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Cold elastic and reactive atom-molecule collisions in helium-helium-alkali-metal triatomic systems
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Atom-molecule collisions in helium—helium—alkali-metal triatomic systems at cold energies are studied using
the adiabatic hyperspherical representation. We consider the elastic collision processes *“HeX + “He — *HeX +
“He and *“He, + X — “He, + X, as well as the reactive collision processes “HeX + “He = “He, + X, where
X is one of the bosonic alkali-metal atoms: "Li, 2Na, K, 85Rb, or '*3Cs. The elastic and reactive collision cross
sections are calculated at nonzero collision energies by including not only zero atom-molecule relative angular
momentum, L = 0, processes but also L > 0 processes. The total cross section for *He X + “He — *HeX + “He
is found to increase with the scattering length between “He and X, while the other collision processes are not
found to have any systematic dependence on the alkali-metal species X.
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I. INTRODUCTION

Three-body collision processes have been attracting con-
siderable interest due to their relevance for the rapidly
growing field of cold and ultracold atomic gases [1,2]. In
such systems, elastic, inelastic, and reactive atom-molecule
collisions are of great interest, in addition to three-body
recombination and collision-induced dissociation. Elastic
atom-molecule collisions are crucial for determining the
dynamics of ultracold atom-molecule mixtures at the mean-
field level, while inelastic and reactive atom-molecule col-
lisions have a large impact on the lifetime of Feshbach
molecules in such mixtures [3—5]. Furthermore, in the regime
of large two-body s-wave scattering length a, achieved
near a Feshbach resonance [6-8], three-body collision pro-
cesses exhibit universal scaling behavior with a as a re-
sult of Efimov physics [9-14]. These universal aspects
have been observed experimentally in recent years [15-21]
and confirm our understanding of three-body universal prop-
erties [2,14].

When ultracold three-body collisions become universal, the
dynamics are then predominantly determined by the long-
range behavior of the atom-atom scattering wave function,
and the complicated atom-atom interaction can therefore be
replaced with a simple model that is designed to reproduce
the same long-range behavior. It is in this context that
the adiabatic hyperspherical representation has been applied
frequently to the calculations on three-body collisions. While
the use of a model interaction allows us to get deeper
insights into three-body collision processes, carrying out such
calculations for chemically important species using realis-
tic interactions would require substantial further technical
development.

However, there exist a few realistic systems simple enough
to be treated within the adiabatic hyperspherical represen-
tation. So far, triatomic helium systems, for which there
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exists only one dimer bound state with zero orbital angular
momentum [ = 0, have been studied within the adiabatic
hyperspherical representation by us [22,23]. Wang et al. [24]
have recently treated cold three-body collision processes and
bound states in spin-stretched H-H-alkali-metal systems, for
which, again, there exists only one diatomic bound state. We
have also studied cold three-body recombination and bound
states in “He—*He—-alkali-metal systems [25,26], which have
one “He-alkali-metal and one “He-*He bound state. These
results are relevant to the buffer gas cooling technique used
in cold and ultracold gas experiments [27-29]. Extension to
the more complicated Ne-Ne-H system, for which there exist
several diatomic bound states with [ > 0, has been carried out
by Parker ef al. [30] using the “diabatic-by-sectors” approach.
A more recent development by Wang et al. [31] has permitted
the inclusion of hundreds of channels in a recombination
calculation for model potentials but has not yet been applied
to realistic interactions.

In this paper, we study elastic and reactive atom-molecule
collisions involving two helium atoms and one alkali-metal
atom at cold collision energies. This work extends the previous
investigations in Refs. [25,26], which dealt with three-body
recombination and bound states in the same triatomic systems.
We calculate the cross sections for the elastic collision
processes

‘HeX + *He — “HeX + *He and

. . 1

He, + X — "He, + X,

as well as the reactive collision processes
“HeX + “He = “He, + X, )

where X is one of the bosonic alkali-metal atoms: 7Li, 2*Na,
MK, 87Rb, or 133Cs. We consider not only zero atom-molecular
relative angular momentum, L = 0, processes but also
L > Oprocesses. We use the helium dimer interaction potential
of Jeziorska et al. [32] and the KTTY helium—alkali-metal
potential of Kleinekathofer er al. [33]. The key ingredient
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in our numerical calculations is the adiabatic hyperspherical
representation [22,34,35]. A modified version of Whitten and
Smith’s democratic hyperspherical coordinate system [22,36]
is combined with specific boundary conditions to impose the
permutation symmetry of the two bosonic “He atoms. The
R-matrix method [37,38] is then used to obtain the scattering
S matrix, which allows us to obtain the cross sections for
elastic and reactive atom-molecule collisions.

