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CHAPTER I

INTRODUCTION

This report is primarily concerned with the study of some of the more
important design methods that are normally used in the design of digital
filters. These methods can be divided into two broad classes, depending

upon whether the digital filter of interest is of the FIR (finite impulse

response)} or the IIR (infinite impulse response) type.

FIR filters can be designed using three well-known methods, which
are: (i) the window method, (ii) the frequency sampling method, and (iii) the
optimization method. In this report, the window method has been discussed in
detail and various design examples are presented. The other two methods are
discussed relatively briefly,

Again, two design methods are considered in the case of IIR filters.
These are: (i) the impulse invariance methed, and (ii) the bilinear trans-
formation method. More attention has been given to the bilinear transfor-
mation method since it is used frequently in the practice. Several illus-
trative examples are presented, including one related to bandpass filters in
the low frequency region; 4-8 Hz and 8-12 Hz., These types of filters can be
used in the érea of EEG (electroencephalogram) signalrprocessing.

This report consists of five chapters. Chépters II and III discuss
design techniques of FIR and IIR digital filters respectively. Chapter IV
provides a description of some experimental results related to EEG signal
processing using IIR filters which are designed via the bilinear transformation

technique. Some concluding remarks are included in Chapter V.



CHAPTER I1I
DESIGN TECHNIQUES FOR FIR DIGITAL FILTERS

The main objective of this chapter is to discuss the methods available
for the design of FIR digital filters. There are basically three well-known
FIR digital filter design methods; they are: (i) the window method (ii) the
frequency sampling method and (iii) the optimization method,

The next sections discuss each of these methods in some detail.

2.1. The Window Method
Since the frequency response H(er) of a digital filter is periodic
with period 2, it can be expressed in the form of a Fourier series

expansion as follows:

[ w -
He™) = Y n(me "™ (2.1-1)
n=- co
™
shere  Hifn) =%;r H(el™) eI"™Maw (2.1-2)

0

For designing FIR filters, there are two difficulties with respect
to Equation (2.1-1). First, the impulse response h(n) is infinite in
duration; second, the filter is unrealizable because the impulse response
h(n)$# 0 for n<0. Hence one possible way of obtaining an FIR filter would
be to truncate the above infinite Fourier series at n = ¥ m, However,
direct truncation could lead to undesirable effects such as the Gibbs
phenomenon. A better way of obtaining an FIR filter is to use a finite

duration weighting sequence w(n), called a window, to appropriately modify

the Fourier coefficients h(n) in Eq. (2.1-1}.



Effective windows are those that consist of a central lobe which
contains most of the energy, and side lobes that decrease rapidly as w tends
tonr .

To obtain an FIR approximation to a given H(ejw), we merely need to
form the weighted sequence‘%(n) = h(n)-w(n) where h(n) is the Fourier
coefficient of frequency response H(ejw); w(n) is the weighting sequence
whose Fourier transform is w(ejw).

The above discussion leads to the question of desirable window
characteristics and how closely they are attained in practice. To this end
some aspects of three window functions are described in what follows.

Types of windows. Several types of windows are available, e.g. rectangular,

generalized Hamming, Kaiser, Dolph-Chebyshev, triangular, and Blackman
windows. The windows discussed here included the rectangular, Hamming, and
Kaiser windows,
(i) Rectangular window: The weighting function for an N-point rectangular
window is defined as
1.0 -39S g5

wR[n) =

0.0 elsewhere (2.1-3)

Again, the frequency response of the above window is given by

’ (ej”) _ (N-1)/2 i _ sin(wN/2) (2.1-4)
b e (132 sin(w/2) .

A sketch of Eq. (2.1-4) is as shown in Fig. 2.1-1, from which it
is evident that considerable energy could be spread over the side lobes.

This is the main disadvantage of rectangular windows.
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Fig. 2.1-1. Frequency response of a rectangular window.

(ii) Generalized Hamming window: The weighting function for this type of

window is defined as

o + (1- ef)cos (2]:;”1) -(y-é-l—)sni(%i

wy(n) =
0.0 elsevhere (2.1-5)

where o is in the range 04«<1.0. If o = 0.54 the window is called a

Hamming window; again if ot= 0.5, it is called a hanning window.

We can also write Eq. (2.1-5) in the form

Wy = wo(n) [ e+ (1-ec) cos GED],

from which it is apparent that the frequency response of the generalized
Hamming window is the convolution of the frequency response of the rectang-

ular window WR(er), with an impulse train as follows:
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(e ?) D)+ (o) B + D

(o) o [ 80 ¢ (Loer) &~
2 2z

That is

W je. « [ejw) . (1 -&9 W[ Flw- 2%19] + (é:ff)\g J (w+ 2;1)
Hie s = i 2 RL® > 7 Wple ]

(2.1-6)
A graphical interpretation of Eq. (2.1-6) is shown in Fig. 2.1-2,
along with the resulting frequency response WH(eJW) of a Hamming window;

i.e. for o= 0.54

QWRIEJ“)

{t-aj Jlwt2m/ (1-a) ;
Wwp (ellwtar NJ) _ , Jlar=2w N
2 & et . \V/ 2 wigle }
b ~
e —_ f’.__. \\ N e
R g usl 4 “
4w _em 2w am
N N N N
wH(elw)
o 3 AT w
N N

Fig. 2.1-2. Frequency responsc of a Hamming window; see
Eq. €2.1-6).



(iii) Kaiser window: The weighting function for the Kaiser window is

defined as

Io(ﬁJl-[Zn/(N—l)]z) N-1

N-1
IO(B) » ‘(T)Sn 5(“’2_') (2-1‘7]

W (n) =

where B is a constant that specifies a frequency response trade-off between
the peak height of the side lobe ripples and the widfh of the main lobe;
Io(x) is the zeroth-order Bessel function.

It has also been shown that in the continuous-time case, the

frequency response of a Kaiser window is proportional to

sin[B (/g )2 - 1]
\Rﬁ/fﬁ 7% - 1

where Wg is the spectral width of the central lobe of the frequency

(2.1-8)

response. Details related to the Kaiser window are available elsewhere [1].
Next, three illustrative examples which employ the window method
are presented.

Example 2.1-1. Design an FIR filter which provides an approximation to an

ideal lowpass filter with zero phase. The impulse response of such a filter
can be shown to be as follows [1]

sin QWFJ)

h(n) = Tn

-N<n«gN (2.1-9)

where Fc is the normalized cutoff frequency. Use the rectangular and
Hamming windows with Fc = 0.2 and N = 128, Assume a sampling frequency of
64 Hz. '

Solution: The steps involved in the design of an above FIR lowpass filter

are as follows:
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Step 1. Generate the impulse response h(n), n = 0,1,. . .,128 using
Eq. (2.1-9)

Step 2. Multiply h(n) with 128 values of a Hamming window which are
generated using Eq, (2.1-5} with o = 0.54. Then the resulting
sequence is

ﬁ(n} = h(n) - WH(n), n=20,1,. . .,128
which yields the impulse response of the desired FIR digital
filter.
A program to implement the above two steps is given in Appendix II.
Fig. 2.1-3 shows the corresPQnding magnitude characteristic plotted
with rectangular and Hamming windows., We note that the Hamming window
characteristic is substantially superior in the vicinity of 12.8 Hz which
is the cut off frequency.
A Fortran program that enables one to plot the magnitude character-
istic for the above filter is given in Appendix IIT.

Example 2.1-2, Design an FIR digital filter which approximates an ideal

bandpass filter with the following specifications:

phase = zero

Lower cut off frequency Fl 4 Hz

Upper cut off frequency P 8 Hz

Number of data points, N = 128

Sampling frequency F5 = 64 sps.
Use the Hamming window.
Solution: Consider the ideal bandpass filter characteristic which is as
shown below. It can be shown that the impulse response of an ideal digital

filter that yields this characteristic is given by [2]



25in(27TF n)

c
h(n) = ——=7— - cos(2TEF;n), - Ln<e (2.1-10)
where Fc = LFh - Fl)/z

and FO =\!Fh Fl
A H(jw)
o Fc — e Fc =1
2 ) %, —w
el c

Evaluation of FC = (Fh - Fl)/Z Fe, F1 = F1/Fs, F. = Fh/fs and

h

F0 = \!Fh F1 results in Fl = 4/64, Fh = 8/64, Fc = 2/64 and F0 = J32/64.

The the Eq. (2.1-10) becomes

29 n

2 sin (559 270 Jﬁn) (2.1-11)
8 '

h(n) =

Ccos
mn (

The solution again consists of two steps,

Step 1. Generate the sequence h(n), =n = 0,1,. . .,128 using Eq. (2.1-11),
A
Step 2. Form the weighted sequence h(n) = h(n)-wH(n), o= Ol s «5128;

A
Then h(n), n = 0,1,. . ,,128 represents the impulse response of
the desired digital filter.
Fig. 2.1-4 shows the magnitude characteristic for the above filter

with a Hamming window for comparison, the corresponding characteristic with
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a rectangular window is also included. From Fig. 2.1-4 it is again apparent
that the windowing process yields more attenuation in the vicinities of the

cut off frequencies.

Example 2.1-3. Design an FIR digital filter which provides an approximation

to an ideal bandpass filter with the following specifications.

Zero phase
Lower cut off frequency I-‘1 = 8Hz
Upper cut off frequency F o= 12 Hz

Number of data points, N = 128
Sampling frequency F, = 64 sps
Use the Hamming window.
Solution: The impulse response of an ideal bandpass filter is given by

Eq. (2.1-10).

4 H(jw)
<+ ot P, ——>
Fy (Fp - Fy) p, M
Fes—=—

Evaluating Fc = (Fh - Fl)/ZFS, F, = FI/F F = Fh/FS and

1 s’ "h
F0 = -JFh Fl’ we obtain F1 = 8/64, Fh = 12/64, Fc = 2/64 and Fo = \’96/64.

Then the Eq. (2.1-10) becomes
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_ 2 sin(27n/32) 29 J96n
h(n) = == cos 7 ) (2.1-12)
The solution again consists of the following steps.
Step 1. Generate the impulse response h(n), n = 0,1,. ., .,128 using

Eq. (2.1-12),
Step 2. Multiply h(n) with 128 values of Hamming window which are generated
using Eq. (2.1-5) with <t = 0.54. The resulting weighted sequence is

A
h(n) = h(n)-wH(n), n=20,1,. . .,128

which yields the impulse response of the desired FIR digital filter.

Fig. 2.1-5 shows the corresponding magnitude characteristic of
the above filter plotted with rectangular and Hamming windows; as in the
previous examples, it is evident that the Hamming window provides better
attenuation characteristics relative to the rectangular window.

In conclusion, it is remarked that the reason for the superior
performance of the Hamming window is that more of the total energy is
included in the main lobe of its frequency spectrum relative to the fre-

quency spectrum of the rectangular window.

2.2. The Frequency Sampling Method

The main idea of the frequency sampling design method is that a
desired frequency response can be approximated by sampling it at N equi-
spaced points and then obtaining an interpolated frequency response that
passes through the frequency samples.

