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Abstract 

This research presents an analytical and experimental investigation for the use of flexural CFRP 

sheets as a strengthening technique to improve the shear capacity of reinforced concrete deep 

beams. The analytical work presents a new analysis method that is developed to predict the 

response of reinforced concrete deep beams with and without flexural CFRP strengthening. The 

method utilizes the truss analogy approach that is extended from the Strut-and-Tie Model (STM) 

for unstrengthened beams. In contrary to STM, the new method is used to capture the full structural 

response of unstrengthened beams by modeling a single truss. On the other hand, the new method 

is used to predict the entire response of strengthened beams by assuming the beam to be composed 

of two parallel compatible trusses. The first truss has its lower chord member composed of the 

steel bars while the second truss has its lower chord member composed of the flexural CFPR 

sheets. By imposing the compatibility condition of a statically indeterminate truss, the contribution 

of each truss is realized. The experimental work was conducted on three deep beam specimens 

with identical rectangular cross-sectional area. The first beam was tested as a control beam, and 

the other two beams were strengthened in flexure with four layers of flexural CFRP sheets 

anchored by two different flexural anchorage devices. The first strengthened beam was anchored 

with GFRP patches applied to both sides of the beam. The second strengthened beam was anchored 

with side GFRP bars inserted longitudinally to both sides of the beam. The comparison between 

the analytical and experimental results showed reasonable agreement and asserted the validity of 

the analytical approach and methodology developed in this study. 
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Chapter 1 - Introduction 

1.1 General 

It is well known that concrete is an excellent building material that offers many superior 

advantages as a construction material. However, it is also known to have high compressive strength 

and weak tensile strength. A concrete beam without any form of reinforcement will crack and fail 

when subjected to a relatively small load. The failure occurs in a sudden brittle manner. The most 

common way to reinforce a concrete member is to use steel reinforcement wherever concrete is 

anticipated to respond in direct tension or shear. Since a concrete structure usually has a very long 

design life, it is not unusual for the demands on the structure to change over time. The structure 

may have to carry larger loads at a later date, or fulfil new standards. In some cases, a structure 

will have to be repaired after being subjected to an extreme load event. Another reason for a need 

to strengthen can be due to errors that have been made during the original design or construction 

phase. If any of these situations should arise, it needs to be determined whether it is more 

economical to strengthen the existing structure or to replace it. In comparison to building a new 

structure, strengthening an existing one is often more limiting, since the conditions are already set 

[1].  

There are many different ways to repair or strengthen a concrete structure. There is often a 

possibility to use a section enlargement technique to change the physical appearance of a member 

and in that way giving it improved properties in strength and stiffness. However, this also means 

that the member needs more space which is not always possible [1]. In recent decades, using carbon 

fiber reinforced polymer (CFRP) laminates or sheets has proven to be an effective means of 

strengthening reinforced concrete (RC) members. One advantage with this technique is that there 

are no large physical changes in the size of the member, high strengthening levels can be achieved. 
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However, premature failures such as laminate peeling and separation can significantly limit the 

capacity of the retrofitted members from being attained. Laminate peeling or separation may occur 

due to the high longitudinal shear and transverse normal stresses at the ends of the laminates 

resulting from the abrupt curtailment of the laminates [2]. 

Although many structural applications include the use of reinforced concrete deep beams, there 

has been very limited research into the behavior of such beams with external strengthening. 

Moreover, most design guidelines were developed for typical shallow beams with external FRP 

materials. 

1.2 Deep Beams 

Reinforced concrete deep beams have always been a subject of considerable interest in structural 

engineering applications. A deep beam in general, has an effective span to depth ratio much smaller 

than expected for typical beams. The ACI code defines deep beams as those, which have clear 

span to overall depth less than four, and should be loaded on the top face and supported on the 

bottom face of the beam. To facilitate compression struts being developed between the loads and 

support points [3]. 

Reinforced concrete deep beams consist of a major component in the superstructure of bridges. 

They have been used in tall buildings, offshore structures, foundation walls, floor diaphragms, 

transfer girders, and bent caps [4]. A typical bent cap is shown in Figure 1-1. 

The force transfer mechanism in deep beams differs from ordinary beams because the strain and 

stress pattern is nonlinear. Hence, the classical elastic beam theory of bending is not applicable to 

problem of deep beams. A deep beam exhibits a very complicated stress state that can be described 

by the strut and tie action since the mechanical behavior of deep beam is governed by shear. 

Accordingly, the materials and techniques used to upgrade the shear capacity of deteriorated and 
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defective deep beams should be well investigated [6]. A comparison between deep beams and 

ordinary beams is listed in Table 1-1. 

 

 

 

 

 

 

 

Figure 1-1 Example of a deep beam [5] 

Table 1-1 Comparison between ordinary beams and deep beams  

 

 

1.2.1 Deep Beam Failures 

The shear span to effective depth ratio of deep beams determines the failure mode of such 

beams. Fundamentally, four modes of failure or their combinations can occur [7]: 

1. Flexural failure; 

No. Ordinary beam Deep Beam 

 

1 

Plane sections before bending remain 

plane sections after bending. 

 

Plane sections before bending do not remain 

plane sections after bending.  

 

 

2 

Shear deformation is neglected. 

 

Shear deformations become significant 

compared to pure flexure. 

 

 

3 

The strain profile can be considered 

linear until ultimate stage. 

 

The strain profile is nonlinear even at elastic 

stage. 

 

 

4 

State of stress is simplified to one 

dimension. 

 

Two dimensional state of stress is 

considered. 
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2. Diagonal tension failure; 

3. Shear-compression failure; and 

4. Splitting failure (pure shear failure). 

 

 

 

 

 

 

 

 

Figure 1-2 Crack patterns for beams with 2.5 < La/d < 4 

For beams with 2.5 < La /d < 4: 

Beams with (La/d) ratio lower than four tend to fail in shear, as shown in Figure 1-2. The flexural 

crack (a-b) would propagate towards the loading point gradually becoming an inclined crack, 

which is known as flexural-shear crack. With increasing shear force, failure usually occurs in one 

of two modes. If (La/d) ratio is relatively high, the diagonal crack would rapidly spread to (e), 

resulting in a collapse by splitting the beam into two pieces. This mode of failure is often called 

diagonal-tension failure. If (La/d) ratio is relatively low, the diagonal crack tends to stop 

somewhere at (j), and a number of random cracks may develop in the concrete around the 

longitudinal tension reinforcement. As the shear force is increased, the diagonal crack widens and 

propagates along the level of the tension reinforcement, see (Figure 1-2 crack g-h). This failure 

La 

𝑽 

𝒅 
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mode is often called shear-tension failure or shear-bond failure. The ultimate load is not much 

higher than the diagonal cracking load [7]. 

For beams with 1.0 < La/d < 2.5: 

For (La/d) ratio lower than 2.5 and greater than 1.0, the diagonal crack often forms independently. 

The beam usually remains stable after such cracking. Further increase in the shear force will cause 

the diagonal crack to penetrate into the concrete compression zone at the loading point, until 

eventually crushing failure of concrete occurs there. This inclined crack is steeper than that which 

occurs in flexural-shear case, suddenly develops and proceeds to propagate towards the neutral 

axis. This failure mode is usually called shear-compression failure. For this mode, the ultimate 

load is more than twice the diagonal cracking load [8]. 

For beams with La/d < 1.0: 

Three distinct types of failure can occur in this case. These are illustrated in Figure 1-3. 

 Flexural: The beam has a low percentage of bottom steel and fails in tension at mid-

span. Such type of failure rarely occurs in practice. 

 Flexural-shear: The beam fails in shear, with main cracks propagating upwards 

from regions close to the support towards the applied load. In this case, there is a 

moderate amount of bottom steel and the development of shear-crack is normally 

preceded by flexural cracks at mid-span. 

 Diagonal splitting: This is the most common mode of failure. The final shear crack 

again extends between the applied load and support, but it grows outwards from 

mid-depth, having been initiated in a more brittle manner than either of other two 

failure modes [8]. 
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Figure 1-3 Modes of failure of deep beams [8] 

1.3 Fiber Reinforced Polymer Strengthening System 

The term composite often refers to a material composed of two or more distinct components 

working together. Often one of the components is harder and stronger, while the other is more of 

a force transferring material. FRP is an abbreviation of fiber reinforced polymers and is a 

composite of fibers and adhesive as shown in Figure 1-4. Because of high stiffness to weight ratio, 

relatively unlimited material length availability, and immunity to corrosion, the use of FRP 

material presents great advantages to advance the process of externally bonded strengthening [9]. 

(a) Flexural 

(b) Flexural-shear 

(c) Diagonal splitting 
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Figure 1-4 Typical composition of FRP material [9] 

1.3.1 Fiber Materials 

Several materials are available for the fibers, e.g. glass, aramid, carbon. Almost 95 percent of all 

applications for strengthening purposes in civil engineering are made by carbon fibers. Figure 1-5 

demonstrate some typical response of uniaxial loaded fiber materials and steel. HM and HS are 

abbreviations of high modulus of elasticity and high strength, respectively. Fibers have a linear 

elastic behavior until failure which is brittle. The fibers are what make the FRP strong and there 

are three things that control the mechanical properties of the FRP [1]: 

Constituent materials 

As mentioned earlier there is a wide array of different materials to use. It important to note that 

the choice of fiber materials, together with choice of polymer, determines the quality, properties 

and behavior the FRP will obtain. 

Fiber amount 

Regarding the amount of fiber used in the FRP, it is easy to say that the more fiber used, the higher 

properties will be achieved. This is somewhat true, but with too high of a fiber content there will 
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be manufacturing problems. If the fibers are tightly packed the matrix will have problems 

enclosing the fibers which might deteriorate the FRP. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1-5 Stress-strain relationship of fibers and steel [10] 

Fiber orientation 

The FRP will be stiffer and stronger in the fiber direction. For example, a rod with all the fibers 

along its axis is very strong in its fiber direction but, in perpendicular direction, the FRP has not 

much weaker properties. A typical FRP product for the construction industry has therefore an 

anisotropic behavior compared to steel which is isotropic. 

1.3.2 Matrix 

The polymer matrix is used to bind the fibers together and to transfer the stresses between the 

fibers and to protect the fibers from external mechanical and environmental damage [11]. The 

(%) 

(k
si

) 

290 

580 

870 
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shear stresses created between the fibers are limited to the properties of the matrix. The matrix is 

also the limiting factor when applying forces perpendicular to the fibers. It is important that the 

matrix must have the capability to sustain higher strains than the fibers as shown in Figure 1-6. If 

not, there will be cracks in the matrix before the fibers fail and fibers will be unprotected [9]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1-6 Stress-strain curves of fibers, FRP and matrix [11] 

1.4 CFRP Strengthening in RC Members 

The technique of strengthening reinforced concrete structures by externally bonded Carbon Fiber 

Reinforced Polymer (CFRP) was started in 1980s and since has attracted researchers around the 

Fibers 

Matrix 

FRP 

0.4 - 4.8 > 10 Strain (%) 

5-19 

S
tr

es
s 

(k
si

) 

261-711 
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world. Strengthening with externally bonded CFRP laminates or sheets has shown to be applicable 

to many kinds of members and structures. Currently, this method has been applied to strengthen 

such members as columns, beams, walls, and slabs, see Figure 1-7. The use of external CFRP 

reinforcement may be classified as flexural strengthening, improving the ductility of compression 

members through confinement, and shear strengthening. 

 

 

 

 

 

 

 

 

Figure 1-7 Applications of CFRP for strengthening an actual bridge 

Table 1-2 Properties of concrete, steel and CFRP [10] 

 

The overall characteristics of strength, stiffness, less susceptibility to creep and fatigue rupture 

and durability of carbon fibers make it very suitable for strengthening the concrete structures, see 

Table 1-2.  

Material 
E 

(ksi) 

Compressive strength 

(ksi) 

Tensile strength 

(ksi) 

Density 

(lb/ft3) 

Concrete 5800 0.75-8.70 0.15-0.44 150 

Steel 30458 34.81-100.08 34.81-100.08 487 

CFRP 116030 N/A 305-871 110-120 
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1.5 Debonding Problems in CFRP Strengthened RC Beams 

A CFRP sheet debonding arises due to loss of cohesion in the adhesive interface or crack 

propagation in the concrete within the concrete cover or at the level of the internal reinforcement. 