This paper is organized as follows. We explain our method
and give all necessary formulas for calculating the cross
sections for atom-molecule collisions in Sec. II. The results
are presented and discussed in Sec. III. A summary of this
work is given in Sec. IV. We use atomic units throughout
except where explicitly stated otherwise.

II. THEORETICAL METHOD

We solve the Schrodinger equation for three interact-
ing atoms using the adiabatic hyperspherical representa-
tion [22,34,35]. In the adiabatic hyperspherical representation,
we calculate eigenfunctions and eigenvalues of the fixed-
hyperradius Hamiltonian in order to construct a set of coupled-
channel hyperradial equations. The R-matrix method [37,38]
is then used to extract the scattering matrix from these
coupled equations. The method employed has been detailed
elsewhere [22,23], but we include a brief description here for
completeness and clarity.

After the usual separation of the center-of-mass mo-
tion, the three-body system is described by six coordi-
nates. For these coordinates, we use a modified version
of Whitten-Smith’s democratic hyperspherical coordinates
(R,Q2) = (R,0,¢,0,8,y)[22,36]. The hyperradius R describes
the global size of the three-particle system, while the Euler
angles («, 8,y ) specify the orientation of the body-fixed frame
in space. The two hyperangles (6,¢) describe the shape of
the molecular triangle. In terms of a rescaled wave function
Ve = R?Wg, with Wy being the usual solution, the nuclear
Schrodinger equation for three particles interacting through
the potential V(R,6,¢) is written as

1 9>  A?+15/4 VR0 RO
[ IR + R + V(R, ,(p)]wE( £)

= EYE(R.Q), 3)

where A? is the squared “grand canonical angular momentum
operator” [22,39,40] and p is the three-body reduced mass
given by
2 mymanms3
=0 4
T, “4)
with m; (i = 1,2,3) being the masses of particle i. In our
convention, we designate the alkali-metal atom particle 1 and
the *He atomsparticles 2 and 3.
The interaction potential V(R,6,¢) used in this work is
expressed as the sum of three two-body terms,

V(R,0,0) = VHex (r12) + VHeHe(F23) + VHex(131),  (5)

where r;; are the interparticle distances. For the helium dimer
potential vgepe(r), we use the representation of Jeziorska
et al. [32]; and for the helium—alkali-metal potentials vpex (r),
the KTTY representation of Kleinekathofer er al. [33]. Each

PHYSICAL REVIEW A 89, 052701 (2014)

TABLE 1. “He, and “*HeX bound-state energy Eq (1 au. =
3.157746 5 x 10% mK) and scattering lengths a calculated using the
two-body potentials from Refs. [32,33].

System Eoo (a.0.) Ep (mK)  a(aw)  a(A)
*He, —5.472 x 107 —~1.728 165.4 87.53
“He'Li —1.780 x 1078 —5.622 9229  48.84
“He®Na —9.178 x 1078 —28.98 4414 2336
‘He¥K —3.547 x 1078 —11.20 6296 3332
“He%Rb —3.253 x 1078 —10.27 6427 3401
‘HeBCs  —1.566 x 1078 —4.945 85.63 4531

of these two-body potentials is found to support only one
bound state. Our interaction potential in Eq. (5) includes
neither retardation nor nonadditive three-body terms. Based
on our experience in Ref. [23] and the weak polarizability of
the helium atoms, we do not expect the three-body term to
contribute significantly, but retardation may have a substantial
effect on the calculated cross sections. To our knowledge,
retardation corrections for the HeX systems are not available.
The *He, and *HeX bound-state energies E,—o;—o and the
scattering lengths a calculated with these two-body interaction
potentials, taken from Refs. [25,26], are summarized in Table L.

