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Abstract

The spaces of smooth high dimensional spherical and long embeddings attracted a lot
of attention starting mid-20th century. In 1966, André Haefliger proved that the group of
isotopy classes of spherical (framed) embeddings of S™ in S™*4 for ¢ > 3 can be described
by means of homotopy groups of spheres and orthogonal groups. We show in the second
chapter of this dissertation that Haefliger’s result can be adapted and extended to spherical
and long embeddings modulo immersions of codimension at least three. The spaces of such
embeddings have been actively studied in the last 20 years. Moreover, we prove that a partial
result is true for concordance classes of spherical and long embeddings modulo immersions
of codimension two.

Our motivation for third and fourth chapters is to utilize the combinatorial techniques
developed in 1990’s and further on for classical knots and links in R?, to gain a geometric
intuition about high dimensional knots and links. In particular, we are interested in general-
izing the work of Polyak and Viro in the classical knot theory, where they provided explicit
formulas for finite type knot invariants in terms of Gauss diagrams. We obtained Polyak-Viro
type formulas for 2- and 3-component spherical and long links of dimension (2¢ — 1) in R3,
¢ > 2, as discussed in chapter three. Although, the generalization to knots (one-component
links) in these (co)dimensions turns out to be a more difficult problem, we give a conjectural

formula for an invariant distinguishing such knots in the final fourth chapter.
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by means of homotopy groups of spheres and orthogonal groups. We show in the second
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and long embeddings modulo immersions of codimension at least three. The spaces of such
embeddings have been actively studied in the last 20 years. Moreover, we prove that a partial
result is true for concordance classes of spherical and long embeddings modulo immersions
of codimension two.

Our motivation for third and fourth chapters is to utilize the combinatorial techniques
developed in 1990’s and further on for classical knots and links in R?, to gain a geometric
intuition about high dimensional knots and links. In particular, we are interested in general-
izing the work of Polyak and Viro in the classical knot theory, where they provided explicit
formulas for finite type knot invariants in terms of Gauss diagrams. We obtained Polyak-Viro
type formulas for 2- and 3-component spherical and long links of dimension (2¢ — 1) in R3,
¢ > 2, as discussed in chapter three. Although, the generalization to knots (one-component
links) in these (co)dimensions turns out to be a more difficult problem, we give a conjectural

formula for an invariant distinguishing such knots in the final fourth chapter.
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Chapter 1

Background

1.1 History

High dimensional spherical/long embeddings, especially the ones with codimension at least

three are of particular interest. Haefliger [21] proved that the smooth knots S™ < S"*7 are

n+3

n+3 n+3
2 2 "

all trivial for g > ; while there are non-trivial smooth knots in codimension 3 < ¢ <
Surprisingly, this contrasts with the findings in piecewise linear and topological locally flat
settings, where Zeeman [47] and Stallings [43] independently showed that knots S™ < S"*9

are all trivial when ¢ > 3. According to Haefliger [21], the set of connected components of

n+3

5> can be characterized as

smooth spherical embeddings in the border codimension ¢ =

follows:

Z  {>2, leven
ToEmb(S* 71, 5% = B

Zo >3, £ odd

In the even case, Haefliger [23] established the existence of an explicit embedding known
as the “Haefliger trefoil knot”, representing the generator of moEmb(S%*~1, S3). Recently
Koytcheff [29] has extended this result to the odd case. One intriguing problem is to develop
a combinatorial formula for the Haefliger invariant moEmb(S*~1, S%) = 7Z in terms of the

self-intersection of the projection of the knot to one dimension less. In the classical knot



theory of 1-dimensional knots in R?, Polyak and Viro [34, 35] expressed some finite type
knot invariants (such as the Casson invariant) in terms of Gauss diagrams, which encode the
information about the double points of the projection of the knot to R?. Our main objective
was to get an analogue to Polyak-Viro type formulas for Haefliger knots S*~1 — RO,
Another interesting result by Haefliger [21] is the isomorphism between the group of
isotopy classes of smooth spherical (framed) embeddings of S™ in S™*7 for ¢ > 3 and certain
homotopy groups involving spheres and orthogonal groups. We extend Haefliger’s result to
the group of isotopy classes of smooth spherical or disk embeddings modulo immersions.
The spaces of embeddings modulo immersions in recent years attracted a lot of attention
[4, 3, 2, 10, 5, 6, 7, 8, 16, 38, 45]. In particular, it was shown in [5, 7, 38| that there
is a natural little disks operad action on the spaces of (framed) disk embeddings modulo
immersions. Also, for codimension at least 3, there are several delooping results on such
spaces by means of smoothing theory [38] and the Goodwillie-Weiss functor calculus on
manifolds [10, 11]. Furthermore, the rational homotopy and homology of such spaces were
studied in [4, 3, 2, 15, 16], and in case of spherical embeddings, the explicit computations
were done in [45]. The advantage of these spaces over the usual embedding spaces is mainly

the easier description of their rational homology and homotopy as well as deloopings.

1.2 Preliminaries

In this section, we provide basic definitions, results and notation that we will use throughout
the manuscript. We typically use the symbol =’ for a group isomorphism; '~ for a homotopy
equivalence between two topological spaces and "=’ for a diffeomorphism between manifolds.
Throughout the dissertation we work in the smooth category.

Let f : M — N be a smooth map. We say f is an immersion if the differential df, :
TyM — TN is injective for all points p € M. We denote an immersion by f : M & N. An
immersion f : M 9 N is an embedding denoted by f : M — N if it is a homeomorphism onto
its image f(M). Then the spaces of embeddings and immersions are denoted by Emb(M, N)
and Imm/(M, N), respectively. Note that Emb(M, N) C Imm(M, N).



Definition 1.2.1. An isotopy between two embeddings f,g : M < N is a path a : [ —
Emb(M, N) where a(0) = f and «(l) = ¢. Similarly, a regular homotopy between two
immersions f,g: M < N is a path o : I — Imm(M, N) where a(0) = f and a(1) = g.

We denote the set of isotopy (resp. regular homotopy) classes of embeddings (resp.
immersions) of M in N by moEmb(M, N) (respectively, moImm(M, N)). Abusing notation,
we sometimes use the same notation for an embedding and its isotopy class (as well as for

an immersion and its regular homotopy class).

Definition 1.2.2. Two embeddings fo, fi : M < N are concordant if there exists an
embedding F': M x I < N x I such that F(z,i) = (f;(x),7) for i = 0,1. Note that if F is

level-preserving i.e., F(x,t) = (fi(z),t) for each t € I, then f; is isotopic to f;.
By [21, Theorem 1.2], two concordant embeddings of S™ in S™*7 are isotopic when ¢ > 3.

Definition 1.2.3. A high-dimensional knot is an embedding S™ — R"*9. By a spherical
knot, we mean the embedding of S™ in S"*4. A long knot is an embedding R™ < R™*? which
is the standard inclusion outside a compact set. We denote by Emby(R"™, R"*9) the space of

long knots.

A high-dimensional link with m-components is an embedding S™ U ... S" < R"* (we
S———

m
only consider links with components of the same dimension). A knot (resp. link) is said to

be unknot (resp. unlink) if it is isotopic to the trivial embedding.

Remark 1.2.1. For ¢ > 3 and m > 1 we have
onmb(ﬁlsn, R™H) = WOEmb(il_’ILlS", S+ = onmba(ﬁlR",RW), (1.2.1)

each forming a finitely generated abelian group with respect to component-wise connected
sum operation, see [22],[44, Lemma 3.7],[29, Lemma 4.8]. This equivalence allows us to

interchangeably refer to these embeddings throughout the dissertation.



Definition 1.2.4. A framing of an embedding M < N (or an immersion M % N) is the
choice of the trivialization for the normal bundle along the embedded (immersed) mani-

fold M.

Let Embg(D™, D"1) denote the space of disk embeddings D" < D"*? with the fixed be-
havior near the boundary to be the standard inclusion D™ C D"*4. The following definitions

are in accordance to Haefliger [21].

Definition 1.2.5. The suspension of amap f: D™ — D" is given by the map S(f): D" —
D™ sending the arc of circle going from e,41, by x € D", to —e,1 on the arc of circle from
eni1, by f(x), to —eny1. The suspension S — S of a map S™ — S™ is defined in the

same way.

Definition 1.2.6. The suspension of an embedding S™ i> S™*t4 is the composition S™ r—f>
Snta . §ntatl For the suspension of a framed embedding S™ < S™"9, the framing is
completed by adding the standard vector e, 4,42 as the last vector. We often say suspension
for an iterated suspension defined inductively. For example, when we say S™ — S"™V is
the suspension of a framed embedding S™ r—f> S"*4 for N > ¢, we mean that it is defined
as the composition S ‘i> Snta < SN and the framing is obtained by adding vectors
{€nt+q+2,-- -, €ntn+1} to the initial framing. We define the suspension of a (framed) disk

embedding similarly.



Chapter 2

Haefliger’s approach for spherical

knots modulo immersions

2.1 Introduction

In this chapter we study the set of isotopy classes of spherical and disk embeddings modulo
immersions by extending Haefliger’s work [21] on isotopy classes of (framed) spherical em-
beddings of codimension at least 3. Also, we establish a natural connection between our and
Haefliger’s results in terms of long exact sequences. The results in this chapter except those
from Section 2.7 were published in [17].

We define the space of spherical embeddings modulo immersions as
Emb(S™, St := hofiber(Emb(S™, S"T9) — Imm(S™, S"*7))

over the trivial inclusion id: S™ C S™9. An element in this space is represented by a
pair (f,a), where f: S™ < S™*9 is a smooth embedding together with a regular homo-
topy a: [0,1] = Imm(S™, S™*9), between f and the trivial inclusion S™ C S"*7. Moreover,
if Embs(D™, D™*9) denote the space of disk embeddings D" — D"*? with the fixed be-

havior near the boundary, then we similarly define Emby(D™, D""1) as the space of disk



embeddings modulo immersions. For framed spherical or disk embeddings, we consider the
spaces EmbfT(S”,S”*q),E—mbﬁ(S”,S”Jrq),Embgr(D”,D”+q) and E—mbgr(D”,D’”q) in the
same manner. Throughout the chapter for spherical embeddings we assume that the fram-
ing respects the natural orientation: if one takes the orientation of S™ and completes it
with the orientation of the normal bundle induced by the framing, one obtains the standard
orientation of the ambient sphere S™*9. For disk embeddings the framing is standard near
the boundary.

In [21, Theorems 3.4 and 5.7], Haefliger has shown that for ¢ > 3, the group of iso-
topy classes of (framed) spherical embeddings of S™ in S"*? can be described in terms
of the homotopy group of a triad i.e., C¢ := moEmb(S™, S"") = 7,41(5SG; SO, SG,) and
FC := mgEmb/™(S", S"H1) = 7,.,1(SG; SO, SG,). We recall these homotopy groups and

isomorphisms later in Section 2.2.

2.1.1 Main results

Let FC? denote the group of isotopy classes of “framed disked embeddings”, which we

discuss in more detail in Section 2.3.

Theorem 2.1.1. For ¢ > 3, F_C?L = moEmb(S",S") = maEmby(D", D"T) =
roEmb’ (S", S"+0) = moEmbly (D", D™*9) = 1,41 (SG, SGy).

The result is an immediate corollary of Theorems 2.3.1 and 2.4.1, and Lemma 2.4.1.
Alternatively, this result can be obtained using smoothing theory, as a consequence of

23, Section 6] and [38, Theorem 1.1]. There is even a stronger result:
7 Emby(D", D"*) = 7,14 1(SGyq, SGy) for i < 2q — 5,

which follows from the work of Lashof [30], Millett [32, Theorem 2.3] and Sakai [38, Theo-
rem 1.1 and Remark 2.3]. Moreover, for i < ¢ — 3, m4i41(SGhiq, SGy) = Tntir1(SG, SG,),

see Lemma 2.6.1. However, our goal is to review Haefliger’s construction and give a geometric

meaning to m,,1(SG, SG,) ie., m,11(SG, SG,) = FC4.

6



Another main result that does not immediately follow from smoothing theory is to geo-
metrically interpret the long exact sequences associated with the triad (SG; SO, SG,) consid-
ered by Haefliger [21, Sections 4.4 and 5.9]. Let Im? and F'ImZ denote the group of regular
homotopy classes of immersions S™ & S"*? and framed immersions S™ & St respectively.
It is natural to ask which (framed) spherical immersions can be realized as (framed) embed-
dings, or when two (framed) spherical embeddings are equivalent as (framed) immersions.
Answers to these questions are encoded by the lower exact sequences in (2.1.1) and (2.1.2)

of Theorem 2.1.2, in which FCY naturally fits.
Theorem 2.1.2. For g > 3, the two long exact sequences of the triad (SG; SO, SG,) are

isomorphic to the corresponding geometric long exact sequences:

> Ts1(SG, SGy) = m0i1(SG; SO, SG,) = ,(SO, SO,) — 1n(SG, SG,) ~  (2.1.1)

FC4 Imd FC! | ——
— T41(8G, SG,) — 711(SG; SO, SG,) — 7, (S0) —7,(SG, SG,) — (2.1.2)
FCe FCi FImi ——=FC! | ——

Note that the upper sequences in (2.1.1) and (2.1.2) are the long exact sequences of
the homotopy groups of pairs (SG/SG,, SO/SO,) and (SG/SG,, SO), respectively, see Re-
marks 2.2.1 and 2.2.2.

Another case of particular interest is of codimension two. In this case, concordance
and isotopy are different relations. By viewing C? as the group of concordance classes of
embeddings S™ — S"™"2, and carefully looking at the Haefliger’s isomorphism argument in
21, §3.6], the natural homomorphism 1 : C? — 7,,1(SG; SO, SG,) is surjective for n odd
and injective for n even. Moreover, Kervaire proved in [26, Theorems I11.3, TIL.6] that

is an isomorphism in the even case. We extend these results of Kervaire and Haefliger to



embeddings modulo immersions as follows.

Theorem 2.1.3. The natural homomorphism & : F_C’i — Tne1(SG, SGy) is a surjection for

n odd, and is an isomorphism for n even.

2.1.2 Terminology

Let D™ be the standard unit disk in R™, and {ey, .., e,} denote the natural basis of R". Let
S™ = D" be the unit sphere such that S” = D™ U D'} with D" = {z € S"|z; < 0} and
Dt = {x € 8"z, > 0}.

2.2 Embeddings of S" in S""¢

Haefliger [21] proved that the group of concordance classes of embeddings of S™ in S"* is

isomorphic to m,11(SG; SO, SG,) for ¢ > 3.

2.2.1 The group C?

C? := {concordance classes of smooth embeddings S™ < S"*9}.

Theorem 2.2.1. /21, Theorem 1.2] Two concordant embeddings of S™ in S"T are isotopic
when q > 3, i.e. C1 = moEmb(S™, S"11), the set of connected components of the space of
embeddings of S™ in S"TY.

Furthermore, the equality moEmb(S™, S"T1) = moEmbs(D"™, D""1) enables C? with an
additive multiplication, and the existence of inverses is guaranteed, as we consider concor-

dance classes. Hence, C'! is an abelian group.

Lemma 2.2.1. [21, Section 1] An embedding S™ < S™1 is concordant to the trivial one if

and only if it is slice, in other words, if it can be extended to an embedding D" — Dttt



2.2.2 The group m,.1(5G; SO, SG,)

Let SG, be the space of degree one maps S7~! — S97! SG = USG, under suspension, and
SO = US0,, where SO, is the special orthogonal group.

An element in 7,1 (SG; SO, SG,) is represented by a continuous based map ¢: D" —
SG ie., for z € D" ¢(x): SNt — SN~ for some large N, such that ¢(D") C SOy and
(D) C SG,. Note that the equator S*~! = D" = 9D" goes to SO N SG, = SO,, and
@(*) = id for the base-point * = e, € S" 1.1 Abusing notation, we also view ¢ as a map
¢: D" x SN=1 — GN=1 " and sometimes for ¢(z) we write ¢, = ¢(z, —): SV~1 — SN-L

Two such maps ¢: D" x SN-1 — SN=1and ¢': D" x S¥'-1 — SN'-1 represent
the same element in ,,;(SG; SO, SG,) if there is a homotopy ¢;: D" x SM~1 — M-l
for some M > N, N’ and t € [0, 1], satisfying the above conditions and such that for any
r € D" the maps ¢o(z,—),d1(x,—): SM~1 — SM=1 are suspensions of ¢(x, —) and
¢'(x, —), respectively. The product operation of any two elements in m,41(SG; SO, SG,) is

defined point-wise.

Remark 2.2.1. Recall that the upper long exact sequence in (2.1.1) is the long exact sequence
of the pair (SG/SG,,SO/SO,). Indeed, Milgram [31, Section 1] interpreted the group
Tus1(SG; SO, SG,) as (hoﬁb(SO/SOq — SG/SG,) ~ hofib(SG,/SO, — SG/SO)).2
One way to see this interpretation is that the group m,+1(SG;SO,SG,) is obviously
isomorphic to 7,(SO x%, SG,,SO,), where SO x%. SG, is the homotopy pullback of
SO — SG + SG,.

'Haefliger in [21] does not consider the base-point condition, but it is immediate that adding it yields the
same homotopy group, since SO, = SO N SG, is connected.
2The spaces are equivalent because they describe the total homotopy fiber of the square

BSO, — BSG,

| |

BSO —— BSG .



2.2.3 The isomorphism ¢: C! — 7,.1(SG; SO, SG,)

Although these two groups look completely different, there is a natural map between them.
To see the relation, Haefliger considers representatives in C? to be framed embeddings of
D™t with different boundary conditions on D" C S™ = 9D"*! and D7 C S" = 9D" .
Framing will be crucial to relate such embeddings to m,+1(SG; SO, SG,) by means of
Pontryagin-Thom type construction [21, Section 3].

An embedding f: S™ < S"*7is called a special embedding if f|p» = id and f(int D) C
int D77, We can always extend f: S™ < S"*9 to a disk embedding f: D" — D"+N+1 for
some N large enough (in fact N > n + 2). We refer the obtained pair (f, f): (S", D"!) —
(87t DMNFL) as a disked embedding. Any element in C can be represented by a special

disked embedding (f, f) together with some framing on f defined as follows:

e Fix the base-point * = e, € S"! = D" N D% and endow it with the framing

{en+27 cee 7€n+q+1}-

e Extend the framing from * = e, to D7 inside D™, Since * < D" is a homotopy
equivalence, this extension is unique up to homotopy. Take the suspension of this

framing in D"V by adding {e, 12, - -, entni1} as last vectors.

e Extend the obtained framing from D' to the entire disk D"*! inside D"*"*+!1. Again

this framing is defined uniquely up to homotopy.

Note that even though the knot f is trivial on D", the extended framing can be non-
trivial. Moreover, the framing on f|p» inside D"*¥*! might not be a suspension, while the
framing on f| pr inside D"+N+1 s the suspension of a framing inside D7, We refer this
boundary condition on the framing defined on f as Type I (in Sections 2.2.4 and 2.3, we
will also consider framing with Type II and Type III boundary conditions). Hence, any
embedding f: S™ < S™*Y representing an element in C? can be considered as a special
disked embedding (f,f): (S™, D"*1) — (S"*t9, D"*N+1) with Type I framing, i.c.,
flsn—opnt1 = f is a special knot, and the framing on f has boundary condition defined as

above.
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Any two special disked embeddings (fo, fo): (S, D"*!) « (Sm+e, Dr+Notl) and
(f1, fu): (S™, D"y — (Snta, D+NiFLl) with Type I framing are concordant if there ex-
ists an embedding F': D" x [0,1] < D"™N+1 x [0,1] for N > maxz{Ny, N1}, such that
Flpntix; = fi fori = 0,1, F|pn 1 = id and F‘DiX[O,l} C DT" x [0,1]. Furthermore,
the framing on F|Df¢x[o,1] and F|pntiy;, @ = 0,1, is given by suspension of a framing inside
D x [0,1] and D"+Net! x i vespectively. Similarly, we define the isotopy relation to be a

level-preserving concordance. All the following groups are isomorphic for g > 3:

C4 ={concordance/isotopy classes of embeddings S™ — S}

!

{concordance/isotopy classes of special embeddings S™ < S™*7}

!

{concordance/isotopy classes of special disked embeddings (S™, D"™!) — (SnFd, prtN+1)1
!
{concordance/isotopy classes of special disked embeddings (S™, D"™!) — (Smt4, DrtiN+l)

with Type I framing}

Furthermore, as a consequence of the tubular neighborhood theorem, one can choose a
representative f in C? such that f(S™) is contained in a subspace of S™*¢ which can be
identified with S™ x D?. Thus, we can consider a special knot to be f: S™ < S™ x D? such
that f|p» is the natural inclusion D” — D" x 0 and f(int D7) C int(D} x D?), together
with a disk extension f: D™*! < D*! x DN with a similarly defined framing of Type I.

The homomorphism ¢: C? — 7,1 (SG; SO, SG,) is then defined as follows.

Theorem 2.2.2. Giwen an element o € CJ represented by a special disked embedding
(f, f): (8™, DY) < (S™ x D9, D"+t x DN with Type I framing, a map ¢: D" x SN=1 —
SN=L represents () € m,11(SG; SO, SG,) if there exists an extension ¢: D"*1x DY — DN

i.e., @|pntixgn-1 = ¢ such that:
(i) ¢ is regular on 0 € DY and ¢=1(0) = f(D"*1) as framed submanifolds,
(ii) ¢, € SOy for x € D",

11



(iii) ¢, is the suspension of a map D? — DY for x € Dr.

The homomorphism v: C1 — m,.1(SG; SO, SG,) is well defined [21, Theorem 2.3] and is

an isomorphism for ¢ > 3 [21, Theorem 3.4].

In the proof of well-definedness of ¢ [21, Theorem 2.3], Haefliger shows the existence of
such a map ¢ as follows. Define ¢_: D" x DY — DV uniquely as a linear map such that
(¢_)y € SOy for x € D™ and ¢_*(0) = f(D"), as framed submanifolds. Using obstruction
theory [21, Lemma 2.4] the restriction ¢_|gn-1,ps can be extended to é,\Diqu with the
given framing on f(D"). Define ¢,: D? x DN — DV to be the (N — g)-suspension of
¢_: D" x D? — D?. By using [21, Lemma 2.4] again, we extend ¢_ U ¢, : S" x DV — DV
to a map ¢: D" x DN — DV verifying (i) — (#43) above. To show 1) is well defined,
he uses the same argument invoking [21, Lemma 2.4] twice to construct a homotopy be-
tween two maps ¢g, ¢1: D" x SV — SN=1 corresponding to two concordant embeddings
(fo, fo), (f1, f1): (S™, D"*1) — (8™ x D7, D"+t x DN).

To prove the isomorphism [21, Theorem 3.4|, Haefliger interprets the group
Tnt1(SG; SO, SG,) in terms of cobordisms (we refer this as Pontryagin-Thom type construc-
tion). An element of m,,1(SG; SO, SG,) represented by a map ¢: D" x SN~1 — GN-1
as in Subsection 2.2.2 which is regular on e;, corresponds to a framed (n + 1)-submanifold

V =¢ 1 (e;) C D" x SN~ with two parts of boundary:

e VN (D™ x SN71) is the graph of some map ¢g: D" — SV~! with the framing at
points (z, g(x)) lying inside z x SN¥=! and orthonormal. Indeed, for z € D™, the map

¢z SN — SN=1 s linear and therefore the preimage of e; is just a point.

e VN (D7 x S¥71) is the suspension of a framed submanifold in D x S77!, since for

any x € D7, the map ¢, : SN=1 5 SN=1 is the suspension of a map S9! — S971,

Thus, m,4+1(SG; SO, SG,) can be described as the group of cobordisms of framed (n + 1)-
manifolds with such boundary conditions.

He then considers ¢ which exists by [21, Theorem 2.3]. Note that ¢: D"*! x DV — DN
can always be slightly changed so that ¢~'(0D") Cc D"*' x DV. The preimage ¢—'(I) C
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D" x DY of the segment I joining 0 and e; in DV is a framed (n + 2)-manifold W with

corners (¢ is chosen to be transversal to I). In particular, W has the following strata:
e a free face given by the framed disk f(D"™!) = ¢~1(0),
e OW N (D! x SN = p7L(e)) =V,
e OW N (D" x DN) is the radial extension of V N (D" x SN-1),
e W N (D% x DY) is the (N — g)-fold suspension of a framed submanifold in D7 x D?.

As a result, he restates the homomorphism defined in Theorem 2.2.2 as follows. Given
an element a € C? represented by a special disked embedding (f, f): (S, D"*!) — (S™ x
D4, D"t x DV) with Type I framing, a framed submanifold V' C D" x SN~1 as defined
above represents () € m,41(SG; SO, SG,) if there exists a framed submanifold W C
D" x DN with the boundary strata as given above.

According to [21, Argument 3.5], to show surjectivity he applies surgery to construct W
satisfying OW N (D™ x SN=1) =V for a given V. For injectivity, he shows if [(f, f)] maps
to the trivial element [V] of 7,41 (SG; SO, SG,), then the corresponding W can be modified
using surgery so that it is embedded in D"*! x D4. In particular, the free face f(D"*!) of
W is inside D"+ x D9 = D"*+a+! ) and therefore the corresponding f = flspn+1 is slice i.e.,

concordant to the trivial embedding of S™ in S™*?, by Lemma 2.2.1.

2.2.4 Framed embeddings of S” in S""¢

Let us recall that we always consider framed embeddings with a framing preserving the
natural orientation. For ¢ > 3, Haefliger expressed the group F'C? of concordance classes of
framed embeddings of S™ in " as 7,41(SG; SO, SG,). An element in 7,+1(SG; SO, SG,)
is represented by a continuous map ¢: D" — SG i.e., for x € D"l ¢(z): SN — SNL
for some large N, such that ¢(D") C SO, ¢(D}) C SG, and ¢(OD™ = 0D} ) = id. Again,
abusing notation we also view ¢ as a map ¢: D" x SN=1 — SN~ and sometimes write ¢,

for ¢(x).
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Remark 2.2.2. It is easy to see that the group 7,.1(SG;SO,SG,) is isomorphic to
7rn<(SO xh SG,) =~ hofib(SO — SG/SGq)). Moreover, the upper long exact sequence
in (2.1.2) is the long exact sequence of the pair (SG/SG,, SO).

