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Abstract

Over the past two decades meshless methods have attracted much attention owing to their
advantages in adaptivity, higher degree of solution field continuity, and capability to handle
moving boundary and changing geometry. In this work, a meshless integral method based on the
regularized boundary integral equation has been developed and applied to two-dimensional
linear elasticity and elastoplasticity with small or large deformation.

The development of the meshless integral method and its application to two-dimensional
linear elasticity is described first. The governing integral equation is obtained from the weak
form of elasticity over a local sub-domain, and the moving least-squares approximation is
employed for meshless function approximation. This formulation incorporates: a subtraction
method for singularity removal in the boundary integral equation, a special numerical integration
for the calculation of integrals with weak singularity which further improves accuracy, a
collocation method for the imposition of essential boundary conditions, and a method for
incorporation of natural boundary conditions in the system governing equation. Next,
elastoplastic material behavior with small deformation is introduced into the meshless integral
method. The constitutive law is rate-independent flow theory based on von Mises yielding
criterion with isotropic hardening. The method is then extended to large deformation plasticity
based on Green-Naghdi’s theory using updated Lagrangian description. The Green-Lagrange
strain is decomposed into the elastic and plastic part, and the elastoplastic constitutive law is
employed that relates the Green-Lagrange strain to the second Piola-Kirchhoff stress. Finally, a
pre- and post-processor for the meshless method using node- and pixel-based approach is
presented. Numerical results from the meshless integral method agree well with available
analytical solutions or finite element results, and the comparisons demonstrate that the meshless
integral method is accurate and robust. This research lays the foundation for modeling and

simulation of metal cutting processes.
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CHAPTER 1 - Introduction

Metal cutting is one of the most common manufacturing processes for producing parts of
desired dimensions. It is used to remove unwanted material from a workpiece and obtain
specified geometrical dimensions and surface finish. During metal cutting process, the work
piece is subjected to large deformation with elastoplasticity at a high strain rate in the primary
deformation area which extends from the tip of the cutting tool to the junction between surface of
the undeformed work material and the deformed chip. In the meantime, the metal cutting process
is characterized by continuous change in geometry and moving boundary as the cutting edge
proceeds.

One of the state-of-the-art efforts in metal cutting is to use numerical models to simulate
the cutting process to predict tolerance, cutting forces, chip formation, and residual stresses.
These numerical models can greatly increase the understanding of the cutting process and reduce
the number of experiments which are traditionally used for process selection, tool design, chip
breakage investigations, and machinability evaluation.

The finite element method (FEM) is one of the most widely used computational methods
in mechanics and has been applied to study and simulate metal cutting processes in the last two
decades. The essential features of FEM are the discretization of the problem domain into
elements and the use of local interpolation functions to represent a solution field that is globally
or piecewise continuous. In FEM, the concept of an element is essential; it defines the
connectivity between nodes. Because of the element, each node has a fixed number of nodes
directly connected to it. This fixed nodal connectivity through elements, however, frequently
makes it difficult to generate a good mesh and satisfy topological requirements simultaneously;
in particular, robust and efficient three-dimensional (3D) mesh generators are yet to be
developed. In the simulation of metal cutting, FEM method entails remeshing in each step as the
cutting edge proceeds and frequently the large deformation in primary deformation region makes
the mesh distort severely.

Over the past two decades, meshless methods have attracted much attention owing to
their advantages such as improved adaptivity, higher degree of continuity in the solution field,

and better handling of moving boundaries and changing geometry. In the meshless method, the



concept of an element is eliminated. The model geometry consists of a distribution of nodes over
the domain and the approximate solution is constructed entirely in terms of the values of the field
variables of interest at these nodes. Consequently, the interaction between nodes in the meshless
method is much more flexible. Each node, through the use of localized weight functions, always
influences (and is influenced by) the values of field variables at nodes that are nearby, but there
is no limitation on the number of other nodes that can lie within the domain of influence of a
particular node. This makes the model building in meshless methods much simpler than in FEM:
adaptivity for meshless methods is easily achieved by adding or removing nodes without the
troublesome remeshing of elements and enables meshless method to overcome the problems
(moving boundary and severe distortion) encountered by using FEM in the simulation of metal
cutting process.

In this project, we are going to develop meshless method to lay the foundation for
modeling and simulation of metal cutting processes.

Several versions of meshless methods have been developed and these methods may be
categorized in a number of ways. One possible categorization is by the type of integration
domain. Based on this criterion, meshless methods can be classified as boundary methods or
domain methods. The class of boundary methods includes the boundary node method (BNM)
[1][2] and boundary point interpolation method (BPIM) [3], while the class of domain methods
includes all other meshless methods.

Most methods, such as element-free Galekin (EFG), reproducing kernel particle method
(RKPM), and boundary node method (BNM) are based on the weak form of the linear elasticity
equations, defined over the whole problem domain. Such methods are “meshless” only in terms
of the interpolation or approximation of the field or boundary variables; they still need to use a
background mesh to integrate the weak form over the global domain or boundary. The
requirement of a background mesh for integration makes these methods not truly meshless.
Methods based on collocation over multiple local domains have the flexibility to choose simple
local domains such as circles in 2D and spheres in 3D so that integration of the weak form is
independent of the global domain. Thus, the need for a background mesh is eliminated and the
integration and can be carried out easily. These methods may be called truly meshless because

they do not require a background mesh either for the interpolation of the solution variables, or



for the integration of the energy. One example of a truly meshless method is the local boundary
integral equation (LBIE) method [4][5][6][7].

The meshless method based on local boundary integral equation (LBIE) [4][5][6][7]
introduces a companion solution and satisfies both the essential and the natural boundary
conditions. In comparison with other methods, it has several advantages: (1) it is a truly meshless
method; (2) the governing equations are derived from boundary integral equation which satisfies
exactly the equilibrium equations, the constitutive law, and the kinematic relations of elasticity;
(3) the requirements for the continuity of the trial function are greatly relaxed; and (4) no
derivatives of shape functions are needed in constructing the system stiffness matrix for the
internal nodes and the boundary nodes that are unrelated to essential boundary conditions. These
aspects make the LBIE meshless method very attractive. There are, however, several serious
deficiencies in the formulation presented in [5]. First, the governing integral equation contains a
strong singularity (1/r type for a line integral); in this case, the direct limit approach as used in
[5], usually leads to non-convergent results. Second, no special treatment is used for the weak
singularity (logarithmic type), which makes it difficult to achieve high numerical accuracy.
Third, the essential boundary conditions are not imposed explicitly or efficiently. These aspects
should be improved before the LBIE meshless method can be regarded as an accurate and robust
method.

Most development in meshless methods to date has been focused mainly on problems
which are characterized by linear elastic material behavior with small deformations. Research in
elastoplasticity with small deformation has been done by many researchers using FEM.
Similarly, several researchers have studied elastoplastic problems with large deformation using
FEM. However, the use of meshless methods to analyze elastoplastic behavior with either small
deformation or large deformation has received very limited study, and is only now gaining
attention. Studies [8][9][10][11][12] have used element-free Galerkin methods to solve
elastoplastic problems with small deformation. Elastoplastic problems with large deformation
have also been solved using element-free Galerkin methods [13][14][15][16]. As noted earlier,
however, these are not truly meshless methods since they make use of a background mesh for
integration.

In this work, a meshless integral method based on the regularized boundary integral

equation is proposed. First, the method is developed and applied to two-dimensional linear



elasticity problems. This method is a truly meshless method and does not require a background
mesh for integration. The governing integral equation is obtained from the weak form of
elasticity over a local sub-domain, and the moving least-squares approximation is employed for
meshless function approximation. It is built on the LBIE method proposed by Atluri et. al. [5],
and incorporates improvements in three areas: (1) A subtraction method is used to remove the
strong singularity in the local integral equation, which makes the proposed method practicable
and accurate. (2) A special numerical integration scheme is employed for the calculation of
integrals with weak singularity, which further improves accuracy. (3) The collocation method is
employed to enforce essential boundary conditions, while the natural boundary conditions are
incorporated in the system governing equation and require no special handling.

Next, elastoplastic material behavior with small deformation is introduced into the
meshless integral method. The governing integral equation is obtained from the weak form of
elastoplasticity with small deformation over a local sub-domain. The constitutive law that is used
is from rate-independent flow theory based on the von Mises yield criterion with isotropic
hardening. A fixed point iteration method is employed to solve the governing equations, which
are nonlinear due to the elastoplastic nature of the material. This method has the following
advantages: the derivative of the stiffness matrix is not needed, the formulation is simple, and the
implementation is relatively easy. This meshless method can handle any prescribed loading
profile, including unloading and reversed loading. Numerical examples show that the
elastoplastic integral meshless method is accurate and robust.

The method is then extended to large deformation elastoplasticity using an updated
Lagrangian description. Among the many theories that have been proposed for large deformation
elastoplasticity, E.H. Lee’s theory [17] and Green-Naghdi’s theory [18] are the most relevant to
our current development. Lee’s theory begins with the exact kinematics of elastoplastic
deformation and assumes a multiplicative decomposition of the deformation gradient into an
elastic part and a plastic part. The limitations to this theory are: (1) the material under
consideration has to be isotropic, and (2) the material obeys the isotropic hardening rule. Green-
Naghdi’s theory, on the other hand, starts with the decomposition of Green-Lagrange strain into
an elastic part and a plastic part. This theory is more flexible because it can be applied to either
anisotropic or isotropic material and its hardening rule can also be generalized. In addition, the

computing procedure involved is relatively straightforward [19]. In this research, we use Green-



Naghdi’s theory. For the constitutive law, the Green-Lagrange strain is decomposed into an
elastic part and a plastic part. The Green-Lagrange strain is then related to the second Piola-
Kirchhoff stress, and the yield function is constructed in the second Piola-Kirchhoff stress space.
The incremental governing integral equation is obtained from the weak form of elastoplasticity
with large deformation over a local sub-domain of the reference domain. For each load
increment, the state variables are defined with respect to the reference configuration. At the end
of each increment, the state variables are updated to the new converged configuration
corresponding to this increment. This new configuration becomes the reference configuration for
the next load increment.

To use a meshless method, the input file describing the problem of interest must be
constructed; further the user may also need support for analyzing and visualizing the results
obtained by the meshless method. Commercial software packages such as ANSYS [20],
MSC/PATRAN [21] and CONPLOT [22] have these two functionalities, but these are element-
based and cannot be used by meshless methods. Liu [23] developed a post-processor for a
particular meshless method, but this method also makes use of a background mesh. In order to
post-process the output file of the meshless method more conveniently and efficiently, we have
developed a generic meshless pre-processor and post-processor for meshless solvers using node-
based and pixel-based approaches, as opposed to an element-based approach.

The improved meshless integral method based on the regularized integral equation is
accurate and robust, and appears remarkably promising. In the application of the meshless
integral method to linear elasticity for which analytical solutions are available, for all the
convergence patch tests, the meshless results agree with the exact solution to within machine
accuracy, and for all other numerical tests (the cantilever beam problem and the infinite plate
with a circle hole), the meshless results are in excellent or satisfactory agreement with analytical
solution. In the application to elastoplastic problem with either small deformation or large
deformation, because few closed-form solutions to realistic engineering problems are available,
finite element results are used to validate the meshless results. For the elastoplastic problem with
small deformation, excellent or satisfactory accuracy is shown in numerical tests (the constant
patch tests, the sheat patch tests, the finite plate with a circular hole problem, and the thick-
walled cylinder problem). For the elastoplastic problem with large deformation, numerical

results show excellent accuracy.



In this research, no experiments are used to validate the numerical results. Instead, we use
the analytical results published in the literature or the finite element results obtained using a
commercial software, ANSYS, which is well established and trustworthy as the bases for
comparison to validate the numerical results.

For linear elasticity (Chapter 2), the material behavior is fully characterized by Young’s
modulus and Poisson’s ratio. Since Poisson’s ratio is dimensionless and Young’s modulus has
the same unit as stresses do, through dimensionless analysis, the value of Young’s modulus has
no influence on the stresses normalized by Young’s modulus. For elastoplasticity (Chapter3 and
Chapter 4), we will use three types of metal for simulation: AISI 1020 steel, ASTM A514
structural steel, and AISI 1045 unalloyed carbon steel.

This thesis follows the alternate format accepted by Mechanical and Nuclear Engineering
Department, which is organized as a collection of four papers, each of which is complete in
itself. Chapter 2 is a paper describing the proposed meshless integral method and its application
to two-dimensional linear elasticity. Chapter 3 details the introduction of small deformation
elastoplasticity into the new meshless integral method. Chapter 4 introduces large deformation
elastoplasticity into the new meshless integral method. The pre- and post- processors that were
developed for meshless solvers are discussed in Chapter 5, and Chapter 6 presents the

conclusions drawn from this work, along with suggestions for future developments in this field.
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2.1 Abstract

A meshless integral method based on the regularized boundary integral equation is
developed and applied to two-dimensional linear elasticity. The governing integral equation is
obtained from the weak form of elasticity over a local sub-domain, and the moving least-squares
approximation is used for meshless function approximation. The method is built on the LBIE
method proposed by Atluri and coworkers, and several key improvements are introduced in this
work that significantly enhance the accuracy and robustness of the method. The most critical
improvement is the use of the subtraction technique to remove the strong singularity that results
in a regularized governing integral equation. The technique is straightforward and efficient, and
is much simpler and easier compared to other singularity removal techniques. A special
numerical integration is employed for the calculation of integrals with weak singularity which
further improves accuracy. The collocation method is employed to enforce the essential
boundary conditions exactly, which is simple and computationally efficient. The natural
boundary conditions are incorporated in the system governing equation and require no special

handling. Numerical tests show that the meshless integral method is accurate and robust. The



effects of weight function, support domain, sub-domain, and monomial basis are investigated
and discussed.
KEY WORDS: meshless method, local boundary integral equation, moving least-squares

approximation, subtraction method, singularity removal, linear elasticity.

2.2 Introduction

The finite element method (FEM) (e.g., [1][2]) has been one of the most widely used
computational methods in mechanics. The essential features of FEM are the discretization of the
problem domain into elements and the use of local interpolation functions to represent a solution
field that is globally or piecewise continuous. In FEM, the concept of an element is essential; it
defines the connectivity between nodes. Because of the element, each node has a fixed number
of nodes directly connected to it. This fixed nodal connectivity through elements, however,
frequently makes it difficult to generate a good mesh and satisfy topological requirements
simultaneously; robust and efficient three-dimensional (3D) mesh generators are yet to be
developed. Over the past two decades the meshless methods have attracted much attention owing
to their advantages in adaptivity, higher degree of continuity in the solution field, and capability
to handle moving boundary and changing geometry. In the meshless method, the concept of an
element is eliminated. The model geometry consists of a distribution of nodes over the domain
and the approximate solution is constructed entirely based on these nodes. Consequently, the
nodal connectivity in the meshless method is much more flexible. Each node, through the use of
a localized weight function, is always connected to the nodes that are nearby, and there is no
limitation on the number of other nodes a node can be connected to directly. This makes the
model building in meshless methods much simpler than in FEM: adaptivity for meshless
methods is easily achieved by adding or removing nodes without the troublesome remeshing of
elements.

Several versions of meshless methods have been developed. The initial idea of meshless
methods dates back to the Smoothed Particle Hydrodynamics method (SPH) [3] for modeling
astrophysical phenomena in the 1970's. Later developments include Diffuse Element Method
(DEM) [4], Element-Free Galerkin method (EFG) [5][6][7][8], Reproducing Kernel Particle
Method (RKPM) [9][10][11][12], HP-Meshless Cloud method [13][14], Local Boundary Integral
Equation (LBIE) method [15][16][17][18], meshless local Petrov-Galerkin (MLPG) method
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[19][20][21]]22], boundary node method (BNM) [23][24], natural element method [25],
boundary point interpolation method (BPIM) [26], local point interpolation method (LPIM) [27],
point interpolation method [28], point assembly method (PAM) [29], and so on. In DEM [4], the
usual FEM interpolation is replaced by a diffuse approximation through the use of a least-squares
approximation. The method has been applied to two-dimensional (2D) problems in potential
theory and linear elasticity. The main idea of EFG method is to use moving least-squares
approximation (MLSA) to construct the trial functions used in the Galerkin weak form. The EFG
method was applied to 2D problems in linear elasticity and heat conduction [5], fracture
mechanics [30], crack propagation [31], thin plate [7], wave propagation and dynamic fracture
[8], elasto-plastic fracture mechanics [32], and shape sensitivity analysis and optimization [33].
The BNM involves a coupling between MLSA and boundary integral equations, and has been
used for solving problems in both potential theory and elasticity [23][24].

The meshless methods may be categorized in a number of ways. One possible
categorization is by the type of integration domain: (1) boundary type methods such as the
boundary node method (BNM) [23][24] and boundary point interpolation method (BPIM) [26];
and (2) domain type methods which include all other meshless methods. Most methods such as
EFG, RKPM, and BNM are based on the weak form defined over the whole problem domain.
Such methods are “meshless” only in terms of the interpolation or approximation of the field or
boundary variables; they still need to use a background mesh to integrate the weak form over the
global domain or boundary. The requirement of a background mesh for integration makes these
methods not truly meshless. Methods based on collocation over multiple local domains have the
flexibility to choose simple local domains such as circles in 2D and spheres in 3D so that
integration of the weak form is independent of the global domain (and hence no need for a
background mesh) and can be carried out easily. These methods may be called truly meshless
because they do not require a background mesh either for the purpose of interpolation of the
solution variables, or for the integration of the energy. Examples of truly meshless methods
include MLPG method [19][20][21][22], LBIE method [15][16][17][18], and local point inter-
polation method (LPIM) [27].

The meshless method based on local boundary integral equation (LBIE) [15][16][17][18]
utilizes the boundary integral representation over a local contour and the moving least-squares

approximation for function approximation. With the introduction of a companion solution, the
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method satisfies the essential as well as the natural boundary conditions. In comparison with
other methods, it has several advantages: (1) it is a truly meshless method and does not need a
background mesh; (2) the governing equations are derived from boundary integral equation
which satisfies exactly the equilibrium, the constitutive law, and the kinematic relation of
elasticity; (3) the requirements for the continuity of the trial function are greatly relaxed; and (4)
no derivatives of shape functions are needed in constructing the system stiffness matrix for the
internal nodes and boundary nodes unrelated to essential boundary conditions. These aspects
make the LBIE meshless method very attractive. There are, however, several serious deficiencies
in the formulation presented in [16]. First, the governing integral equation contains a strong
singularity (1/r type for line integral) which converges only in the Cauchy Principal Value (CPV)
sense. Direct limit approach with a finite cut of the singular core, as has been used in [16],
usually leads to non-convergent results, i.e., the results depend on the size of the cut. Second, no
special treatment is used for the weak singularity (logarithmic type), which makes it difficult to
achieve high numerical accuracy. Third, the essential boundary conditions are not imposed
explicitly or efficiently. The results for the numerical tests reported in [16] appeared to be

sensitive to the values of several geometric parameters used in MLSA, such as the size of

<a>

support function and, more notably, the scaling factor (s**” ) in the Gaussian weight function,
while in principle for a robust method the solutions should be insensitive to these parameters
within reasonable ranges. There were test cases where the errors ran from below 0.1% to almost
1000%. Furthermore, for some cases, while the geometric parameters were varied over a certain
range, the numerical results showed no consistent trend of convergence. These aspects should be
improved before the LBIE meshless method can be regarded as an accurate and robust method.
The deficiencies described above are primarily caused by the inadequate numerical
treatment used in [16] for handling singularities in the boundary integrals. In this work, we have
developed numerical techniques that effectively eliminate these deficiencies. The subtraction
method is used to derive the regularized governing integral equations in which the strong
singularity (1/r type for line integrals) is removed. The approach devised is much more accurate
than the direct limit approach used in [16]. The procedure is straightforward and also simpler and
easier to implement than the lengthy singularity removal treatment proposed in [34]. A special
numerical integration is employed for the calculation of integrals with weak singularity

(logarithmic type). A collocation method is employed for enforcing the essential boundary
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conditions exactly and easily, which requires almost no additional computational cost. The
improved meshless integral method based on the regularized integral equation is accurate and
robust, and appears remarkably promising. For the convergence patch tests, the numerical results
agree with the exact solution to within machine accuracy. For all other tests, the numerical
results are in excellent or satisfactory agreement with analytic solutions.

The structure of this paper is as follows: in Section 2.3, the local boundary integral
equation for elasticity is derived for a sub-domain embedded in the original problem domain.
Although the shape of the sub-domain can be arbitrary, a sphere (a disk in 2D) is used for
simplicity in the meshless implementation. In Section 2.4, methods for evaluating strongly
singular integrals are reviewed and discussed. The subtraction method is used in Section 2.5 to
remove the strong singularity that is present in the local boundary integral equation. Section 2.6
summarizes the moving least-squares approximation (MLSA) for approximating the solution
variables continuously over the problem domain. The meshless implementation of the
regularized boundary integral equation using MLSA is presented in Section 2.7. Section 2.8
discusses the treatment of weak singularity, and Section 2.9 is devoted to the review and
discussion of enforcement of essential boundary conditions which is one of the major difficulties
of the meshless methods. The enforcement of natural boundary conditions is also described.
Numerical examples are presented in Section 2.10 to assess the accuracy and effectiveness of the

method. Discussion and conclusions from this study are given in Section 2.11.

2.3 Local Boundary Integral Equation for Linear Elasticity
Consider an elastic body represented by a domain Q with boundaryI". The governing

elasticity equations are as follows:
Gy | (x) +b, (x) =0
Vx e, 8ij(x)=—(ui’j(x)+uj’i(x)) (1)

6;(x) = Cyjen (x)

where 6 and € (bold face denotes vectors or tensors) are the stress and the strain tensor
associated with the displacementu, b is the body force in the domain Q, and C is the elastic

stiffness matrix. An index i following a comma designates partial differentiation with respect to
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X, , and repeated indices indicate summation over the dimensionality of the problem. The

essential and the natural boundary conditions on the boundary I" are respectively:

u,=u; onl, 2)

t,=oyn; =t onl, (3)

here, u represents the prescribed displacement on I' |, t represents the prescribed traction on
I',; n is the outward unit normal to the boundary; I', UI' =T and I', "', =< .

The weak form of (1) over a local domain is:

J.(Gij,j (X)+ bi(X))gi(X’y<a> )dQ(X): 0 4)

Q<">

where the notation <-> in this paper is used to denote a node (e.g., <a> indicates node a, <b>

indicates node b, etc.) in order to reserve the usual subscripts, 1, j, etc., for denoting degree of
freedom (DOF) components, Q™* < Q is a sub-domain related to node <a>, y<a> is the position
vector of node a which is also called a source point, x is the integration or field point which may

or may not coincide with a node, and g; is the test function. In the following, the functional
dependence on x, i.e. (x) . will be dropped for brevity when no ambiguity is caused. If the

fundamental solution of a point force in an infinite body is taken as the test function, the
conventional boundary integral equation will result. The drawback of this approach is that the
derivatives of the displacement field, which are cumbersome to compute numerically, are needed

in the integral containing the traction term t; on the boundary integral. To avoid such numerical

difficulties, following Atluri et al. [15][16], we use a special test function defined by

g =Tje; = (u; — U, )ej ()
where e, represents the j-th component of a unit force vector, u; is the fundamental solution of
elasticity (i.e., the displacement field of an infinite body subjected to a unit force), u; is the
companion solution, to be given below, while ﬁ; is the special test function.

The stress field cs;fi related to the fundamental solution u; satisfies the following

equation:

14



*

i

(%, y™)+5(x,y*")e; =0 (6)

<a>

where 3(x,y™") is the Dirac delta function. The companion stress field G; related to the

companion solution u;; satisfies the following equation:

<a>
i <h;

G,;;=0 in ‘x-y<a>
. (7)

uji:uji Ol’l‘X-y

<a>

_ 1 <a>
= hS

where h;*” is a constant. By construction, the special test function ﬁ; is zero on the circle of
radius h;"" centered at y=*. The displacement fundamental solution u; and the associated

traction t; have been presented (for example, [35]):

(0o
()] 5 3@ s + 50
u;(xy )_Sw(l_v){[(w 3)inr® ]5, + r<a>J2} ®)

) (o,
RO W S | B e LT
t(xy")= 4n(1-v) ﬂr@ on® [(1 V)8, +2-

)

> <a> <a>

where r** is the distance from y<a> to x; 7 =x,—y;""; n° is the outward unit normal to the
boundary 80 at x; v=v and E=E for plane strain, or v =v/(1+v) and E = E(l —Vz) for
plane stress; E is the Young's modulus, v is the Poisson's ratio, and = E/(2(1+V)) is the shear

modulus.

The companion solutions are given by [16]:
Ty (a)2 e (a)
ﬁi.<x,y<a>):;_ (4v—-3)Inh= + SoAv T 18+ =L (10)
! 8u(l-v) 2(3-4v) h™ 'h

E.. (X y<a> ) = ! 3I.i<a>n§a> — rj<a>n§a> — lSa>n§<a>8ij (1 1)
ij s — —\1.<a>2
4n(1-V) (3—4v)h;
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The special test functions are then obtained:

<a> — <a>2
- @) _ 1 47 -3 o 5—-4v 1_r )
G (x.y") Smp(1—v) {( TR R I

(12)
| 22 ri<a>rj<a>
e )
(a) (a) - (a) (a) pla)(a)
~x <a> _ 1 1 ar _ rk nk ar rl rj
t | x, =— — = (1-2v)——Xk "k g 40— 1 J
)= {[r@ o (%) (3—4v)h§a>2} T en
(13)

_2v 360 —
)
f— v s

With u;; as the test function, application of integration by parts to (4) twice while taking

into account (6) and (7) leads to:

- [ 3(xy™) w® M+ [ Bxy™) (0 dh(x)
N R o
- j Exy™) u(x) d(x)+ j b,(x) T (x,y™) dQ(x)=0 (9

where Tij* is the traction field associated with ﬁ; ,and 0Q® is the boundary of QO In Equation
(14) the integrals converge in the sense of the Cauchy Principal Value (CPV) as the traction field
t; exhibits 1/r type singularity.

=h"",if Q™ is taken as a disk in

. . . ~%* .
Since the special test function uj; is zero on ‘x-y<a>

=h:* as its boundary, the boundary integral over 8Q"* in

2D or sphere in 3D with ‘X-y<a>

equation (14) that contains the product of ﬁ]l and t, (expressed in terms of the derivatives of u;)

will vanish. This significantly simplifies the numerical treatment and improves the accuracy and
efficiency of the method.
An equation equivalent to (14) was first derived by Atluri et al [16]. Equation (14) in its

' is a boundary

current form cannot be used directly in numerical calculation because when y
node, the equation contains strong singularity (1/r type in line integral) in the traction term t; .

Almost all boundary-type meshless methods [23][24][26][15][16][17][18] encounter this type of
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problem. Direct limit approach with a finite cut of the singular core, as has been used in [16],
usually leads to non-convergent results, i.e., the results depend on the size of the cut. For the
local integral equation approach to be a valid numerical method, the strong singularity must be

handled appropriately.

2.4 Methods for Evaluating Strongly Singular Integrals
For the displacement boundary integral equations, there are usually two types of

singularities in the kernels (in our case, ﬁﬁ and ?ij*) when the field point approaches the source

point: the weak singularity which behaves In(r) in line integral (2D elasticity) or 1/r in surface
integral (3D elasticity), and the strong singularity which behaves 1/r in line integral or 1/1* in
surface integral. The weak singularity is actually removable, and can be evaluated satisfactorily
by special Gaussian integration methods with adjusted weights [36][37][38], or mapping
methods [39][40][41][42]. The special Gaussian integration method is derived by factoring the
integrand into a non-singular base function and a singular weighting function such as 1/r or In(r).
When applicable, the special Gaussian integration method is accurate, efficient, and easy to use.
However, this approach has two limitations: (1) the integrand must contain a factor in the exact
singular weighting function form for which the special integration formula is derived; (2) the
domain of integration usually must be of a certain shape such as a rectangle. The basic idea for
mapping methods is to map the physical domain into a different domain in such a way that the
integrand, after absorbing the Jacobian, becomes regular. Examples of mapping methods include
the polar coordinate mapping [40], mapping of a curved quadratic triangle into a square [41], and
mapping of triangle into a rectangle [42].

The strong singularity is more difficult to handle, as the singularity is real (i.e., cannot be

removed by variable transformation or domain mapping) and not integrable (an example of
integrable singularity is IOI rPdr where 0 <B <1), and converges only in the sense of CPV.

Several techniques have been developed for the numerical evaluation of strongly singular
integrals: (1) subtraction method [43][44][45], (2) use of special solutions [46], (3) direct
evaluation of CPV [47][48]. The basic idea of subtraction may be traced back to the time when

Cauchy investigated the convergence of the complex Cauchy integrals by expressing J.ﬁdz
z-7,
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as J.Mdz +1f(z,) .[ dz , and this technique for regularizing singularities has been
z-z, z-z,

applied to problems in potential theory, elasticity, and acoustics. In essence, the subtraction
methods involve first subtracting a term from the singular integral to make it regular and easily
integrable by numerical methods, and then adding this term back which can usually be integrated
analytically [43][44][45]. The observation behind the use of special solutions to evaluate singular
integrals [46] is that, when the boundary integral equation is applied to some special, usually
simplified situations such as rigid body translation in elasticity, all regular or weakly singular
integrals can be evaluated accurately either in closed form or numerically, and the strongly
singular integral can then be expressed in terms of the readily calculated results. This method in
fact avoids the direct computation of singular integrals. In the direct evaluation of CPV [47][48],
the CPV integrals defined on curved contours or surfaces are converted to regular integrals plus
some simplified singular integrals. The regular integrals are computed using the usual Gaussian
quadrature formulas, and the singular terms are integrated analytically.

A direct limit approach with a finite cut of the singular core was used in [16] for
computing CPV integrals. As the singular term is not evaluated analytically, the accuracy is
unsatisfactory, and the results appear to be non-convergent, i.e., the results depend on the size of
the cut. Such a brute force evaluation is inappropriate for evaluating CPV. In [34], the direct
limit approach for CPV integrals is combined with an optimal transformation of the integration
variable to recast the integrands into smooth functions. The treatment leads to an improved

accuracy over the direct limit approach, but the formulation is lengthy and cumbersome.

2.5 Regularized Local Boundary Integral Equation Using Subtraction Method

The subtraction technique is employed in the present study to remove the strong
singularity, for which a limiting process is performed as discussed below. For simplicity in
implementation, the local sub-domain is always chosen as a sphere or part of a sphere centered

on a node. If node y<a> is an interior node, we can always adjust the radius of the sphere, h<sa> , SO

that Q® will stay fully inside Q. If y<a> is a boundary node, it becomes impossible for a

a) a)

spherical O to remain fully inside Q for any size hg’. In this case, the sub-domain Q" will

(@) (a)

be the intersection of Q and a sphere Q" of radius h’, centered at the boundary node, while

18



the boundary 0Q® is the union of the part of o™ inside Q and the part of 0Q inside Q' ,
as illustrated in Figure 2.1. A further modification, which is necessary for handling the strong
singularity, is the exclusion of a tiny sphere 2, ofradius A (which later tends to zero) centered
(a)

on y"'. Figure 2.2 shows schematically this modification.

We now decompose the boundary 00" into the following sections:

o0 =cuc,Mur® (15)
1"<a> — ru<a> U Ft<a> (16)

where C**” is the circular part of 0Q*" of radius h<sa> , C, is the circular part of 0€2, of radius

A, T, is the section of I'* where the displacement is prescribed and I'/*) the section where

@ s zero, and C™ is a full circle.

the traction is prescribed. For interior nodes, I'
From construction, y<a> is outside Q" Hence, the first integral containing 8(x,y<a>) in

(14) is zero because of the properties of Dirac delta function. Applying the decomposition of

equation (15) to (14), we obtain:

!-ﬁ:(x y<>) (x dF+I ( <>)tj(x)dl“+ £>ﬁ;(x,y<a>)tj(x)df

‘Jt( y")u; (x)ar - .f (%" )u (")dr‘Lff}("=y<a>)uj(x)dr (17)
+jb ( >)dQ 0

As v lies outside Q" we have

J@E;j( x,y*)dr =0 (18)
which is equivalent to
I ~U( oy >)dl“ —J- f;(x,y@)dl“ J.f (X ye >)dl“ (19)
o ) )
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Equation (19) can also be obtained by applying (17) to rigid body motion in which

u; =const., t; =0 and b; =0. Making use of the fact that the special test function ﬁ; (x, y<a>)

vanishes over C, that Iﬁ: (X, y<a>)tj(x)dl" — 0 when A — 0, and that u,(x) >y, (y<a>) =ul
0

c,

on C A<a> when A — 0, and subtracting (19) from (17), we obtain, in the limit of A — 0, the

following:
!> i (x,y<a>)tj(x)dl“+ <>bJ (x)ﬁu(x,y< >)dQ
' Q'
—J‘ ff‘(x,y<a>)<uJ (x)—u@)dF— t; (x,y<a>)(u (X)—u§a>)dl" =0 20
ct )

On C* where r'* = h<sa> , & (x,y<a>) given by (13) simplifies to:

1
2n(3-49)h{

{(1-49)5, +4n{n"} 1)

& (x,y<a>) __

The integration of EU (x,y<a>) over C can be obtained in closed form:

1)

.[ t; (X,y@l> )dF =—a (22)

C<a>

with
_ 0 sin20,-sin26, co0s26, —cos26,
_[agjq _ 2n 27:(3—4V) 2n(3‘—4V) | 23)
c0s20, —co0s20, _i+ sin20, —sin 20,
2n(3—4V) 2n 2n(3—4V)

Here 0, —0, =0 is the internal boundary angle subtended by material at y<a> on the

boundary, as shown in Figure 2.3. Two special cases are worth noting. For an interior node,

0 = 2n ; while for a boundary node where the boundary is smooth, 0 =1 .
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Substituting the above expressions into (20) leads to:

(xgja>u§a> - J' i (X,y<a>)tj (x)dF_J' & (Xay<a>)uj (x)dr
s (4)
_F“<a>'[r i f: (X’ y<a> ) (uj (X) - u§a> ) dr" + QJ<;> bj (X)ﬁ;’ (X, y<a> )dQ

t

Equation (24) is the regularized local boundary integral equation. In (24), the subtraction
method has been used in the third term of the right hand side. When the field point x approaches

<a>
i

the source node y<a>, u.(x)—u™" tends to zero which removes the strong singularity and makes
the integral numerically integrable. This eliminates the need to directly evaluate the CPV
integral, and enhances the accuracy and efficiency of the model. All other terms in (24) are
regular or weakly singular for which special integration quadrature gives convergent and
accurate results. The regularized equation (24) is used for the current meshless implementation.

