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NOMENCLAT URE

R outside radius of disk

Ra radius of central hole in disk

Rb disk clamping radius

Bc disk tensioning radius

R1 inner tensioning radius in annulus approach
R2 outer tensioning radius in annulus approach
Rm mean radius of tensioning annulus
Rw radial width of tensioning annulus
h disk thickness

E modulus of elasticity

v Poisson's ratio

D plate rigidity = Eh3/12(1-‘l'2)

T kinetic energy

v potential energy

H Hamiltonian

t time

5 radial coordinate

) angular coordinate

oL radial in-plane normal stress

Oq hoop in-plane normal stress

1;9 in-plane shear stress

‘:r radial strain

€ hoop strain
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INTRODUCTION

Many theoretical and experimental studies have been conducted concerning
the stability and vibration of circular plates, Kirchhoff (15)* in 1850
showed that the transverse vibration of an unconstrained uniform thickness
circular disk could be expressed in terms of nodal circles and evenly spaced
nodal diameters, Rayleigh (24) reproduced much of Kirchhoff's work in 1877
and added comments of his own., The same type of disk rotating at constant
speed about its axis of symmetry was analyzed by Lamb (16) in 1921. A most
significant work on circular disks then appeared in 1922, This treatise by
Southwell (25) considered the free transverse vibration of a thin rotating
disk clamped at its center,

Stability investigations of circular plates were initiated in 1891 by
Bryan (2). However, Bryan's studies and those that followed usually limited
their scope to constant thickness plates with clamped or simply supported
boundaries and uniformly distributed compressive or shearing forces.

More recent analyses have been practically applied toward improving the
design of circular saw blades. These studies have accounted for stresses
due to temperature gradients (17,19,20,22,23), tensioning (%,5,6,7,12),
transverse loading (11), and concentrated in-plane loading (4,26), Saw
blades in operation are acted upon by several of these loading conditions
simultaneously, Unfortunately, the net effect of the total locading environ-

ment on the stability and vibration characteristics of the blade is not a

#Numbers in parentheses designate entries in Selected Bibliography.
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linear combination of the individual effects of each of the loads. There-
fore, a combination of loading conditions was chosen that approximates those
encountered by a circular saw blade during operation,

Most of the previous authors have investigated the vibration of wood
sawing blades, However, this study was undertaken to theoretically analyze
the buckling and vibration of circular saw blades for rock cutting applica-
tions, The specific objective was to obtain some theoretical guidelines for
the optimum tensioning of such a blade, Tensioning (pre-stressing by induc-
ing local plastic deformation with hammers or rollers) is by no means a new
idea, since it has been known and practiced for over a century, Neverthe=-
less, adequate theoretical information has not been introduced and the pro-
cess has predominately been carried out in trial and error fashion,

The constant thickness annular disk of interest is rigidly clamped at

radius R, and subjected to a concentrated in-plane radial load, P, as shown

b
in Figure 1, Since rock cutting blades are constantly cooled by a liquid
stream, temperature gradients in the blade were assumed to be small and
thermal stresses were neglected, Tensioning stresses were assumed and their
effects on the critical buckling load and the vibrational frequencies of the
blade were determined.

Preliminary calculations used theoretical tensioning stresses proposed
by Mote (17.19). This initial stress distribution was assumed to be due to
a constant radial compressive stress, -p, induced at the tensioning radius,
R.. Mote's work shows a definite optimum tensioning radius for improving
the vibrational characteristics of wood saws., The preliminary calculations
here indicated an almost identical optimum radius for buckling consider-
ations, but the percentage increase attainable in the critical buckling load

was disappointing.
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Figure 1

Sketch of blade geometry.




To generalize the tensioning theory, another parameter was added. A
tensioning annulus was assumed with constant radial stresses Py at its inner
radius R, and p, at its outer radius R,. Various values of 1:1/;:2 were
investigated and an optimum theoretical ratio for improving both the buckling
and vibrational characteristics of the blade was found,

To impart more physical meaning to the tensioning parameters, the ana=-
lytical relationship between the induced stresses and the corresponding aver-
age strains in the annulus was determined. Once the optimum p,/p, was known,
this relationship provided some indication of the type of strain desired, and
thus indirectly gave some guidelines as to the proper roller geometry for
tensioning saw blades.



THEORETICAL ANALYSIS

The disk was assumed to be of a homogeneous isotropic linearly elastic
material and the effects of rotatory inertia and transverse shearing force
Wwere neglected. The potential energy of the deformed plate as given by
Timoshenko (29,31) is then

V=20, WAE- 201-MN G, + 2oW,,) - ((BW,) 2] aa

+3 0, [o,(0,)° + 0, *+ 2, (0, )G W,)] ar (1]

+ &1, [0, + 0)? = 201-W(a g, -72,)] aa,

W = W(r,0,t) represents the lateral deflection of the plate and ¢ .+ Oge and
T;_e are the radial, hoop, and shear stresses acting in the plane of the
plate, respectively. The three terms in V represent the strain energy of
bending, the potential energy of the external loads and internal stresses as
the plate undergoes a small deflection, and the energy of elastic deformation
prior to any lateral deflection, in that order. The kinetic energy of the
plate is ¥ % J'A (Ht)z - [2]

The governing equation of motion was formulated by Hamilton's principle,
which states that the motioen of a conservative system between times ti and
t2 proceeds in such a way that the Hamiltonian,

Ho= S22 (2-) at,
by

is stationary with respect to erbitrary small changes in the motion which are
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consistent with the constraints and vanish at ti and tz. In variational

notation, Hamilton's prineciple is
t2

& = 6 [,° (1-v) at = o, (3]
1

The magnitude of the plate deflection was assumed to be small to the
extent that only higher order changes in the internal stress distribution
were produced, Under such an assumption, the internal stresses are indepen-
dent of both time and lateral deflection and may be derived directly from the
equations of elasticity. The equations of equilibrium for the in=-plane

stresses become

(0,) , +2Toy) o+ (o, ~Gx)/r =0 [4a]

and (7o) . +%("e).e t 2L /r = 0. (]

The governing differential equation and natural boundary conditions of
the circular plate can be obtained by directly applying the technigues of the
calculus of variations to the variational equation [3]. Simplification of
the governing equation by use of the equilibtrium equations [4] yields

A

e 1 1

i 1 1, 1 Yh,
V- 11[""1:1',1'1: * "e(r wr+ r2 HBG) + 27;3(1- ":ce r2"e)]+ gutt 0. [5]

The exact solution of this equation of motion has been found only in the
cases of uniform loading around the entire boundary. This fact, plus the
availability of a complete set of orthegonal functions satisfying all of the
disk boundary conditions except at the point of application of the in-plane
force, makes it desirable to obtain an approximate solution to the problem
by the Rayleigh-Ritz method,

Assuming a ha:r:'monically varying displacement

W(r,8,t) = w(xr,8)cos(At +¥)
and taking the time interval t2 - t1 equal to one period, 2n/\, the equation



for the Hamiltonian reduces to
Ho= 00 [z, e)F an - v, +v, +2v)) [6]

where Vi. V2. and V., refer to the three terms in the potential energy in the

3
order previously given, The Rayleigh-Ritz energy method was then applied in
the following steps to find the natural frequencies of vibration of the
plate., First, the deflection of the plate was expressed as an infinite
series expansion of a set of functions having undetermined coefficients.

