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Chapter 1

Introduction

1.1 Statement of the Problem

For the general linear statistical model there are ‘two areas of
interest, estimating the parameters of the model and testing hypotheses
about some linear functions of the parametérs. The computational
techniques have been obtained for the standard linear statistical models
and have been incorporated into many computer programs. However, there
are experimental situations, where the corresponding linear models are
different from the standard statistical linear models. Hence, the
experimentor would be unable to properly analyze the model or test the
desired hypothesis by utilizing the standard programs.

One of the problems inherent with the use of standard programs,
arises when a design matrix is less than full rank (singular design
matrix). The usual procedure to alleviate the problem in computer
programs, is to impose a set of restrictions upon a subset of the par-
ameters of the model and equating their sum to zero. In some experi-
mental situations, these restrictions are not meaningful for the linear
model which may require a differenf set of restrictions or none at all.
In this case, it is difficult or impossible to achieve the desired re-
strictions (or lack of them), particularly for less than full rank designs
because the design matrix must be inverted in order to estimate its
parameters. -

The other problem at hand is the inability to test varied hypotheses



in the standard programs. For a given model, the programs test the same
hypothesis. Again, experimental situations arise which require one or

more different testable hypotheses for the corresponding linear statistical
model. The major problem of interest involves translating theoretical
techniques of analyzing a general linear model with the desired re-
strictions and testable hypothesis into a computational procedure

suitable for programming.

The primary motivation for this study came from Dr. G. A. Milliken,
who realized a need in his consulting for-a program which would statis-
tically analyze any linear model with uncorrelated error structure,
provide flexibility in the restrictions, and test the desired testable
hypothesis about linear combinations of the parameters of the model.

The problem of creating a program which will eliminate some of the

standard programs' limitations is to be investigated herein.

1.2 Goals and Contents of This Report

The ultimate goal of this report is to implement algorithms which
will statistically analyze the general linear model with any choice of
restrictions and test the desired testable hypothesis. To obtain this
goal, a study of generalized inverse computational procedures is necessary
(generalized inverses enables one to deal with a less than full rank
model without reparameterizing the model to a new full rank model).

The theoretical techniques of parameter estimation and hypothesis testing
are to be examined and transformed into procedures suitable for pro-

gramming.



Chapter 2 discusses the theoretical techniques of generalized in-
verses, parameter estimation of the general linear model and hypothesis
testing of linear combinations of the parameters and develops these
theoretical techniques into compulaticnal procedures which are ap-
propriate for implementation. Notations and definitions are defined
in Section 2.1 and important theorems relating to the properties of
generalized inverses are stated in Sectionl2.2. A technique developed
by Rust, Burrus, and Schunburger, and expanded by Albert, for computing
the generalized inverse of a matrix is presented in Section 2.3. 1In
Section 2.4, the computational technique of generalized inversion is
demonstrated by an exampie. The discussion of the linear statistical
model is begun in Section 2.5 which also states an equivalent restricted _
linear model. The conditions for estimability of the restricted linear
model are stated in Section 2,6. 1In the final section of Chapter 2
computational procedures for testing hypotheses that are estimable
functions of the unknown parameters are developed by the use of Principle
of Conditional Error. Chapter 3 provides some examples which are carried
out in detail to present the internal computations of the program as well
as the final output. The remaining examples illustrate the flexibility

features of the restrictions used and the hypotheses that are tested.

The Appendix contains the program and its documentation.



Chapter 2
THEORY AND DEVELOPMENT OF COMPUTATIONAL TECHNIQUES

This chapter consists of a review of the basic results and definitions
from the theory of the Gramm-S5chmidt orthogonalization for computing the
generalized inverse of a matrix and the theory of parameter estimation
and hypothesis testing procedures for less.than full rank statistical
models. The proofs of the theorems involving generalized inverses can
be found in Graybill [3] and Albert [1]. The theory of parameter esti-
mation, estimability and their computational procedures were developed

by Milliken [5].

2.1 Notations and Definitions

The notation used consists-mainly of matriées and vectors, hence
underlined uppercase letters represent matrices; for example, A,U,X.
Colﬁmn vectors are represented by underlined smallcase letters, such
as a,x,y. The transpose of a nxm matrix A is denoted by A', a mxn
matrix. Smallgase letters which are not underlined represent scalars
or constants, that is; c¢,d,y, are scalars or constants.