(a)

Equation (24) holds for any source node y'"”, either inside the domain or on the

boundary. The general strategy to solve the integral equation numerically is to select a number of
source nodes and apply Equation (24) to each of these source nodes to obtain an equal number of
governing equations. Some kind of interpolation or approximation is necessary to express the
solution field in terms of nodal values at the source nodes. Numerical quadrature is then applied
to evaluate the integrals, and the procedure converts the integral equations into a system of
simultaneous algebraic equations. If all source nodes are selected on the boundary, a
(regularized) boundary element method will result. In the current meshless integral method, both
boundary and interior source nodes are used, and the moving least-squares approximation is
employed for approximating the solution field, as presented in the next section.

In this work, attention is focused on 2D problems only where 1/r singularity has been

regularized. For 3D cases, following similar derivation procedure an integral equation of the
form of (17) can be obtained, with C**” now representing the volume of a sphere center at node

<a>, and I'™*" representing the surface of that sphere. The order of singularity in ?ij* becomes

1/r* . With the application of the subtraction technique, an equation equivalent to (24) is

<a>
i

obtained, and the order of singularity in the integrand Yij* (u; —u™") will be 1/r. However, it is

known that 1/r singularity can be removed easily in a surface integral (see, for example, [39]).
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The subtraction method can therefore be applied to regularize the boundary integral equation in

3D problems as well.

2.6 The Moving Least-squares Approximation
In the finite element method, the coupling between the nodes is accomplished through the
use of shape functions, defined locally over each element, which interpolate the solution field
from nodal values. For a meshless method, the absence of elements excludes the use of such
shape functions and, therefore, a different local approximation scheme based on nodal values but
independent of any elements needs to be devised. In this work, we have chosen to exploit the
non-interpolative moving least-squares approximation (MLSA) scheme because of its high
accuracy and the ease with which it can be extended to n-dimensional problems.
Consider a domain Q that contains n nodes:
o e nop
y' = ,a=1...n (25)
ST R

For any of these nodes y<a>, following [5][15][16], we define a support domain for node
y<a>, which is a sphere (3D) or disk (2D) centered on y<a> with a radius /3" . A weight function

w' is a continuous function that is positive in the support domain and zero outside, i.e.

A

w(x)=0 if [x-y <)

W<a>(X)= 0 if‘x-y<al>

> £<a>

w

(26)

As introduced previously, the sub-domain Q™ for node y<a>, located entirely inside Q, is a

sphere or part of a sphere centered on y<a> with a radius h<sa>. Figure 2.4 illustrates the meaning

of local sub-domain and support domain.

Two other frequently used concepts are the domain of definition and the domain of

influence. The domain of definition of a point x is a set of all nodes whose weight functions are

>

non-zero at x, while the domain of influence of a node y**” is a set of all nodes whose weight

<a>

functions are non-zero in some part or all of the sub-domain of node y**~. The domain of
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definition and the domain of influence are convenient terms in the description of MLSA and
local boundary integrals, and are illustrated schematically in Figure 2.5.

The moving least-squares approximant u, to a function u is defined by:

u, (x)=p"(x)e(x) ,VxeQ (27)

The two vectors p and ¢ are both functions of the spatial coordinates: x =[x,,x, [ in 2D
or X =[x,,X,,X;]' in3D. p is a complete monomial basis of m terms (e.g., in 2D, m=3 for a

linear basis, and 6 for a quadratic basis), C is a coefficient vector which is determined by

minimizing a weighted discrete Lo-norm:

Nx

J(x)zZ(w<a>(x)[pT (y<a>)c(x)—ﬁ<a>Tj (28)

a=l

where @' is the fictitious nodal displacement that approximates the value of u at node y<a> , and
the upper limit of summation, N_, is the total number of nodes in the domain of definition of

point x. The matrices P, W and u are defined by

p'yY™")
T <2>
pT(y<Nx>) N
W<l> (X) . O
Wkx)=| : (30)
<N, >
0 e W (x) -
ﬁ<b
A<D>
i=| " (31)
’\<I.\IX>
Minimization of (28) leads to:
Nx
u, (x) =" (x)ﬁ = Z(p@l> (x)ﬁ<a> (32)



where:

@' (x)=p' (x)A™ (x)B(x) (33)

or ¢ (x) = zp (x)[A" (x)B(x)]_ (34)

Nx

A(x)=P"W(x)P=B(x)P=> w" (x)p(y")p" (y") (35)

B(x):PTW(X):[W<I>(X)p(y<1>) w<2>(x)p(y<2>) W<Nx>(x)p(y<Nx>)} (36)

The MLSA for a function exists only when A (x) is non-singular. A necessary condition

for a well-defined MLSA is that for each sample point x € 2 (a node or a quadrature point), at
least m weight functions are non-zero and the nodes in the domain of definition of x are not

arranged in a degenerate pattern (such as on a straight line).

In MLSA, the shape function related to node y<al> is (|)<‘?l> (x) . Since the shape function

(p<a> is zero when the weight function w' s zero, the interaction between nodal DOFs occurs

only for nodes whose support domains are non-zero at node y<a> . This means that the size of the

support domain should be large enough to ensure the coupling between a minimum set of nodes,
but small enough to capture local variations.
The smoothness of the basis functions and of the weight functions determines the

smoothness of the shape function. Let C* designate the space of k-th continuously differentiable

functions. If p; eC", Vje{l,2,---,m} and w'® eCk,Vae{l, 2,---,N_}, then
¢ eC’,vae{l,2,---,N,} with r =min(k,h) [16].

The choices of the basis functions and the weight functions are very important and
directly influence the behavior and the quality of the shape function. In this work, we use linear,
quadratic and cubic monomial basis, and the Gaussian, spline and cosine weight functions,

defined as follows:
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Gaussian: w<a>(x)= /0 K , 0< » 37)
I—exp —[ &j
S
O, r<a>>f<a>
(@) @)° @\
—o| L L () < pla)
spline: w(0)=1 6[€<a>j +8[f<a>J 3@@}9 e Eh (38)
0, rl > )
1 2 Y "
-1 , o< <y
Cosine:  wi*(x)= 2[ +C°{e<::> D tn )
0, rl > gt

g ® to point x, ¢\ is the size of support domain,

w

Here r™” is the distance from node y

<a>

s*"” 1s a scaling factor controlling the shape of the Gaussian weight function, and constant k is
consistently taken to be 1 in our calculations. The coefficient s**~ has an important influence on

the accuracy of the results, and a method to determine this constant has been suggested by

Belytschko et al. [5]. The spline and cosine weight functions have only one parameter, the size of

support A , which makes their use simpler. In some examples, all weight functions were tested

for comparison. It is noted that MLSA is non-interpolative, and there is a difference between the

nodal value of the MLSA approximant u, and the fictitious nodal displacement 4. For

brevity, the subscript h in u, will be omitted in the remaining part of this paper.

2.7 Meshless Implementation
We now apply the MLSA to the integral equation (24) to establish the meshless

implementation. The shape function, as we have defined it, gives:

Nx

u; (x)=2_ " (x)0}" (40)

b=1
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uj, ()= 0, (x)a” (41)

where N _ is the total number of nodes in the domain of definition of pointx .

The related traction term t i (x) 1S
t; (x)=o; (x)n, (x) (42)
(b) ,

where (n,, n,) is the normal to the plane passing x over which the traction acts. For a node y

we define N and B® matrices as:

. ([)’1<b> 0
Nzh nz} BY=0 ¢, (43)
S ® )
0, ¢,

Combining (43) with (41) and (42), we can express the traction in terms of the shape

functions as follows:

{2 g))} -3 [nes® (y)] {zg:} (44)

b=1

here C is the stiffness matrix (which works for both plane strain and plane stress):

(1v)E v 0
(1+—)(_1-2v) (1+v)(1-_2v)
| _UVE (45)
(1+ )(1—2\/) (1+v) 1—2v) B
E
] 0 0 2(1+v)_

With the above discretization and boundary conditions that u; =1, on I';"” and t; =t,

<a>

on I, equation (24) becomes (there is a summation on b and j but not on a and 1):

Ny

( H= b>A<b>) Z(L<a ,b> A <b>) + O(,<a> <a> _ Gi<a> (46)

b=1

where nga’b> , L;"* and G™ are:
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Hfja,b> _ ) i (X,y<a>)[NCB<b> (X)]kj dr+ ‘!‘> f; (X’y<a>)¢< ) (X)dr
r, ct (47)
Bl o (oar

r

L<ija,b> — '[ E;(X,y<a>)(¢<b>(y<a>))dr (48)
o
G = [ b (x)i(xy")d+ [ & (xy")g(x)dr
e e

1 (49)

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node y™.

In all numerical examples tested in this work, the body force term is zero.

2.8 Treatment for Weak Singularity
The second integral in the right hand side of Equation (47) of Hfja’b> and the first integral

in the right hand side of Equation (49) are regular for which standard quadrature can be used

with good accuracy. Owing to the subtraction technique, the singularity in the third integral in

>

(47) as x approaches y™ is cancelled by the term in (48), and similarly the third integral in (49)

is also regularized.

Even though the subtraction technique removes the strong singularity, the integrands in
the first integral of (47) and the second integral in (49) still contain the weakly singular In(r)
term. The logarithmic singularity is integrable, but the accuracy of ordinary Legendre-Gauss

integration is poor. We found that the special integration scheme for the logarithmic singularity

1 N
J.f (r)ln(ljdr = Zwif (r,) in [36], which is reproduced in Table 2.1 for completeness, achieves
r i=1

0
excellent numerical accuracy. As will be discussed in the Results section, by using the special
integration the accuracy of the convergence patch tests under constant strain is within machine

accuracy.
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In our numerical examples, the numbers of integration points were as follows: 8
integration points for any integral along a straight line, and 64 integration points for any integral
over an interior sub-domain. For a boundary node for which the local sub-domain is a partial
circle, we just computed the nominal 64 integration points and then removed all the nodes
located outside the domain. For regularized integrals, the usual Legendre-Gauss integration was
used. For integrals containing logarithmic singularity, the special integration of 8 integration

points listed in Table 2.1 was used.

2.9 Imposition of Essential and Natural Boundary Conditions
Appropriate boundary conditions need to be imposed in order to solve the simultaneous
equations (46). In meshless methods, imposing the essential (Dirichlet) boundary conditions is
not as trivial as in the finite element method. Because MLSA is non-interpolative, the essential

boundary condition does not take the form of prescribed value for the fictitious nodal

N <a> —<a>

displacement (u;"” =u;""), but rather a constraint equation involving a linear combination of the

fictitious nodal displacements in a neighborhood of the boundary node (i.e.,
u§a> = Z(I)<b>(y<a>)ﬁ§b> = ﬁfa> ). A number of techniques for the imposition of essential boundary
b=1

conditions have been developed, including: (1) Collocation methods [6][49][50][51][52]; (2)
Lagrange multiplier method [5][10][7][53][54]; (3) Penalty method [55][50][31]; (4) Nitsche’s
method [56][57]; (5) Coupled meshless-finite element method [58][59][60][61]; (6) Admissible
approximation method [62]; (7) Method based on d'Alembert principle [63]; (8) Use of window
or correction functions that vanish on the boundary [13]; (9) Discrete form of essential boundary
conditions [8]; and (10) Displacement constraint equation method [64].

The list is intended to illustrate the various methods that have been proposed in the
literature, and is not an exhaustive list. All methods have advantages and disadvantages. The
Lagrange multiplier method [5][10][7][53][54] is a general method to enforce constraints (linear
or nonlinear) in a large variety of problems; its implementation is straightforward, and the
boundary conditions are imposed rather accurately. The method, however, introduces a new
unknown function, the Lagrange multiplier, and leads to an increased problem size and a poorly
conditioned matrix equation. The penalty method [55][50][31] does not increase the problem

size, requires only the choice of one scalar parameter, and is easier to implement than the
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Lagrange method. However, large values of the penalty parameter must be used which may lead
to ill-conditioning of the system equations, and the boundary conditions are enforced only
approximately. The Nitsche's method [56][57], based on a modified weak form that involves a
positive constant scalar parameter, does not increase the problem size, and does not suffer ill-
conditioning. In practice, the value of the scalar parameter need not be very large. The
implementation of the Nitsche's method, however, is not as general and straightforward as for the
Lagrange multiplier method or the penalty method because the modification of the weak form in
the Nitsche's method is different for each particular problem. The essential boundary conditions
in Nitsche's method are also satisfied approximately. Coupled meshless-finite element method
[58][59][60][61] divides the problem domain into an element interpolation zone where essential
boundary conditions are to be imposed, a meshless approximation zone, and a transition zone
where finite element interpolation and meshless approximation are blended continuously from
one type to the other. Since the FEM shape function at the essential boundary nodes is in fact

interpolative and satisfies the Kronecker delta property (i.e., the shape function for node b at
node a satisfies ¢~ (y*") =3, ), essential boundary conditions can be imposed directly and

accurately as has been done routinely in FEM. Naturally, the method loses the advantages the
meshless method offers in the boundary element zone. It also complicates programming because
of the need to handle additionally the FE interpolation and the blending of meshless
approximation and FE interpolation in the transition zone. The d'Alembert's principle has been
used for general constraints in both meshless methods and FEM in which n differential equations
and m constraints are replaced by n-m equations through choosing n-m generalized, independent
variables [63]. The method reduces the problem size, but it requires the orthogonalization of a
large square matrix with a size equal to the total number of nodes. In the admissible
approximation approach [62], the essential boundary conditions are imposed by forcing the
weight function to be zero on essential boundaries. In the discrete form of essential boundary
conditions, the trial function is modified to satisfy the essential boundary conditions based on the
weak form. It is shown in [8] that the weak form of essential boundary conditions is identical to
the Lagrange multiplier method if the same shape functions are used for the Lagrange multipliers
and the test and trial functions. In the displacement constraint equations method [64], the
essential boundary conditions are treated as displacement constraints, and the fictitious nodal

displacements are partitioned into two subvectors: (1) constrained subvector corresponding to the
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essential boundary nodes, and (2) unconstrained subvector corresponding to the remaining
nodes. All other matrices and vectors are partitioned in the same way. The partition enables the
constrained subvector to be expressed in terms of a linear combination of the prescribed
displacement values on the essential boundary and the unconstrained subvector. The resultant
system equations therefore absorb the essential boundary conditions, and the stiffness matrix is
symmetric, positive, and banded.

Collocation methods for enforcing essential boundary conditions are defined as those
methods in which conditions are enforced exactly at a discrete set of boundary nodes [51]. This
is accomplished by replacing rows of the matrix equations obtained from the appropriately
discretized weak form with equations that ensure the enforcement of the essential boundary
conditions. A number of collocation methods have been developed. The direct collocation

method [6] used the collocation condition

0 = (50)

1

This is actually inconsistent with the assumption of MLSA since the fictitious nodal

N <a>

displacement 0" is generally not equal to the approximated displacement value. The same

collocation condition was used in [49] to enforce boundary condition with a new definition of the
MLSA L; norm which was shown to improve the solution accuracy.

A modified collocation method uses

ul = 30y Jal = (51)
b=l

as the collocation condition which was shown to yield more accurate results [50]. Wagner and
Liu [51] pointed out that when the shape functions do not satisfy the Kronecker delta property,
the rows of the matrix equation corresponding to the essential boundary nodes contribute to the
solution of the displacement field, and that when these equations are simply ignored, as is done
in the traditional (including direct and modified) collocation method, the weak form is not
satisfied consistently. Such inconsistency leads to poor accuracy and low convergence rate. They
developed a corrected collocation method which restores the consistency of the weak form and
enhances convergence. Wu and Plesha [52] proposed a boundary flux collocation method to

enforce the boundary conditions exactly which maintains the consistency of the weak form and
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avoids partitioning and rearrangement of the nodal DOFs into a constrained and a free group as
needed in the corrected collocation method.

Generally, there are two types of discretization in meshless methods: (1) collocation over
multiple local domains, which is used in SPH [3], FPM [65], and meshless method based on
LBIE [15][16][17][18], etc.; (2) Galerkin based method over the global domain, which is used in
EFG [5][6][7][8], clouds [13], RKPM [9][10][11][12], etc. For collocation based discretization,
each equation is obtained by applying the weak form over a particular local domain, and the
weak form needs to be applied n times for a problem with n DOFs. Consequently, traditional
collocation method with (51) can be used easily and directly to impose essential boundary
conditions, because each of the system equations is independent of the rest, and replacing the
equation corresponding to a constrained DOF by (51) will not cause any inconsistency in the
weak form. For the Galerkin based discretization, the n system equations are obtained by
applying the weak form over the global domain once, and therefore all equations must hold
simultaneously in order to maintain consistency in the weak form. Replacing a row in the matrix
equation by (51), which contains a linear combination of DOFs rather than dictating the value of
the single constrained DOF, sacrifices the consistency of the weak form and compromises the
accuracy of the solution.

The current meshless integral method utilizes the collocation based discretization (over
multiple sub-domains), and the traditional collocation method can be directly used to impose
essential boundary conditions. Since the system equations are obtained by applying the integral
Equation (24) to each source node over a local sub-domain, for a DOF with essential boundary

condition, we simply use the essential boundary condition u, =u, rather than applying the

integral Equation (24). This is equivalent to replacing the governing equation corresponding to
the DOF with essential boundary condition (51). Our numerical tests presented in the next
section show that the tradition collocation method for imposing essential boundary conditions
works very well with the meshless integral method.

For the natural boundary condition t, = t,, no special treatment is needed. The prescribed
traction is directly used in the second integral in Equation (49).

After the boundary conditions are imposed, the governing equations can be written as

NV
z (K;a’b>ﬁj<b>) — Fi<a> (52)
b=l
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where

o> H"Y L + a0 (™) when u;™ is unconstrained (53)
ij = <b> ,/_ <a> <a> _ —<a>
¢ (Y)Y when u;*” =1u;
pes> G™ when u;™ is unconstrained (54)
' u when u;™ =u;™"”

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node y™~.

2.10 Numerical Examples
This section presents the numerical solutions to several examples using the meshless
integral method developed in this study and uses analytical solutions given in the literature as the
bases for comparison. The tests include the lower and higher order convergence patch tests, a
cantilever beam and a hole in an infinite plate. The density and distribution of the nodes were
varied to assess their effects on the solution accuracy. The effects of the weight functions and

monomial basis were also investigated. There are three geometric parameters (only two if spline

or cosine weight function is used) for each node: the size of sub-domain h§a> , the size of support

domain (or the size of weight function) /", and the scaling factor s for the Gaussian weight
function. It is difficult to derive theoretical formulas for determining the optimal values of the

a)

geometric parameters h;’/ and ¢ . The following guidelines are recommended for the selection
of these parameters.

The sub-domain radius hia> is selected in order to simplify the domain of integration,
C™~. For an interior node, the sub-domain should be fully enclosed by the problem domain so
that the sub-domain boundary is a full circle; for a boundary node, the sub-domain should not
contain any boundary corner so that the sub-domain boundary closely resembles a half circle; for

a boundary corner node, the sub-domain closely resembles a circular fan. It is worth noting that

for a node y<a> , while the support domains of the neighboring nodes affect the invertibility of the

A matrix in MLSA at y'*/ | the size of the sub-domain h'® does not.
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The size of the support domain /3"~ has a stronger influence on the accuracy of the

model than h§a> does. The choice of /3" has to satisfy several conditions. First, the union of all

support domains must be equal to or larger than the union of all sub-domains in order for every
integral in the governing equations to have definition. Second, the union of all support domains
must be equal to or larger than the problem domain in order for the solution field to have

definition over the whole problem domain. Third, it should be chosen such that the matrix A in
MLSA Equation (33) is not singular. This implies that /"~ should be large enough so that for

any given point X, there are at least m nodes whose weight functions are non-zero at x if an m-
term monomial basis is used.
Manually setting up the sub-domain radius and support domain radius for each node can

be rather time consuming. In this work, we have developed algorithms for determining the two
parameters for each node automatically. For the sub-domain radius hia> , the distance between
node a and the nearest neighboring node and the shortest distance from node a to the problem
domain boundary are calculated, and the smaller of the two is taken as h§a> . For support domain
radius /3", h* times a constant C of the order 1 is taken as the value for /" . The constant C
is adjusted so that the number of nodes inside the domain of definition of each node is equal to
the minimum required by MLSA to ensure a non-singular A (x) plus a small number (usually 5

to 7). The algorithm, carried out during program execution, frees the users from the time
consuming task of setting up the two geometric parameters manually during input.

A global error indicator, the L,-norm error in displacement, is defined by

1/2
{ZN:{(U@ exactjz-'_ (u@ J exact)z}}
= _ x100% (55)
N .\ |exact 2 .\ |exact 2
R
i=1

The L,-norm error is a better measure of the overall performance of a numerical model

num

num R
_ u§J>

b

L,-norm error =

than the conventional relative error for a single point. In this work, we will use the global L,-

norm error as a measure of the overall performance of the numerical method.
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2.10.1 Constant Stress Patch Tests

The first patch test is a 2x 2 m” square plate under linear displacement field or constant
traction on the four edges. These patch tests have been widely used in previous work [5][16][66]
for testing the validity of a numerical method. The material properties are E =1000 MPa,

v =0.3 with plane strain condition. Three meshless models, which are shown in Figure 2.6, were
simulated. The first is with 9 regular nodes, the second with 25 regular nodes, and the third with
25 irregular nodes. This was done to test the effects of model refinement and distribution of
nodes. Since the exact solution is linear in displacements, we used only the linear basis for
MLSA.

For all three patches, two types of boundary conditions, case 1 and case 2, both
corresponding to the same physical problem, were tested. For case 1, prescribed displacements
are applied to all edges of the plate. For case 2, prescribed displacements are applied to the left
and bottom edges, while prescribed tractions are applied to the top and right edges. The spline

weight function was used in these tests. The L,-norm errors for all models are reported in Table
2.2. For case 1, the L,-norm errors in displacement for the 9 node, 25 node regular and 25 node
irregular models are 2.1x107'°, 4.6x107'° and 9.2x10™" respectively. For case 2, the
corresponding L, -norm errors are 6.7x107"", 1.5x107'" and 3.6x10™'" respectively. The results

indicate that the method successfully passes all three patch tests within machine accuracy.

2.10.2 Higher-order Patch Tests

Two higher order patches under plane stress condition, as shown in Figure 2.7 and Figure
2.8, were tested. The first has 28 uniformly distributed nodes, and the second has 14 non-
uniformly distributed nodes. The same patches have been studied in [5]. Two types of loading
conditions were enforced. For the first case, the right edge is loaded with a uniform normal stress
of 1000 MPa; the upper edge is traction free, while the bottom edge is constrained from moving

in the x, direction and the left edge constrained from moving in the x, direction. For the second

loading case, conditions for the top and left edges remain unchanged, while the right edge is

subjected to a normal stress that varies linearly with x, from zero at the lower right corner to

3000 MPa at the upper right corner; and the bottom edge is constrained from moving in x,
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direction. Loading case 1 therefore corresponds to uni-axial tension, while loading case 2
corresponds to pure bending.

The material properties used in the meshless calculation are E=1000 MPa v =0.25. The

2
4x,

2
. X +X
exact solutions are u,=x, and u, = —72 for case 1; u,=x,x, and u, = —Tz for case 2.

Based on the functional form of the exact solutions, a linear basis for the shape function was
used in case 1 and a quadratic basis used in case 2.

The L,-norm errors for all meshless models are reported in Table 2.3. For load case 1,
the L,-norm errors for these two models are 1.4x10™ and 2.1x10™ respectively; for load case

2, the L,-norm errors are 1.0x107" and 1.1x107 respectively. These results show that the L, -

norm error for each test is roughly within machine accuracy and that the meshless integral

method successfully passes these two high order patch tests.

2.10.3 Cantilever Beam

Next, we consider the cantilever beam as shown in Figure 2.9a. A closed form solution for plane

stress condition has been given in [67]:

G, =0 (56)

Px;x, vPx  Pxj} (PL’ P¢’
1= - + + - X,
2EI  6EI  o6ul { 2EI 2ul

vPx,x;  Px; PL’x,  PL’
u,= + - +
2EI  6EI 2EI  3EI

and (57)

Here ¢=0.5 m is half the height of the beam, I=2¢’ / 3,L=8m, P=1 N, E=1000 MPa,
v=0.3, u=E/(2(1+v)). For the above solution to be exact, tractions according to Equation (56)

or displacements according to Equation (57) are applied to the free end of the beam.
Meshless models with various densities of evenly distributed nodes were tested: a coarse

model with 85 nodes (5 rows by 17 columns), a medium one with 165 nodes (5 rows by 33
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columns) and a fine one with 585 nodes (9 rows by 65 columns). Figure 2.9b, Figure 2.9c and
Figure 2.9d display the three models. Essential boundary conditions were applied on the left and
right edges according to equation (56), and natural boundary conditions (traction free) were
applied on the top and bottom edges. The effects of weight functions and the monomial basis
were investigated.

Figure 2.10 displays the deformed mesh for the 85-node model using cubic basis and

spline weight function. For this case, the L,-norm error in displacement is 2.0x107°, and the

numerical results (squares) virtually coincide with analytical solutions (triangle). For the 165-
node model, the L, -error is further reduced to 9.3x107" . The higher accuracy is expected

because the exact solution is cubic in displacement. Table 2.4 summarizes the performance of the
three meshless models.

Figure 2.11 compares the effects of three monomial bases (linear, quadratic and cubic)
for the 85-node meshless model using the three weight functions. It is clear that the choice of the
monomial basis has a stronger influence on the accuracy than the choice of the weight function.
Regardless of the weight function used, the linear basis produces the largest error (of the order of
0.01). The quadratic basis improves the accuracy by roughly a factor of 10, while the cubic basis
yields very accurate results, with errors of the order of 10~ for all three weight functions. The
performances of the three weights are comparable. In the remaining calculations, we used only
the spline weight function because it performs slightly better than the cosine weight function,
and requires fewer free geometric parameters than the Gaussian weight function does, which
makes the simulation simpler.

Figures 2.12 and 2.13 compare the results using the original LBIE method [16] and the
results using the current method. The relative errors (based on the analytical solution) of the
displacement at the top of the free end (x, y)=(0.0, 0.5) for five cases are shown in Figure 2.12,
and the relative errors of the shear stress at midpoint (x, y)=(4, 0) for the corresponding cases are
shown in Figure 2.13. The improvement in accuracy of the current meshless integral method
over the original method [16] is evident.

The distributions of the normal bending stress &,, from both the meshless model and

FEM (using ANSYS [68]) follow the analytical results quite accurately. Accurate distribution of

the shear stress o,, is usually more difficult to obtain from numerical models. It is therefore
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more revealing to compare shear stress distributions. Figure 2.14 shows the effects of the
monomial basis on the computed shear stress along the mid-vertical cross-section at x, =4 for
the 85-node model with the spline weight function. It is noteworthy that the results using the
cubic basis, with L, -norm error of 1.7x10*, practically coincide with the exact solutions. The
quadratic basis also yields satisfactory results with a L, -norm error of 0.0058. The linear basis
produces larger errors with a L, -norm error of 0.17, and the shape of the distribution is also

erroneous.

It is revealing to compare the shear stress obtained from the meshless integral method
with FEM results, as shown in Figure 2.15. The meshless results with cubic basis are practically
indistinguishable from the analytic solution. For the FEM model, quadratic elements
(quadrilateral 8-node element) are used and the total number of nodes is 95. The FEM curve for
the shear stress is trapezoidal in shape. In contrast, the meshless results are smooth. It is worth
noting that in FEM, since stresses and strains are discontinuous across element edges, it is a
common practice to post-process the stresses and strains. During post processing, the stresses or
strains are extrapolated from Gaussian points to nodes, and average values over all neighboring
elements at each node are taken as the corresponding nodal stresses or strains. Such post-
processing is unnecessary in the meshless integral method, because the stresses and strains are
already smooth enough.

A new, truly element free postprocessor has been developed and is used for graphical
representation of various results from the meshless integral method. This postprocessor will be

introduced in detail in a forthcoming paper. Contour plots for ¢,, and 6,, from the meshless

model are presented in Figure 2.16 and Figure 2.17. They match well the analytical results
shown in Figure 2.18. Comparison between the two sets of results reveals that the cubic basis

performs best.

2.10.4 Infinite Plate with a Circular Hole
The last test example is an infinite plate with a circular hole in the center subjected to a

uniform remote tension ¢ in x, direction. The exact solutions for the stresses are given by [67]:
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G,, =0 i écos29+cos49 +314cos49
2 2r

4
G, =0| — 2 [lcos 20— cos46j —31400546 (58)
2 2r

2 4
G,=0 _a_2 lsinZO+sin49 +3i4$in49
r'\2 2r

where (r, 0) are the polar coordinates with origin at the center of the hole, and  is measured

from the positive x, axis counterclockwise. The corresponding displacements are:
ul=%0((1-7)rcos9+2(I-V)%cosﬁ+%%cos39-%i—:cos36}
1+v a’ 1a’ 1a* &9
u2=?G(—Vrsin@—(1—2V)Tsin6+§Tsin36—Er—3 sin30]
Because of symmetry, only the upper right quadrant of the plate was modeled (see Figure
2.19). The actual model used in the simulation is a finite sized plate of 5 m by 5 m with a quarter
of a circular hole of radius of 1 m centered at the lower left corner. The model geometry has 336
nodes with nodes concentrated around the hole. The material properties of E=1000 MPA and
v=0.3 and the remote traction c =1 MPA are used for Equations (58) and (59), and plane strain
condition is enforced. Two types of boundary conditions are imposed on the finite sized model.
For case 1, essential boundary conditions according to equation (59) were applied on the right,
the upper, the left and the bottom edges. On the remaining edge (the inner circle), the natural
boundary conditions (free traction) were applied. For case 2, essential boundary conditions
according to equation (59) were applied on the left and the bottom edges, while on the remaining

edges, natural boundary conditions according to equation (58) were applied.

The spline weight function was used in the calculation, and different /3" 's were assigned
for different nodes. Generally, smaller /3" is used for regions with denser nodal distribution.

Since the exact displacement solution (equation (59)) is not polynomial in x, and x,, and the

use of higher order basis does not necessarily result in more accurate results, only linear and
quadratic bases were tested. The L,-norm error in displacement and the normal stress on the left

edge are monitored and reported.
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Figure 2.20 and Figure 2.21 show the deformed meshless model (squares), using spline
weight function and linear basis, for case 1 and case 2 respectively. The meshless results are in
good agreement with analytical results (triangles), and the L, -norm errors are 0.0032 and 0.0033
respectively. The L, -norm errors for the three meshless models (336 nodes, 1271 nodes, and
2806 nodes) under two boundary conditions and the corresponding results for FEM (ANSYYS)
models are listed in Table 2.5. From Table 2.5, for both cases the accuracy of the meshless
model with linear basis improves with model refinement (i.e. increased nodal density). For case
1, the L,-norm errors are 0.0032, 0.0022 and 0.0017 for the three models respectively, while for
case 2, the L, -norm errors are 0.0033, 0.0023 and 0.0018 for the three models respectively. The
performance of the 336 node model is comparable with that of the FEM model with the same
number of nodes. However, the performance of the 1271 node model and the 2806 model is not
as good as that of the corresponding FEM models.