The first step is to solve the fixed-R adiabatic eigenvalue
equation for a given set of quantum numbers J (total nuclear
orbital angular momentum), M (its projection on a laboratory-
fixed axis), and IT (parity with respect to the inversion of the
nuclear coordinates),

[A2+ 15/4

IR + V(Rﬁ,fp)} P,(R; Q2) = Uy(R)P,(R; 2),

(6)

to obtain the channel functions ®,(R;2) and the potential
curves U, (R). The above adiabatic equation, (6), is solved by
expanding the channel functions on Wigner rotation matrices

OIM(R; Q) =Y ¢fl(R:0,9)Dx (. By),  (])
K

where K is the projection of the total nuclear orbital angular
momentum on a body-fixed axis and takes the values K =
JJ—=2,...,—(J —2),—J for the parity-favored case,
MN=-1/,andK =J —1,J -3, —(J —3), —(J — 1) for
the parity-unfavored case, IT = (—1)’*!. The remaining de-
grees of freedom (6,¢) are solved by expansion onto a direct
product of fifth-order basis splines [41] in 6 and ¢. The
hyperangles (6,¢) span, respectively, the ranges [0,7/2] and
[0,27]. But, for ¢, due to the identical particle symmetry of the
two “He atoms, we only need to consider the range ¢ € [0,7]
with the following boundary conditions at ¢ = 0,

(=) p_x (R;0,0) = ¢xu(R;6,0), 8)
(_])J—&-K-ﬁ-lM — 8¢KU i (9)
8¢ =0 a(p =0
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andat ¢ = 7,

(=17 ¢_k o (R;60,7) = ¢piu(R;0,7), (10)
8¢—KU 8¢)K\)

—/H == = . 11

1 G172 P 17— (b

We generate the basis splines for 6 with 100 mesh points,
while we use 120 mesh points for ¢. A uniform mesh can be
employed for small hyperradii R, while for large R the mesh
should be dense around the two-body coalescence points at
0,9) = (/2,7 — 2arctan(m,/u)) and (7/2,7), where the
potential surface V(R,0,¢) changes abruptly.

The adiabatic eigenfunction expansion gives the total wave
function g in terms of the complete, orthonormal set of
angular wave functions @, and radial wave functions Fg,

VE(R,Q) = Fe(R)Py(R; Q). 12)

where v is a collective index that includes all the quantum
numbers necessary to identify each channel. If the expansion
in Eq. (12) includes the complete, infinite set of &®,, this
representation of ¥ is exact. In practice, the sum is truncated
to a finite number of terms but can be extended systematically
to obtain any desired level of accuracy. Insertion of ¥g from
Eq. (12) into the Schrodinger equation from Eq. (3) results in
a set of coupled ordinary differential equations,

L& U,(R) | F,g(R ! P, (R d
[‘ﬂﬁ* o )] v )—EZ[ o (R)——

v

d
+ ﬁpvu’(R) + vi’(R):| Fv’E(R) = EFUE(R)v (13)

where the nonadiabatic coupling elements are given by

d
Puv’(R) = <<q>v ﬁ' q>u’>> P (14)
do, |dd,
O (R) = _<<_dR IR >> (15)

The double-bracket matrix element signifies that integrations
are carried out only over the angular coordinates 2.

In practice, we solve Eq. (6) for a set of about 200 radial grid
points R; up to R ~ 2000 a.u. in order to obtain the potential
curves U,(R) and the coupling matrix elements P,,(R) and
Qv (R). For R > 2000 a.u., they are extrapolated using their
known asymptotic forms [38]. We solve Eq. (13) using the
finite-element method [38]. About 10* elements, in each of
which fifth-order polynomials are used to expand the radial
wave function, extend from R = 8to R = 5 x 10° a.u., and 12
adiabatic channels are included. These are sufficient to obtain
the results accurate to two significant digits. The scattering S
matrix is then extracted using the R-matrix method [37].

III. RESULTS AND DISCUSSION

Since both the “He, and the *He—alkali-metal molecules
have only a single [ = 0 bound state, atom-molecule collisions
are allowed only for the parity-favored case, IT = (—1)’,
and the atom-molecule relative angular momentum L should
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equal the three-body total angular momentum J. We can
therefore limit ourselves only to J™ = 0%, 1-, 2%, etc. For
each of these symmetries, the lowest adiabatic hyperspherical
potential curve v = 0 corresponds to the “He X + “He channel,
that is, a *He—alkali-metal molecule with one *He atom far
away in the limit R — oo. This potential curve asymptotically
behaves as
JUJ+1)

1
Un(R) = 5= Qoo(R) EfeX = T for

2R R — o0,

(16)

where E h€X is the energy of the *He X molecule. The second-
lowest potential curve v = 1 corresponds to the “He, + X
channel and asymptotically behaves as

JUJ+1

R for R — oo,
7

1
Ui(R)= 5~ Qu(R) — Eghee 4
"
(17)

where EgH'Me is the energy of the “He dimer. All higher
potential curves, v = 2,3, ..., correspond to the three-body
continuum channels, i.e., all three atoms far away from each
other in the limit R — oo. These potential curves behave as

A +4)+15/4

Uy(R
v(R) — R

for R — oo. (18)
In principle, A can take on any non-negative integer value,
but its possible values are restricted by the requirements
of permutation symmetry. All these potential curves were
obtained in our previous investigations in Refs. [25,26], and
the other details of the potential curves are explained in
those publications. Here, as an illustration, we only show the
potential curves U,(R) for the “He-*He-*K system in the
JM =1~ symmetry in Fig. 1.

