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I. INTRODUCTION

In the field of statisties it is often of interest to examine the
distribution of a random variable which is some combination of other
random variables with known distributions. Many papers in the litera-
ture are devoted to finding the distribution of sums of random variables,
while very few are concerned with the products or quotients of random
variables. This paper is a consolidation and review of the literature
in the area of products of random variables and their distributions.

Some of the more important techniques which have been used to find
the distribution function of a product or quotient of two or more
random variables are, what we call, the density transform technique,
the distribution function technique, the characteristic function tech-
nique, and the Mellin transform technique. We first examine each of
these techniques in a completely general setting in Section II,
which we call "Methods and Mathematics.'" That section is included to
review, or introduce, the techniques in the ﬁost general terms, so that
when we use them to derive distribution functions and probability den-
sity functions for products of random variables in Section III, entitled
"Products of Random Variables'", the basic concepts will be well in mind.
Although not a new technique for statisticians, Epstein (1948), the
Mellin transform has not been incorporated into textbooks and therefore
is receiving the most emphasis. \

We should note at this time that approximation methods do exist,
in contrast to the exact methods mentioned above. Only two such

methods are briefly discussed here, as our main concern is a study of



the exact methods. First, suppose Xy, 1=1,2,3,...is a collection of
independent identically distributed positive valued random variables

to be multiplied "n" at a time. If we can assume that the random
variable formed by taking the logarithm of the X; has finite mean and
variance, then we can apply the Central Limit Theorem to this new

set of random variables. Now, since the logarithm of the product is
equal to the sum of the logarithms of the components, the Central Limit
Theorem states that the logarithm of the product approaches a Normal
distribution as n increases under quite general conditions. This idea
is further expounded in botb Shellard (1952) and Broadbent (1956). Se-
cond, Arojan (1947) has given a limiting distribution for the product
of two normals, not necessarily independent, for the case when the
coefficients of variation x,7y) both approach infinity. No more is

Hx Hy
made of either of these methods.



II. Methods and Mathematics

In this section we first provide a short review of transformation
techniques similar to those found in most intlermediate. and advanced
textbooks in statistics (e.g. Kendall and Stuart, 1969; Fisz, 1963;

Hogg and Craig, 1970). We mention only the general characteristics

here, since the conditions whichrmust be met for the application of each
method are easily accessible. This section concludes with a short study
of the Mellin transform which provides background information in the use
of that technique. Throughout this section and the remainder of this
paper we restrict our attention to continuous distributions with tractable
probability density functions. We do this solely for ease of notation,

as insertion of‘the Lebesgue integral in place of the Riemann integral
allows the techniques to be used on all types of distributions with
certain regularity conditioms.

Within this section we make several assumptions. For all techniques
we assume that the random variable Y is a function of the random vector
X, Y= £(X). It is also convenient to assume that the vector

(X = [X,,X,, ...,X has the probability density function g(x) and dis-
A 1 o p y s

2

tribution function G(x). Further assumptions will be added when necessary.
In order to treat the density transform technique in all its gener-

ality, we begin the discussion of this technique with some additional as-

sumptions (Hogg and Craig, 1970). Let us first assume that Y = f(X),

Z2 = f2(§), 23 = f3(§), Wi e g Zn = fn(§) is a transformation from the

n-dimensional space where g(x) > 0, onto a subset of the[Y, ZZ’ 23, T Zn]

space. In addition, let us assume that the set A = {x|g(x)>0} can be



partitioned into a finite number, say k, of sets such that Y = £(X),

Z2 = fz(g), 23 = f3(§), srey L= fn(g) defines a one-to-one transformation

n

from each set of the partition onto the subset of the (Y, Zz, 23, — Zn]

space previously mentioned. Now let

X
i

i * i=12, ..., k

ulj(Y,Zz,z3’ LR Y Zn)

uzj(Y,Zz,ZB, ooy L)

>4
1]

unj(Y,Zz,Z3, R~ zn)

denote the k sets of inverse functions, one set for each element of the
partition.