Now, we will define a generalized inverse as it is an essential
part of parameter estimation of less than full rank models when we do

not wish to impose the usual restrictions,

DEFINITION 2.1.1

Let A be any nxm matrix of rank k < min (n,m). There exists a

unique 5: a mxn matrix called the generalized inverse (Moore-Penrose



Pseudoinverse) of A which satisfies the following four conditioms:

The special case where n=m=k, i.e., where A is nonsingular, this

generalized inverse is the ordinary inverse, éf .

2.2 Theorems

This section consists of important theorems relating to the properties
of generalized inverses and the Gramm-Schmidt orthogonalization (ab-

breviated GSO).

THEOREM 2,2,1 (Graybill [3]) If A'A=1 (I is an identity matrix) or

BB' = I or B=A'"orB=A then (AB)" = B A",

THEOREM 2.2.2 (Graybill [2]) The rk(a) = rk(A'A) = rk(A') = rk(AA")

where rk(-) denotes the rank operator.

THEOREM 2,2.3 (Graybill [3]) 1If é is a nxr matrix and B is a rxm matrix

and rk(A) = rk(B) = r then (AB)” = B A .

THEOREM 2.2.4 (Graybill [3]) 1If the rows of A are linearly independent

then A” = A'(aa")"L,



The next theorem involves the use of the GSO. The GSO (Gramm-Schmidt
orthogonalization) is a procedure which takes an arbitrary set of vectors

h., h

hys Byy e En and generates a corresponding set of mutually orthogonal

vectors u Ups eee U having the properties that

ll
1. the column space of (gl, Ups vee gn) equals the column space

of (hy, hys +ev h)

¥ 0 1434,4i=1, 2, ... n.

t -
"_lj Ei—

THEOREM 2.2.5 (Albert [1]) Let U be a kxr matrix. If a GSO and then

a normalization (inner product of a normalized vector is one) is per-

formed on the columns of the matrix

-kxr
t=TrxTr

generating the matrix of the orthonormal vectors

Y1 kxr
'g =
g2 IXTr
then
vV, V! = (I+ U'U)'1
-F = - =
and

_]_ £
- - '
I-Vyy=aq+umwhH "



The following section involves a technique for computing the gen-
eralized inverse of a matrix. This technique was developed by Rust,

Burrus, and Schnuburger [9] and expanded by Albert [1].

2.3 Computing the Generalized Inverse

Let A be any nxm matrix of rank k < min (n,m). There exists a
permutation matrix (a square matrix of zeros and ones with exactly one

nonzero entry in each row and column) P mxm such that
AP = (R,S)

where R is a nxk matrix of ramk k (all columns of R are linearly inde-
pendent) and S is a nx(m~k) matrix whose columns of R. Hence there

exists a kx(m-k) matrix U such that

Since P is an orthogonal matrix, g_l = P' thus
A= (R,S)P' = (R,RU)P'

by applying Theorem 2,2.1, we see that
A = RIR(I,DI

and from Theorem 2,2.2
rk(1,0) = rk[(L,)(1,0)'] = rk(L+Uy") = k.

This implies the rows of (I,U) are linearly independent so that by

Theorem 2.2.3
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(5,9)'[(5,9)(£,g)']_1§' (Theorem 2.2.4)

(1,0 @) "R
Putting the above relationships together we observe that

£ = B(LY (@) TR

The following are the steps (Albert [1]) involved in solving for P, Ef
and U by use of the GSO procedure. Note that by Theorem 2.2.5,

U
(I+y§')-l can be obtained by reapplying the GSO on ; .

Step 1: Evaluation of P
Perform the GSO on the columns of A where A = (gl,gz, ceey 8).

The GSO is defined by

* ——
&1 "3
x !
* €13 =«
258 -~ 4
515
) *x %! 1
o* €13 x S8, « Cu-13n *
cm o Z%m T Tx xS T T xCp T ot T THT % Sp1
1% 3 2 Sm-15m-1
x % *

If the vectors €15 B9 +rey g are permuted so that the k nonzero

m

vectors come first, the same permutation matrix P, applied to the vectors

of a,, a,, ..., a_ will rearrange them so that the first k are linearly
-1 =2 * =m

independent, while the last m-k vectors are linear combinations of the



*
first k. This is true since g; = 0 if and only if a, is a linear combin-

i
ation of the preceding a's. So, if P is any matrix for which
*x %

*
(e289s «ovs €IB = (€, S5 +vvy &) where

>0 i = 1'2, * a9 ’ k
E{Ei {_
-0 i = Hl, L BN A 3 ’ m

then
AP = (35,85, --+» 2)P = (R,8)
Step 2: Computation of R

The (nonzero) vectors €138ps +evs G represent a GSO of the columns

of R. If we let

31 o Sx
(2.3.1) g= — ’ L ] .."
L] 1 [
Y815 "5ty "Cklk

(this orthonormalizes each column of Q, that is, if q is any column of Q

then q is orthonormal if q:'Lqj equals one when i = j-and equals zero when

id3)

then the column space of Q is the same as the column space of R.
Hence there exists a kxk matrix B such that

RB = Q.