Figure 2.22 and Figure 2.23 present the distribution of normal stress o,, along x, =0 of
the 336-node model for load case 1 and case 2 respectively. Figure 2.24 shows the distribution of
normal stress &,, along X, =0 of the 1271-node model for load case 1. For all cases, the
numerical results are in reasonable agreement with the analytic solution. Figure 2.25 shows the
distribution of normal stress o,, along x, =0 of the 120-node model using the original LBIE
method presented in [16] in which the support domain size is 3, and Gaussian support function is
used with the scaling factor s of 0.54 for linear basis and 0.44 for quadratic basis. It should be
noted that a direct, fair comparison between our method and the original LBIE [16] is impossible
because there are differences in the nodal distribution, geometric parameters, number of
numerical integration points, and more importantly, the form of the governing equation on which
the method is based. The best we can do is to select models that are the closest from the available
results. When comparing Figure 2.25 with Figure 2.22, we find that results from our method
follow more closely the analytical solution than those from the original LBIE method [16].

Figures 2.26 and 2.27 show the contour plots of o, stress distributions from the
meshless integral method for the linear and quadratic basis, while Figures 2.28 and 2.29 show the
corresponding results from FEM for comparison. Figures 2.30 and 2.31 are the contours of G,,
stress distributions from the meshless, and Figures 2.32 and 2.33 are the corresponding results

from FEM. Analytical results for o,, and o,, are presented in Figure 2.34 and Figure 2.35
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respectively. A comparison of these figures reveals that results from the meshless integral
method are closer to the analytical results than those from FEM. It also reveals that with the
meshless integral method, the quadratic basis performs better than the linear basis for this

problem.

2.11 Concluding Remarks

A meshless integral method based on regularized local boundary integral equation has
been presented. The meshless integral method was built on an earlier method proposed by Atluri
and coworkers [15][16] based on the local boundary integral equation representation for
elasticity. The implementation introduced in the present work offers several key improvements:
(1) the strong singularity (1/r type) in the governing equations has been removed. The formula is
rather straightforward and more accurate than the direct limit approach used in [16], and simpler
than the lengthy singularity removal treatment proposed in [34]. (2) A special numerical
integration is employed for the calculation of integrals with weak singularity (logarithmic type)
which further improves accuracy. (3) A treatment is proposed for handling the essential
boundary conditions explicitly, which requires little or no additional computational cost and
offers high accuracy. This is a great advantage considering that the enforcement of essential
boundary conditions for some meshless methods can be quite cumbersome because of the non-
interpolative moving least-squares approximation. (4) The natural boundary conditions are
incorporated in the system governing equation and require no special handling.

The meshless integral method developed in this study has shown excellent accuracy in
the lower and higher order patch tests and the cantilever beam problem, and satisfactory
performance for the hole problem. The use of exact, singular kernels (the fundamental solutions)
contributes to the high accuracy of the governing boundary integral equations, while the
singularity removal scheme introduced in this work makes it possible to evaluate the integral
equation numerically. The method can be extended to 3D linear elasticity without major
difficulties. The advantages of the present meshless integral methods over other meshless
methods published in the literature include the following: the essential boundary conditions can
be enforced exactly and easily; no background mesh is needed to evaluate the domain and
boundary integrals; since the governing boundary integral equations, based on the fundamental

solution, are exact and approximation comes only from the moving least-squares approximation
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and the numerical integration, the method can achieve high accuracy; the calculation of derived

variables (such as stress fields) involves only a small regular sub-domain instead of the global

domain/boundary; and the method offers flexibility in node adaptivity and model refinement.

2.12 Acknowledgement
The support from the U.S. Department of Energy (grant number: DE-FG02-00ER45845)

and the Advanced Manufacturing Institute at Kansas State University is gratefully

acknowledged.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

2.13 References
Bathe, K.J. Finite Element Procedures in Engineering Analysis, Prentice-Hall:
Englewood Cliffs, 1982.
Zienkiewicz, O.C. and Taylor, R.L. The Finite Element Method, McGraw-Hill:
Berkshire, 1991.
Gingold RA, Moraghan JJ, Smoothed particle hydrodynamics: theory and applications to
non-spherical stars, Monthly Notices of the Astronomical Society 1977, 181, 375-389
Nayroles, B., Touzot and G., Villon, P. Generalizing the finite element method: diffuse
approximation and diffuse elements. Computational Mechanics. 1992; 10: 307-318.
Belytschko, T., Lu, Y.Y. and Gu, L. Element free Galerkin method. International Journal
for Numerical Methods in Engineering. 1994; 37: 229-256.
Lu, YY, Belytschko T, and Gu, L, A new implementation of the element free Galerkin
method, Computer Methods in Applied Mechanics and Engineering, 1994, 113, pp.397-
414
Krysl P, Belytschko T., Analysis of thin plates by the element-free Galerkin method,
Computational Mechanics, 1998, 21, 211-222
Lu YY, Belytschko T, Tabbara M. Element-free Galerkin method for wave propagation
and dynamic fracture, Computer Methods in Applied Mechanics and Engineering, 1995,
126, pp.131-153
Liu, W.K. and Chen. Y. Wavelet and multiple scale reproducing kernel methods.
International Journal for Numerical Methods in Fluids. 1995; 21: 901-931.

41



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Aluru, N.R. A reproducing kernel particle method for meshless analysis of
microelectromechanical systems. Computational Mechanics. 1999; 23: 324-338

Chen, J.S., Pan, C., and Wu, C.T. A Lagrangian reproducing kernel particle method for
metal forming analysis. Computational Mechanics. 1998; 22: 289-338.

Chen, J.S., Pan, C., Wu, C.T., and Liu, W.K. Reproducing kernel particle methods for
large deformation analysis of non-linear structures. Comput. Methods Appl. Mech.
Engrg. 1996; 139 (1-4): 195-227.

Duarte CAM and Oden JT, An h-p adaptive method using clouds, Comput. Methods
Appl. Mech. Engrg, 1996, 139, 237-262

Liszka TJ, Duarte CAM, Tworzydlo WW, hp-meshless cloud method, Computer
Methods in Applied Mechanics and Engineering, 1996, 139, 263-288

Zhu T., Zhang J-D., and Atluri S.N. A local boundary integral equation (LBIE) method in
computational mechanics, and a meshless discretization approach. Computational
Mechanics. 1998; 21: 223-235.

Atluri S.N., Sladeck J., Sladeck V., and Zhu T. The local boundary integral equation
(LBIE) and its meshless implementation for linear elasticity. Computational Mechanics.
2000; 25: 180-198.

Sladek, J., Sladeck, V., and Van Keer, R. Meshless local boundary integral equation for
2D elastodynamic problems. International Journal for Numerical Methods in
Engineering. 2003: 235-249.

Long, S. and Zhang. Q. Analysis of thin plates by the local boundary integral equation
(LBIE) method. Engineering Analysis with Boundary Elements. 2002; 26: 707-718.
Atluri, S.N. and Zhu, T. A new meshless Local Petrov-Galerkin approach in
computational mechanics. Computational Mechanics. 1998; 22: 117-127.

Atluri, S.N. and Zhu, T. New concepts in meshless methods. International Journal for
Numerical Methods in Engineering. 2000; 47: 537-556.

Atluri, S.N. and Zhu, T. The Meshless Local Petrov-Galerkin approach for solving
problems in elasto-statics. Computational Mechanics. 2000; 225: 169-179.

Liu, G.R. and Gu, Y.T. Meshless local Petrov-Galerkin (MLPG) method in combination
with finite element and boundary element approaches. Computational Mechanics. 2000;

26(6):536-546.

42



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Mukherjee, Y.X. and Mukherjee, S. Boundary node method for potential problems.
International Journal for Numerical Methods in Engineering. 1997; 40: 797-815.

Chati, M.K. Mukherjee, S and Mukherjee, YX. The boundary node method for three-
dimensional linear elasticity. International Journal for Numerical Methods in
Engineering. 1999; 46: 1163-1184.

Sukumar N, Moran B, Belytschko T, The natural element method, International Journal
for Numerical Methods in Engineering, 1998, 43, 829-887

Gu, Y.T. and Liu, G.R. A boundary point interpolation method for stress analysis of
solids. Computational Mechanics. 2002; 28: 47-54.

Liu, G.R. and Gu, Y.T. A local point interpolation method for 2D solid. International J.
Struct. Eng. Mech. 2001;11(2):221-236

Liu, G.R. and Gu, Y.T. A point interpolation method for 2D solid. International Journal
for Numerical Methods in Engineering. 2001; 50: 937-951.

Liu, G.R. and Yan, L. A study on numerical integration in element-free methods.
Proceeding of 4th Asia-Pacific Conference on Computational Mechanics,
Singapore.1999: 979-984.

Sukumar N, Moran B, Black T, Belytschko T, An element-free Galerkin method for
three-dimensional fracture mechanics, Computational Mechanics, 1997, 20, 170-175

Lee, Sang-Ho and Yoon, Yong-Cheol. Numerical prediction of crack propagation by an
enhanced element-free Galerkin method. Nuclear Engineering and Design.2004;
227:257-271.

Xu'Y, Saigal S, An element-free Galerkin analysis of steady dynamic growth of a mode I
crack in elastic-plastic materials, International Journal of Solids and Structures, 1999, 36,
1045-1079

Bobaru F, Mukherjee S, Shape sensitivity analysis and shape optimization using the
element-free Galerkin method, Computer Methods in Applied Mechanics and
Engineering, 2001, 190, 4319-4337

Sladek V., Sladek J., Atluri S.N., and Van Keer R. Numerical integration of singularities
in meshless implementation of local boundary integral equations. Computational
Mechanics. 2000; 25: 394-403.

Paris, F. and Canas J. Boundary Element Method. Oxford University Press, 1997.

43



[36]
[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

Stroud, A.H. and Secrest, D. Gaussian Quadrature Formulas. Prentice-Hall, 1966.
Aliabadi MH, Hall WS, Weighted Gaussian methods for three-dimensional boundary
element kernel integration, Comm. Appl. Numer. Methods, 1987, 3, 89-96

Pina HLG, Fernandes, JLM, Brebbia CA, Some numerical integration formulae over
triangles and squares with a 1/R singularity, Appl. Math. Modelling, 1981, 5, 209-211
Kellogg, O.D. Foundations of Potential Theory, Dover Publications, New York, 1954,
p.149

Sarihan, V., and Mukherjee, S. Axisymmetric viscoplastic deformation by the boundary
element method. Int. J. Solids and Structures. 1982; 18: 1113-1128.

Lean MH and Wexler A, Accurate numerical integration of singular boundary element
kernels over boundaries with curvature, Int. J. Numer. Method. Engng., 1985, 21, 211-
228

Nagarajan, A., and Mukherjee, S. A mapping method for numerical evaluation of 2D
integrals with 1/r singularity. Computational Mechanics. 1993; 12: 19-26.

Huang, Q., and Du, Q. An improved formulation for domain stress evaluation by
boundary element method in elastoplastic problems. Proceedings of the China-US
Seminar on Boundary Integral Equation and Boundary Finite Element Methods in
Physics and Engineering, Xian, China. 1988.

Cruse TA, Richardson JD, Non-singular Somigliana stress identities in elasticity, Int. J.
Numer. Methods Engng., 1996, 39, 3273-3304

Rudolphi, T.J. The use of simple solutions in the regularization of hypersingular
boundary integral equations, Mathematical and Computer Modeling. 1991; 15: 269-278
Lachat JC, Watson JO, Effective numerical treatment of boundary integral equations: A
formulation for three-dimensional elastostatics, Int. J. Numer. Methods Engng., 1976, 10,
991-1005

Guiggiani M, Gigante A, A general algorithm for multidimensional Cauchy principal
value integrals in the boundary element method, ASME J. Appl. Mech., 1990, 57, 906-
915

Guiggiani M, The evaluation of Cauchy principal value integrals in the boundary element
method - a review, Math. Comput. Modeling, Special Issue on BIEM/BEM, 1991, 15, 3-
5,175-184

44



[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Mukherjee, Y.X. and Mukherjee, S. On boundary conditions in the element-free Galerkin
method, Computational Mechanics. 1997; 19: 264-270

Zhu, T. and Atluri, S.N. A modified collocation method and a penalty foumulation for
enforcing the essential boundary conditions in the element free Galerkin method.
Comput. Mech. 1998; 21(3): 211-222.

Wagner, GJ and Liu WK, Application of essential boundary conditions in mesh-free
methods: a corrected collocation method, International Journal for Numerical Methods in
Engineering, 2000, 47, 1367-1379

Wu CC and Plesha ME, Essential boundary condition enforcement in meshless methods:
boundary flux collocation method, Int. J. Numer. Meth. Engng, 2002, 53, 499-514
Herault, C. and Marechal, Y. Boundary and interface conditions in meshless methods.
IEEE Transactions on Magnetics. 1999; 35(3): 1450-1453.

Fernandez-Mendez, Sonia and Huerta Antonio. Imposing essential boundary conditions
in mesh-free methods. Comput. Methods Appl. Mech. Engrg. 2004;193: 1257-1275.
Gavete, L., Benito, J.J., Falcon S. and Ruiz A. Implementation of essential boundary
conditions in a meshless method. Commun. Numer. Meth. Engng. 2000; 16: 409-421.

J. Nitsche, Uber ein variations zur losung von dirichlet-problemen bei verwendung von
teilraumen die keinen randbedingungen unterworfen sind, Adh. Math. Se. Univ. 1970, 36,
9-15

Arnold DN, Brezzi F, Cockburn B, Marini LD, Unified analysis of discontinuous
Galerkin methods for elliptic problems, SIMA J. Numer. Anal., 2002, 39, 1749-1779
Belytschko, T., Organ, D., and Krongauz, Y. A coupled finite element-element-free
Galerkin method. Computational mechanics. 1995; 17: 186-195.

Rao, B.N. and Rahman, S. A coupled meshless-finite element method for fracture
analysis of cracks. Pressure Vessels and Piping. 2001; 78: 647-657.

Lou, L.L. and Zeng, P. FE-Meshless Coupling Method for 2D Crack Propagation. Key
Engineering Materials. 2003; 233-236: 169-174.

Hegen D., Element-free Galerkin methods in combination with finite element
approaches, Computer Methods in Applied Mechanics and Engineering, 1996, 19, 120-
135

45



[62]

[63]

[64]

[65]

[66]

[67]

[68]

Gosz, J. and Liu, W.K. Admissible approximations for essential boundary conditions in
the reproducing kernel particle method. Comput. Mech. 1996; 19(2):120-135.

Gunther, F. C. and Liu, W. K. Implementation of boundary conditions for meshless
methods. Computer Methods in Applied Mechanics and Engineering 1998; 163: 205-230.
Zhang X, Liu X, Lu MW and Chen Y, Imposition of essential boundary conditions by
displacement constraint equations in meshless methods, Communications in Numerical
Methods in Engineering, 2001, 17, 165-178

Onate E, Idelsohn S, Zienkiewicz OC, Taylor RL, A finite point method in computational
mechanics. Applications to convective transport and fluid flow. International Journal for
Numerical Methods in Engineering, 1990, 39, 3839-3866

Taylor, R.L., Beresford, P.J., and Wilson, E.L. A non-conforming element for stress
analysis. Int. J. Numer. Anal. Meth. Engng. 1976; 10: 1211-1219.

Timoshenko, S.P. and Goodier, J.N. Theory of elasticity. McGraw-Hill Book Compny,
1970.

ANSYS 5.6 Documentation, ANSYS Incorporated, 1999.

46



Figure 2.1 Schematic diagram showing the sub-domain for an interior or a boundary node
a)

For boundary nodes: 6Q<'> = C<'> + F<'>

For interior nodes: 6Q'" = "/
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Figure 2.2 Exclusion of a tiny sphere €2, of radius A centered a node for removing the

strong singularity

When y*** is an interior node When y**~ is a boundary node
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Figure 2.3 Schematic diagram showing the internal boundary angle 6 =0, — 0, at node y<a>

on the boundary
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Figure 2.4 Schematic diagram illustrating the local sub-domains and support domains for

node y" and node y=

Local sub-domain Q>
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Figure 2.5 Schematic diagram showing the domain of influence for node y<a> and the

domain of definition for a point x
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Figure 2.6 (a) A square plate for the patch test. (b) Meshless model with 9 regular nodes. (¢)

Meshless model with 25 regular nodes. (d) Meshless model with 25 irregular nodes
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Figure 2.7 High order patch test-- patch with 28 uniformly distributed nodes
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Figure 2.8 High order patch test-- Patch with 14 non-uniformly distributed nodes
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Figure 2.9 A cantilever beam subjected to end load and three meshless models
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Figure 2.10 Deformed meshless model for the cantilever beam with 85 nodes

¢ Undeformed
® Meshless

A Analytical

gEERR

ST

S0

Ry

Eeante

Bdmpge
Ecennp ¢
Eogggee
Cocegpee
Sonpgeee
S0ggpeeee
n_n_n_n_n_ooooo
uuuuuooooo
uuuuu s0000
uuuuu s0000
nwuuuu s0000
Bog,, s0000

55



Figure 2.11 The effects of monomial basis (linear, quadratic, and cubic) for the 85-node

meshless model using three weight functions
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Figure 2.12 Comparison of percentage error of the displacement at the point (0, 0.5)

between the original LBIE [16] and our current method
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Figure 2.13 Comparison of the percentage error of the shear stress at the point (4, 0)
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Figure 2.14 The effects of the monomial basis on the shear stress along the vertical cross-

section at x, =4
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Figure 2.15 Comparison of the shear stress between the meshless method and FEM
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Figure 2.16 Contour plots of c,, for meshless model (165 nodes) using spline weight

function (a) Linear basis is used. (b) Quadratic basis is used. (c) Cubic basis is used
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Figure 2.17 Contour plots of c,, for meshless model (165 nodes) using spline weight

function (a) Linear basis is used. (b) Quadratic basis is used. (¢) Cubic basis is used.
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Figure 2.18 Contour plots of 6, and 5, from analytical stress. (a) c,, contour plot. (b) 5,

contour plot
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Figure 2.19 The upper right quadrant of the plate with a hole. Symmetric boundary

conditions are applied to the left and bottom edges
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Figure 2.20 Deformed meshless model (empty squares) for case 1. Analytical results (solid

triangles) are plotted for comparison
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Figure 2.21 Deformed meshless model (empty squares) for case 2. Analytical results (solid

triangles) are plotted for comparison
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Figure 2.22 The distribution of normal stress c,, along x, =0 of the 336-node model for

load case 1
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Figure 2.23 The distribution of normal stress c,, along x, =0 of the 336-node model for

load case 2
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Figure 2.24 The distribution of normal stress c,, along x, =0 of the 1271-node model for

load case 2
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Figure 2.25 The distribution of normal stress c,, along x, =0 from the original LBIE [16]
with 120 nodes
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Figure 2.26 Plots of o, for meshless model (336 nodes) with spline weight function with

linear basis used
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Figure 2.28 Contour plots of c,, for FEM model with linear basis used (336 nodes)
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Figure 2.29 Contour plots of c,, for FEM model with quadratic basis used (336 nodes)
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Figure 2.30 Contour plots of 6, for meshless model (336 nodes) with linear basis used
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Figure 2.31 Contour plots of ,, for meshless model (336 nodes) with quadratic basis used
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Figure 2.32 Contour plots of ,, for FEM model with linear basis used (336 nodes)
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Figure 2.33 Contour plots of 6, for FEM model with quadratic basis used (336 nodes)
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Figure 2.34 o, contour plot for analytical solutions
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Table 2.1 Special numerical integration for functions containing logarithmic singularity (8

integration points)

Abscissas (1,) Weights (w,)

0.0133 2024 4160 8925 0.1644 1660 4728 0030
0.0797 5042 9013 8949 0.2375 2561 0023 3060
0.1978 7102 9326 1880 0.2268 4198 4431 9190
0.3541 5399 4351 9090 0.1757 5407 9006 0700
0.5294 5857 5234 9170 0.1129 2403 0246 7590
0.7018 1452 9939 1000 0.0578 7221 0717 7821
0.8493 7932 0441 1070 0.0209 7907 3742 1330

0.9533 2645 0056 3600 0.0036 8640 7104 0276

Table 2.2 L, -norm errors for patch test

9 nodes 25 nodes-regular 25 nodes-irregular
Case 1 2.1E-16 6.4E-16 9.3E-15
Case 2 6.7E-11 1.6E-10 3.6E-10

Table 2.3 L, -norm errors for higher order patch test

14 nodes 28 nodes
Case 1 1.4E-08 2.1E-8
Case 2 1.0E-7 1.1E-7
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Table 2.4 L,-norm errors for bending of a cantilever beam

No. of nodes 85 165 585
Linear 0.078 0.018 0.020

Quadratic 0.0025 0.00051 3.2E-05

Cubic 2.0E-06 9.4E-07 0.00011

Table 2.5 L, -norm for the hole problem

Meshless--Case 1 Meshless--Case 2 FEM

No. of Nodes 336 1271 2806 336 1271 2806 336 1271 2806
Linear 0.0032 0.0022 0.0017 0.0033 0.0024 0.0012 0.0011 0.00028 0.00012

Quadratic ~ 0.0025 0.0021 0.0037 0.0027 0.0042 0.0048 0.0011 1.4E-05 1.2E-05
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3.1 Abstract

In this paper, the meshless integral method based on regularized boundary integral
equation [1] has been extended to elastoplastic materials. In the formulation, the domain of
interest is populated with a set of nodes using an automatic node generation algorithm. The sub-
domain and support domain associated with each node are also generated automatically using
algorithms that have been developed for this purpose. The governing integral equation is
obtained from the weak form of elastoplasticity over a local sub-domain, and the moving least-
squares approximation is used for meshless function approximation. The constitutive law is the
small deformation, rate-independent flow theory based on von Mises yielding criterion with
isotropic hardening. The collocation method is employed to enforce the essential boundary
conditions exactly, which is simple and computationally efficient. The natural boundary
conditions are incorporated in the system governing equation and require no special handling.
The solution algorithm for elastoplastic analysis is discussed in detail. The proposed method can
handle any prescribed loading profile, including unloading and reversed loading. Numerical
examples show that the elastoplastic integral meshless method is accurate and robust.

KEY WORDS: meshless method, local boundary integral equation, moving least-squares

approximation, subtraction method, singularity removal, elastoplasticity
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3.2 Introduction

Over the past two decades the meshless methods have attracted much attention owing to
their advantages in adaptivity, higher degree of continuity in the solution field, and capability to
handle moving boundary and changing geometry. In the meshless method, the concept of an
element is eliminated. The model geometry consists of a distribution of nodes over the domain
and the approximate solution is constructed entirely based on these nodes. Consequently, the
nodal connectivity in the meshless method is much more flexible. Each node, through the use of
a localized weight function, is always connected to the nodes that are nearby, and there is no
limitation on the number of other nodes a node can be connected to directly. This makes the
model building in meshless methods much simpler than in FEM: adaptivity for meshless
methods is easily achieved by adding or removing nodes without the troublesome remeshing of
elements.

Several versions of meshless methods have been developed. The initial idea of meshless
methods dates back to the Smoothed Particle Hydrodynamics method (SPH) [2] for modeling
astrophysical phenomena in the 1970's. Later developments include Diffuse Element Method
(DEM) [3], Element-Free Galerkin method (EFG) [4][5][6][7], Reproducing Kernel Particle
Method (RKPM) [8][9][10][11], HP-Meshless Cloud method [12][13], Local Boundary Integral
Equation (LBIE) method [1][14][15][16][17], meshless local Petrov-Galerkin (MLPG) method
[18][19][20][21], boundary node method (BNM) [22][23], natural element method [24],
boundary point interpolation method (BPIM) [25], local point interpolation method (LPIM) [26],
point interpolation method [27], point assembly method (PAM) [28], and so on. In DEM [3], the
usual FEM interpolation is replaced by a diffuse approximation through the use of a least-squares
approximation. The method has been applied to two-dimensional (2D) problems in potential
theory and linear elasticity. The main idea of EFG method is to use moving least-squares
approximation (MLSA) to construct the trial functions used in the Galerkin weak form. The EFG
method was applied to problems in linear elasticity and heat conduction [4], fracture mechanics
[29], crack propagation [30], thin plate [6], wave propagation and dynamic fracture [7], elasto-
plastic fracture mechanics [31], and shape sensitivity analysis and optimization [32]. The BNM
involves a coupling between MLSA and boundary integral equations, and has been used for

solving problems in both potential theory and elasticity [22][23].
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Most development in meshless methods to date has been focused mainly on linear elastic
materials. Research in elastoplasticity using meshless methods has not been wide spread and is
only currently gaining attention. In [34], Rao proposed an enriched meshless method for fracture
analysis of crack in non-linear-elastic, two dimensional solids, subject to mode-I loading
conditions. It involves an element-free Galerkin method and two new enriched basis functions to
capture the HRR singularity field in non-linear fracture mechanics [35][36]. In [37], Kargarnovin
extended the element-free Galerkin method to elastoplastic stress analysis. By using the
incremental formulation of plastic deformation a system of elastoplastic EFGM was derived. In
[31] and [38], Xu proposed an element-free Galerkin based formulation for dynamic and steady
quasi-static crack growth in elastic-plastic materials undergoing small scale yielding
respectively. The experimental curve relating the applied load with the incremental crack size
was used as input and the displacement, strains, internal state variables, and plastic energy were
calculated as output. In [39], Chen formulated the local and nonlocal field theories using
dynamic meshless method and performed stress analysis of two crack problems. In [40],
element-free Galerkin-finite element coupling method was used to solve elastoplastic contact
problems. In [41], Belinha used element-free Galerkin method to perform elastoplastic analysis
of plates.

The methods cited above are “meshless” only in terms of the interpolation or
approximation of the field or boundary variables, as compared to the usual boundary element
method (BEM) or finite element method (FEM), but still have to use a background mesh to
integrate a weak form over the problem domain or the boundary. The requirement of a
background mesh for integration makes these methods not truly meshless.

The authors have developed a meshless integral method based on regularized boundary
integral equation for linear elasticity [1]. This method is a truly meshless method and does not
require a background mesh for integration. In the present work, we extend the meshless integral
method based on the regularized boundary integral equation to elastoplasticity. The governing
integral equation is obtained from the weak form of elastoplasticity over a local sub-domain, and
the moving least-squares approximation is used for meshless function approximation. The
constitutive law is the small deformation, rate-independent flow theory based on von Mises
yielding criterion. Strain hardening is represented by a general isotropic model. The fixed point

iteration is used to solve the nonlinear equations because of elastoplasticity. The elastoplastic
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meshless integral method based on the regularized integral equation is accurate and robust, and
appears remarkably promising. Because few closed-form solutions for realistic elastoplastic
engineering problems are available, we compare the results from the current meshless method
with FEM results. For all numerical tests, the numerical results are in excellent or satisfactory
agreement with FEM solutions.

The structure of this paper is as follows: in Section 3.3, the regularized local boundary
integral equation is derived. The subtraction method is used to remove the strong singularity that
is present in the local boundary integral equation. In Section 3.4, elastoplastic constitutive
equations are presented. Section 3.5 describes the moving least-squares approximation (MLSA).
The meshless implementation of the regularized boundary integral equation using MLSA is
presented in Section 3.6. Section 3.7 discusses the treatment of weak singularity along with
imposition of essential and natural boundary conditions. The solution algorithm for solving the
nonlinear elastoplastic equations is given in Section 3.8. Numerical examples are presented in
Section 3.9 to assess the accuracy and effectiveness of the method. Discussion and conclusions

from this study are given in Section 3.10.

3.3 Regularized Local Boundary Integral Equation Using Subtraction Method

Consider an elastoplastic body represented by a domain Q with boundary I". The small

deformation elastoplasticity governing equations are as follows:
0, (x)+b;(x)=0
&; (x)= %(uijj(x) + ujji(x)) VxeQ (1)
dcsij (x)= ijkldsk1 (x)+ dcsfj"r (x)
where ¢ and € (bold face denotes vectors or tensors) are the stress and the strain tensor

associated with the displacement u, b is the body force in the domain Q, C§,, is the elastic
stiffness matrix, and do;" is the correction term because of elastoplasticity. An index i following

a comma designates partial differentiation with respect to x,, and repeated indices indicate

summation over the dimensionality of the problem. The essential and the natural boundary
conditions on the boundary I' are respectively:

u,=u,onl (2)
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i ijl i t (3)

here, u represents the prescribed displacement on T',, t represents the prescribed traction onT, ;
n is the outward unit normal to the boundary; I, UI', =T" andI', N"I[', = .

The weak form of (1) over a local domain is:

[(o,,0)+5,(0)e, ey hex)= (4)

Q<2‘>

where the notation <-> in this paper is used to denote a node (e.g., <a> indicates node a, <b>

indicates node b, etc.) in order to reserve the usual subscripts, 1, j, etc., for denoting degree of
2)

freedom (DOF) components, Q** < Q is a sub-domain related to node <a>, y'/ is the position

vector of node a which is also called a source point, x is the integration or field point which may

or may not coincide with a node, and g; is the test function. In the following, the functional
dependence on x, i.e. (x) ”, will be dropped for brevity when no ambiguity is caused. In this

work, following Atluri et al. [14][15], we use a special test function defined by
g ( ’y<a>) ( ’y<a> (y<a>) (5)

where e; represents the j-th component of a unit force vector, ﬁ; is the special test function,

given by [1]:

s 1 B r<a> 5 _ 4V r<a>2 r<a>2 r<a>r<a>
U (X,y")=————4/4v-3)In - 1- o, +(1- 6
1J( y ) 8T u(l _ V) {|: ) hs<a> 2(3 _ 4V) ( hs<a>2 ):| j ( hs<a>2 ) I_<a>2 } ( )

The associated traction is:

_ s 1 1 8I'<a> B I_<a>n<a> ar<a> ri<a>r$ﬁ>
tij (X’y ’ ) = = { <a> <a> (l - 2V) - ‘ — ‘ <a>2 [ <a> <ai3
4n(1-v) | ™ on (3—4V)h; on r ™
<a>__<a> <a>__<a>
1 2v <a> §a> _ §a>n§a>) + 3r1 nj _rj ni }
<a>2 _l ] 1 —\1, <a>2
r (3—4V)h;
where 1 is the distance from y" to x; ™7 =x,—y;"; n™ is the outward unit normal to the

boundary 20 at x; v=v and E=E for plane strain, or v =v/(1+v) and E = E(l —Vz) for
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plane stress; E is the Young's modulus, v is the Poisson's ratio, and = E/(2(1+V)) is the shear
modulus. h;* is the radius of the local sub-domain.

The special test function ﬁ: has the property that it vanishes on the boundary of a

spherical 0 With ﬁ; as the test function, application of integration by parts to (4) twice leads

to [1]:

Iﬁu (x, y )‘[j (x)d I'(x)

Q<>

= [8(x.y™ Ju,(x)d Q(x) +
Q(’a)

- 5y )u,0d r - [, (xy™ ot (xdQ (x) (8)
6Q<ﬂ> Q<b\>

+ [y ™ )b(xd Qx) =0
Q<a>
where 0Q™® is the boundary of 0, Equation (8) in its current form cannot be used directly in

numerical calculation because when y™ is a boundary node, the equation contains strong
singularity (1/r type in line integral) in the traction term ?ij* . For the local integral equation

approach to be a valid numerical method, the strong singularity must be handled appropriately.
The subtraction technique is employed in the present study to remove the strong
singularity. The technique has been presented in [1], but sufficient details will still be given here

for completeness. For simplicity in implementation, the local sub-domain is always chosen as a
sphere or part of a sphere centered on a node. If node y™~ is an interior node, h;"" is selected
such that Q% stays fully inside Q. If y** is a boundary node, then Q** is the intersection of
Q and a sphere Q“* of radius h:*”, centered at the boundary node, and the boundary 0Q**" is

the union of the part of 0" inside Q and the part of Q" inside Q% as illustrated in

Figure 3.1. A further modification is the exclusion of a tiny sphere €2, of radius A (which later

<a>

tends to zero) centered on y**”. Figure 3.2 shows schematically this modification.

We now decompose the boundary 6Q** into the following sections:

aQ<a> — C<a> U CZa> U F<a> (9)

l—~<a> — l—*ja> U rt<3> (10)
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where C™” is the circular part of 0Q** of radius h;*”, C, is the circular part of 0Q, of radius

<a>

A, T is the section of I'™ where the displacement is prescribed and I the section where

the traction is prescribed. For interior nodes, I'™* is zero, and C™is a full circle.