Let us further assume, for the purposes of the density transform
technique, that each of the uij (i=1,2, ..., n; j=1,2, ..., k) have con-

tinuous first partial derivatives and that each

aulj " aulj Bul
3y 322 azn
BUZj auZi au2j
oy Bzz 3zn

Jj = . . . T2 L2y weny K
ou_ . su_ . au_,

(11.2) _ 1L, - I . .. i
b ay 322 3z

is not identically zero in our subset of the [Y, 22, 23, n Bk Zn] space.

Utilizing the above assumptions and the probability characteristics of



disjoint sets the density transform technique gives the probability

density function of Z = [Y,22,23, T Zn] to be,

(11.3) h(z) =
J

[[Raee -

l le[ g(ulj(E): qu(E), b | unj(z))-

To find the probability density function of Y, we need only to

integrate over the ranges of the extraneous variables (22,23, cony Zu)’ i.e.

(II.4) hl(y) = f e {m h(g)dzzdz3 - dzn.

-

Integrating hl(y) from == to y will then give us the distribution function
of Y.

In using the distribution function technique, we make a direct ap-
peal to the probability function P(Y<y) = P(£(X)<y). The object is to
reduce P(f(X)<y) to an integral of a product of conditional and marginal
probability statements which can be evaluated from G(x) (or g(x)). For

example, suppose X = [Xl’x2] and Y = X;+X,, then

(I1.5) P(Y<y) = P(X+X,<y) = f P(Kl_gy—xz[xz = x,) dP,(x,),
where,
(1I1.6) dP, (x,) = {m g(x),%,)dx dx, = g, (x,)dx,.

Since



g(xl sxz)

(T1.73 gl(xl|x2) = —EET;;T— whenever g,(x,) # 0,
and
y—x2
(I1.8) P(ley—x2|X2=x2) = {m gl(xl|x2)dxl,
we conclude that
-] y_xz
(II.9) H(y) = P(I<y) = {m [m 8(x, »x,) dx, dx,.

We now see that, at least for reasonably well-behaved functions, we can
find H(y) = P(Xﬁy)rby this method.

Another method for finding the distribution of Y = £(X) is the
characteristic function method. The characteristic function, ¢(t), of

Y is given by

itY

(11.10) oty = E(ettYy = g(eltf(®),,

This last expected value can be found by the use of the probability
density function of X, g(x). Since distribution functions and character-
istic functions exhibit a one-to-one relationship it follows that we can
find ¢(t) by the above and apply an inversion theorem to get the required
distribution function or probability density function. If for now we as-
sume that the distribution function of Y, H(y), is continuous everywhere
and dH(y) = h(y)dy, then Kendall and Stuart (1969) give one form of the

inversion formula as:



lim 1

(IL1) by =5 [ e(o)e Tar = 110

c
[ e(rye Ve
-c
The characteristic function approach is particularly useful when
summing independent random variables. For example, consider the case
where Y = X;+X,+ ++++X and the X, are independent. The independence and

172 3
(11.10) imply that

it (X +X 4+ +X ) n itX n
yomle L2 My.mg(e -1 4.
=7 j=1 j

(11.12) o(t) = BT
If, in addition, the Xj are identically distributed with characteristic

function ¢l(t), (11.12) reduces'to:

(1I.13) ¢(e) = [4;(0)1"

The final transformation technique, which we present, is the Mellin
transform. Titchmarsh (1937) defined the Mellin transform of g(x), under

certain restrictions to be

(II.14) M (s) = / = Latnyitx,
0

where s is a complex variable. It can be shown that Mi(s) is analytic
in a strip parallel to the imaginary axis and that it has an inverse
formula, similar to that of the characteristic function, which allows
us to find g(x) from Mx(s). The inversion formula (Titchmarsh, 1937)

is given by



cHe
x M (s)ds,
i X

(1I.15) (5} = E%I /

c—iw
where the path of integration is any line parallel to the imaginary axis
and within the strip of analyticity of M&(s).

Note that the Mellin transform, as defined in (II.1l4), is only ap-
plicable to positive valued random variables. Epstein (1948) has de-
veloped a method for handling random variables which are both positive
and negative valued. That exténsion, as it relates to the distributioms
of products of random variables, is discussed in the next section.

Epstein (1948) presents several properties of the Mellin transform.
For example, if g(x) is considered to be the probability density function
of a positive valued random variable, X, then we can consider the Mellin
transform of g(x) to be E(Xs_l), i.e.