Since an FIR filter can be specified by either the impulse response
coefficients {h(n)} or the corresponding DFT coefficients {H(K)} " ihese

sequences are related by the DFT and IDFT definitions as follows:
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H(k)

"

N-1 .
T n(n) e I(FH/NINK DFT (2.2-1)
n=0

and

h(n)

N-1 ;
1 j(27/N)nK
— H(K)e IDFT (2.2-2)
NEO

However, for an FIR sequence, the DFT sample H(K) can be regarded
as sample of the filter's zstransform, which is evaluated at N equally

spaced points around the unit circle; that is

H(K) = H(z) | . (2.2-3)
L = J2T/MNK

where

N-1 )
H(z) =¥ h(n)z™"
n=0

Hence the z-transform of an FIR filter can be easily expressed in
terms of its DFT coefficients by substituting Eq. (2.2-2) into the Eq. (2.2-3);
i.e.
N-1 -1

N-1 .
Hz) =Y hm:z™ =% [+ 3 ued TN 0 g o
n=0 0 K=0

z

=
1

We can also write Eq. (2.2-4) in the form

N-1,,.N-1 .
H(K 2% /N)K -1
H(z) = Y BR§n [ JET/AK -y
K=0 n=0
Ml . 2K 225
0 N (1) OT/OK T
Since eJ2WX = 1, and K is an integer, Eq. (2.2-5) simplifies to yield
N.N-1
d-z) H(K)
H(z) = > . —— (2.2-6)
N & 1. ol JEMK

The interpretation of Eq. (2.2-6) is that, to approximate any

continuous frequency response, we could sample in frequency at N equispaced
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points around the unit circle and evaluate the continuous frequency response
as an interpolation of the sampled frequency response.

Now, substitution of z = e in (2.2-6) results in

; -jw(N-1)/2 N-1 -~ ~J(TTK/N) _.
jw, _ e H(K)e sin(wN/2)
HLe™) = - N o sin(w/2 -"F K/N) (2.2-7)

Equation (2.2-7) shows the frequency response of the desired filter
to be a linear combination of the frequency samples H(K) with frequency

interpolating functions that are of the form [1]

Aw,K) = e J(TTEN) sin(wN/2)
sin (w/2 - MK/N)
_ 4 oI (MK/N) sin[NGw/2 - TK/N)] o

sin(w/2 ~ WK/N)
Thus, every frequency sample with value H(K) produces a frequency
response proportional to a constant times sin(Nw/2)/sin(w/2), displaced by

T K/N in frequency. For filters with reasonably smooth frequency responses,

the interpolation error is generally small. When this is not the case,
optimization techniques are used. For example, in the case of bandselect
filters, the desired frequency response changes radically across the bands.
Hence the frequency samples which occur in transition bands are made to be
unspecified variables whose values are chosen by an optimization algorithm
which minimizes some function of the approximation error of the filter.
Linear programming techniques are employed to perform the necessary mini-
mization.

There are two types of frequency sampling filters, depending on
where the initial frequency sample occurs. The first set of frequencies

are determined by the relation



16

Again, there is a second set of uniformly spaced frequencies for which a
frequency sampling structure can conveniently be obtained. This set of

frequencies is determined by the relation

. (K +1/2) -
Fy = > K=0,1,.

«» N-1; Type 2.

The frequency response of both types of linear phase frequency
sampling filter can be obtained by using an optimization algorithm. More
details related to the frequency sampling filters for types 1 and 2 are

available elsewhere [1].

Frequency Responses. For Type 1 frequency sampling filters, the frequency

response is given by [1]

N
jwy _ 5wN-13/2 1) sinN/2) . DT o |
H(e”") = e ( N sin(w/2) * éE& N

{sin[N(w/Z - q K/N) ] 3 sin[N(w/2 + WTK/N)]} (2.2-9)
sin(w/2 - TWK/N) sin(w/2 + TTK/N) () .

The term inside the outermost parentheses of Eq. (2.2-9) is the

H(ejw}

magnitude characteristic for N even, Type 1, linear phase frequency
sampling designs.

For Type 1, N odd, linear phase designs, the magnitude characteristic
is given by

H(0) sin(i/2) , S/ lacol

= (5 sin(w/2) * &4 N

H(ejw)

sin[Nw/2 - TK/N)] . sin[N(w/2 + TK/N)] )
{ Sin(h’/Z - MK/N) * sj_n(wlz + WK/N) J (2.2 10)

Again, the corresponding magnitude characteristics of Type 2 linear phase



17

frequency sampling designs are as follows:

(e ]w)] f -1 | sin §Nfw/2- /Ny k- 1/2,)}
0 N sin[w/2 - (TM/N)(K + 1/2)]

, sind N2« (T K+ /23] )
sin[w/2 + (T/N)(K + 1/2)] ’

N even

(2,2-11)

o | e z2y] sincav2)
jH(EJ )I-g N sin(w/2)

032?3/2 []H(K)! sin {N[w/2 - (TT/N) (K + 1/2)]}
N Csinw/Z = (W /NI (K *+ 1729]

+

K=0

+ sin N[w/2 + (T/N)(K + 1/2)] )]
sin{w/2 + (7w /N}(K + 1/2)]

N odd

(2.2-12)
Thus any of the above four equations [Eqs. (2.2-9), (2.2-10), (2.2-11),
(2.2-12)]can be used in an optimization approach to design linear phase
frequency sampling FIR digital filters., The related optimization procedures

are discussed in detail in [1].
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2.3, The Optimization Method

Since the optimal linear phase FIR filter design problem can be
formulated as a Chebyshev approximation problem, it is possible to derive
a set of conditions for which it can be proved that the solution is optimal
and unique. The desired filter coefficients of the optimal filter can be
computed using standard optimization procedures including linear programming.
Details pertaining to this method are available in a recent book by Rabiner
and Gold [1].

In this section, we merely present an éxample, the solution for which
is obtained by using a computer program available in [1]. By virtue of this
program it is possible to readily design optional FIR filters with linear
phase.

Example 2.3-1. Design a 128-point bandpass filter with normalized stopband

cutoff frequencies of 0.12 and 0.2, and normalized passband cutoff fre-
quencies of 0.128 and 0.192. Ripple weights of 10 and 1 in the stopbands
and passband respectively are required. List the impulse response and the
corresponding magnitude characteristic,
Solution: The impulse response of the desired filter is obtained by using
the Fortran pfogram which is given in Appendix IV, The specific card input
to the program is as follows:

Card 1: 128, 001, 003, 001, 0l6

Card 2: 0, 0.12, 0.128, 0.192, 0.2, 0.5

Card 3: 0, 1, 0

Card 4: 10, 1, 10
Table 2.3-1 provides a list of the impulse response values, as they are

obtained from the program in the form of an output. Again, the corresponding
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magnitude characteristic is as shown in Fig. 2.3-1. The Fortran program
which yields the magnitude characteristic values is listed below; it uses

an FFT subroutine which is also included.
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DIMENSICN RX(128),R{128),INM(12B),Y({128),MAG(128B),CB(128)
COMPLEX X(512),CMPLX
RMAX=0,0091962
N=128
READ 100, (RX(I)esI=1,64)
100 FORMAT (5EL6.8)
DD 1CS5 I=1,64
105 RX(126-1})=_x(1)
DC 110 I=1,1214
110 X{T)=C¥¢PLX{RX(I),0.0)
PRINT 18Cs([+X(1)sl=1,4123)
180 FCRMAT(' 430Xy "X(*'9I3,')}="4E1€.8)
CALL FFT (X4N,0}
DD 12C I=1,1238
ROLD)=REAL(X({I))
IMIT)Y=AIRAGIX(T))
MAG(T)=CABS(XI(T})
IF (MAG(I).EQ.0.0) MAG({I)=1.0CE-1C
120 DB(I)=20.0*%ALOGI1O0(MAGIL) /RMAX)
PRINT 140
14C FORMAT (*1'" 4T50,'FFT COEFFICIENTS')
PRINT 15Cy(I+R{TIM{T)¥AGII),,DB(I),I1=1,128)
150 FORMAT{' ",30Xs'"CX("3I3y " )=y FPabs '+ ", FI,E,"'1,1CX, "MAGNITUDE=Y,
XF9,7,1CX4'DB=" ,F2.4)
sToe
END
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CHAPTER 111

DESIGN TECHNIQUES FOR IIR DIGITAL FILTERS

The main objective of this chapter is to discuss the methods available
for the design of infinite impulse response (IIR) digital filters. There are
two most widely used IIR filter design methods. They are as follows:

(i) The bilinear transformation method, and

(ii) The impulse invariant transformation method.

Some aspects of the above methods are discussed in the sections that
follow. Results related to the design of Butterworth digital filters using

the bilinear transformation method are included.

3.1. The Bilinear Transformation Method

The bilinear transformation is viewed as a transformation from the
s-plane to the z-plane, which allows the conversion of analog poles and
zeros into digital poles and zeros. That is, the bilinear transformation
provides a simple conformal mapping from the s-plane to the z-plane which

is defined as

™~

el (3.1-1)

+

.I.

™~
—

From Eq. (3.1-1) it follows that the inverse mapping from the z-plane to

the s-plane is given by

o 1*s g
% (3.1-2)

The nature of the mapping is illustrated in Fig. 3.1-1. We observe
that the entire jw axis in the s-plane is mapped onto the unit circle; the

left-half s-planc is mapped inside the unit circle in the z-plane and the



right half s-plane is mapped outside the z-plane unit-circle, These pro-

perties readily follow from Eq. (3.1-2).

W S-PLANE ' Im(Z) Z-PLANE

\K
|
n
n
3|

>

e

o

Fig. 3.1-1. The mapping from the s-plane to the z-plane
corresponding to the bilinear transformation,
The transfer function of the digital filter H(z) is obtained from
the bilinear transformation by making the algebraic substitution of
Eq. (3.1-1); i.e.,
H(z) = H(s)
< = z-l (3.1“3)
z+]
For designing IIR filters via the bilinear transformation, it is

important to consider the relationship between analog and digital frequencies.

This relationship is nonlinear in nature, some aspects of which are discussed
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in the next section.

3.2. Relationship Between Analog and Digital Frequencies
Let W be an analog frequency variable along the jw-axis and let
LA be the corresponding digital frequency variable on the unit circle z = 1.
Now, substitution of s = ij and z = erDT in Eq. (3.1-1) yields
v = e’ - 1
= =
A erDT + 1
which can be written as
) erDT ) eijT/2‘ e—]WDT/Z
A eJWDT + eJWDT/Z- e—JwDT/Z

jw

That is

e LT
el"D + e D

From Eq. (3.2-1) it follows that

WDT
WA = tan(—z—-—) (3.2-2)
or
w.T =2 tr:m"1 W (3.2-3)
D A '

Equation (3.2-2) or Eq. (3.2-3) enables a one-to-one correspondence
between points on the jw-axis in the s-plane and the unit circle in the

z-plane,
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3.3 Design Procedure

The following are the steps involved in the design of IIR digital
filters using the bilinear transformation.
Step 1. Transfer all the digital filter frequency specifications; i.e., (FDI’
FDZ" + ., etc,) on to the jw-axis in the s-plane using the Eq. (3.2-2), i.e.,

WDT
WA = tan (—2'-)

Step 2. Design a filter which meets the specifications using the WA infor-
A

mation; that is, determine H(s) which is the scaled version of the desired

H(s).

; z-1 . A ; A
Step 3. Substitute s = Z+1 1n H(s) to obtain the corresponding H(z).