Using subtraction method, we obtain, in the limit of A — 0, the following:
- [, oy ot (da) + [T (xy ™ )t x)drx)
Q<a r<a

— T oy ™ Ju (x) - uj*)dr(x) (11)

c<a

~ 5 ey ™ k(0 —u)dre) + [ (x,y ™ )b (x)d(x) =0

r<a [

The integration of Tij*(x,y<a>) over C** can be obtained in closed form [1]:

[ (y™)dr =—o" (12)
C<a>
with
0 sin26, —sin26, c0s20, —cos20,
e | 2t 2m(3-4V) 21 (3 — 49)
Lo 1= 0820, —c0s20, _i+ sin20, —sin20), (13)
21 (3 — 47) 2 2n(3-4v)

Here 0, — 0, =0 is the internal boundary angle subtended by material at y<a> on the

boundary, as shown in Figure 3.3. Two special cases are worth noting. For an interior node,
0 = 27 ; while for a boundary node where the boundary is smooth, 6 = .
Substituting the above expressions into (11) leads to:
o ut =~ .[ ﬁuk (x, y ) oy (x)dQ + .[ ﬁu (X, y )tj (x)dI’
l—'jﬂ>+l—~[<a>

j v Ju,0dl - [ (xy™ ) (x) —u;™)dr (14)

r§a> Lrse>

+ j (%, )b, (x)dQ

In (14), the subtraction method has been used in the forth term of the right hand side.
(@)

<a>

When the field point x approaches the source node y*', u,(x)—u™" tends to zero which

removes the strong singularity and makes the integral numerically integrable. All other terms in
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(14) are regular or weakly singular for which special integration quadrature gives convergent and
accurate results. The regularized Equation (14) holds for any source node y<a> , either inside the

domain or on the boundary. In the current meshless integral method, both boundary and interior
source nodes are used, and the moving least-squares approximation is employed for

approximating the solution field, as presented later.

3.4 Elastoplastic Constitutive Equation
Engineering materials usually exhibit a hardening behavior. Increasing the stress beyond
the initial yield surface and into the hardening range generates both plastic and elastic
deformation. At each stage of plastic deformation after initial yielding, a new yield surface

referred to as subsequent yield surface, is established, i.e. the yield surface is not constant but a

function of either plastic work W, in the case of working-hardening or plastic strain &f, in the
case of strain hardening. If the state of stress moves inside the new yield surface (unloading), the
behavior of the material is elastic and no plastic deformation takes place. The elastoplastic stress-
strain behavior is loading path dependent.

Two basic approaches have been used to develop constitutive equations for strain-
hardening materials. The first type of formulation is the deformation theory in the form of the
total stress-strain relationship which assumes that the state of stress determines the state of strain

uniquely as long as the plastic deformation continues. The other type of theory is the incremental

theory or flow theory which defines the relationship between the next increment of the plastic

strain increment dejjand the state of stress o along with the stress increment do; . This

incremental relationship resembles, to some extent, the stress-strain relationship of a viscous
fluid and uses the concept of plastic potential function g which defines the ratios of the
components of the plastic strain increment. If yield function f coincides with plastic potential
function g, the flow rule is called associated type; otherwise it is called nonassociated type.

The yield criterion defines the elastic limits of a material under combined states of stress.
There are two commonly used yield criterion: (1) Tresca yield criterion; (2) von Mises yield
criterion. The Tresca criterion implies that material yielding occurs when the maximum shear
stress reaches a critical value. The von Mises criterion implies that the plastic behavior begins

when the octahedral shearing stress reaches a critical value.
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Several hardening rules have been proposed to describe the growth of subsequent loading
surfaces for strain-hardening materials: (1) isotropic hardening; (2) kinematic hardening; (3)
mixed hardening [42].

In this research, we use associated flow theory, von Mises yield criterion, and isotropic
strain hardening to model the material behavior.

The von Mises yield criterion has the following form:

1 1 |
f:ESijSij_KZESijSij_EGe =0 (15)

f is the yield function, S; is the component of deviatoric stress defined by
ij - mm

1 . : . . .
Sj=o0;— 58 o, ,and o, is the effective stress, x is the material parameter. Effective stress

o, =Y, +¢,H,, Y,is the initial yield stress, H, is the hardening modulus, and ¢, is effective

plastic strain. H is given by the following equation

H = , (16)

where E; is elastoplastic tangent modulus and E is the elastic Young’s modulus.
The plastic strain increment dej is expressed by an associated flow rule as [42]:

L of L
dej :—a—:—Sij (17)
H ooy H

where L is the loading criterion and given by the following equation [42]:

L2 s

(18)
= %[S”ds11 +38S,,de,, +S;.de;; +2S,,de , |
[C] is elastic stiffness matrix. This equation is for 2D problems.
The positive scalar H is expressed as [42]:
H=2o2(2 %%, F (19)

_Ge
3°°°3de, 1+v

Using Equation (18) and (19), we obtain the plastic strain increment:
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Si
S
S3

{dgijp }: %
28,

With def, and the increment of effective plastic strain is computed as follows:

f 2L < (2L |2 2 L
_ p p _ — —
dgp = C dSU dSU — 5 — S]JSIJ - 5 gseq - gceq H (2 1)

I3 . .
where 6, = ESUSij is the equivalent stress of current stress state.

The constitutive equations are summarized as follows:
a. Elastic region (f(c;) <0)

do, = 2ude, +1 3% 5 (22)
! o 2u+3n

Where A and p are Lame constants.

b. Plastic region (loading, f(c;)=0,L>0)

ou®  S,de,S;
do; =2ude; + Ade, 3, — T = i (23)
c. Plastic region (unloading, f(c;) =0,L <0)
do; =2ude; + Ade, d, (24)

3.5 The Moving Least-squares Approximation

In the finite element method, the coupling between the nodes is accomplished through the
use of shape functions, defined locally over each element, which interpolate the solution field
from nodal values. For a meshless method, the absence of elements excludes the use of such
shape functions and therefore, a different local approximation scheme based on nodal values but
independent of any elements needs to be devised. In this work, we have chosen to exploit the
non-interpolative moving least-squares approximation (MLSA) scheme because of its high
accuracy and the ease with which it can be extended to n-dimensional problems.

Consider a domain Q that contains n nodes:

87



a ceo n
<a> <a> <a>

<a> <a>qT . Z-D
y<a> _ {[Y1 > Yo ] . 1.1'1 L a= | (25)
[y;"y> 5y; ] in3-D

For any of these nodes y<a> , following [3][13][14], we define a support domain for node

y<a>, which is a sphere (3D) or disk (2D) centered on y<a> with a radius / <;> . A weight function

<a>

w ™" is a continuous function that is positive in the support domain and zero outside, i.e.

< €<a>

- 7w

> Z@

w' (x)>0 if ‘X -y
w(x)=0 if ‘x -y

(26)

As introduced previously, the sub-domain 0 for node y<a>, located entirely inside €, is a

sphere or part of a sphere centered on y<a> with a radius h;*" . Figure 3.4 illustrates the meaning

of local sub-domain and support domain.

Two other frequently used concepts are the domain of definition and the domain of
influence. The domain of definition of a point x is the set of all nodes whose weight functions

>

are non-zero at x, while the domain of influence of a node y is the set of all nodes whose

<a>

weight functions are non-zero in some part or all of the sub-domain of node y** . The domain of

definition and the domain of influence are convenient terms in the description of MLSA and
local boundary integrals, and are illustrated schematically in Figure 3.5.

The moving least-squares approximant u, to a function u is defined by:

u, (x)=p' (x)e(x), VxeQ (27)

The two vectors p and ¢ are both functions of the spatial coordinates: x =[x,,X,]" in 2D

or X = [Xl,xz,x3 ]T in 3D. p is a complete monomial basis of m terms (e.g., in 2D, m=3 for a

linear basis, and 6 for a quadratic basis), c¢is a coefficient vector which is determined by

minimizing a weighted discrete Lo-norm:
Nx

] (x)=Z(w<a>(x)[pT (y<a>)c(x)—ﬁ<a>]zj (28)

a=l
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where @ is the fictitious nodal displacement that approximates the value of u at node

y<a> , and the upper limit of summation, N_, is the total number of nodes in the domain of

definition of point x. The matrices P, W and u are defined by

p'(y™")
p_| PO (29)
pT(y<NX>) N
W<l> (X) . 0
Wx)=| : (30)
0 W<N">(X) -
= ﬁib (31)
Minimization of (28) leads to:
u, () =BT (i = Y o™ ()F (32)
where:
®"(x)=p (VA (X)B(x) (33)
or 9" (x) =Y p,(M[A (B, (34)
A =PTWEP=BEP = w™ xp(y™)p" (y*) (35)
B(x) = P"W(x) = [w ™" (0p(y™) w > (p(y™) - wpy )] (36)

The MLSA for a function exists only when A(X) is non-singular. A necessary condition

for a well-defined MLSA is that for each sample point x € Q2 (a node or a quadrature point), at
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least m weight functions are non-zero and the nodes in the domain of definition of x are not

arranged in a degenerate pattern (such as on a straight line). In MLSA, the shape function related

a> <a>

to node y™ is ¢ (x). The size of the support domain should be large enough to ensure the
coupling between a minimum set of nodes, but small enough to capture local variations.

The influence of the choices of the basis functions and the weight functions on the
behavior and the quality of the shape function has been discussed in [1]. In this work, we use

linear, quadratic monomial basis, and spline weight functions, defined as follows:

GV (Y Y
Spline: w<a>(x): 1_6W +8W _3W , 0/ </ (37)

w w w

0, r<a> > €<a>

a)

>

to point x, 7% is the size of support domain.

is the distance from node y "

here r*

(@)

w

The weight function has only one parameter, the size of support /. ', which makes its use

simpler. It is noted that MLSA is non-interpolative, and there is a difference between the nodal
N <a>

value of the MLSA approximant u, and the fictitious nodal displacement u™"" . For brevity, the

subscript h in u, will be omitted in the remaining part of this paper.

3.6 Meshless Implementation

We now apply the MLSA to the integral Equation (14) to establish the meshless

implementation. The shape function, as we have defined it, gives:

NX
u(0) =2 0™ (x)a;” (38)
b1
NX
up (0= 0 (x)a;” (39)
b1

where N is the total number of nodes in the domain of definition of pointx .

The related traction term t i (x) is

t;(x)=0; (x)n; (x) (40)
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where (n,, n,) is the normal to the plane passing x over which the traction acts. For a node y<b> ,

we define N and B"” matrices as:

(p’<1b> 0
Il1 0 Il2 <b> <b>
N = ;B = 0 @) (41)
O 1'12 Il1 <b> <b>
P, (O

Combining (41) with (39) and (40), we can express the traction in terms of the shape

functions as follows:

t,(X) N, ﬁfb>
= INCH B (y*)] (42)
t,(x) b=l ﬁ§b>

here Cjj, is the elastoplastic stiffness matrix.

With the above discretization and the boundary conditions that u; =1u; on I';*” and

t = fj on I, Equation (14) becomes (there is a summation on b and j but not on a and i):

N)’ NY
<a,b> A <b> <a,b> A <b> <a>__<a> __ <a>
bEI(Hij u; )—bEl(Lij u; )+ocij u; =G; (43)

where H*” | Li** and GY are:

H == [T, (0 y™)INCTB™ (0], dl + [T (x,y™)e™ (x)dr
e c<e>

Tt (44)
+ [ xy™)e™ x)dr
i
L<ija,b> _ I’EJ* (X,y<a> )((P<b> (y<a> ))dF (45)
F‘<a>
G = [b,(0u(x,y™)dQ+ [T(x,y™ ), (x)dl
Q a l" a (46)

Q<>

[ ey ™ ) o 0da - [T (xy ™)@ - T, (y™*)dr

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node y™~ . The third term of Equation (46) is the plastic term because of the elastoplasticity.
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In all numerical examples tested in this work, the body force term is zero.

3.7 Treatment for Weak Singularity and Imposition of Boundary Conditions

Owing to the subtraction technique, the singularity in the third integral of (44) as x

>

approaches y™ is cancelled by the term in (45), and similarly the fourth integral in (46) is also

regularized. Even though the subtraction technique removes the strong singularity, the integrands
in the first integral of (44) and the second integral in (46) still contain the weakly singular In(r)
term. The logarithmic singularity is integrable, but the accuracy of ordinary Legendre-Gauss
integration is poor. We found that the special integration scheme for the logarithmic singularity
[43], which is reproduced in Table 3.1 for completeness, achieves excellent numerical accuracy
[1]. The remaining integrals in Equation (44) to (46) are all regular for which standard numerical
quadrature produces accurate results.

In our numerical examples, the numbers of integration points were as follows: 8
integration points for any integral along a straight line, and 64 integration points for any integral
over an sub-domain. For regularized integrals, the usual Legendre-Gauss integration was used.
For integrals containing logarithmic singularity, the special integration of 8 integration points
listed in Table 3.1 was used.

Appropriate boundary conditions need to be imposed in order to solve the simultaneous
Equations (43). In meshless methods, imposing the essential (Dirichlet) boundary conditions is
not as easy as in the finite element method. Because MLSA is non-interpolative, the essential

boundary condition does not take the form of prescribed value for the fictitious nodal

displacement (u;"” =u;""), but rather a constraint equation involving a linear combination of the

fictitious nodal displacements in a neighborhood of the boundary node (i.e.,
u§a> = Z¢<b>(y<a>)ﬁ§b> = ﬁi<a> ). A number of techniques for the imposition of essential boundary
b=1

conditions have been developed, including: (1) Collocation methods [5]; (2) Lagrange multiplier
method [4]; (3) Penalty method [44][45]; (4) Nitsche’s method [46]; (5) Coupled meshless-finite
element method [47]; (6) Admissible approximation method [48]; (7) Method based on

d'Alembert principle [49]; (8) Use of window or correction functions that vanish on the boundary

[12]; (9) Discrete form of essential boundary conditions [7]; and (10) Displacement constraint
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equation method [50]. The advantages and disadvantages of each of these method have been
discussed briefly in [1].

Collocation methods for enforcing essential boundary conditions are defined as those
methods in which conditions are enforced exactly at a discrete set of boundary nodes [51]. A
number of collocation methods have been developed. The direct collocation method [5] used the

collocation condition

4 = 47)

1 1

to replace the row of the discretized weak form equation corresponding to the degree of freedom

—<a>

with prescribed displacement u;*” . This is actually inconsistent with the assumption of MLSA

since the fictitious nodal displacement G;*” is generally not equal to the approximated

displacement value.

A modified collocation method uses

af?) = i¢<b> (y<a>)ﬁ§b> —g® 48)
b=l

as the collocation condition which was shown to yield more accurate results [50]. Wagner and
Liu [51] developed a corrected collocation method which restores the consistency of the weak
form and enhances convergence. Wu and Plesha [52] proposed a boundary flux collocation
method to enforce the boundary conditions exactly.

Generally, there are two types of discretization in meshless methods: (1) Local
collocation over multiple local domains, which is employed in [14][15][16][18][20][21]; (2)
Galerkin based method over the global domain, which is used in EFG [4][5][6][7], clouds [12],
RKPM [8][9][10][11], etc. For local collocation based discretization, each equation is obtained
by applying the weak form over a particular local domain, and the weak form needs to be applied
n times for a problem with n DOFs. Consequently, the collocation method with (48) can be used
easily and directly to impose essential boundary conditions, because each of the system
equations is independent of the rest, and replacing the equation corresponding to a constrained
DOF by (48) will not cause any inconsistency in the weak form. For the Galerkin based
discretization, the n system equations are obtained by applying the weak form over the global
domain once, and therefore all equations must hold simultaneously in order to maintain

consistency in the weak form. Replacing a row in the matrix equation by (48), which contains a
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linear combination of DOFs rather than dictating the value of the single constrained DOF,
sacrifices the consistency of the weak form and compromises the solution accuracy of Galerkin
based discretization method.

The current meshless integral method utilizes the local collocation based discretization
(over multiple sub-domains), and the collocation method (48) can be directly used to impose
essential boundary conditions. Since the system equations are obtained by applying the integral
Equation (14) to each source node over a local sub-domain, for a DOF with essential boundary
condition, we simply use the essential boundary condition u, =u, rather than applying the
integral Equation (14). This is equivalent to replacing the governing equation corresponding to
the DOF with essential boundary condition (48). Our numerical tests presented in the numerical
examples section show that the collocation method (48) for imposing essential boundary
conditions works very well with the meshless integral method.

For the natural boundary condition t, = t,, no special treatment is needed. The prescribed
traction is directly used in the second integral in Equation (46).

After the boundary conditions are imposed, the governing equations can be written as

Ny
<a,b>A<b>y <a>
2 (K a) =R; (49)
b=1
where
b b b . .
. HF =L + 059~ (y™)  when u™ is unconstrained (50)
ij - <b> . <a> @> _ —<a>
P (Y)Y when u® =1;
R G whenu;™ is unconstrained 51)
l u”  whenu ™ =u;"”

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node y™.

3.8 Solution Algorithm for Elastoplasticity

The governing equations are nonlinear due to elastoplasticity. In this work, we will use
the fixed point iteration to solve the governing equations which has the following advantages: the

derivative of the stiffness matrix is not needed, and the implementation is relatively easy. With
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this algorithm, the stiffness matrix is computed only once in the first iteration of the first load
increment.

Given an externally applied load, we can use a table to divide the load into several load
steps. For each load step, we will do the scaling of the load step. After the scaling, we will divide

the remaining part of this load step into several load increments.

Throughout this section, we use {Var}& to denote a variable {var}(displacement, stress

or strain) for m-th load increment at ith iteration, and use {var} to denote the converged

solution for m-th load increment.

3.8.1 Solution algorithm

1. Divide the given load into N load steps, and set the initial load step n as 1.

2. In current load step, displacement increment or traction over the boundary are specified. Use
Equation (50) and (51) to calculate elastic stiffness matrix K and load R, and solve for
displacement increment for all nodes.

3. In order to determine the first Gaussian point that enters elastoplastic state, all Gaussian
points for all nodes need to be checked.

3.1. For each Gaussian point, using (52) to compute the strain increment and using (53) to

compute the trial stress increment {Ace} assuming elastic behavior:

{AS} = {S}Erir)wl] - {8}[m] (52)
{ao* j= [Cliae) (53)

Where [C] is elastic stiffness matrix. Parameter EPF indicates the stress state at a

Gaussian point under consideration. EPF=1 indicates an elastoplastic state, and EPF=0
indicates an elastic state.

3.2. Determine the loading state
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3.2.1.

3.2.2.

If EFP=1, the Gaussian point was in an elastoplastic state in previous load step.
Compute the loading criterion function L using (18). Use parameter r to denote

the scaling factor such that:

f{o )y +r{Ac ] Ky =0 (54)
If L>0, let =0, plastic loading; If L<=0, let =1 and EPF=0, compute the yield
function after the trial stress increment is applied using f({c}[m] + r{Acse }, Kpo) -

If £ <0, let =1 and EPF=0, the Gaussian point remains in the elastic state; if
f >0, let EPF=1, the Gaussian point enters into plastic state and determine the
scaling factor r using (54).

If EPF=0, the Gaussian point was in an elastic state in the previous load step.

Compute the yield function after the trial stress increment is applied:
f({cs}[m] + 1V{Ac5e }, Kioy)
If £ <0, r=1, the Gaussian point remains in the elastic state; if f >0, EPF=1,

the Gaussian point enters into plastic state. Determine r such that (54) holds.

3.3. Go through all Gaussian points of all nodes to find the minimal scaling factor that

satisfies0 <r <1. Designate it asr,, .

. Multiply loads, the nodal displacement-increments, stress-increments and strain-increments

for all Gaussian points of all nodes by r,, , then add results to the present displacements,

stresses, and

strains. Update them as {R}[l], {U}[l] , {(‘5}[1], and {8}[1].

Given the load increment number M and maximum iteration number Imax, initialize both

load increment index m and iteration index i as 1.

. For the current load increment index m and iteration index i, use Equation (55)-(59) to update

the solutions.

Ul = (Ul (55)

{F iy = K{U ity —EP{UJ.) (56)
Ry = R}y + {AR] (57)
[KKAUY" = {R},,.0, — {Fli (58)
{Ufn = Ul +{aUf” (59)
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Where EP{U}(H)] is the elastoplastic term (the third term of the Equation (46)) of the (m+1)th

[m+1
load increment and (i-1)th iteration.

7. The following convergence criteria is used to terminate the iteration for each load step:

0)
H{R}(mH) - {F}[m+l] ) < SfH{R}[mH] 5 (60)
g, is a predefined tolerance, usually in the order of 10*~107,
If the program converges, updating the displacement by {U}[mm = {U}[(:M] and go to

step 8; otherwise, increase the iteration index by one and check ifi is greater than Imax. If'i
is greater than Imax, the program cannot converge for the preset Imax, exit program
execution; otherwise, compute the stresses at all Gaussian points for all nodes and go to step
6.

8. Increase the load increment index m by one and check if m is greater than load increment
number M. If Yes, go to step 9; otherwise, go to step 6.

9. Update the load step index n by increasing one and check if n is greater than load step
number N. If Yes, exit; otherwise, go to step 2.

(i-1)

As shown in the previous section, when calculating the internal force {F}

im+17> We need to

calculate the EP{U}“_”] . The integration is usually performed using Gaussian numerical

[m+1
integration techniques. Therefore, the stress state (along with the stress correction term) is
computed at all Gaussian points in each iteration step. The following section describes the

algorithm for computing the stresses at each Gaussian point.

3.8.2 The procedure used to compute the stress at each Gaussian point
1. Assume the solution is converged for m-th load increment, i.e, for each Gaussian point {a}m
and {G“’r }[m] are known. The strain increment {Ag} and stress increment {Ace} are initially

predicted assuming elastic behavior using (52) and (53) and EPF is used to indicate the stress
state.

2. Determine the loading state

2.1 If EFP=1, the Gaussian point was in an elastoplastic state in previous load increment.

Compute the loading criterion function L using Equation (18).
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If L>0, r=0, plastic loading; if L<=0, let r=1, EPF=0, compute the yield function after
the trial stress increment is applied
{0}y +100° | k)
If £ <0, r=1, the point remains in the elastic state; if f > 0, EPF=1, the point enters

into elastoplastic state. Determine the scaling factor r such that (54) holds. Update the

stress at this Gaussian point by
{o}= {0} +rido?) (61)
2.2 If EPF=0, the Gaussian point is in an elastic state in the previous load increment.

Compute the yield function after the trial stress increment is applied

f({c}[m] + {Ace}, Ki)
If £ <0, r=1, the point remains in the elastic state; if f >0, EPF=1, the point enters
into elastic state. Determine the scaling factor r such that (54) holds. Update the stress
at this point using Equation (61).

3. Given an integer N, compute the sub-increment of strain {AE}, which is defined by (62).
faz) - (00 62

Integrate numerically to compute sub-increment of stress {ASij}‘ with n looping

from 1 to N, {Ac}= {Acwr}: 0:

N - - 9u2 SuAES;
AGij = 2|J.A8ij + 7\‘A8kk81j — 3u " Hp kl sz j (63)
W {Acl=""{Ac}+ {AG} (64)
4. Update the variables:
{Ace =N A} - (1-1){Ac* | (65)
o oy = 10 oy + {20} (66)
{o)imen = o)+ {0} (67)
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3.8.3 The computation of plastic term

In order to calculate the plastic term in Equation (46), we also need to compute

<a>

ﬁ:j,k (x,y<a>), which is the derivative of ﬁ: (x,y™*") with respect to x, . We use (66) to calculate

{G“’r} for each Gaussian point, and compute the plastic term in Equation (46) accordingly.

3.9 Numerical Examples
This section presents the numerical solutions to several examples using the elastoplastic
meshless integral method developed in this study. The examples include the patch tests, shear
tests, a finite plate with a circular hole, and a thick-walled cylinder. Because closed form
solutions for elastoplastic boundary value problems are few in the literature, except for the
simplest cases where closed form solutions are available, we rely on finite element results

obtained using the commercial software, ANSYS, as the bases for comparison.

There are two geometric parameters for each node: the size of sub-domain h§a> and the

size of support domain (or the size of weight function) /3" . The guidelines recommended for

the selection of these parameters are given in detail in [1]. A global error indicator, the L,-norm

N . 5 ) 5 1/2
{Z {(u@ j +(u<2j> ) )H
i1
N .\ |exact 2 .\ |[exact 2 12
S (e
i

In this work, we will use the global L,-norm error as a measure of the overall

error in displacement, is defined by

num num

b

L,-norm error = x100% (68)

performance of the numerical method.

3.9.1 Constant Stress Patch Tests
The first patch test is a 1x1 m? square plate shown in Figure 3.6. The material is AISI
1020 steel and the material properties are E=203000 MPa, v =0.3 , yield stress=260 MPa, the
elastoplastic tangent modulus is 1000 MPA. Three meshless models, which are shown in Figure
3.6, were tested. The first is with 9 regular nodes, the second with 25 regular nodes, and the third
with 25 irregular nodes. Both plane strain condition and plane stress condition were tested. For

these two cases, the left edge is constrained from moving in x1 direction but is free of traction in
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x2 direction. The bottom edge is constrained from moving in x2 direction but is free of traction
in x1 direction. The prescribed displacement (0.01) in x1 is applied to the right edge which is
free of traction in x2 direction. The nature boundary conditions (free traction) are prescribed on
the top edge. The spline weight function is used in both cases. The L,-norm errors for all models
are reported in Table 3.2. For plane strain condition, the L, -norm errors in displacement for the
9 node, 25 node regular and 25 node irregular models 0.0024, 0.0027 and 0.0030 respectively.
For plane stress condition, the corresponding L, -norm errors are 2.6E-5, 2.4E-5, and 3.3E-5
respectively. The results indicate that the method successfully passes all three patch tests. Figure
3.7 and 3.8 show the undeformed model (diamond), deformed meshless model (square), and
FEM model (triangle) for 9 node model in plane strain condition and plane stress condition
respectively.

Figure 3.9a shows the stress distribution of &, for 9 node model using a pre- and post-
processor we have developed for the meshless integral method. As can be seen in the plot, the
meshless results are identical with the hand calculation results. Figure 3.9b shows the status of
each Gauss integration point (plus sign means plastic state).

We also tested the performance under cyclic loading for these three meshless models. In
the testing, we first loaded the structure until the material yields, then we reverse-loaded the
structure until opposite yield stress was reached; then loaded the structure again until the final

load was reached. The L,-norm errors for all models are reported in Table 3.3. For plane strain
condition, the L,-norm errors in displacement for the 9 node, 25 node regular and 25 node
irregular models 0.0027, 0.0021 and 0.0038 respectively. For plane stress condition, the
corresponding L,-norm errors are 3.7E-5, 4.3E-5, and 2.6E-5 respectively. Figure 3.10 shows
the change of o,, along with the increase of the load and we find that meshless results follow

closely the FEM results.
The test results above show that the method successfully passes all patch tests.

3.9.2 Shear Patch Tests
The second patch test is under shear shown in Figure 3.11a. The material is AISI 1020
steel and the material properties are E=203000 MPa, v =0.3, yield stress=260 MPa, the

elastoplastic tangent modulus is 1000 MPA. Three meshless models, which are shown in Figure
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3.11, were tested. The first is with 9 regular nodes, the second with 25 regular nodes, and the
third with 25 irregular nodes. Both plane strain condition and plane stress condition were tested.
For all three models, prescribed displacements are applied to all edges of the plate. The spline

weight function was used in these tests. The L,-norm errors for all models are reported in Table

3.4. All errors are virtually within machine accuracy. Figure 3.12 and Figure 3.13 show the
undeformed model (diamond), deformed meshless model (square), FEM model (triangle) for the
model with 25 irregular nodes in plane strain condition and plane stress condition respectively.

The shear stress is 6,, =156.14 MPA for both plane stress and plain strain which is identical

with FEM results. The results indicate that the method successfully passes all three shear patch
tests within machine accuracy.

Figure 3.14a shows the stress distribution of o,, for 9 node model. As can be seen in the

plot, the meshless results are identical with the FEM results. Figure 3.14b shows the status of

each Gauss integration point (plus sign means plastic state). Figure 3.15 shows the change of

0,, along with the increase of shear strain y and we find that the meshless results match FEM

results perfectly.

3.9.3 Finite Plate with a Circular Hole

The next test example is a finite plate with a circular hole in the center subjected to a
uniform displacement in x2 direction at the two sides of the plate. Because of symmetry, only the
upper right quadrant of the plate was modeled (see Figure 3.16). The actual model used in the
simulation is a finite sized plate of 5 m by 5 m with a quarter of a circular hole of radius of 1 m
centered at the lower left corner. The model geometry has 336 nodes with nodes concentrated
around the hole. The material is ASTM A514 structural steel and the material properties are
E=210000 MPA and v=0.3 and Et=1000 MPA, and yield stress=900 MPA m are used for
simulation, and plane stress condition is enforced. The left edge is constrained from moving in
x1 direction but is free of traction in x2 direction. The bottom edge is constrained from moving
in x2 direction but is free of traction in x1 direction. The prescribed displacement (0.01 m) is
applied on the top edge and is free of traction in x1 direction. On the inner circle and right edge,

the nature boundary conditions (free traction) are applied.
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The spline weight function was used in the calculation, and different /7" 's were

assigned for different nodes. Generally, smaller /" is used for regions with denser nodal

distribution.

We first apply the load Uy=0.01 on the upper edge for simulation. Figure 3.17 shows the
deformed meshless model (squares), using spline weight function and linear basis. The meshless
results are in good agreement with FEM results (triangles), and the L,-norm errors are 0.0010.
The critical displacement of upper edge, b, that causes initial yielding at the hole edge is equal to
0.007672 m.

Figure 3.18 and Figure 3.19 present the distribution of ©,, and von Mises stresses along
x2=0 of the 336 node model respectively. From these figures we can see that the numerical
results are in reasonable agreement with the FEM results.

Figure 3.20 shows the undeformed model (diamond), deformed meshless model when we
increase the load with Uy=0.014 m, and FEM model (triangle). The meshless results are in good
agreement with FEM results, and the L,-norm between meshless solutions and FEM solutions is
0.0011. Figures 3.21 and 3.22 present the distribution of c,, and von Mises stress along x2=0 of
the 336 node model respectively, and the good agreement between meshless results and FEM is
indicated.

Figure 3.23 shows the undeformed model (diamond), deformed meshless model when we
increase the load with Uy=0.018 m, and FEM model (triangle). The meshless results match FEM
results very well and the L, -norm between meshless solutions and FEM solutions is 0.0031.
Figures 3.24-3.25 present the distribution of 6,, and von Mises stress along x2=0 of the 336
node model respectively, and show that the meshless results and FEM solution are comparable
with each other.

From Figure 3.17 -Figure 3.25, we find that our meshless results follow closely the FEM
results.

Figure 3.26 shows the spreading of the plastic zone when the load (displacement) is
increased. For 3.26a, Figure 3.26b, and 3.26c, the corresponding displacements applied on the
upper edge are 0.01 m, 0.014 m, and 0.018 m respectively. The parameter b, as mentioned

before, is the critical displacement of upper edge that causes initial yielding.
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3.9.4 Thick-walled Cylinder

The last example is a thick-walled cylinder subjected to a gradually increasing internal
pressure P;. Because of symmetry, only the upper right quadrant of the plate was modeled (see
Figure 3.27a and 3.27b). The model geometry has 651 nodes with nodes concentrated around the
inner circle and is used through this section. The material is AISI 1045 unalloyed carbon steel
and the material properties are E=215000 MPA, v =0.3, Et=0 MPA which corresponding to
perfect plasticity, and yield stress=400 MPA. Plane strain condition is enforced. The left edge is
constrained from moving in x1 direction but is traction free in x2 direction. The bottom edge is
constrained from moving in x2 direction but is traction free in x1 direction. On the inner circle,
the nature boundary condition (pressure) is applied while the outer circle is free of traction. The
spline weight function and linear monomial basis are used in the simulation. The internal
pressure changes from 0 to 445 MPA. The initial yielding pressure Py is 192 MPA.

Figure 3.28 compares the effect of the sub-domain radius on the numerical results for
linear elasticity in which the yield stress is ignored. The minimum nodal distance (minDist) for a
node is defined as the minimum distance between this node and all neighbouring nodes. In case
1, we assign the sub-domain radius of each node its minimum distance (minDist). In case 2, for
each internal node, we assign the sub-domain radius of this node twice the minimum nodal
distance, but for each boundary node, we still use the minDist as the sub-domain radius. In case
3, for each node (both internal nodes and boundary nodes), we assign the sub-domain radius
twice the minimum nodal distance. The L,-norm errors for these three cases are 0.068, 0.019,
and 0.0045 respectively. It is clear that the sub-domain radius has a strong influence on the
accuracy of the numerical results.

Figure 3.29 shows the undeformed model (diamond), deformed meshless model using
case 3 to set the sub-domain radius for each node (square), FEM model (triangle), and analytical

solutions (cross) for elastic case. The L, -norm error between meshless solutions and FEM
solutions is 0.0045. The L,-norm error between FEM solutions and analytical solutions is 8.7E-

6. This shows that FEM results and analytical results are practically identical to each other.
Figure 3.30 shows the undeformed model (diamond), deformed meshless model using
case 3 to set the sub-domain radius for each node (square), FEM model (triangle), and analytical

solutions using Tresca yield criterion (cross) for elastoplastic case with 216 MPA internal
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pressure. The L,-norm error between meshless solutions and FEM solutions is 0.0023. The

performance of the 651 node model is comparable with that of FEM model with the same
number of nodes.

Figures 3.31a-3.31c present the distribution of o,, , 6,, , and von Mises stress along
x1=0 of the 651 node model respectively. From the figures we can see that the meshless
numerical results are in excellent agreement with the FEM results.

Figure 3.32 shows the undeformed model (diamond), deformed meshless model with 319
MPA internal pressure, and FEM model (triangle). The L, -norm between meshless solutions
and FEM solutions is 0.0036. Figures 3.33a-3.33c present the distribution of 6,,, G,,, and von
Mises stress along x1=0 of the model respectively. The performance of the 651 node model is
comparable with that of FEM model with the same number of nodes.