I

(I1.16) M (s) = [ x°7h gGodx = BGETH.
0

From Epstein (1948) we obtain the following relationships. First, if

Y = aX (a>0), the Mellin transform of Y is S M _(s), i.e.

s-1
a

(11.17) M§(s) - 2¢® Y = 5ra® ™Y M _(s).

Second, if Y = X7, M (s) = M (as-atl), i.e.

(11.18) My(s) - BT 1y = px2(s-1)y o M _(as-atl).



For example, a = -1 (Y =-%) implies that M&(s) = Mx(—s+2). Third, if
Y = Xl-XZ, and Xl and X2 are independent, then the Mellin transform of

Yis M (s) « M (s), i.e.
* "2

(II.19) My(s) = g = E[(xlxz)s’l] = E(Xi-l)E(X;_l) =M (S)sz(s).
1

The Mellin transform shares.with the characteristic function the
property of a one-to-one correspondence between the probability density
function and its transform. From this, it is obwvious that the proba-
bility density function of any of the new random variables produced above
can be found from the inversion formula once Mx(s) is known.

We believe that this provides an adequate background in Mellin
traﬁsforms for those who wish to use this transform in statistics. The
complete theory, along with the tﬁeory of Fourier transforms, is given
in Titchmarsh (1937). Of general interest is a reasonable sized table
of Mellin transforms in Bateman (1954). This table can be used to either
~ find a Mellin transform or the function corresponding to a particular

transform.



III. Products of Random Variables

In this section we examine each of the four techniques in respect
to products of random variables. For the first two techniques we display
the method for the case of two dependent variables, then progress to two
independent variables, and finally generalize to n independent variables.
For the Mellin transform and the characteristic function techniques we
confine our interest to the two independent cases.

We return now to the density transform technique, for which we
know an inverse transformation is necessary. Suppose we are looking for
the probability density function of Y, where Y = xlxz and [Xl’x2] has

the probability density function g(xl,xz). Then a reasonable transfor-

mation is to let Y = X.X. and Z.=X which is one-to-one from the

172 272

[Xl,Xz] space onto the [Y,Z,] space. This gives an inverse transfor-
mation of Xl = %~ % X2=22. The Jacobian of this transformation is

2

lﬂ' ..:[

z 22
(III.1) J = 2 |- i— .

o1 2

Therefore, the density function of [Y’ZZ] is

I 4 1
(I1I.2) h(y,2) = g(3,2) TeT °

and the density function of Y is given by

(111.3) hy(3) = f 1%1- gX,2)dz.

10
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We can easily generalize this situation to the case of the indepen-
dent random variables. Let Xl have the probability density function
gl(xl) and X, have the probability density function gz(xz).

Then,
(11.4) 8(x15%,) = gy(x)8,(x,),

and the density (III.3) can be written
_f 2 2a
(IIL.5)  hy(y) = L ToT 8168, (@) dz.

To generalize to n independent variables, we must expand our
transformation and compute a new Jacobian. The problem is to find the
probability density function of Y = Xlxz...Xn, where Xi, 1= Lg2y awas N

has the probability density funetion gi(xi). Let 2, = Xi, i=2,3, ..y n,

where the corresponding inverse transformation is X, = S S— y X; = 2.,
1 2223...Zn i i
i= 2,3, ..., n. The Jacobian of the transformation is
1 -y b . =5
3 Zn Z,Z 0sa2 z 222 e B o ZnaseZ z2
273 n 27374 n 2 n-1"n
0 1 0 . . 0
I = 0 0 1 0
O 0 L] . l
(I11.6)
J = L :
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Therefore, h(y,zz,...,zn) is given by

P 2
(I1L.7) h(y,2z,5.0,2.) = 81(22_“zn)gz(zz)"'gn(zn_)|22...zn[

To find hl(y) we integrate the extraneous variables ever the proper

ranges,

o o0

(I11.8) hy(y) = [ ... [

—Cr -0

1
IZZ"'zn

y ’
| gl(zz-..zn)gz(ZZ)"'gn(zn)dZZ"'dzn'

We now return to the case of two variables [Xl, X2] with probability
density function g(xl,xz) and also suppose that the marginal densities
are gl(xl) and gz(xz). The distribution function technique to find the

distribution function of Y = XlXZ’ H(y), is applied as follows:

(111.9) H(y)=P(Y<y)=P(X;X,<y) = é?(xli‘;%;lexz)d?z(xz)

0 |
] eEmlxymx,) a7y (xy)
—00 2

or equivalently,
.
%

H(y) = f f g(x1]X2=x2)dxlg2(x2)dx2
0

-y

0 o

+ [ f g(xI!X2=x2)dx1g2(x2)dx2
-0 L
*2



v
© %2 g(x,%,)

= f — dx.g.(x,)dx
6 e gz(xz) 1°22727 772

0 o« g(xl,xz)
ITI.10 + f = (= Y
( ) oy B (%)

X

dxlgz(xz)dxz

2
J_
o x2 0 «
= g {w g(xl.xz)dxldx2 + {m i- g(xl,xz)dxldx2

%5

The above equations (III1.10) are given for fairly well behaved functions.

Many functions do not behave wel enough to make all of the above sub-
stitutions and often the correc: iimits of integration cannot be easily
determined.

If X; and X, are independent (i.e. gl(xl)gz(xz) = g(xl,xz)) the

final equation of (II1I.10) can be written

d 0
(I111.11) H(y) = é Glcig)gZ(XZ)dXZ + {m (1 - Glfigﬁ]gz(xz)dxz
where
z
(II1.12) 6, (2) = {m gl(xl)dxl.

For n independent random variables and Y = xlxz...xn with all Xi

positive valued, we get,

13
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H(y)=P(X;X,...X <y) = é P(XlXZ...Xn_lf§;]Xn=xn)dPn(xn)

o

g P(Xlxz...xn_ljig)dPn(xn)

(I11.13)

wvw | PLE <
é a 1 x2x3...

]

n) sz(xz)dP3(x3)...dPn(xn)

]
S
.
]
(2]
l_l
~

ERI n)gz(x2)83(x3) ces gn(xn)dxzdx3. s odx

where Gl(z) is defined by (IIL1.12).

Next we consider the characteristic function technique as applied
to two independent random variables, Xl and Xz. Let ¢l(t) be the
characteristic function of Xl and let'gl(xl? and gz(xz) be the proba-
bility density functions of X, and X,. Kendall and Stuart (1969) show

1 2
that the characteristic function of Y = xlxz, d(t), is

® ., o itxle 0
(I11.14) ¢(t) = f {L e gl(xl)dxl}gz(xz)dxz = L ¢, (tx,) g, (x,) dx,.

-

Once the characteristic function Is known, an inversion integral, such

as (II.1l), can be applied to find the distribution function or the
probability density function. The above result can easily be generalized
to the case of n independent random variables Xl,Xz,...,Xn. For

= Xle-..Xn,
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¢y(t) =f - f e ngl(xl)dxl} gz(xz)...gn(xn)dxz...dxn

- 00 -—0

© @ { 0 itxl...x

(1I1.15)

- {m Wi {m ¢l(tx2x3...xn)gz(xz)gB(x3)...gn(xn)dxzdx3...dxn.
The remainder of this section is devoted to the use of the Mellin
transform to find the distribution of a product of independent random
variables. In Section II, the expected value concept was used to show
that the Mellin transform of a product of independent positive valued
variables is the product of the Mellin transforms. A more complete proof

is given in Titchmarsh (1937), by showing that

oy
(1I1.16) h(y) = [ = g Dg,(2)dz

g %z 1z
is the Mellin convolution of gl(xl) and gz(xz). We have shown earlier
that, for independent positive valued random variables, (III.16) is the
probability density function of Y = XlXZ'

Corresponding to the previous work, for the product of two inde-

pendent positive valued random variables, we have

fitgan M&(s) = Mxl(s)Mx2<s).

and for the product of n independent positive valued random variables,

we have

(II1.18) M (s) = Hxl(S)MkZ(S)...M%n(S).
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To either one we can apply the inverse transformation,

1 P -s
(I11.19) h(y) =57/ Y M (s)ds
c-iw
to get the probability density function of Y.

Up to now, the Mellin transform has been defined only for positive
valued random variables. A method, due to Epstein (1948), has made it
possible to apply the Mellin transform to random variables which take
on both positive and negative values. Let Xl and X2 be two independent
random variables with probability density functions gl(xl) and gz(xz).