Since the rk(R) = k

B= (R'R)KQ
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and

Q'Q = I since the colums of Q are orthonormal
Q'RB = I implies B is nonsingular

hence

R = ggul and by Theorem 2.2.1
EQ

|!:d|
]

~ which is expressed as

=
|

= g(g'g)_lg' by Theorem 2.2.4

K =B

Step 3: Computation of B and U.

Let the columns of R be IisIgs eees I and the columns of S5 be

819893 sres Sy o¢ The vectors (51,92, ety Cps Cpg1s tets Em) represent

the nonnormalized GSO of (rl,rz, sevs IaBps8ys ety §m—k) then

= = |

j=1 rie,

(2.3.2) e, =r, - ) =—c, =2, «vu, k

-3 i=1 555 T
and

k sg'c,
= = ot =

(2.3.3) 0=g,, = s, 121—1_ c; i=1, ..., ok

From equation (2.3.2) it is easy to deduce (by induction on j) that

(2.3.6) ¢, = i g .I j=1,2, ..., k
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where

|
A

From equation (2.3.3)

k
(2.3.6) Ej = 121 mijzi

where mij is obtained by substituting equation (2.3.4) into equation (2.3.3).

E §'E£ i=1,2, sse,k
(2.3.7) m = 1 24 '
0 921 &% Y 5212, ..., nk

From equation (2.3.4) and (2.3.1)

[ €1 €9 Sx |
g= ST ? /_'1"’ e /'1_J =B§
5157 "5 Sk
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where B is a kxk matrix whose (i,j)th entry is

o Py

bij
"2354

From equation (2.3.6)

where U is a kx(n-k) matrix whose (i,j)th entry is

Y13 T ik

Step 4: Evaluation of (I + gy')-l

I

U
By Theorem 2.3.5, (I + gg')hl is achieved by using GSO on [_} and
then normalizing the result. Hence we have all the necessary matrices

to find A = P(I,U)'(I + Uu") 1mq'.

2.4 Example

This example illustrates the GSO technique of generalized inversion

of a matrix A.

(1

1
1
0
1
(1 1/3
g = ’sz=[ ! » &9 =
-2/3
1/3

c O © ©



Hence k = 2, P

B 13x3’ and

1 0 7
N L Y R
1 -1 0
1 0 1
gy =1 By = 1/3
8yp = 1 8y = O
and
my, =1 myy =1
sO bll = .1_. b12 = -& F— —1_
Y3 ¥5/3 /15
- - 3
by = o b9 Jis




1
15
1
] (r+uut) ™
=1 4
5 =3
-1

14
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2.5 Linear Model

This section begins our discussion of the linear statistical model
represented by y = Xf+e subject to the linear restrictions Hf=b. An
equivalent unrestricted linear model, as developed by Milliken [5], will
be formulated from the original linear model subject to the restrictions.

The restricted linear model is defined as

(2.5.1) y = Xpte

with restrictions HB=b where X is a nxp (p<n) matrix of known constants
(often called the design matrix) of rank q with q<p, Yy is a nxl vector
of iandom observations, H is a kxp (k<p) matrix of rank h such that h<k,
b is a kxl vector of constants such that the system of equations HB=b are
consistent, B is a pxl vector ofrunknown parameters and e is a nxl un-
observable random vector (random error) with g~N(g,02£n) where 02 is an
unknown parameter. |

Combining the unrestricted linear model with the set of linear re-

strictions, we develop an equivalent unrestricted linear model.

THEOREM 2.5.1 (Milliken [5]) The restricted linear model y = Xg+e is

equivalent to the linear model

X(I-H H)B+e

(2.5.2) y-Xb

where y,X,B,b and e are defined in (2.5.1).

The matrix product, g(}-g_g) is the new design matrix and is kept

as an entity while working with the model.
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2.6 Estimation

The linear model of (2.5.2) now is used to obtain a unified defin-

ition of estimability for the restricted linear model.