Each term of the expansion satisfied the geometriec boundary conditions of

the problem, eliminating the need for constraints, Then the Hamiltonian [6]
was minimized with respect to the undetermined coefficients, once the in-
plane stresses were specified. The minimization led to an eigenvalue problem
for the frequencies of vibration.

Since in practice the infinite series expansion for the deflection must
be truncated after a finite number of terms, the Rayleigh-Ritz method will
not yleld the exact frequencies in most cases. Tt can be shown that trun-
cation of the series stiffens the system, so that the solutions obtained are
upper bounds for the true eigenvalues.,

To determine the critical value of the in-plane load, the buckling load,
a similar procedure was followed. For this static problem, Hamilton's prin-
ciple reduced to the principle of minimum potential energy. Instead of min=-
imizing the Hamiltonian, the potential energy was made a minimum,.

The rate of convergence in the Rayleigh-Ritz solution procedure 1s
greatly affected by the choice of generating functioms for the expansien of
the deflection. Ideally, these functions should satisfy both the natural
and the geometric boundary conditions and form a complete orthogonal set,

In the manner of St. Cyr (26) and DuBois (4), the lateral deflection of



the disk was represented as .

w(r,8) -nEO ;O cniwni(:r:,e) (7]
where n and i refer to the number of nodal diameters and nodal circles,
respectively, and LYY represents an eigenfunction of free vibration of the
disk, The eigenfunctions are separable into functions of r and 6 only,

W 4(r,0) =R ,(r) cos ne [8]
where Bni(r) = Jn(knir) + BniYn(knir) + CniIn(khir) + DniKh(knir)' [9]
The B's, C's, D's, and k's are constants while Jn(x). Yn(x). In(x). and Kh(x)
are Bessel functions as defined in the nomenclature. As required by the
Rayleigh-Ritz technique, each term in the assumed series representation of
the deflectlion satisfies the geometric boundary conditions of zero deflection
and zero slope at the clamping radius, The eigenfunctions of free vibration
were chosen for the series because they not enly fulfill this requirement,
but also satisfy the natural boundary conditions of the free edge except for
the point at which the concentrated radial load is applied, DuBois (&)
describes the calculation of the constants in the series, and St. Cyr (26)
gives tabulated values for several clamping ratios. Southwell (25) also
treats this free vibration problem in detail.

To complete the evaluation of the Hamiltonian, the stresses were formu-
lated in terms of the in-plane load and the tensioning parameters. The
stress dlstribution in the disk was obtained by superimposing the stress
distribution due to tensioning upon that due to the in-plane load., In a few
cases, the centrifugal stresses due to rotation of the disk were also added
to determine the magnitude of their effects on the buckling and vibration
characteristics of the disk. Residual stresses from the manufacturing
process were neglected,

The equilibrium equations [4] were satisfied by choosing a stress



function in polar coordinates, ¢, such that

% " g, * r2 %o | [102]
% = & ' [100]
- (1
and T, -(r¢8).r . [10c]
To yleld a possible stress distribution, ¢ must satisfy the compatability
equation v d-=o. [11]

The lengthy generasl solution to equation [11] for the two-dimensional
case in polar coordinates is listed by Timoshenko and Goodier (30) on page
133 of their latest edition. To find the stress distribution due to the
concentrated load, the constants in the general solutien were calculated by
imposing the disk boundary conditions. The stress boundary condition at the
outer edge was found by first considering the Fourier series expansion of a
uniformly distributed load ever an arc of length 2¢ and intensity such that
the total magnitude of the load was P. Then o was allowed to approach zero
and the resulting circumferential stress distribution due to the concentrated

X
e, hecamo rlr-n 'nRh [2 + 21 cos mo |, [12]

The other boundary conditions were zero shear stress at the outer edge, zero
radial displacement at the clamping radius, and zere tangential displacement
at the clamping radius,

With these boundary conditions, the stress distribution due to the con=-

centrated load, P, was calculated by St. Cyr (26) and DuBois (4) as

o, = Zx O + 2@ + 2B + O K cos ko, [13]
o = f,% ;éo (i) 2 + 2D + (&) ™2 + br(E)7™] cos ko,  [13b]
To - :-é"'ﬁ L [ei®) 2 + EE) + 2B 4 ci;(%)'kj cos k8,  [13¢]
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ke, /d,,

b2 =) = [(1F - 1+ BN - k(k +1) -~ KK /a,
(k +2)f /d.,

-(k = 2)fk/dk.

K /d.

The stress distribution resulting from tensioning is highly dependent

upon the method of tensioning and the location and amount of plastic deforma-

tion, The currently practiced tensioning method consists of rolling the disk

at some radius, R, as sketched in Figure 2., Mote (17,19) assumed, with some

experimental Justification, that the radially symmetric initial stress dis-

tribution due to such tensloning was the result of a constant radial
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Figure 2

Assumed tensioning method.

compressive stress, -p, imposed at Rc. This is the same type of stress dis-
tribution that occurs in the formation of a composite disk, and is tabulated

by Den Hartog (3) as shown below,

7;9 = ( everywhere. [14a]
For r between Ba and Rcc
2,22 2 2 /ol o2
o, = p[B:Rc/r (R2-82) - B2/(RZ-R2)] [145]
2,22 2 2 102 o2
and ¢, = -I{R:Hc/r (Rc-Ra) + nc/(nc-na)], [1ke]

For r between Rc and R:
- 2 2_o2y _ 24202 o2
o, = fB2/(R°-8%) - RRZ/r%(r%-R7)] [144]

and @, = p[R/(RP-RZ) + Hzﬂi/rz(ﬂz-ﬂi)]. [14e]
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The theoretical initial stress distribution derived above is difficult
or impossible to obtain physically, since the rollers cause plastic deforma-
tion in an annulus of finite width instead of at just one radius alone,
Thus, an annulus approach was adopted to more closely model the physical
situation, Two constant radial stresses, Py at inner annulus radius R1 and
P, at outer annulus radius RZ' were assumed. For the method of tensioning
considered, P, appears to be limited to compression while Py could conceiv-
ably become tensile. Thus, the only constraint imposed on the stresses was
that P, remain compressive. The resultant tensioning stress distribution in
the disk was determined by applying equations [1#] for Py and P, separately
and superimposing the two results,

Centrifugal stresses due to rotation at angular speed I% are always

tensile., There is no shear stress, and the normal stresses are given by

Den Hartog (3) as

o, = %"—E (8% + R? - R23§/r2 - %) [1%]
and 0, = stgl% [R° +R® + Rzni/rz - F2(159/(3+9]. [150]

a
Substituting the stiress distributions and the assumed deflection into
[6] transforms the Hamiltonlan into a function of the cni's with parameters

P and A, Necessary and sufficient conditions for an extremum are that
s =0 for i = 0,1,2000000000es [16]
acni

Performing the differentiation and applying the orthegonality relations for
the wni's as glven by St, Cyr (26) results in a set of linear homogeneous