M
Step 4. Implement H(z),

3.4 Impulse Invariant Transformation

The characteristic property preserved by this transformation is that -
the impulse response of the digital filter is a sampled version of the
impulse response of an analog filter; i,e., the frequency response of the
digital filter is an aliased version of the frequency response of the
corresponding analog filter, which is discussed next.
3.5 Demonstration of How an Analog Filter is Digitized Using the Impulse

Invariant Transformation

To demonstrate how an analog filter 1s digitized using the impulse

invariant transformation, we could assume that the coefficients of an analog

filter with Laplace transform (i.e. transfer function) is [1]

M ; M
igo b;s ]:[1 (s + ;)
H(s) = 5 ~ = 1N (3.5-1)
1
oast T (s +dp)
i=1 i=1
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In its partial fraction expansion, the above equation (3.5-1) can

be written as

N C.
H(s) = ¥, =3 (3.5-2)
i=1 i
where ¢; = H(s) . (s+di) (3.5-3)
s = -d.
i

and di is the location of the ith pole. In writing Eq. (3.5-2) in the
given form, we have assumed that in Eq. (3.5-1) the order of numerator M
is less than the order of the denominator N and that all the poles of H(s)
are simple. The assumption that M{N must be valid for the system to be
digitized, otherwise the aliasing in the digital system would be intolerable.
Now, we can write the impulse response of the analog filter h(t)

corresponding to Eq. (3.5-1) is of the form
] -d: t
h(t) = 3 ¢ e i, t20 (3.5-4)
1=1

Hence the corresponding digital impulse response h(nT) can be written as
the sampled version of Eq. (3.5-4); i.e,
i -dinT
h(nT) = >, c; e 1%, nzo (3.5-5)
i=1

where T is the sampling interval. Taking the z-transform of Eq. (3.5-5),

we obtain

@©
H(z) = ¥, h(T) 27",
n=0

Substitution of Eq. (3.5-5) in the above equation results in

Ms

X -dinT -n
H(z) = 2 c; e 170 4 (3.5-6)
i=1

0

=]
Il

Now, interchanging the order of summation in Eq. (3.5-6) we get
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H(z) = ZN c; 'af_" (e-diT z-l)n
i=1 n=0
That is
N 5
H(z) = iZ=l L - g %t (3:5-7)

Now, by comparing Eq. (3.5-7) and (3.5-1)} it is seen that H(z) is
obtained from H(s) by using the following mapping relation which is valid
for the case of simple poles:

1 1
s+d. = =1 -d.T (3.5-8)
1 1 -z e 1

The case when di is complex-valued in relatively more tedious to

analyze. The desired mapping can be shown to be as follows [1]:

-1 -¢oT
H. (s) = S+or " 1 -z e cos wT
1 52+20's+ 0'2+w2 ] = 2:!."1 & Tlse wped Py 2T L
(3.5-9)
and
W 2—1 g~ T sin wT
H,(s) = = b =
2 524-2 & s+ a“'+w2 l-Zz_le-cTcos wT+z_"e-2¢T
(3.5-10)

where the impulse responses corresponding to Hl(s) and Hz(s) are given by

e il cos wt (3.5-11)

hy (©)

and

e %% sin wt, tzo0 (3.5-12)

h,(t)

3.6 Analog Butterworth Filters
In this section we review some fundamentals of lowpass, highpass

and bandpass filters.
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Lowpass Filters

We consider for two cases as follows:
(1) Cutoff frequency W, = 1 rad/sec, and
(ii) Cutoff frequency W #1
Case 1; The transfer function Hn(s) of the n-th order lowpass Butterworth

filter is such that

(3.6-1)

2 1
H (jw){ = ——— n=1,2,3,. ..
R 1 + w2r1

2 is shown in Fig. (3.8-1) from which it is

A plot of Hn(jw)

evident that the bandwidth of all filters is 1 regardless of n,

! 1
4l ol ?

I

i

|

I

0-8; {
.

] I

|

=3dbe - cpm oo N

0.4 ! N
oIS

0 l. | L] L] L] | ]
0 w.=4 2 3

Fig. 3.6-1. Magnitude characteristic of a Butterworth lowpass
filter with cutoff frequency w, = 1.

P

€Y



30

For the purposes of iliustration, the transfer functions corres-
ponding ton = 1,2,3 and 4 are summarized in Table 3.6-1.
Case 2: In this case we merely replace s by s/w. which corresponds to a

frequency scaling process,

Table 3.6-1. Transfer functions of some lowpass filters,

n H (s)

1. 1/s+1

2. 1/52 + \IE s + 1

3. 1/53 + 252 + 25 + 1

4. 175 o 2,61 &% + 3.01s% + 2,61 + 1

Highpass Filters. Again we consider for two cases, which correspond to

w, = 1and w # 1 respectively.
Case 1: The transformation from lowpass to highpass filters is achieved
by replacing é-by s in the expression for Hn(s) in Table 3.6-1. We denote

the corresponding highpass transfer function by G (s); i.e.;
G.(s) = H (D (3.6-2)
n " "n‘s )

Fig. 3.6-2 shows the corresponding magnitude characteristics for

n=1,2,3 etc.
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|

|

L

I

]

]

H

{

|
4——— Stopband o

-3db .5

— Passband —_—

Fig. 3.6-2. Magnitude characteristic of a Butterworth hiéhpass
filter with cutoff frequency w, = 1.

A
Case 2: Here, we replace Eq. (3.6-2) by Gn (§~J to obtain Gn(s); i.e.,
c

A
Gn(s) = Gn(s) " (3.6-3)

s = —
We

Bandpass Filters: The two cases of interest with respect to bandpass filters

are these where the filter bandwidth (wh - wl) = 1 and {wh - wﬂ # 1 where
L and W, are the upper and lower cutoff frequencies respectively.

To convert lowpass filter to bandpass filter, we replace s by

o)

; where w, is the radian center frequency of the bandpass filter,

s 0

. . _ o+
and is given by Wy = _\’wh LR
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If Ln[s) denotes the corresponding transfer function of an nth-order

Butterworth bandpass filter, then it is given by
Ln(s) = Hn(s) 52 2 (3.6-4)
s = 0
s

Fig. 3.6-3 shows the corresponding magnitude characteristic of the

above bandpass filter

‘Ln (jw)l2

1 =g e — = - — —

— e e o me o e o A e & am

e W

S et e e S

=

Wy
I} -
F__ 1 rad/sec——b{

Fig. 3.6-3. Magnitude characteristic of a Butterworth bandpass
filter

Case 2: Here we let W - W, = B, where B is the filter bandwidth. In this
A
case we replace Ln(s) by Ln(s) where

N
L (s) = L_(s) 5 (3.6-5)
" B

Next, we present a design example.
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3.7. A Design Example.
(a) Starting with the third-order Butterworth transfer function

H(s) = 1

s +252+25+1

design a digital bandpass filter with the following specifications,

Lower cutoff frequency, FD1 = 4 Hz
Upper cutoff frequency, Fon = 8 Hz
Sampling frequency, Fg = 62.5 sps

(b) Obtain the difference equations which enable a software imple-
mentation of the above bandpass filter,

(¢) Plot the corresponding magnitude characteristic,

Solution: The first step is to transform the frequencies Wp1 and th, which
in this problem are

Wpy = 2WEpy; = 87

i.e., WDIT = 0.128% radians (3.7-1)
Similarly

Won = 1611
and

thT = 0.256T radians (3.7-2)
The corresponding analog frequencies are [see Eq. (3.2-2)]

A

w,, = tan[wpT/2] = 0.2038 (3.7-3)
and

» T/2] = 0.4253 (3.7-4)

wMI-tmﬂwD/] = 0, 7=
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Hence, the corresponding bandwidth is given by

B=%, -W
T TAh T AL
. . A A : ; F
By substituting the values of Yah and Wap 10 the above equation, we obtain
B = .2215 (3.7-5)

Again, we krow that
A A 2

YAl Yan © B a1 Yan
or
Q Q = 52 W 4
Al "Ah 0
Thus, if ﬁ denote the center frequency, then

0

Q 2 _ A A
o " Ya1 Yan’

which yields

{‘uo = .294408 (3.7-6)

Next, the given Butterworth lowpass filter transfer function is transformed
to obtain a corresponding bandpass filter transfer function via the frequency

transformation 2 2
S + W
e Ty

=
s

Thus we have

2 2
LS(S) = Hs(s) .- sT o+ W,
= = ,
which yields
3
L.(s) = 2
3 6 5 4 2 3 2 2 4 2 4 6
S +257+s (2+3w0 )+s (1+4w0 )+s (Swo +2w0 )+25w0 +W
(3.7-7)

The normalized bandwidth of the filter corresponding to LS(S) is unity.
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To account for a bandwidth B, frequency scaling is used; i.e,, s in LS(S)

is replaced by s/B to obtain

? (s) = 5383
- ] 5 T =z 5]
2 56+2SSB+54B“(z+3w0“)+s°B°(1+4w02)+5234(3w04+2w0-)+2535w04+w0636

(3.7-8)
Now, by substituting the Equations (3.7-5) and (3.7-6) into Eq. (3.1-8),
we obtain

.01086753
+.08766253+.03104352+.0033285+.000651

A
Ly(s) = — 5
s +,4435"+,358153s

3
(3.7-9)
3 A
The third step is to obtain LS(Z)’ corresponding to LS[S) using the bilinear

transformation; i.e.,

A A

Ly(z) = Ly(s) z-1

s = 2=
21

a z6+a z4a 22+a
6 4= 72 0

L,(z) = - (3.7-10)
3 6 S 4 3 2
b6z +bsz +b4_ +bsz +b22 +blz+b0
where
a, = L0108, a, = -0.03261, a, = .03261, ao = -,01087
b6 = 1.92384, bS = -8.40890, b4 = 16.58922, b3 = -18.6786,
b2 = 12.6518, bl = -4,89162 and b0 = ,85586

The last step is concerned with obtaining a software implementation
M
of the transfer function LS(Z); i.e., Eq. (3.7-10), which defines the
desired filter. It is straightforward to show that the following difference

equations enable one to compute the output y(nT), n = 0,1,2,. . . of the

filter corresponding to the input x(nT), n = 0,1,2,. . . .
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y(nT) = Kw(nT) - 3Kw[(n-2)T] + 3Kw[(n-4)T] - Kw[(n-6)T]
n=123,... (3.7-11)
where |

K= .01087

and
w(nT) = 4.37089 w[(n-1)T] - 8.62297 w[(n-2)T] + 9.70902 w[(n-3)}T]
-6.57637 w[(n-4)T] + 2.54263 w[(n-5)T] - .44417 w[(n-6)T]
+ ,51979 x(nT) ' (3.7-12)
Fig. 3.7-1 shows the block diagram representation of Eqs. (3.7-11)
and (3.7-12). The magnitude and phase characteristics of the desired
filter are obtained by using the FORTRAN program which is given in Appendix
V. The specific card input to the program is as follows:
Card 1: 06, 06, 049, 10, 0.0, 0.5
Card 2: 0.01087, 0.0, -0.03261, 0.0, 0.03261, 0.0, -0.01087
Card 3: 1.92384, -8.40890, 16.58922, -18.6786, 12.65188, -4,89162,
0.85586
Table 3.7-1 provides a list of the magnitude and phase values, as
they are obtained from the program in the form of an output.* Again,
corresponding plots of these characteristics are shown in Fig. 3.7-2, from
which it follows that the filter essentially has a linear phase in the
passband (i.e., 4-8 Hz region), where the normalized frequency values

corresponding to 4 and 8 Hz are .064 and .128 respectively.