Remark 2.2.3. [21, Section 5.1]. Two concordant framed embeddings of S™ in S™*7 are

isotopic when ¢ > 3 and therefore, FCY = o Emb/" (8", S"+9) = o Emb))" (D", D"*+9).

Lemma 2.2.2. [21, Section 5] A framed embedding S™ — S is concordant to the trivial
one if and only if it is slice i.e., if it can be extended to an embedding D" — D"+l glong

with the framing.

The isomorphism ¢: FC¢ — 7,.1(SG; SO, SG,)

The natural map ¢ between the two groups is defined as in the “non-framed” case. Firstly,
an element in FCY can be represented by a special framed knot f: S™ < S"*9 which
is the natural inclusion on D™ with trivial framing {e,42,...,€pt4q+1}, and f(int D7) C
int(D} ") with some non-trivial framing. Such a framed knot is assigned a special disked
embedding (f, f): (S™, D"*1) < (™4, D"*N+1) along with a framing as follows. We extend
f: 8™ < S" to a disk embedding f: D"*! < D"*N+1 for N large enough. For the framing
on f(D"*), which is defined uniquely up to homotopy, we first suspend the framing on D7
inside D™ to a framing inside D"*V+! by adding vectors {e, 442, -+ €nini1}. Then we
extend the obtained framing to the entire disk D"*! inside D"*¥*+1 Note that the framing
on f|p» may now be non-trivial (and does not have to be a suspension), while the framing
on f| pr is the suspension of the framing on D’ inside D} But we still obtain a trivial
framing on the equator S"~* = D" N D*. Such boundary condition on the framing defined
on f is referred as Type II. Therefore, a representative in F'C¢ can be considered to be

a special disked embedding (f, f) with Type II framing. For ¢ > 3, the following

groups are isomorphic:

FC? ={concordance/isotopy classes of framed embeddings S™ — S"*7}

!

{concordance/isotopy classes of special framed embeddings S™ < S"*7}
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!

{concordance/isotopy classes of special disked embeddings (S™, D"t1) — (Snte prtiN+l)

with Type II framing}

Using the tubular neighborhood theorem, we can transform any special framed knot
f: 8™ < S into f: S™ < S™ x DY, with a framed disk extension f: D"! < D"+ x DV,
Thus, an element in FCY can be represented by a pair (f, f): (S™, D) — (S"x D4, D" x
DV) with a framing of Type II. We define the homomorphism U FC! — 71,.1(SG; S0, SG,)
exactly as in Theorem 2.2.2 by adding to condition (i) that ¢, = id when x € S"~1. For
g > 3, 1 is an isomorphism [21, Theorem 5.7]. This result is stated without proof because
the argument follows the same lines as in the “non-framed” case. Note that Lemma 2.2.2

is used in the proof of injectivity of 1; in the same way as Lemma 2.2.1 is necessary for

injectivity of 1.

2.3 Framed disked embeddings

We now define a new group of concordance classes of special disked embeddings with a
Type III framing. Namely, this time we require the framing to be trivial along D". To
be precise, we consider special disked embeddings (f, f): (S*, D"1) < (S7F4 DrN+1)
where the framing on f comes with the following boundary condition: f|p» has trivial
framing, while the framing on f]| pr inside D"+N+1 s obtained as the suspension of a framing

inside DTq.

FCY := {concordance classes of special disked embeddings

(f, f): (S™, DY) — (S™T D"*N+1) with Type III framing}.

Note that since the codimension condition ¢ > 3 is satisfied, concordance and isotopy
relations coincide for special disked embeddings with all three boundary restrictions on

framing.
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2.3.1 The group 7,11(5G, SG,)

An element in 7,,1(SG, SG,) is represented by a continuous map ¢: D"t — SG such that
¢|pn =id and ¢(D7}) C SG,.

This representation is equivalent to the usual definition of a relative homotopy group i.e.,
Tot1(SG; %, 5G,) = m,11(SG, SG,), since D" can be collapsed to get the base-point in the

relative group.

2.3.2 The isomorphism ¢: FCY — 7,.1(SG, SG,)

Following the same argument as in Subsection 2.2.3, when an element in F'C? is represented
by a special disked embedding (f, f): (S™, D"*') < (S™ x D?, D"*! x D) with Type III
framing, there is a natural homomorphism ¢: FCY — 7,,1(SG, SG,) defined as in The-
orem 2.2.2 by replacing condition (ii) with ¢, = id for z € D". By Haefliger’s surgery

construction [21, Argument 3.5] that proves [21, Theorem 3.4], we conclude:

Theorem 2.3.1. The homomorphism &: FCY — m,.1(SG, SG,) is an isomorphism for
q=3.

The sliceness Lemma 2.3.1 is used to prove injectivity of &, similarly to the cases of ¢
and 1. Note that Theorem 2.3.1 can be deduced from the proof of Theorem 2.1.2 given in
Section 2.5. In particular, with ¢ and 7 as isomorphisms in (2.5.1), £ is also an isomorphism
by the five lemma.

As a review, the following tables point to the main difference among all the groups we
discussed in the three cases. In terms of special disked embeddings with different boundary

conditions on framing of f :

Ca trivial framing at the base-point * (Type I)

FC4 | trivial framing at the equator S*~* (Type II)

FC1 trivial framing at D™ (Type III)

Table 2.1: Difference in framing
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The corresponding homotopy groups differ as follows:

Tas1(SG: SO, 8G,) | () =id

#0i1(SG; SO, SG,) | (5™ 1) = id

i1 (SG, SG,) $(D") = id

Table 2.2: Difference in homotopy groups

Remark-Definition 2.3.1. Consider a disked embedding (f,f): (S", D"*) —
(8™t D™NF1) which is not necessarily special, i.e., without a fixed behavior at D™.
Assume both f and f are framed embeddings such that framing on f(D"*!) inside D"*+N+1
is defined by extending the suspension of the framing of f(S™) C S""2. We call such a pair
(f,f) a framed disked embedding. The concordance classes of such embeddings are
the same as those of special ones with Type III framing representing elements in FC?. It
is because given any framed disked embedding, we can always isotope it, so that near the
base-point * € D" = S"! it is the identity inclusion with the trivial framing. Then we
can reparametrize the sphere so that the small neighborhood of * is D" and the rest is D} .
As a result, we get a special disked embedding (f, f) with Type III framing. Therefore, we

can describe FC? as the group of concordance classes of framed disked embeddings (f, f).

Thus, all the groups C?, FC? and FC? can be described as groups of concordance classes

of “non-special” embeddings, as given in the table below:

C4 embeddings S™ «— S"*¢

FC? | framed embeddings S™ — S"t4

framed disked embeddings
(Sn7Dn+1) SN (Sn+q, Dn+N+1>

Table 2.3: Description of each group in terms of “non-special” embeddings

Note that special disked embeddings with framing of Type I or Type II are not framed
disked embeddings because for latter we require the framing on f to be the suspension on

entire boundary 0D" ™! = S", see the definition above.
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2.3.3 Sliceness

In this subsection, we study an interesting property of sliceness for framed disked embeddings

representing elements in the group FC4.

Definition 2.3.1. A framed disked embedding (f,a): (S*, D) « (S7te, Dni+ly g
slice if there exists a framed embedding H: D"*? « D"V'+2 where N’ > N, such that
H |(a_ prv2_pntly = @ and H la. pn+2 is the suspension of a framed embedding inside D41

ie., H(0, D"?) Cc D+t C 9, DHN'+2 = DN+,

The trivial element in F'C? is given by the equivalence class of the trivial framed disked
embedding (id,id): (S™, D™*1) C (S, D"*N+1) je., the trivial pair with the trivial fram-
ing.

Lemma 2.3.1. A framed disked embedding (f,«): (S™, D" — (Sm+e DN+ repre-

senting an element in FCY is concordant to the trivial element (id,id): (S™, D"*') C

(S™ra, DMNEL) if and only if (f, ) is slice.

Proof. Let F': D™ x [0,1] = D"*N'*1 x [0,1], where N’ > N be a concordance between
(f,«) and (id,id). Since at t = 1 we have a trivial framing, we attach a half disk %D”*N”“Q
along the trivial embedding such that it extends D"*! to the disk D"*2, see Figure 2.1.
Since F' takes the boundary inside S™"*9 x [0, 1], therefore attaching this half disk gives the
sliceness of the framed knot S™ — S"t? ie., a framed extension D"*! — Dntatl  Ag g
result, we get a framed embedding H: D"2? < D"*N'*2 which on one part of 9D"*? gives

« and on the other, an embedding to D", Therefore, (f, a) is slice.

N
v
1

Figure 2.1: Attaching a half disk D"V *2 to D"V'+1 at t = 1.

The converse is easy to prove by reversing the above argument. We remove a small half
disk $D"N'*2 around a point in D"*7t1 ¢ D"HN'F2 see Figure 2.2, such that the resulting

space acts as a concordance between (f, ) and (id, id).

18



Figure 2.2: Removing a small half disk D"*t"'*2 going inside.

2.4 Embeddings modulo immersions as special disked

embeddings

Let D"t := Uy D", By a smooth embedding D" < D"**_ we understand D" < D"tV

for some N large enough. Set

Emb} (D", D) == | ] Emb}/ (D", DY),
N

Imm{ (D", D"**) == | | Imm{ (D", D"*V).
N

Similarly, we define SDE! to be the space of special disked embeddings
(f,@): (S™, D" s (SnFa Dntl+ee) with Type III framing. By construction, mySDE? =
FCu.

We claim that the space SDE{ has the same set of connected components as the space of

embeddings modulo immersions i.e., FC% = moEmby(D"™, D"*7). First we prove the following

lemma which gives different geometric interpretations of the group moEmby(D™, D™*9).

Lemma 2.4.1. For g > 3,

ToEmb(S™, S™9) = moEmby(D", D) = moEmb(S™, R")

= moEmb’ (8", §") = myEmbyy (D", D"7) = moEmb’ (S", R™7). (2.4.1)
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Proof. Let us first prove the “non-framed” case
moEmb(S™, S") = myEmb(S", R"9).

Consider the following diagram, where the horizontal lines are fiber sequences:
Emb(S",R") —— Emb(S™,R"*7) —— Imm/(S™, R"+9)
l | !
Emb(S™, 8" ——— Emb(S™, S™1) ——— Imm/(S™, S"H9)

We view R = §"t7 — {0}, where the “infinity” point is of codimension n + ¢. Given
an embedding (resp. immersion) from S™ to S"*4, we can perturb it slightly in a way that
it misses the “infinity” point as ¢ > 3, so that we get an embedding (resp. immersion)
from S™ to R"™4. Therefore, the second (resp. third) vertical map is surjective on the level
of my. For injectivity, note that an isotopy (resp. regular homotopy) of an embedding (resp.
immersion) of S™ in S"*7 is (n + 1)-dimensional, while the “infinity” point has codimension
n + ¢, so it can still miss the point given ¢ > 3, and therefore the second (resp. third)
vertical map is bijective on my. The same argument holds for m; because ¢ > 3. Therefore,
the second and third vertical maps induce isomorphisms on my and 71 when g > 3. By five

lemma, we get

moEmb(S™, §79) = moEmb(S™, R™).

It is proved in [45, Theorem 1.1] that
ToEmb(S™, R™) = moEmby (D", D").

Using the argument from [44, Proposition 1.2], we have that the following natural pro-

jections are weak equivalences:
Emb)) (D", D"1) — Emby(D", D"*),

Emb’" (S, R™4) — Emb(S", R™9).
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Similarly, one can show that EmbfT(S",S”+q) — Emb(S™,S™11) is a weak equivalence.
Thus, we get different representations for moEmby(D™, D"t7) as in (2.4.1).

]

By Smale-Hirsch theory [25, 41], we have Immy (D", D"t?) ~ Q"SO(n + q), and since
we consider the ambient dimension tend to infinity, we get Immy (D", D) ~ Q"SO.
Note that Emb}) (D", D"*¥) is an open, dense subset of ImmJ’" (D", D"*N) of codimension
N —n. As N gets large, the inclusion Embl (D", D"N) < Imm}" (D", D"*N) becomes

highly connected, and we get Emb} (D", D"*°) o~ Imm}’ (D", D"*>®) ~ Q"SO.

Lemma 2.4.2. For q > 3,
o Emb) (D", D"™) = mohofib( Emb} (D", D"™1) — Emb} (D", D"*)).

Proof. By definition, onmbg’”(D",D"ﬂ) is equal to Wohoﬁb(Emb(’;T(D”,D"Jrq) —
Imm} (D", D"9) ~ Q"SO(n + ¢)), which is isomorphic to mohofib(Emb} (D", D"+4) —
2"SO) using the stability of the homotopy groups of SO:

Therefore, for ¢ > 3, we have that 7oQ"SO(n + q) = 1,50(n + ¢) = 7,50 = TN"SO and
similarly mQ"SO(n + ¢) = mQ"S0. Since Q"SO ~ Emb) (D", D"*>), we get the result
as a consequence of five lemma.

]

Thus, for any element [(f,«)] in WOE—mbgT(D”, D"t7) there corresponds an equivalence
class of a pair (f, &) where f: D" < D" and a: [0,1] — Emb} (D", D"**®) i.e, a: D" x
[0, 1] < D™ % [0,1] such that &|pnyo = id and @&|pny; = f, together with framing.

We consider D"t = D" x [0,1] obtained by identifying D" to D" x {1} and D" to
D" x {0} US™ ! x0,1], and then smoothening the corners. We similarly identify D"V +1 =

DN % [0, 1], for some large N. Therefore, each pair (f, &) can be thought of as a special
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disked embedding with Type III framing i.e., a pair (idUf, &): (S, D"1) < (S7Fa, DrN+1)
such that &|p» is the trivial inclusion id: D™ < D" with trivial framing, and & pr is the

framed embedding f: Dt — Dfrq. In other words, one has a natural map
i hofib(Embl) (D™, D"*) — Embl (D", D"**)) — SDEY. (2.4.2)
On the level of 7y, we obtain
T ﬂomgr(l)", D"ty — FCY,

[(f, )] = [(id U f,&)).

Theorem 2.4.1. For q > 3, u. is an isomorphism, and therefore
moEmb) (D", D™t) = FC1.

Proof. To show that p, is bijective, it suffices to show that hofib(Emb} (D", D"9) —
Embl (D", D"*)) and SDE¢ are weakly homotopy equivalent, and then Lemma 2.4.2
concludes the result.

Consider the following diagram, where the vertical lines are fiber sequences, and the map

w is defined above (2.4.2).

QEmbY (D", D) ——————— Embl) (D™1, Drltee)

l |

hofib(Emb))"(D”, D**7) — Emb} (D", D"t>)) —*— SDE4

| |

Embly (D", D"+9) Embly (D", D"+9)

Note that the top map is just restriction on the fibers. Moreover, it is a homotopy equiv-
alence since Emb)) (D", D"H1+%) ~ [mml (D" DrHle) ~ QS0 ~ QOSSO ~
QEmbgT(D”, D™°°). Thus, the map in the middle p is also a weak homotopy equivalence.
By Lemma 2.4.2, we get moEmby (D", D"*1) = FC4,
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]

Theorem 2.1.1 is immediate by combining Lemma 2.4.1 and Theorems 2.3.1 and 2.4.1.

2.5 Geometric interpretation of long exact sequences

associated with the triad (SG; SO, SG,)

In this section, we prove Theorem 2.1.2 for the “non-framed” case i.e., we show the isomor-
phism between the sequences in (2.1.1). The proof for the framed case is similar.

Recall that Img is the group of concordance (or equivalently regular homotopy) classes
of immersions of S™ in S"*?. According to Haefliger [23, Section 4], any representative in
ImZ is regular homotopic to a special immersion i.e., an immersion f: S™ & S""? such that
f|p» is the natural inclusion in D" and f| pr is an immersion in D’ We can extend this
immersion as a disk immersion f: D"+ 95 DN+ for N large enough. Furthermore, we add
framing on f by first extending the framing from the base-point * = e5 to D" inside D},
and then we extend this framing to D"*! inside D"*N*+! after taking the suspension. In
other words, we add disk structure and Type I framing in the same way as we did for special
embeddings representing elements in C?. Thus, any element in /m can be represented by
a special disked immersion (f, f): (S™, D"*!) 9» (S"+e, D"+N+1) with Type I framing.

Haefliger [21, Section 4.2] has shown that I'm is isomorphic to the homotopy group
(S0, SO,) where his map n: Iml — 7,(SO,SO,) is defined as follows: given a special
disked immersion (f, f): (S™, D"*1) o (S™*+4, D"*N+1) with Type I framing, one considers
the trivialization of the normal bundle induced by the framing of f. To each xz € S™,
one associates the (N — ¢) frame e, 419, ..., eNy1n41 With respect to this trivialization. This
(N — ¢) frame defines a map hy: S™ — Vy y_, that represents a homotopy class [hf] in

Tn(Vnn—q) = (SO, SO,), where Vy y_, = SOn/SOn_, is the Stiefel manifold.

Remark 2.5.1. Note that hf|Di is constantly equal to the identity inclusion RV=¢ ¢ RY

viewed as the base-point of Viy y_,) because the framing on D" is given by suspension and
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the last (N — ¢) vectors are €,44+2, ..., eN+nt1. Hence, the class [hf] depends only on the

framing at D" .

Let us now describe the map ¢ appearing in the geometric long exact sequence:
= FCY — 9 — Im-TFC | —

Note that Iml = moImmy(D", D"™) = 7, Vpign = mImma(D" !, D" The
natural map QImma(D""!, D" Emby(D"', D"t%7Y) induces a map Imd =
m Immy (D1, DY) — moEmby (D1, D=1 = FC? .

We can also interpret §: Im? — FC? | in terms of disked embeddings/immersions as
follows: given a special disked immersion (f, f): (S, D"*!) 9» (S™*+4, D"N+1) with Type 1
framing representing an element in Im, we consider the restriction f|gn-1—pnn pp =g =
id: S"1 — Smta=1l which is the natural inclusion. Moreover, we get the disk immersion
flpn: D} o D which can be immersed inside a bigger disk D™ by allowing more
dimensions. As a result, we obtain a disk immersion g := id o f] pr: DY % DTN with the
restricted framing from f| pr. Since N is large enough, we can change the framed immersion
g into a framed embedding §: D" < D"*N. The obtained pair (g,7'): (S"1, D") —
(Snta=t DN s a disked embedding where the framing on g’|g»-1 is given by suspension of
a framing inside S"" ! ie., (g,7) is a framed disked embedding. Therefore, given a special
disked immersion (f, f) with Type I framing, we can assign a framed disked embedding
(9,9 to it. Thus, we get a well defined map from I'm? to FC?_,.

The commutativity of the following diagram is given by a similar argument as in the

proof of Theorem 2.4.1.

Im4 0 S F_CZ_1

n

] ]

m Imm(D"~t, DY) —— o Emby (D", D)

Remark 2.5.2. Note that while defining 0, instead of (g,g) = (id,id o f|pn): ("', D") &

(Snta=t DntN) we can consider the pair (id,ido f

pr ) which is same as (id, id) since f|pn =
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id with framing restricted from f (such framing may not be a suspension). In FC? |, the
representative (g,g’) corresponding to (g,g) = (id,id o f|py) is equivalent to the framed
trivial disked embedding (id, id) = (id,id o f|p») with framing as on f|pn, since f acts as a
concordance between id o f]| pr and ido f |p». To be precise, we take a perturbation f’ of f

which acts as a concordance. We will use this in the following proof to show commutativity

of the third square in (2.5.1).

Proof of Theorem 2.1.2. To prove the result, we need to show that each square in the

following diagram commutes:

i1 (SG, SGy) —— 721 (SG; 80, 8G,) —— 1,(SO, SO,) —— m,(SG, SGy)

(= o] o] €|~

FCe » C4 s Img ——2 5 FC_|
(2.5.1)

For the first square, the map FC? — (9 is an inclusion on the level of representatives i.e., a
framed disked embedding representing an element in FCY clearly represents an element in
C1. Therefore, the commutativity of this square is straightforward from the construction.

The commutativity of the second square is given by Haefliger [21, Section 4.4] and is
easy to see. The map C? — Img is obvious since an embedding is also an immersion.
We have seen that the vertical map 7 on a given representative in Imf depends only on
the behavior of the representative on D", see Remark 2.5.1. Similarly, the top horizontal
map m,4+1(5G; S0, SG,) — m,(SO,S0,) is defined by restricting the representatives in
Tn1(SG; SO, SG,) to the half-disk D”.

We now check the commutativity of the third square. Given an element a € Img
represented by a special disked immersion (f, f): (S™, D"*1) 9» (S"+4, D"+N+1) with Type I
framing, by Remark 2.5.2, the corresponding element #(«) in FC?_, can be represented by
the framed trivial disked embedding (id, id) = (id,ido f|pn): (S*7!, D") — (S 'x D, D" x
DY), with the framing obtained as a restriction f|p». Recall that on S"~' = D" N D, the
framing is given by suspension of a framing inside S"*%~!. We can homotope the obtained

framing on S™~! so that it becomes trivial on D"~ *. Now, under the vertical map £, the image
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of §(«) is represented by a map ¢: D" x SV~! — SN~ with an extension ¢: D" x DY — DV
defined linearly by (x,y) + 7(x)(y), for some rotation r given by the framing on f|p». More
precisely, r: D" — SO(N) is such that r|gpn_gn-1 is a suspension of rotation in SO(q) with
r =idon D""' by construction. The map ¢ satisfies the definition of £ (see Subsection 2.3.2),
since ¢~1(0) = f(D") = D" x 0, with ¢|gn-1 € SO(q) such that ¢, = id for x € D" and
¢, is the suspension of a map DI — D9 for any z € Dfl. Moreover, ¢ also represents an
element in 7,(S0O, SO,) and is precisely the representative that we get for n(«), as n also
depends only on the non-trivial framing on D" (see Remark 2.5.1). Therefore, the square

commutes. O

2.6 Applications

2.6.1 Known computations

For C%, the well-known computations were done by Haefliger [19, 20, 21] in the 1960s and
later by Milgram [31] in the early 1970s. To the best of our knowledge, no computations
were done ever since. The Manifold Atlas webpage [1] describes all the known groups C.
Haefliger [19] has shown that C'? = 0 for n < 2¢ — 3. Furthermore, he proved that for ¢ > 3
(see [21, Corollary 8.14]),

. 7 q odd,
C’2(173 =

Lo q even.

For odd ¢, the generator is given by the Haefliger trefoil knot [20]. It is an interesting
question whether the Haefliger trefoil is a generator for the even case.

There are only a few computations for FC? in the literature. For example, Haefliger [21,
Theorem 5.17] has shown that FC? = Z & Z. Moreover, it is easy to see that for n < 2¢ — 3,
we get F'C? = m,(S0,), see Proposition 2.6.2.

The groups FCY¢ = m,.1(SG, SG,) are related to the homotopy groups of spheres.
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Some of these groups are known, in particular, FC3 = 73(SG,SG3) = Zy and FC3 =
m(SG, SG3) = Z, found in [21, Section 5.16] and [40, Proof of Lemma 3.1].
The rational computations of FC? are known [2, Corollary 20], [16, Section 5.7], and can

also be computed directly as follows.

Proposition 2.6.1. For g > 3,

Q n=q-1, q even,
FCl®Q=¢ Q n=2¢-3, q odd,

0 otherwise.
Proof. Since FC? = m,.1(SG,SG,), we consider the long exact sequence of the
pair (SG, SG,):
oo — M1 (SG) — 111 (9SG, SGy) — 1, (SG,) — T (SG) — ... (2.6.1)

The rational homotopy groups 72(SG,) can be easily computed by considering the long
exact sequence associated with the fibration Q4~157! — SG, — S7°! where Q¢ 15971
is the component of loops of degree one. The connecting homomorphism 7, ;(S97!) —
T (QE 1S = 7,4 0-1(S971) is given by the Whitehead bracket [idgq-1, —]. Note that all
7,(SG) are torsions being the stable homotopy groups of spheres, hence, 7%(SG) = 0. Using

the rational homotopy groups of spheres, we get

Q n=q-1, q even,
T (SG) = Q n=2g-3, q odd,

0 otherwise.

Thus, from the long exact sequence (2.6.1) we get WSH(SG, SG,) = 72(SG,) and that

concludes the result. O
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2.6.2 Metastable range

From [21, Section 4.4], one can deduce the following stability result for the groups FC?¢ and
FCY:

Proposition 2.6.2. Forn < 2q — 3, FCY = ,,,(50,50,) and FC! = 7,5S0,.

Proof. Consider the long exact sequence associated with the triad (SG; SO, SG,) given in
21, Section 4.4]:

oo = T (SG, SGy) = T (SG; SO, SG,) — m, (S0, S0,) — m,(SG,SG,) — ...
(2.6.2)
By [21, Corollary 6.6], the groups 7,41 (SG; SO, SG,) = C¢ = 0 for n < 2¢g—3. Therefore,
from the above sequence, we get 7,,1(S0, SO,) = T,:1(SG, SG,) = FCY for n < 2q — 4.
Moreover, any element of C¢ is trivial as immersion for n < 2q — 1, see [21, Corollary 6.10].
Thus, the homomorphism my,_2(SG; SO, SGy) — mey—3(S0, SO,) in (2.6.2) is trivial, and
we get mo,—3(50, S0,) = may—3(SG, SG,) = F_ng_4.
For the second equality, we consider the geometric long exact sequence given by Haefliger

21, Section 5.9]:
co. — TS0, — FCl — Cf — 71,150, — ... (2.6.3)

The result easily follows for n < 2¢ — 4 since C! = 0 for n < 2¢ — 3. When
n = 2q — 4, the homomorphism C3, 5 — 72,450, in (2.6.3) is the composition C3, 5 =

Taq—2(SG; SO, SGq)gmq_g(SO, SO,) — ma—-4(SO,), and therefore is also trivial. O
Lemma 2.6.1. Fori < q—2, m;(SG,) = m(SG).