In general, the adhesive interface, epoxy matrix, is very strong compared to concrete and failures 

within the resin are rare [12]. The CFRP failure modes that refer to debonding are [13]:   

1. Concrete cover detachment; 

2. Plate end interfacial debonding; 

3. Intermediate flexural crack induced interfacial debonding; and 

4. Intermediate flexural-shear crack induced interfacial debonding. 

 

Figure 1-8 Debonding failure modes of RC beam strengthened with CFRP in flexural [13] 

The previous debonding failure modes can also be classified into four debonding mechanisms, as 

shown in Figure 1-8 [13]: 

1. Sheet end debonding; 

2. Intermediate debonding, caused by flexural cracks; 

3. Debonding due diagonal cracks; and 

4. Debonding caused by irregularities and roughness of concrete surface. 
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Although the loss of composite action between the CFRP and RC beam is unique and difficult to 

predict, this failure mode may be limited by using CFRP anchorage devices [12]. 

1.6 Objective 

The objective of the present research is to understand the behavior of reinforced concrete deep 

beams with and without flexural CFRP strengthening and the effect of innovative anchorage 

devices on their capacities. The behavior of these beams is indicated by their levels of ultimate 

shear strength, mid span deflection, FRP reinforcement strain, crack propagation, strut angle, and 

by their type of failure. Moreover, developing a nonlinear truss analogy approach to predict the 

capacity of such beams based on the experimental results is intended. 

1.7 Dissertation Layout 

The dissertation consists of five chapters as follows: 

The Chapter 1 presents a general introduction about the behavior of reinforced concrete deep 

beams, the application of CFRP in strengthening, and the objective of this work. Chapter 2 reviews 

the available previous studies carried out experimentally and theoretically, which are related to the 

present study. In Chapter 3, an experimental work, detail of specimens, material properties, test 

procedure, and experimental results are presented. Chapter 4 presents the analytical work and the 

prediction results. Chapter 5 shows a summary of the conclusions of the present work and 

recommendations for further work. 
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Chapter 2 - Literature Review  

2.1 Introduction 

In this Chapter, a brief review is carried out on the experimental and analytical methods that 

investigated the behavior of steel reinforced concrete deep beams. Also, the behavior of reinforced 

concrete beams strengthened by CFRP laminates is summarized according to main studies in this 

field. 

2.2 Available Experimental Studies on Reinforced Concrete Deep Beams 

In 1965, De Paiva and Siess [1] tested 19 simply-supported deep beams. All beams had a constant 

span of 610 in. and the effective depth of these beams was varied among 6 in., 8 in., and 12 in., 

which led to (L/d) ratios equal 4, 3, and 2 respectively. The purpose of this study was to present 

an investigation of the shear strength and behavior of moderately reinforced concrete deep beams. 

They found that by increasing the percentage of the tension reinforcement, the load capacity of the 

beam was increased and the mode of failure tends to change from flexural to shear. The increase 

in the concrete strength had a negligible effect on the ultimate strength of beams failing in flexure 

but increased the strength and, in some cases, changed the mode of failure of beams failing in 

shear. Also, it was found that the addition of vertical and inclined stirrups has no effect on the 

formation of inclined cracks. The addition of vertical stirrups tends to reduce the deflections at 

ultimate load. 

In 1971, Manuel et al [2] investigated 12 reinforced concrete deep beams in which the variables 

(La/d) and (L/d) were systematically varied and other major variables were kept constant. They 

studied the effects of changes in (La/d) and (L/d) ratios on failure. They found that the ultimate 

strength of reinforced concrete deep beams appears to be significantly influenced by (La/d) ratio 

and insignificantly affected by (L/d) ratio. Furthermore, the diagonal tension cracking capacity of 
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deep beams is not influenced significantly by (L/d) ratio. The extent of arch action for beams of 

constant shear span at any level is reduced as the length of beam increases. The influence of (La 

/d) ratio relates to the mode of failure 

In 1972, Kong and Singh [3] tested 45 lightweight concrete deep beams. Different types and 

amounts of web reinforcement were used. The tested beams were divided into three groups. The 

beams of group A and group B were different in the spacing of the web reinforcement, and the 

beams of group C were used for a preliminary study of the effect of terminating a longitudinal bar 

within the shear span. All 45 beams were tested under four-point bending. For all beams, the depth 

(h) was kept constant while the span and clear shear span were varied to change the (L/h) and 

(La/h) ratios, respectively. An attempt was made to isolate the effects of (L/h) and (La /h) on crack 

control, diagonal cracking loads, and ultimate shear loads. They found that (L/h) ratio has little 

effect on ultimate loads, diagonal cracking loads, crack widths, which are all strongly dependent 

on the (La/h) ratio. For strength and crack control, the inclined web reinforcement was very 

effective for all the (La/h) ratios studied while the effectiveness of other types of web reinforcement 

depended on the (La/h) ratio. They also found that the addition of a main longitudinal bar, which 

is terminated within the shear span, would seem to have little harmful effects on maximum crack 

width, diagonal cracking load, or ultimate load. 

In 1982, Smith and Vantsiotis [4] tested 52 reinforced concrete deep beams under four-point 

bending. The objective was to study the effect of vertical and horizontal web reinforcement and 

the shear span to effective depth ratio on the ultimate shear strength. The test indicated that the 

web reinforcement produces no effect on formation of inclined cracks and seems to moderately 

affect the shear strength. It was noted that web reinforcement contribution to ultimate shear 

strength never exceeded the limiting value of 1/3 √ f′c  bd. Horizontal web reinforcement appears 
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to have little influence on the ultimate shear strength, while its influence was more noticeable in 

the beam with La/d < 1.0. Also, increasing concrete strength increased the ultimate load capacity 

when the beam has low La/d ratio and seems to diminish as La/d ratio, for these deep beams, 

increases. 

In 2003, Yang et al [5] tested 21 deep beams to evaluate whether the ACI equation for deep beams 

is applicable to high strength concrete deep beams with steel ratio less than 1 %. The design code 

has been developed for concrete beams without shear reinforcement, and with concrete less than 

5.8 ksi in strength, an average overall depth of 17 in. and average reinforcement ratio of 2.22 %. 

The test variables included concrete strength, shear span to depth ratio and overall depth within 

the range of 16-40 inches. The high strength concrete deep beams exhibit more remarkable size 

effects with regard to brittle behavior. It was also shown that ACI equations gave similar safety 

factors on the shear strength at the first diagonal crack of the high strength-concrete deep beams, 

but didn’t specify a high enough safety factor on their ultimate shear strength due to size effect. 

In 2006, Brown and Bayrak [6] examined the amount of transverse reinforcement required to 

resist the tension developed in a bottle-shaped strut and presented an equilibrium-based approach 

to determining the necessary amount of transverse reinforcement for a bottle-shaped strut. They 

concluded that the use of bottle shaped strut without transverse reinforcement should not be 

permitted regardless of the efficiency factor implemented. A minimum amount of reinforcement 

should be used to compensate for effects of temperature, restrained shrinkage, and other effects 

that may not be explicitly taken into account. In addition, the amount of transverse reinforcement 

required to maintain equilibrium in a bottle-shaped strut is a function of the force applied to that 

strut. Hence, the efficiency factor affects the required reinforcement [7]. 
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In 2011, Tuchscherer et al [8] evaluated the benefit of distributing stirrups across the web of the 

deep beams. Six deep-beam specimens were tested with a span-depth ratio (La/d) of 1.84. The 

primary experimental variables were the number of stirrup legs distributed across the web and the 

amount of web reinforcement. Based on the test results, it can be concluded that distributing stirrup 

legs across the width of the web of specimens as wide as 36.5 in. had a small influence on the 

shear capacity and service-level behavior. Due to the fact that web reinforcement distribution 

across the section web is relatively ineffective in a deep beam, a limitation of stirrup spacing across 

the web may be inefficient or unnecessary. Nonetheless, it is generally considered good practice 

to provide intermediate stirrups across the section of very wide beams. Based on the findings of 

their study, they stated that intermediate stirrup legs are not necessary in deep beams as wide as 

36 inches. Also, exterior stirrup legs should be transversely spaced no farther than d from one 

another, where d is the depth of the beam from the extreme compression fiber to the centroid of 

the tension reinforcement [7]. 

2.3 Existing Models and Shear Theories of Reinforced Concrete Deep Beams 

2.3.1 Tooth Model  

In 1964, Kani [9] tried to explain flexural-shear cracking with a rational model named Kani’s 

tooth model, in which the secondary diagonal cracks were believed to result from bending of 

concrete. The concrete between two adjacent flexural cracks was considered to be analogous to a 

tooth in a comb, as shown in Figure 2-1. The concrete teeth were assumed to be free cantilevers 

fixed in the compression zone of the beams and loaded by the horizontal shear from bonded 

reinforcement. This model has been developed further by McGregor and Walters (1967) [10], 

Hamadi and Regan (1980) [11], and Reineck (1991) [12]. Moreover, Chana (1987) [13] confirmed 
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the basic mechanisms of the tooth model by extensive measurements of the deformation prior to 

failure by using Kani’s test results. 

 

 

 

 

 

Figure 2-1 Kani’s tooth model [9] 

2.3.2 The Modified Compression Field Theory (MCFT)  

In 1986, Vecchio and Collins [14] defied the original form of the MCFT from the testing of 30 

reinforced concrete panels subjected to uniform strain states in a specially built tester. The MCFT 

was described as a general model for the load–deformation behavior of two-dimensional cracked 

reinforced concrete elements subjected to shear. It models concrete considering concrete stresses 

in principal directions summed with reinforcing stresses assumed to be only axial. The concrete 

stress-strain behavior in compression and tension was derived originally from Vecchio's research. 

The most important assumption in the model is that cracked concrete in reinforced concrete can 

be treated as a new material with empirically defined stress-strain behavior. The strains used for 

these stress-strain relationships are average strains. The calculated stresses are also average 

stresses in that they implicitly include stresses between cracks, stresses at cracks, interface shear 

on cracks, and dowel action. The crack check is a critical part of the MCFT and the theories derived 

from it. The crack check involves limiting the average principal tensile stress in the concrete to a 

maximum allowable value determined by considering the steel stress at a crack and the ability of 

the crack surface to resist shear stresses. 
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In 2000, Rahal [15] proposed a procedure without iteration as a simplification for the MCFT. 

Rahal's method consists of two equations and the curve in Figure 2-2. 

 

 

 

 

 

 

 

 

Figure 2-2 Diagram used in Rahal’s method [15] 

𝜔𝐿 =
𝜌𝐿∗𝑓𝑦𝑙

𝑓́𝑐
=

𝐴𝐿∗𝑓𝑦𝑙

𝑏𝑤∗𝑑𝑣∗ 𝑓′𝑐 

                                                                                                        (2.1) 

𝜔𝑡 =
𝜌𝑡∗𝑓𝑦𝑡

𝑓́𝑐
=

𝐴𝑣∗𝑓𝑦𝑡

𝑏𝑤∗𝑠∗ 𝑓′𝑐 

                                                                                                           (2.2) 

Use of the curve: 

1. calculate 𝜔𝐿 and 𝜔𝑡 using equation (2.1) and equation (2.2), 

2. Enter Figure 2-2 with 𝜔𝐿 and 𝜔𝑡 values and obtain 
𝑣𝑢

 𝑓′𝑐 
 , and, 

3. If  𝑣𝑢 is smaller than the cracking stress, take 𝑣𝑢 equal to this cracking stress. 

Figure 2-2 shows that for a given level of 𝜔𝐿 and by increasing the index of transverse 

reinforcement 𝜔𝑡, the strength increases. The ratio of increase, however, drops beyond a certain 

𝝎𝑳 

𝝎𝑳 
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level of 𝜔𝑡, where crushing in the concrete occurs before yielding of the steel. At low levels of 

reinforcement (low 𝜔𝐿 and 𝜔𝑡 ) the strength is governed by the cracking strength in the concrete, 

taken as 1/3 √ 𝑓′𝑐  ksi for members with 7 ≤  𝑓′𝑐 ksi. This lower limit is not shown in Figure 2-2 

because the coordinate axis is a function of  𝑓′𝑐  instead of √ 𝑓′𝑐 . 

2.3.3 Strut-and-Tie Model (STM) 

In 1987, Schlaich et al [16] suggested an approach based on the elastic theory to be the rational 

and appropriate basis for the design of cracked reinforced concrete beams loaded in bending, shear 

and torsion. Since all parts of a structure are of similar importance, an acceptable design concept 

must be valid and consistent for every part of any structure. Furthermore, since the function of the 

experiment in design should be restricted to verify or dispute a theory but not to derive it, such a 

concept must be based on physical models which can be easily understood and therefore are 

unlikely to be misinterpreted. The design of structural concrete was proposed to generalize the 

truss analogy in order to apply it in the form of strut-and-tie model to every part of any structure. 

In the elastic stress distribution of deep members, significant shear is transmitted directly to the 

support by diagonal compression. This means that less redistribution is required after cracking, 

and it seems reasonable to apply strut-and-tie model to deep beams [7,17]. 