*The variable "ETA' in Table 3,7-1 denotes normalized frequency; that is
ETA = f/Fs,
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0.5C07209

0. 46E572F-07

Table 3.7-1. A Listing cf the Magnitude and Phase Values,
ETA VMAGNITUCE PHAST(RAD)

0.C00000 Je 7196015-04 0001190
Ne1041675-01 0.€6268€6E-03 -l.62225
J.2038333~-n1 0455CH>TTL-02 -1.911~9
0.3175005-21 0.22€114E-01 ~2.14344
D4 156067TE-D1 J.741712F-01 -2.44206
0.52C83*F-01 0.,226257 -2.90564
Ce625070E-01 0.627CR3 2.52554
04779166F-01 0.56%9037 1.37027
0.833333c-01 1.6C573 0.515555
0.93740%F-01 1.0C7383 -0.156C77
0.104167 1.00557 -0.781756
0.11%583 0.6565356 -1.44636
0.1253)0 0.724%47 -2.1¢1721
001325417 0.517720 =2.75552
0.1459372 0.321€37 3.11611
0.15425) 0.205920 2.85109
0.1 ELE6CT 0.138)12 2.66564
0.177033 0.9€22C3E-01 2.52763
C.187500 0.694444E-01 242071
0.167917 0,513635E-01 2.33416
0.203333 0.3876C1E-01 2.262265
C.21F750 0.297141F-01 2.20125
0.229167 0230562 3E~01 2.14847
0.235533 0.18C721F-01 2.10212
0.250509 0.142554E-01 2.06090
0.263417 0ie11.22CEF-=01 2.02385

.27C323 0eQ90164%E-02 1.92021
0.28125) 0. 7T15596E-02 1. 95641
0.291667 0.,574640F-D22 1.93101
C.3C2C23 0.458504E-02 1.97464
0.312500 0.365018F-02 1. 83000
0.322917 0.289517E-02 1.85686
0.327333 0.228424E-02 1.83500
0.342750 0.178967E-02 l.8l426
0.354167 0.138973E-02 l.79449
0.3€458R3 0.10671CE-02 1.77558
03750809 0.8C8078E-03 1.7574C
0.3F%417 0.601486E-03 1.73937
0.,365833 0.438241F-03 1.72289
0.40625) 0.3192361E-03 1.70&40
0.41¢66017 0.213128F-C3 1.69031
0.427C33 0.1326316E-03 l. 67455
0.437590 0.86484%45-04 1.65901
D.447G17 0.452)CAF-0% l.64355
0.458333 0.248510F=-34 L.62781
C.468750 0.104336E-04 1.610¢2
0478167 0.30R261F-C5 1.585¢60
V489581 0.393357E-06 1.46776

N.BOGHRLHE-14
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CHAPTER 1V
SOME EXPERIMENTAIL RESULTS

The main objective of this chapter is to present some experimental
results related to electroencephalograph (EEG) digital signal processing [3].
We demonstrate that the IIR filter design technique (via the bilinear
transform) which was discussed in Chapter III can be used effectively to
extrapolate the THETA and ALPHA components of EEG data. This is achieved
by using Butterworth bandpass digital filters of the.type discussed in
Section 3.7. The passbands associated with the THETA and ALPHA components
are 4-8liz and 8-12 Hz respectively. In what follows, we refer to these

filters as the THETA and ALPHA filters respectively.

4,1 Results
The desired THETA and ALPHA filters consist of a cascade of three

identical sixth-order bandpass Butterworth filters whose transfer function

are given as follows:

a z6+a z4+a zz+a
6 4 2 0
6 5 4 A 2
b6z +bsz +b4z +b3z +b22 +blz+b

H(z) = (4.1-1)

0

The values of the a; and bi in Eq. (4.1-1) for the 4-8 Hz and 8-12
Hz filters are summarized in Table 4.1-1.

The overall magnitude characteristics of the THETA and ALPHA filters
are shown in Fig. 4,1-1, We remark that these digital bandpass filters
have an almost linear phase function in the passband. This desirable

property is illustrated in Fig, 4.1-2, which shows plots of the magnitude



Table 4.1-1, Values of a; and bi for H(z) in Eq. (4.1-1).
THETA ALPHA
ag .01087 .0183
a, -.03261 -0.0549
a, 03261 0.0549
a, .01087 -0.0183
bﬁ 1,92384 3.24045
bS -8.40890 -9.215604
b4 16.58922 15.941314
b3 18.6786 -16.618736
b2 12,65188 12,181134
bl -4,89162 -5.361084
b0 . 85586 1.441678

41

and phase characteristics associated with the transfer function H(z) in

Eq. (4.1-1) for the 8-12 Hz case., In Fig. 4.1-2, the magnitude and phase

characteristics have been plotted with respect to the normalized frequency

variable M = F/Fs, where Fg denotes the sampling frequency, which was

considered as 64 sps for designing the above filters.

A typical set of THETA and ALPHA filter outputs for the purposes

of illustration are shown in Fig. 4.1-3. The amplitudes of the waveforms
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shown in Fig. 4.1-3 are expressed in microvolts, and were obtained by

scaling the outputs of the THETA and ALPHA filters by a factor of 380 x 10_6,

which accounts for the overall processing gain.
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CHAPTER V

SOME CONCLUDING REMARKS

Among the various methods that are available for the design of FIR
digital filters, the window method is the most convenient for one to use in
situations where approximations to ideal filters (i.e., lowpass, highpass,
bandpass and bandstop) are desired. However, in cases where specific filter-
ing characteristics are necessary, the optimization method is the most
useful. A program that enables one to do so is given in Appendix 1V, and
was taken from a recent book by Rabiner and Gold [1].

In the case of FIR filters, the bilinear transformation method is
most effective. This method has the advantage that all the work that has
been done in connection with analog filters can be carried over to digital
filters by virtue of the bilinear transformation,

It is interesting to note that until the advent of the fast Fourier
transform (FFT) algorithm, FIR filters were generally felt to be computa-
tionally unfeasible because exceedingly long sequences were required to
approximate sharp cutoff filters adequately. The computational efficiency
of the FFT made the techniques of fast convolution feasible. Some currently
available FIR filters are in fact competitive even with sharp cutoff IIR
filter designs.

In conclusion, we remark that it is not possible for one to select
either FIR or IIR design techniques and claim that it will be applicable
in all cases of interest. Thus it is especially important that the
designer fully understand the nature of the various design procedures and

also be aware of their advantages and limitations,
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Appendix I

SUBRCUTINE FFT (X Ny INV]

(€ % W 2 o o X o e o ok e e o oo e e ok o ok ok ook e ook o e ol o e e o e o e it ool e ol oo ek e e el aie e ol el ok e ke

C
C
C
c
c
C
c
C
C
C
c

aNelal

sNeNeNa¥y'

o060

OO0

10

20

40
50

THIS PROGRAM [IMPLEMENTS THE FFT ALGORITHM TO CCMPUTE THE DISCRETE
FCURIER COEFFICIEANTS GF A CATA SEQUENCE OF N POINTS
CALLING SEQUENCE FROM THE MAIN PROGRAM:
CALL FFT({X,N,INV)
N:NUMBER CF CATA PCINTS
DECLARE II AS-- CCMPLEX X(512)
X:CCMPLEX ARRAY CCATAINING THE CATA SEQUENCE.IN THE END DFT
COEFF. ARE RETLRNED IN THEE ARRAY.MAIN PROGRAM SHOULD
INV: FLAG FOR INVERSE
[ANV=0 FOR FCRWARD TRANSFCRM
INV=1 FOR INVERSE TRANSFGRM

3 630 e o 3 o o A o O o ¥ ok ol ok ok ok ol oh o e o Bk X oo ook s ok el e o o o oot ok o e ok ke ok o ke o e il ok o ok ol e

COMPLEX X(S512) 4W,T,CFPLX
CALCULATE THE NO, OF ITERATICNS {LOG. N T) THE BASE 2)

ITER=0

IREM=N

IREM=IREM/2

IF (IREML,EQ.O) GC TN 20
{TER=1TER+1

GO TO 10

CCNTINLE

SIGN=-1

NXP2=N

00 5C I[T=1,ITER

CC¥PUTATICN FOR EACH ITERATICN
NXP:NUMBER OF POINTS IN A PARTITION
NXP2:NXP/2

B

NXP=NXP2 c
KXP2=NXP/2 N2=N/2
WPWR=3,141552/FLCAT{NXP2) NL=N-1
DO 40 M=1,NXP2 J=1

DO 65 [=1,N1
CALCULATE THE MULTIPLIER IF(I.GE.J) GO TO 55

T=X1J}
ARG=FLCAT{M-1]) *WPHWR X(Jy=x{1)
W=CMPLX{COSIARG),SIGN*SIN{ARG)) Xtn=t
DC 40 MXF=NXPsN,NXP 55 K=N2

60 IF(K.GE.J) GO TO 65

COMPUTATION FOR EACH PARTITICHN J=J-K

K=K/2
JL=MXP-NXP+M GO TO &0
J2=J1+NXP2 65 J=J+K
T=X{JL)-X142) IF (INV.EQ.1) GO TOD 75
X(J1)=Xx{JL)¢X(J2) DY 70 [=1,N
X{J2)=T*>Hu TO0 X(1)=x{1}/FLOATI(N)
CCNTINUE 75 CUONTINUE

RETURN
UNSCRAMBLE THE BIT REVERSED DFT COEFFS. END
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APPENDIX II

This Appendix provides a listing of a FORTRAN program which enables
me to determine the magnitude and phase characteristics of a digital filter
whose impulse response is specified. Provision is made for multiplying a
given impulse response by a Hamming window sequence prior to computing its
magnitude and phase characteristics. The FFT subroutine referred to in the

program is listed in Appendix I.



§

J03

50

CIMENSICN RX(128)1,R{128),IM(12E8),¥(128),MAG(L28),DB(128)

CCMPLEX X(512),CMPLX
REAL IVM,yMAG
Pl=4.%2TAN{1.)

h=123

RMAX=C.,CCT82CY

DO 50 I=1,128
IFII.EC.E5.) GO TC 5¢C

Y{I)=2*SIN[2,%PI*{[-€5.41/32. )1 %COS{2.%PIx{[-65.1*%{90.%%,51/64.1/

X{pi*{1-€5.))

(o 2 v e rob v ot ¥ oot i 2 die oz Pl o dhooe ol ot ok sk oot o o e ofr e e e e sicodeoe e Sl ol ol e akode ol e R e vk ek ol el e ek R Ok X

L
c
C
C
C
L

THE NEXT THREE CARCS ARE FOR HAMMING WINDOWING
FOR RECTANGULAR WINDCWING REMOVE THESE THREE CARDS

ALPHA=C.t4
W=ALPFA+(1.—ALPFA)2CCS (24P I*(1-€E}/N]
YOL)=Y(I)*nw

Fodokoh o ok o koo ok o ok e ok oo ok o ool ok e ool Sk e s o e sl ol o o s o ok o e afe e e ok sl olkale e e e e gone e ek ol ek ek

50

189

120

140

160
150

ALPHA=C .=
W=ALPHA+{1.-ALPHA)*CCS{2%0[x{{-65}/N)
Y{I)=Y (L)%

X(1)=CFFLX(Y(I) C.0]

CONTINUE

Y(65)=0.125

XEE)Y=CMPLXx(C.12%,C.C)

PRINT 18Cy(I,¥({I)sI=1,128)

FCRMAT(Y *,30X,"Y(*,13,%")=",F12.8)
CALL FFT (X4N,0O}

CO 120 I=1,128

R{IV=REAL{X(1))}

IM{T)=AIMAGIUX(I))

MAGIT)=CARES(X({I))
CB(I1}=20.C*%ALCGLCIMACIL}/RMAX])

PRINT 14C

FCRMAT (*1'4T50,"'FFT CCEFFICIENTS?)
PRINT 15C4{I4R{TI)$IMIT)MAG(IL) CBII)41I=1,123])
FUNCH 160,{C3(1),1I=1,65)
FCRMAT{BF10.51

FORMAT(® 0 ,30X,TCX{T,I23,%) =" 4FGa6) "+ "4FF.6,"1",10X,"MAGNITUDE=",

XKFG . T410X4'CR="+FG.4)
sTCce
END
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APPENDIX III

This Appendix provides a listing of a FORTRAN program used to obtain
CALCOMP plots corresponding to given data. It has been used in this report
to plot the various magnitude characteristics of the digital filters that

have been discussed.