Proof. When ¢ < ¢ — 1, we have m;(SG, SG,) = m (S0, S0O,) = 0, where we get the first
equality from Proposition 2.6.2, and the second one using the fact that m;(SO,SO,) = 0

for i < g. Therefore, from the long exact sequence (2.6.1), we conclude that for i < g — 2,
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2.7 Codimension two case

In this section, we consider the concordance groups C? and FC?. Haefliger briefly men-
tions that the homomorphism ¢: C? — 7,,1(SG; SO, SGs) = m,11(SG/SGs, SO/SO,) =
Tnt1(SG, SO) is an isomorphism for n even (see [21, Remark 3.8]). This follows from Ker-
vaire results in [26, Theorems II1.3, I11.6] and the Kervaire-Milnor exact sequence in [27] (see
also [21, §4.10])

oo Pot B0, > 1, (SG,S0) —» P, 5 L

where 0,, is the group of h-cobordism classes of homotopy n-spheres, and P, is the group of
cobordism classes of compact framed manifolds bounded by homotopy spheres. In particular,
P, = 0 for n odd, Z, for n = 2(mod 4), Z for n = 0(mod 4). Moreover, according to
Kervaire [26], every codimension two knot S™ < S"*? is concordant to a reparametrization
of the trivial knot, when n is even, while the group of concordance classes in this case
is C2 = 6,,1/bP,,». Note that the group 6,,1 = mDiff3(D"), n # 4, is responsible for
reparametrization of knots.

Haefliger’s argument in [21, §3.6] for the surjection of ¢: C¢ — m,41(5SG; SO, SG,),
q > 2, works when n is odd and ¢ = 2. The surjectivity in this case is used in the proof

below.

Proof of Theorem 2.1.3. Consider the commutative diagram in (2.5.1) with ¢ = 2 and

n odd (without loss of generality):

——2 —2
2 s (12 N 2 2
Ianrl — FC, > CF > Im: — FC, |, —— C7_,

)= le I 1B |s o= (2.7.1)

T0s1(SO) + Tyt (SG) > s (SG, SO) + m,(SO) + T, (SG) + ma(SG, SO).

To be precise, in (2.7.1) instead of 7, (SO) and 7,.(SG) one should use 7,(SO, SOy) and
m«(SG, SGs) respectively, in the special cases * = 1 and 2. Using the four lemma on the
left side implies £ is a surjection. Moreover, the four lemma on the right side implies £ is an

isomorphism. This concludes the result. O
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2.7.1 Some computations

For n < 6, using the known stable homotopy groups of SG and SO, and the J homomorphism

we get the following groups:

n 11 2 3 14]5] 6

m(SG,SO) 0| Z, | 0 |Z]|0]|2Z

Fn(SG, SGQ) 0| 7%Z ) ZQ Z24 0 0 ZQ

Table 2.4: Computations in codimension two

Note that for n > 3, the group 7,,(SG, SG5) = m,(SG) = 72, the stable homotopy groups

of the sphere.
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Chapter 3

Polyak-Viro type formulas for 2- and

3-component links

3.1 Introduction

In the classical case of knots i.e., embeddings S! — R3, Goussarov, Polyak and Viro [18, 34]
gave explicit formulas for some finite type knot invariants in terms of Gauss diagrams. A
Gauss diagram is an oriented circle with the information on overcrossings and undercross-
ings at double points of the projection. The preimages of each double point is connected
with an oriented chord, oriented from overcrossing to undercrossing. Moreover, each chord
in the diagram is equipped with a sign of the corresponding double point given by the local
writhe number. The following figure shows a Gauss diagram associated the 4; knot (picture

from [34, 35]):

3/(?

N
)
/

Figure 3.1: Gauss diagram of 4; knot
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An example of Polyak-Viro type formula is given for the Casson invariant in [35]. Tt is
defined as follows: If G is any based Gauss diagram of a knot K, then vg(K) is the sum
Ye(c1)e(ce) over all subdiagrams of G isomorphic to

and €(cy),e(c2) are the signs of the chords ¢y, ¢5 of the subdiagrams.
In particular, vs(4,) = —1, given by the contribution of the following subdiagram:

2

Figure 3.2: Subdiagram for computing va(4;)

Another way to describe a Gauss diagram is that it is the set of double points under
the projection forming a 0-submanifold with involution with some additional information of
overcrossing and undercrossing. For example, the Gauss diagram corresponding to 4;-knot

can be described as

2, 1.

2, 1.

Figure 3.3: Another description of the Gauss diagram of 4;-knot

where red denotes the overcrossing and blue denotes the undercrossing.

The goal for us is to find an analogue to the Polyak-Viro type formulas for high di-
mensional embeddings M?~! < R3 where M is closed, oriented, but possibly discon-
nected manifold. As done in the classical case when ¢ = 1, we first project the embedding
M1 — R3* to R3*-!. The set of double points under this projection forms an (¢ — 1)-

submanifold L, which we can view as a link in M%~!. This link is a manifold with involution
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such that one half of the link is overcrossing, and the other half is undercrossing. Moreover,
the fixed points of involution form a codimension one submanifold in L, containing the points
of Whitney umbrella. This embedded manifold with involution is an analogue to the Gauss
diagram in the classical case, because the Gauss diagram is also a 0-dimensional manifold
with involution encoding the information of overcrossing and undercrossing. Thus, the task
is to get an invariant expressed in terms of this link of double points under the projection
M1 R3 for £ > 2.

The invariants of 2- and 3-component links of dimension (2¢ — 1) in R that we get are

described in terms of the linking numbers between different components of L.

3.2 The set of double points

For an embedding M%*~1 < R3 we take its generic projection to R3*~!. Here is a general

theorem for generic maps:

Theorem 3.2.1. [/6, Theorem 4.7.6] Any generic smooth map f : M*~! — R3*~1 is an
embedding except as follows: there are double points, forming an (¢ — 1)-submanifold L(f),
and singular points forming an (£ — 2)-submanifold X*(f).

Near XX(f), fis locally given by

Here, the rank of the differential of f drops by one on L*(f). Such singular points are known

as Whitney umbrella points. Hence, L(f) = L(f)UX(f) is a smooth closed submanifold with

involution in M (with 3 (f) as the set of fized points), and f(L(f)) is an ({—1)-submanifold
of R3*=1 with boundary f(3'(f)).

We can say more about L(f) when f : M*~! — R3! is obtained by projecting an

embedding. In particular, we have

L(f) = Ly (f) U L-(f)
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where L, (f) is the overcrossing and L_(f) is the undercrossing. Moreover, L, (f) = L (f)U

Y1(f) is a manifold with boundary 0L, (f) = 3'(f) = OL_(f). Therefore, L(f) is the double

of the manifold L, (f) with boundary, embedded in M, thus forming an (¢ — 1)-link in M.

3.2.1 Orientation conventions

1. Note that the codimension of L(f) in M?~1 is /. When the codimension is even i.e.,
{ = 2k, the submanifold L(f) C M*~! and its image f(L(f)) C R%*~1 admit natural
orientations. Given any generic map f : M*~! — R =1 we define Ekholm orientation

(see [13]) on the set of double points and its image as follows:

For a self intersection € f(L(f)), let @ = (u1,...,us—1) be a basis of T, f(L(f)).
We can choose partial tangent frames v = (vgy, ..., v4—1) and W = (wog, ..., Wag_1)
of the corresponding two sheets coming together along x € f(L(f)) so that (@, ¢) and
(ud,w) are the positive bases of these two sheets. We say « represents the positive
orientation of f(L(f)) if the frame (i, @, ) forms a positive basis of R%*~1. Since
the codimension of f is even, this induced orientation is independent of the ordering
(since ¥ and o/ are 2k-dimensional). Thus, the orientation on L(f) is defined such
that f : L(f) — f(L(f)) preserves the orientation. This orientation is preserved by
the involution and therefore it is not globally defined on the components of m with

Whitney Umbrellas points. This can be fixed in case the map f : M*~!1 — R%~1 g

obtained by projecting an embedding, see below.

2. When f corresponds to the projection of an embedding i.e., f : M4~ < ROk — RO61

we can define an orientation on the link L(f) by the following convention: we take

Ekholm orientation on L, (f) and the opposite one on L_(f),

L(f) = L (f) U=L_(f)

This gives a way to define orientation on components with Whitney Umbrella points.

We call such an orientation as adjusted Ekholm orientation.
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3. When / is odd i.e., £ = 2k + 1, and f : M*+! — R%+2 corresponds to the projection
of an embedding, we can still define orientation on L(f) by fixing the order on the two

sheets coming along the self intersection point.

For a self intersection = € f(L(f)), let @ = (uq,...,us) be a basis of T, f(L(f)). We
fix the order and orientation on the two sheets coming together along x € f(L(f)) as
follows. At each double point x, one of the sheets is above the other sheet with respect
to the direction of the projection. Choose a tangent frame U = (vgy1, ..., vg41) for
the sheet which is above, and @ = (wagy1, - - ., Wars1) for the sheet which lie under, so
that (¢, v) and (@, ) are the positive bases of these two sheets. We say « represents
the positive orientation of f(L(f)) if the frame (@, ¥, @) forms a positive basis of R%+2,

Thus, the orientation on L(f) is defined such that f : L(f) — f(L(f)) preserves the

orientation and we have L(f) = L. (f)UL_(f).

Applying the Theorem 3.2.1 to f : M3 — R5, we get that L(f) is 1-dimensional with
a O-dimensional submanifold ¥!(f). The possible singularities are double points and the

points of Whitney umbrella. Since the codimension is even, there is a natural orientation

on L(f) and f(L(f)). Thus, L(f) is a 1-manifold with involution in M which is an oriented

M
N

Figure 3.4: Possible components of L(f) when ¢ =1

link with the components of following three types:

We denote the undercrossing in blue, overcrossing in red and the points of Whitney

umbrellas in green. The images of these link components under f are given in R> by
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O O- O

() — ——
./

Figure 3.5: Corresponding f(L(f)) for £ =1

For pictures, we use Ekholm orientation.

3.3 Cobordisms induced by isotopy

We are looking for an isotopy invariant, so now we see what happens when we isotope

M?~1 < R3*. An analogue of Theorem 3.2.1 is as follows:

Theorem 3.3.1. A generic smooth map H : M**~1 x [0,1] — R*~1 x [0, 1] is an embedding
except as follows: the set of double points L(H) is an immersed {-manifold with transverse
self-intersection, and H(L(H)) can have a discrete set of triple points with transverse self-
intersection. Moreover, XY (H) is an (¢ — 1)-submanifold containing the points of Whitney

umbrella. Hence, L(H) = L(H) U XY(H) is a smooth immersed compact {-manifold with

involution in M x [0,1] (with the set of fized points X' (H)), and H(L(H)) is an immersed
(-manifold in R3*~1 x [0,1].

In particular, when we project an isotopy, we get a cobordism between L(fy) and L(f),

which can be described as

L(H) = L, (H) UL_(H).

Thus, L(H) is a double of an f-manifold with corners L, (H), with internal boundary

OL,(H) = X' (H) and other parts of boundary L. (fy) and L, (f;). Moreover, L(H) it-
self is a cobordism with involution, with a codimension one submanifold of fixed points of

Whitney Umbrellas.
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3.3.1 Elementary cobordisms when ¢ = 2

We first give an analogy of the Reidemeister moves from the classical case £ =1 to ¢ = 2.
By Theorem 3.3.1, we get a 2-dimensional cobordism L(H) C M? x [0,1] as a double
of a manifold with boundary X*(H), whose image under H may have triple points. Under

isotopy, we get the following possible cobordisms as the double L(H).

1) The analogue of the first Reidemeister move:

/\7 under cobordism ‘

Figure 3.6: First Reidemeister move for R — R3

(D under c:)vbordism @

Figure 3.7: First Reidemeister move for M3 — RS

2) The analogue of the second Reidemeister move:
under cobordlsm ‘ ‘

01
LR

Figure 3.8: Second Reidemeister move for R < R3

O O under coNbordism

Figure 3.9: Second Reidemeister move for M3 «— RS

There are other possible embedded cobordisms which do not appear in the classical case.

3) Saddle cobordism containing points of Whitney umbrella:
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—>—°—‘— under cobordism -
Figure 3.10: Saddle (and its local picture) with Whitney umbrella points

We can get rid of the points of Whitney umbrella using this cobordism.

4) Two saddle cobordisms occurring simultaneously:

i e

_)_ >
under CoNbordism
_(_ (
>

Figure 3.11: Saddles (and their local pictures) that occur simultaneously

In addition to embedded cobordisms, there is another cobordism coming from the triple
points, which is not embedded.

5) the analogue of the third Reidemeister move:

<= XK - S
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Figure 3.12: Third Reidemeister move (and its local picture) for R < R?

For M3 < RS, each strand 1,2 and 3 is 3-dimensional and their double-intersections

A, B, and C' are 1-dimensional.

-

3

AN
/

-oxX X

w
=

X
/> o\

>y

A

N X
l
X
l
hed

< -

>

w

Q
Q

w

>
i
>

Q
Q

Figure 3.13: Third Reidemeister move (and its local picture) for M3 < RS

3.3.2 General cobodisms

In general, there are two different ways to describe the cobordisms we get under isotopy. In

M?*~1 x [0, 1], we can consider the cobordism L, (H ), which is an f-manifold with boundary

OL.(H)=X'(H)UL,(fo)UL,(f1). On the other hand, one can consider the cobordism given

by the double of L, (H) i.e., L(H), which is an f-manifold with involution, with a codimension
one submanifold ¥'(H) of fixed points of Whitney Umbrellas. In the next section, we
discuss the first point of view i.e., cobordisms of manifolds with boundary. Additionally
to cobordisms, there is a high dimensional analogue to the third Reidemeister move which
corresponds to triple points in the isotopy of M?~! — R3‘. Let A, B, and C denote the
(¢ — 1)-double intersection of 1 N3, 1N 2 and 2 N 3, respectively, when projected to R3*~1.

Under isotopy, we also get points of triple intersection in R3*~! x [0, 1].
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A
B
Figure 3.14: Third Reidemeister move for M2~1 < R3

7/

At the moment of the triple intersection, the three preimages in each component occur

as double intersections inside (2¢ — 1)-balls given as follows:

CA

Figure 3.15: The preimages of the triple intersection

Under the isotopy, the preimage of passing through the triple point corresponds to the

local change in the crossing of the double intersection in each component:

X - X - X

Figure 3.16: Crossing change when we pass the triple point

The sign of the crossings change under this move.
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3.3.3 Cobordisms of manifolds with boundary

Let us first recall the Morse theory for manifolds with boundary.

Let (Mo, 0My) and (My,0M;) be two compact, oriented (¢ — 1)-manifolds with boundary.
We say (2, 0/12) is a cobordism between (M, 0My) and (M7, 0M), if 2 is a compact, oriented
¢-manifold with boundary 09 = 9;QQU MyU M, such that MyNM; = (), 9;QN My = OM, and
0rQ) N My = OM,. Alternatively, 2 can be thought of as a manifold with corners M, LI M,
and 0;) is what we call the internal part of the boundary of Q. A function f: Q — [0,1] is
called a Morse function if f|y, = 0, fla, = 1, and all of its critical points are non-degenerate
and are contained in the interior of Q2. Moreover, we require that f|s,q is a Morse function
on 0;Q. All critical points (both on € and on 0;2) are assumed to occur at distinct levels.

Given a Morse function f : Q — [0, 1] and a critical point p € Q—09 of index i, 0 < i < ¢,

there exist local coordinates xq, xo, ..., x, centered at p, such that
f(r, ..o m) = flp) —af— ... —xf+ 2l + ...+ 7.

We define a boundary critical point as a critical point of f|s,q. We can always make a
choice of coordinates centered at a boundary critical point p? to be z1, 2, ..., s such that
x; > 0. Then, near the boundary critical point p® of index i, 0 < i < ¢ — 1, the function will

be given by
oy, z) = f0°) —at — =2l al 4+l Ly

Surgeries on the level sets of () from interior critical points

Let f:Q — [0,1] be a Morse function. Consider the sublevel sets

Qcoog =1z € Q|f(z) < a}

and

Qg = {r € Qla < f(x) < b}
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Note that the boundary part f~'(a) := Q, C 0Q(,q is the level set. If there is one
critical point p of index 4, 0 <4 < £, in the interior of Qy, then Qo = Qoo q U Hi,
where H; = D' x D" is the ¢-dimensional handle of index i, attached along some framed
embedding ¢ : S*7! x D" < Q,. In particular, the level set € is obtained from Q, by a

spherical surgery: we remove ¢(S""! x D*~%) from , and replace it by D? x §*~=1,

Q= Q\(ST x D) | ) Dix st
Si—1xge—i=1

Note that when we pass the critical point of index 0, we attach a handle Hy = D° x D of
index 0, along the framed embedding @ = S~' x D’ < ,. This surgery results in taking the
disjoint union with an /-disk i.e., £ = Q, L D° x D’. Moreover, when we pass the critical
point of the top index ¢, we perform a surgery which fills in S*=' x D° < , with a disk
D' x D% Thus, O = Q, Uge—14 po DY x DO,
Remark 3.3.1. The surgeries corresponding to the attachment of handles of indices 0 and /,
when applied to cobordisms induced by isotopy, see section 3.3.1, give an analogue to the

second Reidemeister move in higher dimension.

Surgeries on the level sets of ) from boundary critical points

Recall that, the Morse function around a boundary critical point p? of index i, 0 < i <

¢ — 1 is locally given by
@1, nme) = f(P7) —af — . — a2 + a2 + .+ 2]+ may,

where m = £1. In 2, passing the boundary critical points corresponds to attaching half-
handles on the sublevel sets of €). For the level sets of €2, the result is obtained by performing
a discal surgery, which is described as follows.

Consider the half-disk D’ := D'N{z; > 0} with boundary 0D}, = D'"'US% ', where ST
is the upper hemisphere of S*~'. We define a right half-handle of index i by R; := D' x D ™
and a left half-handle of index i by L; := D\ x D'

When m = 1 and we pass a boundary critical point of index 4, 0 <7 < £—1, then Q_
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is obtained from Q(_., 4 by attaching R; = D" x Dﬂ_i along some framed embedding of a pair
(¢,9%) : (S71x DT S x D) < (Q,, 0104 = 09,). The level set (€, 9€2,) is obtained
by removing the image of (¢, ¢?) from (Q,, 9€2,) and replacing it by (D’ x D1 =1 x
D*~=1). Note that the effect of this surgery is equivalent to attaching a handle D? x D*~i-1
along ¢? : S x D71 < 99, i.e., Q = Qy Ugiz1y pe—i—1 D' x DL

When m = —1 and we pass a boundary critical point of index 7, 0 < i < ¢ — 1, then
Q(—co,y) is Obtained from (o 4 by attaching L; 11 = D' x D"~ along a framed embedding
(¢,97%) : (S, x D71 S0 x DFL) s (Q, 09, ). We obtain the level set (€, 0€%) from
(Q, 0Q4) by removing (¢, ¢?)(SL, x D1 571 x D71) and replacing it by (D7 x
Sti72 5% x §717%). Note that the effect of this surgery is equivalent to removing from €,
the image of ¢, which is the same as cutting off a handle of index ¢ — 7 — 1 from (2,,.

Thus, passing a boundary critical point of index 7, 0 < 7 < £—1 results in either attaching
a handle of index ¢ or removing a handle of index ¢ — ¢ — 1 from (2,, depending on whether

m =1 or m = —1, respectively.

Remark 3.3.2. Note that passing the boundary critical point of index 0 with m = 1 results
in attaching a right half-handle D° x Di along the framed embedding @ = S—! x Dﬁ — ().
Moreover, passing the boundary critical point of the top index ¢ — 1 with m = —1 results
in the removal of a left half-handle Dﬂ x D° of index ¢. Thus, the surgeries corresponding
to boundary critical points of index 0 (with m = 1) and index ¢ — 1 (with m = —1), when
applied to cobordisms induced by isotopy, see Section 3.3.1, gives an analogue to the first

Reidemeister move in higher dimension.

Remark 3.3.3. For ¢ = 2, we get both saddle cobordisms given in Section 3.3.1. The surgery
corresponding to an interior critical point of index ¢ = 1, gives the two saddles that occur
simultaneously. While the surgeries corresponding to the boundary critical points of index
i=0(m = —1), and index i = 1 (m = 1) gives the saddle cobordism containing Whitey

Umbrella points.
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3.4 Brunnian splitting

In the previous section, we considered a general situation of an embedding M?~! — R3¢,
where M is a closed oriented manifold with possibly several path componentsi.e., M = ZgMz
Starting from now, we focus our attention to either spherical or long links spaces, denoted
by Emb(IEIS%_I, R3) or Emb(IEIR%_l, R3), respectively.

It is known [44, Lemma 3.7][29, Lemma 4.8] that for ¢ > 2, the set of connected compo-
nents of spherical links is same as the set of connected components of the long links i.e., for
any k € N

onmb(IElS%_l, R3) = WOEmba(lzl]RM_l, R39). (3.4.1)

The latter is a finitely generated abelian group (see [21, 22]) for ¢ > 2. The prod-
uct on WoEmba(llezg_l,R?’f) is induced by concatenation of links. The product in
WoEmb(IEIS%_l,R“) is defined by Haefliger [22, §2.5] by component-wise connected sum
given as follows: for [f],[g] € WOEmb(IEIS%_l, R3) with images of f and g contained in two
disjoint balls, we connect these images component-wise by thin tubes. Since the complement
of the images of f and g are simply connected (in fact (¢ — 1)-connected), this operation is
well-defined. Moreover, the inverses exist because isotopy classes of such embeddings coin-
cide with concordance classes when ¢ > 2 (see [42]). It is easy to see that the isomorphism
in (3.4.1) respects the product.

Consider the homomorphism WOEmb(lEIS%_l,RSZ) — @ﬂoEmb(S% ' R%*) induced
by the maps where we forget all but one component. The kernel of this map is

7y Emb(LUS? 71 R3), the subgroup consisting of k- component links where each component
k

is unknotted. Moreover, there is a map éWOEmb(Si%’l,RM) o WOEmb(IEIS%_l,R?’() that
creates a k-component link where each Sﬁil is contained in a small (3¢)-ball disjoint from
the other balls. Thus, @WOEmb(S% I R¥) is a retract of the group WQE?TL()(US% 1 R3Y),
and we get the followmgéphttmg

moBmb(LSH !, R¥) = (@WOEmb (521 R?"’)) @ 7 Emb(US* !, RY). (3.4.2)

=1
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A Brunnian link is a non-trivial link that becomes trivial if any one of the components
is removed. Denote by WSTEmb(%S%_I, R3) the subgroup of ngmb(%S%—l, R3) consisting

of Brunnian links if k£ > 2, and for k = 1 we set 75" Emb(S?~1, R?) = moEmb(S* 1, R%).

Proposition 3.4.1. For { > 2,

k
WOEmb(IEIS%’l,R%) = @( (% wg’"Emb(gsﬂfl,R“)) (3.4.3)
=1 i

Proof. Firstly, there is a natural map EE( D WSTEmb(I?JS%_l,]RSﬁ)) — WoEmb(IEJS%_l,R‘%)
defined using the component-wise conn;cte(gl)sum defined earlier. Moreover, we can further
continue the splitting in (3.4.2) as follows. For any pair {i,j} C {1,...,k}, we consider
a map WgEmb(IEIS%_l,]RSK) — ﬂgEmb(IEIS%_l,RM) = WSTEmb(IEIS%_l,RM). There are (})
choices of such maps. Thus, we get a map W()UEmb(IEIS%’I,R%) — ?WSTEmb(IEIS%’l,RM),
where the kernel is given by the subgroup of links such that if one2 removes all but (any)
two components the resulting link is trivial. We can continue to split the obtained group

k
and iteratively doing so we get WgEmb(IEIS%”, R3) = @( ® 7o Emb(US* L, RM)), which
=2 (%) E

concludes the result. O

3.5 3-component links

Proposition 3.4.1 for 3-component links implies the following Brunnian splitting provided

0> 2:

onmb(IEIS%‘l, R3) =

( & 1o Emb(S2, R“)) ® ( ® iy Emb(US* !, R?’f)) © 7y Emb(US* ™ R¥). (3.5.1)
3 3

Using Haefliger’s work, the following is known about each of the summands. By [21,
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Corollary 8.14],

Z € >2, (even,
ToEmb(S* R = N

Z, £>3, (odd.

The generator for the Haefliger invariant moEmb(S?~!, R3) — Z is given by the Haefliger
trefoil knot (see [20] for even ¢ and [29] for odd ¢.) By [22, Corollary 10.3] and using the

homotopy groups of spheres, we get

7.2 (=2,
WS’"Emb(IEIS%_l,RM) =4 Z2@torsion (>4 even,
torsion ¢ >3 odd.

In Section 3.6, we find an explicit invariant which detects the non-torsion part of
WSTEmb(Ing%_l,]R%) along with (non-torsion) generators. From [22, Theorem 9.4], one can
easily deduce

T Emb(LS* ! R3) = 7.
3

In Subsection 3.5.2, we find an invariant which produces the above isomorphism. Moreover,
in Subsection 3.5.3 we show that the generator in this case is given by the high dimensional

Borromean link.