L}
equations for the Cpy Se

cni[(knin)u - mzﬁh/ gD:Bni * % ago 25 ai¥ni,mg © o [17]

2 2
where S, = (1/3 ) Sy woy dA and [18]
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%,mg " %gnt B% ) [Ur(im.i)-r("ni).r * ﬁe("mj ’e(wni)’e(i/rz)

+ T s) 2 0s) (1) + Togly) ) o(1/)] aa,  [19]

A numerical approximation to the deflection was obtained by terminating the
series expansion at n = N and 1 = I, It was advantageous for computational
purposes to break up the stresses into two parts as described belew, ILet

¢ =Pg' +g" [20]
where g' and ¢g" are functions of r and @ only. Similarly, let

Ui,ej = %i,m3 * PR1,050 [21]

Using [20] and [21] and defining

V(mNHH) = ¢ .. [222]
SH(n*N+HL+H ,n*N+HH) = (knin)”sni. [22v]
SW(n*N+i1+1,n¥N++) =8 ., [22c]
QM(n*N+Hi+1, m*N+JH) = q;i.mj. [224]
and QUP(n*N+i+1,m*N+j+1) = PRQY, | j/n. [22e]

equation [17] can be written in matrix form as

[sw]v] + (PR/D)[@Xv] + [arp]lv] = (v R /0e)[sWILV]. [23]
To find the natural frequencies of vibration, this matrix eigenvalue problem
was manipulated into the form

[sw]ls# + (Pr/p)an + qre]™'[v] = (en/ym2R*)[V] (2]
from which the eigenvalues, gn/mznt*. and eigenvectors, [V], were calculated
by a standard computer routine.

2-

For the buckling loads, equation [17] still applies with \“ = 0, This

corresponds to minimum potential energy. The problem was put into the form

(o/eRr)(v] = L] aqrp + sM][v] [25]

with eigenvalues D/PR and elgenvectors [V .



NUMERICAL CALCULATIONS

Matrices SM, SW, QM, and QTP were calculated by a high speed digital
computer, The series expansion for the deflection was truncated at N=1=3,
resulting in a 16 element eigenvector and 16 by 16 matrices. Even so, the
computer calculations were rather lengthy, since they invelved evaluation of
Bessel functions, numerical integration, and many matrix operations, Only
a few comments on the details of the computations will be given here, but
DuBois (4) has a more complete account of some of the required matrix calcu-
lations,

Diagonal matrices SM and SW depend solely upon the disk geometry, since
it can be shown that sni varies only with R‘b and R and is independent of the
stresses, The symmetric matrix QM is independent of the tensioning stresses
and was calculated from equation [19] using the stresses Poc' due to the in=
plane load alone., Symmetric matrix QTP is independent of the in-plane load.,
The PQ” pertion of QTP was calculated from equation [19] using stresses o"
due to loads other than P, Required integrations were done numerically by
Romberg integration,

The computer program of DuBois (4) was employed to calculate the SW,
SM, @M, and QTP matrices and solution of the resulting eigenvalue problems
was then facilitated by a subprogram in the IBM Scientific Subroutine Pack-
age, The use of 16 terms in the series expansion was felt to be a reason-
able choice, That number should give an adequate representation of the de-
flection while holding the number of arithmetic operations within a prac-

tical bound.

14



RESULTS

The signifieant buckling load results using Mote's (17,19) tensioning
theory are plotted in Figure 3, with the complete data listing in Table 1 in
the Appendix, The peak buckling loads for each tensioning radius, as shown
in Figure 4, clearly indicate the optimum location of B, ™ 9,66 inches, The
desired non-dimensional tensioning radius for buckling is then Rc/h = ,878,
which closely agrees with the optimum of ,87 found by Mote (17,19) for vibra-
tion, The location of the tenslioning is obviously very eritical, as seen
from Figure 4, Some vibrational frequency data using this preliminary theory
are shown in Table 2, and Table 3 gives the frequencies and buckling loads of
the untensioned blade for comparison,

As previously discussed, the remainder of the calculations were carried
out using the tensioning annulus approach with induced stresses Py and Pye
?he average strains in the annulus were calculated in terms of Py and P, as
shown below. Rz

€ - Rz--n1 "rni €, &= R;Ri R, T z & [26]

R
- R, du 1 2
and €, = n ‘rdr 'rn Pt TR, “Iai' [27]

These average strains were evaluated with the help of Den Hartog's (3)
expressions for the radial displacement, u, in a composite disk. Uslng .3

for Poisson's ratio, the ratio of the average strains in the annulus becomes

& _nlt. RS - 783 - en%R,) + (1. 3RR, - 7R - L6RER, )
€ pi(zazn .?R; 1.331725 +P2(23231 - _?33 - 1 3323;137.

(28]

15
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A representative annulus width of one-half inch was selected as a start-
ing point for the calculations and the mean radius was taken as 9,66 inches
due to the findings in the preliminary calculations. Figure 5 shows the
resulting relationship between the average strains and the induced stresses.
Numerical results of the computer calculations are depicted graphically in
Figures 6 through 13, with complete data tables in the Appendix, Time did

not permit the investigation of other annulus dimensions,
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CONCLUSIONS

The computer routine was checked for accuracy by comparing test values
with those given by Vogel and Skinner (32). Agreement was very close for
the test case. The eigenvectors of the first five medes of vibration were
also checked for orthogonality in each of the runms.

Results presented in the previous section show that the most effective
mean tensioning radius is near the outer edge of the disk at about RE/H =0,87
to 0,88, The data show that this radial location is very critical for maxi=-
mum improvement in disk stability,

The output from the annulus approach indicates that it is highly desir-
able to induce tensile stress at the inslide of the roller, especially from
the buckling standpoint., The magnitude of this stress should be about one
and one half times that of the compressive stress induced at the outside of
the roller., Theoretically, the critical buckling load can he increased almost
without limit if initial stresses of sufficient amount are induced in this
proportion, An upper bound to the magnitude of the initial stresses could be
found by considering an appropriate yield criterion for the disk, Obviously,
most of the tensioning stresses listed in Table 17 could not possibly be
reached before yielding and failure of the disk, They were considered only
to find the theoretical maximum to which the buckling load could be raised.

The feasibility of physically attaining the optimum initial stress dis-
tribution is a matter that needs to be pursued. Figure 5 shows that the
corresponding optimum ratio of average strains is about Ee/ér = =3,3, and

analysis of equation [28] reveals that €, must be negative while Ee is
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positive to cause the desired stress ratio, Induced hoop strain is obviously
very important, The precise tensioning equipment and procedure needed to
produce this straln ratio could perhaps be the topic of future theoretical
and/or experimental analyses,

Other annulus locations and widths could not be considered because of
time limitations. This omission was not felt to be extremely serious, since
sufficient calculations had previously been done to locate the approximate
optimum rolling radius, The width selected should be small enough to be
practical, yet large enough to show some signiflicant differences from the old
theory.