Let us decompose these density functions into

811(xp) = gy (xp) %20 81p(xp) = 0 et
=0 xl<0 = gl(xl) xl<0
(111.20)
gy1(x) = g (%) %20 gyp(xy) = 0 20
= 0 = <0 *
=0 %,< = gz(xz) x,<0.

*Equation (ITL1.20) is written to conform with equation (III1.21). Epstein
(1948), when discussing this method, does not include the points x.=0
or x.=0 in the ranges of either part of the decompositions, while %pringer
and “Thompson (1966) on the other hand include these points in both parts
of the decomposition. We consider the question of inclusion of the zero
points to be a matter of convergence and beyond the scope of this report.



17

Then,
81(xy) = gy10xp) + £4,(x))

(I11.21)
By (%)) = gyp (%)) + 8,5 (%))

Now we operate on the pairs [gll(xl), g21(X2)]s [gll(xl), 322(x2)]’
[glz(xl), g21(x2)]’ and [g12(xl)’ gzz(xz)}. The density function of
Y = X,X, is composed of four parts, hl(y), h2(y), hB(Y)’ and h4(y) where

each part is derived from one of the pairs and

(111.22) h(y) = by (y) + h,(y) + hy(y) + b, (y).

For hl(y), corresponding to the pair [gll(xl), ng(xz)], we can

apply the Mellin transform to obtain

o«

(I11.23) hl(y) = é %'gll (iﬂng(Z)dz

since gll(xl) and gzl(xz) are both zero for negative values of their
arguments and thus h,(y) = 0, y<0. To compute h,(y) we first use the

*
Mellin transform to compute hz(y), where

o

(I1I.24) h;(y) - g %’511 @ g,,(-2)da.

This is possible since gll(xl) and g22(—x2) are zero for negative values
of x; and X, Now h;(y) = 0, y<0, so hz(y) = h;(-y) = 0 for y>0., We

can similarily find hs(y) and hé(y)’ where h3(y) =0, y>0, and hh(Y) = 0,
y<0. Combining the four sections by use of (III.22), we get the desired

probability density function.
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IV. Examples

In this section some examples are presented to illustrate the tech-
niques which have been discussed. We first demonstrate the characteristic
function and Mellin transform techniques for the product of two normal
variables. Then we use the Mellin transform technique for both the product
and quotient of two uniform variables. Finally the density transform and
the Mellin transform techniques are applied to gamma and beta variables.

Example 1., Assume that Xl and X2 are both distributed normally with

mean zero and variance one, i.e.

2
x

1 i
(IV.1) g.(x,) = — exp(~- 77) i=1,2.
Y ?

Then for Y = X1X2, from (III.14) (Kendall and Stuart, 1969)

- 2 "% 2
0y (0) = [ eml- 7 (exp®1em * exp(- Fax
L.
(1v.2) - @m ? I expl- 3 x5 (1+t%) Jdx,
L
= (l+t2) 2 ’

and if we invert this characteristic function we get

N

(1V. 3) hiy) = %; [ a+t?) % exp(-iyt)dt,

which, because of symmetry, can be written



oy |
2

(.4 by == [ @) ? cosyr) = Lr.

The function KO is the Bessel function of the second kind of a purely

imaginary argument of order zero. Tables of K. can be found in Handbook
0 o ——————

of Mathematical Functions (Abramowitz and Stegun, Eds; 1964).

Epstein (1948) worked this same problem using Mellin transforms
by partitioning the density function as described in equations (III.20)
and (III.21). It is sufficient to evaluate only one factor of h(y) =
hl(y) + hz(y) + h3(y) + h4(y), since, by the symmetry of gl(xl) and
32(x2) around zero, hl(y) and h4(y) are equal and both hl(y) and h4(y)
are zero for y<0, hz(y) = h3(y) and both are equal to zero for y>0,
Aalso hl(-y) = hz(y).

Since we need only find one hi(y) we will find

A S

s ) =Sy Qe GIdx.