Figure 3.34 shows the undeformed model (diamond), deformed meshless model with 345
MPA internal pressure, and FEM model (triangle). The L, -norm between meshless solutions
and FEM solutions is 0.0072. Figures 3.35a-3.35b present the distribution of &, and von Mises
stress along x1=0 of the model respectively, and a good agreement between meshless results and
FEM is indicated

Figure 3.36 shows the undeformed model (diamond), deformed meshless model with 445

MPA internal pressure, and FEM model (triangle). The L, -norm between meshless solutions
and FEM solutions is 0.0099. Figures 3.37a-3.37b present the distribution of &,, and von Mises

stress, respectively, along x1=0 of the model. We can see that the meshless numerical results are
in reasonable agreement with the FEM results.

Figures 3.38a-3.38d show the spreading of the plastic zone when the load (internal
pressure) is increased. For Figures 3.30a to 3.30d, the internal pressures applied on the inner

circle are 261 MPA, 319 MPA, 345 MPA, and 445 MPA respectively.

3.10 Concluding Remarks
In this paper, the meshless integral method based on regularized boundary integral
equation [1] has been extended to elastoplasticity. In our formulation, the domain of interest is
populated with a set of nodes. The governing integral equation is obtained from the weak form of

elastoplasticity over a local sub-domain, and the moving least-squares approximation is used for
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meshless function approximation. The collocation method is employed to enforce the essential
boundary conditions exactly, which is simple and computationally efficient. The natural
boundary conditions are incorporated in the system governing equation and require no special
handling. The constitutive law is the small deformation, rate-independent flow theory based on
von Mises yielding criterion. Strain hardening is represented by a general isotropic model. The
governing equations are solved using fixed point iteration. The proposed method can handle any
prescribed loading profile, including unloading and reversed loading. Numerical examples show

that the elastoplastic integral method is accurate and robust.
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Figure 3.1 Schematic diagram showing the sub-domain for an interior or a boundary node

y<a>

For boundary nodes: oa' =t 4+t /L\ 5Q'<a>
For interior nodes: aQ") = C/ F<a> Qr<a>
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Figure 3.2 Exclusion of a tiny sphere 2, of radius A centered a node for removing the

strong singularity

Wheny'® is an interior node When y® is a boundary node
00 —c® 1 @ 4@ 00—l ¢ @ 4@
with T® = &
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Figure 3.3 Schematic diagram showing the internal boundary angle 6 =0, — 0, at node y<a>

on the boundary

Local tangents

v
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Figure 3.4 Schematic diagram illustrating the meaning of local sub-domain and support

domain for node y<a> and node y*

Local sub-domain Q>

Local sub-domain Q<a>

Support domain
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Figure 3.5 Schematic diagram showing the domain of influence for node y<a> and the

domain of definition for a point x

|

Local sub-domain Q<a>

Domain of influence of node y*

) B) e )
® Nodes y™ where w0 in £2 Domain of definition of point x
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o Nodes y*” where w*""(x)=0
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Figure 3.6 A square plate for the patch test with three meshless models
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Figure 3.7 Deformed meshless model using spline weight function and linear basis with 9

nodes in plane strain condition
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Figure 3.8 Deformed meshless model using spline weight function and linear basis with 9

nodes in plane stress condition
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Figure 3.9 (a) Distribution of 6, for 9 node model in plane stress condition. (b) The status

of Gauss integration points (plus sign means plastic state)
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Figure 3.10 The change of o, along with load increase
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Figure 3.11 (a) A square plate for the shear tests. (b) Meshless model with 9 regular nodes.

(c) Meshless model with 25 regular nodes. (d) Meshless model with 25 irregular nodes
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Figure 3.12 Deformed meshless model using spline weight function and linear basis with 25

irregular nodes in plane strain condition
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Figure 3.13 Deformed meshless model using spline weight function and linear basis with 25

irregular nodes in plane stress condition
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Figure 3.14 (a) Distribution of G,, for 9 node model in plane stress condition. (b) The

status of Gauss integration points (plus sign means plastic state)
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Figure 3.15 The change of G,, along with the increase of shear strain y
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Figure 3.16 The upper right quadrant of the plate with a hole
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Figure 3.17 The deformed meshless model with Uy=0.01 m
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Figure 3.18 Distribution of c,, along x2=0 of the 336 node model with Uy=0.01 m.
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Figure 3.19 Distribution of von Mises stress along x2=0 of the 336 node model with Uy=0.01
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Figure 3.20 The deformed meshless model with Uy=0.014 m
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Figure 3.21 Distribution of c,, along x2=0 of the 336 node model with Uy=0.014 m.
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Figure 3.22 Distribution of von Mises stress along x2=0 of the 336 node model with
Uy=0.014 m.
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Figure 3.23 The deformed meshless model with Uy=0.018 m
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Figure 3.24 Distribution of c,, along x2=0 of the 336 node model with Uy=0.018 m.

1200 ~

1000 -

——FEM
—O0— Meshless

800 -

=0

600 -

SigmaXX along x2

400 -

200 +

x1

133



Figure 3.25 Distribution of von Mises stress along x2=0 of the 336 node model with
Uy=0.018 m
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Figure 3.26 The spreading of the plastic zone for hole problem
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Figure 3.27 (a) Thick-walled cylinder subjected to a gradually increasing internal pressure.

(b) the upper right quadrant of the plate was modeled
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Figure 3.29 The undeformed model (diamond), deformed meshless model using case 3 to

set the sub-domain radius for elastic case
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Figure 3.30 The undeformed model (diamond), deformed meshless model using case 3 to

set the sub-domain radius for elastoplastic case with internal pressure 261 MPA
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Figure 3.31 The distribution of G,, , G,,, and von Mises stress along x1=0 of the 651 node

model with internal pressure 261 MPA. (a) G,,; (b) 0,,; (¢) von Mises Stress
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Figure 3.32 The undeformed model (diamond), deformed meshless model with internal

pressure 319 MPA for elastoplastic case
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Figure 3.33 The distribution of G,, , G,, , and von Mises stress along x1=0 of the 651 node

model with internal pressure 319 MPA. (a) G,,; (b) O,,, (¢) von Mises Stress
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Figure 3.34 The undeformed model (diamond), deformed meshless model with internal

pressure 345 MPA for elastoplastic case

¢ Undeformed
m Meshless
A FEM

143



Figure 3.35 The distribution of G,, and von Mises stress along x1=0 of the 651 node model

with internal pressure 345 MPA. (a) G, ; (b) von Mises Stress
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Figure 3.36 The undeformed model (diamond), deformed meshless model with internal

pressure 445 MPA for elastoplastic case
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Figure 3.37 The distribution of G,, and von Mises stress along x1=0 of the 651 node model

with internal pressure 445 MPA. (a) G, ; (b) von Mises Stress
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Figure 3.38 The spreading of the plastic zone for cylinder
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Table 3.1 Special numerical integration for functions containing logarithmic singularity (8

integration points)

Abscissas (r,) Weights (w;)

0.0133 2024 4160 8925 0.1644 1660 4728 0030
0.0797 5042 9013 8949 0.2375 2561 0023 3060
0.1978 7102 9326 1880 0.2268 4198 4431 9190
0.3541 5399 4351 9090 0.1757 5407 9006 0700
0.5294 5857 5234 9170 0.1129 2403 0246 7590
0.7018 1452 9939 1000 0.0578 7221 0717 7821
0.8493 7932 0441 1070 0.0209 7907 3742 1330

0.9533 2645 0056 3600 0.0036 8640 7104 0276

Table 3.2 L, -norm errors for patch test under monotonic loading

9 nodes 25 nodes-regular 25 nodes-irregular
Plane strain 0.0024 0.0027 0.0030
Plane stress 2.6E-5 2.4E-5 3.3E-5

Table 3.3 L, -norm errors for patch test under cycle loading

9 nodes 25 nodes-regular 25 nodes-irregular
Plane strain 0.0027 0.0021 0.0038
Plane stress 3.7E-5 4.3E-5 2.6E-5
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Table 3.4 L,-norm errors for shear tests

Case 1 9 nodes 25 nodes-regular 25 nodes-irregular
Plane strain 1.9E-16 4.3E-16 7.6E-15
Plane stress 3.7E-11 6.1E-10 9.7E-10
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4.1 Abstract

In this paper, the meshless integral method based on the regularized boundary integral
equation [1] has been extended to analyze the large deformation of elastoplastic materials. The
updated Lagrangian governing integral equation is obtained from the weak form of
elastoplasticity over a local sub-domain based on Green-Naghdi’s theory, and the moving least-
squares approximation is used for meshless function approximation. Green-Naghdi’s theory
starts with the decomposition of the Green-Lagrange strain into the elastic part and plastic part

and considers a J, elastoplastic constitutive relation that relates the Green-Lagrange strain to the

second Piola-Kirchhoff stress. A simple collocation method is employed to enforce the essential
boundary conditions straightforwardly and accurately, and the natural boundary conditions are
incorporated in the system governing equation and require no special handling. The solution
algorithm for large deformation analysis is discussed in detail. Numerical examples show that
this method is accurate and robust.

KEY WORDS: meshless method, large deformation, local boundary integral equation,

moving least-squares approximation, subtraction method, singularity removal, elastoplasticity
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4.2 Introduction

Large deformation analysis has an important role in solid mechanics. The metal forming
processes, such as forging, wire-drawing, rolling and ring test can be treated as small-elastic-
large-plastic strain problems. In metal cutting processes, the work piece is subjected to large
deformation with elastoplasticity at a high strain rate in the primary deformation which extends
from the tip of the cutting tool to the junction between surface of the undeformed work material
and the deformed chip. In order to use meshless method to model and simulate the metal cutting
processes, the issue of large deformation with elastoplasticity must be solved first. With the
advent of advanced constitutive models along with improved numerical schemes, it will be
possible to find the solution of many complex engineering problems involving large deformation
and plasticity.

For the formulation of elastic-plastic theory at large deformation, Green-Naghdi’s theory

begins with the decomposition of the Green-Lagrange strain into the elastic part and plastic part

as B, =E%, +E}, . On the other hand, Lee’s theory [2] considers the multiplicative

decomposition of deformation gradient F into an elastic F®and plastic part F* as F =F°F".
These two theories are formulated on the basis of fundamental laws of continuum mechanics and
rigorously derived constitutive relations. According to [2], it is found that Green-Naghdi’s theory
is more flexible since it can be applied to either isotropic or anisotropic material and the
computing procedure involved is relatively straightforward.

Since it is impossible to solve the real engineering problems involving large deformation
plasticity in closed form except for the simplest ones, one has to use certain numerical methods
to implement those theories of plasticity. Some researchers have used FEM to solve large strain
deformation plasticity, such as Chiou [3], Lee [4], and Hu [5].

Over the past two decades the meshless methods have attracted much attention owing to
their advantages in adaptivity, higher degree of continuity in the solution field, and capability to
handle moving boundary and changing geometry. In the meshless method, the concept of an
element is eliminated. The model geometry consists of a distribution of nodes over the domain,
and the approximate solution is constructed entirely based on these nodes. Consequently, the

nodal connectivity in the meshless method is much more flexible. Each node, through the use of
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a localized weight function, is always connected to the nodes that are nearby, and there is no
limitation on the number of other nodes a node can be connected to directly. This makes the
model building in meshless methods much simpler than in FEM: adaptivity for meshless
methods is easily achieved by adding or removing nodes without the troublesome remeshing of
elements.

Several versions of meshless methods have been developed [1]. Most development in
meshless methods to date has been focused mostly on linear elastic fracture mechanics. Research
in large deformation elastoplastic fracture mechanics using meshless methods is only currently
gaining attention. In [6], Belytschko proposed a 3D element-free Galerkin method intended for
dynamic problems with geometric and material nonlinearities solved with explicit time
integration. In [7], Rossi applied a modified element-free Galerkin method large deformation
processes. The proposed EFG method enables the direct imposition of the essential boundary
conditions. The plasticity model assumed a multiplicative decomposition of the deformation
gradient into an elastic and plastic part and considered an elastoplastic constitutive relation that
accounted for nonlinear isotropic hardening. In [8] and [9], Chen and his co-workers formulated
the governing equations for rate-independent large strain plasticity in the framework of meshless
method and used the method to simluate high-speed impact.

The methods cited above are “meshless” only in terms of the interpolation or
approximation of the field or boundary variables, as compared to the usual boundary element
method (BEM) or finite element method (FEM), but still have to use a background mesh to
integrate a weak form over the problem domain or the boundary. The requirement of a
background mesh for integration makes these methods not truly meshless.

The authors have developed a meshless integral method for linear elasticity [1] and
extended it to elastoplasticity for small deformation [10]. This method is a truly meshless method
and does not require a background mesh for integration. In the present work, we extend the
meshless integral method to large deformation elastoplasticity. The governing integral equation
is obtained from the weak form of large deformation elastoplasticity over a local sub-domain
based on Green-Naghdi’s theory, and the moving least-squares approximation is used for

meshless function approximation. The constitutive law is a J, elastoplastic constitutive law that

relates the Green-Lagrange strain to the second Piola-Kirchhoff stress based on von Mises

yielding criterion with isotropic hardening. The fixed point iteration is used to solve the
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nonlinear equations because of large deformation elastoplasticity. Because few closed-form
solutions for realistic large deformation elastoplastic engineering problems are available, we
compare the results from the meshless method with FEM results. The large deformation
elastoplastic meshless integral method based on the regularized integral equation is accurate and
robust, and appears remarkably promising. For all numerical tests, the meshless results are in
excellent or satisfactory agreement with FEM solutions or hand calculation results.

The structure of this paper is as follows: in Section 4.3, the regularized local boundary
integral equation is derived. The subtraction method is used to remove the strong singularity that
is present in the local boundary integral equation. In Section 4.4, large deformation elastoplastic
constitutive equations are presented. Section 4.5 describes the moving least-squares
approximation (MLSA). The meshless implementation of the regularized boundary integral
equation using MLSA is presented in Section 4.6. Section 4.7 discusses the treatment of weak
singularity along with imposition of essential and natural boundary condition. The solution
algorithm is given in Section 4.8. Numerical examples are presented in Section 4.9 to assess the
accuracy and effectiveness of the method. Discussion and conclusions from this study are given

in Section 4.10.

4.3 Regularized Local Boundary Integral Equation Using Subtraction Method
Consider a body in an initial state for a given load increment as shown in Figure 4.1; the

domain of the body in the initial state is denoted by €, and called initial configuration

(undeformed configuration). Undeformed configuration is only relative and designates the
configuration with respect to which we measure deformation. In describing the motion of the
body and deformation, we use the initial configuration as the reference configuration. The
significance of the reference configuration lies in the fact that motion is defined with respect to
this configuration. On the other hand, the domain of the current configuration of the body is
denoted by (2, and this is also called deformed configuration. The vector X for a given material
point in the reference configuration does not change with time, and X is called Lagrangian
coordinates; x, which describes the material point in the current configuration, changes with
time, and it is called Eulerian coordinates. In this research, the rectangular Eulerian coordinates,

x, (k=1, 2) and Lagrangian coordinates, X, are employed. We use subscripts I and J to indicate
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that the variable of interest is referred to the reference state, and use subscripts i and j to indicate
that the variable of interest is referred to the current state.

In this research, an updated Lagrangian formulation is derived. It means: (1) during each
load increment, the state variables are defined with respect to the state at the start of this load
increment (reference configuration); (2) at the end of this load increment, the state variables are
updated with respect to the state at the end of this load increment (current configuration), and the
current configuration will be the reference configuration for next load increment.

Consider a large deformation elastoplastic body represented by a reference domain
with boundary I,. The governing elastoplasticity equations are as follows:
Ty (X)) +p,f1(X) =0
E;(X) :%(uLJ(X)+uLI(X)+uK’I(X)uK,J(X)), VX eQ, (1)
dT,;(X) = C{ dE (X)) +dT;" (X)

) . ox )
where 1 (bold face denotes vectors or tensors) is the stress (1, = G!t” = GI(T,, =), T, is the
L

second Piola-Kirchhoff stress, G is the transformation tensor between the reference configuration

and the current configuration, 8Xr is the deformation gradient, E is the Green strain tensor
L

associated with the displacement u, p,is the mass density in the reference configuration Q,, f|
is the body force per unit mass, Cj, is the liner elastic stiffness matrix, and dT};” is the

correction term because of nonlinearities in either geometry or material. An index I following a
comma designates partial differentiation with respect to X, and repeated indices indicate

summation over the dimensionality of the problem. The essential and the natural boundary
conditions on the boundary I' are respectively:
u,=u,onl, (2)
ty=oyn; =t onT, 3)

here, u represents the prescribed displacement on I',, t represents the prescribed traction onT, ;
n is the outward unit normal to the boundary; I', UI' =T andI', nI', =O.

The weak form of (1) over a local domain Q, defined over the reference state is:
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_[(TIJ,J (X)+pof; (X))gI(X,Y<a> )dQO(X)z 0 (4)
@

a

where the notation <-> in this paper is used to denote a node (e.g., <a> indicates node a, <b>
indicates node b, etc.) in order to reserve the usual subscripts, I, J, etc., for denoting degree of
freedom (DOF) components, ;%" < € is a sub-domain related to node <a>, Y**" is the
position vector of node a which is also called a source point, X is the integration or field point
which may or may not coincide with a node, and g, is the test function. In the following, the
functional dependence on X, i.e. “(X)”, will be dropped for brevity when no ambiguity is
caused. In this work, following [1], we use a special test function defined by

gI(X=Y<a>): ﬁ;(X,Y<a> J(Y<a>) ()

where e, represents the j-th component of a unit force vector, U}, is the special test function,

given by [1]:

. 1 r<a> 5 _ 4V r<a>2 r<a>2 r<a>r<a>
0, (X, )=—<4v-3)In — 1- O, +(1-——)1—! 6
IJ( ) 8 P M(l _ V) {|: ) hs<a> 2(3 . 4V) ( h:a>2 ):| 1J ( h:a>2) r<a>2 } ( )

The associated traction is:

,ﬁj(X’Y«D):_ 1 — { <1> ar< >(1_2v)_ rK —nK< >2 o Zar< > rl <ri3
4n(1-v) | ™ o™ (3-4V)h* o= 0
1-2v <a>__<a> <a>__<a> 3r1<a>n?a> B rJ<a>n;a>
- n —I, 1n
r<a>2 1 J J 1 ) (3 _ 4V)h:a>2 }

where 1™ is the distance from Y™ toX; ;7" =X, - Y,™"; n™ is the outward unit normal to
the boundary 8Q;*> at X; v=v and E = E for plane strain, or v=v/(1+v) and E = E(l —Vz)
for plane stress; E is the Young's modulus, v is the Poisson's ratio, and p = E/(2(1+V)) is the
shear modulus. h;*" is the radius of the local sub-domain.

The special test function 1, has the property that it vanishes on the boundary of a

spherical Q3*”. With 1, as the test function, application of integration by parts to (4) twice

leads to [1]:
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- Jalx. Y )u,0d X) + [, (XY )T (X)d T(X)

Q, a0,
TF <a> ~* <a> cor aXr
[0y Ju, (AT (X0~ [ 3, (XY T (X003, —dQ (X)
6Q0<a> QO<a> L
ﬁ:J,K (X9Y<a>)8RJAuR,LCiKMNuM,NdQ (X) + .[ﬁ; (X9Y<a>)TI(_)K (X)AuJ,L (X)nd I'((X)(8)
Qﬂ<i|> 6QO<E>
b (XY AT (X)@,, + Au,, (X))ned Ty(X)
aQO<a>
+ [, (XY )p £, (X)d Q(X) =0
Q(](a)

where 0Q2;* is the boundary of Q,*”, T} is the J-th component of the traction at reference

state, Au is the displacement increment from the reference state to the current state, T/, is the
second Piola-Kirchhoff stress at the reference state, and AT, is the second Piola-Kirchhoff

stress increment from the reference state to the current state. Equation (8) in its current form

<a>

cannot be used directly in numerical calculation because when Y™~ is a boundary node, the

equation contains strong singularity (1/r type in line integral) in the traction term t, . For the

local integral equation approach to be a valid numerical method, the strong singularity must be
handled appropriately.

The subtraction technique is employed in the present study to remove the strong
singularity, for which a limiting process is performed as discussed below. For simplicity in

implementation, the local sub-domain is always chosen, in the reference state, as a sphere or part

<a>

of a sphere centered on a node. If node Y™~ is an interior node, h;*" is selected such that Q,
stays fully inside Q. If Y*is a boundary node, then Q,"*" is the intersection of Q, and a
sphere Q,“* of radius h*”, centered at the boundary node, and the boundary 6Q,* is the

union of the part of 6Q"® inside Q, and the part of 8Q,"* inside Q“*, as illustrated in Figure

4.2. A further modification is the exclusion of a tiny sphere 2, of radius A (which later tends to

<a>

zero) centered on Y. Figure 4.3 shows schematically this modification.

<a> .

We now decompose the boundary 0€,  into the following sections:

aQO<a> — C<a> U CZa> U F<a> (9)
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r<a> — l—‘ja> U rt<a> (10)

where C**” is the circular part of 6Q,"* of radius h{*", C, is the circular part of 6Q, of radius

<a>

A, T is the section of I'™ where the displacement is prescribed and I the section where

the traction is prescribed. For interior nodes, I'"™* is zero, and C™* is a full circle.
Using subtraction method, we obtain, in the limit of A — 0, the following:
~* <a> cor a r
Uy k (X Y )TLK (X)SrJ —<dQ(X)

Q0<ﬂ L

ﬁ;kJK(X Y<a>)6RJAuR LCiKMNuM NdQ (X)

+ j X, Y )T (X)Au,, (X)n o d [(X)

(11)
+ [ (XY )ATL (X)@,, + A, (X)nd T(X)
6Q0<a>
+ [, (X Y )T (X0dr) - [ % (XY Ju, (X) — u™)dr(x)
F(a) C <a>
— B XY™, (X) - u)drX) + [T (XY )pf, (X)dQ(X) = 0
1—~<a> Qo<a>
The integration of t,(X,Y**") over C** can be obtained in closed form:
& (X Y™)dr = a5~ (12)
C<ﬂ>
with
0 sin26, —sin26, c0s20, —cos20,
o o 2n(3-4v) 21 (3 - 4v) 13)
| cos20, —cos26, —i+ sin26, —sin20),
2n (3-4v) 2n 2n (3-4v)
Here 0, — 0, =0 is the internal boundary angle subtended by material at Y'® on the

boundary, as shown in Figure 4.4. Two special cases are worth noting. For an interior node,
0 = 21 ; while for a boundary node where the boundary is smooth, 0 =1 .

Substituting the above expressions into (11) leads to:
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<a>__<a> ~* <a> cor aXr
aui == [ (XY T (X)8y, e

QO<a> L

— Iﬁ;K(X Y<a>)8 AuRLCiKMNuMNdQ(X)

+ j XY )T (X)Au, , (X)n, d T(X) + [ (X, ¥ )pf, (X)dQ (14)
Qﬂ<a>
" jﬁ}} X, Y ) AT, (X)(@y, + Ay, (X)nd T(X) + [T (X, ¥ )T (X)dr
< > 1—\ a>+rl<n>

- j & (XY Ju,X)dr- - [1 IJ(X Y ) (u,(X) - ui*)dl

I +r

In (14), the subtraction method has been used in the last term of the right hand side.

<a>

When the field point X approaches the source node Y@ , U;(x)—u;™*" tends to zero which

removes the strong singularity and makes the integral numerically integrable. All other terms in
(14) are regular or weakly singular for which special integration quadrature gives convergent and
accurate results. The regularized Equation (14) holds for any source node Y@ , either inside the
domain or on the boundary. In the current meshless integral method, both boundary and interior
source nodes are used, and the moving least-squares approximation is employed for

approximating the solution field, as presented later.

4.4 Constitutive Equation for Elastoplasticity with Large Deformation
In this research, we use Green-Naghdi’s theory, associated flow theory, von Mises yield
criterion, and isotropic strain hardening to model the material behavior. Green-Naghdi’s theory
[2] begins with the decomposition of the Green-Lagrange strain increment into the elastic and
plastic parts as dE,, =dE}, +dEg, .

The von Mises yield criterion has the following form:

1 1 1
f:ESIJSIJ _K:ESIJSIJ _Ece =0 (15)
f is the yield function constructed in the space of second Piola-Kirchhoff stress, S, is
the component of deviatoric stress of second Piola-Kirchhoff stress, and o, is the effective

stress, k is the material parameter characterizing hardening effect. Effective stress
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c.=Y,+e¢H

Hys Y is the initial yield stress, H, is the hardening modulus, and €, is the

effective plastic strain. H is given by the following equation

H =1 (16)
P 1-E./E,

where E.; is elastoplastic tangent modulus and E, is the elastic Young’s modulus from uniaxial

tension test.

The plastic strain increment dE7, is expressed by an associated flow rule as:

dE}, =££:£SIJ (17)
Hoo, H

where L is the loading criteria and given by the following equation:

L2 ey

E
= m[SndEn + Szszzz + S33dE33 + 2SIZdE12]

(18)

[C] is elastic stiffness matrix which works for both plane strain and plane stress.
The positive scalar H is expressed as:

_2

Ho 2 do,

) E
0] (E e — 19
3 e(3dap PRV (%)

Using Equation (18) and (19), we obtain the plastic strain increment:

Sll

{7 = Sz (20)
S33

|

25,

With dE},, the increment of effective plastic strain is computed as follows:
o e |2 L 2L |2 2 L
dgp =C dEIdeEUp = \/;ﬁ\/ SySy = \/;ﬁ\/;ceq = gceq ﬁ (21

I3 . .
where 6, = ESUSU is the equivalent stress of current stress state.

The constitutive equations are summarized as follows:

a. Elastic region (f(T;;) <0)
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dTe
2u+3A

1
dT,; =2pdE; +2 oy + [_E(SIKGJL + 080y + 0,6 +8,,0)+0,,8;; [dE; (22)

Where A and p are Lame constants.

b. Plastic region (loading, f(T,;)=0,L>0)

2
dTU = 2 udEU + ;\'dEKKSIJ — 9“ SKLdEZKLSU
3M + Hp o, (23)

1
+ [_E(BIKGJL + 6JKGIL + 6ILGJK + 6JLGIK) + GIJSKL]dEKL

c. Plastic region (unloading, f(T;;)=0,L <0)

1
dT,; =2pdE;; + ME 3, + [_E(SIKGJL +00y + 0,6 +8,,0)+06,,0; [dE; (24)

4.5 The Moving Least-squares Approximation

In the finite element method, the coupling between the nodes is accomplished through the
use of shape functions, defined locally over each element, which interpolate the solution field
from nodal values. For a meshless method, the absence of elements excludes the use of such
shape functions and therefore, a different local approximation scheme based on nodal values but
independent of any elements needs to be devised. In this work, we have chosen to exploit the
non-interpolative moving least-squares approximation (MLSA) scheme because of its high
accuracy and the ease with which it can be extended to n-dimensional problems.

Consider a domain Q that contains n nodes:

Y<a> Y<a> T : 2_D
Y<a>:{[ 1 s 42 ] n azl...n (25)

[Yl<a>,Y2<a>,Y3<a>]T in3- D’

For any of these nodes Y@ , following [1][10][13], we define a support domain for node

Y'® , which is a sphere (3D) or disk (2D) centered on Y'® with a radius /¢ <j> . A weight function

<a>

w " is a continuous function that is positive in the support domain and zero outside, i.e.
w(x)20 if [X- v
w¥(X)=0 if ‘X -y

</

e (26)

160



As introduced previously, the sub-domain Q% for node Y, located entirely inside Q, is a
sphere or part of a sphere centered on Y'® with a radius h* . Figure 4.5 illustrates the meaning
of local sub-domain and support domain.

Two other frequently used concepts are the domain of definition and the domain of

influence. The domain of definition of a point x is the set of all nodes whose weight functions

are non-zero at X, while the domain of influence of a node Y'® is the set of all nodes whose

weight functions are non-zero in some part or all of the sub-domain of node Y'® . The domain of
definition and the domain of influence are convenient terms in the description of MLSA and
local boundary integrals, and are illustrated schematically in Figure 4.6.

The moving least-squares approximant u, to a function u is defined by:

u, (x) = p" (X)c(X), VX eQ 27)

The two vectors p and ¢ are both functions of the spatial coordinates: X =[X,,X, [ in

2D or X=[X,,X,,X,[ in3D. p is a complete monomial basis of m terms (e.g., in 2D, m=3 for

a linear basis, and 6 for a quadratic basis), cis a coefficient vector which is determined by
minimizing a weighted discrete L-norm:

IX) =S (W (X)pT (Y)e(X) - aT) (28)

a=1

where @'/ is the fictitious nodal displacement that approximates the value of u at node Y'® ,

and the upper limit of summation, N_, is the total number of nodes in the domain of definition of

point X. The matrices P, W and u are defined by

pT(Y<1>)

pT(Y<2>)

P-= (29)

pT (Y<NX >)

N, xm
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W<1>(X) v 0

wWx)=| : (30)
0 . W<NX>(X) .
ﬁ<1>
A<2>
i=| " (31)
A<I.\IX>

Minimization of (28) leads to:

u,(X) = @' (X)i =Y o™ (X)a” (32)

where:
@"(X)=p" (X)A ™ (X)B(X) (33)
org™”(X) = > p, (X[A (X)BX)}, (34)
AX)=PTW(X)P =B(X)P = > w (X)p(Y=")p" (Y™) (35)

B(X) = P"W(X) = [w™ (X)p(Y™) w (X)p(Y ™) - w™ (Xp(Y ™)) (36)

The MLSA for a function exists only when A(X) is non-singular. A necessary condition
for a well-defined MLSA is that for each sample point X € Q; (a node or a quadrature point), at

least m weight functions are non-zero and the nodes in the domain of definition of X are not

arranged in a degenerate pattern (such as on a straight line). In MLSA, the shape function related

<a>

to node Y'* is @~ (X) . The size of the support domain should be large enough to ensure the
coupling between a minimum set of nodes, but small enough to capture local variations.

The influence of the choices of the basis functions and the weight functions on the
behavior and the quality of the shape function has been discussed in [1]. In this work, we use

linear, quadratic monomial basis, and spline weight functions, defined as follows:
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AN GANRE AL (@) < gla)
Spline: w®(X)= 1_6E<_a> +8E —3£<—a> , 0<r® <y 37)

0, r<a> > €<a>

(@) a)

w

>

here r™” is the distance from node Y to point X, /\” is the size of support domain.

(a)

w » Wwhich makes its use

The weight function has only one parameter, the size of support ¢
simpler. It is noted that MLSA is non-interpolative, and there is a difference between the nodal
value of the MLSA approximant u, and the fictitious nodal displacement 4™ . For brevity, the

subscript h in u, will be omitted in the remaining part of this paper.

4.6 Meshless Implementation

We now apply the MLSA to the integral Equation (14) to establish the meshless

implementation. The shape function, as we have defined it, gives:

NX
u,(X) =D 0 (X)i;™ (38)
b=1
NX
u (X)) =D 0" (X)4;™ (39)
b=l
< b b
Auy, (X) =D 0 (X)AG;> (40)
b=l

where N _ is the total number of nodes in the domain of definition of point X.
The related traction term T, is

T, =6,(X)n,(X) (41)

where (n,, n,) is the normal to the plane passing X over which the traction acts. For a node

Y**", we define N and B matrices as:

(pjb> 0
nl O n2 <b> <b>
N= ; B = 0 @) (42)
0 n, n <b> <b>
D, P,
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Combining (42) with (39) and (41), we can express the traction in terms of the shape

functions as follows:

t1()() _ < <b> <a> ﬁ<b>

here Cj}, is the elastoplastic stiffness matrix.

With the above discretization and the boundary conditions that u, =u, on I',*" and

T, = Tj on I, Equation (14) becomes (there is a summation on b and j but not on a and i):

Z(H<a b>'\<b>) Z(Li? b>A<b>) +a]<]a>u?a> — G1<a> (44)

where H;*", L*" and G;* are:

H = — j i (X, Y)[NC*B® (X)],,dI" + jtu (X, Y )™ (X)dr,

(45)
+ J & (X, Y™ ) (@™ (X))dT.
L<a b> _ I tU (X Y<a> )(¢<b> (Y<a>))d1—~ (46)
rt
Gi = b, (XU}, (X, Y*")dQ+ [u},(X,Y*")T(X)dr
o e
— [ (X Y ) T (X034, (8, + Au,, )dQ (X)
" » (47)
- J‘uIJ,K (X, Y™ )SRJAuR,LCiKMNuM,NdQ (X)+ _[uIJ (X Y™ )T LK (X)AuJ L (X)n dI'(X)
o e
+ [ (XY™ AT (X8, + A, (X)nd FX) = [T (X, Y )@, (X)—T, (Y )dl
e kS

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node Y. The third to sixth terms of Equation (47) are the plastic terms because of the large

deformation elastoplasticity.