A more complete representation of the operational environment of the saw
blade could include axial load, tangential in-plane load, and rotation of the
blade with the loads fixed in space. Thermal effects must also be included
when studying wood saws, Axial forces are usually small in comparison with
the in=plane forces, so that neglecting them is probably not serious., Tan=-
gential loads have apparently never been considered, although they could be
of significant importance. Dugdale (11) considers disk rotation and inves-
tigates the critical speed at which a standing wave is formed in the disk.,

He shows that the lowest critical speed under single point loading is gov=-
erned by one of the modes of flexural vibration, but not necessarily the

fundamental. The particular mode of importance 1s somewhat dependent upon
the clamping ratio, Rb/h. Tt appears that the two nodal diameter mode may
control the critical speed for the untensioned blade considered here, Wave
solutions of this type seem very practical and may well be the next logical

step in the analysis of circular saw blade vibration and failure,
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APPENDIX

The following tables contain the pertinent computer output, Eigen-
vectors are not shown for obvious space reasons, but the following comments
can be made concerning the mode shapes, The four lowest modes always corre-
spond to zero nedal circles and from zero to three nodal diameters and the
fifth mode is always one nodal circle with either zero or one nodal dismeter,
For the untensioned case, the first four modes are from zero to three nodal
diameters in that order, and the fifth mode 1is zerc nodal diameters with one
nodal circle.

The computer program is not listed here, partially because of its
length., The portion of the program taken from DuBois (4) occupies about 20

pazes in his report,
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TABIE 1
BUCKLING LOADS FOR ONE TENSIONING RADIUS

R = 11.0 in, Rh = 3,9375 in.
Rn = 1,5 in, D = 8906,022 in-1b h” = 0,148 in,

2
Rc(in.) p(1b/1n“) PR/D Pcr(lb.)
el 0 6,614 5355.10
9.20 150 6.620 5359.76
9.20 300 6,617 5356,97
9.50 350 6.659 5391,38
9.50 400 6,661 5392, 64
9.50 450 6.660 5392, 54
9.56 400 6,684 5411,95
9.56 500 6,688 414,63
9.56 600 6.685 5412,83
9,58 400 6,693 5418, 68
9.58 500 6.698 422,71
9.58 600 6.697 5422,15
9,60 500 6.708 5431, 05
9.60 600 6.709 5431, 86
9.60 750 6.699 423,77
9,64 400 6,719 5440,16
9.64 600 6.734 5451,89
9.64 750 6.729 547,78
9.66 500 6,741 457.77
9.66 600 6.747 5462, 56
9,66 750 6. 744 5460, 33
9,68 100 6,622 5361,81
9,68 250 6.625 5364, 07
9,68 500 6,605 5347.52
9,70 150 6.628 5366,24
9.70 250 6,631 5368, 57
9,70 350 6,628 5366, 55
10,00 150 6.618 5358,19
10,00 300 6,611 5352,34




TABLIE 2

FREQUENCIES FOR ONE TENSIONING RADIUS

35

Rc = 9,66 in, p = 600 1b/in?
W, =0 &y = 1000 rpn @, = 2000 rpm
/D=6 PR/D = 7.045 PR/D = 7,927
- 5#62 555 1b, P, = 5703.895 1b, P,. = 6418,204 1b,

P/Pcr a%(rpm) Ai(Hg) lz(Hz) 13(Hz) ku(Hz) 15(Hz)

0 0 87.17 92,17 124,38 190,26 598, 08

0 1000 89.11 94, 51 127.25 193,39 600, 00

0 2000 94,70 101.21 135.52 202,48 605,87
1/8 0 85.37 90,46 122,65  188.76 596,55
1/8 1000 87.32 92,74 125,49 191.84 598,40
1/8 2000 92,91 99,27 133.65 200,81 604,05
1/4 0 81.74 89,76 121.10 187.32 594 46
1/4 1000 83,70 91.95 123.90 190, 36 596,19
1/4 2000 89.29 98,25 131,96 199,22 601.46
3/8 0 76,64 89. 54 119.75  185.95 591,69
3/8 1000 78.53 91.68 122.52 188,96 593,23
3/8 2000 83.95 97.85 130,48  197.71 597.92
1/2 0 70,16 89,48 118,58 184,65 588,19
1/2 1000 71.93 91,60 121,32 187,62 589,49
1/2 2000 77.02 97.70 129,20 196.27 593.42
5/8 ) 62.05 89.49 117.59 183.11 583,99
5/8 1000 63.65 91.60 120,31 186,135 584,99
5/8 2000 68.25 97.66 128,11 194,91 588, O4
3/4 0 51.65 89.53 116.75 182,24 579,15
3/4 1000 53,01 91,64 119.45  185.15 579.83
3/4 2000 56,91 97.68 127.18 193,62 581,90
7/8 0 37,19 89, 59 116,04 181,12 573.78
7/8 1000 38,18 91.69 118,72 184,00 574,10
7/8 2000 41,05 97.72 126,80 192,39 575.12




WO-GI'Pn
PR/D = 6,614

Pow ™ 5355.118 1b,

TABLE 3

DATA FOR UNTENSIONED BIADE

W, = 1000 rpm

PR/D = 6,913
P, = 5596.870 1b.

&, = 2000 rpm

PR/D = 7.797

Pcr = 6312.639 1b,

P/?cr lv;(rpm) lisz) lz(Hz) AB(Hz) hu(Hz) 15(Hz)
0 0 93.79 93.96 114,95 171,73 605,81
0 1000 95,59 96.25 118,05 175,18 607.71
0 2000 100,77 102,82 126,92 185,15 613,38

1/8 0 90,41 93,94 113.19 170,08 604, 34
1/8 1000 92,45 95.92 116,25 173. 50 606,17
1/8 2000 98,16 101,80 125,01 183.35 611,62
1/4 0 85,86 oly, Ol4 111,78 168, 55 602, 34
1/4 1000 87.85 96,00 114,80 171.92 604, 04
1/4 2000 93.49 101.74 123,43 181,67 609,12
3/8 0 80.15 9%4.13 110,70 167,12 599,69
3/8 1000 82, 04 96,10 113,67 170.46 601,21
3/8 2000 87.45 101.79 122,17 180,10 605,72
1/2 0 73.11 94,23 109.88 165,80 596,34
1/2 1000 74,87 96,19 112,81 169.10 597.63
1/2 2000 79.93 101.87 121,19 178,65 601,41
5/8 0 6Ly, by 94,32 109.25 164,56 592,33
5/8 1000 66,03 96.29 112,15  167.84 593.33
5/8 2000 70, 59 101,96 120,42 177.30 596,24
3/4 0 53.47 oh4, 42 108,76 163,42 587.72
3/4 1000 54,82 96,38 111,63 166,66 588,40
3/4 2000 58.68 102,05 119.82 176, Ol 590, 34
7/8 0 38.37 94, 51 108,138 162,35 582,58
7/8 1000 39.35 96.48 111.22 165.57 582,91
7/8 2000 42,20 102,15 119,33 174,87 583,82




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 4

37

R = 1.5 in, R, = 3.9375 in. R = 11,0 in, h = 0,148 1in,
R = 9,66 in, R, = 0.5 1in, p,/p, = 2
P/bcr Ki(Hz) xz(Hz) 13(Hz) Xu(Hz) xs(Hz)