YOO

52

LINEAR PLUTT ING
NP IS THE NUMBER OF FLCTS

N IS THFE NUMAER OF PCINTS
AC IS TFE NUMBER COF CURVES
DIMENSION IBULF{9CCO)
CIMENSICN X{o7)YIET) INTQLB)
SC=0.5
CALL PLOTS{ISUF,B8CCO)
CALL FACTNR([0.5)
READ 11,ANP
11 FORMATH{IZ2)
READ 124MheNC
12 FCRMAT (213)
REAND 1C, {INTQ{I},I=1,NC}
10 FCRMATI{1CI3)
DO 100 IF=1,NP
DO 13 I=1,N
13 X{I[)=FLCAT{T1~-1)%*5C
CALL PLCT(Cer-11e+2)
CALL PLCT{D.9=10a9-3}
X{h+1)}=C.
XIN+2)=2.%5C
Y{N+1)=-120,
YiN+2)=12.
CALL [ﬁXISlO.,O.'Ié.,O.,.Z5v—*’f)
CALL SAXIS{Oes2e+09+33-4,"FREQUENCY?',9])
CALL AXIS(Oe+0ey'"CB?y+2410evyFCa1=1304413.1)
LD 14 IC=1,AC
READ 1S5,:(Y(I1}sI=1+N])
15 FORMAT(EF10.6)
LYYP=INTCLIC)
CALL L!NE{X!thflr-lrLTYpJ
14 CONTINUE
CALL SYMBCLI{104+9C74208+1140.4-11}
CALL SYMBOL{10e59%a1«1l4y
1'EANDPASS FILJER COF 4,8HZ WITt RECTANGULAR WINDOWING' y0.,52}
CALL S"NBCL‘100!8-5?'058!170.|-1’
CALL SYMBOL(LQa%sE€49+.14,
1'RANCPASS FILTER CF 4,8KEZ WITH FAMMIND WINDIWING'$0.449)
CALL PLOT122,.90.+—3)
100 CONTINUE
CALL PLCT(O0.+0.,999)
STOpP
END
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APPENDIX IV

This Appendix gives a FORTRAN program that is capable of designing
a wide variety of optional (minimax) FIR filters including lowpass, highpass,
bandpass, and bandstop filters as well as differentiators and Hilbert
transformers. It has been taken from the recent text by Rabiner and

Gold [1] and adapted to the IBM 370/158 computer.
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PRUGRAM FCR THE DESIGN CF LINEAR PRASE FINITE [MPULSE
RESPUONSE (FIR) FILTERS USING THE REMEZ EXCHANGE ALGURITHM

JIM BPOCCLELLAN, RICE UNIVERSITY, APRIL 13, 1973
THREF TYPES (OF FILTERS ARE INCLUCEC--3ANDPASS FILTERS
DIFFERENTIATORS, AND HILBERT TRANSFCRM FILTERS

THE [APUT CATA CCNSISTS CF 5 CARCS

CARD 1--FILTER LENGT+, TYPE OF FILTER. 1-MULTIPLE
PASSBAND/STOPBAND, 2-DIFFERENTIATOR, 3-HILBERT TRANSFORM
FILTER. NUMBER OF BANDS, CARD PUNCH DESIRED, AND GRID
DENSITY,

CARD 2-—-BANDEDGES, LOUWER AND UPPER EUGES FOR EACH BAND
WITH A MAXIMUM OF 10 BANDS,

CARD 3--DESIRED FUNCTICN (0OR DESIRED SLOPE IF A
DIFFERENTIATOR) FCR EACH 3AND.

CARD 4—-—-WEIGHT FUNCTIGN IN EACH BAND. FOR A
DIFFERENTIATORs THE WEIGHT FUNCTYICN IS INVERSELY
PROPORTIONAL TO F.

THE FCLLCWING INPUT CATA SPECIFIES A LENGTH 32 BANDPASS
FILTFR WITH STUOPBAND O TO 0.1 AND 0.425 TO 3.5, AND
PASSBAND FROM 0.2 TO 0.35 WITH WEIGKHTING OF 10 IN THE
STOPBAND AND 1 IN THE PASSEAND. THE IMPULSE RESFONSE
WwILL BE PUNCHED AND THE GRID DENSITY IS 32.

SAMPLE [NPUT DATA SETUP
32514341,32
0s0.14Ce2+0.35,0.4254+0.5
Cy1,0

10,1,10

THE FOLLGWING INPUT DATA SPECIFIES A LENGTH 32 WIDEBAND
DIFFERENTIATNOR WITH SLCPE 1 AND WEIGHTING OF 1/F. THE
IMPULSE RESPCNSE WILL NOT BE PUNCHED AND THE GRID
DENSITY IS ASSUMED TQ EE lé.

2:1:0,0

CRUMAON PI2, AN, DEV. X, Y, GRID,DES+wT,ALPHA,TEXT ,NFCKS yNGRID
DIMENSICN IEXT (66}, AC{6O I, ALPHALOES) s X( 06}, YI66)
DIMENSION H{66)

DIMENSION DES{1045)},GRID{IL045),wT(1C45)

CIMENSICN ENGE(201+FX(1D)yWTX{L13),DEVIATI10)

DAOURLE PRECISICN PL2,P1

DOUBLE PRECISION AC,CEVe X, Y

PI12=6.2832185337179586

PI=3.141592653586793

THE PRCGRAM [S SET UP FOR A MAXIMUM LENGTH AF 128, 8UT
THIS UPPER LIMIT CAN SE CHANGED B8Y REDIMENSICNING THE
ARRAYS IEXT, AD, ALPRA, X, Y, H TCO AF NFMAX/Z2 + 2.

THE ARRAYS DeS, GRID,y AND WwT MLST DIMENSICKNED
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OO ON

OO0

100

465

470

135

140
145

1590

L6 (NFMAX/2 + 2.

NFMAX=128
CCNT LNUE
JTYPE=0

PROGRANM INPUT SECTION

READ 4&65,NFILT,JTYPE,NBANDS, JPUNCH,LGRID
FCRMATISI3)
IF(NFILTGT.NFMAX.CTR.NFILT.LT«3) CALL ERROR
IF{NBANCS.LE.,O) NBANDS=1

GRID DENSITY IS5 ASSUMED TO BE 14 UNLESS SPECIFIED
CTHERWISE

IFILGRID.LE.O) LGRID=16
JA=2*AhBANOS

READ 470,(EQGE(J),J=1,48)
READ 470,1FX1J),J=1,NBANDS)
READ 4T70,{WTX(J)yJ=1,NEANDS)
FORMAT{1CF8.0Q)
IF(JTYPE.EQ.O) CALL ERROR
NEG=1

IF(JTYPE.EQ.1) NEG=0
NUDD=NFILT/2 e -
NGOD=NFILT-2%NCDOD
NFCNS=NFILT/2

SET UP THE DENSE GRIC. THE NUMBER CF POINTS IN THE GRID
IS (FILTER LENGTH +1)*GRID DENSITY/2

GRIO(1}=EDGE(1)
DELF=LCRIC*NFCNS
DELF=0.5/DELF
IF{NEG.EQ.OQ) GO TO 135
IF(EDGE{1).LT.DELF) GRIOD(1)=DELF
CCNTINLE :

J=1

L=1

LBANC=1

FUP=EDGE(L+1}
TEMP=GRIC{J)

CALCULATE THE DESIREL MAGNITUCE RESPCNSE AND THE WEIGHT
FUNCTICN ON THE GRID

DESCJ)=EFF{TEMP,FXsnwTX,LEAND,JTYPE]}
WT(J)=WATE(TEMP FX 41X LBAND ,JTYPE)
J=Jd+l

GRID(J)=TEMP+DELF

IFIGRICIJ}.GT.FUP} GC TO 150

GO TC 145

GRIDUJ-1)=FUP
DES{J-1)=EFF(FUP,FX,WTX,LBAND,JTYPE)
WI{J=-L)=wATELFUPFX4WTX,LBANC,JTYPE)
LRAND=LBAND+1

L=L+2

IFILRAKD.GT.NBANDS) GO TC 160

55
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180
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190

195
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310
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GRIC(J)=ECGE(L)
GO TC 140

NGRIC=J-1

IF(NEG.NE.NODD) GO TC 165

TF(GR [D(NGRID)+GT.(0.5-DELF)) NGRID=AGRID-1
CONT INUE

SET UP A NEW APPROXIMATICN PROBLEM WHICH IS EQUIVALENT
TO THE ORIGINAL PRCBLEM

IF(NEG) 170,17C,18C
IF{NODD.EC.1) GO TQ 200
DO 175 J=14NGRID
CHANGE=0CGSIPI=GRID(J})
DESUJI=DES(J}/CHANGE
WT{JI=wT(J)}*CHANGE

GO TO 200

IF{NODC.EQ.Y) GO TC 190
DO 185 J=1,NGRID
CHANGE=CSIN{PI®*GRIC{J)}
DES(J)=DES(J)/CHANGE
RT(JI=wT{J)*CHANGE

GO 70 200

DO 1S J=1,NGRID
CHANGE=DBSIN(PIZ=GRIDIJ})
DES(-31=DES{J}/CHANGE
HT{J}=hT(J}*CHANGE

INITIAL GUESS FOR THE EXTREMAL FREQUENCIES--EQUALLY
SPACEC ALGNG THE GRIC

TEMP=FLCAT{NGRID-1}/FLCATINFCNS]
CO 210 J=1,NFCNS
IEXT{J)=(J-1)=*TEMP+L
TEXTINFCNS+1)=NGRID

AM1=NFCNS-1

KRZ=NFCMS+1

CALL TFHE REMEZ EXCHANGE ALGORITHM TO DO THE APPRUXIMATION
PRCBLEM

CALL REMEZ(EDGE,NBANLCS]
CALCULATE THE IMPULSE RESPONSE.

IF{NEG) 300,300,320
IFINOCC.EN.0) GJ TN 31C
DO 305 J=1,NM1
H{J)=C.5*ALPHA(NI-J]
HINFCNS)=ALPHA( L}

G0 TC 350
Hi11=Ca25*ALPHA(NFCNS)
DO 315 J=2,.KM1

HUJ)=Ca25% (ALPHAINZ-J) +ALPHA(NFCNS #2~-J))

HINFCNS)=C.5%ALPHA(L 1 +C.25%ALPHA(Z)
GO TC 350

IF(NODD.EQ.DQ) GC TC 33¢
Hl11=04,25%ALPHA[NFCNS)
H{21=0.25%ALPHA(ANM])

DO 325 J=3,MNML



OO

325 HUJ)=0.25%«(ALPHAINZ-J) -ALPHA(NFCNS+3-41))
HI{NFCNS)=C.5%ALPHA(L1)~-C. 25%ALPHAL3]
HINZ)=0.0
GO TC 350

330 HIL}=C.25#ALPHAINFCNE])

DO 335 J=2.hM1

335 H(J)=0,25=(ALPHA(NZ-J) -ALPHA{NFCNS+2-J))

HINFCANS)=0.9%ALPHA(L)-0. 25%ALPHA(Z)

PROGRANM CLTPUT SECTICN.