DEFINITION 2.6.1 The linear combinations A8 are defined to be estimable

for the restricted linear model (2.5.1) if and only if they are estimable

for the unrestricted linear model (2.5.2).

The next theorem states the condition for linear functions to be estimable,

THEOREM 2.6.1 (Milliken [6]) The linear combinations AB are estimable

for the linear model y = Wp+e if and only if the rk[W(I-A"A)] = rk(W) -rk(A).

THEOREM 2,6.2 (Milliken [6]) The linear combinations AB, where A is a

kxp matrix of known constants of rank k, are estimable for model (2,5.1)

if and .only if (1) or (2) hold:

(1) rklg(z—g_g)(l—é—é)]7= S-k where

rk[X(I-HH)] = s

(2) tr{[X(I-HH) (I-A A) ] [X(I-HH) (I-A"A) "} = s-k where

tr(-) denotes the trace operator.

The form of Theorem 2.6.2 needs to be slightly modified as we will not
be using X in our computations, but will use X'X instead. By using

Theorem 2.2.2 we can rewrite (1) and (2) of Theorem 2.6.2 as
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To help us find the ranks of the above matrices we need the use of the

following theorem.

THEOREM 2.6.3 (Graybill [3]) If A is an nxm matrix and é- is the gener-

]

alized inverse of A then tr(é_g) tr(ééf) = rk(A).

lowing traces:

tr(AA) = k

The next theorem provides the Best Linear Unbiased Estimator (BLUE) for

estimable functions of the restricted linear model (2.5.1).

THEOREM 2.6.4 (Milliken [5]) The BLUE of A for the model (2.5.1),

where AR are estimable functions, is AB, where 8 is any solution to the

normal equations:

A

Hence from equation (2.6.1), the solution we will use for computing B is

-~

(2.6.2) B8 = [(I-H I)X'X(I-H H)]™ (I-H B)X'y - (I-H H)X'xH b.

~

The estimator of AB is

~

(2.6.3) A8 = A[X(I-H H)] (y-XH b).
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Now we will examine the variance-covariance structures of the above

estimators.

THEOREM 2.6.5 (Milliken [7]) The covariance matrix of the BLUE of B

and the linear combinations of AB are Var(g) = 02[(I-H_H)X'X(I—H-H)]

and Var(A8) = o°A'[(I-H H)X'X(I-H H) JA.

- em W em e wm e

The next section considers the problem of hypothesis testing about

estimable functions of the unknown parameters.

2.7 Hypothesis Testing

We will use the definition that a hypothesis AP are estimable for
the restricted linear model and the vector a is such that the system of

equations AB = a is consistent.

THEOREM 2.7.1 (Milliken [5]) The hypothesis AB = a where A is a kxp

matrix of known constants of rank k is testable for model (2.5.1) if and

- e s e e e = e

Next we will defined the principle of conditional error as it is

used to obtain the test statistic corresponding to a testable hypothesis.

DEFINITION 2.7.1 The principle of conditional error is defined as: the

sum of squares due to a testable hypothesis is the difference between
the sum of squares due to error for model (2.5.1) restricted by the con-
ditions of the null hypothesis and the sum of squares due to error for

model (2,5.1) i.e.,

SSH_ = SSE_ - 78E.
(o] (¢}
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The sum of squares due to error for model (2.5.1) is

(2.7.1) SSE

Il
~~
5
1
|§I
L=
-
—~
i
P
~~
0
ja o)
1
Lo 11
L —
15
Fan
"
HI-"
1
N’
]
~~
~
|
uél
{{=2
L

-— o s = =

y'y - PH{XE-E B [XC-EH] }y

+ y"{X(I-HB) [X(T-HH)] }XH b - y'XH b

combining the underlined terms we have

y'y - 2'E) Ky +p'E) XE D

which is the total sum of squares for the restricted linear model

- ' -
(i.e., (y-XHB) (y-XH b)).
The remaining terms can be further simplified by factoring:
- Y XCEDXECED]y + 3 (XA D XC-E B 1 b

]
1
[ o]
—
I
Cain)
7
I!I:I
1=
o
u—
1™ »
+
[R=x
L)
I:I-"
L
P
>
~
0
m
1
jas]
S’
™

- - B'[@-EHX'y - -EWX'5H b]
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Hence
(2.7.2) SSE = y'y - 2" X'y + ') X'Fb