" 0 87.26 91,22 121,35 185,79 598.26

P, = 200 1b/in 1/8 85,34  89.68 119,63 184,28 596,79
1/4 81,51 89,21 118,11 182,85 594,77

PR/D = 6, 584 3/8 76,31 89,11 116,80 181,49 592,11
1/2  69.79 89,11 115,69 180,20 588,75

P oo™ 5330,43 1b, 5/8 61,67 89.15 114,76 178,98 584,72
3/4 51,30  89.21 113,98 177.82 580,08

7/8  36.91  89.29 113,33 176.72 574.92

5 0 72,03  85.31 133.22 210,85 582,91

p, = 600 1b/in 1/8  70.57 83.27 131.75 209.65 581,55
1/4 68,18  81.55 130.36 208,49 579,74

PR/D = 6,011 3/8 64,59 80,27 129,05 207.36 577.38
1/2  59.61  79.43 127.82 206,26 574,44

P ™ 4866,95 1b, 5/8 53,03 78,90 126,68 205,20 570,90
3/4 44,34 78,57 125,63 204,16 566,82

7/8 32,04 78,36 124,67 203.15 562.24

2 0 37.02 75,06 149,21 242,99 559.19

p, = 1200 1b/in 1/8 35,65 73,72 148,50 242,45 558,49
1/4 33,99 72,38 147,81 241,92 557,66

PR/D = 3,218 3/8 31,96 71,04 147,12 241,39 556,70
1/2 29,45  69.72 146,44 240,87 555,58

P__ = 2605,45 1b, 5/8 26,27 68,45 145,77 240,35 554,30
== 3/4 22,08 67.22 145,11 239,83 552,84
7/8 16,07 66,06 144,46 239,32 551.21




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 5

38

R, = 1.5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in.
R, = 9.66 in, R, = 0.5 in. pi/’p2 = 1,275
Pchr I\i(Hz) lz(Hz) lj(Hz) 1h(Hz) 15(Hz)

5 0 91,37 92,91 117.38  177.15 602.93

P, = 100 1b/in 1/8 88,74 92,12  115.62 175.56 601,45
1/ 84,36  92.12 114,15 174,06 599,43

PR/D = 6,620 3/8 78,81 92,19  112.95 172,65 596.77
1/2  71.97 92,27 112,00 171.34% 593.40

P, = 5359,76 1b. 5/8  63.50 92,36 111,24 170.10 589,37
3/ 52,74 92,45 110,64 168,94 584,72

7/8  37.89 92,54 110,15 167.86 579.55

2 0 86,27 90,76 122,10 187,48 597,12

P, = 300 1b/in 1/8 84,43 89,14  120.39 186,00 595,65
1/4 80,74 88,54 118,87 184,58 593.64

PR/D = 6.557 3/8  75.63 88.38 117,54 183,24 590,99
1/2 69,20 88,35 116,41 181,96 587,65

Py = 5309.09 1b, 5/8 61,17 88,38  115.45 180,75 583.64
3/t 50,89 88,43  11k,64 179,59 579,02

7/8 36,62 88,50 113,96 178,50 573.88

2 0 77.85 87.37 128,84 201,88 588,31

P, = 600 1b/in 1/8  76.33 85,40 127,27 200.57 586.89
1/4 73,60 83,95 125,80 199,31 584,98

PR/D = 6,281 3/8 69,43 83,10 124,44 198,09 582,47
1/2 63,81 82,64 123,21 196,91 579.33

P = 5085.46 1b, 5/8 56,59 82,40 122,09 195,77 575.55
3/ .21 82.28 121,10 194,68 571,19

7/8 34,05 82,22 120,21 193,62 566,32

2 0 56.63 79,93 141,33 227.60 570,34

p, = 1200 1b/in’ 1/8 55,20 78,04 140,19 226,70 569,22
1/4  53.23 76,22 139,07 225,82 567,80

FR/D = 4,970 3/8 50,55 74,53  137.99 224,95 566,02
: 1/2 46,91 73,06 136,94 224,09 563,84

P = 4023, 64 1b, 5/8 42,03 71,82 135,93 223,25 561,24
3/4 35,38 70,83 134,96 222,42 558,23

7/8 25.7¢ 70,06 134,03 221,61 554.84




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 6

39

R = 1.5 in, R, = 3.9375 in. R = 11,0 in, h = 0,148 in.

R, = 9.66 in, R, = 0.5 in, p,/p, = 1.037

P/Pcr A (Hz) 12(Hz) x3(uz) A, (Hz) lS(Hz)

5 0 87.06 91.05 121,27 185.78 597.97

p, = 300 1b/in 1/8  85.15  89.51 119.55 184.28 596,50

1/4  81.33 89.04 118,03 182,85 504,49

FR/D = 6.566 3/8 76.14 88,93 116,72 181.50 591,84

1/2 69,64 88,93  115.62 180,21 588,50

P " 5316,18 1b, 5/8 61.54 88,97 114,68 179,00 584,49

3/ 51,19  89.03  113.90 177.8% 579,87

7/8 36,82 89,10 113,25 176.75 574,72

’ 0 79.64 87,99 127,27 198,74 590,05

D, = 600 1b/in 1/8  78.08 86,05 125.67 197.39 588,61
1/4 75,19 84,74 124,18 196,10 586,

PR/D = 6,343 3/8 70,81 84,05 122,82 194,85 584,14

1/2 65,00 83.72 121.60 193,65 580,95

P_. = 5135.19 1b. 5/8 57,60 83.55 120.50 192,50 577.12

3/4 48,02 83,48 119,54 191.39 572,70

7/8  #H,62 83,47 118,68 190,32 567.77

5 0 61.58 81.33 138.47 222,09 573,89

p, = 1200 1b/in 1/8 60,15 79.36  137.22 221,10 572,69

1/4 58,09 77.52 136,01 220,13 571.14

PR/D = 5.319 3/8 55,17  75.89 134,84 219,18 569.17

1/2 51,16 74,55  133.72 218,24 566,75

P, = 4306,27 1b, 5/8  b5,74  73.52 132,65 217.33 563.85

3/l 38,42 72.74 131,64 216,43 560,48

7/8  27.87 72,18  130.68 215,56 556.70

5 0 14,80 70.96 152,06 249,18 551,71

p, = 2000 1b/in 1/8  13.95 70,60  151.89 249,05 551,54

1/4 13,02  70.24% 151,71 248,92 551,37

PR/D = 0,809 3/8 11,99  69.88 151,54 248,80 551.18

1/2 10,81  69.52 151,37 248,67 550.99

P . = 655,28 1b, 5/8 9.4k 69,15 151.20 248,54 550.80

3/ 7.77 68,79 151,03 248,81 550,59

?7/8 5.54 68,42 150,86 248,28 550,37




TABIE 7

TENSIONED FREQUENCIES AND BUCKLING LOADS

R& =1,51in, Rb = 3,9375 in, R = 11,0 in, h = 0,148 in,

R, = 9.66 in, R, = 0,5 in, pi/’p2 = 1,00

P/Pcr li(Hz) lz(Hz) AB(Hz) lh(Hz) 15(Hz)