350 PRINT 360 :
300 FORMAT(1Hly T7O01H*=}//25X,'FINITE [HMPULSE RESPUONSE (FIR)*/
125X, "LINEAR PHASE CIGITAL FILTER DESIGN®'/
225X ,YRENMEZ EXCHANGE ALCGCRITHM'/)
IFIJTYPELEQ. L} PRINT 3¢5
365 FORMAT (25X, 'BANDPASS FILTER'/)
IF{JTYPE.ENQ.2) PRINT 370 .
370 FORMAT(Z25X,*DIFFERENTIATOR/)
IF{JTYPEL.EQ.3) PRINT 375
375 FORMAT(25X,"HILBERT TRANSFCRMER®/)
PRINT 37B,NFILT
373 FCRMATILIS5X,'"FILTER LENCTH = *,13/}
PRINT 28C
380 FCRMAT{L5X, #®¥%+k [MFULSE RESPONSE #¥=k%?)
DO 381 J=1,NFCNS
K=NFILT#+1-J
IFINEGLEC.0) PRINT 382,JyH1J)yK
IF{(NEG.EQ.1) PRINT 3E3,J.H(J},K
381 CCATINUE
182 FORMAT(ZDX,'H{'!I31') =1 'ELS'B?'
383 FORMAT{ZOX,"HI*y13,%) =1,E15.8,"
IF(NEC.EQelAND.NODDLEG. 1) PRINT
394 FCRMAT(20X,"H(*'4I3,*}) = (0.0%")
0O 45C K=1,NBANDS,4%
KUP=K+3
IF{KUP.GT.NBANDS) KUP=NBANDS
PRINT 285,(JsJ=K,KUP}
3B5 FORMAT(/24X+4%("EANC',13,8X))
PRINT 39C,(EDGEI2%d-1) y»J=KKUP)
390 FORMATI{2X,"LOWER BANC EDGE?',5F15.9)
PRINT 395,(EDGE(2%J) +J=K,KUP)
395 FORMAT(2X,*UPPER BANC EDGE',5F15.9)
IF (JUTYPE.NELZ2Y PRINT 4003, {FX(J)J=K,KUP}
400 FORMAT(ZX,"DESIRED VALLE*,2X,5F15.9})
IF{JTYPE.EQ.2) PRINT 4C5, {FX(J) J=X,KUP)
405 FORMAT(2X,"DESIRED SLOFPE',2X,5F15.9)
PRINT 41J340{wTX(J) yJ=K,KUP)
410 FCRMAT(2X,'WEIGHTING'y £X,5F15.9)
DO 420 J=K,KUP
420 CEVIAT({J)=DEV/WTX{J)
PRINT 425,{NEVIAT{J) J=K,KUP)
425 FORMATI2X,"DEVIATICN® ,£X,5F15.9)
IF (JTYPEGNE.L) GO TC 450
DO 430 J=K.KUP
430 DEVIAT(J)=20.0*ALCGICICEVIAT(J))
PRINT 43S, (DEVIAT{J) +J=K,KUP]
435 FCRMAT{Z2X,'DEVIATICN 1IN LA?,5F15.9)
450 CONTINUE
PRINT 455, (GRIC{IEXTJ)) »J=1yN2Z)

F(' 14, %))
“H{' 3 T4,')1)
84,N2Z

[SVRN TR}
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460

475
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FORMAT({/2X, *EXTREMAL FREQUENCIES*/(2Xs5F12.7))
PRINT 460

FORMAT(/1X,70(1H*}/1H1)

IF(JPUNCFJNESO) PUNCE 475,1H(J),J=1,NFCNS)
FCRMATI(5E16.8)

[FINFILT.NE.Q) GC TO 1CQ

RETURN

END

FUNCTICN EFF(TEMP,FX,WTX,LAAND,JTYPE)

FUNCTICN TG CALCULATE TrE DESIREC MAGNITUUE RESPCONSE
AS A FUNCTICN OF FREQUENCY.

DIMENSICN FX(5) ,hTX{5]}

IF(JTYPELEQ.2) GU TO 1

EFF=FX{LEAND)

RETURN

EFF=FX(LEAND)*TEMP

RETURN

END

FUNCT ION WATE[TEMP,FXywTX,LBAND,JTYPE)

FUNCTICN TO CALCULATE THE WEIGHT FUNCTION AS A FUNCTION
CF FREQUENMNCY.

DIMENSICN FX{5),WTX(5)
IF(JTYFEL.EQ.2) GO TO 1
WATE=nwTX(LBAND)

RETURN
IF(FX{LBAND).LT,.0.0001) GO TO 2
WATE=WTX{LBAND)/TEMP

RETURN

WATE=wTX{L2AND)

RETURN

END

SUBRCLTINE REMEZ(ECGE,MNBANDS)

THIS SUBROUT INE IMPLEMENTS THE QEMEZ EXCHANGE ALGUORITHM
FOR THE WEIGHTED CHERYCHEV APPRCXIMATICN OF A CONT INYJUS
FUNCTICN WITH A SUM CF COSINES. [INPLTS TO THE SUBRUUTINE
ARE A CENSE GRID WHICH REPLACES THE FREQUENCY AXIS, THE
DESIRED FUNCTICN CN THIS GRID, Trt WEIGHT FUNCTION 0N THE
GRIDy THE NUMBER OF COSINES, AND AN INITIAL GUESS CF THE
EXTREMAL FREQUENCIES. THE POCGRAM MIMN[HMIZES THE CHEBYCHEV
ERROR BY DETERMINING THE SEST LCCATICN CF THE EXTREMAL
FREQUENCTIES [POINTS CF MAXIMUY ERROR) AND THEN CALCULATES
THE CCEFFICIENTS CF THE BEST APPRCXIMATICH,

CCMMCN PI2,ADyDEVy Xy Y, CRIDyDESyhT,ALPHA,TE XT NFCNS ,NGRID
DIMENSICN EDGE(20)

DIMENSION TEXTI66) sACLED) yALPHALEL) 4 X(65) ,Y(66)
CIMENSILN DES{LO45), CRICILO45),WT{10451)

DIMENSICN AlG6),PLES) ,C(ES5)

COUALE PRECISION PI2,DNUNM,DDENGDTEMP ,A,P,43]

DOUALE PRECISICN ACsCEV,X,Y

THE PRCGRAM ALLOWS A MAXIMUM NUMBER OF ITERATIONS OF 25

ITRMAX=25
DEVL=-1.0
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160

110

120

130

140

150

230

NZ=NFCAS+1
NZIZ=NFCAhS5+2

NITER=0

CONTINUE
IEXTINZZ}=NGRID+1

M TER=NITER+1
IFINITERLGTLITRMAX) GO TA 400Q
DO L1Q J=1,NZ
DTEMP=CRIC{IEXT(J} )"
CTEMP=0CCS{DTEMP*P]I2)
X(Jy=DTEMP g
JET={MNFCAS-11/715+1
BC 120 J=1,N2Z
AC{JI=C{JyNI,JET)
DaUN=3d.0

DDEN=C.0

K=1

DN 130 J=14NZ
L=TEXT{J}

DTEMP=AD(J }*DESIL)
DNUM=DNUM+DTEMP
CTEMP=K=AD(J)/WT(L)}
DCEN=CCEMN+DTEMP

K==-K

CEV=CNUM/DDEN

Ny=1

IFINEV.GT.0.0) NU=-1
CEV=—NU=*DEV

K=NU

CO 140 J=1,NZ

L=IEXT {3}
DTEMP=K*DEV/HT{L)
Y(JY=DES(L)+OTEMP
K=-K

[FIDEV.GE.DEVI] GO TC 150
CALL CLCH

GO TG 400

DEVL=DEV

JCHENCE=0

KL=IEXT(L)
KNZ=IEXT(NZ)

KLCW=0

NUT=-NU

J=1

SEARCH FCR THE EXTRENMAL FREQUENCIES CF THE BEST
APPROXTIMATICN

IF{J.EC.NZZ) YNI=CCHMF
[FIJ.GE.NZZ) GO TC 300
KUP=TEXT{J+1)
L=IEXT(J}+1

NUT=-NUT

IFlJ.EGQG.2) Y1=COMP
CCMP=CEV

IF{L.CE.KUP) GO TO 220
ERR=GEE{L ,NZ)

ERR={ FRR-CES{LI)=WTIL)
DTEMP=NUT*ERR-CLCMP
IF{(DTEMP.LE.D.0) GC TOQ 220
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210

215

220
225

230
235

240

250

255

269

300

310

CCMP=NUT #ERR

L=L+1

IFIL.CE.KUP) GO TO 215
ERR=CEE{L,NZ)
ERR=(ERR-CES(L}}*WT(L)
CTEMP=NUT*ERR-COMP
IF(DTEMP.LE.D.O) GC TO 215
COMP=NLT*ERR

GO TO 210
IEXT{Jl=L-1
J=J+1

KLOW=L-1
JCHNGE=JCHNGE+1
GO T 2064

L=L-1

L=L-1

IF{L.LE.KLOW) GO TO 25¢C
ERR=CEE{L4NZ}
ERR=({ERR-CES{L}}I=WTI{L}
CTEMP=NUT=ERR-COMP
IFIDTEMP.GT.0.0) GC TO 232
IF{JCENGEL.LE.D)} GC TC 225
GO TO 260

CCMP=NLT*ERR

L=L-1 L
IF(LJLELKLOA) GO TO 240
ERR=GEE{LsNZ)
ERR={ERR-BES{L)I*WT(L)
DTEMP=NUT*ERR-CCMP
IFIDTEMP.LELO.0) GC TO 240
CEMP=NKUT*ERR

GC TO 235

KLCW=1EXT{J)

TEXTLJI=L+1

J=J+1
JCHNGE=JCHNGE+1
GO 1O 200

L=TEXT{J)+1
[F(JCFNGE.GT.0) GO TO 215
L=L+1

[IF{L.GE.KLP) GO TC 280
ERR=CEE(L,NZ)
ERR={ERR-CES(L))}*WT{L)
DTEMP=NUT=*ERR-COMP
IF(CTEMP JLELQ.0) GE Ti1 255
CCMP=ALTXERR

GO TD 210

KLCW=TEXT(J)}

J=d+1

GO0 TO 200

IFlJ.GT.NZZY GC TO 320
[FIKL1.GT.IEXTIL}) KL=IEXT(1)
IFIKNZLLTL.TEXTINZ)) KNZ=1EXTINZ)
NUTL=MT

NUT=-NU

L=0

Kup=Kl

COMP=YNZ*(1.00C0O1)

LUCK=1

L=L+1
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330

340

345

350

360

370

400

4C5

IF{L.CE.KUP) GO TO 315
ERA=GEE(L,NZ)
ERR=(ERR=-DES{L))=WTI{L])
DTEMF=KUT®*EAR-COMP
IF(DTENMPL,LE.O.0) GC 7O 310
COMP=NLT*ERR .
J=hN2Z7

GC T 210

LUCK=¢

GC 1O 325

IFILUCK.CT.9) GO TC 350
IF(CCMP.GT.YLl) YLl=CCwMP
K1sIEXT{(NZZ)

L=NGRIC+1

KLCH=KNZ

NUT=-NUT1
CoMP=¥1=(1,00001]}

L=L-1

IF{L.LE.KLOW) GO TC 340
ERR=GEE( L ¢NZ)
ERR={ERR-CESIL))®=4T{L)
DTEMP=NUT=ERR-CCMP
I[F{DTEMP.LE.O.C) GO TO 330
J=KZ1Z

CCMP=NLT*ERR
LUCK=LUCK+10

Ga TC 235

[FILUCK.EQ.86) GC TC 370
£O 345 J=1,NFCNS
TEXTUINZZ-J)=TEXTI(NZ-J)
IEXT(1)=K1

GO TO 100

KhN=[EXT(NZZ)