Since gll(x) = g21(x), we need only find one Mellin transform. For i=1,2

{(IvV.6) M (s) f xs_lgll(x)dx = f xs-l(Zﬂ)
811 0 0

|

1 2
exp(- 7 X )dx

and is analytic for Re(s)>0. Therefore

@D oW (@) = w O () - B S (Y SYES

19



Applying the inverse transformation we get

ctie s5-3
- __ 1 -s 2 By 8 :
) =53/ 7 Q] el
c-iw
(1V.8)
1
= EhKO(Y) y20
Similarly,
h,(y) = % K_(y) <0
2297 T oY ¥
(1v.9) ha(y) = 2K (y)  y<0
' 3HL T g Y
h,(y) = =K (y) >0
AL A vz
Therefore,
-— —-;- OO [+ =]
(1v.10) h(y) = hy(y) + by (y) + hy(y) + 1, (¥) = =K, (y) <y<

which agrees with (IV.4) from the characteristic function technique.
Springer and Thompson (1966) and Lomnicki (1967) have developed
methods to find the distribution of the product of more than two
normal random variables. Lomnicki's paper is even more general in that
his results also apply to several other distributions including the
Weibull distribution, whiéh has many engineering applicatioms,
Example 2. In this example we will find the probability density
function of the quotient as well as the product of two independent
uniform random variables, This is done to illustrate the use of

relationship (II1.19), which says that if Mx(s) is the Mellin transform

20
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Let X,, i = 1,2,

i’

[

of X, then Mx(-s+2) is the Mellin transform of Y =

have the probability density function

£(x)

1 0<x<1
(Iv.11)

0 otherwvise.

Then its Mellin transform is

@ |~

(IV.12) Mﬁi(s) =

Therefore, if Y = xlxz, the Mellin transform of Y is

i
2 L]

(IV.13) M (s) =
Y 8

Then the probability density function is

ctie

1 -5 =2
(IV.14) h(y) = m[ y °s “ ds,
c—de
or
h(y) = log (-l“) =-log ¥y 0<y<1
e'y e —
(Lv.15)
=0 otherwise.
Suppose that we are now interested in finding the distribution of
X
the quotient Y = il’ where Xl and X2 are defined by (IV.1l). The Mellin
2

transform of = is
X2

(IV.16) M, (s) = M_ (-s+2) = (-s+2) L.

%a



Therefore, the Mellin transform of Y =-§£ is

2

1

(IV.17) M&(s) ='§f:§157’

and the probability density function of Y is

1 ctie -5
(Iv.18) h(y) = Sl I ;&m ds.
c=iw

This last integral requires either a table or the theory of residuals
for evaluation. We choose here to give only the result given in

Springer and Thompson (1966),

h(y)

]
to| =
o
\2
A
[

(Iv.19)

Springer and Thompson (1966) give a more general result for the
product of n and quotient of 2 independent identically distributed

random variables, each with the distribution

(at1)x? 0<x<1 a>-1

g(x)
(Iv.20)
' =0 otherwise.
The uniform distribution is a special case of this distribution with
a=0. For the product of n such variables, Springer and Thompson (1966)

show that the distribution function of Y = X1X2 see Xn is given by

22
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_ (aD)" _a,,  1.n-1
h(y) = -7 ¥ (los = O<y<l
(IV.21)
=0 otherwise.

For the quotient Y = ;% of two independent random variables, the dis-

tribution is given by

h(y) = %(a+1)ya 0<y<1

(IV.22)

1 -a-2
= 5(atl)y 1<y<m,

Example 3. For our final example, we assume that Xl is a gamma

random variable with parameter p and X, is a beta random variable

2

with parameters q and p—q. Then

R S -l S

=0 otherwise,
(IV.23)
oI a1, ypq-l
8(%) =TT *2 (%) 0sx,<1
=0 otherwise

We show, first by the density transform technique, then by the Mellin

transform technique, that if Xl and X2 are independent, then Y = X1X2

is a gamma random variable with parameter q. The jeoint distribution of

IXl, X2] is gl(xl)gz(xz) and letting Y = X1X2, Zs= X2 the Jacobian is-%,



from equation (III.1). The probability density function of Y is then

. )
- r'(p) yyp-1 q-1 .. .p-q-1 _y 1
h(y) é ORONHCE R A exp(- ) 7 42
(1V.24)
-1 1 pal
" TOTeD | [Q Z)] exe(- D
rip-q) 4 z z' 2
Let w = A2, then z = - and dw = = dz The limits of integration are
z wtl z2 % :

infinity to zero, therefore

p-1 p

[ wPTVL expl-y(er1) Jaw

o e
h(y) I CVI VS

(Iv.25)

p-1 3 B
y_exp(-y) T g g A
0

T T(QT(p-q)