0 89.45 92,07 119,11 181,05 600,69

p, = 200 1b/in? 1/8  87.23 90.86 117,37 179.50 599.21
1/4 83,06 90,69 115,87 178,03 597.19
PR/D = 6,602 3/8 77.66 90,70  11h4,61 176,65 594,53
1/2 70,96 90.75 113,58 175,34 591,17
P ® 5345,12 1b, 5/8 62,65 90,83 112.74 174,11 587.14

3/4 52,07 90,91 112,05 172,95 582,50
7/8  37.43 91.00 111,48 171,86 577.33

0 79.91 88,08 127,03 198,25 590.31

p, = 600 1b/in? 1/8 78,35 86,15 125.42 196,90 588,88
1/6 7543 84,87 123,93 195.59 586,94

PR/D = 6,351 3/8 71,02 84,21 122,57 194.34 584,40
: 1/2 65,18 83,890 121,35 193.14 581,20

5142,19 1b, 5/8 57.75  83.73 120,26 191,98 577.37

3/4  b8.1k  83.67 119,30 190,87 572,94
7/8 34,70 83,66 118,45 189.80 568,00

5 0 62,31 81,54 138,02 221,21 574,44
p, = 1200 1b/in 1/8 60,88  79.57 136,75 220,21  573.23
1/4 58,80  77.72  135.53 219.23 571.66

PR/D = 5,367 3/8 55,85 76,11 134,35 218,27 569,67
1/2 51.77 74,80 133,22 217,32 567.21

P = 4345,36 1b, 5/8 46,28  73.80 132,14 216,40 564.26
o 3/4 38,86 73,06  131.12 21549 560,85
7/8 28,17 72.52 130,16 214,60 557.01




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 8

b

R, = 1.5 in, R, = 3.9375 in. R = 11,0 in, h = 0,148 in,
R, = 9.66 in, R = 0.5 in, p1/§2 = 0,886
P/P A (Hz) XZ(HZ) AB(Hz) Jtu(}{z) AS(HE.)
2 0 9177  93.07 116,91 176,17 603.39
p, = 100 1b/in 1/8  89.03  92.39  115.15 174,57 601.91
1/ 84,61 92,42 113,69 173,06  599.90
PR/D = 6.617 3/8 79,03 92,50 112,51 171.65 597.24
1/2 72,15 92,59  111.58 170,33 593.88
P_. = 5357.01 1b, 5;2 63.65 92.68 110,84 169,10 589,85
3

7/8
2 0 87.56 91.23 120,74 184,70 598,52
p, = 300 1b/in 1/8 85,59 89,76 119,02 183.18 597.04
1/4  81.69 89,35  117.50 181,75 595,03
PR/D = 6,570 3/8 76,46  89.28 116,21 180.39 592.38
1/2  69.91 89,29 115,11 179.10 589,04
P = 5319,65 1b, 5/8 61,76 89,3 114,20 177.88 585,03
er 3/4 51,37  89.41  113.44 176.72 580.41
7/8 36,95 89.49 112,81 175.63 575.26
5 0 80,74  88.37 126,27 196,72 591.14
p, = 600 1b/in 1/8 79,16 86,47 124,64 195,35 589,70
1/4 76,15 85,27  123.14 194,03 587.76
PR/D = 6,376 3/8 71,64 84,68 121,79 192.77 585.20
1/2 65,72 84,41 120,57 191.56 581.99
P = 5162.57 1b, 5/8 58,21 84,29 119.50 190,39 578.13
o 3/ 48,51 84,25 118,56 189,27 573.69
7/8  3%.96 84,25 117,73 188,20 568,72
5 0 64,23 82.11 136,80 218,86 575.92
p, = 1200 1b/in 1/8 62,79 80,12  135.49 217,82 574.68
: 1/4 60,67 78.28 134,24 216,81 573,06
PR/D = 5,489 3/8 57,61 76,72 133,03 215.81 571,01
;o 1/2 53,36  75.49 131,88 214,84 568,46
P__ = 4l 46 1, 5/8 47,65 74,59 130,79 213,89 565.40
sE 3/ 39.97  73.94  129.76 212,95 561,87
7/8 28,95 73.48 128,79 212,04 557.89




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABLIE 9

b2

R = 1.5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in,
B = 9,66 in, R, = 0,5 in, pi/’p2 = 0,800
P/P » li(Hz) lz(Hz) X.B(Hz) lu(Hz) A 5(1-!2)

2 0 81,37 88,59  125.69 195.56  591.77

2, = 600 1b/in 1/8 79,77 86.71 124,05 194,17 590,32
1/4 76,69  85.57 122,55 192,85 588,37

PR/D = 6,39% 3/8 72,10 8504 121,20 191,57 585.81
1/2 66,12 84,81  119.99 190.35 582.59

P _ = 5167.74 1b, 5/8 58,54 84,71 118,93 189,18 578.71
er 3/4 48,77 84,69 118,00 188,06 574,25
7/8 35,14 84,70 117.19 186,99  569.27

5 0 66,11 82,68 135,55 216,44 577.41

P, = 1200 1b/in 1/8 64,67 80,68 134,21 21537 576.15
< 1/ 62,49 78,86 132,92 214,32 57449
PR/D = 5,604 3/8 59.31  77.36 131.68 213,29 572,37
1/2 54,80 76,23 130,51 212,29 569,74

P = 4536,99 1b. 5/8 48,97 75.42  129.41 211,31 566,58
= 3/4 41,03 74,86 128,37 210,36 562.93
7/8  29.70 74, 127.40 209,42 558,83




43

TABIE 10
TENSIONED FREQUENCIES AND BUCKLING LOADS

R, =1,5in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in,
R = 9,66 in, R = 0.5 in, pi/pz = 0,500
P/Pcr li(Hz) lz(Hz) lj(Hz) xu(nz) xs(uz)

2 0 83,50 89,3% 123,65 191,42 593,94

p, = 600 1b/in 1/8 81,81  87.56 121,99 190,00 592,49
1/4 78,46 86,68 120,48 188,64 590,52

PR/D = 6,444 3/8 73.62 86,34 119,14 187.33 587.93
1/2 67,42 86,22  117.96 186,09 584,68

P _ = 5217.12 1b, 5/8 59,64 86,20 116,95 184,90 580,77
cr 3/t h9,66 86,21 116,07 183,77 576,26
7/8 3575 86,26  115.32 182,69 571.24

5 0 71.37  84,3% 131,76 209,01 581.84

P, = 1200 1b/in 1/8  69.91 82,33  130.32 207.8 580,51
1/4 67,5+ 80,63 128,94 206,70 578,75

PR/D = 5.887 3/8 63,95 79.39  127.65 205,59 576.47
1/2 58.99 78,58 126,44 204,51 573,63

P_. = 4766,08 1b, 5/8 52,45 78,07 125.32 203,46 570,22

3/6 43,84 77,75 124,29 202,45 566,27
2/8  31.67  77.55 123,34 201,46 561,85




TABIE 11

TENSIONED FREQUENCIES AND BUCKLING LOADS

R, = 1.5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 1in,
K, * 9,66 in, R, = 0.5 in. pi/bz = =0, 50
P/bcr li(Hz) lz(Hz) AB(Hz) A, (Hz) 15(Hz)

s 0 86.33 89,50 118,22 182,00 595.79

p, = 1200 1b/in 1/8 84,28 88,15 116,53 180.53 594,36
1/4 80,32 87.85 115,06 179.13 592.45