D0 36C J=1,NFCNS
IEXTEJ)I=IEXT{J+1)
IEXT{NZ)=KN

cO TG 100
IF{JCHAGE.GT.0) GC TC 100

CALCULATICN COF THE CCEFFICIENTS CF THE BEST APPROXIMATION

LSING THE INVERSE DISCRETE FAOURIER TRANSFORM

CONTINUE

AM1=NFCNS-1

FSH=1.CE-C6H

GTEMP=CRICI1}

X{NZZ)==-2.0

CN=2*NFCAS-1

DELF=1.0/CN

t=1

KKK=C

IF{EDCE(L1) +EQ.0.0.ANC,EDGEL2%NBANDS).EQ. 0. S}
IF(KKK.EQ.1) GG TC 4(5
CTEMP=CCCS(PI2%GRICIL))
DHUN=DCCSIPI2*GRIDINGRID)}
AA=2.C/{DTEMP-DNUM)
PR=~(CTENP+DNUM)Y/ (CTEMP—-0ONUM )
CAONTINLE

DO 4#3C J=1.+NFCNS
FT={J-1)*DELF

KKK=1
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410

415

420

425

430

500
505
10

550

515

520

525

530

535
540

543
545

XT=CCOS(P12*FT)
IFIKKK.EQC.1} GC TO 410

XT={XT-B8}/AA
FT=ARCCSI{XT)/PL2

XE=X(L)

IFIXT.CT.XE) GO TQ 420
[IFI{XE-XT).LT.FSH) GC TO 415
L=t+1

GO TO 410

AT JY=Y(L)

GO TD 425 .
IFLIXT-XE) L TLFSH) GO T 4195
GRID{1)=FT

A{JI=CGEEI[1,NZ)

CONT [INGUE

IF{L.GT.1} L=L-1

CONTINUE

GRIDLILI=CTEMP

DDEN=P[2/CN

DO 51C J=1,NFCNS
CTEMP=C.0

bDNuUM={J-1)}=*DDEN
IFINMLLLT.1) GO TO 5C5

D0 500 X=1,AhM1
CTEMP=0TEMP+A{K+ 1) *DCOS{ ONUMXK)
DTEMP=2.0%*DTEMP+A{(1l)}
ALPHA{J)=DTEMP

CO 550 J=2,NFCNS

ALPHA( J3=2*ALPHA{J}/CN
ALPHA( LI =ALPHA{ 1) /CN
IFIKKK.ECL1} GO TO 545
P{1)=2.C*ALPHAINFCANS)=FR+ALPHA(NNML]
P{Z2)=2.0%2AA*ALPHA(NFCNS)
QUL)=ALPHA(NFCNS-2)-2LPHA{NFCNS)
DO 540 J=2,NML
IF{J.LT,AML) GO TO 515
AA=0| S*AA

BB=0.5*BB

CONT INUE

P{J+1)=0.0

DO 520 K=1,4

Al(K)=P(K)

PIK}=2.0%¥BB=A{K)
PI2)=PI2Y+#AL1)%2.0%AA
JMl=J-1

DO 5295 K=1,JM1
PLKY=P{K I+ QIK) +AAF*AIK +1)
JPl=J+1

DO 52C K=3,.JP1
PLK)=P{K)+AA®A(K~1)
IFLJ.EQ.AML} GC TC 540

DO 535 K=1,4

Clx)==2(K)
QUILI=CILI+ALPHA(NFCNS~1~-J3}
COUNTINUE

CQ 543 J=1,4NFCNS
ALPHA(J) =Pl J)

CONTINUE

IF{NFCMS.GT.3) RETURN
ALPHA(NFCNS+1)=0.0
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ALPHA{NFCNS+2)=0.0

RETURN

END

SUBRCUTINE CUCH

PRINT 1

FORMAT (v 2zzxckpysdxd FAJLURE TO CONVERGE #®dkixikgikxt/
L'OPROBABLE CAUSE IS MACHINE ROUNDING ERROR?®/
2'OTHE [IMPULSE RESPONSE MAY RE CORRECTY/
3'0CHECK WITH A FREQUENCY RESPUNSE'/)

RE TURN

END

DOUBLE PRECISICN FUNCTION CUlK,h, M)

FUNCTICN TO CALCULATE THE LAGRANGE INTERPOLATIGN
COEFFICIENTS FCR USE IN THE FUNCTICN GEE.

COMMEN PI124ADsCEV Xy Yy GRIDJDESyWT ALPHALITEX NFCNSyNGRID
DIMENSICN IEXT(66) yACL166) ALPHAL6E],4X(66),Y(66)
DIMENSION DES{1045),GRINDLI1045) 4hTI1045)

DOUSLE PRECISICN AC,CEV+X,Y

DCUBLE PRFCISICN Q

COUYBLE PRECISION P12

D=1.0

Q=x(K}

CO 3 L=1,M

0o 2 J=L|N|F

IFlJ-K)1l,y2,1

C=2.0=C*(GQ-X{J))

CCNTINLE

CONT INUE

C=1.0/D

RETURM

END

OCUBLE PRECISICN FUNCTION CGEE(K4N)

FUMCT ICN TO EVALUATE THE FREQUENCY RESPONSE USING THE
LAGRANGE [INTERPCLATICN FCRMULA IN THE BARYCENTRIC FORM

CCMMCN P124AD,DEVyXs Yy GRIDINES s w T, ALPHA,ITEXNFCNSSNGRID
DIMENSICN IEXT{66) sACIO6O6) s ALPHA(GAL ) X(66),Y(66)
CTMENSTION DES(1045),GRIDILC4S) 4w T{1C45)

COUBLE PRECISICN P4C,DXF

NDOUALE PRECISICN PI2

COURBLE PRECISION AC,CEV.XeY

P-'-'U.G

XF=GRIC(K]}

XF=UCAS(PI2%XF)

D=0.0

DD 1 J=1,N

C=XF=X1{J)

C=An(J)/C

C=D+C

P=P+C2Y(J)

GEE=P/D

RETURN

EAND *

SUBRCLTINE ERRCR

PRINT 1

FCRMAT({? ®&xxxx¥atxs=3% FRROR IN I[INPUT DATA #xatwskaket)
sTQp

END
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APPENDIX V

This Appendix contains FORTRAN program for calculating and plotting
the magnitude and phase characteristics corresponding to analog or digital
transfer function as a function of w or respectively, where is the

normalized frequency variable given by F/F..
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PROGRAIM CESCRIPTICN,

MAGPHASE IS A GEMEPALIZEC FRCGAAN FOR CALCULATIANG AMC PLOTTING
THE MAGNITUULE aMNO PHASE CHARPACTERISTICS OF ANY ANALOG CR DIGCITAL
TUC-PGCRT ANETWCRK 2S5 & FUNCVICN CF CYEGA (R ETA RESPCCTIVELY,
G!VEN THE TRAMSFER FUNCTION HIS) CR H{Z) AS A PCLYNGMIAL
NUYERATCR 2AD CENCMINATCR,

ENVIRCAMERNT.

THIS PRCGRAM WAS RUN AT KANSAS STATE UNIVERSITY CA AN I8N
3707156 USING BOTH WATFIV VIL4 BND FCRTRAN IV G LEVEL 21.
PRINT wWIGTH WAS FFLC TC LESS THEN 120 COLUMAS TC EASE CCNVERSICN.
NON—-STANCARC FORTRZN USE INCLUCES: CCUSLE PRECISICN CECMPLEX
NUMBERS, INITIAZLIZATION IN CICLARATICN STATEMENTS, USE CF
ENC-OF-FILE TEST CN READ STATEMENTS, CERTAIN FUNCTIOMS SUCH AS:
DATAN2,CDEXP,S3T,ETC.s THE LSZ CF A4 MCN-PRINTING CHARACTER FCR
CONTINUATICA, ANC THE "G" FORMAT CN OUTPUT. IN EACH CASE CLOSE
EXAMINATICN SROULC SUGGEST ALTEFNATE APPRCACHES.

THE FIRST CARD CF EACH AETRGARK 1S A CONTRCL CARD. ITS FIELDS
ARE: )

1-2 — DEGREE CF HMUMERATD?

3=4 = DECREE OrF CENSMINATQR = =

5-7 - NUMBER GF PLGTTEC PCINTS BETWEEN THE STARTIAG AND
© STCPPING FREQUENTIES INCLUSIVE

8 - H{S) {=2) ar H{Z) (=1)

9 — FREQUENCY IMCREMENT MZTHCC (O=LINEAR, 1=LCG)

11-20 -~ STARTIMNG FREAUENCY

21-30 =~ FINAL FRECUEANCY

FIRST FIVE FIELCS A°E REAC WITH AA INTEGER FORMA . THFE
RESiHEF %HIS CﬁRE ANC THE FCLLCWING CARDS ARE READ WITH A% "F10.5"

FORMAT .
THE NEXT C2RCS ARE FOR ThE NUMERATCR ANE CEACMINATCR. VALLES

i - £SCENDIN ROER. THE
ARE REAL 8 PER CARD ANG ARE IN #e¢ DESCENDING wx« CRDER )
DENCHINATOR CEGINS CA A NEW CARC: I.E. 1T DOES KOT CCATIKUE CH ThE

NUMERATCR CARC.

EETECSEESEEREE RS-

POLES ANDC 2ERODES.

. : ; LEC N THE GUTPUT.
POLES ANC ZERCES BRE CHECKEC FCR ANC ARE FLACGEC IN Ti T
THE CRITEXICH FOR A ZERD 1S & ZIRD IN THE KUMERATCR REGAROLESS OF
INE MAGRITUCE OF THE GEACYINATGR.  THE CRITLRICN FOR A POLE IS
AN ORDER OF MAGMITUDE INCRTASE CVER THL PREVIOLS MAXIMUY VELUE.

EREEESEERREE
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15
2C

25

30

315
4C
45
5¢
5%
ecC
65
7C

15

COMPLEX$16 PANY ,CDEXP,DUNPLX,NTENP,LTEMP

REAL#8 FSTEP, FRthLAﬂELl”J,LAPELI(?)/' CMEGA ',
REAL#*8 LABELZ2(2)/" —-=-——- ', == Y/WPI,P[2
REAL#E2 CATANZ JNREALIZ), EQEAL(PJ DFLE, DLOG, DEXP
REAL FSTART,FSICP.VMAX,MAG(2CO) 4PHSI{200),CMEGAI200)1,NUM{99}
REAL CEN(S9),MAGNUM,MAGDEN

INTEGER TYPE,NUMPTS,NUMDIM,CENDIM, INCTYP,DIM/200/
INTEGER PCLE(2CC)

EQUIVALENCE (NTEMP,NREAL{L)}),(CTF¥P,DREALI(L))

!

=3.141592653569793

PI2=P1%2.0

READ I NEXT NETWCRK.

ETA

4
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REAC(5,1CO0,END=9C0) NUMCIN ,DENDIY JNUMPTS, TYPESINCTYP,FSTART,FSTOP
NUMDIFM=NUMDIM+L
DENDIM=DENDIM#1}
READ IN NUMERATCR AND CENOMIMNATOR PLCYMNCMIALS.
REAC15,1002,ENC=902) (NUM{T),I=1,1UMDIM]
REAC(5,1C02 ,ENC=902) (DENIT)},1=1,CENDIM}

CALCULATE STLF SIZE TC BE USED.