STM allows for easy visualization of the flow of forces. In addition, these truss models represent 

all internal force effects and do not require separate flexure and shear models, as is the case for 

slender members analyzed with sectional approaches. STM is based on the lower-bound theory of 

plasticity and the capacity of the model is always less than the true capacity if the truss is in 

equilibrium and has sufficient deformation capacity to allow redistribution of forces into the 

assumed truss elements [7]. 
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STM was recommended by design provisions and among researchers to design reinforced concrete 

deep beams. This model reduces complex states of stress of such beams into a truss comprised of 

simple, uniaxial stress paths. Each uniaxial stress path is considered a member of the STM, see 

Figure 2-3. Members of the STM subjected to tensile stresses are called ties; and represent the 

location where reinforcement should be placed. STM members subjected to compression are called 

struts. The intersection points of truss member are called nodes. Knowing the forces acting on the 

boundaries of the STM, the forces in each of the truss members can be determined using basic 

truss analysis [7]. 

 

 

 

 

 

 

 

Figure 2-3 STM for a deep beam 

Most design specifications recognize three major node types: CCC, CCT, and CTT nodes. Figure 

2-4 illustrates the different types of nodes. A node that connects only compressive forces is called 

CCC node; while CCT is a node under the action of one tension force and two (or more) 

compression forces. A CTT node connects one compression force and two (or more) tension 

forces. The regions around the nodes are called nodal zones. An extended nodal zone can be used 

for the analysis of the stresses in the region, including determination of reinforcement anchorage 

Tie  

Node  
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requirements. The ACI 318 defines a nodal zone as a portion of a member bounded by the 

intersection of effective strut and tie widths, see Figure 2-4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-4 STM nodes [18] 

 

Most research and design specifications specify the limiting compressive stress of a strut as the 

product of the concrete compressive strength ( 𝑓′𝑐 ), and an efficiency factor. The efficiency factor 

is often a function of the geometric shape (or type) of the strut and the type of the node. As 

discussed by Schlaich, J. and Schafer (1991) [19], there are three major geometric shape classes 

(a) Basic Type of Nodes  

(b) Nodal zone for a CCT node  
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for struts: prismatic, bottle-shaped, and compression fan as shown in Figure 2-5. Prismatic and 

bottle shaped struts are the most basic types of a strut, while fan strut is more practical for deep 

beams with distributed loading. Prismatic struts have uniform cross-sections [7]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-5 Type of STM struts 

Typically, prismatic struts are used to model the compressive stress block of a beam element as 

shown in Figure 2-5. Bottle-shaped struts are formed when the geometric conditions at the end of 

the struts are well defined, but the rest of the strut is not confined to a specific portion of the 

structural element. The geometric conditions at the ends of bottle-shaped struts are typically 

Prism Strut                             Bottle Strut                       Fan Strut 
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determined by the details of bearing pads and/or the reinforcement details of any adjoined steel. 

The best way to visualize a bottle-shaped strut is to imagine forces dispersing as they move away 

from the ends of the strut, see Figure 2-5 [7]. 

2.3.3.1 Strut-and-Tie Model According to ACI 318 

In 2002, the ACI building code stated that deep beams should be designed using either nonlinear 

analysis or using the STM. This code provides nominal capacities of the struts of a STM as a 

fraction of the specified compressive strength of the concrete. Moreover, ACI 318 provides the 

procedure for calculating the nominal capacities of the elements of the STM, which are the strut, 

the nodal zone and the tie. The design of the struts, ties and nodal zones are based on: φ𝐹𝑛 ≥ 𝐹𝑢 

where  𝐹𝑢 is the largest force in that element for all loading cases, 𝐹𝑛 is the nominal strength, and 

φ is a factor specified by the code [20]. 

There are two types of struts defined in the procedure. The first type of strut has a uniform cross 

sectional area over its length between the applied load and the support plate. The nominal capacity 

of a strut is given by 𝑓𝑐𝑒= 0.85 βs  𝑓′𝑐 , where βs is defined as the efficiency factor. The efficiency 

factor βs is the reduction of the ultimate strength of the strut. This factor reflects the ability of the 

concrete to resist loads at cracking level, develops or transfers compression across cracks in a 

tension zone. The value of βs ranges from 0.4 to 1 based on the type of the strut. The nominal 

capacity of the bottle strut is calculated in the same way as the straight struts, but with a different 

value for the efficiency factor βs. For this type of strut, the βs is taken as 0.75 if  𝑓′𝑐  is not greater 

than 6 ksi and if the web reinforcement satisfies the Equation (2.3) below, see Table 2-1. 

∑
𝐴𝑠𝑖

𝑏𝑠∗𝑆𝑖

𝑚
𝑖=1 𝑠𝑖𝑛 𝛼𝑖 ≥ 0.003                                                                                                           (2.3) 
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In the above equation, Si and Asi indicate spacing and area of a bar for web reinforcement 

(horizontal or vertical), and bs indicates the width of the strut as shown in Figure 2-6 [20].  

 

 

 

 

 

 

 

 

 

Figure 2-6 Reinforcement crossing a strut [7] 

Table 2-1 ACI 318-14 stress limits and strength reduction factors 

Strut and node efficiencies ( 𝟎. 𝟖𝟓 𝒇′𝒄 ) βs 

Struts 

Strut with uniform cross section over its length 1.00  

Bottle-shaped struts with reinforcement 0.75  

Bottle-shaped struts without reinforcement 0.60  

Struts in tension members 0.40  

All other cases 0.60  

Nodes 

Nodes bounded by compression or bearing CCC node 1.00  

Nodes anchoring one tie CCT node 0.80  

Nodes anchoring more than one tie CTT and TTT nodes 0.60  

Strength reduction factor, φ 

φ = 0.75 for struts, ties, and nodes 
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In 2006, Quintero-Febres et al [21] have assumed a shallower slope of 6:1 for the spread of the 

compressive force in the strut to avoid an excessive number of web reinforcement in the case of a 

high-strength concrete  𝑓′𝑐 > 6 ksi, where the code does not provide any specific guideline.  

In 2008, Brown et al [22] have argued that it is not preferable to use the bottle strut since the web 

reinforcement is less than the required amount and such an amount cannot prevent the diagonal 

tension crack from growing.  

The ACI 318 has suggested a basic concept of STM that satisfies equilibrium and constitutive 

relationships, and they have allowed the design of reinforced concrete deep beams with a single or 

one-panel truss model for the beams with a shear span to effective depth ratio La/d of less than 2. 

In addition, the reinforced concrete deep beams with La/d of larger than 2 can be designed by using 

two-panel truss model to avoid compatibility problems and for efficiency. Figure 2-7 shows one 

and two panel truss models. The angle between the axis of any strut and any tie entering a common 

node may not be less than 25 degrees. This provision stems from the idea that struts will lose 

capacity as they approach the direction of a tie. Clearly, a strut that is coincident with a tie will 

have no compressive capacity. The angle of 25 degrees was chosen to eliminate potential problems 

with struts that form a slight angle with a tie. They also found that the one-panel truss model is 

preferred mechanism for resisting loads in deep beams with limited amount of web reinforcement. 

In 2009, Park and Aboutaha [23] have compared the efficiency factors for different models and 

have concluded that the results obtained using ACI 318 are not conservative as compared to the 

experimental results in many cases. However, the code does not specify which type of strut should 

be used in the design procedure since the procedure may yield multiple solutions. 
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Figure 2-7 One-and two-panel truss models [7] 

2.3.4 Finite Element Method (FEM)  

In structural applications, most problems are too complicated to analyze exactly and mathematical 

solutions for their governing equations are obtained only for limited types of structures of simple 

geometry and load characteristics. The finite element method has been used to obtain approximate 

solutions for realistic types of problems in engineering. Steady state, transient, linear, or nonlinear 

problems in stress analysis; heat transfer and fluid flow problems may be analyzed by the finite 

element method.  

During the recent decades and because of the development of relatively powerful analytical 

techniques implementing state of the art computers and the interest in nonlinear analysis of 

concrete as a structural material, the use of finite element method has greatly increased. Moreover, 

this method has many advantages among others such as effectively modeling the nonlinearity in 

materials and in geometry and both of them. In solving problems in structural engineering, the 

domain is divided into sub-domains called elements connected with each other at selected points 

called nodes. In each element, the behavior is described by a separate set of assumed functions 

representing the element. The element stiffness matrices are assembled to form the stiffness matrix 
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(a) One-panel truss model (b) Two-panel truss model 
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for the whole structure. Equivalent nodal forces are used to represent the external loads and the 

boundary conditions can be applied easily to the assembled stiffness matrix of the total structure.  

2.4 Available Studies on Nonlinear Analysis of Reinforcement Concrete Deep Beams 

In 1986, Mahmood [24] analyzed reinforced concrete deep beams using a nonlinear finite element 

technique. The nonlinearities included the stress-strain behavior of concrete and its anisotropy 

under varying biaxial stress conditions, cracking and crushing of concrete, yielding of steel, the 

nonlinear bond stress-slip phenomenon and the post-cracking shear transfer by aggregate interlock. 

Concrete was represented by using quadrilateral isoparametric elements, or quadrilateral elements 

with incompatible modes. Main steel was represented by either using simple truss elements or 

constant strain triangular elements connected to the concrete nodes by zero length spring linkage 

elements with proper stiffness to simulate bond and dowel action. The incremental-iterative 

procedure with variable stiffness matrix was adopted in the nonlinear solution algorithm. 

Analytical results obtained, such as deflections, crack pattern, ultimate loads and failure 

mechanism showed reasonable agreements with published experimental and analytical results. 

In 1997, Aziz [25] tested 28 reinforced crushed stone concrete deep beams under two equal point 

loads. Test specimens were divided into three series with and without web reinforcement. The 

beams were tested for different shear span to depth ratio ranging from 1.05 to 2.22, and different 

effective span to effective depth ranging from 2.53 to 7.41. The investigation objectives were to 

study the effect of shear to effective depth ratio, effective span to effective depth ratio, compressive 

strength of concrete, and web reinforcement. It was found that the ultimate shear stress decreases 

with increasing shear span to effective depth ratio and maximum size of aggregate, while it 

increases with increasing compressive strength of concrete and amount of shear reinforcement. 
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In 2002, Al-Shraify [26] used three dimensional finite element models to simulate the behavior 

of reinforced concrete continuous deep beams. Concrete was modeled using 20-node isoparametric 

quadratic elements, while the reinforcing bars were modeled as axial members embedded within 

the concrete element. Perfect bond between the concrete and steel was assumed to take place. In 

general, a good agreement between the finite element solution and the experimental work was 

obtained. From the parametric study, it was found that by increasing compressive strength from 4 

to 7 ksi, an increase in shear strength by 23 % was observed. Also, when the clear span to effective 

depth ratio was decreased by 37 %, the failure load was increased by 46 %. 

In 2007, Park and Kuchma [27] proposed a strut-and-tie based method for calculating the 

strength of reinforced concrete deep beams. A strut and tie statically determinate model, as shown 

in Figure 2-8, was used for describing the flow of stresses in a deep beam. The model was used in 

the development of a general approach that considers the compression softening and web splitting 

phenomena as influenced by transverse tensile straining. The proposed compatibility based strut 

and tie model procedure uses an iterative secant stiffness formulation, employs constitutive 

relations for concrete and steel, and considers strain compatibility. The strain compatibility relation 

used in this study requires that the sum of normal strain in two perpendicular directions is an 

invariant. Also they assumed that the effective depth of the top horizontal concrete strut will be 

calculated by: wc = kd, where d is the effective depth of the deep beam and k is derived from the 

classical bending theory for a singly reinforced beam section as: (𝑘 = √(𝑛𝜌)2 + 2𝑛𝜌 − 𝑛𝜌). In 

this case, n is the ratio of steel to concrete elastic modules and ρ is the longitudinal reinforcement 

ratio. Moreover, this model was compared with the strut-and-tie given in ACI 318-05 code 

provision in predicting the capacity of 214 deep beams which were tested to failure. The 
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comparison showed that the proposed method consistently predicts the strengths of deep beams 

with a wide range of horizontal and vertical web reinforcement ratios, concrete strengths, and shear 

span to depth ratios (La/d) well [20]. 

 

 

 

 

 

 

 

 

Figure 2-8 Park and Kuchma strut-and-tie model for a deep beam [27] 

In 2007, Zhang and Tan [28] proposed a modified strut and tie model for determining the shear 

strength of reinforced concrete deep beams. The model is a modification to the original model 

proposed by Tan et al. (2003) [29] with a direct STM for pressurized deep beams. The assumption 

of this model can be summarized in the following: concrete tension–stiffening properties are used 

instead of concrete tensile strength to improve model prediction consistency. The component force 

of tension tie in the direction of the concrete diagonal strut is also included in the model for 

completeness. The softening effect of concrete strength due to the presence of transverse tensile 

strain is implicitly taken into consideration. The stress distribution factor of this model is derived 

from the consideration of both force and moment equilibrium. Moreover, the modified model for 

simply supported deep beams was evaluated using 233 test results and it was shown to be in a 

better agreement with the experimental results than the original model [20]. 

