTH+1
GOT0 1&C
DUMMY=0,
IFUABS(DHN(I) )oLELEPSILIISTH=ISTH+1
CONTINUE
MAXIMUM DHN IS 1.
DHMAX=ABS (CHN{1})
DO 120 1=1,27
IF(ABS (CHN{I)}).LE. UFMAX’GUTG 120
DHMAX=ABS (CHN(1))
CONTINUE
IF({DHMAX.LE.1.)GCTO138
DC 130 1=1,27
DEN{IY=DHN{I)/DHMAX
TYCOST=0.
DC 14C I=1,27
TTCOST=TTCOST + TRCOST(I1)
TAX = X2(27) - TTCAST
DUTPUT CONTROL BY PARAMETERS:! IFRZISKIP,IJUMF,ITM
IF(ITERL.EQ.0) IPND=0
INC=ITER/IFR _
IF(ITERLLE.L1)GOTCSOL
IF(ITER.LT.IJUMP)GCTC116
IF(IVLT.GT.CIGCTC116
IF{INC.ECG.IPNDIGOTO SO0
DUMMY=0.
PRINT 601,1TER
IF{ITER.LT.ISKIP)ICOTCHEE3
PRINT &02,(U(1)51=1,27)
PRINT 6C8
PRINT 604,( CU{TI)41=1,27)
PRINT 6C8
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1¢s
110
111
112
113
114
115
116
117
118

119
120
121
122
123
124
125
126
127
128
129
120
131
132
123
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
1E2
153
154
155
156
157

158

159
1€0
161
1€2
1€2

663

Q200
116

1c2

S1
<0

$51

501
503
504
505
5C6
6C1
602
603
604
&6C5
606
6C8
60¢
*
6¢&0
*
661
662
670
690

$ENTRY

PRINT 605,(CHNITI},T=1,27)
PRINT &C8
PRINT €C6,( TH(I1),I=1,27)
PRINT 60S,ISTL,CNMAX,ISTH,DHNAX
PRINT €60y X2(27),TTCOST,TAX
DUNMMY=0.
IF(IVLT.GTaO)PRINT 661,IVLT
IFCIVLT.EQ.O)PRINT €€2
IPND=IND
DUMMY=C.

UPCATE THETA AND LU VALUES
DC 90 1=1,27
IF{IPDEX(I).EC.C)GOTC 91
TH(I)=TH{I)-KSTEP*DEN(1}
IF(TH(TI)eGE«0e99)TH(I)=0.99
IF(TH(I)«LELQ.45)TH(I)=0.45
UCI)=U(I)+KSTEP#CU(T)
IF(U(I).LE.Qa)U(I)=0.
CCNTINUE
IF(ISTH.EQ.27 .ANC.ISTULEQ.27)GCTO 991
ITER=1ITER+1
IF(ITERLLT.ITMIGOTO 102
PRINT 690
PRINT 601,ITER
PRINT 603,(R(I),1=1,27)
PRINT &C8B
PRINT 602, (U(I)s41=1,27)
PRINT &C8 '
PRINT 604,( DU(TI),I=1,27)
PRINT 608
PRINT 6C5,(DHN(I)I=1,2T)
PRINT &CS8
PRINT 6064 ( THII)I=1,42T7)
PRINT €CS,ISTU,DMAXISTH,DHMAX
PRINT 660y, X2(27),TTCOST,TAX
PRINT 670
sTap
FCRMAT (8F10.2)
FCRMAT('"-" ,'REACH=',14 //)
FORMAT( ' ','AVALUES'y8F10.2)
FORMAT (" " ,'BVALUES*y8F10.2)
FORMAT(Y Y,'CVALLES',8F10.2)
FORMAT('=9, "ITERATION=",14//)
FCRMAT (" " ,'SHACCWK'4+10F12.4)
FORMAT( ' ','DOSLAK' 310F12.4)
FOFMAT (' v, 'SHAINE',10F12 .4}
FORMAT(® ' 'HGRADT!' 410F12.4)
FORMAT( " ', 'TREATS',10F12.4)
FCRMAT(* ) ]
FORMAT ("-",9SSC CN U',I1645X,"CU MAX*,Fl0.4/'0",

'SSC CN R*,16, 5Xy 'DH MAX', Fl0.4/)
FORMAT{'0*,* TOTAL COST',Fl2.2+% TREATMENT COST',F12.2,

* TAX REVENUE', F12.2)
FORMAT (0", '"VIOLATED CCNSTRAINTS*,15)

FORMAT('O",8X,49("* 1), ¢ FEASIBLE REGION '",49('%1))

FORMAT(*1')
FCRMAT("1"," THE FINAL SCLUTION FOLLOWS')
END
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The problem of simultaneously finding an optimal
waste water treatment configuration for meeting water quality
standards along & river basin and determining the optimal
pollution taxes to achieve this configuration is solved by
decomposition and the multilevel approach, A two level hiera-
rchy has been applied to solve the vasin wide problem, by
at-source treatment and by augmenting the river flow, using
effluent. charges., Two types of second level coordination
schemes: are presented for the decentralized decision making
proceé&. One assumes a knowledge of the local treatment co§¢
functions by the regional authority (pseudo decentralized
processg); the‘other assumes no. such knowledge (complete
decentralized process). The Miami River in Ohio is considered
asg an exampie. A three 1evei approach to introduce a regional
treatment plant into the river basin also is illustrated.

The mathematical analogy between the two level approach
and the discrete maximum principle is presented., The compu-
tational algorithms and the,similarifies are illustrated

using the Miami river data for the pseudo decentralized process.