In all numerical examples tested in this work, the body force term is zero.

4.7 Treatment for Weak Singularity and Imposition of Boundary Conditions

164



Owing to the subtraction technique, the singularity in the third integral of (45) as X

<a>

approaches Y*°~ is cancelled by the term in (46), and similarly the seventh integral in (47) is
also regularized. Even though the subtraction technique removes the strong singularity, the
integrands in the first integral of (45) and the second integral in (47) still contain the weakly
singular In(r) term. The logarithmic singularity is integrable, but the accuracy of ordinary
Legendre-Gauss integration is poor. We found that the special integration scheme for the
logarithmic singularity [11], which is reproduced in Table 4.1 for completeness, achieves
excellent numerical accuracy [1]. The remaining integrals of Equation (45) and Equation (47) are
regular for which standard quadrature can be used with good accuracy.

In our numerical examples, the numbers of integration points were as follows: 8
integration points for any integral along a straight line, and 64 integration points for any integral
over an sub-domain. For regularized integrals, the usual Legendre-Gauss integration was used.
For integrals containing logarithmic singularity, the special integration of 8 integration points
listed in Table 4.1 was used.

Appropriate boundary conditions need to be imposed in order to solve the simultaneous
Equations (44). In meshless methods, imposing the essential (Dirichlet) boundary conditions is
not as trivial as in the finite element method. Because MLSA is non-interpolative, the essential

boundary condition does not take the form of prescribed value for the fictitious nodal

N <a> —<a>

displacement (0;"" =u;""), but rather a constraint equation involving a linear combination of the

fictitious nodal displacements in a neighborhood of the boundary node (i.e.,
u§a> = Z(p<b>(Y<a>)ﬁ§b> = ﬁ§a> ). A number of techniques for the imposition of essential boundary
b=1

conditions have been developed, including: (1) Collocation methods [12]; (2) Lagrange
multiplier method [13]; (3) Penalty method [14][15]; (4) Nitsche’s method [16]; (5) Coupled
meshless-finite element method [17]; (6) Admissible approximation method [18]; (7) Method
based on d'Alembert principle [19]; (8) Use of window or correction functions that vanish on the
boundary [20]; (9) Discrete form of essential boundary conditions [21]; and (10) Displacement
constraint equation method [22]. The advantages and disadvantages of each of these methods
have been discussed briefly in [1].

Collocation methods for enforcing essential boundary conditions are defined as those

methods in which conditions are enforced exactly at a discrete set of boundary nodes [23]. A
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number of collocation methods have been developed. The direct collocation method [12] used

the collocation condition

0 = @9)

to replace the row of the discretized weak form equation corresponding to the degree of freedom

—<a>

with prescribed displacement u;*”. This is actually inconsistent with the assumption of MLSA

since the fictitious nodal displacement G;*” is generally not equal to the approximated

displacement value.

A modified collocation method uses

ul =3 g (Y<a> )ﬁiw g (49)
b=1

as the collocation condition which was shown to yield more accurate results [23]. Wagner and
Liu [24] developed a corrected collocation method which restores the consistency of the weak
form and enhances convergence. Wu and Plesha [25] proposed a boundary flux collocation
method to enforce the boundary conditions exactly.

Generally, there are two types of discretization in meshless methods: (1) Local
collocation over multiple local domains, which is employed in [26][27][28][29]; (2) Galerkin
based method over the global domain, which is used in EFG [30][12][31][21], clouds [20],
RKPM [32][33][34][35], etc. For local collocation based discretization, each equation is obtained
by applying the weak form over a particular local domain, and the weak form needs to be applied
n times for a problem with n DOFs. Consequently, the collocation method with (49) can be used
easily and directly to impose essential boundary conditions, because each of the system
equations is independent of the rest, and replacing the equation corresponding to a constrained
DOF by (49) will not cause any inconsistency in the weak form. For the Galerkin based
discretization, the n system equations are obtained by applying the weak form over the global
domain once, and therefore all equations must hold simultaneously in order to maintain
consistency in the weak form. Replacing a row in the matrix equation by (49), which contains a
linear combination of DOFs rather than dictating the value of the single constrained DOF,
sacrifices the consistency of the weak form and compromises the accuracy of the solution.

The current meshless integral method utilizes the local collocation based discretization

(over multiple sub-domains), and the collocation method (49) can be directly used to impose
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essential boundary conditions. Since the system equations are obtained by applying the integral
Equation (14) to each source node over a local sub-domain, for a DOF with essential boundary
condition, we simply use the essential boundary condition u, =1u, rather than applying the
integral Equation (14). This is equivalent to replacing the governing equation corresponding to
the DOF with essential boundary condition (49). Our numerical tests presented in the numerical
examples section show that the collocation method (49) for imposing essential boundary
conditions works very well with the meshless integral method.

For the natural boundary condition T, = T,, no special treatment is needed. The

prescribed traction is incorporated in the system governing equation (47) and directly used in the
second integral.

After the boundary conditions are imposed, the governing equations can be written as
N)’
<a,b>A<b> <a>
Z(KIJ u; ) =Ry (50)
b=1
where

<a> —<a> (51)

R <ub> Hi*™ — L5 + a0 (Y™) whenu[* is unconstrained
17 - <b> <a> —
@ (Y™), when u;™*” =1;

(52)

—<a> <a> —<a>

<a> <a> : :

R — G; when u;*” is unconstrained

=
U, whenu;" =1;

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node Y.

4.8 Solution Algorithm for Elastoplasticity with Large Deformation

The governing equations are nonlinear due to large deformation elastoplasticity. In this
work, we will use the fixed point iteration to solve the governing equations which has the
following advantages: the derivative of the stiffness matrix is not needed, and the
implementation is relatively easy. With this algorithm, for each load increment, the stiffness

matrix is computed only once in the first iteration.
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Throughout this section, we use {Var}gfl] to denote a variable {var}(displacement, stress

or strain) for m-th load increment at i-th iteration, and use {var}, , to denote the converged

solution for m-th load increment.

4.8.1 Solution algorithm
1. Given the load increment number M, maximum iteration number Imax, also set both the
initial load increment index m and initial iteration index i as 1.

2. For current load increment m, compute the stiffness matrix [K] based on current geometry

(reference configuration) and set the displacement {U}[Om] ={0} . Set the second Piola-

Kirchhoff stress {T}” ={c}, {o} is the Cauchy stress.

3. For iteration index 1, we use Equation (52)-(54) to update the solutions.

Fll’ = K{UJi) —LEP™ U, (53)
[KFAUS™ = {AR}-{Fjj,” (54)
(Ul = Uy + 180" (55)

Where {AR} is the load increment and LEP{U}E;_]” are the nonlinear terms (the third-sixth

terms of the Equation (47)).

4. The following convergence criterion is used to terminate the iteration for each load step:

[ar}-EY.,

g, is a predefined tolerance, usually in the order of 107*~107.

_<e{aRy, (56)

4.1. If the program converges in this iteration, update the geometry, the displacement field,
and the second Piola-Kirchhoff stress for each Gaussian point (Section 4.8.2) and obtain
the corresponding Cauchy stress by Equation (57). Go to step 5.
oy = (8 +Au ¢ )T, + AT )6, + Auy ) (57)

Where J is the determinant of the deformation gradient F which is defined as follows:

o

_| oX oY

F= 58
oy oy ©8)
oX oY
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4.2. Otherwise, increase the iteration index by one and check if i is greater than Imax. If i is
greater than Imax, the program cannot converge for the preset Imax, exit program
execution; otherwise, compute the stresses at all Gaussian points for all nodes and go to
step 3.

Increase the load increment index m by one and check if m is greater than load increment

number M. If Yes, exit the program; otherwise, go to step 2. The integrals for next load

increment are to be performed over the deformed geometry of converged solution of current
load increment (the current configuration in this load increment will be the reference
configuration for the next load increment). This is the reason that it is called updated-

Lagrangian formulation.

As shown in the previous section, when we calculate the internal force {F}E;]l) , we need

to calculate the LEP{U}S;]I) which are the nonlinear terms (the third-sixth terms of the Equation

(47)). The integration is usually performed using Gaussian numerical integration techniques.

Therefore, the stress state (along with the stress correction term) is computed at all Gaussian

points in each iteration step. The following section gives the algorithm to compute the stress at

each Gaussian point.

1.

4.8.2 The procedure used to compute the stress at each Gaussian point
Assume the solution is converged for (m-1)th load increment, we transform the second Piola-
Kirchhoff stresses which are basic stress measure obtained from solution to Cauchy stress.

Cauchy stress obtained is then used as the initial value of the second Piola-Kirchhoff stress
{T}\%) for the (m)th load increment. Given {Au}="""{U}"”~"{U}, the strain increment {AE}
and stress increment {ATe} are initially predicted assuming elastic behavior using (59) and

(60) shown below. {Ae} and {AT"’} which is used to computed the fourth term of Equation

(47) are predicted by equation (61) and (62). Set {T“‘“ }[m] and {T’e }[m] zero. EPF is used to
indicate the stress state.
1
AE :E(A u,; +Au;; +Au, Auy ) (59)
{AT*|=[C*]{AE} (60)
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1
Agy, :E(AUI,J +Au, ;) (61)

(AT }=[C*]{Ae} (62)

2. Determine the loading state

2.1 If EFP=1, the Gaussian point is in an elastoplastic state in previous load step. Compute
the loading criterion function L using Equation (18).
If L>0, r=0, plastic loading; if L<=0, let =1, EPF=0, compute the yield function after the

trial stress increment is applied
f({T}[m] + {ATe }’ K[m])

if £ <0, r=1, the point remains in the elastic state; if f >0, EPF=1, the point enters into

elastoplastic state determine r such that (63) shown between holds.
F({T o + AT} 1) =0 (63)
Update the stress at this point by
{T}= (T}, +r{AT} (64)
2.2 If EPF=0, the Gaussian point is in the elastic state in the previous load step. Compute the

yield function after the trial stress increment is applied
f({T}[m] + {ATe }’ K[m])
if f <0, r=1, the point remains in the elastic state; if f >0, EPF=1, the point enters into

elastoplastic state. Determine r such that (63) holds. Update the stress at this Gaussian

point using Equation (64).
3. Compute the sub-increment of strain {AE}:
faF) - (=DIAE] (65)
where N is a integer. Integrate numerically to compute sub-increment of stress {A”T"ij} with n
looping from 1 to N, {AT|” = {ATC‘“}: 0:
ou®  SAES;

2
3u+H, o (66)

1 ~
+ [_E(SIKGJL + 6JKGIL + 6ILGJK + 8JLGIK) + GIJSKL ]AEKL

AT, =2 pAE, + MAE, 8, -
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(AT} = (AT} + {AT} (67)

4. Update the variables:

AT b= AT 4 r{aT} - {AT™ ) (68)
(e = {1y + AT (69)
Ty = (T + IATS™ +r{AT ) (70)
oy = {0 + AT} (71)

4.8.3 The computation of nonlinear terms

In order to calculate the third term in Equation (47), we also need to compute
T, (X, Y**7), which is the derivative of &,(X,Y**") with respect to X, . We use (69) to
calculate {T“’r} for each Gaussian point, and compute the third term in Equation (47) according.
We use (71) to calculate { '°} which is equal to Cf Uy, v and compute the fourth term of
Equation (47).

As for the fifth and sixth terms of Equation (47), T, is the initial value of the second
Piola-Kirchhoff stress of this load increment. AT, is the increment of the second Piola-
Kirchhoff stress of the current iteration with respect to T, . These two terms can be computed

easily.

4.9 Numerical Examples
This section presents the numerical solutions to several examples using the meshless
integral method for elastoplasticity with large deformation. The tests include the uniaxial tension
tests, the shear tests and the rotation tests. For the elasticity with large deformation cases, we can
use hand calculation solutions for comparison. For the elastoplasticity with large deformation,
we use the finite element results obtained using commercial software, ANSYS, as the bases for

comparison.
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4.9.1 Uniaxial tension tests

The patch testis a 1 x 1 m” square plate shown in Figure 4.7. The material is AISI 1020
steel and the material properties are E=203000 MPa, v = 0.3 with plane strain condition. For
the elastoplastic case, yield stress is equal to 260 MPA, and the elastoplastic tangent modulus is
1000 MPA. Three meshless models, which are shown in Figure 4.7, were simulated. The left
edge is constrained from moving in x1 direction but is traction free in x2 direction. The bottom
edge is constrained from moving in x2 direction but is traction free in x1 direction. The
prescribed displacement Ux (0.1, 0.25, and 0.5) in x1 is applied to right edge which is traction
free in x2 direction. The nature boundary conditions (free traction) are prescribed on the top
edge. The spline weight function is used.

For case 1 in which Ux=0.1, we first perform the convergence test for elastic case as we

increase the number of load increments. Figure 4.8a-4.8c show that the meshless results (o,,,
G, , and displacement of upper edge b) converge for elastic case. The msehless results are

identical with the hand calculation results and we list the hand calculation results and meshless
results for one load increment and two load increments in Table 4.2 and Table 4.3 respectively.

The meshless results for 12 load increments are ¢,,=21428, ¢,,=6430, and b=-0.040473. With
12 load increments, the corresponding results of FEM are c,,=21261, ¢,,=6378, and b=-

0.04027. Figure 4.9 and Figure 4.10 show FEM results versus meshless results for uniaxial
tension tests of elastic case and indicate good agreement between meshless results and FEM
results.

For the elastoplasticity when Ux=0.1, there are no hand calculation results so we compare
the meshless results with FEM results. It is shown that both meshless results and FEM results
converge as the number of load increments increase. The converged values for FEM and
meshless method are very close to each other. The meshless results for 12 load increments are

6,,=426, 6,,=212, and b= -0.090088. The corresponding results of FEM with 12 load
increments are o,, =426, 6,,=212, and b= -0.089776. Figure 4.11a-4.11c show that the FEM
results and meshless results for 6,,, 6,;, and displacement of upper edge b converge for

elastoplastic case. Figure 4.12 and Figure 4.13 show FEM results versus meshless results for
uniaxial tension tests of elastoplasric case and indicate that meshless results follow closely FEM

results. It is noteworthy that this meshless method is based on Green-Naghdi’s theory, while
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FEM is based on E.H.Lee’s theory [2]. The differences between meshless results and FEM
results show that large deformation elastoplasticity theories may have some influence on the

numerical results.

4.9.2 The shear tests
The shear patch test is a 1 x I m” square plate shown in Figure 4.14. The material is AISI
1020 steel and the material properties are E=203000 MPa, v = 0.3 with plane strain condition.
For the elastoplastic cases, yield stress is equal to 260 MPA, and the elastoplastic tangent
modulus is 1000 MPA. Three meshless models, which are shown in Figure 4.14, were simulated.
The spline weight function is used in the shear tests. We simulate the tests when shear strain

y=0.1and y=0.5. The motion of the square is described by x =X +yY and y=Y . For all
three models, prescribed displacements are applied to all edges of the plate.

Analytical results in terms of the Cauchy stress using Jaumann rate for this problem are
given as [36]:

G, =—6, =u(1—cosy) (71)
G,, = usiny (72)

For y=0.1 with elasticity, the L,-norm for the 9 node, 25 node regular, and 25 node
irregular modes are 3.2x107'°, 2.6x10™"®, and 3.6x10™"" respectively. The stresses for all three
cases are ¢,, =390, o0,, =-391.48, o, =7794.88 which are pratically identical with the
analytical solution using Jaumann rate: ¢,, =390, ¢,, =-390, c,, =7794.68.

For y =0.5 with elasticity, the L,-norm for the 9 node, 25 node regular, and 25 node
irregular modes are 6.2x107'°, 5.5x107"*, and 4.7 x107'® respectively. The stresses for all three
cases are 6,, =9560, c,, =-9555, o,, =37431 which are pratically identical with the analytical
solution using Jaumann rate: ¢,, =9557, o,, =-9557, ¢,, =37432.

Figure 4.15 shows analytical versus meshless results for pure shear simulation of elastic
case. It is indicated that meshless results match analytical results excellently.
For the elastoplastic cases, we compare the meshless results with FEM results obtained

using ANSYS.
For y = 0.1 with elastoplasticity, the L, -norm for the 9 node, 25 node regular, and 25

node irregular modes are 3.7x107", 4.6x107", and 6.4x107"* respectively. The shear stress
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for all three cases is 6,, =182.32 which are in excellent agreement with the FEM solution of
o, =182.60.
For y=0.5 with elastoplasticity, the L,-norm for the 9 node, 25 node regular, and 25

node irregular modes are 5.2x107"°, 1.8x107", and 9.4x10™"" respectively. The stresses for all

three cases are 6,, =316.52 which are again in good agreement with the FEM solution of
6, =316.89.

Figure 4.16 shows FEM results versus meshless results for pure shear simulation of

elastoplastic case. We can see that meshless results are in excellent agreement with FEM results.

4.9.3 The rigid body rotation tests
This rigid body rotation patch test is a 1 x 1 m” square plate shown in Figure 4.17. Figure
4.17a is the original configuration, while Figure 4.17b is the current configuration with rotation
angle 0. The material is AISI 1020 steel and the material properties are E=203000 MPa,
v = 0.3 with plane strain condition. Three meshless models (9 regular nodes, 25 regular nodes,
and 25 irregular nodes), were simulated. The spline weight function is used in the rotation tests.

We simulate the tests with Ozi, O:E, O:E, O:E, O:S—H,andO:E.Forallthree
12 6 4 3 12 2

models, prescribed displacements are applied to all edges of the plate. Initial stresses are

6,,=20,05=0,0c,=0.
For e:%, 5, =18.66, 6,, =1.3397, 5, =5 ; for e:%, 6, =15, 06, =5,0, =8.66;

for 6=§, c,, =10, 0,,=10,0,, =10; for 0=§, 6,=5,0,=15, 0, =8.66; for 6=f—§

2

c,, =1.3397, 0,, =18.66, 6,, =5; and for 0 :g, c,,=0, 0, =20, 6, =0. All these results
are identical with the analytical results given by the following equation [36]:
cos?0  Lsin20

o=oy | 2 (73)
—sin20  sin’0

174



Figure 4.18-4.20 show analytical versus meshless results ( ¢,,, 6,,,0,,) for rotation tests

for different rotation angle theta. We can see that the meshless results are identical with the
analytical results.
For the three meshless models with different nodal densities, we obtained the identical

results.

4.10 Concluding Remarks

In this paper, the large deformation elastoplastic meshless integral method based on
regularized boundary integral equation [1] is presented. The updated Lagrangian governing
integral equation is obtained from the weak form of elastoplasticity over a local sub-domain
based on Green-Naghdi’s theory. Green-Naghdi’s theory starts with the decomposition of the

Green-Lagrange strain into the elastic part and plastic part and considers a J, elastoplastic

constitutive relation that relates the Green-Lagrange strain to second order Piola-Kirchhoff
stress. The collocation method is employed to enforce the essential boundary conditions exactly,
which is simple and computationally efficient. The natural boundary conditions are incorporated
in the system governing equation and require no special handling. Numerical results show that

this method is accurate and robust.
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Figure 4.1 Undeformed (initial or reference) and deformed (current) configuration
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Figure 4.2 Schematic diagram showing the sub-domain for an interior or a boundary node
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Figure 4.3 Exclusion of a tiny sphere (2, of radius A centered a node for removing the

strong singularity
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Figure 4.4 Schematic diagram showing the internal boundary angle 6 =0, — 0, at node

Y on the boundary
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Figure 4.5 Schematic diagram illustrating the meaning of local sub-domain and support

domain for node Y*> and node Y**~
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Figure 4.6 Schematic diagram showing the domain of influence for node Y**~ and the

domain of definition for a point X
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Figure 4.7 (a) A square plate for the patch test. (b) Meshless model with 9 regular nodes. (c)

Meshless model with 25 regular nodes. (d) Meshless model with 25 irregular nodes.
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Figure 4.8 The convergence test of meshless method for c,,, c,,, and displacement of

upper edge (elastic case)
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Figure 4.9 FEM results versus meshless results o, for uniaxial tension simulation for

elastic case
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Figure 4.10 FEM results versus meshless results c,,for uniaxial tension simulation for

elastic case
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Figure 4.11 The convergence test of FEM results and meshless results forG,,, 6,,, and

displacement of upper edge (elastoplastic case)
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Figure 4.12 FEM results versus meshless results c,, for uniaxial tension simulation for

elastoplastic case
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Figure 4.13 FEM results versus meshless results c,,for uniaxial tension simulation for

elastoplastic case
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Figure 4.14 (a) A square plate for the shear tests. (b) Meshless model with 9 regular nodes.

(c) Meshless model with 25 regular nodes. (d) Meshless model with 25 irregular nodes
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Figure 4.15 Analytical versus meshless results for pure shear simulation for elastic case
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Figure 4.16 FEM results versus meshless results for pure shear simulation for elastoplastic

case
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Figure 4.17 Rotation of a prestressed square with no deformation. (a) Original

configuration. (b) Current configuration.
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Figure 4.18 Analytical versus meshless results ( G,,) for rotation test for different rotation
theta
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Figure 4.19 Analytical versus meshless results (c,,) of the rotation test for different

rotatation theta
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Figure 4.20 Analytical versus meshless results (c,, ) of the rotation test for different
rotation theta
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Table 4.1 Special numerical integration for functions containing logarithmic singularity (8

integration points)

Abscissas (1,) Weights (w,)

0.0133 2024 4160 8925 0.1644 1660 4728 0030
0.0797 5042 9013 8949 0.2375 2561 0023 3060
0.1978 7102 9326 1880 0.2268 4198 4431 9190
0.3541 5399 4351 9090 0.1757 5407 9006 0700
0.5294 5857 5234 9170 0.1129 2403 0246 7590
0.7018 1452 9939 1000 0.0578 7221 0717 7821
0.8493 7932 0441 1070 0.0209 7907 3742 1330

0.9533 2645 0056 3600 0.0036 8640 7104 0276

Table 4.2 The comparison between hand calculation solution and meshless result for

Ux=0.1 ( 1 load increment)

O Gs3 b
Hand solution 23423 7026 -0.046061
Meshless 23423 7026 -0.046061

Table 4.3 The comparison between hand calculation solution and meshless result for

Ux=0.1 ( 2 load increments )

On Gs;3 b
Hand solution 22297 6696 -0.042859
Meshless 22297 6696 -0.042859
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5.1 Abstract

In recent years, meshless methods have been developed to eliminate the known
drawbacks in finite element methods. Generating the input file for a meshless method and
interpreting the output obtained can be difficult without graphical pre-processing and post-
processing support. Unfortunately, most existing pre- and post-processing techniques are based
on using an underlying finite element mesh or finite difference grid. Since meshless methods
have neither, new approaches are required for providing this support for meshless methods. In
this paper, a pre-processor and a post-processor are presented for the meshless method using
node-based and pixel-based approaches as opposed to an element-based approach. Pre-
processing supports for automated generation of nodes, support domains, and sub-domains along
with local refining are also included. An extensive example is presented to demonstrate the
effectiveness of the given pre-processor and post-processor.

KEY WORDS: meshless method, meshless post-processor, pre-processor, post-

processor, linear elasticity
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5.2 Introduction

The development of approximate methods for the numerical solutions of partial
differential equations has attracted the attention of engineers, physicists and mathematicians for a
long time. In recent years, meshless methods have been developed as an alternative numerical
approach to eliminate known drawbacks in the well-known finite element method (FEM).
Meshless methods do not require a mesh to discretize the problem domain, and the approximate
solution is constructed entirely based on a set of scattered nodes. Meshless methods may also
alleviate some other problems associated with FEM, such as element distortion, locking, and
remeshing during large deformations. Moreover, nodes can be easily added or removed. As the
deformation progresses, more accurate solutions can be obtained using meshless methods.

Several versions of meshless methods have been developed, which may be broadly
divided into two categories: boundary type methods such as the boundary node method (BNM)
[1][2] and boundary point interpolation method (BPIM) [3]; and domain type methods such as
diffuse element method (DEM) [4], element free Galerkin (EFG) method [5], reproducing kernel
particle method (RKPM) [6][7][8], point interpolation method (NM) [9], and point assembly
method (PAM) [10]. Most methods are “meshless” only in terms of the interpolation or
approximation of the field or boundary variables, as compared to the usual boundary element
method (BEM) or finite element method (FEM), but still have to use a background mesh to
integrate a weak form over the problem domain or the boundary. The need for a background
mesh for integration makes these methods not truly meshless.

Some truly meshless methods have been developed including the meshless local Petrov-
Galerkin (MLPG) method [11][12][13][14], the local boundary integral equation (LBIE) method
[15][16][17][18][19] and the local point interpolation method (LPIM) [20]. These methods do
not require a background mesh either for purposes of interpolation of the solution variables, or
for the integration of the energy. To use a meshless method, the input file describing the
problem of interest must be constructed; further the user may also need support for analyzing and
visualizing the results obtained by the meshless method. There are commercial software
packages that have these two functionalities, such as ANSYS [21], MSC/PATRAN [22] and
CONPLOT [23], but these are element-based software packages designed for use with FEM

solvers; for meshless methods, because there is no element at all, we cannot use these software
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packages. Liu [24] developed a post-processor for one meshless method, but this is element-
based and cannot be used by other meshless methods.

In order to make use of the meshless method [19] more easily and for post-processing the
output file of the meshless method more conveniently and efficiently, we have developed a
generic meshless pre-processor and post-processor for use with meshless solvers. This pre-

processor and post-processor can be used generally with any meshless method.
5.3 A meshless method based on regularized boundary integral equation

5.3.1 Regularized boundary integral equation

A meshless integral method based on the regularized local boundary integral equation
approach has been developed by the authors [19]. The method is an improved version of the
LBIE method proposed previously by Atluri and coworkers [15, 16]. The most critical
improvement is the use of the subtraction technique to remove the strong singularity that results
in a regularized governing integral equation. A special numerical integration is employed for the
calculation of integrals with weak singularity which further improves accuracy. The collocation
method is employed to enforce the essential boundary conditions exactly. Details of the meshless
integral method have been presented in [19]; only a concise description of the method is given
here.

The problem domain of interest is an elastic body Q with boundary I". The local

boundary integral equation approach seeks to establish the governing equation over a local sub-

domain Q™" . For simplicity, QQ**" is chosen as a sphere (or part of a sphere) with radius h§a>

centered on a node y". If y" is an interior node, h<sa> is selected such that Q® stays fully

(a) (@)

inside the problem domain Q. If y is the intersection of Q and a

sphere S of radius h<sa> centered on y<a>, and the boundary of Q™ is the union of the

is a boundary node, Q2

boundary of S™~ inside Q, denoted as C**”, and the boundary of Q inside S™~, denoted as
[ and I where I'""" and I™ are respectively the prescribed displacement and prescribed

u

traction boundary.
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Applying the weak form of equilibrium over the local sub-domain Q**” and employing a

singularity removal procedure, the regularized local boundary integral equation is obtained as

follows [19]:

oc§f>u§a> - J' i (X,y<a>)tj(x)dl“—j ES(X,y<a>)uj (x)dr
r @@ kA .
_Fu@{ " Efjf("’y@)(uj(X)—u§'a>)c1r+g£ 0,08 (x.¥)d2

where u;(x) and u;*” are the j-th displacement components of point x and of node y**~
respectively, t;(x) is the j-th traction component associated with u (x), and b;(x) is the j-th

T <a>
i» tjand o

*
i

~% ~% . . . ~
body force component. u; and t; are special test functions. Expressions for u

have been given in [19]. In Equation (1), the subtraction method [19] has been used in the third
term of the right hand side which removes the strong singularity and significantly enhances the

accuracy and efficiency of the method.

5.3.2 Meshless Implementation

Equation (1) holds for any source node y<a>, either inside the domain or on the boundary.

The general solution strategy is to select a set of source nodes and apply Equation (1) to each of
these source nodes to obtain an equal number of governing equations. The moving least squares
approximation (MLSA) (see for example [5]) is employed to approximate the displacement field
in terms of nodal values at the source nodes. Numerical quadrature is then applied to evaluate the
integrals, which converts the integral equations into a system of simultaneous algebraic
equations. If all source nodes are selected on the boundary, a (regularized) boundary element
method will result. In the meshless integral method, both boundary and interior source nodes are

used, leading to a full domain method.
A support domain for node y<a> is defined as a sphere (3D) or disk (2D) centered on y<a>

{a)

with a radius /3" . A weight function w"/ is a continuous function that is positive in the support

domain and zero outside, i.e.

)




As introduced previously, the sub-domain 0 for node y<a>, located entirely inside Q2

(a) (a)

is a sphere or part of a sphere centered on y“/ with a radius hg'. Figure 5.1 illustrates the

meaning of local sub-domain and support domain. The concepts of sub-domain and support
domain for each node are used in most meshless methods. Thus, a pre-processor must provide
support for rapid definition of the sub-domain radius and support domain radius for each node, in
addition to automated node generation.

Two other frequently used concepts are the domain of definition and the domain of
influence. The domain of definition of a point x is the set of all nodes whose weight functions

a>

are non-zero at x , while the domain of influence of a node y™*~ is the set of all nodes whose

<a>

weight functions are non-zero in some part or all of the sub-domain of node y**~. The domain of

definition and the domain of influence are convenient terms in the description of MLSA and
local boundary integrals, and are illustrated in Figure 5.2.
With MLSA, the displacement at an arbitrary point x is approximated by shape functions

and nodal displacements as follows

u,(x) =@ (x)i = Z(P“” (x)a= 3)

where N _ is the total number of nodes in the domain of definition of x, and ¢(x) is the shape
function. Detailed expression for ¢(x) has been given in [19].
With the above discretization and the conditions that u; =4, on I';*” and t; =t; on I},

Equation (1) becomes (there is a summation on b and j but not on a and 1):

Z(H<a ,b> A <b>) 2(L<a ,b> A <b> _Hxﬁa>u§a> — Gi<a> (4)

y J
b=l
,b
where Hfja ), Lff’b> and G\ are:

- _j 0, (xy®)[NCB® (x) | dr+ [ T(x.y")¢" (x)ar
+I j(xy)(e" (x))ar

)

Ly = [ Goy™ )@ (y*)dr (©6)
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(7

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

<a>

node y**" . In the present study, the body force is neglected. The integrands in the first integral of

(5) and the second integral in (7) contain the weakly singular In(r) term. A special integration
scheme for the logarithmic singularity [26] is employed in the meshless integral method that was

shown to achieve excellent numerical accuracy [19].

5.3.3 Imposition of Essential and Natural Boundary Conditions
Appropriate boundary conditions need to be imposed in order to solve the simultaneous
Equations (4). In meshless methods, imposing the essential (Dirichlet) boundary conditions is not
as trivial as in the finite element method. Because MLSA is non-interpolative, the essential

boundary condition does not take the form of prescribed value for the fictitious nodal

N <a> —<a>

displacement (U;"" =u;""), but rather a constraint equation involving a linear combination of the

fictitious nodal displacements in a neighborhood of the boundary node. A number of techniques
for the imposition of essential boundary conditions have been developed, including: (1)
collocation methods [27]; (2) Lagrange multiplier method [5]; (3) penalty method [28]; (4)
Nitsche’s method [29]; (5) coupled meshless-finite element method [30]; (6) method based on
d'Alembert principle [31]; (7) use of window or correction functions that vanish on the boundary
[32]; (8) discrete form of essential boundary conditions [33]; and (9) displacement constraint
equation method [34]. The advantages and disadvantages of each of these methods have been
discussed briefly in [19].

Collocation methods for enforcing essential boundary conditions are defined as those
methods in which conditions are enforced exactly at a discrete set of boundary nodes [35]. A
number of collocation methods have been developed. The direct collocation method [27] used

the collocation condition

ﬁl<a> — ﬁ§a> (8)
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to replace the row of the discretized weak form equation corresponding to the degree of freedom

—<a>

with prescribed displacement u;*”. The direct collocation is actually inconsistent with the

N <a>

assumption of MLSA since the fictitious nodal displacement G;*” is generally not equal to the

approximated displacement value. A modified collocation method uses

ul = 30y ol = ©)
b=l

as the collocation condition which was shown to yield more accurate results [36].

Wagner and Liu [35] pointed out that when the shape functions do not satisfy the
Kronecker delta property, the rows of the matrix equation corresponding to the essential
boundary nodes contribute to the solution of the displacement field, and that when these
equations are simply ignored, as is done in the traditional (including direct and modified)
collocation method, the weak form is not satisfied consistently. Such inconsistency leads to poor
accuracy and low convergence rate. Wu and Plesha [37] proposed a boundary flux collocation
method to enforce the boundary conditions exactly which maintains the consistency of the weak
form and avoids partitioning and rearrangement of the nodal DOFs into a constrained and a free
group as needed in the corrected collocation method.