La 
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2.5 Available Experimental and Analytical Studies on RC Beams Strengthened by FRP  

In 1992, Berset [30] performed the first research focusing on shear strengthening of reinforced 

concrete beam with composites materials, by testing reinforced concrete beams with externally 

bond (GFRP) laminate. In addition, he proposed a simple analytical method to compute the 

contribution of external reinforcement to the shear capacity similar to the contribution of stirrups, 

and based on maximum allowable strain, which is determined from experiments [31]. 

In 2001, Kachlakev et al [32] produced an ANSYS finite element model to study the effects of 

shear strengthening by comparing the behavior of two full-scale reinforced concrete beams. 

Experimental beams replicated the transverse members from the Horsetail Creek Bridge, which 

were deficient in shear reinforcement. Three-dimensional finite element models were developed 

using layered elements for the FRP composites. It was found that the general behavior through the 

linear and nonlinear ranges up to failure of the finite element models show good agreement with 

observations and data from the experimental full-scale beam tests. The addition of GFRP to the 

control beam shifts the behavior of the actual beam and model from a sudden shear failure near 

the ends of the beam to flexure failure by steel yielding at the mid span. This finite element model 

can be used in additional studies to develop design rules for strengthening reinforced concrete 

bridge members by using FRP. 

In 2004, Zhang el al [33] tested 16 reinforced concrete deep beams without shear reinforcement. 

They were divided into four groups with four beams in each group. One beam in each group was 

a control beam, while the others were strengthened by various configuration of CFRP shear 

reinforcement. The result of the test demonstrated the feasibility of the use of externally applied 

CFRP system to restore or increase the shear capacity of a deep beam. It was found in a regular 

beam situation that the shear span to effective depth ratio has large value the anchorage for vertical 
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CFRP shear reinforcement, which will greatly improved the shear strength. But, when the shear 

span to effective depth ratio becomes smaller in magnitude, or the beam behaves like a deep beam, 

the anchorage of the vertical CFRP shear reinforcement will not likely to improve the shear 

strength as much as a regular beam case. Also, it was noted the effected stresses in the CFRP 

laminates at the failure did not reach the ultimate tensile stress (fiber rupture) of CFRP laminate. 

In 2004, Hwang et al [34] presented experimental and analytical studies related to seismic 

retrofitting of reinforced concrete frames containing partition walls using the CFRP laminate. The 

test result indicated that the use of CFRP laminate with sufficient end anchorage was quite 

effective in enhancing the shear strength of partition walls. The application of the CFRP sheets 

without anchor system was worthless since they quickly debond. Also, it was found strengthening 

low-rise walls by vertical CFRP sheet were more effective than the application of horizontal CFRP 

sheet. Experimental and analytical results indicated that the shear resisting mechanism of 

reinforced squat walls can be modeled using the strut and tie action. 

In 2004, Santhakumar et al [35] presented a numerical study to simulate the behavior of 

retrofitted reinforced concrete shear beams. The study was carried out on an un-retrofitted RC 

beam designated as control beam and RC beams retrofitted using CFRP composites with ±45º and 

90º fiber orientations. The effect of retrofitting on un-cracked and pre-cracked beams was studied 

too. The finite elements adopted by ANSYS were used in this study. The load-deflection plots 

obtained from the numerical study showed good agreement with the experimental plots. There was 

a difference in behavior between the un-cracked and the pre-cracked retrofitted beams though not 

significant. 

In 2005, Islam et al [36] explored the prospect of strengthening structurally deficient deep beams 

by using an externally bonded fiber reinforced polymer (FRP) system. Six identical beams were 
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fabricated and tested up to failure. One of these beams was tested in its virgin condition to serve 

as a reference, while the remaining five beams were tested after being strengthened using carbon 

fiber wrap, strip or grids. Test results have shown that the use of a bonded FRP system leads to a 

much slower growth of the critical diagonal cracks and enhances the load-carrying capacity of the 

beam to a level quite sufficient to meet most of the practical upgrading requirements. 

In 2005, Elgwady et al [37] examined six corbels strengthened by CFRP to study the effectiveness 

of using CFRP as an external strengthening method to increase the load carrying capacity of the 

corbel. Different configurations were used. The test results indicated that the proposed technique 

had potential in improving ultimate load carrying capacity of the short cantilever. The use of CFRP 

as diagonal strip increased the ultimate load carrying capacity of the corbel by 70 % of the control 

specimen. All other corbels tested had ultimate load carrying capacity higher than the control 

corbel with difference ranging from 8 % to 30 %. 

In 2006, Al-Shmmary [38] presented a three-dimensional nonlinear finite element model suitable 

for the analysis of reinforced concrete beams strengthened in flexure with CFRP plates under static 

load. The ANSYS computer program has been used to investigate the behavior of the different 

composite CFRP reinforced concrete beams. The analytical results of load-deflection response 

along the examined beams have been compared with available experimental tests. In general, a 

good agreement between the finite element solutions and experimental results has been obtained 

with difference about (2 %). Parametric studies have been carried out to investigate the effect of 

some important material parameters. It was found that the flexural strengthening of RC beams with 

CFRP is effective with an increment in the ultimate load about (30-45) %. 

In 2007, Ali [39] investigated the experimental and theoretical behavior of reinforced concrete 

beams, strengthened or repaired by CFRP for both flexural and shear. It was observed that the use 
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of CFRP sheet bonded to the tension side of beams could enhance the ultimate load capacity up to 

160% in flexural over the ultimate load for the reference beam. The repaired beams reached 95% 

to 97% of ultimate load in comparison with the virgin beams. The shear group shows the use of 

CFRP sheet could enhanced the ultimate shear capacity up to 200% as compared with reference 

beam. ANSYS computer program was used to simulate a numerical model for reinforced concrete 

beam strengthened or repaired by CFRP. Full bond between the CFRP and concrete interface was 

considered. Comparison between the experimental and numerical results asserted the validity of 

the numerical analysis and the methodology developed. 

In 2008, Nehdi et al [40] tested eight, seven, and four reinforced concrete short beams having 

1.5<La/d<2.5 strengthened with CFRP and GFRP sheets, respectively. Steel reinforced beams 

were used as control beams. For each parameter investigated in GFRP and CFRP strengthened 

beams, there was a corresponding steel reinforced control beam. The effects of the shear span to 

depth ratio La/d, effective depth d, axial stiffness of flexural reinforcement, and concrete 

compressive strength  𝑓′𝑐  on the shear behavior of short RC beams were investigated. It was 

observed that the most important parameters affecting the efficiency factor of concrete struts in 

strut and tie models for FRP RC short beams are La/d, d, and the axial stiffness of the flexural 

reinforcement. The effect of the concrete compressive strength on the efficiency factor was found 

to be little to no significance. 

In 2008, Izzet and Sarsam [41] tested seventeen specimens strengthened with CFRP sheets. The 

main variables were shear span to depth ratio La/d, the amount and distribution of CFRP. The 

experimental results indicated that the contribution of externally fixed CFRP strips to the shear 

capacity is significant and depends on the variables investigated. In all 16 beam specimens with 

end anchorage (steel plates and bolts, see Figure 2-9) the de-bonding was not observed. The 
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obtained enhancement in the ultimate shear capacity or the increase in the ultimate load was 0 %, 

35 % and 40 % compared to the control beam with steel stirrups and 100 %, 170 % and 18 0% 

over that of the beam without steel stirrups. It was concluded that spacing of CFRP is a major 

factor in strength in shear. 

 

 

 

 

 

 

Figure 2-9 End anchorage made of steel plates and bolts [41] 

In 2015, Rasheed et al [42] tested three T-beams and three rectangular beams in order to 

investigate the beneficial use of distributed U-wrap CFRP anchors to delay or shift the premature 

de-bonding of the RC beams in flexure. Results showed that the U-wrap anchorage successfully 

helped providing resistance to de-bonding by shear friction. The strengthened beam specimens 

with no anchorage failed by de-bonding while the strengthened beams with U-wraps anchorage 

failed in CFRP rupture. The increments in the ultimate load capacity were 30 % and 10 % over the 

unanchored beams for the T-beam and the rectangular beams, respectively. The reason for the 

lower percentage of increase in the rectangular beam is shifting the failure mode to concrete 

crushing. 

In 2018, Zaki [43] tested three T-beams and three rectangular RC beams in order to introduce the 

effectiveness of two new flexural anchorage techniques using GFRP sidebars and GFRP side 

patches to anchor flexural CFRP sheets applied to strengthen these beams, see Figure 2-10. Test 
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results showed that these two anchorage techniques gave a fundamental improvement in the 

flexural behavior by achieving much higher levels of ultimate strength and deformability. The 

increase in flexural capacity of the T-beam with GFRP sidebar and GFRP side patch anchorage 

was 74 % and 58 % over the unanchored beams, respectively. Both of the anchorage devices were 

proven to achieve the full sectional capacity of the beam without any reduction due to premature 

de-bonding or bond slip. Moreover, the increase in the maximum deflection of these beams with 

GFRP sidebar and GFRP side patch anchorage was 76 % and 60 % over the unanchored beams. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-10 New flexural anchorage techniques [43] 

2 layers of C100 sheet at bottom only 
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(a) GFRP side bar anchorage   

1 layer of C100 sheet with 2 in. along sides 
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2 layers of C100 sheet at bottom only 
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(b) GFRP side patch anchorage 
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Chapter 3 - Experimental Work and Test Results  

3.1 General 

The main objective of the present work is to understand the behavior of reinforced concrete deep 

beams with and without flexural CFRP strengthening and the effect of an innovative anchorage 

devices on their capacities. This Chapter describes the material properties, the details of test 

specimens, and the experimental test procedure. Moreover, the general behavior and observation 

of tested deep beam specimens were reported and discussed.  

3.2 Material Properties  

3.2.1 Concrete 

Ready-mix concrete supplied by a local concrete company was used for casting all deep beam 

specimens. Design nominal strength of the mix was 5000 psi (34.5 MPa), and all the beam 

specimens were cast in the same batch. Furthermore, six (4 in. x 8 in.) cylinders were casted on 

site simultaneously with all beam specimens. The six cylinders prepared and tested according to 

ASTM C39.  Three cylinders were tested in compression after 7 days and the other three were 

tested in compression after 28 days. A typical mode of failure for the cylinders is shown in Figure 

3-1. Table 3-1 shows the results of the cylinder tests.  

Table 3-1 Concrete mix properties of test beams 

 

Average compressive strength at 7 days 4.65 ksi 

Average compressive strength at 28 days 5.30 ksi 

Testing rate 350-450 lb/s 

Slump 1.75 in. 
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Figure 3-1 Compression testing of the concrete cylinders 

3.2.2 Steel Reinforcement  

In this study, #3 and #5 diameter bars were used to make the steel caging of the tested beams. 

Three representative reinforcing steel specimens for each diameter were tested under tension by 

the research testing lab at Kansas Department of Transportation (KDOT) to evaluate the stress-

strain characteristics of the steel bars.  

Table 3-2 Test results of reinforcement bars 

 

 

 

 

 

 

 

Specimens 

No. 3 No. 5 

𝑭𝒚 (ksi) E (ksi) 𝑭𝒚 (ksi) E (ksi) 

Specimen #1 67.61 31360 68.50 28969 

Specimen #2 68.95 28554 68.74 30668 

Specimen #3 71.50 28000 72.50 29000 

Average 69.35 29305 69.91 29545 

(a) Before testing (b) After testing 
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The total length of the test specimens was 28 inches in length, see Figure 3-2. Table 3-2 

summarizes the mechanical properties of the reinforcing bars. The stress-strain response for the 

steel bars is shown in Figure 3-3. 

 

 

 

 

 

 

 

 

Figure 3-2 Steel tensile test 

 

 

 

 

 

 

 

 

 

 

 

 

(a) No. 3 (b) No. 5 

(a) No. 3 
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Figure 3-3 Stress-strain relationship for steel reinforcing bars 

 3.2.3 Fiber Reinforced Polymer (FRP) 

Three different types of FRP materials were used for strengthening two of the tested beams.  