PR/D = 6,341 3/8 75,11  87.82  113.80 177.81 589,95
1/2 68,64 87,85 112,74 176,55 586,80

P = 5134.17 1b, 5/8 60,61 87.92 111.86 175.37 583.02
3/4 50,38 87.99 111.14 174,24 578,66

7/8 36,22 88,07 110,53 173.18 573,79

2 0 97,70 101.94 103,33 143,23 617.57

p, = 2000 1b/in 1/8 94,49 100,43  103.13 141,42 616,25
1/4 89,19 99.99 103.15 139,84 614,47

PR/D = 6.148 3/8  82.65 99.84% 103,19 138,46 612,17
1/2 74,89 99,79  103.2% 137.25 609,28

P__ = U4977.72 1b, 5/8 65,62 99,77 103,29 136,19 605,81
cr 3/4 54,16  99.77  103.3% 135,26 601,81
7/8 38,69 99,78 103.40 134,42 597,34




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABLE 12

b5

R, = 1,5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in,
R, = 9.66 in, R, = 0.5 in, %hz-qmo
P/Pcr A (Hz) A, (Hz) AB(Hz) My (Hz) X5(Hz)

2 0 92,79 97.53 128,50 193.11 603.49

p, = 1200 1b/in 1/8 90,89 95,83 126,68 191.49 601,81
1/4 87,00 95,19 125,07 189.9%  599.45

PR/D = 7,392 3/8 81,58 95,01 123,68 188,48 596,26
1/2 74,70 94,98 122,51 187.10 592,21

P_. = 5984.87 1b, 5/8 66,09 95,00 121.52 185.79 587.36
3/4 5503 9505 120,70 184,55 581,81

7/8 39,63 95,12 120,02 183,38 575.66

5 0 92.11 99,84 136,78 206,09 601,94

p, = 2000 1b/in 1/8 90,40  97.81 ° 134,95 204,48 600,13
1/4 87.03 96, 57 133.28 202,94 597,55

PR/D = 7.836 3/8 81,96 95,99 131,79 201.47 504,04
1/2 95,27 95,75 130,47 200,06 589,56

P_. = 6344,09 1b, 5/8  66.75 95.64 129,33 198,73 584,20
3/4 55,70 95,62 128,35 197.45 578,09

7/8 0,20 95,63  127.50 196,23 571,34

2 0 91,23 102,65 146,46 221,18 599,98

p, = 3000 1b/in 1/8 89,58 100,41 144,63 219.59 598,04
1/4 86,60 98,68 142,93 218,07 595,20

FR/D = 8,323 3/8 81.95 97.60 141,36 216.60 591.31
1/2 75,57 97,00 139,93 215,18 586,34

P_. = 6738.51 1b. 5/8  67.23 96,67  138.65 213.82 580,41
3/4 56.25 96,49 137.51 212,50 573.66

7/8 40,70 96,40 136,50 211,23 566.23

2 0 43,71 82.38  107.65 126,82 651,68

p, = 4000 1b/in 1/8 41,93  83.67  107.10 126.63 651,26
1/4 40,08 84,98 106,62 126,46 650.80

FR/D = 2,243 3/8 38,16 86,27 106,22 126,31 650,28
1/2 36,16  87.53 105.93 126,18 649,70

P_. = 1815.91 1b. 5/8 34,09 88,69 105.82 126,06 649,07
3/4 31,92 89,70 105,93 125.96 648.37

7/8 29,66 90, 50 106,33 125,87 647,60




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 13

R = 1.5 in. R, = 3.9375 in, R = 11.0 in, h = 0,148 in,
R = 9,66 in, R_= 0.5 in, pisz = =1,20
P/Per ki(Hz) Az(Hz) lj(ﬂz) lu(Hz) kS(Hz)

» o) 96.17 101.49 133,22 198,21 606,70

p, = 2000 1b/in 1/8 94,28 99,67 131,3% 196,51 604,88
1/4 90,38 98,91 129,67 194,90 602,28

PR/D = 7.923 3/8 84,84 98,67 128,23 193,38 598,72
_ 1/2  77.76 98,61 127,01 191,94 594,20

P_. = 6414,63 1b, 5/8 68,8+ 98,62 125,99 190,57 588,79
3/4 57,37 98,66 125,14 189,28 582,62

7/8 41,35 98,72 124,42 188,06 575.82

5 0 99.61 111,80 156,62 232,15 607,97

P, = 5000 1b/in 1/8 97,88 109.43 154,65 230,41 605,67
1/4 94,73 107,57  152.81 228.73 602,17

PR/D = 9,644 3/8 89,79 106,39 151,11 227.11 597.27
1/2 82,93 105.73 149,58 225,55 591,01

P,. = 7808,40 1b, 5/8 73,90 105,37 148,20 224,04 583,59
3/4 61,95 105,17 146,98 222,59 575.23

7/8 44,90 105,07 145,90 221.18 566,08

. 3 0 105,01 127,09 189,11 279.30 609.95

P, = 10000 1b/in 1/8 103.15 124,36 187,09 277.53 606,91
1/4 100,23 121.80 185,12 275.78 601,96

PR/D = 12,095 3/8 9577 119,65 183,23 274,06 594,85
. 1/2 89,31 118,02 181.43 272,37 585.85
P, = 9792.87 1b, 5/8 80,35 116,87 179,74 270,69 575,33
3/4 67.97 116,08 178.15 269.03 563,59

7/8 49,71 115,54 176,66 267,37 550,82

2 0 114,80 152.95 240,83 354,01 613.36

P, = 20000 1b/in 1/8 112,66 149,92 238,79 352,26 609,03
1/4% 109,63 146,86  236.76 350.50 601.42

PR/D = 15,970 3/8 105,32 143,90 234,74 348,71 590,37
1/2 99,16 141,19 232,73 346.87 576.56

P, = 12929.85 1b, 5/8 90,37 138,85 230,73 344,97 560,65
3/6  77.59 136,92 228,75 342,96 543,02

7/8  57.69 135.39 226,77 340,80 523.93




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 14

4y

R = 1.5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in,
R = 9.66 in, R, = 0,5 in, pi/bz = =2,00
P/Pcr Ay (Hz) )L?_(Hz) AB(Hz) la(Hz) 15(1{5)

3 0 98,32 99,20 115,84 169.03 611.75

D, = 600 1b/in 1/8 94,98 99,06 114,06 167,26 610,20
1/4  90.23 99,13 112,73 165,64 608,06

PR/D = 6,965 3/8 84,18 99,22 111,79 164,15 605,21
1/2 76,72  99.31  111.12 162,78 601.60

P, = 5639.35 1b. 5/8  67.56 99.40  110.64 161,52 597.27
3/6 56,01 99,49  110.28 160,37 592.31

7/8 40,17 99,59 110,01 159,30 586,79

5 0 102,46 104.28  116.73 166,24 617,63

p, = 1200 ib/in 1/8  99.22 103.96 114,96 164,37 616,02
1/4% 94,24 103,97 113,78 162,67 613,76