IF {(NUMPTS.LT.2} NUMPTS=2

IF
IF

{ALFMPTS.GTL200) NUMPTS=200
{INCTYP) 10,10,15

FOTEP={CBLE{FSTCPI-DBLEtFSTARTI ) /INLMPTS-1)

GO TO 20

FSTEP=DEXPIDLCG(DBLE(FSTCP)/CRLE(FSTART ) IZ{NUNMPTS~1))
FREQ=FSTART
MAX=0.0

SET UP PRINT LABELS.

LABEL[L)=LABELI{(TYPE+]1)
LABFL{2)}=LABEL2(TYPE+])
WRITE(6,1004) LABEL(L)

DO 1€5 I=1+ALFMPTS

CALCULATE VALLE CF OMEGA COR ETA.
IF tTYPE) : 25+25,30
PARM=DCMPLX(0.0D0,FREC)
GC TO 35
PARM=CDEXP (CCMPLX(0.CCUsPIZ*FREQ)}

EVALUATE NUMERATCR AD DENCMINATOR USTING HORYER'S

METHOD OF EVALUATIAG PCLYNCKMIALS.

[STCP=NUMC IM-1
[F (ISTAOP) 40440, 45
NTEMP=DCMPLX(DBLEINUNI(1)),0.0D9)

GO TO 55
NTEMP={0.0,0.0)
DG 50 J=1,1I5TOP

NTEMP={NTEMP+NUM{ I} ) +PARV

NTEMP=NTEMP+NUM(NUMDIM}
ISTCP=DEAC [M-1 3
IF {ISTOP} 650,460,865
DTEMP=DCMPLX(DBLE(DEN{1Y),C.CQCY

GO TO 715
DTENMP=10.0,0.0)
Do 7C J=1l,1S10P

CTEMP={CTLMP#OFN{J) }#PARM
NTEMP=DTEMPHCEN(DENDIM)
DMEGA{]1) =FRECQ
MAGNUM=NREAL( L) *NREAL{ LI+ NREAL(2)*NREAL(2)
MACCEN=DREAL(1 )*DRFAL (1) 4DREAL(2)*DRFAL{2}
CHECK FOR ZERCES.

IF {MAGNLM.NE.O) GC TO 80



O™

80

82

85

90
9t

100
1C5

qC2

5CC
100¢C
1002
1CC4
1CCe
1008

1C1¢
1012
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PCLE{I)=0
WRITE(6,1010) OMEGA(I)

GC TO 90

CHECK FOR POLES.

IF(MACCENL.EC.O) GO TOo 82
IF {([.LE.2) GO 1O 85
IF (MAGDEN.GT.MAGNUM/{1C.O0*NMAX])) GG TO 85
PCLE([)=1
WRITE(6,1012) OMEGALI)

GG Ta 20

PCLE(I)=-1
MAG(I)=SCRT (MAGNUM/MACGCEN)
IF (MAGIL).GT.MAX) MAX=NMAGI(T)
PHS(1)=DATANZ(NREAL(2)} ,NREAL(1))-DATANZ [DREAL(Z2),CREAL(L))
IF (PESLI).GT.PI) PHS(L)}=PFS{I)-PI2
IF (PHSUI)LT.—PI) PHSIT)=PLS(1)+PI2
WRITE(641CCE) OMEGA(L ) ,MAGIL) ,FHSLT)
INCREMENT FREQUEACY.
I[F (INCTYP) 95,95, 100
FREC=FREC+FSTEP

GC Ta 105
FREC=FREC*FSTEP
CONTINUE
CALL GRAPHI{MAG,PHS,OMEGA yNUMPTS,MAX,LABEL,PCLE)
GO 10 5

WRITE{6,1008)

RETURN

FORMAT(212+12+421191X%Xs2F1C.5)

FCRMAT{BF10.5}

FORMAT(']1 ' AB,10X,*MAGNITUDE",9X,"PHASE(RAD)')

FORMAT(' "52(G12.6,5X))

FORMAT (' #%3%% ERROR *¥2%3% END-OF-FILE REACHED WHILE READING ',

*CCEFFICIENTS.Y)

FORMATIY 1,G13.648%,'<<< ZEKC ENCCUNTERED >>>')

FORMAT (' *yGl2.E¢BXy"<<< PCLE ENCTUNTERED >>>7)

END

SUBROLTINE GRAPH(MAG,PHASE,CMECA,NUMPTS,MAX,LABEL »POLE)

SUBROUTINE GRAPH PRCCLCES A MACNITUCE AND PHASE

RESPCNSE GRAPF. THE FREQUENCY,MAGNITLDE AND PHASE
ARE ASSUMED TC BE 1IN THE ARRAYS OMEGA,MAG AND PHASE
RESPECTIVELY. NUMPTS IS THE NUMBER CF CATA PODINTS
MAX [S THE MAXIMULM VALUE IN MAG,AND LABFL IS THE
TITLE DESIRED ABOVE THE FREQUENCY COLUMN. THE ARRAY
POLE CONTAINS A FLAG FCR PCLES OR ZEROES.
THE CATA IS PLOTTED -C PER PAGE.

REAL#8 LABEL{2)

REAL NMAGI(20C) ,PHASE(200) CVMEGA(200),MAX, SCALEV,RELBLI(SG)

INTEGER NUMPTIS,ILPLIG6) EXP,PLLTP(49)/49%" P /,PLCTNM{SL1)/51%r 1/

INTEGER XBLKZ Y "/, XAST/ "%/, LELDIVM/E/+ LWIDTH/SL/1START,LSTQP

INTEGER POLE(2001}

PI124=17,63943173

CALL SCALE(MAXySCALEV,RELBL,ILBLEXP4LBLDIM,IWIDTH)

ISTCP=0

[START=[STOP+1

[STOP=15T0P+S1

IF (ISTOP.GT .NUMPTS) ISTCP=NUMPTS

WRITE(64+1000) LABEL(L1,L208EL(2)

IF (ILBLI2).GT.C) GC TO 5

WRITE(E,»1002) [RELBL(L},[=1,6)

GO I0 10
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C WRITE(&,1C04} (ILBLIT)HEXP,1=146}
1C WRITE(E, 1C06)
DC 30 [=ISTART,ISTOP
IF (POLEITI M) 25420,15
15 WRITE(6,1C12) GMEGALLY}
GO TO 30
2¢ WRITE(6410C14) DMEGA(IL)
GC TO 30
25 J=PHASEL[)*P[24425,.5
K=FAGITV#SCALEV+L .S
PLCTP(J)=XAST
PLOTM{K)}=XAST
WRITE(6,1008) (PLOTPI{L)+L=1,49),0MEGA(I){PLOTM(L} L=1,51)
PLCTP(J)=XBLK
PLOTM(K)=XBLK
30 CCNTINUE
WRITE(6,1010)
IF (ILBL(2)1.GT.0) GO TO 35
WRITE(E, 1002) (RELBLII},sI=1:+6)
GO TO 4@
35 WRITE(6,1004) [ILBLII),EXP,1I=1,61}
4C IF (ISTOP.GE.NLFPTS) RETURN
iSTCP=ISTOP-1L
GO 10 1
L1CCC FORMAT("L1?,23Xs" PHASEY 426X Al 425X " MAGNITUDE" S
X TE 2Ny L _ "2 26XyAEN25Xe______ ___"/
X TO-PIL'yBXy " —PI/2°%,9Xy "G "4 1CXy "PI/2,GX,'P1 ")
1CC2 FORMATI"49,63X,6(F7.2,3X)}
1CC4 FORMAT( ' 41,62%,6(12,"E',[23,4X]))
1006 FORMAT(Y ", 5(*} ", 11X}, 5XySU "] "9X) | /" 1,49(%-1),16X,51{"-"))
LCC8 FCRMAT(' ' ,49481,2X,G12.5:2X%X,51A1)
ICIC FORMATIY ' ,4S("="),L6X,51("=2)/" 7,500, 11X},5%,5(]",9X),"|"/
X V=PI, 8Xe TP 1274 9Ky PO 10K DL A2 5K, PEY)
1012 FCRMAT({15X4?<<< PCLE ENCCUNTERED >>>',14XyG1l2.5,5 16Xy
X *<{<< POLE ENCOUNTERED >>>°)
1014 FORMAT(15Xy '<<< ZERO ENCCUNTERED >>>',14Xs512.5,2X41%1)
END
SUBROLTINE SCALE(MAX,SCALEV,RELBL, ILBL,EXP.LBLDIM, IKNTIDTH]}
SUBROUTINE SCALF CALCLLATES A SUITABLE SCALE
FOR PLOT POINTS. IT PRODUCES THE NECESSARY LARELS
ANC SCALE FACTCR. INPUT TO THIS SUBROUTINE CONSISTS
CF: MAX,MAXIMLFM VALUF CF THE CATASLELCIM, THE HUMBER
OF LABELS DESIREDS AND IwIDTH, THE WICTH CF THE PLCT
IN COLUMNS. IT CuT~urS: SCALEV, A SCALTNG CONSTANT
THAT wWILL SCALE THE CATA RANGING FRCM ZERAO TO MAX;
RELBEL, THE AXLS LABELS IF MAX IS SUCH TC ALLCwW
LABELS BETWEEN EBCC ATDL/1 3 AND ILBL AND EXP, THE
LABELS IF CATA IS CUTSICE THE GIVEN RANGE.
REAL RELBLILBLDIM) pSCALEW,SCALEV MAX, X, Y
INTEGER [LBL(LBLDIM),EXP,sihlDTHsK,1,J
K=LRLCIM-1
SCALEwW=(IWIDTH-1)/FLOAT(K}
TAKE THE t0OfG CF THE NUMBER AMND SEPARATE THE

CHFARACTERISTIC FROM THE MANTISSA.
Y=ALOGLO(MAX/K}
=Y
Y=yY-1
I1F {Y.GE.O} GO TO S
Y=Y+1

[=1-1
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10

2C

25

30

35

4C

45
5C

[FLY.CT..001)
X=1.0

IF (Y.GT..3C2)
X=2.,0

IF (Y.GT..6C12)
X=4.0

IF (Y.GT..T)
X=5,.,0

IF (Y.GT..904)
X=8.C

X=1.0
I=1+1
FILL LABEL ARRAYS.

IF (TolT =2 .0R.1.GT.2)
DC 40 J=1,K

RELBL{J+L)=X%J%]10.0%%]
ILeL(2i=-1
RELELI1)=0.0
SCALEV=SCALEW/RCLBLI(2)

RETURN
CO 50 J=1,K

TLEL( J#L)=X%J
ILBL(L}=C
EXP=1
SCALEV=SCALEW/X/10.0¥%%]
RE TURN

END

GO

GC
GC

GO
GC

GO
GC
GO0

GC

GO

Ta

o
T0

T0
T0

TO
T0

TO
T0

T0

10

35
15

35
20

s
25

35
30

45
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This report is primarily concerned with the study of some of the more
important design methods that are normally used in the design of digital
filters. These methods can be divided into two broad classes, depending

upon whether the digital filter of interest is of the FIR (finite impulse

response) or the IIR (infinite impulse response) type.

FIR filters can be designed using three well-known methods, which
are: (i) the window method, (ii) the frequency sampling method, and (iii) the
optimization method. In this report, the window method has been discussed in
detail and various design examples are presented. The other two methods are
discussed relatively briefly.

Again, two design methods are considered in the case of IIR filters.
These are: (i) the impulse invariance method, and (ii) the bilinear trans-
formation method. More attention has been given to the bilinear transfor-
mation method since it is used frequently in the practice., Several illus-

trative examples are presented.