 

 

 

 

 

 

 

 

Figure 3-4 FRP sheets 

 

(b) No. 5 

(a) V-Wrap C100 (b) V-Wrap C220B (c) V-Wrap EG50-B 
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The three types of FRP sheets are: 

1. Uni-directional carbon fiber reinforced polymer (CFRP) identified as V-Wrap C100, 

2. Bi-directional CFRP identified as V-Wrap C220B, and 

3. Glass fiber reinforced polymer (GFRP) identified as EG-50B.  

Figure 3-4 shows the FRP sheets used in this study. The mechanical properties of the FRP sheets 

used in this study, as reported by the manufacturers, are shown in Table 3-3.  

Table 3-3 Mechanical properties of FRP sheets 

 

3.2.4 Bonding Materials 

Numerous studies show that the stress in FRP sheets is transferred to reinforced concrete beam 

via adhesive.  

 

 

 

 

 

 

 

Figure 3-5 Bonding Materials (a) Parts A and B of the epoxy; (b) Mixing of the epoxy 

 
Properties 

0° Unidirectional 

CFRP (V-Wrap C100) 

 

0/90° Bidirectional   

CFRP (V-Wrap C220B) 

 

±45° Bidirectional GFRP 

(V-Wrap EG50-B) 

 

Tensile Strength  

(Longitudinal) 

140 ksi 155 ksi 40.5 ksi 

Tensile Modulus  

(Longitudinal) 

9600 ksi 14000 ksi 2697.70 ksi 

Thickness 

(Cured Laminate) 

0.023 in 0.020 in (each direction) 0.034 in (each direction) 

(a)  

  

(b) 
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In this research, V-Wrap 770 epoxy resin is used for bonding CFRP sheets to the two of the tested 

reinforced concrete beams. This adhesive consists of two liquid components (A and B) that are 

mixed together with a mixing ratio of 3:1 by weight, according to manufacturer’s proportions, see 

Figure 3-5. Table 3-4 shows the technical properties of the adhesive materials as supplied by the 

manufacturer. 

Table 3-4 Technical properties of bonding materials 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3 Deep Beam Specimens 

Three deep beams were obtained from healthy parts of 16-foot long specimens were previously 

tested in flexure under four-point bending to failure by Zaki (2018) [2]. These beams were prepared 

in the structural lab at Kansas State University with 42-inch length and cross sectional dimensions 

of 6-inch width by 12-inch height by using a gas power saw cut, see Figure 3-6.  The flexural 

reinforcement of the beams consisted of 2-#5 tension bottom bars at the tension side, and 2-#3 top  

Physical properties psi MPa 

Tensile Strength (ASTM D638) 8800 60.7 

Tensile Modulus (ASTM D638) 400000 2760 

Elongation at Break (ASTM D638 4.4% 4.4% 

Flexure Strength (ASTM D790) 13780 95 

Flexure Modulus (ASTM D790) 380000 2620 

Compressive Strength (ASTM D695) 12450 85.8 

Compressive Strength (ASTM D695) 387000 2670 

Epoxy Shear Strength 

 

Density 

Packaging 

Volume Weight Package 

Part A     9.7 lbs/gal (1.16 kg/L) 

Part B     7.9 lbs/gal (0.95 kg/L) 

2.8 gal          27.3 lbs           5 gal pail 

1.15 gal        9.1 lbs             5 gal pail 
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Figure 3-6 History of the tested deep beam specimens 

(c) Cutting saw 

16 ft 

4 ft 
P/2 P/2 

(a) Zaki’s flexure specimens 

(b) Preparation of the tested beams 
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bars at the compression side. Moreover, the beams were reinforced for shear with #3 closed stirrups 

spaced at 5 inches on center along the span length. Figure 3-7 shows specimen dimensions, 

reinforcement details, support locations, and location of loading point. 

 

 

 

 

 

 

 

 

 

 

Figure 3-7 Geometry and reinforcement of the tested deep beam specimens 

𝒃 6 in. (153 mm) 

𝒉 12 in. (305 mm) 

𝑪𝒕 1 in. (25.4 mm) 

𝑪𝒃 1 in. (25.4 mm) 

𝒉𝒔  10 in. (254 mm) 

𝒃𝒔 4 in. (101.6 mm) 

𝒅′ 
9.25 in. (235 mm) 

L=3h 

h 

P 

42 in 

a 

a 

Section a - a 
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In order to identify the test beam specimens with different strengthening schemes and anchorage 

devices, the following designation system is used, see Table 3-5. 

Table 3-5 Designation of the tested beam specimens 

 

 

 

 

 

The first concrete beam specimen (CON) was tested without retrofitting and was considered as a 

control beam for comparison. The second-deep beam specimen (CSW-GSP) had four flexure 

layers of CFRP sheets installed at tension zone of the beam using external anchorage. These four 

flexural layers were three layers of unidirectional CFRP (V-Wrap C100) and one layer of 

bidirectional CFRP (V-Wrap C220B). The external anchorage used for this specimen consists of 

side ±45° bidirectional GFRP (V-Wrap EG50-B) patches with 5 inches width along the beam 

length.  Figure 3-8 shows the strengthening scheme of this deep beam specimen. 

 

Symbol Description 

CON Control 

CSW CFRP Short Wrap around beam sides 

GSP GFRP Side Patch anchorage 

GSB GFRP Side Bar anchorage 

a 

a 
L=3h 

h 

42 in 

https://www.zoro.com/makita-gas-power-cut-saw-14-in-ek7301x1/i/G8528536/
https://www.zoro.com/makita-gas-power-cut-saw-14-in-ek7301x1/i/G8528536/
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Figure 3-8 Geometry and details of specimen (CSW-GSP) 

The third-deep beam specimen (CSW-GSB) had the same three layers of unidirectional CFRP 

(V-Wrap C100) and one layer of bidirectional CFRP (V-Wrap C220B). But, the bidirectional 

layer of C220B was inserted into premade side grooves (1 inch by 1 inch) along the beam length. 

 

a 

a 
L=3h 

42 in 

h 

b b 

Section a - a 

1 layer of C100 sheet with 2 in along sides 

  1 layer of C100 sheet with 2 in along sides 
2 layers of C100 sheet at bottom only 

  

GFRP Patch with 5 in width 

  

Section b - b 
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Figure 3-9 Geometry and details of specimen (CSW-GSB) 

A GFRP bars with diameter of 0.5 inches was inserted into each groove that were filled with 

high strength of epoxy putty filler. Figure 3-9 shows the strengthening schemes of this deep 

beam specimen. 

Casting of the beam specimens, preparation of concrete surface, and the installation of FRP 

materials can be found in Zaki (2018) [2]. 

 3.4 Test Setup and Instrumentation 

All beams were tested up to failure as simply supported by three 1 in. diameter steel rollers. A 

steel bearing plate of (4 in. x 6 in. x 1 in.) inserted between the concrete and steel rollers to 

prevent localized failure at the supporting and loading point. All beams had a total clear span 

length of 36 inches., and the CFRP sheets were cut using a hand saw machine to have the CFRP 

b b 

Section a - a 

2 layers of C100 sheet at bottom only 

  

1 layer of C100 sheet with 2 in along sides 

  

1 layer of C220B sheet with 3.5 in along sides 

  

GFRP bar 

  

Section b - b 
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sheets cover 85% of the full span in order not to extend under the beam supports, see Figure 3-

10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-10 Introduction of notches on the CFRP sheets 

The deep beams were tested in the structural testing laboratory at Kansas State University using a 

150 kips capacity hydraulic actuator, see Figure 3-11. The loading rate applied on the beam was 

0.025 in./min. The beam deflection was measured at mid-span. Two FRP strain gages per specimen 

(b) Power circular saw  

Notch 

(c) CFRP sheet notch 

(a) Deep beam specimens 



55 

were bonded to beam soffit of the strengthened beams in order to measure the strain in the CFRP 

sheets. Moreover, four more FRP strain gages (two per shear span) were installed on side patch 

anchorage of specimen CSW-GSP in order to record the FRP transverse strain on the failure side 

as shown in Figure 3-12. The beams were white-painted to facilitate crack viewing, and the 

appearance of first cracks and their propagation were detected visually. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-11 Laboratory test setup 
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Figure 3-12 Location of side FRP strain gages of specimen (CSW-GSP) 

 3.5 Test Results and Discussion 

Test results were analyzed based on cracking load, ultimate load, vertical mid-span deflection, 

failure mode and vertical mid-span strain on the FRP sheets at the beam’s soffit. It also presents 

the gain in shear capacity due to the application of the CFRP sheets with the anchorage devices. 

The cracks pattern of the specimen CON is shown in Figure 3-13.  

Figure 3-13 Cracks pattern of beam specimen (CON) 
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First crack was observed at an applied load of 22 kips at the right hand side of the beam. Then, 

some flexural small cracks along the beam bottom appeared and got wider rapidly as the load was 

increased. Some of the small shear cracks merged and developed into the inclined crack. The 

collapse happened by crushing of the horizontal strut at the left hand side of the beam at load of 

87.44 kips. Figure 3-14 shows the load-deflection curve for the beam specimen CON. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-14 Load vs. mid-span deflection for beam specimen (CON) 

The cracks pattern of the beam specimen (CSW-GSP) is shown in Figure 3-15. First crack is  

delayed and was observed at an applied load of 58 kips, and the beam failed at an ultimate 
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applied load of 107.63 kips with an increase in strength of about 23.09 % with respect to un-

strengthened beam specimen CON. Figure 3-16 shows the comparison of load and mid-span 

deflection of beam specimens CON and CSW-GSP. The beam failed due to inclined crack at the 

right hand side of the beam. This crack initiated from the support and propagated towards the point 

of applied loads, which led to de-bonding of the GFRP side patches from the concrete surface. The 

maximum measured FRP strain was 0.00322 at the the beam’s soffit (see Figure 3-17) and 

0.001404 at side patches of the failure side (Figure 3-18). 

 

 

 

 

 

 

 

 

Figure 3-15 Cracks pattern of beam specimen (CSW-GSP) 
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Figure 3-16 Load vs. mid-span deflection for beam specimen (CSW-GSP) 

 

 

 

 

 

 

 

Figure 3-17 Load vs. mid-span FRP strain for beam specimen (CSW-GSP) 
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Figure 3-18 Load vs. GFRP patch strain at the failure for beam specimen (CSW-GSP) 

The crack pattern of the beam specimen (CSW-GSB) is shown in Figure 3-19. First crack is 

delayed and was observed at an applied load of 32 kips, and the beam failed at an ultimate applied 

load of 58.10 kips with a decrease in strength of about 33.55 % with respect to un-strengthened 

beam specimen CON. Figure 3-20 shows the comparison of load and mid-span deflection of beam 

specimens CON and CSW-GSB.  

The beam failed due to an inclined crack initiated from the GFRP side bar anchorages and 

propagated towards the point of applied load. Although the side GFRP bar anchors showed a 

significant increase in the capacity of the flexural beam specimens of Zaki 2018 [2], test results 

showed that the mechanism of this anchorage in case of deep beams is not valid. The reason for 

this decrease in the capacity is that the GFRP side bars works as additional longitudinal ties which 

lead to decrease the effective depth of such beams.  The max. measured FRP strain was 0.00125 

at the the beam’s soffit, see Figure 3-21. 
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Figure 3-19 Cracks pattern of beam specimen (CSW-GSP) 

The load-deflection comparison of the control beam, and the strengthened beam specimens are 

shown in Figure 3-22. Table 3-6 summarizes the experimental findings of all tested specimens. 
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Figure 3-20 Load vs. mid-span deflection for beam specimen (CSW-GSP) 

 

 

 

 

 

 

 

Figure 3-21 Load vs. mid-span FRP strain for beam specimen (CSW-GSP) 
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Figure 3-22 Load vs. mid-span deflection for all tested deep beam specimens 

Table 3-6 Summary of results of the tested beam specimens 

Specimen 

Cracking load 

(kips) 

Pu 

(kips) 

% Pu 

Increase 

over CON 

Maximum 

 Deflection 

(in.) 

Strut angle 

(deg.) 

Failure mode a 

CON 22 87.44 - 0.39 49 A 

CSW-GSP 58 107.63 +23.09 0.15 53 B 

CSW-GSB 36 58.10 -33.55 0.17 45 C 

a A is Shear-flexural crack followed by horizontal strut failure; B is Diagonal strut failure plus FRP debonding; 

C is Diagonal strut failure.  
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Chapter 4 - Analytical Work and Prediction Results 

4.1 General 

In this Chapter, a rational approach to predict the response of reinforced concrete deep beams with 

and without flexural CFRP strengthening is proposed based on the truss analogy method. 

Verification, against experimental results, is done in order to check the validity and accuracy of 

the proposed approach. The accuracy of the approach is determined by ensuring that the ultimate 

load is reasonably predicted in comparison with the experimental values. Furthermore, comparison 

of the load-deflection curves between the experimental and analytical findings is made for the 

tested deep beams and tested beams from literature. 