The model of (2.5.1) restricted by the null hypothesis can be expressed

similiar to model (2.5.2) as

(2.7.3) ¥

|
I
1o
1
o
~~
-
|
T-l:'-.
2=
S’
b3
1
o
Il
1p<d
~
T
I’;!=|
]
b
7~~~
'
I.’P'
1
T’
|0
o
+
m

or y=X(I-H H)(I-AA)B_ + e where

y=y-X{b- X(I-H H)A a

i, S

Note the design matrix is E(I—g_g)(z—é-é), hence the normal equations

for (2.7.3) are

(2.7.4) (I-A A I-EBX'y = (I-A' 0 C-E DX'XA-E B (I-A A + e

Hence the estimator for go is

~

B, = [(1-AA) (I-H H)X'X(I-H H) (I-AA) 17 [(I-A"4) (I-H B)X'y

where z'z the total sum of squares for (2.7.3) is
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(2.7.6) z'z=y'y-2y'5H b - 2y'X(I-H DA a

+ 2b' (H)XX(IHH)Aa+b(H)_XH_b

- e tem mm = e - — ==

and

We will use the last two forms (2.7.6) and (2.7.7) to compute SSEO.

Now we can find the sum of squares due to the hypothesis as
(2.7.8) SSH_ = SSE_ - SSE.
o o
The following theorem can now be established.

THEOREM 2.7.2 (Milliken [5]) The sums of squares in (2.7.2), (2.7.5)

and (2.7.8) have these distributional properties:

SSH_ 5

g

SSE 3
(ii) = =X (n-s)

o .

(iii) SSH0 and SSE are independently distributed; and

(iv) F = == —— ~ F(k,n-s,})

where
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A= Ly (g2 AT X (-4
g

~ ~

We are ready to begin the computing B, Eo’ SSE, SSEO, and SSHo and
testing the desired hypothesis, making sure it is testable first, by

examining the ranks of the matrices involved.
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Chapter 3
EXAMPLES ILLUSTRATING THE TECHNIQUES

This chapter provides two examples which are carried out in detail
to illustrate the internal computations of the program as well as the
final output. The remaining examples illustrate the flexibility features

of the restrictions used and the hypothesis that are tested.

Example 3.1 Consider the model y=a+ §1§1 + §2§2 + £ where no re-

strictions are imposed upon the model. The hypothesis of interest is:
Ho: B, = 82 =1 wvs Ha: not Ho.

The data vector y and the independent variable matrix X are:

(1 10 4] (14, 3)
1 6 6 13.2
1 9 10 21.3
1 7 3 10.7
1 10 6 17.0
1 2 3 5.6
x=|1 9 2|, y = |10.7
T 2 7 13.4
1 7 7 15.7
1 9 7 17,1
1 4 9 14,9
1 7 2 | 9.2

The input cards necessary for the analysis are:



// TITLE, TESTS THE HO THAT THE SLOPES OF Y=X1B1+X2B2+A EQUAL 1

PARAMETERS, 4,12,0,0,1,1.

(F1.0,2F2.0,F3.1)

//, 111014143

//r 172 92

//iggéFZ.O)
HYPOTHESIS, 2,1,

24

0101

0010

g e

Both the title and parameter cards are manditory.

parameter card indicate there are 4 variables in the model (in-
cludes y), 12 rows of the X matrix or observations, 0 rows of H, the
restriction matrix, 0 subscript cards, 1 hypothesis to be tested and

the last 1 indicates the variance covariance matrix of the parameters

is to be printed.

The values of the

The matrices X'X, X'y, and y'y are stored in XPX(I,J). These are

calculated as the data cards are read.

X'X
[ 12 82
XPX(I,J) = ( 82 650
68 451
.-133_1- 1180,9

1024. 4

163.1

1180.9

2406.67
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Since there are no restrictions

HGH(I,J) = I-H H = I

=3
and
b=0
hence
C(1,9) = Q-EMX'XI-EH = X'X
and

1.1238 -0.0880 -0.0774
CG(I,J) = [(I-H MX'X(I-H )] = (X'X)~ = |-0.0880 -0.0114 0.0017
-0.0774 -0.0017 0.0115).

163.1
HHXY(I) = (I-H H)X'y = X'y = |1180.9
1024.4

We have all the necessary matrices to estimate the parameters as follows:

-0.0117
BETA(I) = CG(I,J) *HHXY(I) = 8 = (X'X)Xy = | 0.9345
1.2737/.

Next the total sum of squares, regression sum of squares and error sum

of squares are calculated yielding
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TOTSS = y'y = 2406.87

2406.42

BH = BETA(I) * HHXY(I) = é'(;'z)

ESS = TOTSS - BH = y'y - £'(X'y) = .4499

[

To help determine if the hypothesis is testable the tr[(X'X) (X'X)] is

computed.