2 T { T B T { T { _T ]
it 0k v=1 17
i T -0.02F S
L :0,
l — -0'04 L Il | Il lv L H
- 1400 1600 1800
200
‘?8 ok
2 | ]
:)>
Ak v=0 ]
| 14He-4He-391K a'=1)
20 50 100 150 200

R (a.u.)

FIG. 1. (Color online) The 12 lowest adiabatic hyperspherical
potential curves U,(R) (v = 0-11) for the *He-*He-*K system in
the J™ = 1~ symmetry. The lowest, v = 0, and second-lowest, v = 1,
potential curves represent the atom-molecule channels corresponding
asymptotically to *“He*K + “He and “He, + *°K, respectively. The
higher channels, v =2-11, represent the three-body continuum
channels. Inset: Threshold-energy region at large hyperradii.
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FIG. 2. (Color online) Total and partial cross sections for elastic
and reactive atom-molecule collisions involving the “He-*He-"Li sys-
tem. We show cross sections for (a) *“He’Li + “He — “He’Li + “He,
(b) “He’Li + *“He — “He, + "Li, (c) “He, + 'Li — *“He’Li + “He,
and (d) “He, + 'Li — “He, + "Li.

In terms of the scattering S-matrix elements, the atom-
molecule collision cross section from channel i to channel f
is expressed as

et = oo = D IS o
L L

1

19)
L

where o, _; is the partial atom-molecule collision cross
section corresponding to the relative angular momentum L,
ki = [2ui(E — E)]"/? is the atom-molecule wave number
associated with the initial channel i, and w; and E; are,
respectively, the atom-molecule reduced mass and the energy
of the molecule. In our case, we have o = mapge(Mmsyge +
myx)/(2masge +myx) and Ey = Egg{ex for the v = 0 channel
corresponding to *HeX + *He and u; = 2magemy /(2maye +
my) and E| = Eggeme for the v = 1 channel corresponding
to “He, + X.

Figures 2(a)-2(d) show the total and partial cross sections
for elastic and reactive atom-molecule collisions involving
the “He-*He-"Li system. The cross sections for the elas-
tic “*He’Li + *He collision are shown in Fig. 2(a); those
for the reactive process *He’Li+ *“He — “He, + 'Li, in
Fig. 2(b); those for the process “He, + 'Li — *He’Li + “He,
in Fig. 2(c); and those for the elastic 4He, + "Li collision,
in Fig. 2(d). The partial cross sections corresponding to
atom-molecule relative angular momentafrom L = 0toL = 5
are included in the total cross section. The cross sections
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are plotted as functions of the energy with respect to the
threshold in each process, that is, Epreshold = Emaxg, £)- For
the elastic “He’Li + “He collision in Fig. 2(a), the L =0
partial cross section dominates for collision energies below
about 5 mK, above which the L = 1 partial-wave contribution
becomes dominant. The other L = 2-5 partial cross sections
are mostly negligible and may contribute only near 10 mK.
The total cross section is converged to two digits with
respect to the number of angular momenta L and, thus, can
be considered the definitive total cross section, unless the
L > 6 partial cross sections are unexpectedly large. We recall
that their threshold behavior is determined solely by L and
follows the Wigner threshold law UOLH) ~(E — ESge7Li)2L.
For the reactive collision process “He’Li + “He — “He, +
"Li in Fig. 2(b), only the L = 0 and 1 partial cross sections
contribute, and the other partial cross sections are negligible
for the collision energies considered here. The convergence
of the total cross section is thus more certain. The threshold
behavior follows o%_, ~ (E — E He'H¢)L+1/2_ For the process
“He, + 'Li — *He’Li + *He in Fig. 2(c), too, only the L = 0
and 1 partial cross sections contribute, with the other angular
momenta being negligible, and the total cross section can
be considered to be converged. The threshold behavior is
given by ol ~ (E — Eyi'Me)L=1/2 Finally, for the elastic
“He, + "Li collision in Fig. 2(d), the L =0 partial cross
section dominates below about 5 mK, beyond which the
L =1 partial cross section becomes dominant. At higher
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FIG. 3. (Color online) Total and partial cross sections for elas-
tic and reactive atom-molecule collisions involving the “He-*He-
¥K system. We show cross sections for (a) “He*K + *He —
4“He*K + *He, (b) *“He®K + “*He — “He, + ¥K, (c) *He, +
P¥K — ‘He*K + “He, and (d) *He, + K — “He, + *K.
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collision energies, the other partial cross sections are found
to increase, and the convergence of the total cross section
is not so certain. Like the elastic “*He’Li + “He collision
process, the partial cross sections obey the Wigner threshold
law o | ~ (E — Eggeme)z".