 4.2 Assumptions and Analytical Procedure 

1. 2D truss structure is used to analyze rectangular deep beams following the ACI rules for 

STM as defined in Chapter Two. 

2. The full response of deep beams is simplified with two loading stages by assuming the 

stress-strain relationships for the concrete in compression and the reinforcement steel are 

independent of each other. The concrete compressive stress-strain relationship is assumed 

to follow the Hognestad’s curve, and a bilinear behavior is assumed for steel reinforcement. 

Typical stress-strain curve for concrete and steel are shown in Figure 4-1 and Figure 4-2, 

respectively. The two loading stages are: 

Stage 𝟏(𝐏𝐲 𝐯𝐬.  𝚫𝐲): ends with the yielding of the main tension reinforcement and uses the 

secant (total) stiffness approach with virtual work method to compute the mid span deflection, as 

following 

   Tie Force: 

𝐹𝑡 = 𝜎𝑠 ⋅ 𝐴𝑠 = (𝐸𝑠 ∗ Ɛ𝑠𝑦) ∙ 𝐴𝑠                                                                                              (4.1) 
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 Inclined Strut Force: 

𝐹𝑖𝑠𝑡 = 𝜎𝑐 ⋅ 𝐴𝑖𝑠𝑡 = (𝐸𝑐 ∗ Ɛ𝑐𝑒) ⋅ 𝐴𝑖𝑠𝑡                                                                                            (4.2) 

 Horizontal Strut Force: 

  𝐹ℎ𝑠𝑡 = 𝜎̃𝐶 ⋅ 𝐴ℎ𝑠𝑡                                                                                                                        (4.3) 

The three forces above (𝐹𝑡, 𝐹𝑖𝑠𝑡 , 𝐹ℎ𝑠𝑡) will be equated to their corresponding force values from 

standard truss analysis in terms of (𝑃𝑦). The smallest value of (𝑃𝑦) computed will be selected as 

the yielding force of the beam. The mid-span deflection of the beam at yielding will be computed 

by virtual work method as in Equation (4.4) 

∆𝑦= ∑
𝑛𝑖

2𝑃𝑦𝐿𝑖

𝐴𝑖𝐸𝑖

𝑚
𝑖=1                                                                                                                          (4.4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-1 Concrete stress-strain curve 
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Figure 4-2 Steel bilinear stress-strain relationship 

Stage 2 (𝜟𝐏𝐮 𝐯𝐬.  𝚫𝐲−𝐮): ends with the ultimate point and uses the tangent (incremental) stiffness 

approach with virtual work method to compute the mid-span deflection, as following: 

 Tie Force Increment: 

∆𝐹𝑡 = ∆𝜎𝑠 ⋅ 𝐴𝑠 = (𝐸́𝑠 ∗ (Ɛ𝑠𝑢 −  Ɛ𝑠𝑦) ∙ 𝐴𝑠                                                                                (4.5) 

 Inclined Strut Force Increment: 

∆𝐹𝑖𝑠𝑡 = ∆𝜎𝑐 ⋅ 𝐴𝑖𝑠𝑡 = (𝐸𝑐2𝑡 ∗ (Ɛ෠𝑐𝑓 − Ɛ𝑐𝑒) ⋅ 𝐴𝑖𝑠𝑡                                                                      (4.6) 

  Where 𝐸𝑐2𝑡 =
𝜎̂𝑐𝑓−0.7𝑓́𝑐

Ɛ෠𝑐𝑓−Ɛ𝑐𝑒
 

Horizontal Strut Force Increment: 

   ∆𝐹ℎ𝑠𝑡 = ∆𝜎𝑐𝑓 ⋅ 𝐴ℎ𝑠𝑡 = (𝐸𝑐3𝑡 ∗ (Ɛ́𝑐 −  Ɛ෨𝑐) ∙ 𝐴ℎ𝑠𝑡                                                                   (4.7) 

𝐸𝑠′ 
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Figure 4-3 Flowchart of proposed approach for unstrengthened deep beam 

The three force increments (∆𝐹𝑡, ∆𝐹𝑖𝑠𝑡, ∆𝐹ℎ𝑠𝑡)  above will be equated to their corresponding force 

increment values from standard truss analysis in terms of (∆𝑃𝑢). The smallest value of (∆𝑃𝑢) 

computed will be selected as the yielding-ultimate force in the deep beam. The mid-span deflection 

of the beam as the yielding-ultimate deflection in the deep beam will be computed by virtual work 

method as in Equation (4.8). 

   ∆𝑦−𝑢= ∑
𝑛𝑖

2∆𝑃𝑢𝐿𝑖

𝐴𝑖𝐸𝑖

𝑚
𝑖=1                                                                                                                  (4.8) 

Determine Truss Depth and Model Truss 

Finding (𝑃𝑦) Using Strain Levels   

Using linear cracked beam analysis, compute concrete strain at yielding (Ɛ𝑐𝑓) 

Computing deep beam strain (Ɛ෠𝑐𝑓) based on 

Timoshenko beam theory 

Ɛ෠𝒄𝒇 =  Ɛ𝒄𝒇 ×
𝟔

𝟓
 

 

Finding (∆𝑃𝑢) Using Incremental Strain Levels 

Using Inelastic-Secant 

Properties to Find 𝛥𝑦= 𝑓(𝑃𝑦)   

Using Incremental Properties 

to Find ∆𝑦−𝑢= g(∆𝑃𝑢)   

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢 

𝛥𝑢 = 𝛥𝑦 + ∆𝑦−𝑢 
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From the two loading stages above, the ultimate load capacity and mid span deflection of the RC 

deep beams are computed from Equation (4.9) and Equation (4.10), respectively 

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢                                                                                                                            (4.9) 

∆𝑢= ∆𝑦 + ∆𝑦−𝑢                                                                                                                        (4.10) 

Figure 4-3 illustrates solution steps of the proposed approach to predict the full response of 

unstrengthened deep beam.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-4 Two parallel trusses for a deep beam strengthened in flexure with CFRP 
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3. A strengthened deep beam is assumed to be composed of two parallel trusses. The first 

truss consists of the concrete core plus the steel tie and half of the steel stirrups since the 

concrete core is taken to the centroid of the stirrups. The second truss consists of the side 

concrete cover plus the FRP tie and the other half of the steel stirrups since the concrete 

cover is taken to the centroid of the stirrups, see Figure 4-4. The two loading stages are 

also used to compute the full response of the strengthened deep beam. Moreover, a 

compatibility equation at the maximum deflection node is applied to equate the two parallel 

trusses at that location. The compatibility equation is used to find the unknown shares of 

the two trusses at both loading stages. Figure 4-5 illustrates solution steps of the proposed 

approach to predict the full response of strengthened deep beam. 
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Using linear cracked beam analysis, compute concrete strain at yielding (Ɛ𝑐𝑓) 

Computing deep beam strain (Ɛ෠𝑐𝑓) based on Timoshenko beam theory 

Ɛ෠𝒄𝒇 =  Ɛ𝒄𝒇 ×
𝟔

𝟓
 

 

Finding (𝑃𝑦) Using Strain Levels   

Using Inelastic-Secant Properties 

to Find 𝛥𝑇𝑟𝑢𝑠𝑠 1= 𝑓(𝑃𝑦1)   

Using Inelastic-Secant Properties 

to Find 𝛥𝑇𝑟𝑢𝑠𝑠 2= 𝑔(𝑃𝑦2)   

Idealize Beam into Two Parallel Trusses 

Truss 1: Core Concrete Plus Steel Truss 2: Concrete Side Cover Plus FRP 

Setting Compatibility Equation 

𝛥𝑇𝑟𝑢𝑠𝑠 1 = 𝛥𝑇𝑟𝑢𝑠𝑠 2 

Find (𝑃𝑦2)  

𝑃𝑦 = 𝑃𝑦1 + 𝑃𝑦2 

𝛥𝑦 = 𝛥𝑇𝑟𝑢𝑠𝑠 1 = 𝛥𝑇𝑟𝑢𝑠𝑠 2 

(a) Stage 𝟏: (𝐏𝐲 𝐯𝐬.  𝚫𝐲) 
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Figure 4-5 Flowchart of proposed approach for strengthened deep beam 

4.3 Confirmation Examples  

4.3.1 Beams from Experimental Program  

In this section, beams (CON) and (CSW-GSP) are used to compare their analytical response of 

against the experimental results. The calculation steps are illustrated below: 

Finding (∆𝑃𝑢1) Using Incremental Strain Levels   

Using Incremental Properties to 

Find 𝛥𝑦−𝑢1= ℎ(𝛥𝑃𝑢1)   

Using Incremental Properties to 

Find 𝛥𝑦−𝑢2= 𝑗(𝛥𝑃𝑢2)   

Idealize Beam into Two Parallel Trusses 

Truss 1: Core Concrete Plus Steel Truss 2: Concrete Side Cover Plus FRP 

Setting Compatibility Equation 

𝛥𝑦−𝑢1 = 𝛥𝑦−𝑢2 

Find (𝛥𝑃𝑢2)  

𝑃𝑢 = 𝑃𝑦 + 𝛥𝑃𝑢1 + 𝛥𝑃𝑢2 

𝛥𝑢 = 𝛥𝑦 + 𝛥𝑦−𝑢 

(b) Stage 𝟐: (∆𝐏𝐮 𝐯𝐬.  𝚫𝐲−𝐮) 
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4.3.1.1 Beam (CON) 

Truss dimensions: 

𝑇𝑛 = 𝐴𝑠 ∙ 𝐹𝑦 = 2 ∗ 0.31 ∗ 70 = 43. 4𝑘  

𝑇𝑛 = 𝐶𝑛 ⇒ 43.4 = (0.85 ∙ 𝐵𝑛 ∙  𝑓′𝑐 ∙ 𝑦𝑐 ∙ 𝑏𝑤) + 𝐴′𝑆 ∙ 𝑓𝑦 

43.4 = (0.85 ∗ 1 ∗ 5 ∗ 𝑦𝑐 ∗ 6) + (0.11 ∗ 2 ∗ 70) ⇒  𝑦𝑐 = 1.098 𝑖𝑛 

𝑦𝑡 = 2 [𝑐𝑜𝑣𝑒𝑟 + 𝑑𝑠𝑡𝑖𝑟𝑟𝑢𝑝 +
𝑑𝑏

2
] = 2 [1 + 0.375 +

0.625

2
] = 3.375 𝑖𝑛 

𝑗𝑑 = ℎ − 0.5𝑦𝑐 − 0.5𝑦𝑡 = 9.765 𝑖𝑛 

Using two truss panels per shear span, see Figure 4-6:  

𝑆𝑡𝑟𝑢𝑡 𝑎𝑛𝑔𝑙𝑒 (𝜃) = 𝑡𝑎𝑛−1 [
9.765

18 − 4
2

] = 54.36° 

 

 

 

 

 

 

 

 

 

Figure 4-6 Truss model of specimen beam (CON) 

Assuming linear cracked beam analysis: 

𝑘 = √(𝑛𝜌)2 + 2𝑛𝜌 − 𝑛𝜌 = 0.314 ⇒ 𝑘𝑑 = 𝑐 = 3.24 𝑖𝑛 
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From strain compatibility (Ɛ𝑠𝑦 = 0.0024 and c = 3.24 in), this leads to Ɛ𝑐𝑓 = 0.0011. This strain 

is for shallow beams, which does not take into account the contribution of shear deformation. 