Generally, there are two types of discretization in meshless methods: (1) Galerkin based
discretization over the global domain; and (2) discretization over multiple local domains. For
global domain-based discretization, the n system equations are obtained by applying the weak
form over the global domain once, and therefore all equations must hold simultaneously in order
to maintain consistency in the weak form. Replacing a row in the matrix equation by (9), which
contains a linear combination of DOFs rather than dictating the value of the single constrained
DOF, sacrifices the consistency of the weak form and compromises the accuracy of the solution.
The inconsistency discussed in [35][37] therefore pertains to the global domain-based
discretization methods only. For local domain-based discretization, each equation is obtained by
applying the weak form over a particular local domain, and the weak form needs to be applied n
times for a problem with n DOFs. Consequently, the modified collocation method with (11) can
be used easily and directly to impose essential boundary conditions, because each of the system
equations is independent of the rest, and replacing the equation corresponding to a constrained

DOF by (9) will not cause any inconsistency in the weak form.
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The current meshless integral method utilizes the local domain-based discretization, and
the modified collocation method can be directly used to impose essential boundary conditions.
Since the system equations are obtained by applying the integral Equation (1) to each source
node over a local sub-domain, for a DOF with essential boundary condition, we simply replace
the governing equation corresponding to the DOF with essential boundary condition ( 9).
Numerical verifications in [19] show that the modified collocation method for imposing essential
boundary conditions works well with the meshless integral method.

For the natural boundary condition t, = t,, no special treatment is needed. The prescribed

traction is directly used in the second integral in Equation (7).

After the essential and natural boundary conditions are imposed, the governing equations

are

N,

<a,b>~A<b>\ _ p<a>

Z(Kij u; )=E (10)

b=l

where
b H" L + a7 0™ () when u*” is unconstrained an
1 ¢<b> (y<a>)8ij Whel’l ui<a> — ﬁi<a>
pea> {Gf” when u;*” is unconstrained (12)
i =) —<a> <a> _ —<a>
u; whenu;"” =u;

and the upper limit of summation, N, is the total number of nodes in the domain of influence of

node y™~.

After we get a fictitious displacement (1 ) for each node, by using Equations (13) through
(16) we can get the actual displacements and other variables (strains (&) and stresses (6 )) for
every point between these nodes. For each point, only the nodes whose weight functions are not

zero at this point can contribute in the computation of these variables.

Nx

u, ()= 0" (x)i (13)
() (o)D)

uy (x)=2 0, (x)1] (14)
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True strains and stress are calculated by:

&1(xX) N, . b

en(X) = Z[B<b>(X)]{lbe>} (15)
2e,(0)] o

0,,(x) N, .o
G (X) ZZ[CB<b>(X)]{Ijl<b>} (16)
0},(x) i =

Where N_is the total number of nodes in the domain of definition of point x. Detailed

expressions for C and B"

have been given in [19]

The post-processor that we have developed assumes that the meshless method outputs the
fictitious displacements to a file that the post-processor reads and uses for interpolation.
Generally, most meshless methods use this approach of calculating fictitious displacements as a
way to calculate the actual values of field variables at points in between nodes. The post-

processor presented in this paper also uses this idea, and so it should be compatible with most

meshless solvers.

5.4 The Pre-processor

The pre-processor is used to define the data and discretization scheme for meshless
analysis. This includes support for the geometric model, as well as definition of material,
boundary conditions, and other parameters for the meshless method.

One salient feature of this pre-processor is that the troublesome and time-consuming node
generation process is automated. For discretization of a problem domain, the pre-processor can
construct nodal information for the entire domain with minimal user input. This significantly
reduces the manpower required for node generation. The pre-processor also provides a high
degree of automation in the generation of the sub-domain and support domain. The user can
enter all required information using graphical user interfaces (GUI), without the need to create
any data file. A typical GUI element used in the pre-processor is shown in Figure 5.3a. This
dialog is used for defining the material properties and other modeling parameters. Similarly,
essential boundary conditions and natural boundary conditions on a selected boundary node can
be specified through the dialogs shown in Figure 5.3b and Figure 5.3c. In similar fashion, all
required data can be supplied through the GUI, without having to create any data files manually.
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Based on this information, the pre-processor automatically generates the nodes, as well as the

sub-domain and support domain associated with each node as described below.

5.4.1 Node Generation
The node generation that is supported is based on subdivision of the problem domain into
quadrilateral. In this approach, the user first divides the problem domain into quadrilaterals using
the GUI. For each of these quadrilaterals, we use the quadrilateral-based method described in
Algorithms 5.4.1 and 5.4.2 to generate the nodes. The user may specify node density or use the

pre-processor’s default values. These algorithms are presented below.

Algorithm 5.4.1: Generation of nodes within a given quadrilateral domain

Given: Edges E(i), i=0,1,...,3 of the quadrilateral; type of each edge Type(j), j =0,...,3 (the value of each
Type(j) can only be LINE or ARC); Start pt. (x5(1), ys(1)), end pt. (x.(1), y(i)), center pt. (x.(1), y.(i)) for each edge i, i
=0,...3 (center pt. is ignored for an edge which is a LINE); Ny, the no. of divisions for 1* and 3 edges, and R, the
corresponding division ratio; Ny, the no. of divisions for 2™ and 4t edges, and R,, the corresponding division ratio.

Output: Locations Loc(N+k), k=0, ....., (N;+1)*(N,+1)-1 of the nodes generated; N is the initial size of
Loc.

/*

Note: Each Loc(K) is a location, i.e. an (x, y) coordinate pair. The following functions are assumed to be
available:

crossproduct((xy,Y1), (X2,¥2)): Returns the cross product of two vectors.

Intersection(Ly, L,): Returns the intersection of the two straight linesL;and L, .

*/

Step 1: for (i=0;1<4; 1++)

InR,
if (i==0)[|(i==2)) {q=e™"; No=Ny; }
InR,
else {q=e™*"; No=Ny; }
endif;

if (Type(i)==LINE); //Starting pt. (xs(i), ys(i)); ending pt. (Xe(i), Ye(i))
if(q==1) //uniform distribution of nodes
UnitX = (x¢(i)-xs(1))/No; UnitY=(ye(i)-ys(i))/No;
Pts(1,No) = (Xe(1), ye(1));
Pts(i,j)=(x(1)+j*UnitX, y(i)+UnitY), j = 0, ..., No-1;
//Pts are pts. on edge i.
else  //non-uniform distribution of nodes

UnitX=(xc(i)-x,(1))*(1-q)/(1- ¢ );Unit Y=(y(i)-ys(1) *(1-q)/(1-q™);
Pts(1,0)= (x4(1), ys(1));
Pts(i,j)=(xs(D)+UnitX*(1- q")/(1-q),ys()+UnitY*(1-q' )/(1-q)),

j= 1., No-1;

Pts(1,No)= (xe(i), ye(1));
end if // end of if-else block on g
end if // end of if block for (Type(i)=LINE)
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if(Type(i)==ARC) // Starting pt. (xs(i), ys(i)); ending pt. (xe(i), Ye(i));
I center (Xc(i),yc(i));
R=+/(x, () =% ()* + (v, ()~ y, () ;
X1 = Xs(1)-xc(1);  y1=ys(1)-ye(1); //(X1,y1)vector of start pt. from center
X2 = Xe(1)-Xc(1);  y2= Ye(1)-yc(1); //(X2,y2)vector of end pt. from center
refX = x(1)-x1;  refY=yc.yi;

% %
(= 22 Jidotproduct((x1.ya), (X2.y2))
\/Xl s *\/Xz Y3
X, (1)
VX, +y ()’
if (crossproduct((x2,y2), (-x1,-y1))<0) a=2*n—a;
if (crossproduct((x1,y1),(-1,0))<0) o ref =2*n—a _ref;

a=cos”

a_ref =cos™'(

); /ldotproduct((x1,y1), (1,0))

if (q==1) // uniform distribution of nodes

unitAnglezNi; Pts(1,0) = (x5(1), ys(1));
0
Pts(i,j) = (xc(1)+R*cos(a_ref +unitAngle*i),
ye(i)+R*sin(a_ref +unitAngle*i)),
j = 1, ceey N()-l;
Pts(1,No) = (Xe(1), ye(1));
else //non-uniform distribution of nodes
unitAngle =a *(1-q)/(1-q™);

Pts(1,0) = (x4(1), ys(1));  Pts(i,No) = (x(1), ye(1));
Pts(i, j) = (xc(i)+R*cos( a_ref +unitAngle*(1-q')/(1-q)),
ye(i)+R*sin( a_ref +unitAngle*(1-q’)/(1-q)),
j = 1, ceey N()-l;
end if // end of if-else block for g
end if // end of if block for (Type (i) == ARC)
end for // end of for loop on i
Step 2: L;(i) = Line(Pts(0, 1), Pts(2, 1)), 1=0,1,...., Ny; //Line from node i of E; to
/I node i of Es.
L,(j) = Line(Pts(1, j), Pts(3, j)),j = 0,1,...., No; // similarly for E; and E,.
Step 3: k=0;
for (i=0; i<N;+1; i++)
for (j=0; j<No+1; j++)
Loc(N+k)=Intersection(L(1), L2(j));
k=k+1;
end for
end for
Step 4: N=N+(N;+1)*(N,+1); //lupdate the size of the locations
/l End of Algorithm 5.4.1
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The set of nodes generated by applying Algorithm 5.4.1 will generally contain duplicates.
This is because we generate the nodes quadrilateral by quadrilateral; thus, nodes that lie on an
edge that is common to two quadrilaterals will be generated twice. To resolve this difficulty, we
must scan through all the nodes generated by Algorithm 5.4.1 and eliminate duplicates. This will
yield a reduced set of nodes that can be directly used as a valid discretization of the domain. The
method that was developed for identifying and eliminating duplicates is detailed in Algorithm

54.2.

Algorithm 5.4.2: To generate a reduced set of nodes from the set of nodes generated by

Algorithm 5.4.1 and set the type of each node in the reduced set

Given: Q={Loc(i), i=0,1,...N-1}, the set of nodes generated by Algorithm 3.3 for all quadrilateral of the
problem domain; the global boundary segments {S(k), k=0,1,...M-1} where M is the number of segments; the start
point (x4(k), ys(k)) and the end point (x.(k), y.(k)) of the k-th segment.

To find: the reduced set of nodes, Q,={loc(j), j=0,1,... N;-1},eliminating duplicates from Q.

/*

The initial size N,is 0, and the type of each node type(j), size is N; (if loc(j) is boundary node, type(j)=1
otherwise type(j)=0). If loc(j) is boundary node, also specify the two outward normals of this node: leftNormal(j),
rightNormal(j).

See Algorithm 3.3 for explanation of leftNormal and rightNormal.

getNormalSeg(k,(x,y)): Return the outward normal of segment k at point (X, y).

*/

Step1: N;=0
for (i=0; i<N; i++)
coincide = false; //flag for judging if this loc is already in €,
for (k=0; k<Nj; k++)
if (Loc(i) == loc(k)) {coincide = true; break;}
end if
end for // end of for loop on k
if (coincide==false) {loc(N,) = Loc(1); N,=N;+1;}
end if //end of if block on coincide
end for // end of for loop on i
Step 2: for (i=0; i<Nj; i++)
flag = false; // judge if loc(i) is on boundary
for (j=0; j<M; j++)
if (loc(i) is on S(j));
flag=true;
if (loc(i) == (xs().ys(1)))
leftNormal(i) = getNormalSeg(j,(xs(j),ys()));
else if (loc(i) == (x¢(j),y<(j))) //if loc(i) is ending pt. of S(j)
rightNormal(i) = getNormalSeg(j, (Xc(j),ye());
else // smooth boundary location
leftNormal(i) = getNormalSeg(j, loc(i));
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rightNormal(i) = getNormalSeg(j, loc(1));
end if // end of if-else block for the relationship between node and

/[boundary.
end if
end for // end of for loop for j

if (flag==true) type(i) = 1;
else type(i) = 0;
end if // end of if-else block for flag
end for // end of for loop for i
/l End of Algorithm 5.4.2

5.4.2 Node Refinement

After we get the reduced set of nodes for the given problem domain, the user may want to
refine the nodes in some local part of the problem domain. This will generally result in an
irregular mesh that is better suited for the problem at hand. This pre-processor provides the
functionality for node refinement in order to generate irregularly distributed nodes. The pre-
processor supports refinement of interior nodes as well as boundary nodes.

Internal refinement enables the user to refine the nodes in a given part of the problem
domain. Figures 5.4a to 5.4d illustrate how the pre-processor does this. Figure 5.4a shows the
original node set and the problem domain. The user first specifies the rectangle within which the
nodes are to be refined. This rectangle may extend beyond the problem domain. As shown in
Figure 5.4b, the pre-processor removes all the existing nodes located within the rectangle. The
pre-processor then generates a new set of nodes in the given rectangle using Algorithm 5.4.1,
based on the new nodal density specified by the user (Figure 5.4c). Figure 5.4d illustrates the
final nodal distribution after refinement is completed. It should be noted that the use may specify
varying node spacing on along the x and y directions.

The user can also refine the node distribution on any given boundary edge. Once again,
the user selects a segment of the boundary edge for refinement and specifies the new node
distribution. The existing nodes on this section of the boundary are then cleared and the new set
of nodes is created. Figures 5.5a to 5.5¢ show how the pre-processor does boundary refinement.
Figure 5.6a and 5.6b show the dialogs through which the user may enter the required parameters

for node refinement.
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5.4.3 Sub-domain and Support Domain Generation
After we get the set of nodes, we need to determine two geometric parameters for each

node: the sub-domain radius h;*" and the support domain radius (or the size of weight

function) 3" . In order to determine the sub-domain radius at each node, we use the following

criteria: for each interior node, the sub-domain radius is the minimum distance between the node
of interest and all other nodes and all boundary segments; for each corner node (a kind of
boundary node), the sub-domain radius is the minimum distance between this node and all
boundary segments except the two segments passing through this node; for each smooth
boundary node, the sub-domain radius is the minimum distance between this node and all
boundary segments along with all ending points of all segments. According to these criteria, the
sub-domain of an interior node is always a full sphere (or disk, in 2D) that is centered at this
node is fully inside the problem. The sub-domain of a boundary node is always a spherical fan
(circular fan in 2D) that is inside the problem domain and is centered at this node. The internal
boundary angle subtended by material for each boundary node is detailed in [19]. This approach
to generation of sub-domains ensures that we will not have to deal with arbitrarily shaped sub-
domains, since the two possibilities listed above are exhaustive. Thus, even for complex problem
domains, we will only have to deal with sub-domains that are fully circular or are circular fans. It
should be noted that in this approach, the union of all the sub-domains may not cover the total
problem domain, and the degree of coverage depends on the node distribution scheme that is
used. However, the meshless solver described in Section 2 does not require that the problem
domain be covered by the union of the sub-domains, and is capable of generating accurate results
with this definition of the sub-domains. A detailed verification of this can be found in [19].

For determining the support domain radius associated with each node, the driving
concern is that the support domain should include enough nodes to avoid singularities during the
moving least-squares curve fitting process. The minimum number of nodes that each support
domain should include depends on the order of the monomial basis; specifically, the support
domain should include at least 3 other nodes if we are using a linear basis, at least 6 other nodes
if we are using a quadratic basis, and at least 10 other nodes if we are using a cubic basis. To be
on the conservative side, we usually define a safety number N and impose the requirement that
every support domain should contain at least 3+ N other nodes for a linear basis, 6+ N other

nodes for a quadratic basis, and 10+ N; other nodes for a cubic basis. The safety number N is

213



user selectable and is generally between 5 and 10. It should be noted that it is also undesirable to
leave too many nodes within the support domain, since it increases computational effort.
Therefore, our approach is to start with a guess for the support domain radius and find the
number of nodes it encompasses. If this number is too small, we will increase the radius by some
factor and repeat the process; if it includes too many, we reduce the radius by a factor and repeat
the process.

The details of the algorithms for automatic generation of sub-domain and support domain

radius are given in Algorithm 5.4.3 and Algorithm 5.4.4.
Algorithm 5.4.3: Determine the sub-domain radius for each node.

Given: {y™ ,a=0,1,..N-1} where y™ represents the location of node a and N is the number of nodes;
{S(k), k=0,1,..M-1} where S(k) represents the k-th boundary segment and M is the number of segments; the type

of each node type(a), a=0,1,...N-1 (if y™ is a boundary node, type(a)=1 otherwise type(a)=0); the start point (x4(k),
ys(k)) and end point (x(k), ye(k)) of the k-th boundary segment, k =0,1, ..., M-1.
/*

Every node on the boundary has two outward normals defined, corresponding to the segment to the left of
the node and the segment to the right of the node; these are referred to as the leftNormal() and rightNormal(). If the
boundary is smooth at a node, then the leftNormal and rightNormal are identical; for corner nodes, leftNormal and
rightNormal will be different.

Note that each node y=* is a location, i.e., it is an (x, y) coordinate pair. The global boundary is ordered
clockwise. Existence of the following functions is assumed:

getLeftNormal(a): Return the left outward normal of boundary node y=*~.

getRightNormal(a): Return the right outward normal of boundary node y=*.

dist_to_edge(y*®, S(i)): Returns distance from node y =" to segment S(i).

dist (location_1, location_2): Return the distance between location_1 to location_2.
*/

To find: Sub-domain radii {h;*",a=0,1,..N-1}

>

<a>

for (a=0; a<N; a++)
if (a==0) minC=dist (y*",y"");
else minC = dist (y™,y™");
end if // end of if block for a==
for (i=0; i<N; i++)
/ffind the minimum dist. between node a and neighboring nodes
if ((al==i) && (dist (y***, y™ )<minC) ) minC= dist(y™*",y*");
end for // end of the for loop on i
if (type(a)==0) // interior node
minD = dist_to_edge(y™, S(0));
for j=1; j<M; j++)
if (dist_to_edge(y™, S(j))<minD) minD = dist_to_edge(y™",S(j));
end for

h.* = min(minC, minD);

S
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else if ((type(a)==1) // boundary node
leftNormal(a)=getLeftNormal(a);
rightNormal(a)=getRightNormal(a);
if((leftNormal(a)!=rightNormal(a))||(IeftNormal(a)!=rightNormal(a)))
Il corner node
start=true;
for (j=0; j<M; j++)
if (dist_to_end(y™™, S(j))>0)
if (start==true) {minD=dist(y™*", S(j)); start=false;}
else
if (dist_to_edge(y™, S(j))<minD)
minD=dist to _edge(y™"", S(j));
end if
end if
end if
end for //end of for loop on |

h,*” = min(minC, minD);
else // for smooth boundary nodes
start=true;
for (j=0; j<M; j++)
if (y™* is on S(j))
distl = dist(y™", (x(), ys(0))):
dist2 = dist(y ™", (xe(j), ye(i));
temp = min(distl, dist2)
else temp = dist_to_edge(y™, S(j));
end if
if (start==true) {minD=temp; start=false;}
else
if (temp<minD) minD=temp;
end if
end if
end for

h, ™ =min(minC, minD); // set the sub-domain radius

end if
end for
/l End of Algorithm 5.4.3

Algorithm 5.4.4: Determine the support domain radius for each node.

Given: {y™ ,a=0,1,..N-1} where y™ represents the location of node a and N is the number of nodes;
sub-domain radii { h:a> ,a=0,1,...,N-1} from algorithm 3.1; safety number N; Basis, the current choice of basis

(linear, quadratic, or cubic).
To find: support domain radii {lw™", a=0,1,...N-1}
/*
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Note: This algorithm assumes that the following functions are available:

dist(y*®, y*®) : Returns distance between nodes y

*/

Step 2:

Step 3:

Step 1:

<b>

andy™".

<a>

for (a=0; a<N; a++)

Iw*> = h*; //Initial estimate for 1w
close_nodes(a) = -1;

/Istore the index of nodes in the domain of definition of y

<a>

dist _close(a)=-1;

/Istore the distance between the concerned node and other nodes in

domain //of definition

far nodes(a) =-1;

/Istore the index of nodes outside the domain of definition
dist_far(a)=-1;

[Istore the distance between the concerned node and other nodes outside

//domain of definition
end for // end of for loop on a
for (a=0; a<N; a++)
if (Basis == linear) N;=3+Nj;
else if (Basis == quadratic) N;=6+Nj;
else if (Basis == cubic) N;=10+Njg;
end if //end of if-else block on monomial basis
N»=0; j=0; k=0;
for (b=0; b<N; b++)

if (al==b)
if (dist(y™, y™)<lw™) // y=*is in domain of definition of y
N,=N,+1; close nodes(j)=b;
dist close(j)=dist(y™,y™);  j=j+1;
else // y="7is outside domain of definition of y
far nodes(k)=b; dist far(k)= dist(y™*, y<b>);
k=k+1;
end if
end if //end of if-else block on dist(y

<a>

<a>

<a>1 y<b>)

end for // end of for loop on b

J =3j; /lthe number of nodes in the domain of definition of y
K = k; //the number of nodes outside the domain of definition of y

<a>

<a>

close nodes=sort(close nodes, dist close, J);

/lrearrange the J first index of close_nodes according to the dist_close
far nodes=sort(far nodes,dist far, K);

/lrearrange the K first index of far_nodes according to the dist_far

if (N;==N,) break;

else if (N;>Ny)

for (m=0; m<N;-Ny; m++)
1W<far_nodes(m)>: 1.1* 1W<far_nodes(m)>_

/lincrease the support domain radius by 10% for the nearest N1-
N2 //nodes(except the nodes in the domain of definition).
end for
go to Step 3.
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else

for (m=0; m<N;-Nj; m++)
1W< close_nodes(K-1-m)> _ 0.9% 1W< close nodes(K-1-m)>,

//decrease the support domain radius by 10% for the furthest N2-
N1 //nodes in the domain of definition.
end for
go to Step 3.
end if
end for
/l End of Algorithm 5.4.4

After we automatically set the sub-domain and support domain for each node using
Algorithm 5.4.3 and Algorithm 5.4.4, the user-supplied information and the computed
information (node locations, sub-domain radius, support domain radius, and essential boundary
conditions) are provided to the meshless solver.

Our pre-processor can be used with most meshless methods, since the required
information is usually the same. The user needs to write a translator to convert the input file

generated from our pre-processor to the form that is required by the meshless method being used.

5.5 Post-processor

The post-processor provides a convenient graphical user interface for visualization of
numerical solutions obtained from the meshless solver. Generally, the post-processors that are
designed for use with finite element packages use the idea of an element to produce contours of
the desired field variable. The problem domain is usually traversed element by element, and a
coloring scheme for the element under consideration is synthesized, based upon the values of the
field variable of interest within that element. This approach works very well when the domain
has been discretized into elements, but the discretization that is done in a meshless method has
no elements and so this approach is inapplicable. Instead, we have developed two truly element-
free methods for generating the desired color contours. One method is purely node-based and
results in the generation of coarse color contours using a computationally lean algorithm; the
second method is pixel-based and generates fine color contours using a method that is
computationally more intensive. It is expected that coarse plotting will be used more in the early

stages of an analysis or design project, and fine plotting will be used more in the later stages.
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In addition to coarse contour plotting and fine contour plotting, the supported displays
include path plotting of field variables, geometry plotting, sub-domain plotting and support
domain plotting. Table 5.1 outlines the capability of each of these displays, and a more detailed
description is presented later in this section. For coarse contour plotting and fine contour
plotting, we have two options for the color space: RGB and GRAY . In addition, the fine contour
plotting supports a low color resolution mode that is suitable for printing and a high color
resolution mode that is suitable for viewing on the screen. The methods for contour plotting that
are detailed below are used for both RGB and GRAY color spaces.

To use the post-processor, two ASCII files are needed, both of which can be generated
through the GUI. The first file is used to define the global boundary for fine contour plotting.
Table 5.2 shows the information in this file for the example of the infinite plate with a circular
hole presented in [19]. This example has one boundary comprised of 5 segments. The second file
is the output file generated by the meshless method. The format of this file is shown in Table 5.3
and Table 5.4. Table 5.3 shows material properties and parameters of the meshless method that
are written out at the top of the output file. Table 5.4 shows the information written out in the
output file for each node; this follows the material properties and parameters section in the file.
Both these files are automatically generated by our meshless solver, so no user effort is needed

to create these files.

5.5.1 Coarse contour plotting

Once we have the output file from the meshless method, we can do either coarse plotting
or fine plotting of field variable contours. Using coarse plotting we can quickly generate rough
contours of the field variable. This is very important when the nodal density is very large. For
problems with about 2800 nodes, fine contour plotting may take 500 times the CPU time that is
needed for coarse contour plotting.

The coarse plotting algorithm that we have developed is a node-based method. The basic
idea is to traverse the problem domain node by node. At each node we draw a circle of suitable
radius centered at that node, and color it uniformly according to the value of the field variable at
that node. Clearly, the circles for different nodes should be non-intersecting to avoid a conflict

when deciding the color of a particular circle. We accomplish this by making the radius of the
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circle centered at a particular node slightly smaller than half the distance to that node’s nearest

neighboring node. Algorithm 5.5.1 presents the details of the method used for coarse plotting.
Algorithm 5.5.1: Coarse plotting

Given: The field variable value for every node {value(i), i=0,1,...N-1}, where the number of nodes is N;
the color degree N,; type of display, colorspace where colorspace is GRAY or RGB, and size parameter

ce[0.1,0.4].
To find: the color components Color(i, 0), Color(i, 1), Color(i, 2) at node i and the radius Rad(i) of the
circle to be drawn centered at node 1, i=0,1,...N-1.
/*
For RGB colorspace, Color(i, 0), Color(i, 1), Color(i, 2) represent red, green, and
blue percentages at node i;
For GRAY colorspace, Color(i, 0) represents percentage of white and Color(i, 2) represents percentage of
black, with Color (i,1) unused.
*/
Step 1: Vi = value(0); Vimax = value(0);
for (i=0; i<N; i++)} //get the minimum and maximum value for the solution
Vinin =min(value(i), Vin); Vinax =max(value(i), Vimin);
end for
Step 2:  step = (Vinax-Vinin)/Ne;
if (N¢is even) N¢j= N =N, /2;
else { Nei= (N¢ /2)+1; Ne2 = Ne-Nep; }
end if
Step 3: for (i=0; i<N; i++) // determine the color and the radius of the circle centered  //at
each node
if (value(i)==Vmin) degree=0;
else if (value(i)==Vax) degree= N -1;
else
for (j=0; j<Nc; j++)
if (((Vmintj*step)<=value(1))&&((Vmint(j+1)*step)>value(i)))
{degree = j; break;}
end if
end for
end if
if (colorspace==GRAY)
Color(i,0) = (degree*160/( N, -1))/255;
/lin order not to make it difficult to recognize nodes on screen, we use
/1160 to calculate the lightest color.
Color(i,1) =0.0;
Color(i,2) = (255-degree*255/( N, -1))/255;
else if (colorspace==RGB)
if (degree< N¢;) //from blue to green
Color(i,0) = 0.0
Color(i,1) = degree*255/(N;-1);
Color(i,2) = 255-degree*255/( N¢;i-1);
else //from green to red
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Color(i,0) = (degree-N¢;)*255/(N;-1);
Color(i,1) = 255-(degree-N¢;)*255/( N¢i-1);
Color(i,2) = 0.0;
end if
end if

Rad(i) = C*h,™;
end for
/l End of Algorithm 5.5.1

5.5.2 Fine contour plotting

As noted earlier, mesh-based post-processors typically work by traversing the mesh
element by element and determining the color coding for each element based on the computed
value of the field variable of interest; this information is then mapped into the device space of the
display terminal to generate the image that the user sees. In the meshless post-processor
presented here, we work in the opposite direction. Specifically, we traverse the device (screen)
space corresponding to the problem domain pixel by pixel, and for each pixel we compute the
point in the problem domain space that it maps to; based on the computed value of the field
variable of interest at this point, we set the color of the pixel. This allows us to assign colors to
points that lie in between nodes. Further, since we address each pixel individually, we are
guaranteed to have the highest possible precision in terms of the color coding. In fact, this is as
close as we can come to a true continuous variation in the coloring on a discrete (pixel-based)
display device.

The post-processor has been implemented in JAVA, and the pixel-based approach that
we use for fine contour plotting makes extensive use of the transformation between pixel

coordinates and world coordinates. The transformation is implemented using the following:

x' S 0 STx ||x
y'+=|0 -S -STy|{y (17)
1 0 0 1 1
X S 0 STx| [x'
yr=[0 -S -STy y' (18)
1 0 0 1 1
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x' X

where {y': are the pixel coordinates for point P, and <y ; are the world coordinates for point P.
1 1

S is the factor by which coordinates are scaled along both the X and the Y directions; Tx is the
distance by which coordinates are translated in the X direction and Ty is the distance by which
coordinates are translated in the Y direction. If we know the pixel coordinates for point P, we can
get the corresponding world coordinates using Equation 18.

The coefficients S, Tx, and Ty can be easily found once we know our area interest in the
problem domain and our display area on the screen. For this purpose, we employ a world
coordinate system oxy and pixel coordinate system o'x'y' as shown in Figure 5.7. We assume that
a one rectangular area of interest in the world coordinate system oxy maps to a known
rectangular area in the pixel coordinate system o'x'y'. We also assume that we want the center C
of the rectangle in the world coordinate system to be mapped to the center C' of the rectangle in
the pixel coordinate system after transformation. The width W and height H of the rectangular
area of interest in the world coordinate system are known from the problem extents or user-
specified zoom limits. The width W' and height H' of the display area are found by querying the

JAVA component on which the drawing is done. We can get the scaling factor scaleX in the X

U

direction by noting that scaleXZ% . Similarly, the scaling factor scaleY in the Y direction is

given by scaleng . We will select the lower of scaleX and scaleY to be the scaling factor S
e . . W H. .

along both X and Y axis directions. The coordinates of the point C are (7,3) in world

: . : W . :
coordinates, and the coordinates of point C’ are (7,?) in pixel coordinates. After we get the

scaling factor S, according to Equation (17), we can calculate Tx and Ty:

_W-SW T _H4SH
28

Tx

In addition to the pixel-to-world and world-to-pixel coordinates, we need to be able to

calculate the value of the field variable at any point in the domain. This is done by reading the
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actual displacements, fictitious displacements, stresses, and strains at each node from the output
file and applying Equations (13) through (16), depending on the field variable that we are
working with.

For fine contour plotting, we support two different kinds of plotting: low color resolution
fine plotting and high color resolution fine plotting. For the former, we use only limited levels in
the color scale (usually 8), but for the latter we use 512 colors for RGB color space and 256
colors for GRAY color space. The low color resolution plotting is intended for printing purposes
because of the higher contrast between colors, while high color resolution plotting is intended for
viewing on screen. Algorithm 5.5.2 below describes the details of the pixel-based fine contour

generation algorithm.
Algorithm 5.5.2: Fine plotting

Given: The global boundary segments {S(k), k=0,1,...M-1} where M is the number of Segments; the
fictitious displacement of each node {fict dispX(i), fict dispY(i), i=0,1,...N-1}, where the no. of nodes is N; the
location for each node loc(i)=(x(i), y(i)), i=0,1,...N-1; the color degree N; type of display, colorspace where
colorspace is GRAY or RGB.

To find: the color for each pixel that is located in this problem domain in pixel coordinates.

/* Existence of the following function is assumed:

toPixel(x): Return the pixel coordinate of world space point x (See Equation (17)).

*/

Step 1: Xmin = X(O)a Xmax = X(O)a Ymin = Y(O), Ymax = y(O),
for (i=0; i<N; i++) //get the minimal and maximal value for x and y
Xmin =MiN(X(1), Xmin) ; Xmax = Max(X(1), Xmax);
Ymin = MIN(Y(1), Ymin); Ymax = Max(y(1), Ymax);
end for
Step 2:  (X'min,» ¥Y'min »1)=toPixel((Xmin, Ymin,1)); //use Equation (17) to get the values
(X'max> ¥'max »1)=toPixel((Xmax, Ymax »1)); //in pixel coordinates
Step 3: Nox= X'max ~X'min; NO}’: y'max - y'min;
diVX:( Xmax = Xmin)/NOX; leY:( Ymax - Ymin)/NOy;
N1:O;

Step 4: k=0, //index of the pixel in the problem domain

for (i=0; i<Noy; i++) //go through each pixel in the minimum rectangle to see //if
this pixel is in the problem domain or not

Y= Ymin +divY*i;

for (j=0; j<Nox; j++)
X= Xmin TdivX*j; worldPt=(x, y);
referPt=(Xmin, ¥); //0n the left side of the minimum rectangle
seg=Line(worldPt, referPt); //connecting the referPt and worldPt
insection=0; // the number of insection between seg and the boundary
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onsegment=false;
for (k=0; k<M; k++) //check the relationship between seg and boundary
if (worldPt is on S(k)) {onsegment=true; break;}
end if
if (insection(S(k), seg)) insection= insection +1;
end if
end for
if ((insection==0dd)||( onsegment==true))
/I if insection is odd, the worldpt is in the problem domain
N; =N;+1;
(Nx, domainofDefinition)=getDomainOfDefinition(worldPt);
/N is the no. of nodes in the domain of definition of worldPt
/l[domainofDefinition is the array of index of nodes in the domain
//of definition
out=getTheSolutionValue(Nx, domainofDefinition, worldPt);
/I refer to Equations.13-16
PtInDomain(k)=worldPt; //Save the point in an array
PtInDomainValue(k)=out; //Save corresponding value of variable
k=k+1;
end if
end for //end of for loop on j
end for //end of for loop on i
Step 5:  Viyip=min{PtInDomainValue(i), i=0,...,N;-1};
Vimax=max {PtiInDomainValue(i), i=0,..., N;-1};
Step:(vmax‘vmin)/Nc;
if (N¢ is even) N¢=N=N, /2;
else { Nej= N /2+1; Neo=N¢-Nei;}
end if //end of if-else block on N¢

Step 6: for (i=0; i<N;; i++) // determine the color for each pixel inside the problem
//domain

value= PtInDomainValue(i);
if (value==V,i,) degree=0;
else if (value==V ) degree=N,-1;
else
for (7=0; j<N¢; j++)
if ((Vmintj*step)<=value)&&((Vmint(j+1)*step)>value)
{degree=j; break;}
end if
end for
end if
if (colorspace==GRAY)
Color(i,0)=(degree*160/( N, -1))/255;
/lin order not to make it difficult to recognize nodes on screen, we use
/1160 to calculate the lightest color.
Color(i,1)=0.0;
Color(i,2)=(255-degree*255/( N -1))/255;
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else if (colorspace==RGB)
if (degree< N¢) //from blue to green
Color(i,0)=0.0
Color(i,1)=degree*255/(N.;-1);
Color(i,2)=255-degree*255/( N¢i-1);
else //from green to red
Color(i,0)=(degree-N1)*255/(N¢;-1);
Color(i,1)=255-(degree-N¢;)*255/( N¢;-1);
Color(i,2)=0.0;
end if
end if
end for
// End of Algorithm 5.5.2

5.5.3 Geometry plotting
Using geometry plotting, we can draw the undeformed and deformed geometry of the
problem domain using the data provided in the second file describe in this chapter. For the
undeformed geometry, we will draw the initial position for every node along with the boundaries
given by the user. For deformed geometry, we just the draw the final position for each node. In

both case, the size to which each node is drawn is user controllable.