The total and partial cross sections for elastic and reactive
collisions in the other “He—*He-alkali-metal systems have
been found to be mostly qualitatively similar to those in
the *He-*He-"Li systems in the sense that, below some
temperature, the L = 0 partial cross section dominates in
the elastic collision processes and both L =0 and L =1
partial cross sections dominate in the reactive collisions.
Here, we only present the results for the *“He-*He-*°K system
in Figs. 3(a)-3(d) and for the *He-*He-'*’Cs system in
Figs. 4(a)—4(d). For the elastic “He*’K + “He collision process
in Fig. 3(a), the L =2 partial cross section dominates at
10 mK, where the L = 1 partial-wave contribution happens
to show a pronounced minimum. The L = 3-5 contributions
are not as negligibly small either, compared to the L = 0-2
contributions. Clearly, the convergence of the total cross
sections is uncertain at this collision energy. This is also the
case for the elastic *He, 4+ %K collision process. In addition,
for the latter process, the L =4 and 5 partial cross sections
contribute to a certain extent around 0.1-0.2 mK, resulting in a
hump in the energy dependency of the total cross section. For
the “He-*He-'33Cs system in Fig. 4, the total and partial cross
sections behave in a qualitatively similar manner, and only the
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FIG. 4. (Color online) Total and partial cross sections for elas-
tic and reactive atom-molecule collisions involving the “He-*He-
133Cs system. We show cross sections for (a) “*He'**Cs + *He —
4He'?3Cs + *He, (b) *He'**Cs + “He — *He, + '*3Cs, (c) “He, +
133Cs — “He'*3Cs + “He, and (d) “He, + '**Cs — “He, + '*%Cs.
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FIG. 5. (Color online) Total cross sections for elastic and reac-
tive atom-molecule collisions involving *He-*He-X systems with
X ="Li, »Na, ¥K, ¥Rb, and '**Cs. We show cross sections for
(a) “HeX + *He — “HeX + “He, (b) “HeX + *He — “He, + X,
(c)*He, + X — “HeX + *He, and (d) “He, + X — “He, + X.

increase in the total elastic “He, + 33Cs cross section around
the energies from 10~ to 0.1 mK is a remarkable feature.

Finally, the total cross sections for all the collision processes
considered in this work are summarized in Figs. 5(a)-5(d). For
a given process, the total cross sections for different alkali-
metal species are qualitatively similar to each other, while,
for the elastic “He, + X process, we can see more similarity
between X = "Li, 2Na, and *°K and between X = ®Rb and
133Cs. It is also notable that the total elastic *HeX + “He
cross section at the zero-energy limit increases with the
scattering length asy.x between 4He and X, listed in Table I,
implying that the zero-energy elastic “HeX + “He collision
cross section is mainly determined by the size of the *HeX
molecule. Moreover, the two reactive processes also seem
to follow this trend. Only the elastic *He, + X cross section
does not.

IV. SUMMARY

In this work, we have studied elastic and reactive atom-
molecule collisions in “He—*He—alkali-metal systems at cold
collision energies. We have calculated the partial atom-
molecule collision cross sections up to L = 5 relative angular
momentum. In the ultracold limit, the elastic cross section
is constant and the L = 0O partial wave dominates, while the

. . . 44 _
reactive cross section behaves as either (E — Eq¢ H¢)~1/2

or (£ — E80H64He)1/ 2, depending on whether the process is

052701-5
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exothermic or endothermic, respectively. As an extension of
this work, the He + X + X systems are also interesting, but
the large number of He + X, channels for alkali-metal atoms
X currently poses technical difficulties.
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