CGC(1,J) = CG(1,J) *C(1,J)

(X'%)(X'%)

1.00x107° 2.44x10 11 1,70x1071L
= | 1.22x107  1.00x107°  4.17x1071%
-1.77x10°  —1.79x107Y*  1.00x107°

Thus
RANKX = 3, the rank of the independent variable or design matrix.

This means there are 3 d.f. associated with estimation
The error degrees of freedom and mean square error are
DFE = NR - RANKX = 9

ERRMS = ESS/DFE = .04999.

-~

The covariance matrix for B is

0.5999
D(I,J) = ERRMS * C(I,J) = o(X'X) = [4.0995 32.4961
3.3996 22.5473 23.6971



The hypothesis matrix is read as

|
0 1 0v1

A(I,J) = (ésﬂ) - I
0 0 1t1

A 'q

and the generalized inverse of A is

|

0 0O
AGA(I,J) = AGINV(I,J) * A(I,) = |0 1 0O

= oo

AGINV(I,J) = A = [

(=0 -

The tr[A Al is needed, hence

providing
RANKA = 2

and

1 0 0
AGA(I,J) = (I-A"A) = |0 0 O
0 0 0f.

- em = mm e em = e B = T R —

the series of matrix multiplication are performed as follows:
_ 12 0 0
CA(L,J) = C(X,J) * AGA(L,J) = X'X(I-A A) = (82 0 O
68 0 0

0 0 0
0 0 0

__ [.0010 .0071 .0059
CAG(I,J) = [(X'X)(I-4 4]

27
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thus

.0125
D(I,J) = CA(I,J) * CAG(I,J) = [.0856 .5852
.0710 .4852 .4023

yielding
RANKQ = 1.

To determine if the hypothesis is testable, we must have RANKQ = RANKX -
RANKA, which is satisfied for these matrices i.e. 1 = (3-2), hence the

hypothesis is testable.

Now, the conditional error and Bo can be estimated by computing

12 0 0
D(I,J) = AGA(I’J) * CA(I,J) = (E-é-‘é)g'_x_(l_é—é) - 0 0 0
' 0 00
.08333 0
CG(1,0) = HI-AAX'XI-AM]"=| 0 0
0 0
and »
. 163.1
AHXY (I) = AGA(I,J) * HHXY(L) = (_I,-é-é)z{'x - 0

0

AGQ(I) = AGINV(I,J) * (I) = A a =

"I
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To complete the computation of conditional error we must calculate:

150
HGB(I) = C(I,J) * AGQ(I,J) = X'XA a = [1101
925
hence
AXA = AGQ(I) * HGB(I) = a' (A7)'X'XA a = 2026
and
AXY = AGQ(I) *HHXY(I) = y'X(I-H H)A a = 2205.3

2*AXY = 4410.6

the total sum of squares under the null hypothesis is

ZZ = TOTSS-AXY + BA + AXA = y'y + 2y'XA a + 0 + a'(A") "X'XA™a = 22.27

and
150
CAPAGQ(I) = CA(J,I) * AGQ(I) = (I-A"A)(X'X)A a =
thus
AHXY(I) = AHKY(I) - CAPAGQ(I,J) = (I-A A)X'y - (I-A A)X'XA a
13.1
=10
o /.

" The parameters under the null hypothesis §0 are estimated ag
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1.0917
0
0

BETA(I) = CG(I,J) * AHXY(I)

and

A

BAHXY = BETA(I) * AHXY(I) = 8_ [(I-A"A)X'y - (I-A"A)X'XA a] = 14.3008

The conditional error is

ESSO = 2Z - BAHXY = 7.9691

and the sum of squares due to the hypothesis is

SSHO = ESS50 - ESS = 7.5191

To complete the Analysis of Variance Table the remainder sum of squares,

the hypothesis mean square and the F ratic are calculated as

REM = BH - SSHO = 2398.9
HYMS = SSHO/RANKA = 3,75956
F = HYPMS/ERRMS = 75.20026

This completes the programs calculations for this data and the model.