5.5.4 Path plotting
Using this function, we can see how field variables of interest are distributed along a
specified straight line in the problem domain. In addition to selecting the field variable to be
plotted, the only data that the user needs to provide are the coordinates of the two end points of

this line and the number of divisions to be used for plotting along this line.

5.5.5 Sub-domain plotting and support domain plotting

The sub-domain radius and support domain radius for each node are important
parameters. Using these functionalities, we can directly visualize the sub-domains and support
domains that are defined. For sub-domain distribution, we can know if the sub-domain of any
node exceeds the problem domain or not. For support domain distribution, we can know if the
support domain radius is suitable or not. A zoom-in/zoom-out facility is provided to allow closer
inspection of sub-domains and support domains in any region of interest.

Our post-processor can generally be used with other meshless methods as long as a data

translator is provided to convert the format of the output file into the format our meshless method

224



uses. Since all meshless methods use fictitious displacement to construct the system equations,

and all the files required by the post-processor are ASCII, this is easy to do.

5.6 Example

This section presents in detail an example to illustrate the capabilities of the pre-
processor and the post-processor to produce graphical representations of the results obtained
using the meshless method. The example is an infinite plate with a circular hole.

The Figure 5.8 shows the interface of the software package that was developed using
JAVA. This software gives us the flexibility of changing the color degree and deformation factor
and switching the color space between RGB and GRAY. Changing the deformation factor will
exaggerate the actual deformation when the actual deformation is very small.

The test example is an infinite plate with a circular hole in the center subjected to a
uniform remote tension o in x; direction which is used for testing in [19]. The exact solutions for
the stresses are given in [25], and agree well with our results.

Because of symmetry, only the upper right quadrant of the plate was modeled. The model
geometry has 336 nodes with more nodes concentrated around the hole. The material properties
used in the calculation are E=1000 MPA, v =0.3 with plane strain condition, andc =1 MPA.
The essential boundary conditions were applied on the right, the upper, the left and the bottom
edges. On the remaining edge (the inner circle), the natural boundary conditions (free traction)
were applied.

To generate the input file, we need to use the GUI to enter the geometric model, as well
as definition of material, boundary conditions, and other parameters for the meshless method.
Then by using our pre-processor, we can automatically generate the input data for the meshless
solver, from which we can get the output file needed for our post-processor.

Contour plotting includes coarse plotting, low color resolution contour plotting and high
color resolution contour plotting. For each function, we can plot the contour plots for

displacements (u,,u, ), stress (o,,, ©,,,and 6,,), strain (¢,,, €,,, and g,,), principle stress

(6"",6?), and principle strain (¢ ,&?).
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5.6.1 Coarse contour plotting
Figure 5.9 gives the plots for several field solutions for visualizing field variable

contours.

5.6.2 Low color resolution fine plotting
Given a certain number of color degree, using this function we can draw the contour for
the whole problem domain. Low color resolution contour plots for RGB color space are
presented in Figure 5.10a and Figure 5.10b; low color resolution contour plots for GRAY color

space are presented in Figure 5.10c and Figure 5.10d.

5.6.3 High color resolution fine plotting
This function also draws the contour for the whole problem domain. High color
resolution contour plots for RGB color space are presented in Figure 5.11a and Figure 5.11b;
high color resolution contour plots for GRAY color space are presented in Figure 5.11¢ and
Figure 5.11d. When we compare Figure 5.10 and Figure 5.11, we see that Figure 5.10 is easier to
interpret better than Figure 5.11 for printing because of the high color contrast between colors.

However, the plot shown in Figure 5.11 is better than that in Figure 5.9 for viewing on screen.

5.6.4 Path plotting
Given a starting point and ending point along with the division number, using this
function we can get the distribution of field solutions along this straight line. The path plot for

o,, is presented in Figure 5.12a.

5.6.5 Sub-domain plotting
Using this function, we can draw the sub-domain for each node. This can give us a better
understanding of the sub-domain size for all nodes and how the sub-domain of one node is

coupled with those of others. Figure 5.12b gives the sub-domain plot for this example.

5.6.6 Support domain plotting
We draw the support domain for each node to visualize its geometry. For any node, we
can see which other nodes will have an effect on this particular node and the locations of these

nodes. A support domain plot is presented in Figure 5.12c.
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5.6.7 Geometry Plotting

We can draw the undeformed and deformed geometry of the problem domain for better
understanding of the geometry of the problem. Geometry plots are presented in Figure 5.13.

In this example, the coarse plotting can be done within one second because the field
solution values are either available in the postprocessor.txt (for displacements, stresses and
strains) or can be gotten very quickly (for principle stresses and principle strains). Low color
resolution fine contour plotting and high color resolution fine contour plotting can be done about

9 minutes approximately for the node distribution that is shown.

5.7 Concluding Remarks

In recent years, meshless methods have been developed as an alternative numerical
approach to eliminate the known drawbacks in the well-known finite element method, meshless
methods do not require a mesh to discretize the problem domain, and the approximate solution is
constructed entirely based on a set of scattered nodes. To use a meshless method, the user should
generate an input file in which the nodes information is included. This paper presents a
quadrilateral-based pre-processor to define the data and discretization scheme for meshless
analysis. To use the pre-processor, the user needs to use the graphic user interfaces to enter the
geometric model, as well as definition of material, boundary conditions, and other parameters for
the meshless method

To better understand the results obtained from meshless methods, the user may need post-
processing support for analyzing and visualizing the results. In this paper, we describe a post-
processor that is truly meshless, and can therefore be used directly with meshless solvers. In the
meshless post-processor presented here, we traverse the device space pixel by pixel and for each
pixel, compute the point in the problem domain space that it maps to; based on the computed
value of the field variable of interest at this point, we set the color of the pixel. By working from
device space to domain space instead of the other way around, we are able to completely
eliminate the need for a mesh to support post processing.

The graphic user interfaces for pre-processor are very friendly and easy to use, and the
pre-processor and post-processor can be made to work with any meshless solver. One extensive

examples is presented to demonstrate the capabilities of the pre-processor and the post-processor.
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The results show that the pre-processor and the post-processor are effective and the latter is

computationally viable visualization tool for meshless methods.
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Figure 5.1 Schematic diagram illustrating the meaning of local sub-domain and support

domain

Local sub-domain Q>

Local sub-domain Q'

Support domain
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Figure 5.2 Schematic diagram showing the domain of influence for a node y*~ and the

domain of definition for a point x

Local sub-domain Q'

Domain of influence of node y*

<b> <b> : <a>
® Nodes y™ where w™ #0 in Q Domain of definition of point x
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o Nodes y*” where w** (x)=0
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Figure 5.3 Interfaces for setting model information, essential boundary condition, and

natural boundary

# Model Setting Dialog
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Figure 5.4 Internal nodal refinement

(a) (b)

(c) ()

Figure 5.5 Nodal refinement on boundary

(a) {b) (c)

Figure 5.6 Nodal refinement dialogs
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Figure 5.7 Schematic diagram showing how we get the parameters S, Tx, and Ty for the

transformation between pixel coordinates and world coordinates

A
y
H
+C
0,0 .
0(0.0) (a) World Coordinate '
X
o' (0, 0)
HV
+C'
NANR
(b) Pixel Coordinate

236



Figure 5.8 Interface of the software
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Figure 5.9 Coarse contour plots for infinite plate with a circular hole. (a) (b) RGB color

space. (¢) (d) GRAY color space plate
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Figure 5.10 Low color resolution contour plots for infinite plate with a circular hole
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Figure 5.11 High color resolution contour plots for infinite plate with a circular hole
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Figure 5.12 Infinite plate with a circular hole. (a) Path plot. (b) Sub-domain plot. (c)
Support domain plot
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Figure 5.13 Geometric plots for infinite plate with a circular hole
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Table 5.1 The functionalities the post-processor has

Content Explanation
Coarse plotting draw the contour plot only at known nodes
Low color resolution draw the contour plot at each point using limited levels in the
contour plotting color scale
High color resolution draw the contour plot at each point using high levels in the color
contour plotting scale
Path plotting draw the distribution of concerned solution along a given path
Geometry plotting draw the undeformed or deformed geometry or both
sub-domain plotting draw the distribution of sub-domain for each node
support domain plotting draw the distribution of support domain for each node

Table 5.2 The complete information the first file contains in post-processor for hole

example
Content Explanation
1 number of boundaries
5 number of segments of the first boundary
LINE Type of 1* segment of 1* boundary
0.0 1.0 0.0 5.0 start point and end point; both u,and u, are specified
LINE Type of 2™ segment of 1 boundary
0.0 5.0 5.0 5.0 start point and end point; both u,and u, are specified
LINE Type of 3" segment of 1* boundary
50 | 5.0 5.0 0.0 start point and end point; both u,and u, are specified
LINE Type of 4™ segment of 1* boundary
50 | 0.0 1.0 0.0 start point and end point; both u,and u, are specified
ARC Type of 5" segment of 1* boundary
olol 1 1o 0 | center, start point and end Point; neither u, nor u, is
specified
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Table 5.3 Material properties and parameters of the meshless method for hole example

Content Value Explanation
No 336 number of nodes
E 1000 Young’s modulus
Nu 0.3 Poisson’s ratio
PlaneType 0 0: plane strain; 1: plane stress
FunKind 1 type of weight function; ( 0: Gaussian; 1: spline; 2:cosine)
basis 1 type of monomial basis; (1: linear; 2:quadratic; 3:cubic)

Table 5.4 The information written out in the output file by meshless solver for each node

Content Value Explanation
X 0.0 X coordinate of this node
Y 5.0 Y coordinate of this node
UhX 9.26E-6 fictitious displacement value of this node in X
UhY -0.0022 fictitious displacement value of this node in Y
Ux 0.0 actual displacement value of this node in X
Uy -0.0022 actual displacement value of this node in Y
SigXX 1.0194 stress value of o,
SigYY -0.0194 stress value of o,,
SigXY 0.01 stress value of G,
Exx 0.00094 strain value of g,
Eyy -0.00012 strain value of ¢,,
Exy -0.00039 strain value of ¢,
Sub-domain 0.5 radius of the sub-domain for this node
Support domain 1.65 radius of the support domain
Type of node 1 1: boundary node; 0: interior node
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CHAPTER 6 - Over Summary and Conclusions

In this work, a meshless integral method based on the regularized boundary integral
equation has been developed and applied to two-dimensional linear elasticity and elastoplasticity
with small or large deformation. The meshless integral method is built on an earlier method
proposed by Atluri and coworkers based on the local boundary integral equation representation
for linear elasticity and incorporates improvements in four areas: First, a subtraction method is
used successfully to remove the strong singularity in the governing equations and make the
formula rather straightforward and more accurate in numerical solution than the direct limit
approach used in [1], and simpler than the lengthy singularity removal treatment proposed in [2].
Secondly, accuracy is improved by employing a special numerical integration technique for the
calculation of integrals with weak singularity (logarithmic type). A new method is also proposed
to handle the essential boundary conditions explicitly, exactly, and efficiently. Finally, the
natural boundary conditions are incorporated in the system governing equations and require no
special handling.

The use of exact singular kernels (the fundamental solutions) contributes to the high
accuracy of the governing boundary integral equations, while the singularity removal scheme
introduced in this work makes it possible to solve the integral equation numerically with great
precision. The method can be extended to 3D linear elasticity without major difficulties.
Furthermore, this meshless method is truly meshless method and does not require a background
mesh for interpolation or integration. Selected test problems were solved by this method and the
results obtained were very accurate.

With the introduction of elastoplasticity with small deformation, an elastoplastic
meshless integral method is obtained. The governing integral equation is obtained from the weak
form of elastoplasticity with small deformation over a local sub-domain. The constitutive law
used is rate-independent flow theory based on von Mises yielding criterion with isotropic
hardening. Fixed point iteration (FPI) method is employed to solve the nonlinear governing

equations. With the FPI method, the differentiation of the stiffness matrix is not needed, which
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makes the formulation simple, and the implementation relatively easy. Finite element results are
used as the bases for comparison with the meshless results. Numerical results show that this
method can handle any prescribed loading profile, including unloading and reversed loading.
This elastoplastic meshless method has shown good accuracy in numerical test problems (the
constant patch tests, the shear patch test, the finite plate with a circular hole problem, and the
thick-walled cylinder problem). In the thick-walled cylinder problem, it is shown that the sub-
domain radius has a strong influence on the accuracy of numerical results, as does the yield
criterion.

With the introduction of elastoplasticity with large deformation, a meshless method is
obtained for analyzing large deformation of elastoplastic materials. Green-Naghdi elastoplastic
theory is used for large deformation along with an updated Lagrangian description. The Green-
Lagrange strain is related to the second Piola-Kirchhoff stress, and the yield function is
constructed in the space of the second Piola-Kirchhoff stress. Fixed point iteration is employed
to solve the governing equations, which are nonlinear because of the material nonlinearity
(elastoplasticity) and geometric nonlinearity (large deformation). For problems with only large
deformation, the results obtained were compared with the results from hand calculation solution
and finite element analysis. For problems with both elastoplasticity and large deformation, the
comparison is made between results from our meshless formulation and results from finite
element analysis. The numerical results show excellent accuracy.

To use the meshless methods above, the user should generate an input file which contains
the nodal information. A method based on generalized quadrilateral sectors is used to derive a
pre-processor to assist the user in defining the data and discretization scheme for the proposed
meshless method. The user can use the graphic user interface to enter the geometric model, as
well as the definition of material, boundary conditions, and other parameters that are needed in
the input file. A post-processor that is truly meshless is presented to enable users to analyze and
visualize the results. In this post-processor, we traverse the device space pixel by pixel and for
each pixel, we compute the point in the problem domain space that it maps to. Based on the
computed value of the field variable of interest at this point, we set the color of the pixel. Using
this method, we are able to completely eliminate the need for a mesh to support post processing.
Results show that the pre-processor and the post-processor are effective and the latter is a

computationally viable visualization tool for meshless methods.
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Future research in this area could involve the extension of meshless integral method to
perform analysis for 3D problems and coupling the meshless method with FEM. Most of the
work related to the development of meshless method has been in 2D applications. It is clear that
the potential of any meshless method lies in its possible application to 3D problems for which the
discretization of the problem domain using traditional FEM is an expensive and tedious job.
Meshless methods have shown great advantages over FEM, but the computational cost of a
meshless method typically exceeds the cost of FEM. Furthermore, given the level of maturity
and comprehensive capabilities of FEM, it is often advantageous to apply meshless method only
in the local domains, where the advantages of meshless methods over FEM can be exploited to
the fullest.

This research lays the foundation for modeling and simulation of metal cutting processes
which are characterized by large deformation with elastoplasticity and moving boundary. This
model could include the thermal effect of plastic deformation on the workpiece and tool. Using
the augmented Lagrangian method, we could develop a contact algorithm, since the cutting
process involves contact between the tool and the chip. The stick-slip formulation can be
implemented for contact friction, using geometrical and/or physical criteria for detecting chip
separation. The numerical solution of the resulting equations can be done using the central
difference method, which is generally the method of choice for dynamic problems. Once models
of the metal cutting process are developed using the meshless integral method, we will be able to
predict the tolerance and residual stresses on the machining surfaces. This can be used as a basis

for optimization of the cutting parameters, and for predicting the tool wear.
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Appendix A - Derivation of Meshless Integral Equation for

Elastoplasticity with Small Deformation

In this section, we will explain the derivation of the equation 14 in Chapter 3.

We start with equation 4 in Chapter 3:

_[(Gij,j(x)"‘bi(x))gi(xay<a> )dQ(X)Z 0 A.l

Q<a>

In this work, following Atluri et al., we use a special test function defined by

g (X, y™ ) =1y (X, AN N (y<a> ) = (uy — Uy ey (y<a> ) Al
Here u,, is the fundamental solution of elasticity and 1, is the companion solution.

They are related to the stress fields o,, and G, that satisfy the following equations:

G?k,k (Xay<a>)+ 6(X,y<a>}3i =0 A3
=0 in‘x vy <h:®
A4
U, =u, on‘x y<a> hi®

In A.3, 3(x,y™) is the Dirac delta function, and the differentiation operates on the field
point x . By construction, the special test function ﬁ]l is zero on the circle of radius h;*”

<a>

centered at y=~. With ﬁ; as the test function, A.1 may be written as:

[(6,00)+ b, )T, e,y fd2(x) = 0 A5

Q<">

[0, )T ey kdx) + [b,(x)T 5.y fd2(x) = A6

Q<a>

Because of the fact that:

aj(G ( )ukl( ay< >)e ): Giij (X)ﬁ; (Xay<a>)ek +Gij(x)ﬁlti,j (Xay<a>)ek A7

If we apply the second Green theorem to the left-hand side term of A.7:
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Iéj(cij (x)uy, (x,y<a>)ek)i§2 = J(cij (x )iy, (x,y<a> )ek)nde A8
Q oQ
A.7 and A.8 yield:
I(Gij,j(x)ﬁlti (X’y<a>)ek +0; (X)ﬁ;,j(x’y<a>)ek )iQ
¢ A9
= J.(cs].j(x)ﬁ; (x,y<a>)ek }1de
oQ
Ic.jj(x)ﬁ; (x,y<a>)e dQ
@t A.10
( X)uk( )e)qdl“ .[G uk]( )3dQ

Similarly, we can write the same equation switching the test function and the non-test

function and obtain the following equation:
[ by bk 3y o (ki
A1l
= (’6;(x,y (@) )Lli X )1‘1de
6(2

Expressing o;; as:

e}

— € cor __ € cor
Gy =0 +0; = Cyuy, + 0 A.12

jcij(x)ﬁ;i,j( N k dQ j(cjklukl +G )uk J( >)e dQ(X)

Q<

J.C]klukluk J( )3 dQ (5 uk J( )3 dQ A.13

and making use of the following equation (the Betty’s reciprocal theorem):
X, (% y " R do(x (x, vy Ju, (x)d0(x) A4

We can rewrite A.13 as:
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jcij(x)ﬁ;,j(x <a>)e dQ X = I(C'ejklukl +0'c'or)ﬁ1ti,j(x’y<a>kde(X)
o

= Iuklckldﬂ( [o5 ukj< )edQ A.15
(ol

_ .[G U, dQ .[Gij uki’j(x,y )edex

Q<

A.11 and A.15 yield:

.[Gij (X) i J (X’ y )ede(X) = J.(S] (Xa y© )ui (X))n dr
“ A16

_I JJ(Xy )"1(th+ IG uk Xy<a>)3 dQ

From A.12 and A.10, we can get:

JJX)uk( )EdQ I( uk(xya)ek}'ljdl“
‘£(5JXY "o, (x) )nd“f oy by (xpo A17

IG y<a> k dQ
Taking into account the fact that t; =o;n;, A.17 becomes:

IG”( )uk(xy )edQ It uk(xy )edF
J‘?k X,y e, u, (x)dI + JGH Y o, (x MO A.18
o0
J.cs ﬁ x Y )edQ
A3, A4, A.6 and A.18 together yield:
J‘t Xy, (x y<a>)e dr - '[tk X,y e, u, (x)d - IBxy<a> u, (x)dQ

_ .[Gij uki,j X,y" )ede ( )edQ : A.19
o

If we change the indices in A.19 so that all the components of e would be expressed with

the same dummy index i, it leads to:
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It (X)ﬁj (Xa y* )eidr - J.?u* (Xa y* )eiu '(X)ir - IS(X, y )eiui (XhQ

_ fcjk WL oy )edQ fb ey )edQ » A20
o

As e, is arbitrary, we obtain the concluding equation:
iz 4 (o) (e y < Jr - Ej o,y (xr - QIS(XY (xH0 .
- QL o ey HOf) + Q o) .y hia(x)=0 |

After the removal of strong singularity, we obtain equation 3.14:
U = —Qja W (x, ¥y ) oo ()dQ + N J.rﬁj (x, ¥y )t,(x)dT
- I ?J (X, y< )uj(x)dr an jfj (X’ v )u(uj gx) ut)dr A
4 Qjﬁj(x v )b, (x)dQ o
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Appendix B - Derivation of Meshless Integral Equation for

Elastoplasticity with Large Deformation

In this section, we will explain the derivation of how to get the equation 14 in Chapter 4.

We start with equation 4 in Chapter 4:

I(TU,J(X) +pof; (X))gI(X,Y<a> )dQO(X) =0 (B.1)

Qo<a>
In this equation, Q;* < €, is a sub-domain related to node <a>, Y**" is the position

vector of node a which is also called a source point, X is the integration or field point which
may or may not coincide with a node, and g, is the test function. In this work, following Atluri

etal. [16][17], we use a special test function defined by

gI(X’Y<a>):ﬁ; (X’Y<a> J(Y<a>) (B.2)

where e, represents the j-th component of a unit force vector, Ui, is the special test function.

With the test function B.2, equation B.1 can be written as:

IQSa> TIJ,Jﬁl*(l(X7Y<a>)eKdQO = LQSD Ty (X)ﬁl*(l(X’Y<a>)eKanF0

o (B.3)
- IQSa> Ty (X)ul(l,_l (X, Y™ )e,dQ,
Similarly, we have:
JQSD ?I?,JuI(X)dQO + J.QSa> Ty (X)u,;(X)dQ, = j596a> T, (X, Y™ )un,dr, (B.4)

Where
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I Tyyg (X)ﬁI*(I,J (X’ Y K (Y<

<a>
Q0

<a>
QO

e, (x)

= j Gl (CIEJMNUM,N ;X(—l)ﬁLJ (X’ Y™ )eK( g )on (X)

b [ O (0T (XY e (Y J0 (X)
Q5 L

= J-Srl (0 + Au, )CiJMNUM,NﬁI*(I,J(X’ Y™ K(Y<a>)dQO (X)

<a>
Q(]

<a>
QO

o [ 6L 0T, (Y (Vi (X)

= I(SIL + 6rIAur,L)CiJMNUM,NﬁI*(LJ (X, Y™ )eK (Y<a> )on(X)

Q<a>

+ j G! a; e T (XU, (X, Y o (Y O, (X

- J- CUMNUM,NuKLJ(X’Y )eK( )dQO

<a>
Q(]

+ erIAur,LCiJMNUM,Nﬁ;LJ (X’ Y<a> k]( (Y<a> hQO (X)

<a>
QO

# [ LT 0, (X Yy (Y e (X)

L

= UG (XY™ 0, (X) +

Q<a>

+ [ G o, X (X, (X, Y )e (V< o, (X

(o7ie

From B.5, we have:
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J.UM,N [GQ[ Il ;E:N (X’ Y<a>hQO(X) .[6 Au CiJMNUM,N,ﬁ:‘(LJ (X’ Y<a>kK (Y<a>}iQO (X)

Q5 fohe

j G! a; P e (X, (X, Y e (Y i, (X
= J‘UM,NTMN( Y >)dQO IBrIAur,LC;JMNUM,NaI*(I,J(X9Y<a>)3K( <a>)on(X)
o o

[ LT 0 (Y (Y b (X)
= jUI,J,%Ij (X’ Y<a> MQO (X) + J‘SrIAur,LCiJMNUM,Nﬁ]*(LJ (X’ Y<a> kK (Y<a> ﬁQO (X)
* ] ORI 00T (v b ()

For convenience, we denote:

= ISrIAur,LCiJMNUM,NaI*(I,J (Xa Y )eK (Y<a> )dQO (X)

o

+ j G! 8}’; e T (X, (X, Y ey (Y7l (X)

So B.6 can be written as:

o (Xig, (X, Y ey (Y i, (X j U, % (X Y 0, (X) + A

<a>
QO

B.4 and B.7 yield:
[ 0T, (X Y Jey (Y MRy (X) = (X, Y Ju, (X)n,dT

an> aQSa>

- 7, (X Y () + A

<a>
Qg

Combining B.3 and B.8 we have following equation:

j Tyl (X, Y 7)e dQ2, = j T, (Xl (X, Y )egn dI,

[oh

[erXY )u(X)ndr jTUJXY “u, (X)+ A

Qs Qs

B.1 and B.9 yield:
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[ o (X (X, Y™ )en,dly = [ % (X, Y Ju, (X)n,dT

i ;"

XY (0= AT+ [pef,(X) T (X, Y Jed0, (X) = 0

QSD QO<a>

B.10

B.10 can be rewritten as:

jG(Tu(X> ax B XY endr, - | (X, Y Ju, (X)n,dT

Eleys 05

+ [T, X,Y<a>)ul(X)—A” + [pofi(X) g (X, Y e d2, (X) = 0
o @

<a>
Q(J

B.11 leads to:

K¢ (T{’J(X)+ATU(X)) a;‘q(x Y )endly— [T (X, Y Ju,(X)n,dr

a0 05>

B.12
5 (XY () -A + j pof, (X) Ty (X, Y e, dQ2, (X) = 0
Q5 Qo<a>

Because G| =5, the first term of B.12 can be rewritten as:

[a (T&<X>+ATLJ<X)) ﬁL(X Y**)en,dl,

oY

= {8, (T},(X) + AT, (X)(3, +Au, )i (X, Y™*)eyn,dT,

Fle) (<)a>

= {8, T (X)(, +Au, )T (X, Y )egn,dl,

o

+ '[SrIATLJ (X)(6, + Aur,L)ﬁl*(I(X9Y<a>)eKanF0

GOt

B.13

Because T, =o,,, B.13 can be expressed as:

[ G (TU(X)+ATU(X)) ﬁ;(x Y )egn,dl’,

aQ<a>

= | ch(X)ﬁL(X,Y<ﬁ>)eKanPO+ [ TLXOAA, T (X, Y )egn,dl,  B.14

Ay<a> <a>
0Q; 0Q

+ [B,ATL(X)B, +Au, )T (X, Y )een,dl,

oo™

We denote:
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N = J.TI(_)J (X)AuI,LﬁI*(I(X:Y<a>)eKanFO

- 3 B.15
+ [BAT, (X3, +Au, )T (X, Y™*)en,dr,
g
B.12, B.14, and B.15 give us:
o (X (X, Y*)en,dly + A = [ (X, ¥ Ju,(X)n,dI
oY ot
* B.16
+ j T (XYl (X) - A + J’ pof (X) Wy (X, Y e d, (X) = 0
QO
Because T, =G,  we have:
o (X, (X Y )en,dl, + A = [&7(X, ¥ Ju,(X)n,dI
Qg * o0Qg* * B17
+ j &0 (X, Y Ju, (X) - A + j pof (X) Ty (X, Y e dQ, (X) = 0
a ol
With T =6)n,, B.17 becomes:
j TP (Xl (X, Y “)edly + A = [ (X, Y e, (X)dr
o058 Q" * B18
+ 8V e (X) = A+ [ pyfi(X) T (X, Y Jed, (X) =0
an> Qo<a>

If we change the indice in B.18 so that all the components of e would be expressed with

the same dummy index i, B.18 leads to:

[T (0T, (X, Y )e,dly + A7 = [T (X, Y™ ey, (X)dr

o ar B.19
w3 Y Jeu, () - A"+ [pf, (X) T (X, Y Je,d, (X) =0
Q> Q,\®

Where A” and A" are derived from A” and A” respectively:

J‘SrJAu CEKMN M NﬁTJ,K (X’ Y<a>kldQO (X)

O e (X (X, Y 2, (X)
L
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A" = [T (XA, T (X, Y )en,dT,
aQ§a>
+ [ AT (X)(B, +Au, )T (X, Y )eyn,dT,

ot

As e;jis arbitary, we obtain the following equation:
[T 0T, (X, Y= )dr, + B = [T (X ¥ Ju,(X)dr
o5 Q5

+ 30X Yy (X) =B+ [pof, (X) T, (X, Y= [0, (X) =0

Qéa> Q()<a>

B.20

Where B” and B” are derived from A” and A" respectively:

jerAu CLKMN M, Nul.l K( Y<a>}lg

X)) (X, Y, (X)
L

B" = [T (X)Au,, i}, (X,Y*")n,dl,
o0
+ B AT ()@, +Au, )T (X, Y™ )n,dl,

Fle) ﬁa>

After removing strong singularity using subtraction method, we obtain equation 4.14:
a;a>u;a> — J.T (X)'l\i;‘J (X Y<a>)dr B/// _ J. - X Y<a>)u (X)dr
r< >+l—w< a> C
[ (XY Ju, (X)-uj*)dr, - B’ B.21
I—*Ea> +l—'< >

+ _[pofJ(X)ﬁ;(X,Y<a>)dQO(X):O

Q0<a>
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. Jianfeng Ma, X. J. Xin, and Prakash Krishnaswami. Meshless Integral Method for
Elastoplastic Materials with Large Deformation. International Journal for Numerical
Methods in Engineering. (to be submitted)

. Jianfeng Ma, X. J. Xin, and Prakash Krishnaswami. Elastoplastic Meshless Integral Method.
Computer Methods in Applied Mechanics and Engineering. (to be submitted)

. Jianfeng Ma, X. J. Xin, and Prakash Krishnaswami. A Meshless Integral Method and Its
Application to Elastoplastic Problems. 7" World Congress on Computational Mechanics. Los
Angeles, California. July 16-22, 2006.

. Jianfeng Ma, X. J. Xin, and Prakash Krishnaswami. Meshless Integral Method with Mixed
Boundary Conditions in Elasticity. 11th Annual Graduate Research Forum. Kansas State
University, March 3, 2006.

. Jianfeng Ma, Prakash Krishnaswami, and X. J. Xin. A Truly Meshless Pre- and Post-
Processor for Meshless Analysis Methods. Advances in Engineering Software. 2007(38), 9-
30.

. Jianfeng Ma, Prakash Krishnaswami, and X. J. Xin. A New and Efficient Pixel-Based Post-
Processor for Meshless Method. 8th US National Congress on Computational Mechanics.
Austin, Texas. July 25-27, 2005.

. Jianfeng Ma, X. J. Xin, Anthony Bodin, and Prakash Krishnaswami. Nodal Density
Refinement and Adaptivity for the Meshless Integral Method. 27" World Conference on
Boundary Elements and other Meshless Reduction Methods. Orlando, Florida. March 15-17,
2005.

. Anthony Bodin, Jianfeng Ma, X. J. Xin, and Prakash Krishnaswami. A Meshless Integral
Method Based on Regularized Boundary Integral Equation. Computer Methods in Applied
Mechanics and Engineering, v195, n44-47, September 15 2006, p6258-6286.

. Jianfeng Ma, X. J. Xin, Anthony Bodin, and Prakash Krishnaswami. The Meshless Integral
Method: The Effects of Support Domain, Sub-domain, Nodal Density and Monomial Basis.
7th US National Congress on Computational Mechanics. Albuquerque, New Mexico, July
27-31, 2003.
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Appendix D - Honors and Awards

. K-State MNE Outstanding Graduate Researcher Award. Department of Mechanical &
Nuclear Engineering, Kansas State University. April 24, 2007.

Graduate Research Assistantship/Teaching Assistantship. Department of Mechanical &
Nuclear Engineering, Kansas State University. 2002-2007.

. Financial assistance of 7th World Congress on Computational Mechanics. Los Angeles,
California. July 16-22, 2006

. Financial assistance of 8th US National Congress on Computational Mechanics. Austin,
Texas. July 24-28, 2005.

Graduate Travel Award of National Science Foundation Experimental Program to Simulate
Competitive Research, Kansas. 2004

. Fellowship Award of 7th US National Congress on Computational Mechanics. Albuquerque,
New Mexico. July 27-31, 2003.
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