3.5.1 Linking number

We now give different but equivalent definitions for a high dimensional linking number.
e For two disjoint oriented manifolds M™ and N™ in R™* 1 consider the Gauss map
¢: M x N — §mtn

y—x

(z,y) = —.
ly —
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The linking number [k(M, N) is defined as the degree of ¢ i.e., [k(M,N) = deg(¢).
We orient S™*™ as the boundary of the unit ball in R™*"*! using the outward normal
first convention: the outward normal vector followed by Or(S™*"), the orientation of

S™Hn gives the standard orientation of R™ 7+,

e Consider M™ LI N™ in R™*"+1 and project it to the orthogonal hyperplane v+ along
some non-zero vector v. Given two points m € M and n € N with the same projection
on v*, we say point n is above m if n — m = v for A > 0. We then define the linking
number [k(M, N) as the algebraic number of crossings where M passes under N. At
each point where M crosses under N, we count the sign as follows: a crossing is

+1 (respectively —1) if the orientation of M followed by v and then the orientation

of N ie., (Or(M),v,0r(N)), gives the positive (respectively negative) orientation of

Rm—i—n—l—l

e Let M™ and N be triangulated and thus can be considered as singular cycles. Let
N™1 be a singular chain such that N = N, often but not always one can choose
N to be a manifold with boundary N, where N is oriented using the outward normal
first convention. Note that M and A intersect generically at finitely many points, and
thus we define (k(M, N) as the algebraic number of intersections of M and N. At an
intersection point, we assign +1 (respectively —1) if at that point (Or(M),Or(N))

gives the positive (respectively negative) orientation of R™+" 1,

With the chosen conventions, one can check that all three definitions above are equivalent.
The second definition is equivalent to the first one: Suppose we project M™LIN™ to v along
some non-zero vector v, then the degree of ¢ can be computed as the algebraic number of
points in the preimage of |:j—| € S™*" where each preimage corresponds to a crossing where
M passes under N. Moreover, to count the sign, we first take the outward normal to S™*",
which is the vector v, then (—1)™ times the orientation of M followed by the orientation of
N ie., (v,(=1)"Or(M),Or(N)) and compare it with the standard orientation of R™*"*!

y—a

(the sign (—1)™ is due to the fact that x € M appear with negative sign in H) Note that

this sign convention matches with the one given in the second definition.
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The second definition is equivalent to the third one: we construct the singular chain

L, we can take a cylinder for N along the —v

N as follows. Since the projection is on v
direction, making sure that the cylinder is long enough so that its bottom side is below M,
and it intersects M at all points where M is under N. Then we can cap off the bottom
end of the cylinder by the cone of N. Thus, the result is an (n + 1)-singular chain N with
boundary N. Because of the outward normal first convention, the cylindrical part of N at
the points of intersection with M, is oriented by (v, Or(N)). Therefore, the sign at any
intersection point is given by the sign of orientation (Or(M),v,Or(N)), compared with the

standard orientation of R™*"*1 This matches the sign convention in the second definition.

Note that the linking number is anti-symmetric:

Ik(N, M) = (=1)m+D0+D1E (A N) (3.5.2)

To see this, let us define (k(N, M) using the first definition as the degree of the Gauss map

¢ : N x M — S™" such that (y,x) — é:z'. The degree of ¢ differs from the degree of
¢ exactly by a factor of (—1)m+TD™+1) gince the orientation of N x M differs from M x N
by (—1)™", and the central symmetry of S™*" contributes by (—1)"*"*1. Thus, we have

Lk(N, M) = deg(¢) = (=1)™D0* D deg(g) = Ik(M, N).

3.5.2 The invariant

Consider a 3-component link X LY U Z — R3 with each component a (2¢ — 1)-sphere.
We project the embedding to R*~! and look at the preimage of the intersection points. We
recall the orientation conventions for the set of double points given in Remark 3.2.1. For
any component ¢ = X,Y, Z, the preimage of the intersection with j = X,V Z is given by
the double point sets L;; and L;; lying in component i, where L;; denotes the overcrossing
(¢ above j), and L;; denotes the undercrossing (i below j).

Theorem 3.5.1. The following formula gives a homomorphism V : WOEmb(IEIS%_l,R“) —

Z which is 0 on the first two summands of the Brunnian splitting (3.5.1), and is an iso-

morphism on the last summand WgrEmb(IEIS%’I,RSZ) ~ 7. Given a representative F of a
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spherical 3-component link X UY U Z < R, one assigns to it

1
6

k(LY 7, Ly x) + 1k(Ly 5, Ly ) + (=1)'2k(LY 5, Ly ) + (1) '20k(Ly 5, LY x)

V(F) = 2 [IR(Ly, L) + (L, L) + (<) 720K Ly Ly ) + (<1 720k ( Ly L )

F UL, L) + (L Lay) + (<) 20K, Ly) + (1) 20k(L 5 Lhy)| - (353)

Remark 3.5.1. The reason we consider such a long formula is that it is symmetric under
the following changes: changing orientation of any of the components, permuting the com-
ponents, and changing the ambient orientation. The symmetries are encoded by the group
(Z21S3) X Zy containing 8 X 6 X 2 = 96 elements. Changing the orientation of any one of the
components changes the sign of all linking numbers in the formula (3.5.3), thus the overall
formula changes by a negative sign. For example, if we change the orientation of X, all the
double point set L;; in the formula with one of the entries as X change orientation, thus
becoming —L;;. Moreover, the linking numbers defined in X also change sign, thus the over-
all formula changes by a negative sign. Changing the ambient orientation i.e., performing
the mirror symmetry where overcrossings become undercrossings and vice-versa, does not
change the formula. More precisely, with our orientation conventions as in Remark 3.2.1, L;;
swaps with L;; when £ is even, and L;; swaps with —L;; when ( is odd. But in each case this
transformation does not affect the formula. The S3 action for permuting the components
is trivial when ¢ is even, thus the formula remains unchanged since linking number is sym-
metric when ¢ is even. When ¢ is odd, the action is given by the sign representation of Sj.
For example, if X and Y are permuted, then we get back all the linking numbers present
in the formula (3.5.3), each with the reverse order, like the first linking number becomes
lk(Lyx,Lyz) = —lk(Lyz, Lyx). Since the linking number is anti-symmetric in this case, we
get a negative sign from each term, thus the overall formula changes by a negative sign. It
is easy to check that when we permute X to Y and Y to Z, then we get back all the linking

numbers in the formula, each with the same order, thus the formula is preserved.

Proof. Note that the Whitney Umbrella points appear as a limit of self-intersection. On the

other hand, the formula does not involve self-intersections, and therefore is unchanged under
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any cobordism moves which correspond to the surgeries induced by the boundary critical
points, see Section 3.3.3. Moreover, the cobordism moves corresponding to the interior crit-
ical points (see Section 3.3.3) preserve the linking numbers of the formula (3.5.3), leaving
V(F') unchanged. However, the analogue to the third Reidemeister move described in Sec-
tion 3.3.2 changes the linking numbers. It is easy to see that the third Reidemeister move in
which one of component is repeated (for example, at the triple point if two sheets of X and
one sheet of Y come together) do not change any of the linking numbers in V(F). We first
consider the case when at the triple point, the component X is above Y, and Y is above Z.
The following is a local model for this situation considered as a projection to R*!,
Consider a 1-parameter family {F;} of a link X UY U Z — R3 for ¢ € (—¢, €) such that
its projection to R3*~! along the last coordinate is a 1-parameter family {f;} of immersions
XUY UZ9s R¥ ! Since X is above Y, and Y is above Z, we can assume that the last
coordinates of X,Y, Z are constants a,b, ¢ respectively, where a > b > c. Suppose that a
triple point occurs at t = 0 i.e., fy has a triple point say 0 € R3*~!. One can find the

following local coordinates

(T, Y1y Y1y 21, - - - 20-1),s
(?J,Zh cee s R0—1,21, - - 'xf—l)u
(Zaxb ey Tp—1,Y1,5 - - 7?/@—1))

on X,Y, and Z respectively, and local coordinates

(T, Yy Ty e ooy o1 YLy o e ey Y1y 21y e vy Z0—1)

on R3*~1 where all coordinate systems are assumed to be positively oriented. Near the triple
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point 0 € R~ we have

ft|X = (xa()aov"wovyla"'7y€—17Z17"'7Z€—1)7
——
-1
ft’Y = (t>yax17'"71'@71707"-707217"'72’[71)7
——
-1
ft|Z: (Zaz7x17"'7xZ—17y17"'7y€—1707"'a0>'
£—1

Note that only the component Y is moved by this isotopy. The double intersections of f; are

given by (¢ — 1) manifolds as follows:

fth ﬂft|y = (t,O,O,...,O,O,...,0,31,...,34_1),
-1 -1

fthmft‘Z: (O,O,O,...,0,51,...,54,170,...,0),
-1 -1

ft|Yﬂft|Z:(t,t,gl,...,§5_1,07...,O,07...,O>.
——

According to our convention in Remark 3.2.1, we orient fi|x N fi|y in R3*~1 by first
taking the orientation of the intersection, then completing the orientation of X followed by
the remaining orientation of Y, such that the overall is the positive orientation of R3~1!.
More precisely, if (e, e, ..., e3-1) denotes the basis for R3~! in the new coordinates, then

one can check that

-1 -1
((—1) €2041,€2042;, - -+, €301, (—1) €1,€042,...,€20,€2,€3,... ,€e+1j)

Or(felxNfely) rest of Or(X) rest of Or(Y)
gives the positive orientation on R3*~!, thus ((—1)*'egs 1, €212, . .., e3_1) is the orientation
of filx N fily. Similarly, (esyo,...,e9) is the orientation of fi|x N fi|z, since

1 /—1
(€e+2, - G2y, (— ) €1,€20+1,---,€30-1,€1 + €2,€3, ... 7€e+14)
Or(felxNftlz) rest of Or(X) rest of Or(Z)
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gives the positive orientation on R*~!.  The orientation of f;|y N fi|z is given by

((=1)%es, €4, ..., €041), Where
(\(—1)663, €4y... ,€g+1,\(—1>£€2, €204 1y -+, 63571/, —(61 + 62), €2, .- ,62{)
vV TV TV
Or(felyNfilz)) rest of Or(Y) rest of Or(Z)

is the positive orientation on R3¢
The oriented preimages of the double intersection of f; in each component are given as

follows:

In X : Ly (t)=(t,0,...,0,(=1)"ts1,80,...,81),

N——
/—1
LY, =1(0,51,...,81,0,...,0),
xz = (0,3 -1 )
/-1
InY: Lyy=(0,(-1)""s1,82,...,8.1,0,...,0),
N——

L;Z(t) - (ta 07 s 707 (_1>£§17 §2> s a§€—1)>
/-1

In 7 : LEX:(0’07“‘70’517"‘754—1)7
——

/-1

Lgy(t) - (t, (_1)€§1’§2’ e ,5571,0, e ,0)
-1

Note that the only linking numbers that contribute are (k(L%y, LY ), k(LY ,, Ly 5 ), and

k(Lyx, Lzy)-

For t = —§, where ¢ is a small positive number, we get three local pictures
L}y Ly, Ly
/‘l/ Ly, /l/ Lyx /l/ Lyx
X Y Z

Figure 3.17: The inverse image of double-intersection of f; for ¢ <0
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We calculate the change in linking numbers in X going from f_s and f5. Assume L%, is a
boundary of some singular ¢-chain C'(L% ) which is given by {(r, §1,...,5,1,0,...,0)|r <0}
near L} ,. For t = —§, C(L%,) intersects L, exactly at one point, as shown in the figure
below. Recall that the linking number 1k(L%y, LY ;) is given by the algebraic intersection
number of Ly N C(LY,), where at the intersection point we take Or(L%y), then 2 (the

outward normal to LY ), followed by Or(L% ) i.e.,

(2,2 0 0.0 0
Oz1 Oy’ Oz O0x Oy Oye—r /)
or(LLy) or(LL,)

It is easy to check that this contributes (—1)*~! to lk(L%y, LY ,). Note that for ¢ = 4, this

intersection point disappears. Thus, the change Alk(L%y, LY ,) = (—1)"

+
LXY

t<0 t>0

Figure 3.18: C(L%,) intersected with L%,

In the component Y, both Lj, and Ly, move along with Y going from
fos and fs. Assume Lyy is a boundary of a singular f(-chain C(Lyy) =
{(r,(=1)*tsy,89,...,80-1,0,...,0)|r < 0} that intersect Li>, exactly at one point for

t = —4, see the figure below. At the intersection point, we take

0 0 0 g 0 0o 0 0
+ 59 - (1% 9 9 9 41 9 9 9
(OT(LYZ)’ 6y70T(LYX)) (( 1) axl’ 8.1:27..., axe_l, ay,( 1) 821, 62’2’”.7 aZg_1>’

which contributes —1 to lk(Ly,, Ly ). For t = ¢, this intersection point disappears, thus

Alk(LY,, Ly ) = +1.
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t<0 t>0

Figure 3.19: C(Ly ) intersected with Ly,

To see the change in Z, we consider a singular /-chain

C(Lyy) = {(t+7,(=1)51,8,...,51,0,...,0)|r > 0}
with boundary L,,.. For ¢t = —§, C(L,, ) intersects L,y exactly at one point, see figure
below, where at the intersection point we get

0 g 0 0 0 g 0 0
L), —— L, ==—,=,... —— (=1, =, ..., —).
(OT( ZX)7 OZ’OT( ZY)) (8y1’ ay2a 76:1/[71, azv( ) axla 8$2’ ’8304,1)

This contributes (—1)*~! to lk(L,, L, ), and since this intersection point vanishes for ¢ = 4,

we get Alk(Ly,y, L;y) = (—1)"

L, Lygy
t<0 t>0

Figure 3.20: C(L,y ) intersected with L,

o4



While passing the triple point, the overall change in the formula is O:

AV(F) = V(F5) = V(FLs)
= Alk(Lyy, Ly z) + (1) 2A1K(LY 5, Ly ) + Alk(Lzx, Lzy)
= (=D (D724 (=)

=0.

Thus, the formula V(F) is invariant under the third Reidemeister move with the convention
that at the triple point, X is above Y, and Y is above Z.

Note that there are seven more cases to be checked when X is above Y, and Y is above
Z corresponding to different orientations of X,Y and Z at the triple point. Additionally,
one should also check that the formula is invariant when the heights of X,Y and Z have
a different order at the triple point. So, formally speaking these different versions of the
third Reidemeister move are encoded by the action of the group (ZyS;) with 8 x 3! = 48
elements. However, note that our formula has these symmetries according to Remark 3.5.1,
and the action of this group must be a sign action. To compute the exact signs, we first note
that the cycle (123) of S5 acts trivially in both one-dimensional representation of S;. Note
that our formula (3.5.3) is preserved by the cyclic (123) action. Thus, it suffices to check
the changes under the action of a transposition in S3, and when the orientation of one of the
components is reversed (together with the cyclic permutations, they generate (Z 1 .S3)).

Let us take the component X with opposite orientation, so now —X is above Y, and Y
is above Z at the triple point. One can check that the following changes occur:
With the same local coordinates of X,Y,Z and R3*~! as before, near the triple point the

map f;|x changes as follows:

ft|X = (_'IaO?Ow"7an17'"7yé—1azl7"'7zf—1)-
/-1

Note that all double intersections of f;, in R*~! are the same. However, the orientations of
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both fi|x N fily and f;|x N fi|z changes using the facts that

L -1
((=1) €201, €042, - - -, €30-1, (—1) 617€z+27~‘-,6267—62763,-‘-,64+11)
Vv Vv Vv
Or(ft|XNf:|Y) rest of Or(X) rest of Or(Y)
and
-1
(:e€+27 €€+37 CI 762€7 (_1) €1, 6234-17 ceey €301, (_(61 + 62)7 €3, ... 7€£+1)
Or(ft|XNft|Z2) rest of Or(X) rest of Or(Z)

give the positive orientation on R3¢,

Thus, the new oriented preimages are

Liy(t) = (—t,0,...,0, (—1)%s1,52,...,50-1),

——
/—1

L%, = (0,51, 50,...,51,0,...,0)

XZ ) 1992y« 39f—=1yUy vy ’

——

Ly = (0,(=1)%s1, 89, ..., 50-1,0,...,0),

vx = (0,(=1)"s1, 52 -1 )

LEX = (0707 e 707_517527‘ . '7‘§€—1>,
N——

-1

and LY, and L, are the same as before.
This only affects the orientations defined earlier at intersection points (when ¢t =

each case. In X, at the intersection point we get

0 o 0 0 0 g 0 0
Lt — LY = ()=, =, . =, —
(OT( XY)) ayaor( XZ)) (( ) 821, (922’ 782’4,1, a.’E’ 3y1’ ay27 78:[/271)’

which contributes (—1)¢ to lk(L%y, L% ), thus Alk(L%y, L% ,) = (=1)1

In Y, at the intersection point we get

0 o 0 0 0 o 0 0
+ I — _ R Y B A B S Y
<OT(LYZ)’3y’OT(LYX)) <( 1) ’ azg’“"@x(g_l’ay’( 1) 0z’ 822"“7825_1)’

X1

which gives the positive orientation of Y, thus Alk(Ly ,, Ly ) = —1.
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In Z, at the intersection point we get

0 o0 0 0 0 0 0 0
L) —— orLy ) = (-2, 2 .. 2 2y 2 2 )
(Or( zx) =gz O Zy>) ( Oy’ Oy2" " Oy’ 5z 7V x1’ Oz’ ’3xz_1)

that contributes (—1)* to lk(L,, L,y ), therefore Alk(L,, L,y) = (—=1)*1

Hence, the overall change in the formula is given by

AV(F) =V(Fs) — V(F_s)
= Alk(Lyy, L) + (1)1 2AIK(LY 7, Ly ) + Alk(Lyx, Lzy)
= (DT DT () (DT

=0.

Thus, the formula remains unchanged under the third Reidemeister move when we reverse

the orientation of one of the components.

Now consider the case when Y is above X, and X is above Z. The immersions f;|x, fi|y
and f;|z are the same as before. All intersections are the same except that the orientation

on fi|x N fi|ly changes by (—1)*. More precisely, the orientation on f;|x N fi|y is computed

as follows
— —1)¢ —
<\ €2e+1,€e+2,---,€3£—£,( ) 62,63,---,€e+1,\ 61,€e+2,---,€2g)7
Or(felxNfely) rest of Or(Y) rest of Or(X)

which gives the positive orientation on R3*~!. Note that compared to the earlier case, we
get an additional (—1)* sign because we swapped the rest of the orientation of X with the
orientation of Y. Therefore, (—eapy1, €2012, - .., e30-1) is now the orientation on fi|x N fily,

with the following oriented preimages where instead of L}y, we now get Ly, and similarly
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instead of Ly, we get Ly y:

The change in linking number in Z is the same i.e., Alk(L,y, L,y) = (—1)* To see the
change in linking numbers in X, note that for ¢t = —d, the singular chain C(L% ) as defined

earlier, intersects Ly, at one point. At the intersection point we get

9 LN o 0 o 0 o 0
(Or(LXY),%,Or(LXZ)) - (_ B B Be Ba ...,8%1).

It contributes —1 to the Ik(Lyy, L% ), and since for ¢t = ¢ this intersection disappears, we
get Alk(Lyy,L%,) = +1. In Y, we assume Lj, bounds a singular ¢-chain C(L{y) =
{(r,—s1,82...,80-1,0,...,0)|r < 0} that intersects Lj-, at a point when ¢t = —4, and the

intersection disappears for ¢ = §. At the intersection point, we get

0 g 0 0 0 o 0 0
+ . + — R R Y s =z =z = _
(OT(LYZ)v 8yaOT(LYX)) (( 1) 8331’ 81‘2 D) ax€_17 aya 82’1’ 8227"'7 826—1)7

which contributes (—1)** to lk(Ly,, Ly ). Thus, Alk(L{,, L{y) = (—1)". Hence, the

overall change in the formula is given by

AV(f) = V(Fs) — V(F.s)
= (=)' 2Alk(Lyy, Ly 4) + Alk(LY 5, Ly ) + Alk(Ly ., L)
= 2=+ (1) + (-1

=0.

Thus, the formula remains unchanged under the third Reidemeister move when we permute
the components.

Moreover, this homomorphism is an isomorphism to Z because the formula evaluated on
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the generator of WSTEmb(IEIS%*l,RM), the high dimensional Borromean link gives one, see

Theorem 3.5.2. Note, however, that Theorem 3.5.2 is fully proved only in Section 3.7. O

3.5.3 The generator

In this subsection, we describe the high dimensional Borromean link and state that it is
the generator of WSTEmb(%IS%_l, R3*) = Z. Moreover, we show that the invariant of Theo-
rem 3.5.1 evaluated on the Borromean link is negative one.

Denote coordinates in R* by (x,y,2) = (z1,...,%e, Y1, -, Ye, 21, - - - , 2), the Borromean

link B are three spheres given by following systems of equations:

yl* | |z
a p
_ z” | X
e p
. =P Iy
Z.Z:O7 —2+—2:1,
o p

where o and (8 are real numbers with a > 8 > 0, as shown in the figure below.

Figure 3.21: High dimensional Borromean link B

Note that if any of the components is removed, then B is a trivial link, and thus B is an
example of a Brunnian link. There is another equivalent description of Borromean link B

given by Sakai in [39, §3], in which it is easier to analyze the double points of the projection
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to R*~1 Let B=XUY U Z C R¥* where (fix o, 3 > 0 so that 28 < «)

X :=0{(0,y,2) € (R) | |y| < a,|z| < B} = 5%,
Yi=0{(x.0,2) € (R) | |z] < a,[x| < B} = 5%,

Z:=0{(x,y,0) € R)| |x| < aly] < B} = 5*7".

Smoothing the corners gives smooth (2¢ — 1)-spheres that we denote by X,Y, Z again. To
orient these spheres, we fix that (Jy,0,), (04, 0x), and (0x,0y) give the orientation of the
coordinate planes (0xRY xR)) D X, (R{ x0xR}) DY, and (R} xR{ x0) D Z, respectively.
Each sphere S?~! is oriented as the boundary of the disk using the outward normal first

convention. Moreover, each sphere has two parts, for example:
X = (Dy(a) x S,71(8)) U (Sy (@) x Dy(B)),

where DY (o) and Dj(3) are disks of radius a and £ in (0 x R} x 0) and (0 x 0 x R}),
respectively, and S5 (a) = dD5(a) and S;1(8) = DL().

Theorem 3.5.2. The Borromean link B is a generator for the group WSTEmb(Ing%_l, R3) =

Z. Moreover, V(B) = —1.

Proof. We will prove that B is a generator in the next section. To evaluate V(B), we follow
Sakai’s interpretation for B and computations done in [39, §3]. Consider the projection
p: R¥* — R3*~1 x 0 along the vector n = (1,...,1) € R*. Under the projection, the points

in X,Y, Z with coordinates
(07"'707y17'"7y€7217"'725>7
l

(951,...,@,O,...,O,él,...,zg),
14
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l
are mapped to
(_Zb"'a_zfayl TRy Yo — 20,21 T Ry R0—1 _Zf)a
(fl _237"'75:5_257_2&"-’_2&21 _éfa"wéf—l _gf)a

(X1, X6, V155 ¥,0,...,0),
¢
~1

respectively. Then p o B is generic and has double intersections of dimension ¢ — 1. We
will show in our computations that the double intersections are given by six disjoint spheres

A L. .. Ag, each of dimension £ — 1. Moreover, the set of double points in each component

X, Y, Z is given by two disjoint Hopf links. For example, inside X

Lyy ={(0,8'n',z) € X | |z| = 5}, Lyy ={(0,—f'n’,z) € X | |z| = B},

Ly, ={0,y,n) € X ||y — fn'| =58}, Ly, ={(0,y,-pn') € X |[y+pn'|=p}

form two disjoint Hopf links as shown in the picture below, see also figure 3.23.

- Zz +
Lyy ¢ Lxz
N\
\ NS
\ \
1 / ]
] 1
] ]
] ] > %
] ]
! '
P ﬁ ,
—— +
Lxz Lxy

Figure 3.22: The set of double points in X

In particular, p(X) N p(Z) is given by the following equations



Yi=Yi— 2,1 <1 <4
21 = ... = 2p_1 = Zy.