The output is given on the following page.
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Example 3.2 Now we will examine the computations involved when a re-
striction other than zero, is imposed upon the model. Suppose one has
a set of observations which seem to lie on the exponential curve. The

2.2 3.3
model is derived from e®* = 1 + ax + azf + 33§ + ... and is approximated

by y=a + BlX + 8212 + 63X3.
The observations y and the X matrix are

-

-~
~
vl

1 .1 .01 .001 i 5
1 2 14 .008 1.2
1 .3 .09 .027 1.3
1 b .16 064 1.4
1 .5 .25 .125 1.6
1 .6 .36 .216 1.8
= |2 o7 .49 .343 _ 2.0
= 5§ .8 .64 .512]° b 2,2
1 .9 .81 729 2.4
1 1.0 1.00 1.000 2.7
1 1.1 1,21 1,331 3.0
1 1.2 1.44 1.728 3.3
1 1.3 1.69 2.197 3.6
1 1.4 1.96 2.744 4.1
1 1.5 2.25 3.375) 4.5)

The restriction imposed upon the model is o = 1 and the hypothesis of

interest are

Bl =1
12
Ho: 82 =57 = 5 vs Ha: not Ho
3
1
‘.33 - '3_.1 b ¢167‘

and then each Bi is tested seperately.

The X'X matrix is homputed as
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X'X ,
(15,0 12.0 12.4  14.4 ¢ 36.2 )
12.0 12.4 14.4 17.8 ' 35.6
XTI = 154 1404 17.8 22.9, 411 |[ XY
14.4 17.8  22.9 30.4 : 51.0
36.2  35.6  41.1 51,0 ; 103.9 |

'y

H b
and
1
HGINV(I,J) = H = g
0
thus
1000
.- oo o0 o0
HEB(ID =EE* 15 o0 0 0
0 0 00
and
0 000
~ - {010 o0
HGH(I,J) = I -HH= 1y 4 5 ¢
000 1

To complete the calculations of the design matrix under the restriction,

we must find the following matrices



- - o 'y -
D(1,) = HGH(LNMEX(L,0) = EWMEX = 1354 14.4 17,8 22.9

and the new restricted design is

0 0 0
CCLD = DOLD * HGH(LD = CEDXEEED = |0 1lh 175 2
0 17.8 22.9 3
where
0 o 0 0
= -H 1 ~H I J— 0 8.16 -15.87 7.19
GLT = [AEMEXE-RD] = fo 1587 32.88 -15.51
| 0 7.19 -15.51  7.52

~

In order to compute B, a series of vectors are computed as

0
HEXY(I) = HGH(L,J) *XPX(I,NIV) = (I-HH)X'y = |23
51.0
and
1
oy 10
HGB(I) = H b = 0
0
thus
15.0
| = 12.0
XHB(I) = XPX(I,J) * HGB(I) = X'XH b = ok
14.4

and

0

7.8
2.9
0.4

36
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0
12.0
——————— 12.4
14.4

hence

0
HXY(I) = HHXY(D-EXHB(D) = (I-EB)X'y-(T-E XD = |53°
36.6

0

. 8690
»ILT8
«3027} .

BETA(I) = CG(I,J) * HXY(I) =

The rest of the calculations for the remaining amnalysis is similar
to that of Example 3.1.

The output is as follows.
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Example 3.3 In regression analysis one is often interested in finding
out whether sets of coefficients in two linear regressions are equal.
The example from Gujarati [4] studies the linear relationship between
savings (y) and income (X) for a set of n, observations. Suppose that

on additional n2 observations were obtained on the same variables but
under different conditions.

Assuming savings and income are linearly related, the model is:

y=a+ 8 +46, +BX+ ylxl + szz + e

1 2
where a = (6, + &8,), the average intercept; B = l-( + ), the
2 l 2 3 g p 3 2 Tl T2 3

average slope; Y1s Y, are the slopes and 51, 62 are the intercepts
of the regression lines.
The data vector, y, and the design matrix are

r !

-

1 1 0 88 8.8 0 .36
1 1 0 9.4 9.4 0 .21
1 1 0 10.0 10.0 O .08
1 1 0 10.6 10.6 O .20
1 1 0 11.0 11.0 O .10
1 1 0 11.9 11.9 0 .12
1 1 0 12,7 12.7 O 41
1 1 0 13.5 13.5 0 .50
X=1|1 1 0 14.3 14.3 0 |, y =] .43
1 0 1 15.5 0 15.5 - .59
1 0 1 16.7 0  16.7 .90
1 0 1 17.7 0 - 17.7 .95
1 0 1 18.6 0 18.6 .82
1 0 1 19.7 0  19.7 1.04
1 0 1 21.1 0  21.1 1.53
1 0 1 22.8 0 22.8 1.94
1 0 1 23.9 0 23.9 1.75
1 0 1 25.2 0  25.2 [1.99)