Thus, Ɛ𝑐𝑓 is adjusted to Ɛ෠𝑐𝑓 as follows: 

Ɛ෠𝑐𝑓  =  Ɛ𝑐𝑓 ×
6

5
= 0.00132 

Finding concrete stress at extreme fiber (𝜎𝑐): 

Ɛ́𝑐 = 1.7
5

57√5000
= 0.0021 strain at  𝑓′𝑐  

∈̂𝑐𝑓= 0.00132 ⇒ 𝜎ො𝐶𝑓 = 5 [
2 ∗ 0.00132

0.0021
− (

0.00132

0.0021
)

2

] ⇒ 𝜎ො𝐶𝑓 = 4.31 𝑘𝑠𝑖 

Finding concrete elastic strain limit: 

𝜎𝑐𝑒 = 0.7𝑓́𝑐 = 3.5 = 𝑓́𝑐 [
2Ɛ𝑐𝑒

0.0021
− (

Ɛ𝑐𝑒

0.0021
)

2

] ⇒  Ɛ𝑐𝑒 = 0.000947 

Finding (𝐸𝐶2): 

𝜎̃𝑐 =
4.31+3.5

2
= 3.905 𝑘𝑠𝑖 and Ɛ෨𝑐 = 0.001134 ⇒ 𝐸𝑐2𝑠 =

3.905

0.001134
= 3445.1 𝑘𝑠𝑖 

Stage 𝟏: (𝑷𝒚 𝒗𝒔.  𝜟𝒚) 

𝐸𝑠 = 29000 𝑘𝑠𝑖,  𝐸𝑐 = 4030.51 𝑘𝑠𝑖  ,  𝐸𝑐2𝑠 = 3445.1 𝑘𝑠𝑖 

From the linear secant truss analysis, see Figure 4-6: 

Tie:  

𝐹𝑡 = 𝜎𝑠 ⋅ 𝐴𝑠 = (𝐸𝑠 ⋅ Ɛ𝑠) ∙ 𝐴𝑠 = 0.72𝑃𝑦 = (29000 ∗ 0.0024) ∗ 0.62 = 43.2 ⇒ 𝑃𝑦 = 59.934𝑘 

Inclined Strut: 

Inclined strut width = Minimum (top width, bottom width), see Figure 4-7:  

At top of the strut:  𝑤𝑎𝑏 = 4” ∙ 𝑠𝑖𝑛𝜃 + 𝑦𝑐 ∙ 𝑐𝑜𝑠𝜃 ⇒ 𝑤𝑎𝑏 = 3.9 𝑖𝑛 

At Bottom of the strut: 𝑤𝑏𝑎 = 4” ∙ 𝑆𝑖𝑛𝜃 + 𝑦𝑡 ∙ 𝐶𝑜𝑠𝜃 ⇒ 𝑤𝑎𝑏 = 5.2 𝑖𝑛 
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Inclined strut capacity: 𝐹𝑖𝑠𝑡 = 𝜎𝑐𝑒 ⋅ 𝐴𝑑𝑠𝑡 = (3.5) ∗ (3.9 ∗ 6) ⇒ 0.62𝑃𝑦 = 81.9 ⇒ 𝑃𝑦 = 132. 1𝑘 

 

 

 

 

 

 

 

Figure 4-7 Top nodal zone of specimen beam (CON) 

Horizontal Strut 

Horizontal strut capacity: 𝐹ℎ𝑠𝑡 = 𝜎̃𝑐 ⋅ 𝐴ℎ𝑠𝑡 = 3.905 ∗ (1.098 ∗ 6) ⇒ 0.36𝑃𝑦 = 25.73 ⇒ 𝑃𝑦 = 71.46𝑘 

Calculating (𝜟𝒚): 

𝑃𝑦 = 59.934𝑘 

𝐿𝑎𝑏 = √(9.764)2 + 72 = 12.014 𝑖𝑛,  𝐿𝑎𝑐 = 7 𝑖𝑛 

𝐴𝑎𝑏 = 𝐼𝑛𝑐𝑙𝑖𝑛𝑒𝑑 𝑠𝑡𝑟𝑢𝑡 𝑑𝑒𝑝𝑡ℎ ∗ 𝑏𝑤 = 23.34 𝑖𝑛2 

𝐴𝑏𝑑 = 𝐻𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙 𝑠𝑡𝑟𝑢𝑡 𝑑𝑒𝑝𝑡ℎ ∗ 𝑏𝑤 = 6.588 𝑖𝑛2 

𝐴𝑎𝑐 = 0.31 ∗ 2 = 0.62 𝑖𝑛2 

Lumping all the stirrup areas into one vertical truss member: 

𝐴𝑏𝑐 = 𝐴𝑣 ∗
18"

𝑆𝑝𝑎𝑐𝑖𝑛𝑔 (5")
= 0.11 ∗ 2 ∗ 3.6 = 0.79 𝑖𝑛2 

𝐸𝑐1𝑠 =
3.5

0.000947
= 3695.9 𝑘𝑠𝑖 and 𝐸𝑐2𝑠 = 3445.1 𝑘𝑠𝑖 and 𝐸𝑠 = 29000 𝑘𝑠𝑖 

4′′ 

y𝑐 

𝜃 
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𝛥𝑦 = 𝑃𝑦 [
0.622 ∗ 𝐿𝑎𝑏

𝐴𝑎𝑏 ∗ 𝐸𝐶1𝑠
× 4 +

0.362 ∗ 𝐿𝑏𝑑

𝐴𝑏𝑑 ∙ 𝐸𝐶2𝑠
× 2 +

0.52 ∗ 𝐿𝑏𝑐

𝐴𝑏𝑐 ∙ 𝐸𝑠
× 2 +

0.362 ∗ 𝐿𝑎𝑐

𝐴𝑎𝑐 ∙ 𝐸𝑠
× 2      

+
0.722 ∗ 𝐿𝑐𝑒

𝐴𝑐𝑒 ∙ 𝐸𝑠
× 2 +

0.362 ∗ 4

𝐴𝑏𝑑 ∙ 𝐸𝑐2𝑠
+

0.722 ∗ 4"

𝐴𝑐𝑒 ∙ 𝐸𝑠
] = 0.0678 𝑖𝑛 

Stage 2: (𝜟𝑷𝒖 𝒗𝒔.  𝜟𝒚−𝒖) 

𝐸𝑠
′ = 0.03𝐸𝑠 =870 ksi Rasheed (1990) [1], and 𝜎𝑠𝑢 = 101.5 𝑘𝑠𝑖 (from experimental testing) 

𝐸𝑐3𝑡 =
5−3.905

0.021−0.001134
= 1133.54 𝑘𝑠𝑖 , and 𝐸𝑐2𝑡 =

4.31−3.5

0.00132−0.000947
= 2172 𝑘𝑠𝑖 

Tie:  

𝐹𝑡 = ∆𝜎𝑠 ∙ 𝐴𝑠 = [𝐸𝑠′ ∙ (Ɛ𝑠𝑢 − Ɛ𝑦)] ∙ 𝐴𝑠 

𝐹𝑡 = [870 ∗ (0.0386 − 0.0024)] ∗ 0.62 ⇒ 0.72∆𝑃𝑢 = 19.53 ⇒ ∆𝑃𝑢 = 27.12𝑘 

Inclined Strut: 

Inclined strut capacity:  

𝐹𝑖𝑠𝑡 = ∆𝜎𝑐 ∙ 𝐴𝑖𝑠𝑡 = [𝐸𝑐2𝑡 ∗ (Ɛ෠𝑐𝑓 − Ɛ𝑐𝑒)] ∙ (𝑤𝑠 ∙ 𝑏) 

𝐹𝑑𝑠𝑡 = [2172 ∗ (0.00132 − 0.000947)] ∗ (3.9 ∗ 6) = 0.62∆𝑃𝑢 = 18.91 ⇒ ∆𝑃𝑢 = 30.498𝑘 

Horizontal Strut: 

Horizontal strut capacity 

𝐹ℎ𝑠𝑡 = ∆𝜎𝑐𝑓 ∙ 𝐴ℎ𝑠𝑡 = [(𝐸𝑐3𝑡 ∗ (Ɛ́𝑐 −  Ɛ෨𝑐)] ∗ (𝑦𝑐 ∙ 𝑏) 

𝐹ℎ𝑠𝑡 = [1133.54 ∗ (0.0021 − 0.001134)] ∗ (1.098 ∗ 6) = 0.36∆𝑃𝑢 = 7.21 ⇒ ∆𝑃𝑢 = 20.04𝑘 

∆𝑃𝑢 = 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 (∆𝑃𝑢) =  20.04𝑘 

Calculating(∆𝒖): 

∆𝑦−𝑢= ∆𝑃𝑢
′ [

0.622 ∗ 𝐿𝑎𝑏

𝐴𝑎𝑏 ∗ 𝐸𝑐2𝑡
× 4 +

0.362 ∗ 𝐿𝑏𝑑

𝐴𝑏𝑑 ∙ 𝐸𝑐3𝑡
× 2 +

0.52 ∗ 𝐿𝑏𝑐

𝐴𝑏𝑐 ∙ 𝐸𝑠
× 2 +

0.362 × 4"

𝐴𝑏𝑑 ∙ 𝐸𝑐3𝑡
+

0.362 ∗ 𝐿𝑎𝑐

𝐴𝑎𝑐 ∙ 𝐸𝑠

× 2 +  
0.722 ∗ 𝐿𝑐𝑒

𝐴𝑐𝑒 ∙ 𝐸𝑠′
× 2 +

0.722 ∗ 4"

𝐴𝑐𝑒 ∙ 𝐸𝑠′
] = 0.407 𝑖𝑛 
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∆𝑢= ∆𝑦 + ∆𝑦−𝑢= 0.0678 + 0.407 = 0.475 𝑖𝑛 

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢 = 59.934 + 20.04 = 79.974𝑘 

Based on the calculations above, the full analytical response is compared with the experimental 

load-deflection curve showing very good correspondence, Figure 4-8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-8 Load-deflection comparison of beam specimen (CON) 

 

4.3.1.2 Beam (CSW-GSP) 

Following the flowchart steps in Figure 4-5a to compute the yielding load of truss 1 (Figure 4-9)   
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Based on Figure 4-9: 

 

 

Figure 4-9 Truss 1 (concrete + steel) model of beam specimen (CSW-GSP) 

 

Figure 4-10 Truss 2 (concrete + CFRP) model of beam specimen (CSW-GSP) 

Tie Force:  𝑃𝑦1 = 58.30𝑘 

Inclined Strut Force:  𝑃𝑦1 = 96𝑘 

Horizontal Strut Force: 𝑃𝑦1 = 75. 62𝑘 
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The yielding force of truss 1 = 𝑃𝑦1 = 58. 30𝑘 

The second truss (Figure 4-10) has the following parameters: 

 𝑏𝑤2 = 2 × 1 + 2 ×
1

2
×

3

8
= 2.375 𝑖𝑛, and 

 𝑗𝑑2 = ℎ − 0.5 × 𝑦𝑐 − 0.5 × 𝑦𝑡𝑓 = 10.935 𝑖𝑛 

Where 𝑦𝑡𝑓 = 2(ℎ − 𝑑𝑓) = 1.02 𝑖𝑛 

Based on Figure 4-9 and Figure 4-10, the compatibility equation is applied at node (d) for the two 

trusses: 

𝛥𝑦1 = 𝛥𝑦2 

Where: 

𝛥𝑦1 = 𝑃𝑦1 [
0.622 ∗ 𝐿𝑎𝑏1

𝐴𝑎𝑏1 ∗ 𝐸𝑐1𝑠
× 4 +

0.372 ∗ 𝐿𝑏𝑑1

𝐴𝑏𝑑1 ∙ 𝐸𝑐2𝑠
× 2 +

0.52 ∗ 𝐿𝑏𝑐1

𝐴𝑏𝑐1 ∙ 𝐸𝑠
× 2 +

0.372 ∗ 𝐿𝑎𝑐1

𝐴𝑎𝑐1 ∙ 𝐸𝑠
× 2

+
0.742 ∗ 𝐿𝑐𝑒1

𝐴𝑐𝑒1 ∙ 𝐸𝑠
× 2 +

0.372 ∗ 4

𝐴𝑏𝑑1 ∙ 𝐸𝑐2𝑠
+

0.742 ∗ 4"

𝐴𝑐𝑒1 ∙ 𝐸𝑠
] = 1.53 × 10−3 𝑃𝑦1 

𝛥𝑦2 = 𝑃𝑦2 [
0.592 ∗ 𝐿𝑎𝑏2

𝐴𝑎𝑏2 ∗ 𝐸𝑐1𝑠
× 4 +

0.322 ∗ 𝐿𝑏𝑑2

𝐴𝑏𝑑2 ∙ 𝐸𝑐2𝑠
× 2 +

0.52 ∗ 𝐿𝑏𝑐2

𝐴𝑏𝑐2 ∙ 𝐸𝑠
× 2 +

0.322 ∗ 𝐿𝑎𝑐2

𝐴𝑎𝑐2 ∙ 𝐸𝑓
× 2

+
0.642 ∗ 𝐿𝑐𝑒2

𝐴𝑐𝑒2 ∙ 𝐸𝑓
× 2 +

0.322 ∗ 4

𝐴𝑏𝑑2 ∙ 𝐸𝑐2𝑠
+

0.642 ∗ 4"

𝐴𝑐𝑒2 ∙ 𝐸𝑓
] = 2.29 × 10−3 𝑃𝑦2 

𝑃𝑦2 = 0.67 𝑃𝑦1 = 39.06𝑘 

𝑃𝑦 = 58.3 + 39.06 = 97.36𝑘 

𝛥𝑦 = 𝛥𝑦1 = 1.53 × 10−3𝑃𝑦1 = 0.09 𝑖𝑛 

For the second stage of loading, the incremental procedure is applied as illustrated in Figure 4-5b: 