Note that since X = (D () x S,7'(8)) U (g (ar) x DL(P)), either

YAty <a? 224+ = 6% (3.5.4)
or
VA Yy =0 a4+ < B (3.5.5)
Similarly, since Z = (sz((oz) X S;;/_l(ﬁ)) L (S}ﬁ{_l(a) X D%(ﬁ)), we get either
L4 <al T4y =6 (3.5.6)
or
44+ =0 T4 4y, < B (3.5.7)

In p(X)Np(Z), X, = —=z;, thus (3.5.7) cannot intersect (3.5.4) and (3.5.5) (recall that
2 < «). Therefore, in Z this intersection happens only in the first part i.e., Df:{(oz) X S;;;l(ﬁ)

given by (3.5.6). However, (3.5.6) cannot intersect (3.5.5) because y; = y; — z; thus we get

(o — 21"+ + (g — 20) = 8%

which by triangle inequality (for the points 0,y,z € R*) implies that a < 23, contradicting
206 < a.
Thus, p(X) N p(Z) happens only when (3.5.4) and (3.5.6) hold i.e., only projections of

D () x S571(6) € X and Df:{(a) X S%‘l(ﬁ) C Z may have a non-trivial intersection.
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If (w,...,w,wy,wa,..., w0,..., 0) are the coordinates on p(X) N p(Z) C R*~! then
—— ——

¢ -1
with w = x; = — :l:\ﬁf and w; =y, = y; %forlgigﬁ, the intersection p(X)Np(Z)
is given by
A — s s R31 [y 2 _ ;2
1—{(ﬁ,...,—g,wl,...,wg,(),...,O)E lwi + ...+ w; = B},
————— -1
¢
and
Ag:{(—ﬁ,...,—ﬁ,wl,...,wg,o,...,O)ER3£—1|M%+...+UJ?:62}.
e Ve =

‘
Thus, p(X)Np(Z) = A; U Ay C R¥*~! where each A; is a sphere S*~1, with the following

: . ’r_ 14 1 _ B
preimages: (set n’ = (1,...,1) € R and ' = \/Z)

inZ: Li,={(81,7,0) €|y =25}
Ly ={(=87",3,0) € Z ||y = B},
inX: Ly,={(0,y,—0n)eX||y+pn|=72}

Ly, ={(0,y,8) € X | |y — f'n'| = 8},
satisfying A; = p(B<LJZrX)) = p<B(L;(Z)) and Ay = p(B(LEX)) = p<B(Lj{Z))-

Let (el, ...,e30_1) be the standard basis on R*~1. We orient the sphere A; at the point

a = ( i j_ 5,0. ..,0), where we choose e,;1 as the outward normal vector.
D SZ 1 —1

¢
Then (epyo,...,e9) lie in the tangent space of A; at a;. We need to check that at a;, the

chosen orientation of A; followed by the rest of the orientation on p(Z), followed by the rest of
the orientation p(X) (Z is above X under the projection) agrees with the natural orientation

of R¥~!. Under the projection, p(sz{(a) X S;%’l(ﬁ)) has the same orientation as D%(a) X
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s
i vt
¢
the orientation of p(D%(oc) X S}%’l(ﬁ)) is given by (e, ...,ep (—=1)’eria, €43, ..., e2), using

SE1(B) oriented at the preimage of ay i.e., ( —,5,0...,0,0,...,0) € L}. Thus,
y H/—/

cse-1

the outward normal first convention. Moreover, the preimage of a; in Ly, C D} () x S5~ (6)

5 B s B 5 . .
is (0,...,0,08 — ,———,———,...,———). To get the orientation of p(Df,(oz) X
R[—/ . NN Vi T . Vi
1 ‘ 8 8
St at a;, we need to know how the orientation of S!~! at (———,...,——=) is
z (5)) 1, W W w z (6) ( \/z \/Z>

N

mapped to R"! € R¥*~1. Given a point (sy,...,s,) in the tangent space T S 1(3) for
—n = (—1,...,—1) € R, the projection maps (si,...,8¢) to (s; — 8¢,...,501 — s¢) € R‘7L.
Thus, the inverse map takes (t1,...,t1) € R to (t + A, ...t 1 + A A) in T,S71(B).
Since (t; + A,...,t—1 + A\, \) is orthogonal to —n, we get t; + ... + t,_1 + ¢XA = 0, which

in,...,ey 1 — +n) € T_,S71B) are the basis

_tit At
: l l

7 Thus, (e211 —

implies A =
vectors corresponding to (egpi1,...,€3-1) € R3~1. With the outward normal first, we get
(—n, egp1 — %n, ., €301 — %n) ~ (—esp, €2041, -+, e30-1) ~ ((=1)%€041, 2042 . .., e30). Thus,
the orientation of D (a) x S.~'(8) is given by (eg41, . - ., €2e, (1) (—1) €ars1, €2042 - - ., €30-1),

0 (€ps1,.-.,€20, €011, ...,63_1) is the orientation of p(Df,(oz) x S=H(B)).

Thus, the following

L
((—1) €042,€043,...,€2, €1,...,€ 7_ef+1762€+17'--763€71)
v - V N ~~ -
Or(A1) rest of Or(p(Z2)) rest of Or(p(X))

gives the positive orientation on R3¢,

s B
T

N ~ d ESE_l -1

Similarly, we orient A, at the point ay = (— ,5,0...,0,0,...,0) with epy; as
———— N——

¢
the outward normal vector. At ao, the orientation of A, followed by the rest of the orientation
of p(X) followed by the rest of the orientation of p(Z)(now X is above Z under the projec-
tion) must agree with the natural orientation of R3~1. The orientation of p(D% (a) x S;;”l (8))

is the same as before, given by (ey,...,es (—1)%erq0, €43, ..., e9). The preimage of ay in
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+ ¢ 01/ BB BB B .
Ly, C Dy(a) x S;7(B) is (0,. Z ,O,\B + %, ﬁ’ e 7{,\%, e 7{) By a similar argu-
v v
ment as before, the tangent space T,,S¢71(3) is oriented by (241 — %n, e, €301 — %n), with
the outward normal vector as n, and (n, egp1 — $1, . . ., €301 — 1) ~ (€30, €241, - - -, €30-1) ~
((=1)*'ears1, €242, .. - es).  Thus, the orientation of Di(a) x Si7'(B) is given by
(ers1y---se2, (—1)Z(—1)€_1€2z+17 €arr; .-y e30-1) 1., (€ry1,. .., € —€2041, Corpa, - - -5 €30-1),

which is also the orientation of p(D% () x S;7(6)).

Thus, the following

l -1
(—eera,err3, e, (—1) €rr1, —€2041, €2042 - - -5 €301, (1) Ter, €2, €)
Or(A2) rest of Or(p(X)) rest of Or(p(Z))

gives the positive orientation on R3¢,

Now consider the intersection p(Y) N p(Z) which is given by the following equations

ii:i’i_gévléiéﬁ;

Again, since 283 < q, it is easy to check that p(Y) N p(Z) occurs only between D:(a) x
S&(B) C Y and Df:((oz) X S;;]_l(ﬁ) C Z. Thus, the above equations must satisfy

£
\/za

~2 ~2 ~2 ~
Vit...+y,=8= 3, =0 quad= y,==

P4+ 3 =p6

Let (wy,ws, ..., wyw,...,w,0,...,0) bethe coordinates on p(Y)Np(Z) in R3¥*~! where
—_—— ——

L -1
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B B B 3
A3_{<w17 7w€7%7~-,ﬁ,0,...70)|(w1—W)Q—[—”__f_(we_W)Q:/BQ}’

B B 3
A“_{(wl’ /A ’_W’O’”"O)|(wl+ﬁ)2+ +(wz+ﬁ)2—52}7

,
=4

\

o~

L

with the following preimages

inY: Lj,={(x0737n)eY ||xl =3}
Ly, ={(X,0,-fn) €Y | |%| = 8},
inZ: Ly ={(X—41,0)ecZ|[x+pn|=4},

Lyy ={(x pn',0) € Z | |x - 0| = 8},
satisfying Az = p(B(Ly ) = p(B(Lzy)) and Ay = p(B(Ly ) = p(B(Lyy)).

2
To orient A3, we choose a point az = ( g 0 g P ,0,. .. ,O), with e; as the

—.0...,0,—,...,—

\\/Z? ? 7\\/@7 ? \/Z e 1
eg‘fil Y

outward normal. At as, the chosen orientation of Az followed by the rest of the orientation of

p(Z) followed by the rest of the orientation of p(Y')(now Z is above Y under the projection)
must agree with the natural orientation of R3~!.

The  orientation  on p(D% () X S%‘l(ﬁ)) at a3 is  given by
(e1,---req, (—1)eria, 048, -..,e2). To get the orientation of p(Di(a) x S5 '(B)), we

first take the preimage of as in Ly, C Di(a) x Sg*(8), given by

I I B
ﬂ? \/Z? R \/Z/? P "g'? 7\ \/Z? AR \/Z *
v v
Note that the orientation (egy1, ..., ess, (—1)%es, €3, ..., e,) on Di(a) x SE1 () is mapped
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to (eaps1,...,€30-1,—€1 — €a...—e30_1,(—1)%s, €3,...,¢e) under the projection. Thus, the

following
¢ ¢ -1
(—ea,e3,...,e0(=1)%€1, (—1) €ry2, €043, ... €20, (1) "€2041,€2042,...,€30-1,—€1 — €2 — ... —€30_1)
Or(Asz) rest of Or(p(Z)) rest of Or(p(Y))

gives the positive orientation on R3¢,

-2
We orient Ay at ay = (—6,0. . ,O,—ﬁ, . .,—ﬂ,(), e ,0), with —e; as the outward
Vi R Vi ——
est-1 M

normal. The preimage of a, in Ly, C Di(a) x S '(3) is given by

BB B BB
\/z7 \/Z7 ) \/z7 ) K Y Y \/Z? ) ﬂ

P . ~—_———

‘ ‘
Thus, the orientation on Dg(a) x S (B) is given by (egey1, - . ., esr, (—1)%es, €3, ..., €;), which
under the projection is (egpy1,...,e€30-1,—€1 — €z... — e3_1, (—1)%ey, €3,...,¢e7). Thus, for
the A4 we get that

(1) ez es,... €0, —€2041,€2042, .. €301, —€1 — €3 — ... — ego_1,e1, (—1) ero, €043, . .., €20)
Or(Ayg) rest of Or(p(Y)) rest of Or(p(Z))

gives the positive orientation on R3¢,

Note that in Df;{ (o) x Sé_l(ﬂ) C Z, spheres L are obtained from each other by trans-
lation by the vector (28'n’,0,0) € R3*. Similarly, L;Y are also obtained from each other by
translation by (24'n’,24'n’,0) € R*. Since 283 < a, L}, and L do not touch the bound-
ary of Df;{ () x S}ﬁ;l(ﬂ). Moreover, L7 links with L}, and not with L, and similarly
Ly links with only L. Therefore, since all of these LF’s are S*!, we get two disjoint
Hopf links in Z.

Similarly, we can find that p(X) N p(Y') are two spheres, and by symmetry we get that

the double points set of p o B is given by six disjoint Hopf links, two in each X,Y, and Z:

L}y UL, Lyy ULy, CDy(a) x S;7H(B) C X,
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LIy ULy, Ly ULy, C Di(a) x S5H(B) C Y,

. N
,’I LXYG \\\ ll ,/
LRy Gy
:\LXYG L, :‘LYZ :
‘\ 'l' ‘\ III ‘\
\ L \\ - , \
N

xz . YX .

7

" Lyy

<+
b
-
N

S
|

N+
-

Figure 3.23: The set of double points of po B

Therefore, the only linking numbers contributing to the formula 3.5.3 are:
I(Lyys Ly ), Ik(Lyys Ly 2), IR(LY 7, Ly 50 ) Uk (Ly 5 Ly x ), (L 50, Ly ), (L, Ly )-

Note that by the cyclic symmetry, see Remark 3.5.1, 7(B) is three times the contribution of
the linking numbers in Z (the third line in (3.5.3)).
By definition, 1k(L}, L}y) can be computed as the algebraic intersection number of

L} with the disk D(L7,) = {(x,81’,0) € Z | |x — 8'v’| < B} bounding L},. There is

only one intersection point at (%, ceey %, 0...,0). Note that this intersection point is the
——
—_—— 7
20

center of D(L}, ), and L} passes through this point.

The orientation at the intersection point (—,...,—,0...,0) is given by
— ¢
20
(£—1)£€e+27 €013y - - -5 €20, €1, —€2, €3, - -  €0),
Or(LE ) Or(LEy)
which gives the negative orientation of Z. Thus, we get lk(L}, L},) = —1
Similarly, (k(L,y,Lyy,) = —1, given by the contribution of the following orientation at
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the intersection point (——=,...,———=,0...,0):
14 0 ~~—~—
Vi _ Vi y
2
-1
(—€rva, eys, - €2, —61,£—1) €2,€3, ... 7€€)-
Or(Lyy) Or(Lyy)

Thus, V(B) = %[3 ) (lk(L§X7L§Y) + lk(LEXa LEY)] = -1

O
3.6 2-component links
Consider the Brunnian splitting in Proposition 3.4.1 for 2-component links:
WOEmb(IEIS%_I,R?’Z) = (EB WOEmb(S%_I,RM» ® (WS”Emb(IEIS%_l,]RM)). (3.6.1)
2

Recall that (by [22, Corollary 10.3])

72 (=2,
WSTEmb(%JS%_l,RM) =19 Z:@torsion (>4 even,
torsion { >3 odd.

In this case, we find an invariant which detects the non-torsion part of

WSTEmb(IEIS%_l,]R%), thus we let ¢ = 2k.

3.6.1 The invariant

Consider a 2-component link X 'Y < R% with each component a (4k — 1)-sphere. Under
the projection to R%~! the set of double points is (2k — 1)-dimensional and is oriented
according to Remark 3.2.1, since the codimension is even thus the order of the two sheets

at the intersection does not matter. For any component ¢ = X,Y, the preimage of the
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intersection with j = X, Y is given by the double point set

Lij = Lj]_ L —L:

17

where L;; lies inside the component ¢, LZT'; denotes the overcrossing (i above j), and L;;
denotes the undercrossing (¢ below 7).

Furthermore,

lk(Lij, Lix) = lk:(ij U—L;, LiU—L;)

ij)

= k(L LE) + k(Li;, L) — Ik(L:, L) — Ue(Ly;, L)

I ig) ik 137
Note that since each L;; is (2k — 1)-dimensional, the linking number is symmetric
(see (3.5.2)).

Theorem 3.6.1. The following formulas give a homomorphism W : WOEmb(IEISM_l, RO*) —
Q? which is 0 on the first summand of the Brunnian splitting (3.6.1), and is an isomorphism
rationally on the second summand: Given a representative F' of a spherical 2-component link

X UY < R we assign two invariants:

1
Wl(F) = §lk(LXX7 ny> - ll{?(L;;X, L}_fX); (362)

1
WQ(F) = Elk’(Lyy, Lyx) — lk(L;Y, L;(Y) (363)
The 1mage of homomorphism W s

{(a,b) € Z*la+ b€ 2Z} k=1,24

27, x 27, otherwise.

Proof. Note that the formulas involve self-intersections of components X and Y, however
the linking numbers in the formulas are preserved by cobordism moves corresponding to

both interior and boundary critical points. Thus, W; and W, are unchanged under any
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cobordism moves. However, the analogue to the third Reidemeister move (see Section 3.3.3)
changes these linking numbers. Since the formulas for W, and W, are similar, without loss
of generality, we will only prove that W), is invariant under the third Reidemeister move.
Note that for W, only the Reidemeister move in which X is repeated exactly twice changes
the linking numbers.

Let us consider the case when at the triple point, two sheets of component X and one
sheet of Y come together, such that X is above X5 and X5 is above Y. The following is a
local model for this situation considered as a projection to R%*~1.

We consider a 1-parameter family { f;} of immersions for ¢ € (—e¢, €) of some link XY <
RS* projected to R*~! along the last coordinate. Suppose that a triple point occurs at t = 0
i.e., fo has a triple point say 0 € R%~! and since at that point X; is above X,, and
X, is above Y, we can assume that the last coordinates of Xi, X»,Y are constants a,b,c

respectively, where @ > b > ¢. One can find the following local coordinates

2 2
(21,27, Top_ 1, Y1y - - - Yok1)
1 1
(‘T27y17 ey Yok—1,2q, - 'x2k71)
1 1 2 2
(yvxlﬂ R Y S RIS 7x2k—1)
1 1 2 2
(T1, @0, TYy e ooy T 1y TTse v s Top 1y YLy -+ s Y2ko1)

on X1, X,,Y, and RS ~1 respectively, where all coordinate systems are assumed to be

positively oriented. Near the triple point 0 € R*~! we have

_ 2 2
ft|Xl—(:vl,O,O,...,O,xl,...,x%fl,yl,...,ygk,l),
———
2k—1
filx, = (t 1 21,05+, 0 )
t| Xo — y X2y, Xyyeney Top_1,YU, 00, U Y1, .00, Y2k—1),
——
2k—1
o 1 1 2 2
fily = (y,y, 20, o T 1,27, -+, Top_1,0, ..., 0).
——
2k—1
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Note that only the component X, is moved by this isotopy. The double intersections of f;

are given by (2k — 1) manifolds as follows:

ft’)(l mft‘XQ = (t,0,0,. . .,0,0,. .. ,O,Sl, Ce ,SQkfl),
—— —
2k—1 2k—1
ft|X1 ﬂft|y = (O,O,O,...,0,81,...,82k_1,0,...70),
N—— SN——
2k—1 2k—1

ft’Xg mft‘y - (t,t,gl,...,§2k,1,0,...,0,0,...,O).
—— ——
2k—1 2k—1

Since the codimension is even (2k), according to our convention in Remark 3.2.1, the
ordering of the two sheets at the intersection does not matter while defining the orientation
on the intersection. Let (e, eq, ..., eg_1) denotes the basis for R ~1in the new coordinates,

we define orientations on each intersection above as follows:

(:€4k+17 €4k+2y - - - aeﬁk—y\_el» €2k+2y - - 6413732, €3,... ,62/«@);
Or(filxyNftlxy) rest of Or(X1) rest of Or(X2)
(€2k+2, - - - s €aky —€1, €4ft1, - - -5 €6k—1,€1 + €2, €3, ..., €2%11);
Or(filx,Nfely) rest of Or(X1) rest of Or(Y)
(63, €4y...,€2k41,€2, C4k+1, -, €E6k—1, —(61 + 62), €2k+2y - - 64k)§
N -~ Ny - s \o ~~ J/
Or(ftlx,Nftly)) rest of Or(X2) rest of Or(Y)

where each one of these gives the positive orientation on R6*~1,

Thus, the oriented preimages of the double intersection of f; in each component are given
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as follows:

In X1 : L}1X2(t) = (t,O, .. .,O, —S1,82, .. .782k_1)7
——
2k—-1
L;r(ly - (O7§1;---7§2k71707"-70)7
2k—1
In XQ : L)_(QXl = (O, —S81,82,... 782k_1,07 e ,O),
2k—1

+ _ = = =
LXQY(t> - <t707 RIS 07817827 cee 7S2k71)7
2k—1
InY: L}_’Xl:(0707‘“’0’517“"§2k—1)’

——
2k—1

~
~< |
&
=
I

(t,51,82,...,8%-1,0,...,0).
———
2%k—1
Note that the only linking numbers that contribute to the change of W; are
k(LY x,, Lx,y) and k(Ly y,. L%, ) in X; and X,, respectively. In particular, what is

happening inside Y has no effect on Wj.

For t = —¢, where ¢ is a small positive number, we get two local pictures
L}lXQ L}QY
% L}‘F(IY / L;(2X1
X1 X2

Figure 3.24: The inverse image of the self-intersection of f; in X, t <0

We calculate the change in linking numbers in X; and X, going from f_s and f;.
Assume L%, is a boundary of some singular 2k-chain C(Lk,) =

{(r,51,...,824-1,0,...,0)]r < 0}. For t = —d, C(LY%,y) intersects Ly y exactly at
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one point. At the intersection point, we take

(,ii o 98 9 L)
Oyr By Dymir ) Oy’ 03 0a,

Or(Ly, x,) Or(L,y)

which contributes —1 to l/-{:(L;}1 Xy L}L(ly). Since this intersection point disappears for ¢t = ¢,

the change Alk(Ly v, L% y) = +1.

Similarly, assume L}y is a boundary of a singular 2k-chain C(L%,,) = {(r +
t,0,...,0,81,S9,...,S0_1)|r > 0}. At the intersection point, we take
0 o 0 0 o 0 0
Lyv)——ortt ))=(-2 2 . 2 2 9 9
(O’I"( X2X1)’ axQ,OT( X2y)) ( 8y1 ) 3y2’ ’ay2k717 8‘%2’ 3:5}’ ’8x%k_1>7

which contributes —1 to l/f(L)}2 Xy L}QY). For t = ¢, this intersection point disappears, thus
Alk(Ly, x,» L}zy) = +1.

While passing the triple point, the overall change in the first formula W (F') is given by:

AW, (F) = Wi(F) — Wi(F_y)

1 _
- = (Alk(L}lx27 L%,y) — Alk(Ly, . L)Ey))

)

=0

Thus, W, (F) is invariant under the third Reidemeister move with the convention that at the
triple point, X; is above X5, and X, is above Y. Let us denote this situation by X; > X, > Y
(we discuss later the effect of reversing the orientations of X, X5, V).

Note that W, is unchanged under the mirror symmetry. Therefore, W, (F) is invariant
under the third Reidemeister move when at the triple point, ¥ > X; > X,. However, we
still need to check the case when X; > Y > X,.

Assume X7 > Y > X, the immersions fi|x,, fi|x,, fi|[y and all intersections (with ori-

entations) are the same as before. But the oriented preimages in X5 and Y may now be
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different, instead of LY ., we now get Ly -, and similarly instead of Ly y, , we get LYy :

L)_(QY(t) = (t7 07 cee 707 §17 §27 e 7§2k—1)7
2k—1

+ . = = =
LYXQ(t) = (t,Sl,SQ, c ey S2k—1, O, Ce ,O)

2k—1

Now the linking numbers that contribute to Wiy are lk(LE v, L% v): k(L x,» Lx,v):
and k(L y,,Lyy,). Following the previous argument, Alk(LY y,.L%,,) = +1 and
Alk(Ly,x,, Ly,y) = +1 (by replacing LY y by L,y ).

To see the change in [k(Lyy,, Ly y,), let us assume Ly is a boundary of a singular
2k-chain C(Lyy,) = {(r,0,...,0,51,...,851)|r < 0}, which intersects L v exactly at one
point when t = —§. At the intersection point, we have

(ﬁ A 8)

T AT A A G AT
Oy Oxs),_, Oy’ OxF 0r3,. 4

Or(L¥x,) Or(Ly,)

which contributes —1 to [k(L;- x> Lyx,). Since this intersection point disappears for ¢ = 6,
we get Alk(LYy,, Ly x,) = +1.

Hence, the overall change in W, is:

AW, (F) = Wi (Fs) — Wh(F-s)

1 _ _ _

= 5 (Alk(L}1X27 L}lY) + Alk(LX2X17LX2Y)> - Alk(L;’;X27 LYXl)
1

= (141 -1
S(1+1)

= 0.

Thus, the first formula is invariant under the third Reidemeister move when X; >
Xo> Y. Y >X;>X,and X; >Y > X,, with the choice of orientations as above.
Additionally, in each of these three cases, it remains to check what happens when orien-

tations of some components are reversed near the triple point. There are seven more such
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possibilities in each case. However, note that our formula ; does not change when we
reverse the orientation of the component X (i.e. when we reverse the local orientations on
both X; and Xs). Indeed, in lk(Lxx, Lxy) only Lxy changes sign, but since this linking
number is defined in X, the linking number changes sign as well. For lk(Ly -, Ly y), both
entries change sign, thus no overall change. By a similar argument, it can be easily seen that
Wi changes by a negative sign when we reverse the orientation on Y. Thus, it suffices to
check that W is invariant when we change the orientation of only X;, and other cases then
follow using the symmetry.

Consider X; with the opposite orientation i.e, now —X; > X5 > Y at the triple point.
With the same local coordinates as before, near the triple point only the map f;|x, changes

as follows:

2 2
ft‘Xl - (_wlaoaoa s ,0,1‘1, ey Top_15 Y1y - - - ay2k71)-

2%—1
Note that all double intersections of f, in R%~! are the same. However, the orientations

on both fi|x, N filx, and fi|x, N fe|y are given by

(€4k+1, €4k+2, - - -5 €6k—1; —€1, €2k+2, . - -, €4k, —€2,€3, ... ,62k+1);
NS -~ J N\ -~ N\ -~ J/
Or(ftlx,Nftlxsy) rest of Or(X1) rest of Or(X2)
(j€2k+2> €2k+3, - - - 764137j€17 Cak+1, - - - 7€6k—1/7 —(61 + 62), €3, .. 762k+£>;
NV TV '
Or(ftlx,Nftly) rest of Or(X1) rest of Or(Y)

where each gives the positive orientation on R6*~1.
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Thus, the new oriented preimages are

+ _
LXng(t) - (_t’ 07 cee 707 51,52, -+, SQk—1)7
——
2k—1
=+ . ~ ~ ~
LXlY - (07 —51,582, .., 52k—1, 07 I 0)7
——
2k—1
L)_(gXl = (07 51,82, -+, 82k—1, Oa s 70)7
———
2k—1

and LY, and Ly y, are the same as before.
This only affects the orientations defined earlier at intersection points (when t = —4). In

X1, at the intersection point we get

(ii 9 9 9 9 L)
Oy1” Oya” " Oyop—1 Oy’ Oz’ 0x3’ T 02,

Or(Ly, x,) or(L,y)

which contributes +1 to lk(L}lXQ, L;}ly), thus Alk(L}lXQ, L;ly) - 1

In X5, at the intersection point we get

(20 . 0 0 o o
Oy’ Oya” " Oyak—1’ 3552785”%7.“’3@/%1 ’
—_—
OT(L;(2X1) OT‘(L;r(QY)

which contributes +1 to [k(Ly, v, L%, ), thus Alk(Ly, y,. Li,y) = —1.

Hence, the overall change in W, is given by

AW, (F) = Wy (F5) — Wh(F_s)

1 _
- = (Azk(L;1X2, L%,y) — Alk(Ly, . L}ﬂ))

1

—5(-1-(-1)

=0
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By symmetry, we can say that W is invariant under the third Reidemeister move when

Y > X; > —X,, and when Y > —X; > X, (by changing orientation of X).

For the case X; > Y > X, again it suffices to check the change when the orientation of

Xy is reversed i.e., —X; > Y > X,. Near the triple point, we have

2 2
filx, = (—21,0,0,...,0, 27, ..., T30 1, Y1y -+ Y2k1)-

2%k—1
The double intersections of f; and their orientations are same as above i.e., the orientations

on both fi|x, N filx, and fi[x, N fe|y are given by

(Cakt1s €akt2y -y €6k—1, —€1, €2k 42, - - -, Caky —C€2, €3, -, €2k 11);
N -~ 7\ -~ 7 -~ 7
Or(ftlx,Nftlxsy) rest of Or(X1) rest of Or(X2)
(j€2k+2> €2k+3; - - -5 Caky TC€1, C4k+1, - - - C6k—1, —(e1+ez),e3,. .. 7e2k+£>;
TV TV VvV
Or(ft|x,Nfely) rest of Or(X1) rest of Or(Y)

where each gives the positive orientation on R%~!. Moreover, the new oriented preimages

now are

+ _
LXng(t) - (_t707 s ’07817827 .. '782k—1)7
N——
2k—1
+ _ ~ o~ -
LX1Y = (0, —S1,8592.. .,SQkfl,O, Ce ,0),
2k—1
L)_(QXI = (0,81,32,...,3%_1,0,...,0),
N——
2k—1

;(QY(t> = (t707 s 707§17§27 v 7§2k71)7

2%—1
LS_/Xl = (0707 ce aov _§17§2a s 7§2k—1)7
2% 1
+ = = =
Ly, (t) = (t,51,8, . ,52,-1,0,...,0).
——

2k—1
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Recall that the linking numbers that contribute to W; in this case are k(LY v, L%,y ),
Ik(Ly, x> Lx,y), and Ik(LY ., Ly x,)-

In X, at the intersection point we have

(ii o 9 9 9 L)
Oy1” Oya” " Oyop—1 Oy’ Oz’ Ox’T T 023,

Or(Ly, x,) or(L,y)

which contributes +1 to lk(L}lXQ, L}ly), thus Alk(Lj(lXQ, L}ly) - 1

In X5, at the intersection point we have

( o 9 9 9 0 L)
Oy’ Oy2” " Oyaw—1 Oy Omy’ T Oxd | )7
—_—

OT(L;(2X1) OT(L;(QY)

which contributes +1 to [k(Ly, x,, L}QY), thus Alk(Ly, x,, L}QY) = —1.