The set of restrictions to be imposed are §, = 0 and Yy = 0 which results

2

in columns 3 and 5 of the design matrix being set to zeros. This results
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in a model which is identical to Gujarati's dummy variable model.
The hypothesis of interest is to test equality of the slopes and
equality of the intercepts. Since Yo and 62 were equated to zero the

hypothesis to be tested becomes

The resulting Analysis of Variance Table is as follows:
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This is the type of approach used by the standard programs except
the restrictions, usually are Yy + Y, = 0 and 61 + 62 = 0. Another ap-

proach perhaps a more meaningful one would be to use

vl

(1 0 8.8 0
1 0 9.4 0
1 0 10.0 O
1 0 10.6 0
1 0 11.0 O
1 0 11.9 0
1. 0 12.7 O
1 0 13.5 0
X =1{1 0 14.3 0
- 01 O 15.5
01 0 16.7
01 0 177
01 o0 18.6
01 0 19.7
01 o0 21.1
0 1 O 22.8
01 0 23.9
0 1 0 25,2

as the design matrix and place no restrictions on this model. The two

§, - &, =0

= 0 vs Ha,: X 1 2

hypothesis are Ho 15 Y1 "1, # 0 and Ho

Gl T

vs Haz: 61 - 52 # 0. We could also test these simultaneous if we wish

ie

5§, - &8
Ho: { 1 2] = [OJ vs Ha: not Ho
Y1 7Yy 9

This results in answering which parameters are different - the intercepts

or the slopes. The Analysis of Variance Table is given as
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Example 3.4 The final example involves a two way analysis of variance
(without interaction) with missing observations. The rows are five
pollinators, columns are five female lines and the observations, y are
the yield in pounds_of sugar beets for the resulting crosses. The

model used to analyze the crossing system is

=1u + B, + + e,
uBlTe

Yijk 37 %4k

where p is the general mean, B; is the general combining ability of the
" ith female line and Tj is the general combining ability of the jth

pollinator. The design matrix X and the observation vector y are:

r

‘
pl
-

i il el o Y S

124.
128,
108.
i1z,
115.
107.
112.
| 129.
» X 7| g3,
122.6
133.6
142.6
118.4
121.6
133.9
107.5/

HFMNMNOANOOhO OO N

HHEFEFMRNOOQOOODODODDOODOOO
OHROOHOOOHrHRODOOODOO O
HOOOOOOODODOOHOOKO©O

CO0CO0OO0OO0OOOOO0QOHMH -
COO0OO0DO0OOOQCOOoOHHRFROOD
OCCOCOO0O0OHKHREROOOOODO
COoOCOHHHFHPOODODOODOCOO O
OCOCOCOOCOHOOHROOFHOO
COHOOHOOODODOHOOHO
COO0OO0O0O0OOHODOOOODOOO O

s
.~

No restrictions are imposed on the design and the hypothesis to be tested
are

Holz F1 = F2 = F3 = F4 = F5 vs Halz not Hol

and
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Ho,: P, =P, =P, =P, =P vs Ha.: not Ho,.

The hypothesis matrices A, and A, are

1 2

01-100000000:0
011—20000000:0
é10111—3000000:0
01 1 1 1 -4 0000 0" 0

1

a

- and

'0000001-1000:0‘
0 000001 1 =2 0 0'o

A, = 1
"2000000111-30:0
\0000001111-4:@
E

One should note the program can be used to analyze any model of a
diallel crossing system, with the usual AOV programs cannot do.

The resulting AQV tables are
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Computational procedures and computer programs for estimation of
the parameters of standard statistical linear models, and testing of
the usual hypothesis about the parameters of these models have been
available for some time, However, there are experimental situations
where the corresponﬁing linear models are different from the standard
statistical linear model. Hence, one is unable to properly analyze
~ the model or test the desired hypothesis with these standard programs.

This study involves translating theoretical techniques of analyz-
ing a linear model with various types of restrictions into computational
procedures suitable for programming, The first part of the study is
concerned with the computational techniques of parameter estimation
and hypothesis testing. These techniques are used to analyze the most
general linear statistical model with an uncorrelated error structure,
provide flexibility in the restrictions imposed upon the model (if a
researcher wishes to do so) and test any desired testable hypothesis.

The second portion of this study is composed of some illustrative
examples to exhibit the versatility of the developed techniques in the
statistical analysis. These computational procedures were implemented

in a computer program which is provided in the appendix.