Based on Figure 4-9: 

Tie Force:  ∆𝑃𝑢1 = 1.30𝑘 

Inclined Strut Force:  ∆𝑃𝑢1 = 37.61𝑘 
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Horizontal Strut Force:  ∆𝑃𝑢1 = 13𝑘 

The incremental ultimate force of truss 1 = ∆𝑃𝑢1 = 1.30𝑘 

Based on Figure 4-9 and Figure 4-10, the compatibility equation is applied at node (d) for the two 

trusses: 

∆𝑦−𝑢1= ∆𝑦−𝑢2 

 ∆𝑦−𝑢1 = ∆𝑃𝑢1 [
0.622∗𝐿𝑎𝑏1

𝐴𝑎𝑏1∗𝐸𝑐2𝑡
× 4 +

0.372∗𝐿𝑏𝑑1

𝐴𝑏𝑑1∙𝐸𝑐3𝑡
× 2 +

0.52∗𝐿𝑏𝑐1

𝐴𝑏𝑐1∙𝐸𝑠
× 2 +

0.372∗𝐿𝑎𝑐1

𝐴𝑎𝑐1∙𝐸𝑠
× 2 +

                                        
0.742∗𝐿𝑐𝑒1

𝐴𝑐𝑒1∙𝐸́𝑠
× 2 +

0.372∗4

𝐴𝑏𝑑1∙𝐸𝑐3𝑡
+

0.742∗4"

𝐴𝑐𝑒1∙𝐸́𝑠
] = 0.0244 ∆𝑃𝑢1 

∆𝑦−𝑢2= ∆𝑃𝑢2 [
0.592 ∗ 𝐿𝑎𝑏2

𝐴𝑎𝑏2 ∗ 𝐸𝑐2𝑡
× 4 +

0.322 ∗ 𝐿𝑏𝑑2

𝐴𝑏𝑑2 ∙ 𝐸𝑐3𝑡
× 2 +

0.52 ∗ 𝐿𝑏𝑐2

𝐴𝑏𝑐2 ∙ 𝐸𝑠
× 2 +

0.322 ∗ 𝐿𝑎𝑐2

𝐴𝑎𝑐2 ∙ 𝐸𝑓
× 2

+
0.642 ∗ 𝐿𝑐𝑒2

𝐴𝑐𝑒2 ∙ 𝐸𝑓
× 2 +

0.322 ∗ 4

𝐴𝑏𝑑2 ∙ 𝐸𝑐3𝑡
+

0.642 ∗ 4"

𝐴𝑐𝑒2 ∙ 𝐸𝑓
] = 3.544 × 10−3 ∆𝑃𝑢2 

∆𝑃𝑢2 = 6.88 ∆𝑃𝑢1 = 8.944𝑘 

∆𝑃𝑢 = 1.3 + 8.944 = 10.244𝑘 

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢 = 97.36 + 10.24 = 107. 60𝑘 

∆𝑦−𝑢= ∆𝑦−𝑢1= 0.03 𝑖𝑛 

𝛥𝑢 = 𝛥𝑦 + ∆𝑦−𝑢= 0.09 + 0.03 = 0.12 𝑖𝑛 

Based on the calculations above, the full analytical response is compared with the experimental 

load-deflection curve showing very good correspondence, Figure 4-11. 
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Figure 4-11 Load-deflection comparison of beam specimen (CSW-GSP) 

Comparison between prediction results and experimental findings is summarised in Table 4-1. 

Table 4-1 Prediction and experimental results of experimental program beams 

  

 

 

 

 

Specimen 

Experimental results Prediction results Comparison 

(1)𝑃𝑦 

(kips) 

(2)∆𝑦 

(in.) 

(3)𝑃𝑢 

(kips) 

(4)∆𝑢 

(in.) 

(5)𝑃𝑦 

(kips) 

(6)∆𝑦 

(in.) 

(7)𝑃𝑢 

(kips) 

(8)∆𝑢 

(in.) 

(1)/(5) 

 

(3)/(7) 

 

CON 60 0.09 87.44 0.4 59.93 0.07 80 0.47 1.00 1.09 

CSW-GSP 100 0.13 107.63 0.15 97.36 0.09 107.60 0.12 1.03 1.00 
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4.3.2 Beams from Literature  

In this section, an unstrengthed beam (Control) and a strengthen beams (S1) that were tested by 

Pham and Al-Mahadi (2004) [2] are used to check the validity of the analytical approach. Typical 

beam setup, reinforcement details, and section properties are shown in Figure 4-12. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-12 Typical beam dimensions of the literature beams 
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4.3.2.1 Unstrengthened Beam (Control) 

Following the flowchart steps in Figure 4-3: 

Stage 𝟏: (𝑷𝒚 𝒗𝒔.  𝜟𝒚) 

Tie Force:  𝑃𝑦 = 23.66𝑘 

Inclined Strut Force:  𝑃𝑦 = 93.21𝑘 

Horizontal Strut Force: 𝑃𝑦 = 22.03𝑘 

Calculating (𝜟𝒚): 

The yielding force of the beam (𝑃𝑦) = 22.03𝑘 

𝛥𝑦 = 0.39 𝑖𝑛 

 Stage 2: (𝜟𝑷𝒖 𝒗𝒔.  𝜟𝒚−𝒖) 

Tie Force:  ∆𝑃𝑢 = 2.07𝑘 

Inclined Strut Force:  ∆𝑃𝑢 = 10.40𝑘  

Horizontal Strut Force: ∆𝑃𝑢 = 7.03𝑘 

Calculating (𝜟𝒖): 

∆𝑃𝑢 = 𝑀𝑖𝑛𝑖𝑚𝑢𝑚 (∆𝑃𝑢) =  2.07𝑘 

∆𝑦−𝑢= 0.82 𝑖𝑛 

∆𝑢= ∆𝑦 + ∆𝑦−𝑢= 0.39 + 0.82 = 1.214 𝑖𝑛 

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢 = 22.03 + 2.07 = 24.11𝑘 

Based on the calculations above, the full analytical response is compared with the experimental 

load-deflection curve showing very good correspondence, Figure 4-13. 
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Figure 4-13 Load-deflection comparison of unstrengthened beam (Control) 

4.3.2.2 Strengthened Beam (S1) 

Following the flowchart steps in Figure 4-5a to compute the yielding load of truss 1: 

Tie Force:  𝑃𝑦1 = 23.38𝑘 

Inclined Strut Force:  𝑃𝑦1 = 90.21𝑘 

Horizontal Strut Force: 𝑃𝑦1 = 22. 76𝑘 

The yielding force of truss 1 = 𝑃𝑦1 = 22. 76𝑘 
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From second truss parameters, we can set the compatibility equation at the loading node for the 

two trusses: 

𝛥𝑦1 = 𝛥𝑦2 

𝛥𝑦1 = 0.019 𝑃𝑦1 

𝛥𝑦2 = 0.136 𝑃𝑦2 

𝑃𝑦2 = 0.14 𝑃𝑦1 = 3.19𝑘 

𝑃𝑦 = 𝑃𝑦1 + 𝑃𝑦2 = 25.94𝑘 

𝛥𝑦 = 𝛥𝑦1 = 0.019 𝑃𝑦1 = 0.43 𝑖𝑛 

For the second stage of loading, the incremental procedure is applied as illustrated in Figure 4-5b: 

Tie Force:  ∆𝑃𝑢1 = 2.18𝑘 

Inclined Strut Force:  ∆𝑃𝑢1 = 10.61𝑘 

Horizontal Strut Force:  ∆𝑃𝑢1 = 10.61𝑘 

The incremental ultimate force of truss 1 = ∆𝑃𝑢1 = 2.18𝑘 

From second truss parameters, we can set the compatibility equation at the loading node for the 

two trusses: 

∆𝑦−𝑢1= ∆𝑦−𝑢2 

 ∆𝑦−𝑢1 = 0.408 ∆𝑃𝑢1 

∆𝑦−𝑢2= 0.176 ∆𝑃𝑢2 

∆𝑃𝑢2 = 2.312 ∆𝑃𝑢1 = 5.05𝑘 

∆𝑃𝑢 = ∆𝑃𝑢1 + ∆𝑃𝑢2 = 7.23𝑘 

𝑃𝑢 = 𝑃𝑦 + ∆𝑃𝑢 = 33. 18𝑘 

∆𝑦−𝑢= ∆𝑦−𝑢1= 0.89 𝑖𝑛 
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𝛥𝑢 = 𝛥𝑦 + ∆𝑦−𝑢= 1.32 𝑖𝑛 

Based on the calculations above, the full analytical response is compared with the experimental 

load-deflection curve showing very good correspondence, Figure 4-14. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-14 Load-deflection comparison of strengthened beam (S1) 

 

Comparison between prediction results and experimental findings of the beams from the 

literature is summarised in Table 4-2. 
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Table 4-2 Prediction and experimental results of literature beams 
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Specimen 

Experimental results Prediction results Comparison 

(1)𝑃𝑦 

(kips) 

(2)∆𝑦 

(in.) 

(3)𝑃𝑢 

(kips) 

(4)∆𝑢 

(in.) 

(5)𝑃𝑦 

(kips) 

(6)∆𝑦 

(in.) 

(7)𝑃𝑢 

(kips) 

(8)∆𝑢 

(in.) 

(1)/(5) 

 

(3)/(7) 

 

Control 22.9 0.50 24.4 1.57 22 0.39 24.1 1.21 1.04 1.01 

S1 27 0.47 33.2 1.34 25.9 0.43 33.2 1.32 1.04 1.00 
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Chapter 5 - Conclusions and Recommendations 

5.1 General 

The objective of this dissertation is to study the behavior of RC deep beams with and without 

flexural CFRP strengthening and the effect of an innovative anchorage devices on their capacities. 

This research includes an experimental program and an analytical approach. The analytical 

approach is extended from STM in order to predict the full response (load-deformation) and the 

failure capacity of these tested beams as well as to identify the failure mode involved. The 

analytical approach is further verified against another set of tested beams from literature. Good 

agreement is shown between the experimental and analytical results indicating that the flexural 

strengthening scheme is effective in increasing the shear capacity and improving the structural 

behavior of RC deep beams. 

In this Chapter, conclusions obtained from experimental and analytical results are given, as well 

as some recommendations and suggestions for future work are presented. 

5.2 Conclusions 

Based on the present experimental and analytical results of reinforced concrete deep beams with 

and without flexural CFRP sheets made from normal strength concrete, the following conclusions 

can be drawn: 

5.2.2 Conclusions from Experimental Work 

1. It has been observed from the behavior of the tested beam specimens that the addition of 

well-anchored CFRP flexural sheets increase the shear capacity of the deep beams tested. 

2. The reinforced concrete deep beams strengthened in flexure with CFRP sheets show a 

lower deflection at corresponding loads in comparison with unstrengthened beam due to 

the presence of CFRP sheets. 
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3.  An increase in cracking load was observed when using flexural CFRP sheets. This increase 

is 160 % for reinforced concrete deep beam externally strengthened with flexural CFRP 

sheets and GFRP side patches as external anchorages over shear spans. 

4. Experimental test results show that GFRP side bars as external anchorages are not valid 

anchorage devices for deep beams. The side bars work as additional longitudinal ties which 

lead to a decrease in the effective depth of such beams.   

5.2.2 Conclusions from Analytical Work 

1. The analytical approach in this study is capable of predicting for the first time the full 

response (load-deflection) of unstrengthened and flexure strengthened reinforced concrete 

deep beams with a very acceptable accuracy. 

2. The present analytical model of bilinear response was sufficient in accurately tracing the 

shear load-deflection behavior. 

3. The introduction of the deformation calculations using truss analogy was a powerful 

contribution of this work. 

4. The comparison between the analytical and the experimental results asserted the validity 

of the proposed approach and the methodology developed. The maximum error in the 

ultimate load prediction was less than 10 %. On the other hand, the maximum error in the 

ultimate deflection is within 20 % since the truss does not completely represent the full 

beam mass. 

 5.3 Limitations of The Study 

1. The size effect on the behavior of deep beams is not studied. 

2. The applicability of the present analytical approach has been tested for beams with (La/d) 

ratios equal to 1.75 and 3.25 only.  
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5.4 Recommendations for Future Work 

Based on the findings and conclusions of the current study, the following recommendations are 

made for future research work: 

1. Further studies should focus on wide range of deep beam geometry, concrete cover, and 

different amounts of internal steel reinforcement. 

2. Predicting the shear strength of RC deep beams with web skin reinforcement. 

3. Studying the effect of concrete compressive strength on the behavior of lightweight 

aggregate concrete deep beams. 

4. Experimental investigation of the behavior of RC continuous deep beams strengthened by 

CFRP. 

 

 

 

 

 