PR/D = 7,275 3/8 87,84 104.03 113,03 161.13 610.73
1/2  79.97 104,10 112,54 159.74 606,89

P __ = 5890,36 1b, 5/8 70,36 104,18 112,20 158,48 602,29
er 3/4 58,28 104,27 111,96 157,33 597.02
7/8 41,77 104,36 111,78 156,29 591.18

5 -0 67.05 81.5%% 131,35 210,21 577.63

p, = 2000 1b/in 1/8  65.62  79.56 130,00 209,13 576,39
1/b 63,39 77.82 128,70 208,08 574,78

PR/D = 5,498 3/8 60,08 76,47  127.47 207,05 572,73
1/2 5549 75,50 126,31 206,05 570,20

P__ = 4451,00 1b, s5/8  bo,u0 74,87 125,23 205,08 567,16
ek 3/ 41,32 7445 124,22 204,13 563.63
7/8 29,86 74,17  123.29 203,20 559,67




TABLE 15

TENSIONED FREQUENCIES AND BUCKLING LOADS

R = 1.5 in, R, = 3.9375 in, R = 11,0 in, h = 0,148 in.
- = & 2

R 9.66 in, R, = 0.5 in, p, = 10000 1b/in
P/bcr ll(Hz) lz(Hz) k3(Hz) lu(Hz) ls(Hz)
0 113,63 130,19 182,72 265,04 621.58

,/p, = 1.3 1/8 111,78 127,51 180,53 263,06 618,42
1/4 108,58 125,17 178,45 261,13 613,22

PR/D = 12,596 3/8 103.49 123.46 176,49 259,26 605,73
1/2 96,17 122.37 174,68 257,43 596,27

B 10197.96 1b, 5/8 86,22 121,70 173,02 255,64 585,27
3/ 72,73 121,29 171,51 253,88 573,03

7/8 53,06 121,04 170,15 252,16 559.73

0 121,47 133.17 176,08 249,75 633.10

pi/'p2 - -1, 1/8 119,57 130,60 173.76 247.57 629,91
1/4 115,89 128,69 171.62 245,48 624,62

FR/D = 12,873 3/8 109,99 127,60 169,67 243,48 616,99
1/2 101,79 127,03 167.95 241.55 607.39
P = 10422,81 1b, 5/8 90,95 126,75 166,44 239,71  596.25
e 34 76,49 126,61 165.13 237.93 583.86
7/8 55,66 126,55 163,99 236.21 570,42
0 128,68 136,02 169.15 233.25 644,49
pilbz =--1,5 1/8 126,60 133,73 166,76 230,88 641.35
1/4 122,11 132,54 164,64 228,66 636,12

PR/D = 12,928 3/8 115,29 132,10 162,85 226,57 628,59
1/2 106,25  131.9% 161.35 224,62 619.13
P = 10466,93 1b, 5/8 94,60 131,90 160.13 222,78 608.15
er 3/4 79,30 131,92 159.12 221.06  595.96
7/8 57,52 131,98 158.29 219,42 582,74

0 135,38 138,77 161.91 215.27 655.63
pisz --1,6 1/8 132.66  137.19 159.52 212,73 652,60
1/4 127,03 136.93 157.61 210,42 647.59

PR/D = 12,734 3/8 119,33 136,92 156,18 208,33 640,39
1/2  109.49 136,99 155.11 206,43 631,33

P = 10313,23 1b, 5/8 97,08  137.07 154,30 204,71 620,81
e 3/4 81,06  137.17 153.69 203.13 609.13
7/8 58,58  137.27 153.20 201.68 596.45




TABIE 16

TENSIONED FREQUENCIES AND BUCKLING LOADS

R, = 1.5 in, R, = 3.9375 in. R = 11,0 in, h = 0,148 in,

R, = 9.66 in, R, = 0,5 in, p, = 10000 1b/in?

P/Poz li(Hz) kz(Hz) lB(Hz) lu(l{z) As(Hz)

0 141,41 141,65 154,29 195.44 666,60

pi/pz = -1,7 1/8 137.00 141,70 152,13 192,78 663,76
1/4+ 130,38 141,81 150,84 190,49 659.13

FR/D = 12.263 3/8 121,77 141,92 150,10 188,53 652.50
| 1/2  111.13 142,04 149,64 186.85 644,14

P,. = 9928.28 1b. 5/8 98,04 142,15 149, 185,39 634,41

3/  81.48 142,27 149,11 184,11 623,58
7/8 58,62 142,38 148,94 182,95 611.83

0 143,96 146,27 147,55 173.15 677.43

pi/'p2 --1,8 1/8 138,85 145,17 147,39 170,49 674,86
1/4 131,00 145,07 147,44 168,51 670,79
PR/D = 11,450 3/8 121,48 145,05  147.50 167,01 665,01
1/2 110,19 145,06 147,58 165,84 657,67
P,. = 9270.56 1b, 5/8 96,70 145,08 147,65 164,88 649,09

34 79,97 145,09 147,73 164,06 639,51
7/8 57,28 145,11 147,80 163.3%% 629,09

0 137.74 145,81 146,65 153.15 688,06

pi/’p2 = -1,9 1/8 133,23 th2.44 146,27 152,79 6B5.95

1/4 125,30 141.20 146,13 152,68 682.75

PR/D = 9,945 3;8 115,58 140,69 146,00 152,66 678,29
1/2
P _ = 8051,92 1b, 5/8
e 3/%




TENSIONED FREQUENCIES AND BUCKLING LOADS

TABIE 17

50

Ra -~ 1-5 in, Rb = 3-93?5 in, R =11,0 in, h = 0.148 in,
R = 9,66 in, R = 0,5 in, P = 0,0 1b.
p,/p, p,(1b/in°) PR/D A (Hz) A, (Hz) A(Hz)  My(Hz)  Ag(Hz)
-1,2 100000 25,13 164,10 280,96 473,89 615,40 661,14
-1,2 500000 14,07 390,22 431,20 640, 58 690, 03 704,68
-1.2 1000000 25.32 545,90 612.83 649,92 864,25 1334,05
-1,4 300000 58, 51 392,84 493,06 717,68 988,00 1033,69
-1,4 1000000 74,89 659,60 857.25 1251,19 1280,15 1371.97
-1.4 5000000 75.75 789,93 1450,50 1661,04 2035,71 2509.74
-1,4 10000000 65,30 668,51 1546,92 2258,96 2810.26 3220,20
-1.6 80000 b1,48 275.39 292,14 338,17 401,29 925,85
-1.6 300000 89.48 u8h,76 524,96 616,29 706,77 1439,84
-1,6 1000000 197,48 848,37 928,28 1095,53 1225.46 2345,71
-1,6 10000000 1468,15 2624,76 2887.76 3406,97 3714.85 6840.50
-1,8 20000 14,42 171,54 172,98 178,84 183,69 742,19
-1,8 50000 18,09 166,00 229.85 252,59 258,27 908,11
-1,8 60000 18,25 161.99 245,89 272,09 277.76 956, 59
-1,8 80000 17,48 151,76 274,82 306,87 312,40 1046,20
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