In Y, at the intersection point, we have

0 0 0 g 0 7] )

( 1o 1 YR 29 29 2
Oxy Oxy,_, Oy Oxi Oz 0r3,

OT(LT,XQ) OT(L;,XI)

which contributes +1 to lk(L;- x,» Lyx,)- Since this intersection point disappears for ¢ = 9,
we get Alk(LYy,, Lyx,) = —1.

Hence, the overall change in W is:

AW, (F) = Wi(Fs) — Wi (F_s)

1 _ _ _
= 5 (AIR(LE, s L) + AlR(L3, s L)) = AUR(EE 0 L x,)

1

= S(-1-1)=(-1)

Thus, we can conclude that W is invariant under all possible third Reidemeister moves
(in which X is repeated exactly twice). Similarly, W, is invariant under all possible third

Reidemeister moves (in which Y is repeated exactly twice).
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To see the image of W : ﬂgTEmb(gSzlkfl’Rek) (W1,W2)

Q & Q, we first note that two
linearly independent elements of WSTEmb(IgIS k=1 RO*) are obtained from the Borromean link
B by means of tubing along a chosen path. In particular, the first element B; is obtained by
connecting the component X with Y in B via a thin tube i.e., By = (X#Y)U Z. To get By,
we tube the component Y with Z in Bi.e., By = X U (Y#Z). The result of tubing does not
depend on the choice of paths since the complement is simply connected. We will show in
the next subsection that W(B;) = (—2,0) and W(Bs) = (0, —2). This implies that B; and
B, generate W : WgrEmb(IEIS‘““_l, R%*) rationally.

There is another map T : WSTEmb(|5|54k_1,R6k> AGLELN

7 & 7, where T

7T8’"Emb(|5|54k*1,R6k) — moEmb(S* 1 R%*) = Z is defined as the tubing of the two com-
ponents while preserving the orientation of the components i.e., X UY — X#Y. Sim-
ilarly, the map 75 : 7T8’"Emb(|5|54k*1,R6k) — moEmb(S*1 R%) = 7Z is defined as the
tubing of the two components where we reverse the orientation on one of the compo-
nents i.e., X UY +— X#(=Y). Both 7} and T map the rational generators B; and
B, up to a sign, to the Haefliger trefoil knot (the generator of moEmb(S*~1 RO*) = 7).
In particular, T'(B;) = (1,—1) and T(By) = (1,1). This is because of the symmetry of
WSTEmb(IEIS‘lk_l, R%*) which gives that XUY UZ = XU (-Y)U(=Z) = —(XUY U(-2)),
see Remark 3.5.3. Note that the elements (1,—1) and (1, 1) generate a sub-lattice L in Z?,
where L = {(a,b) € Z*a + b € 2Z}. Moreover, L is a sub-lattice of index 2 in Z? as it
is the kernel of the map Z? — Z, which takes (a,b) — (a +b) mod 2. Thus, we get two
possibilities: either T(Wg”Emb(IEIS‘lk_I,RG'“)) = Z? or T(WSTEmb(IEIS‘lk_l,R%)) = L. Note

that we have the following commutative diagram:

ﬂ.grEmb(lals%—l, RGk)

which in terms of the rational generators is
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(1,-1),(1,1) —— (—2,0),(0,—-2)

where the linear map A is multiplication by the matrix

-1 1
-1 -1

(since (1,0) = (1’1)2&, 0,1) = w in Z? must be mapped to (—1,—1) =

w, (1,-1) = w in Q?, respectively).

We will prove in Section 3.7 that for k = 1,2,4 we get T(WSTEmb(IEIS‘““_l,Rﬁk)) = 72,
which then implies that W(WSTEmb(IEJS‘*k_l,R%)) = A(Z?) = L; and for k # 1,2,4 we get
T(WgrEmb(IEIS‘lk_l,Rﬁk)) = L, which implies W(WSTEmb(IEIS“k_l,Rﬁk)) = A(L) = 27 x 2Z.
This will conclude the proof.

]

3.6.2 The generators 5; and B,

Recall that by tubing the component Y in the Borromean link with either X or Z results
in B = (X#Y)U Z and By = X U (Y#Z), respectively. Note that the description of the
double points set in B; and B; are the same as for B given by six disjoint Hopf links. For

By, we replace X by Xi, Y by X5 and Z by Y, so that B; = X1# X5 Y and now the set of
——

X
double points have four Hopf links in X and two in Y, given as follows
+ + - - + + - -
LX1X2 l_l LX1Y7 LX1X2 l_l LX1Y7 LX2X1 |—| LX2Y7 LX2X1 |—| LXQY C X7
+ + — -
Lyx, UlLyx,, Lyx, ULyx, CY.

With the same argument as given in Subsection 3.5.3, the only non-zero linking numbers
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in X are
lk(L}l)(Q’ L;—(1Y)7 lk(L}1X27 L;(1Y)’ lk(‘L}QXl? L;gY) and lk(L;(QX17 L)_(QY)’
where all of them equal to —1. Note that (k(Ly y, Ly ) = 0, therefore we get

1
Wl(Bl) = §lk(LXX7 LXY) - lk(Lith L}_fX)
—
=0

lk(Lx,x, U Lx,x,, Lx;y ULx,y)—0

It is easy to see that Wh(B1) = 0 and therefore, W(B;) = (—2,0). By symmetry, we can
conclude that W(B;) = (0, —2).

3.7 Connection to configuration spaces

Let C'(k, X) denote the configuration space of ordered distinct k& points in X i.e.,
C(k, X) = {(z1,...,21) € X¥ 2; # x; if i # j}.

For ¢ > 3, let Q™C(k,R") be the space of smooth maps D™ — C(k,R’) which send a
neighborhood of D™ to a chosen base point. One can view Q™C(k,RY) as the space m-

dimensional braids in R™*¢ using the graphing map

G: QO (kR — Emba(%RM,Rm“),
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as defined in [6, 28]. This map induces a morphism
G, : mQ"C(k,RY) = 7,,C(k,R") — onmba(%Rm,Rm#),

which was conjectured in [28, Conjecture 5.7] to be an injection rationally. In fact, it is
also true integrally and moreover, G, is split-injective, which immediately follows from the

following theorem.

Theorem 3.7.1. For ¢ > 3, the space Q™C(k,R%) is a homotopy retract of
Emby(LR™, R™ ).

Proof. From [9, Theorem 2.1], there is a homotopy equivalence

QC(k,R") — ﬁ@(\/sf-l). (3.7.1)

i=1 %

Consider the map C(k,RY) — C(k — 1,R?) which forgets the last configuration point. This
gives a fibration

\/ 87— C(k,RY) — C(k — LR,

k—1
with a section C(k —1,R*) — C(k,R?) that includes a point in R® which is disjoint from the

others. We get an induced fibration in loop spaces

Q(\/ 57" = QC(k,RY) - QC(k - 1,R),

k—1

along with an induced section. This implies that

mQC(k,RY) ~ moQC (k — 1,RY) @ moQ(\/ S).
k—1
Since all these loop spaces are H-spaces and 7y of all of them are abelian groups, we get

QC(k,RY) ~ QC(k — 1,R") x Q(\/ 5.
k—1
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[teratively, this argument holds for higher loop spaces, and using (3.7.1) we get

QmC(k,RY) ~ ngm\/sf-l), (3.7.2)

Moreover, a similar result holds for embedding spaces as well. Consider the map
Emba(IEI]Rm,Rm“) — Emba(kl_llRm,RmM) which forgets the last string. This gives a fi-

bration
Emby(R™, Rm“\(kulRm)) — Emby(LR™, R™H) — Emby( U R™, R™H),

with a section Emba(kl_llRm,RmM) — Emba(IElRm,RmH) that includes a trivial string in
R™* which is disjoint from the others. By the same argument as above,
k—1
Ermby(LIR"™, R™) o [ [Embs(R™, R™\(LR™)) (3.7.3)
i=0
(we use here that WOEmba(%Rm, R™*) is an abelian group).
We now show that each factor from (3.7.2) is a retract of the corresponding factor from
(3.7.3), where for i = 0, we take a point as a factor in (3.7.2). Note that there is a natural

graphing map

Qm(\/s@—l) ~ Q™R {i pts}) & Emby(R™, R™\(LR™)).

7

Moreover, given an embedding R™ < R™\ (LUR™), we project R™\ (LUR™) to R\ {i pts},

thus giving us a map

Emby(R™, R™\(UR™)) = Maps(R™, R\ {i pts}) ~ Q™ (\/S“).

)

It is easy to see that G is a retract i.e., F o G = id on Q™(R\{i pts}). Thus, we get
QmC(k,RY) is a homotopy retract of Emba(IEIRm,RmM).

84



]

The homotopy group 7.C(k, RY) has a Brunnian splitting, similar to the one for embed-

ding spaces, see Proposition 3.4.1. In particular, for ¢ > 3,

k

7. C(k,RY) = @( (@) ngrc(z',w)), (3.7.4)

where 72" C(i,R") = Aﬁlker(mC’(z’,R’f) N . C(i — 1,]1%4)) with map s; forgetting the ;%
]:

point. The graphing G, : m,,C(k, R) — ﬂgEmba(IEIRm, R™+¢) respects the splitting.

3.7.1 3-component links

It is known that w5y, C'(3, R“1) is isomorphic to Z with a generator given by [a, ca3] (see
[24]), where [—, —] is the Whitehead bracket on 7,C(3,R") and ayo, a3 € mC(3, RH1)
correspond to the braids where strand 2 goes around strand 1 or 3, respectively. Abusing

notation, ajs, o3 also denote the corresponding maps aqa, aoz @ S¢ — C/(3, REFL).

Theorem 3.7.2. The map G, : 7, ,C(3,R**!) — WSTEmba(IgIR%_l,R?’Z) takes the genera-
tor [ova, ag] to the high-dimensional Borromean link B, taken with the negative sign. Thus,

B is the generator of WoEmba(lglR%_l,R?’e) =7Z.

Proof. The graphing map is given as follows:
G:Q*1C(3,RM — Emba(gR%—l,R%),

f—=F

For f = (fi, fo, f3) : D*7! — C(3,R**Y), we have f; = m;0 f : D*7! — R*! for § = 1,2, 3,
where m; : C(3, R“!) — R*! remembers only the i'"-configuration point. We extend each
f; on the complement of D?*~! as a constant map to a chosen base point, thus giving us a

map R?~! — R Then the corresponding embedding F € Emba(lglR%_l, R3) is given by
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F = (F}, F, F3), where F; € Emby(R?*~1 R¥) is defined as
Fy(zy, .o @) = (21,0 T, filan, o 201)) € D¥* 1 x R C Rge’

for (z1,...,290 1) € D*=!. Note that since F} is a long embedding, we assume that every-

thing happens inside the disk D?*~!, and thus we can disregard the complement of D?~!
in R?-1,

Given ayy, agz € mC(3, R, we have the following fiber sequence
Sl gt fdem, (g R I8, o2 R ~ S°

where 73 is the projection that forgets the second point, and a;qs V ang is the fiber inclusion
where the second point rotates around the first and the third point, respectively. The element

[a12, apg] is then represented by f = (fi, fa2, f3) given by the composition
DX 521 gD DY) B 5ty §° 22V, o3 R

where the first map collapses the boundary dD?~! to the base point in S?~!: D*-! —
D*71/9D?* -1 == %=1 and ¢ is the attaching map of the top 2¢-cell in the product S* x S*.
Since the first and third points are fixed, maps f; and fs; are constant in R“! given by

fi(z) = (=1,0...,0) and f3(x) = (1,0...,0) for all x € D*-1.
~—— S~——

¢ i
For the corresponding embedding we first note that to evaluate our invariant 3.5.3, we
only care about the set of double points, which is easier to understand if we replace D?~!

by O(Dx D') ~ S*~! and view the link as a map given by
F: %na(DfxDé) — 0(D'xD") x R

(note that we do not study links in S?~!xR*! this replacement is done only for comput-

ing the invariant). The representative F' = (F}, Fy, F3) is such that Fi(z) = (z, fi(z)) =
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(z,—1,0,...,0) and F3(x) = (z, f3(x)) = (x,1,0,...,0) for all x € (D*x D*). Moreover, F,
is given by two maps defined on the two parts of 9(D*xD*) ~ (S*'xD") U (D*xS*) as
follows:

idge—1ypex (h_1 0 py) : ST Ix D! ——— S DR,
Z'dDéxslfl X(hl Opl) : DEXSeil —_— DKXS£71XRZ+1;

where p; and py are projections of the domains above to the first and second factor, re-
spectively. Moreover, h_; and h; map the respective disk D’ to R*! by collapsing its

boundary to the origin such that the image is a unit sphere around (—1,0...,0) € R
——

¢
and (1,0...,0) € R respectively. Thus, when we project the image of F, on R we get
——

i
S, Vv St with the base point at the origin in R**!. Note that the maps h. are given by the
composition D* — D*/0D* = St of degree one, thus they respect the orientation.
Let us call the three components of the embedding F' as X, Y, and Z. We now project

F along the last (¢ + 1)-coordinate, given by the map
p:0(D" x D) x R — 9(D* x DY) x R

Under the projection to R’, the first and third components are sent to points (—1,0...,0)
——

-1
and (1,0...,0), respectively. The projection of the second component has image D, V
-1
D{ in R with the base point at the origin, where these two unit disks D’, and D{ are
centered at (—1,0,...,0) and (1,0,...,0) in R, respectively. Note that p(F}(X))Np(Fp(Y))
-1 -1
and p(F5(Y)) N p(F3(Z)) are the only non-trivial double intersections that occur i.e, the

projections of X and Z do not intersect. The intersection p(Fi(X)) Np(F2(Y)) is given by

P(FL(X)) Np(F(Y)) = (ST x AU (S71 x A1) x (=1,0,...,0),

where points A, and A_ lie in the upper and lower halves of the disk D’ see figure, respec-
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tively. Indeed, on S*~!x D’ the projection p(Fy(Y')) satisfy the following:

‘ Fy = idsg_lngX(h_lopQ)

S“x D s S DEXRAT 2y g1y DEXRY

Sl Ay ——— 8 AL x(—1,0,...,0,+1) —— S x4y x(—1,0,...,0),
—1 -1

where the underlying map to R’ is given by first taking the projection py : S*"'xDf — D*
followed by the map

Pl © P D' — R’

The latter takes D" to the origin (0,...,0) € DY, C R, the disk H*~! which cuts D’ into

two halves is sent to 9D’ , and the points A, and A_ are sent to the center (—1,0,...,0)
——

-1
of D, as shown in the picture below.

p|RZ+1

(¢] h—l
\

N
[}
@

—
o
=]

Df DY, C R
Figure 3.25: The underlying map from D’ to D*,

Moreover, the upper half of D* is sent to D’ respecting the orientation and the lower

half is sent reversing the orientation. Since p(F;(X)) = S I1xD"x(—1,0,...,0), it is clear
——

-1
that there are two components of intersection exactly as mentioned above. By a similar

argument, one can see that the intersection p(F»(Y)) N p(F5(Z)) is given by

p(F2(Y)) N p(F5(Z)) = ((B+ x ST U (B- x $71)) x (1,0,...,0),
{—1

where points B and B_ lie in the upper and lower halves of the disk in Dx S*~!, respectively.

Thus, the double intersection comprises of four spheres, with their preimages in X,Y, Z as
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follows. In X = 9(D* x D), we get

L)_(Y = SZ_I X A+7

in Y = 9(D* x DY),

Ly =58 x Ay,
Lyy=8"1xA_,
Ly, =B, xS,
Ly, =B_ xS

in Z =0(D* x DY),
L,y =By x S

L, =B xS™

The two preimages in both X and Z are parallel spheres, while the four preimages in Y form
a double of a Hopf link. The following depicts the set of double points of p o F' with each

link component (with some orientation) inside XY, and Z as a sphere S*~':

Figure 3.26: The set of double points of p o G, ([a12, aas])
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Note that only the linking numbers in Y contribute to our invariant 3.5.3, i.e., only
k(LY 7, Ly x ) Ik(Ly 7, Ly x ), Ih(Ly 5, Ly x ), and 1k(Ly 5, Ly ).

Each of these four linking numbers corresponds to the linking number of the standard Hopf
link in Y, and thus we only need to find the orientation on each link component. Note that
L3« and Ly are two parallel spheres S“~1 (and so are Ly, and Ly ,). We claim that these
parallel spheres have the same orientation when ¢ is odd and opposite orientation when /¢ is
even. The ambient space 9(D’ x D) x R” is oriented by taking first the orientation of 9(D* x
D*) (which uses the outward normal first convention) and then the standard orientation of R¢.
More precisely, the orientation on S*~! x D’ x R? is given by (Or(S*™!), Or(D"), Or(R"));
whereas the orientation on D x S*~1 x R* is given by (—1)* times the standard orientation
on each factor i.e., (=1)%(Or(D%),0r(S* 1), Or(R")). The sign (—1)* is due to pulling the
outward normal to S*~! as the first vector.

In S~ x D x RY, we orient the double intersection S*~! x A, (we ignore the point in RY)
according to our orientation convention in Remark 3.2.1 (note that Y is above X), so we
take (Or(S*~tx A,), rest of Or(Y), rest of Or(X)) and compare it with the orientation on
S~1 x D' x R*. Note that the image of X is constant in the direction of R’, therefore only
Or(D") contributes to Or(X). On the other hand, the tangent vectors on Y are a linear
combination of tangent vectors on D* and R?, and since the direction of D* is taken by Or(X),
the remaining Or(R") contributes to Or(Y). Therefore, for the intersection S*~! x A, we
take

(-1Y0r(s"™), Or(®Y . Or(D) ),
—_———— N — ——
Or(St-1xA4) rest of Or(Y) rest of Or(X)

which gives the standard orientation on S‘~! x D! x Rf. Thus, the orientation on the

preimages Ly, and Ly, is given by (—1)*Or(S*71). For S*~! x A_, recall that A_ lies in
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the lower half of D, which contributes with negative orientation to Or(Y’), thus we take

(—Or(s™h, or(D") , —OrR") ),
—_—— —— N —
Or(St=1xA_) rest of Or(X) rest of Or(Y)

which is equivalent to the standard orientation on S¢~' x D’ x R’. Thus, the preimages Ly 5
and L, are oriented as —Or(S*71).

In D x S“! x R? , by the same argument, we orient B, x S*~! by taking

(or(S$"™"), Or®R" , or(D") ),
—— N—— ——
Or(ByxS8¢1) rest of Or(Y) rest of Or(Z)
which  gives the standard orientation on DY x S“! x R’  that is

(=1)4(Or(D*),0r(S*1),0r(R")).  Thus, the preimages Ly, and L, both get the

standard orientation Or(S*~1). Similarly, to orient B_ x S, we take

((=D7'or(s), Or(D") , —~Or(R’) ),

—_— Y
B_xOr(St-1) rest of Or(Z) rest of Or(Y)

which again gives the standard orientation on D x S*~! x Rf. Thus, the orientation on Ly,
and L}, is given by (—1)1Or(S*1).
Since the four linking numbers that we want to compute are of a standard Hopf

link inside Y, we can view Y = S?°! as 9D? instead of 9(D* x D*). For each Hopf

link, we assume that the first component (either Lj., or Ly,) is given by the sphere

{(0,...,0, 2041, ..., m20) |2, + ...+ 23, = 1} C 5?7 and the second component (either
¢
Ly or Ly ) can be described as {(z1,...,2,0,...,0)|23 + ... + 22 =1} C S L.
——

¢
By the third definition of the linking number given in Section 3.5.1, (k(L3,, L{y)

is the algebraic number of intersections of Ly, with D(Lj ), where D(L{y) =

{(z1,...,20,2011,0,...,0)|zep1 > 0,23 + ... + 27 < 1} is the disk bounded by Ly . The

(-1
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intersection Ly ,ND(L; y) happens exactly at one point (0, ...,0,1,0,...,0) as shown below.
———

——
L -1

(¢ + 1)-direction

A

+ +
Lyx Lyx

Ly,
Figure 3.27: D(L ) intersected with L3,

Since Ly y is oriented as the boundary of D(L3 ) with the outward normal first conven-

tion, and we have shown that the orientation on L7 is given by (—1)‘Or(S*1), therefore

the orientation on D(L;y) must be ((—1)58%1, aim, ce B%e)‘ At the intersection point, we
get orientation
( 0 0 (—1)" o 0 0 )
(91‘[.;,_2’ aZL‘%, 81'1’ 61'27 Y 6@ ’
OT(Z;QZ) Or(D(Ly x))
which is equivalent to ((—1)%%1, 8%2, s %, 6;;2, e %ﬂ), the orientation on Y ~ §2¢~1

at the intersection point. Thus, lk(L{,, L{y) = +1.

Similarly, we compute lk(Ly ,, L{-y) by taking the intersection Ly, N D(Ly ), which

again happens at the point (0,...,0,1,0,...,0). At the intersection, we get
—— N —
i —1
0 0 o 0 0
(2 a2 0 2y
a$g+2 aﬁgg 8931 8:@ 81‘@
oLy ) Or(D(L )

which is (—1)*~! times the orientation of Y at the intersection point. Thus, [k(Ly ,, L{y) =
(_1)(—1.

Note that the disk D(Ly y) can also be described as {(x1,..., 2, 2p41,0,...,0)|z1 >
——

=1
0,27 + ...+ 27 <1} bounded by Ly (D(Ly ) is parallel to D(Ly y)). The orientation on
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D(Lyy) is given by ( — 6%1, 8%2, Cees 8%2) in accordance with the orientation of Ly y, which

is —Or(S*1). At the intersection point Li:, N D(Lyy) = (0,...,0,1,0,...,0), we have

l (-1
< 0 0 g 0 0 )
8xz+2"”’8x2/\ 8.7}1’81’27”.’8.7341 ’
Or(jl:tz) Or(D(Ly y))

which gives (—1)*! times the orientation of Y. Thus, lk(L{,, Lyy) = (—1)*"L. Similarly,

to compute (k(Ly ,, Ly ), the orientation at the intersection point is

< et 0 0 _ o 0 i)
Oxpro 8@’2@’\ Ory’ Oxy’ al'gl ’
OT‘(Z;Z) Or(D(Ly x))

which matches with the orientation of Y. Thus, (k(Ly ., Ly ) = +1.

Hence the invariant V (given in 3.5.3) evaluated on G, ([aq2, aag)) is

V(G*([a12a 0423])) = [U‘?<LJ§;27 LJx;X) + lk(L;/va;/X) + (_1)6_12”‘5(L1+/Zv L;X) + (_1>Z_12“€(L}72’ L}tx)]

[ 1+ (=)0 21+ (21 2(-1) Y

L e e =2 )
(=5

Therefore, using the invariant 7, one can conclude that under the graphing map, [a2, ao3]

is mapped to —B, the negative of the Borromean link.

3.7.2 2-component links

Theorem 3.7.3. The graphing G, : my,_1S* = mp_1C(2, R*F1) — WOEmba(IEIR4’“_1,R6k)

takes the (rational) generator [ans, aiia] of Ta_1S* to —By — Ba, up to a torsion element.

Proof. Let aia € o, C(2, R%*+1) correspond to the braid where strand 1 goes around strand 2.

Abusing notation, we also let ay, denote the corresponding map ayy @ S?* — C(2, R%*+1).
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Then the element [aqo, o] represented by f = (f1, f2) : D¥*~1 — C(2,R?**1) is given by

the composition
D4k71 — S4k71 ~ a(D2k % D2k> i) S2k vV SZk M) 0(2 R2k+l) ~ S2k

where the first map collapses the boundary dD*~! to the base point in S*~! and ¢ is the
attaching map of the top 4k-cell in the product S?* x S?. We may assume that the map f»

is constant in R?**! given by fo(z) = (0...,0) for all x € D*~1,
——

2k+1
As done in the previous theorem, we assume that the corresponding embedding is

represented by F = (Fy, Fy) : IEI(‘?(D%XD%) — J(D* x D*)xR?+1 where Fy(r) =
(z, f2(x)) = (2,0,...,0) for all x € (D*xD?*). The map F; comprises of two maps
on O(D%* x D?*) ~ (S*=1x D?*) U (D?* x S%~1) given by

1dg2k—1 4 p2k X(h o p2) i R b S G S L XD%XR%Jrl,

idpery g1 X (hopy) s D*x Sy DR G2 RZHL

where maps p; and p, are projections to the first and second factor of S*~!'xD? and
D2 x S%+=1 respectively. The map h : D?* — R?**1 sends the respective disk D?* to R?++!

by collapsing its boundary to the point (1,0,...,0) such that the image is a unit sphere
——

2%
around the origin in R**!. Note that the map h is given by the composition D?* —

D% /oD% — Sk of degree one, thus it respects the orientation.