Using the definition of a gramma function, given in Fisz (1963), we can

evaluate the last integral in (IV.25) and find

(1V.26) hiy) = ZE:EEEREZZL Lp=q) _ 1 g-1 exp(~y)
' ¥ T T(@T(p-q) 4P T(q) 7 TNEL

h(y) is seen to be the probability density function of a gamma random
variable with parameter q. Jambunathan (1954) contains several other
results for beta and gamma distributions based on the density transform
technique.

Kotlarski (1965) came to the same conclusion by the use of Mellin

transforms. The Mellin transform of gl(xl) is
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1 s=-1 p~-1 .
Mx (s) T (p) é X X exp( xl)dxl

o

_ 1 pts-1-1
(1IV.27) =-—=—[ x exp(-x, ) dx
rep) 5 "1 j R !
= Lpts-1) -
T(p) Re(é)> P

The Mellin transform of 32(x2) is

1
_ _I'(p) s-1q-1,, . p—g-1
sz(s) TOT (o) é X, X (1 XZ) dx2

- T I (g+s-1)T(p-q)
I(q)T(p-q) T(pts-1)

(1v.28)

_ I(p)r(gts-1)
r(q)T(pts-1)

Re(s)>~q,-p.

Therefore, the Mellin transform of Y = X1X2 is

I'(pts-1) I'(p)T(gt+s-1) - I'(q+s-1)
r(p) T(@r(pts-1) T(q)

(Iv.29) My(s) = Re(s)>-q.

which is seen to be of the same form as the Mellin transform of Xl
with q in place of p. Since the Mellin transform has a one-to-one

relationship with the distribution functions, we can conclude that

Y = XlX2 is distributed as a gamma random variable with parameter q.
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V. SUMMARY

In Section II we examined several techniques which may be valuable
in finding the distribution function of transformed random variables.

In Section IIT we showed how each can be applied when the transfor-
mation is a product of two or more random variables. We then in
Section IV gave examples using most of the techniques of products
of independent random variables.

We feel that in most cases where the product of independent
random variables is of interest that the Mellin transform is often the
easiest technique to apply, just as the characteristic function is often
the easiest technique to apply in the case of sums of independent
random variables. Occasicnally, further uses of the product, such as
addition of another independent set of variables, may cause us to use
the characteriétic function approach, where the characteristic function
of the product can be used with the characteristic functions of the
additional independent variables as in (II.12).

In problems involving the product of dependent random variables,
for which we did not discuss either the characteristic function or
Mellin transform techniques, we suggest using either the density transform
or distribution function technique. The choice of which to use will pro-
bably depend on the problem at hand and only trial and error will tell
which is easier to apply.

We suggest that in the future more textbooks examine the problems
assoclated with products of random variables. We also believe statis-

ticians should become familiar with the uses of the Mellin transform,



as they have in the past of characteristic functions.
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ABSTRACT

It is frequently of interest to find the distribution of a randem
variable which is a function of random variables with known distribu-
tions. Some of these transformations have several methods which can
be applied effectively., The product of two or more random varilables
has four such methods.

The density transform technique appears to be a viable tool iIn
most transformation problems when a density function exists for the
original random variables. It's use in sums of random variables is
described in many textbooks. It is also applicable to product trans-
formations whether the original variables are independent or not.

Another technique which does not require independence is the
distribution function technique, which is used by appealing to pro-
bability stateﬁents. This is also a technique applied in textbooks,
often for sums of random variables. Both the distribution function
and the density transform are widely applicable in transformation
problems.

Two methods are available which are most easily applied when
assuming independence of the original random variables. 7The charac-
teristic function technique for products can be found in Vol. 1 of
the textbooks by Kendall and Stuart. Another method which is easily
applied under the condition of independence, the Mellin tramsform
technique, is not yet a textbook method. Epstein (1948) seems to be
the first author to apply the Mellin transform in statistics. Since
that time several authors have used this method for the distribution

of products of independent random variables.