Let the two components of F' be X and Y. Consider the projection
p: O(D*x D*F)xR*H — §(D*F x D*)xR**

of F along the last (2k + 1)-coordinate. Note that the image of the projection p(F2(Y)) =
O(D*xD*)x(0,...,0). Moreover, the projection p(F;(X)) restricted to S%*~1x D?* must
———

2k

94



satisfy the following:

Fy =idgok—1, p2k X (hop2) SQk*l

S2k71 ><D2k ><D2k XR2k+1 p SQkfl ><D2k XRQk

S AL 5 S AL < (0,...,0,41) —— S AL % (0,...,0),
ok 2k

for points A, and A_ lying in the upper and lower halves of the disk in S?*~1x D% respec-

tively. The underlying map to R?* is given by the projection S%*~1x D?* 22, D2t followed by

the map p|,,,, o h: D* — R**. The latter takes D" to the point (1,0,...,0), the plane
——

2% 1
H which cuts D?* into two halves is sent to 9D?* C R?*  and the points A, and A_ are sent

to the origin in R?*. Moreover, the upper half of D?* is sent respecting the orientation and
the lower half is sent reversing the orientation. Similarly, p(Fy (X)) restricted to D% x S2+~1

must satisfy

F1 = id ok o g2k—1 X (hop1)

DQk x52k—1 DQk % SQk—l XR2k+l p DQk’ x SQk—l XR2k

BixS% 1 5 ByxS*1x(0,...,0,41) ——— BLxS*71x(0,...,0),
2k 2k

for B, and B_ lying in the upper and lower halves of the disk in D% x S?*~1  respectively.

Thus, the intersection in 9(D?* x D*)xR?* is given by four spheres:

p(FL (X)) Np(Fa(Y)) = ((S* ' xAL) U (BLxS* 1)) x(0,...,0), (3.7.5)

with the following preimages in X and Y, each forming a double of a Hopf link:
In X ~ §(D?*x D?),

L)+(Y = (L;F(Y)A L <L;r(y)B — (S%*leJr) L (B+X52k71)’

Lyy = (Lxy)aU (Lxy)p i= (S A_) U (B_xS™*);
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In Y ~ 9(D?*x D?),

Lyx = (L;/X)A L (L}_’X)B = (S2k_1xA+) L (B+><S%_1)7

Liy = (L )aU(Lyy)p = (S 1A ) U (B_xS*7h).

Note that (L%y)a and (Lyy)a (respectively (Liy)p and (Lyy)p) are parallel spheres
in X. By the same argument given in the previous theorem, we conclude that these parallel
spheres are oppositely oriented (since £ is even) i.e., the orientation on (L%y )4 and (Lyy)a
(also on (L%y ) p and (Lyy ) ) is given by Or(S?~1) and —Or(S?*71), respectively. Similarly,
the corresponding preimages in Y are parallel spheres with opposite orientations. Thus, with
each link component as a sphere S?*~! the set of double points of p o F' is depicted by the

picture below:

- - o

~
—
-

1
T+ > H
\LXY . 1
\ v 1
\ 1

\\ L+ ,II
t XY L
X

Figure 3.28: The set of double points of p o G, ([a12, a12])

The only linking number contributing to the two invariants ¥V, and W, in Theorem 3.6.1

are

lk(L}thL}_/X) = lk((LﬂtX)Aa (L)_/X)B) + lk’((L;;X)Ba (L)_/X)A) and
lk(L}_(Y7 L)_(Y) = lk((L;Y)fh (L)_(Y)B) + lk:((L}Y)B, (L)_(Y)A)’

respectively, where each of the linking number correspond to the linking number of a standard
Hopf link. By repeating the computations done for such linking numbers in the previous
theorem, where we find the linking number as the algebraic intersection number of a sphere

and a disk, we conclude that each of the four linking numbers above is —1.
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Hence the invariant Wy on G, ([aqz, a1a]) is

1
Wi (G ([en2, m2])) = 5 Ik(Lxx, Lxy) —Ik(Ly x, Ly x)
—— —
0

= — (L) 0 (L)) + (L0, (Eyx))
=—(-1-1)

=2

Similarly, we get Wh(G.( [0412, ai2])) = 2. Thus, W([ai2, a12]) = (2,2), so under the graphing
map, [0612, 0412] is mapped to —Bl — BQ.

]

Remark 3.7.1. For the cases when k = 1, 2,4, the generator of the Z summand of 7yj,_ S
is given by the Hopf fibration Hopf : S*~1 — S%¢ which under G, : myu_15%* —
WOEmba(IEIRM’l,R%) gets mapped to 3(—B; — Bs), up to a torsion element. This follows
from the fact that the class [Hopf] € mu_15%F is one half of a2, aga]. We can also see it

through our invariant W. Indeed, the only difference is in the set of double points, which

now is given by one Hopf link in each X and Y:

Figure 3.29: The set of double points of p o G.([Hopf])

And it easy to compute that lk(L%y,Lyy) = -1 = Ik(L{y,Lyy), thus
WI(G.([Hopf])) = (1,1) = 5W(G.([on2, on2])).
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3.7.3 End of the proof of Theorem 3.6.1

We have the following diagram:

Tap_152F G- WgrEmb<|5|54k—17R6k) w Q2

Tl/

Z2

In Theorem 3.7.3 we have shown that under G, the generator [ajq,a1s] gets mapped to
—B; — By, up to a torsion, where the latter gets mapped to (2,2) under W. Moreover, note
that T maps —B; —Bs to —(1, —1)—(1,1) = (=2, 0). Recall that the image of T is either Z? or
L depending on whether the element (—1,0) belongs to the image of T or not. Let k # 1,2,4,
suppose that (—1,0) is in image of T, then there exists an element J € ﬂgrEmb(IEIS“k_l, RE*)
such that T'(J) = (—1,0) (since T" is a homomorphism we get J = 1(—=B; — B,)). By
Theorem 3.7.1, there exists a retraction r : WSTEmb(IEIS‘lk_l,R%) — Tar_15%, which then
maps J to %[06127 a12]. This contradicts the fact that [as, ais] is the generator of w152
Thus, for k& # 1,2,4, we get T(WS’“Emb(IEIS‘lk_l,Rﬁk)) = L. Following Remark 3.7.1, it is
clear that for & = 1,2,4, we have T(WSTEmb(IEISA‘k_l, RS*)) = Z2. Hence, we get the desired

image of W and this concludes the proof of Theorem 3.6.1.
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Chapter 4

Conjectural formula for the Haefliger

invariant

Haefliger [20, 21] has shown that (4k — 1)-sphere can be knotted in 6k-space for & > 1.
Moreover, the isotopy classes of smooth embeddings of S*~! in R%* is in one-to-one corre-
spondence with the integers, given by the Haefliger invariant (see [20] and [21, §5.16 and
Corollary 8.14])

H : moEmb(S*1 R 5 7.

He also gave an explicit embedding representing a generator of moEmb(S*~1 R) known
as the Haefliger trefoil knot [20, §4], which is constructed by joining the three components
of the Borromean link using two tubes. From [21, Theorem 5.17 and Corollary 6.7], it is
known that some non-zero multiple (twice in the case when k = 1) of the Haefliger trefoil
can be compressed to one dimension less, where the compressed embedding is non-trivial
as an immersion. This tells us that the desired combinatorial formula for the Haefliger
invariant cannot be solely expressed through the set of double points, and we have to take
the tangential data into consideration.

In this chapter, we give two (slightly different but equivalent) conjectural formulas for the
Haefliger invariant H. In Sections 4.1 and 4.3, we explain in detail these conjectural formulas

for the case k = 1 i.e., embeddings S® < RS when their projection to one dimension less
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is an immersion S® & R°. This case of immersion is well understood by Ekholm [13] using
some interesting invariants that we discuss in the next section. In the last section, we give
a generalization of our conjectural formulas to higher dimensional embeddings S*~1 — RO*

(k > 1), when their projection to R%*~! is an immersion.

4.1 First Formula H;

According to Smale [41], any immersion f : S® 4 R5 is determined up to regular
homotopy by its Smale invariant Q(f) € m3(Vs3) ~ Z, where V;3 is the Stiefel manifold
of orthonormal 3-frames in R°. Note that V53 is a fiber bundle over S* with fiber
Via = 8% x S2. The generator of m3(Vs53) = Z is the element [o] which is represented by
the identity map S® — S% mapped to the first factor of the fiber. The Hopf fibration
p: S* — 5% over the second factor of the fiber is related to [o] as [p] = —2[¢].! Here,
we consider the Hopf map p : S% — CP! = 5% given by (29,21) > [20 : 21], where the

orientation on S? is induced by the complex structure (note that the Hopf invariant of p is 1).

Ekholm [13, §6.2] has introduced a “linking invariant” F;(f) (our notation is different
than Ekholm) associated to generic immersions f : S & R5. It changes by 43 under triple
point moves and remains unchanged under all the other generic moves, and thus when taken
modulo 3 it is an invariant of regular homotopy. Let L C S® be the set of double points
of f, a closed 1-manifold i.e., a link in S® with possibly several components and let f(L) be
its image in R®. Then f|; : L — f(L) is a 2-fold covering. Note that there is an induced
orientation on f(L) and hence on L (see Remark 3.2.1 (1)). The invariant E;(f) is defined
as the linking number of the image f(S%) with m, a copy of f(L) shifted slightly along

a suitably chosen normal (to f(L)) vector field. In particular, we first start by choosing a

normal vector field v along L C S3 such that [L] = 0 € H,(S® — L), where L denotes the

'Ekholm in [13, §3] got this relation as [p’] = 2[o], where he considered a slightly different Hopf fibration
p Sy — S?m(H) defined by p'(z) = x -i-2~!. Here, S3 is the set of unitary quaternions in H = R*, which
acts by conjugation on I'm(H) = R3, the set of imaginary or pure quaternions. Moreover, he has shown that
Hopf invariant of p’ is —1, see [13, § 9.3].
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result of pushing L slightly along v. That is, for every path-component L; of L we get
lkss(Li, L) = lkss(Li, L) + > lkss(Li, Lj) = 0. (4.1.1)
J#

—~

Since k(L;, L;) = lk(L;, L;), the above equation can be rewritten as
lkss(Li, L) = lkss(Li, L) + > ks (Li, Ly) = 0. (4.1.2)
JF

Define a vector field w along f(L) as follows: for p € f(L) such that p = f(p1) = f(p2), let

w(p) = df (v(p1)) + df (v(p2))-

—_~— P

Let f(L) C R be the result of pushing f(L) slightly along w, then f(L)N f(S®) = 0. Define

Er(f) = Uhes (F(L), £(S))

——~——

(or equivalently, Fy(f) = [f(L)] € Hi(R5 — f(S®)) = Z). Let us call these choices of normal
vector fields for L and f(L) as framing fr.

Remark 4.1.1. If f in the definition of F1(f) is obtained as the projection of an embedding
S3 < RC, then we can assign an overcrossing and undercrossing part to L i.e., L = Lt UL~
and similarly L=L"U Z*, where both overcrossing and undercrossing parts are endowed
with the Ekholm orientation (see Remark 3.2.1 (1)). Then for each component L and L],

the condition in (4.1.1) gives the following:
—lkgs (LY, L) = —lkgs(L*,L7), (4.1.3)

and similarly
lkgs(L™,L7) = —lkgs(L*,L7). (4.1.4)

Now we give the first conjectural formula. Let p : R® — R? be the projection map.
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Conjecture 4.1.1. Given a knot F : S® — RS such that its projection f =po F : S & R®

1S a generic immersion, the first conjectural formula is given by

Hi(F) = %lky(L*,L) + %El(f) — 1—129(]‘), (4.1.5)

which produces the Haefliger isomorphism H; : moEmb(S?,R) Ny”

Note that the first term of the formula depends on the embedding, while the other two
are defined solely in terms of the immersion f. This formula as compared to the second con-
jectural formula Ho(F') defined in Section 4.3 is easier to do computations. One limitation
of this formula is that it does not easily generalize to the case where the projection f is a
non-immersion and includes Whitney Umbrellas. To address this, we can slightly modify
the formula to align its convention with Hy(F'), which has more chances in the potential
generalization to non-immersions with Whitney Umbrella points. We prove later in Theo-
rem 4.3.1 that the adjusted version of the first conjectural formula H;(F') is equivalent to

the second conjectural formula Hy(F'). The following is the adjusted version:

Hi(F) = —élkss(L, L)+ éEl(f) - 1—129(f). (4.1.6)

For (4.1.6), abusing notation, we redefine L := LT LU —L~, and similarly L:=L+U —Z*,
using the adjusted Ekholm orientation, according to Remark 3.2.1(2). Recall that L is the
shifted copy of L using fry (see the definition of E;(f) for notation).

The two versions of H;(F') produce the same value because

lkgs(L,L) = lk(L* U—L~, LT U—L")

= k(LT L) — Ik(LY, L) — Ik(L™, L) +lk(L™, L")

J .

-~

Ik(L+,L~) Ik(L+,L)

= Alk(L*, L),

by using equations (4.1.3) and (4.1.4), and the fact that the linking number is symmetric.
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4.2 Justification for H;

In this section, we justify our formula for #H; given in (4.1.5) through various arguments.
Firstly, in Subsection 4.2.1, we provide several computational examples that validate our
choice of coefficients in each term of H;(f). Then, in Subsection 4.2.2, we show that our
formula is invariant under all elementary cobordisms (as outlined in Section 3.3.1), without
Whitney umbrella points. Furthermore, in Subsection 4.2.3, we establish that H;(F') aligns
with Sakai’s Lin-Wang type formula for the Haefliger invariant, which measures the jump in
the Haefliger invariant when overcrossing changes to undercrossing and vice-versa. Lastly,
in Subsection 4.2.4, we discuss the compatibility of our formula with the concept of cabling,

which lends support to the coefficient in the last term of our formula.

4.2.1 Some computations

All the examples that we consider (except for the last one) include embeddings with the
projection trivial as immersion, resulting in a Smale invariant €(f) = 0. In this subsection,
Examples 1, 2, and 3 use our computations we did in Theorem 3.5.2, Theorem 3.7.2, and
Theorem 3.7.3, respectively. Example 4 is due to Ekholm which corresponds to trivial knots
S3 < RS that project to non-trivial immersions of arbitrary Smale invariant.

Before we explore our examples, we discuss following lemmas that will be useful for the

computations of Ej(f).

Lemma 4.2.1. Suppose f : X UY o R for each X,Y = S3 is a generic immersion such
that the restrictions f1 := f|x and fy:= fly are embeddings of S® in R®. Let fy : S® & R®
denote the immersion obtained by tubing X and Y. Then E\(fy) = 0.

Proof. Let A= A;U...U A, be the self-intersection of fx(S%) in R® (which is the same as
f1(X) N fo(Y) since we choose the tube to be in general position) with preimages Lyy =
iglL xv; and Ly y = ZglLy x,iin X and Y, respectively. Here, each A; and its preimages Lxy;
and Lyx; are circles. Let E be the shift of A; along the sum of the shifts corresponding

to fj;;@ and E;; i, using the framing fr;. We define E; ; to be the shift of A; only along

103



the framing inside X (that is, it is the image of [TX\Y/Z) Similarly, we define Zl; to be
the shift of A; only along the framing inside Y (it is the image of E;; ;). Note that if
D([j;;) is a 2-chain in X with boundary ]T)?}Zi, then we can choose D([j;;) to be in
general position with respect to f; '(f2(Y)) = Lxy. This implies that under f;, the images
D(Ax,) = fl(D(L/);;)) and f5(Y) are in general position in R®, where D(Ax ;) is a 2-chain

bounded by Ax ;. Thus, we get
Ukx(Lxva, Lxy) = lkzs(Axa, fo(Y)).

Note that each intersection point of D(Z;;@) with Lyy in X is sent by f; to exactly one
point of intersection of D(Z; ;) and fo(Y) in R®. In both cases, the sign of the intersection
point is positive or negative depending on whether the orientation of D([//;;) coincides or
not with the coorientation of Lyxy in X.

Similarly, one can argue that lky(i;)—(/’i, N (f1(X)) = Lyx) = lkgs (Zl\y/z, f1(X)). Then

Ei(fy) = lkas(A, f4(S*))

= ZlkRs (gX,iv fQ(Y>> + ZlkR5 (gY,ia fl(X>)
i=1 =1

= Zlk‘x ([TX\}:iaLXY) + Zlky(f;x/,u LYX)

i=1 i=1

= 0+0=0. (using (4.1.2) )

O

Lemma 4.2.2. Suppose f: X UY UZ % R® for each X,Y,Z = S? is a generic immersion
such that the restrictions fi := flx, f2:= fly, and f3 :== f|z are embeddings of S® in R®.
Let f4 : S® & R® denote the immersion obtained by tubing X,Y, Z via two tubes (in general
position). Then, E\(fy) = —3-lkx(Lxy,Lxz) = —=3-lky(Lyx, Lyz) = —=3-lkz(Lzx,Lzy).

Note that Lemma 4.2.2 follows from Lemma 4.2.1 by adding an inclusion Z C R* C R?
disjointly from f(X UY).
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Proof. Note that the self-intersection of f4 in R® is comprised of three parts: f1(X)N fo(Y),
f[(X) N f35(Z) and fo(Y) N f3(Z). Without loss of generality, let A = A; ... U A, be
the intersection of f1(X) and fo(Y'), with preimages Lxy = z‘QLXY’i and Lyxy = iQILYX’i
in X and Y, respectively, where each A;, Lxy,;, Lyx, is a circle. For each A;, let /AVZ be
the shift of A; along the sum of the shifts corresponding to [;;, and [7;; i, using the
framing fry;. Moreover, let Z; ; (respectively, ;1;) be the shift of A; only along the framing
inside X (respectively, Y). By the same argument given in the previous lemma, one can
show that lkgs(A;, f2(Y)) = lkes(Axs, f2(Y)) = lkx(Lxys, Lxy) and lkgs(A;, f1(X)) =
lkas(Ayy, f1(X)) = lky(Lyx., Lyx). Moreover, we get lky(Lyys, Lxz) = lky(Lyx., Lyz)
since both can be interpreted as lkgs(A;, f3(Z)). Then

ks (4, f4(S%)) = Zlkﬂ@s@, f4(5%)

= (Thes (Axi, fo(Y)) + U (Ayi, f1(X) + Uhgs(A;, f3(2)))

i=1

= Z(”fx(fx\;m Lxy) + lk?y(i;;i, Lyx) + lkx(Lxy;, LXZ))
i=1
( note that the last term can also be written as (ky (Ly x., Lyz))

(”ﬂx(fx\;i, Lxy)+ lkx(Lxy,, LXZ)) +Zlky(fy\x/,i, Lyx)

i=1

NE

(.
Il
_

4

—0 (using (4.1.2))

= Z —lky(Lyx,i, Lyz) (using (4.1.2) one more time )
i=1

= - lkY(LYX> LYZ) < or — UfX(ny, LXZ)>

Thus, for A as an intersection of fi(X) and fo(Y), we get [lkps(A4, f4(5?) =
—lky(Lyx,Lyz) = —lkx(Lxy,Lxz). We get similar results by repeating the argument
for the other two intersections. Thus, Ey(fx) = —3lkx(Lxy, Lxz) = —3lky(Lyx, Lyz) =
“3lky (L, Lay).
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Now we discuss the examples.
Example 1: We claim that H;(7) = 1, where T denotes the Haefliger trefoil knot, the
generator of 1o Emb(S?, R®). By definition, the Haefliger trefoil is constructed by tubing the

three components of the Borromean link B = X LY LI Z C RS, as shown in the figure below.

N
</

Figure 4.1: Haefliger trefoil knot 7, the generator of moEmb(S*~1 R6*) ~ Z.

Recall that for computations we used the second description of the Borromean link as
given in the Subsection 3.5.3 (now we have ¢ = 2). Here, T is defined as the connected
sum T = X#YH#Z#F,, where Fy : R C RS is the standard inclusion. If we choose the
two tubes in general position, then under the projection p (as given in Theorem 3.5.2), the
self-intersection of p o T is the same as that of p o B i.e, consisting of six disjoint circles
in R®. The set of double points L of po T is also the same, given by six disjoint Hopf links

as depicted in the picture below.

, + N , 4 N , + N
’ A 7 \ v \
S Lty N /e L Ly .
] \ N Q \ N \
1 \ 1 \
VT - - 1
\Lxy, L, =Ly, ¥y =Ly L}y
\} \}
\ I' \ I’ \ II
AY A} AY
‘\ L_ /I ‘\ - Il ‘\ - /I
R XZ R Yx - R zYy «
X Y Z

Figure 4.2: The set of double points of po T
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By computations in the proof of Theorem 3.5.2, the linking number of each of these
Hopf links is —1. Note that none of the Hopf links have a linking between an overcrossing
component with an undercrossing component, thus lkgs (L™, L™) = 0. Moreover, Q(poT) =0
since the projection of T to R is still trivial as an immersion (essentially one can pull apart
the three spheres S® in R® and rotate them so that they all are a parallel copy of the standard
inclusion S C R* C R®). Thus, the only non-trivial term in our formula is Ei(po 7). From
Lemma 4.2.2, By (poT) = =3-lkx(Lxy,Lxz) = =3 (lkx(L%y, L% ,) + lkx(Lyy, Ly ) =
—3-(—1—1) = 6. Therefore,

Example 2: From Theorem 3.7.2, under the graphing map G, the generator [a12, aas] €
e C(3,R?) gets mapped to the (negative) generator —B € WSTEmbaOgle,Rﬁ). Since the
tubing of the Borromean link B results in 7, the tubing of the embedding corresponding
to G.([onz, aes]) must result in a knot F isotopic to the inverse of 7. This is compatible
with our formula. Indeed, by the same argument as given in the proof of Theorem 3.7.2; the

self-intersection of po F in R® consists of four circles with preimage L C S? given as follows:

~~ -

Figure 4.3: The set of double points of po F

The first term in our formula is then lkgs (LY, L7) = Ik(Ly,, Ly ) + lk(Ly 4, Liy) =
—1—1 = —2, using the computations done in the proof of Theorem 3.7.2. Since the projection

of any braid is trivial as an immersion, we have Q(p o F) = 0. From Lemma 4.2.2, we get
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Ei(poF)=-3-lkx(Lxy,Lxz) = —3-0. Hence, our formula gives

.(—2)+1-0—i-0=—1=7‘[1(—T)-

Hi(F) = 6 12

N —

Example 3: In the proof of Theorem 3.7.3, we have shown that a2, 1] € 757 C/(2, R?)
gets mapped to —B; — By € WSTEmba(IEIRs,RG) under the graphing map G,. Note that
tubing the two components in B; + By results in 27 € WSTEmba(%J]R?’,]RG). Thus, after
tubing the components of the embedding representing G.([ai2, a12]) (Where the tube is in
general position), we obtain a knot J isotopic to the inverse of 27. The self-intersection of
po J and its preimage are the same as in the proof of Theorem 3.7.3 given in (3.7.5). In

particular, the set of double points L in S? is given as follows:

1
1
1
1 1 1
\ ,. ! \ 4 !
\ U \ U
\ ’ \ ’
\ 4 \ ’
. Lt , . LT ,
\ XY ’ \ YX ’
S ., AN .
~ s ~ s
SO P S e -7
~e___- - ~e___- -

Figure 4.4: The set of double points of po J

The first term in our formula is lk(L", L™) = [k(LLy, Lyy) + (LY, Lyx) = —2 —
2 = —4, see the proof of Theorem 3.7.3 for computations. From Lemma 4.2.1 and the fact
that the projection of a braid is trivial as immersion, we get Fi(poJ) =0 and Q(poJ) =0,

respectively. Thus, our formula gives

S I S S TN o

Hi(T) = 6 12

N —

Example 3’: From Remark 3.7.1 (since k& = 1), there exist an element [Hopf] =
%[am, 2] € m35? corresponding to the Hopf fibration, which gets mapped to 3 (—B; — Bs).

Let P denote the knot obtained by tubing the components of the embedding represent-
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ing G.([Hopf]). The set of double points of p o P is as follows:

- - o - -

4 ~
4 \ 4 \

4 \ 4 \

/ \ / \
/ \ ! \
! \ ! \
! \ ! \
1 n L 1 + 1
1 [ i
\L 1 \L 1

XY , YX
\ \ 1

\ 1 \ ‘

\ ’ \ ’

\ _ ’ \ _ ’

\ L 4 A L ’
XY 4 ~ YX
4 ~ 7’
~ ’ ~ s
~ - ~ -
~e . _ - ~e . _ -

Figure 4.5: The set of double points of p o P

By Remark 3.7.1, both linking numbers lkx(L%y, Lyy) and lky (LY, Ly ) are —1.
Thus, the first term in our formula is lkgs (LT, L™) = lkx(Liy, Lyy) +lky (Liy, Ly ) = —2.
Moreover, Ei(poP) = 0 and Q(p o P) = 0 by the same reasoning as for p o J. Hence,
Hi(P) = Hi(3T) =5 (=2 + 50— 55-0= 1 =H(=T).

Example 4: Ekholm in [13, §8] constructed immersions S® & R5 with arbitrary Smale
invariant by rotating a 2-disk with a kink in R5. For every half integer m € %Z, he gives
fm : S% 9> R that runs through regular homotopy classes. The self-intersection of f,, is one
circle, such that f,, on the set of double points L is a 2-sheeted covering. The preimage L of
this circle is connected if m is not an integer, and is a two component link with unknotted
components that are linked with linking number m, if m is an integer. Moreover, Ekholm has
shown that Q(f,,) = —2m and Ei(f,,) = —4m. When m is an integer then the immersion
fm can be lifted to an embedding F,, : S® < RS where we choose one component in
the preimage to be over and the other one to be undercrossing i.e., L = L™ L L™ such
that lkgs (LT, L™) = m. We claim that the resulting embedding is trivial. Indeed Ekholm
considers a kink K : D? & R* (depending on ) so that rotating it along @ yields f,, (see
[13, § 8.1 and §8.2] for more details). When m is an integer, the self-intersection of this kink
can be resolved in one dimension higher, thus it can be lifted to an embedding K : D? — R®.
Since any embedding D? < R® is trivial by Haefliger unknotting result [21, Corollary 6.6],

there exists an isotopy between K and the trivial one. Now rotating this isotopy gives
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another isotopy between F), and the trivial embedding S® < R®. This is in accordance with

our formula,

4.2.2 Invariance under cobordisms and third Reidemeister moves

Let {F;} be the 1-parameter family of embeddings S — R for ¢ € (—¢,€) such that its
projection to R5 along the last coordinate is a generic 1-parameter family { f;} of immersions
S% 4 R®. None of the terms in our formula change under the cobordism moves (note that
because of the specific type of isotopy we consider, Whitney Umbrella points do not appear).
There are two such cobordisms: one appearing as the analogue of the second Reidemeister
move and the other one where two saddles occur simultaneously, see Section 3.3.1. In both
moves, lkgs(LT, L) is preserved as there are no new linkings between L™ and L~. Moreover,
Ekholm in [13, Theorem 6.2.1] has shown that E)(f) is preserved under these two moves.
We now show that our formula is unchanged under the analogue of the third Reidemeister
move. To be precise, we show that the first two terms compensate each other under this
move (note that (f) is an invariant of regular homotopy). Assume that fy has a triple
point, say 0 € R?. Let the three sheets coming together at the triple point be X, Y and
Z such that X is above Y, and Y is above Z, with respect to the last coordinate in RS.
One can find the following (positively oriented) local coordinates (x1, z2, x3), (y1, Y2, y3), and

(21,22,23) on X, Y, and Z respectively such that near the triple point 0 € R® we have

ft<X) = («Tl,0,0,I'Q,Z'g),
ft(y) - (tay17y3707y2>7

ft(Z) = (251, 21, 2272370)'

(The coordinates in R® must also be adjusted). The oriented self-intersections of f; are the

lines
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[(X) N fi(Y) = (¢,0,0,0,—s),
f(X)n fi(Z) = (0,0,0,5,0),
f(Y)N fi(Z) = (4,t,5,0,0)

(see the proof of Theorem 3.5.1 for orientations and computations that we use in this sub-

section). The oriented preimages of the self-intersections of f; are given by

L}Y@) = <t7 07 _S)a
L}Z = (0,5,0),
L;X — (0, _870)7

L}tZ(t) - <t7 0, §)7
LEX = (0’ 07 §>’

L,y (t) = (1,8,0).

Let us see how the first two terms in our formula change when ¢ goes from —d to 9. We
have computed in the proof of Theorem 3.5.1 that the only non-trivial change is in the
linking numbers [k(L%y, LY ,), k(L3 ,, Ly ), and lk(L,y, L), which is given by +1 in
each case. However, only Alk(Ly,, Ly ) contributes to the change in lkgs(LT, L™), thus
Alkgs(L*,L™) = 1. Note that AF;(f) depends on two things: the motion of Y and the
changes in the framing that this motion causes. Let us choose one (out of three) of the self-
intersections, say A(X,Z) = fi(X) N f,(Z) = (0,0,0,5,0), with preimages L}, and L.
Both preimages are shifted using fr;, thus Alk(L}Z,[E/Z) = —Alk(L%,,L%y) = —1 and

Alk(L,y,L,y) = —Alk(L,y,L,,) = —1. We assume that the shifting distance is very

small compared to 9.
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AH L (F) = Hi(Fs) — Hi(F_s)

S (LT L™ Z N

= SAlkss (L, L7) + ZABI(f) = TA(f)
1 1 1

_5.1+6.(_3)_E.0

= 0.

4.2.3 Compatibility with Sakai’s Lin-Wang type formula

In [39], Sakai studied the behavior of the Haefliger invariant for long embeddings R? < R®
whose projection to R® are generic immersions. He derived a Lin-Wang type formula that
describes the change in the Haefliger invariant under crossing changes. This result is based on
his earlier work in [37], where he expressed the Haefliger invariant in terms of configuration
space integrals. We show that our formula aligns with Sakai’s result in [39, Theorem 2.5].
Let F : R3 < R% be a long embedding such that its projection p o F' : R? 95 R is a generic
immersion, where p : RS — R’ denotes the projection (zy,...,2¢) = (z1,...,25). Let
A = A;U A, be the self-intersection of po F' with preimage (po F')"'(A;) = L; = Ly U(—L])
for i = 1,2, taken with the adjusted Ekholm orientation (i.e. undercrossing is taken with the
opposite orientation). Here, both A; and A, can be disconnected or empty. Suppose Fl, is
an embedding obtained from F' by crossing change at As, i.e., we swap overcrossing L3 and
undercrossing Ly . Then (po Fia,) Y (A1) = Ly U—L; and (po Fa,) 1 (Ay) = Ly U—L3 (now
L3 is undercrossing and thus oppositely oriented). Note that the invariants E; and € in
our formula depend only on the immersion and thus are preserved under crossing changes.

Then, we get the following

1
Hi(F) — Hi(Fa,) = =lk(LT UL, L7 ULy) — 5l/c(Ll+ ULy, Ly ULY)

N — N —

(k(LY, Ly) = Ue(Lf, L) — k(L7 Ly) + 1k(Ly, L))

1
- —5”{?([/1, Lz),
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which is compatible with [39, Theorem 2.5, up to a minus sign. Note however, that Sakai
determined his integral invariant on the Haefliger trefoil to be £1 (see [39, § 3]), while with

our conventions, our conjectural formula produced +1 on the Haefliger trefoil.

4.2.4 Compatibility with Cabling

In knot theory, the cabling operation involves doubling the knot along a chosen normal
vector field, resulting in a two-component link. Let Emb} (R* R®) denote the space of long
embeddings R? < RS along with a non-vanishing normal vector field (both with the standard
behavior outside a compact set). To be precise, outside a compact set, the normal field is
chosen to be 0 := e5 + ¢5 = a%s + 8%6 (since we require it to be non-tangent to any of the
components of the Borromean link). Each element in Emb} (R3,R) is given by a pair (F,n),
where F is a long embedding R? < R® with a nonzero normal vector field n.

We define the cabling by a map
C : Emb}(R* R®) — Emba(IEIR3,R6)

(F,n) — FUF,

where F, is a shifted copy of F' along the normal field n. We use cabling C' and our invariant
W for two-component links (as given in Theorem 3.6.1), to justify our choice of the coefficient
of Q(f) in (4.1.5). Note that this can also be seen from Example 4. However, the argument
below allows us to determine the coefficient of €(f) for high dimensional immersions (as
discussed in Section 4.4).

By [21, Theorem 5.17], we know that twice Haefliger trefoil knot given by 27 =
THT : R — RS, is compressible to R® i.e., it is isotopic to a knot inside R® x 0. Let
X € Emby(R3,R?) denote the compressed version of 27. We want to understand X as a non-
trivial immersion in Immgy(R3?, R®) by computing Q(X). By Ekholm [13, Proposition 4.1.2],
the set of regular homotopy classes which contain embeddings form a subgroup of index 24

in o Immgy(R3, R). Thus, under the natural map i, : moEmbs(R3, R%) — moImmy(R3 R®),
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the element X must be mapped to +24 times the generator [o] in m3V5 3 = molmmg(R3, R?),
see Section 4.1 for notation. We claim that Q(i(X)) = —24 - [0].

Let Imm} (R3?, R%) be the space of long immersions R* & R® with a normal vector field. Con-
sider the inclusion j : Immy(R3 R®) < I'mm} (R3 R®) such that for f € Imms(R? R?), 5(f)
is the immersion f with the constant normal vector field 0 = e5+e4. Let j' : Emby(R? R%) —
Emb} (R3 R®) be the restriction of j to embeddings. We have the following commutative
diagram:

Emb} (R3, RS) —s Imm}(R3, RS) —2 13V, = Z
B 1 J
Emba(R3, R) —"— Immg(R3 R®) —L w3V = Z

where the right vertical map is a bijection (since the map V53 — V54 is a fiber inclusion over
S and thus is 4-connected). Thus, j induces an isomorphism on 7. To find Q(i(X)) we use
the above commutative square along with the cabling C' and the invariant WW. Firstly, we get
that j/(X) is isotopic to (27, v) € Emb} (R3 R®), where v is some nowhere zero normal field.
Note that (27 ,v) can be chosen to be knot 27 with trivial framing 0, connected sum with
the trivial knot ¢ with some non-trivial framing (given by v) i.e., (27,v) ~ (27,0)#(U,v).
Since 27 is trivial as immersion, the image i " (27, v) € I'mmj (R3, R) is determined only by
this non-trivial framing v. To find this non-zero vector field, we first note that the freedom of
choice of normal field for the trivial knot I/ is measured by w352 = Z. Since the generator of
7352 is given by [p|, where p is the Hopf fibration (see Section 4.1), the framing adjustment
is done by adding some multiple of [p]. Now we consider j'(X) with the choice of trivial
framing 0, we claim that W(C(j'(X),0)) = (0,0) = W(C(2T,v)). Indeed, the cabling
C(7(X),0) results in a two-component link, say X LI X', where the components X and X"
lie inside R® x 0 and (R® x 0) +¢- 0, respectively. Note that under the projection to R along
the vector (1,...,1) € R there is no self-intersection for each component of C(;'(X),0)
(since both X and X’ are embeddings in R%), but there can be some non-trivial intersection
between the projection of X and X’. However, we can isotope X’ in (R® x 0) + ¢ - 0 so that
its support lies far away from that of X', as shown in Figure 4.6.

As a result, there is an empty intersection between the projected components and we get
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Figure 4.6: Isotoped X’ in (R x 0) +¢-0

W(C('(X),e6)) = (0,0). Moreover, from Remark 3.7.1, we have W(G.([p])) = (1,1). Thus,
if v = m - [p] for some integer m, we get W(C(U,v)) = (m, m). As a corollary, our invariant
W = (Wi, Ws) on any two-component link resulting from cabling must satisfy W, = W;.

Furthermore, it is easy to compute that W(C(T,0)) = W(T UT’) = (—6,—6), where
T" is a slightly shifted copy of 7 along 0. Indeed, using the notation from Example 1 in
Subsection 4.2.1, let T = X#Y#Z#F, and T' := X'#Y'#7Z'#F}, where Fy : R> C R°
is the standard inclusion and F{ is its shifted copy. Let L;; denote the preimage of the
intersection for ¢, j = 7,7’ lying in the component i. Recall (from Example 1) that there
were six circles in the self-intersection of poT, with their preimages given by six disjoint Hopf
links (two in each X,Y’, and Z). We now get four circles in the intersection of p o (7 L T”)
corresponding to any circle in the self-intersection of p o 7. For example, given a circle A,
lying in p(X) N p(Z) in the self-intersection of p o T, now we get four (shifted) copies of it
in the double intersection of po (T U T’) lying in p(X) N p(Z), p(X") Np(Z), p(X) Np(Z'),
and p(X’) N p(Z’), as shown in the figure below.

cabling
_

X Z X'xX 7z

Figure 4.7: Double intersection under cabling

Moreover, it is easy to check that the set of double points consists of two double Hopf

links in each X,Y, Z and X', Y”’, Z'. For example, here is the link that we get inside Z:
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_l’_ —
LZX’ LZX’
+ —
LZY’ LZY’

Figure 4.8: The preimages of the double intersection inside Z

For concreteness, we check below that L;X, is a parallel copy of LJZEX and thus
k(L y, L) = 0. Following our conventions from the proof of Theorem 3.5.2, the projec-

tions of components X, X’ and Z are given by the following respective maps
(0,0,91, Y2, 21, 22) > (—22, =22, Y1 — 22, Y2 — 22,21 — 22)

(0707y17y2721 + €, 29 + 6) = (_("7’2 + 6)7 _(22 + 6)7y1 - ("7’2 + 6)73/2 - (22 + 6)7 1 — 22)
(§17§27}:’17§727070) = (§17§27§717§/270)

Note that the intersection p(X) N p(Z) consists of two circles:

{(j: %,i%,wl,w2,0> € R®|w? + w3 = 52},

Similarly, the intersection p(X’) N p(Z) consists of two circles:

{(:‘:%—6,:‘:%—6,11)1,11)2,0) € R%|w? + w3 :62}.

Clearly, the preimages of these circles inside Z given by

Lo = {(# J5 #2570 72.0.0) € 260 + (5" = 57}

L§X/ - {(i % _E’i% _€7§’17§727070> € Z|(y,)? + (y2)? = 52}
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are parallel. Hence,

Wi(C(T,0) = glh(Lrr, ) = h(Lor, L) = (6 (-2)) = 6

=0
(note that only lk(L}y,L}y) and lk(L} ./, L}y) from the first double Hopf link in the
picture above contribute (each by -1) to W, and since there are six such double Hopf links
in 7, we get 6-(—2)).
Using the additivity of W, we have

0 = Wi (C(2T,v)) = Wi(C(2T,0)) + Wi(C(U,v)) = —12+m

We get m = 12 and hence the non-trivial framing on (27, v) is given by 12 - [p]. Therefore,
iT(27,v) is regularly homotopic to the trivial immersion R? &+ RS with non-trivial framing
given by 12 - [p] € w352 To see the image under Q, we consider the inclusions S? <
Ve, & V5,3, where ¢ is obtained by fixing the first three vectors in Vg4 and rotating the
last one; while the inclusion Vs 3 < Vi 4 is obtained by adding a fixed vector \%(65 + ¢5)
as the last vector. Note that there is a copy of S? included in V;3 and the composition
5?2 — Vs,3 < Vg4 is not the same as the inclusion ¢. There is a sign action of the symmetric
group Sy on Vg4 which permutes the four vectors. However, on 73, the induced action is
trivial and thus the generator [p| = 1[id, id] € 735% gets mapped to —2[0’] € 73V 4, where
(0] is the generator of m3Vs 4 and is the image of [o] under the induced map (bijection on 73)
corresponding to inclusion 7.2 Under Q, i* (27, v) gets mapped to 12 - (=2[¢']) = —24 - [¢’]
and thus Q(i(X)) = —24 - [0].

Hence, our formula (4.1.5) evaluated on 27 when it is compressed as an embedding to

“More generally, the group Sy ! Zy acts on Vg4 by permuting and changing orientation of the vectors.
This induces a sign action of Sy Zy on moVs4 = HoVs 4 = Z. However, the induced (sign) action of this
group on m3Vs 4 is trivial since given a generator « € moVg 4, one has [—a, —a] = [a, o] € m3Vg 4.
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R5 gives

1 1

Hl(QT) = %lkss(L_'_,L_) +é El(X) - Q(X) = —E . (—24) = 2.

—— 12
=0 =0

We use the following remark in Section 4.4 for the (rational) generalization of Q to

higher dimensional immersions S*~! 9 R%~!  In higher dimensions, it is difficult to see
the generator of the Z summand of 7y, S*, thus we express [f] € molmm(S*1 R6*1) =
Tak—1Ver—14k—1 in terms of the rational generator [id,id] of muy_1S*, where [id,id] is the
Whitehead bracket of the identity map on S?* with itself.
Remark 4.2.1. For an immersion f : S & R® moImm(S? R®) = m3V;53 = Z implies that
[f] = Q(f) - [o], where [o] is the generator of m3V5 3. Rationally, we define Qg:(f) € Q so
that [f] = Qg2(f) - [id,id] where [id,id] is the rational generator of 7352. Moreover, since
[id, id] = 2[p] = —4[o0], we get Q(f) = =4 - Qs:(f).

4.3 Second Formula H-

In this section we provide our second conjectural formula for the Haefliger invariant. We
also prove that the second formula is equivalent to the first one. According to [14, 36, 33],
there is a different way to define the linking invariant F;(f). We denote this new invariant
as Ey(f) for any generic immersion f : S® ¢ R®. Tt is shown in [33, Proposition 3.1.5]
that Eq(f) = —E(f). Let L C S be the set of double points of f and f(L) be its
image. Note that the orientable 2-dimensional normal bundle N(S%) of f is trivial (since
the oriented 2-dimensional vector bundles are classified by m3(BSO(2)) = 0). Moreover, any
two (coorientation preserving) trivializations are homotopic since their difference represents
an element in 74 (BSO(2)) = 0. Let (v, v2) be the (unique up to homotopy) normal framing
of f. Then for p = f(p1) = f(p2) € f(L), u(p) = vi(p1) + vi(p2) defines a normal vector
field along f(L). Let f/(L\) C R® be obtained by pushing f(L) slightly along u, then f/(L\) N
f(5?*) = 0. Define

Ea(f) := Ukgs (F(L), £(S)).
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Note that the normal bundle N(L) over L in S® is also 2-dimensional and is naturally
identified with N(S3)|p. Thus, (vy,vs) also gives the (unique up to homotopy) normal
framing on L C S3. Let us call these choices of normal vector fields for L and f(L) as

framing fr.

Conjecture 4.3.1. Given a knot F : S® — RS such that its projection f =po F : 5% 9» R®
is a generic immersion with L C S® as the set of double points (with the same adjusted
Ekholm orientation convention L == L+ U —L~ and L := LT U —E_, where L is the result

of pushing L using the framing fry). Then, the second conjectural formula is given by

Ho(F) = —élkgs(L, )+ %Eg(f) _ %Q(f), (4.3.1)

which produces the Haefliger isomorphism Hy : moEmb(S3,R) 5z

Remark 4.3.1. Similar to the invariance of H;(F') discussed in Subsection 4.2.2, we have that
Ho(F') is invariant under the two cobordisms moves (the analogue of the second Reidemeister
move and the other one where two saddles occur simultaneously) and the analogue of the
third Reidemeister move. Indeed, lkgs (L, Z) is unchanged under both cobordisms moves since
these cobordisms can be extended as framed cobordisms (along the unique normal framing).
It is shown by Ekholm in [12, Theorem 1] that F(f) is unchanged under these two cobor-
disms moves. Under the triple point move, note that Es(f) = —F1(f) and we have proved in
Subsection 4.2.2 that E1(fs)—FE1(f_s) = —3, thus Es(fs)— Eo(f_s) = 3. To see the change in
lkgs(L, L), we note that both Ik(L%,, EFX\Z) and lk(L% ,, L/;Q\Y) have the same contribution as
lk(LYy, LY ,) i.e., the framing does not matter, thus Alk(L%y, [T_J{(\Z) =1=Alk(L%,, [7{;,)
Similarly, Alk(L;y,L;y) = 1 = Alk(L;y,L;y). Note that Alk(Li, Lyy) = 1 =
Alk(Ly , IT;Z\Z), but their contributions are taken with opposite sign in lkgs (L, Z) Thus,
Alkgs(L,L)=14+1+4+141-1-1=2.

119



Hence, the overall change in our formula is given by

AHo(F) = Ha(Fs) — Ha(Fy)

1 ~ 1 1
= —gAlksi(L, L) + 5 AB(f) = 75 A0(f)

1 1 1
__§.2+E.3_E.0

=0.

Theorem 4.3.1. For any smooth knot F : S < RS such that its projection po F' : S3 3 R

on R is a generic immersion, we get Hi(F) = Ha(F) and thus the two conjectural formulas

in (4.1.5) and (4.3.1) are equivalent.

Proof. We will be using formula (4.1.6) for H1(F) discussed in Section 4.1. Recall that L
and ]T(\L/) in (4.1.6) and L and f/(L\) in (4.3.1) are defined using the framings fry and fro,

respectively. We have

—

lhss (L, L) — lhss (L, L) = S ks (LF, L — L)+ Y lhso(L7 Ly — L;).

Let us denote this difference by Ay, since it captures the difference in framing at each

component in the preimage. Moreover,
Ev(f) = Bx(f) = 3 thaa(F(L:) = F(L2), £(5%)).

By definitions of fr; and fry, each lkgs (@—@, f(S?)) is same as the sum lkgs (L, Z;-;—

Z:\r) + lkss(L;,iv; — L;), thus Ei(f) — Eo(f) = Ayp. Since Eq(f) = —Ei(f), we have
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2E,(f) = Ay,. Thus, the difference of our two conjectural formulas is given by

Hy(F) — Ha(F) = — < (koo (1, T) ~ thso(L D)) + = (B1() — 3 Bo()
= —%(lkgs(l), L) — lkgs(L, E)) + i(El(f))
:_é.AfT_f_i.%Afr

=0.

4.4 Higher dimensional versions of H(F') and Hs(F)

In this section, we give a generalization of our conjectural formulas to higher dimensional
embeddings S*~! < RS* for any k, when their projection to R 1! is a generic immersion.

By [14], there exist analogous linking invariants E); and FE, for generic immersions
S g RO Let f: S%71 a5 R~ he a generic immersion with the (2k — 1)-dimensional
self-intersection given by f(L) C R%~! Let L C S*~! denote the set of double points such
that f|, : L — f(L) is a 2-fold covering. Since the codimension of f is even, there is an
induced orientation on f(L) and hence on L (see Remark 3.2.1). Let N(S*~1) denote the
2k-dimensional normal bundle of f(S*~1) and N(S*~1)|, be its restriction on the subman-
ifold L?~1 c S*~1. Since the embedding L < S*~1 is a null-homotopic map, the normal
bundle N(S*~1)|;, must be trivial i.e., N(S*~1)|;, = L x R?* and moreover the trivializa-
tion is uniquely determined up to homotopy (this is because m;S*~1 = 0 for i < 2k and
therefore the choice of homotopy to the constant map is also homotopically unique). Note
that N(S*~1)|; is naturally identified with the 2k-dimensional normal bundle N (L) over L

in S*~L. Let (vy,...,ve) be the framing of this homotopically unique trivialization of N (L).

For p € f(L) such that f(p1) = f(p2) = p, we define u(p) = df (v1(p1)) + df (v1(p2)) as the

o~

normal vector field along f(L) in RS*~1. Let f(L) C R%~! denote a copy of f(L) shifted
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slightly along u, then f(L) N f(S*~1) = (). Define

Es(f) = k(F(L), f(S*)

Let us call these choices of normal vector fields for L and f(L) as framing fr.

Now we recall how Fi(f) is defined in higher dimensions. Let L; C L be one of the
path components of L C S*~1. Recall again that the normal bundle N(L) is naturally
trivialized. The set of non-zero sections over N(L;) is thus in one-to-one correspondence
with the homotopy classes of maps from L; to S?*~!  which are classified by their degree.
Therefore, moI'(N (L;)\L;) = [L#*~*, S?*~1] = Z. This implies that we can choose a non-zero
normal vector field v along L € S*~1 such that [L] = 0 € H;(S*~! — L), where L denote
the slightly shifted copy of L along v. In particular, for every path-component L; of L, we
get

Uk(Li, L) = Uk(Li, Li) + Y lk(L;, L;) = 0.
J#i
We define a vector field w along f(L) such that at the point p = f(p1) = f(p2) we get
w(p) = df(v(p1)) + df (v(p2)). Let f(f) C RS~! be the result of pushing f(L) slightly

—_~—

along w, then f(L) N f(S*~1) = (). Define

—_~—

Ey(f) = Ik(f(L), f(S*71)

Let us call these choices of normal vector fields for L and f(L) as framing fr;.

By Smale [41], there is a bijection between the set (group) of regular homotopy classes of
immersions S*~! 95 R%~! and the elements of the group Tak—1Vok—1,4k—1, Where Vor_1 a1
denotes the Stiefel manifold of (4k — 1)-frames in (6k — 1)-space. Given an immersion
oS — R* et Q(f) € mar—1Vek—1.4r—1 denote its Smale invariant. In the higher
dimensions, it is easier to understand Q(f) rationally. Note that there is a natural fiber
sequence given by S%¢ — Vek—1,4k—1 — Vek—1,4k—2 Which induces a rational isomorphism be-

tween my,_15% and 71 Veg—1.4x—1. Thus, any immersion f : S%*~1 — R%~1 can be related
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to the rational generator [id, id] of wy,_15% i.e., Q(f) = Qgor (f)-[id, id] € Tap_1Ver_1.419Q,
where Qgor(f) € Q. In case of k = 1, by Remark 4.2.1, we have Q(f) = —4 - Qg2(f). Note
that [id,id] is also a generator of the Z-summand of my,_1S%* for k # 1,2,4; otherwise the
generator corresponds to the Hopf fibration, see Remark 3.7.1.

Let p : RS — R*~1 be the projection map.

Conjecture 4.4.1. Consider a knot F' : S*~1 < R such that its projection f = po F :
S4=1 q, RO*=1 4s g generic immersion with L := LT U L™ C S*~! as the set of double

points. Then, the formula

1 1 1
Hq(F) = §lk(L+, L7)+ 6E1<f) + gQSQk(f), (4.4.1)
produces the Haefliger isomorphism Hy : moEmb(S*~1 RO) =7 (sending the Haefliger
trefoil T to 1).

Moreover, similar to the case k = 1, there is an equivalent adjusted version of (4.4.1)

given as follows. Let L be a copy of L sligtly shifted along the framing fr;. Then

My (F) = —élk(L, D)+ éa( )+ %QS%( £, (4.4.2)

where L := LT1U—L~ and L := L*U—L" are defined using the adjusted Ekholm orientation,

according to Remark 3.2.1(2).

Conjecture 4.4.2. Consider a knot F' : S*~1 < R* such that its projection f = po F :
S4=1 q, RO*=1 s g generic immersion with L = LT U —L~ C S*~! as the set of double

points and L:=1L"U —E*, its shifted copy along the framing fry. Then, the formula

Ho(F) = —éuf(L, o)+ %EQ( )+ %95%( £, (4.4.3)

produces the Haefliger isomorphism Hy : moEmb(S*~1 RE) =7 (sending the Haefliger
trefoil T to 1).
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By the same argument as in Theorem 4.3.1, the three formulas (4.4.1), (4.4.2) and (4.4.3)
are equivalent. Note that each term in these formulas is additive, thus both H;(F) and
Ho(F) are additive. Moreover, we get a similar justification of the formula (4.4.1) as given
in Section 4.2 for kK = 1. To be precise, we get the generalization of examples 1, 2, and 3 by
following the same arguments given in Subsection 4.2.1 (but not examples 3’ and 4 which
are specific to cases k = 1,2,4 and k = 1, respectively). Furthermore, the arguments
given in Subsections 4.2.2, 4.2.3 and 4.2.4 for the invariance under cobordisms and the third
Reidemeister move, the compatibility with Sakai’s Ling-Wang type formula as well as the
cabling argument justifying the last term, generalize to higher dimensions with a little or no
change. To be precise, in the cabling argument we need to take [id,id| (instead of the Hopf

fibration) as a rational generator of my,_1S%.
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